305 A 
Obstructions 


305 (1Х.11) 
Obstructions 


A. History 


The theory of obstructions aims at measuring 
the extensibility of mappings by means of 
algebraic tools. Such classical results as the 
*Brouwer mapping theorem and Hopf's exten- 
sion and fclassification theorems in homotopy 
theory might be regarded as the origins of this 
theory. A systematic study of the theory was 
initiated by S. Eilenberg [1] in connection 
with the notions of thomotopy and tcoho- 
mology groups, which were introduced at the 
same time. A. Komatu and P. Olum [2] ex- 
tended the theory to mappings into spaces not 
necessarily *n-simple. For mappings of poly- 
hedra into certain special spaces, the thomo- 
topy classification problem, closely related to 
the theory of obstructions, was solved in the 
following cases (K" denotes an m-dimensional 
polyhedron); K"*! 5 S" (N. Steenrod [5]), К"? 
—S" (J. Adem), K"**— Y, where z,(Y)=0 for 
i<nand n«i«n-- (M. Nakaoka). There 

are similar results by L. S. Pontryagin, M. 
Postnikov, and S. Eilenberg and S. MacLane. 
Except for the special cases already noted, it is 
extremely difficult to discuss higher obstruc- 
tions in general since they involve many com- 
plexities. Nevertheless, it is significant that the 
idea of obstructions has given rise to various 
important notions in modern algebraic topol- 
ору, including cohomology operations (— 64 
Cohomology Operations) and characteristic 
classes (— 56 Characteristic Classes). 

The notion of obstruction is also very useful 
in the treatment of cross sections of fiber bun- 
dies (— 147 Fiber Bundles), tdiffeomorphisms 
of differentiable manifolds, etc. 


B. General Theory for an n-Simple Space Y 


The question of whether two (continuous) 
mappings of a topological space X into an- 
other space Y are thomotopic to each other 
can be reduced to the extensibility of the given 
mapping: (X x (01) U(X x (11) Y to a map- 
ping of the product X x I of X and the unit 
interval / = [0, 1] into Y. Therefore the prob- 
lem of classifying mappings can be treated 

in the same way as that of the extension of 
mappings. 

Let K be a tpolyhedron, L a subpolyhedron 
of K, and K" — LU K" the union of L and the 
*n-skeleton K” of K. Let Y be an 'arcwise 
connected n-simple space, and f' be a mapping 
of L into Y. Denote by Ф"( f”) the set of map- 
pings of K" into Y that are extensions of f", 
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and by @"( f^) the set of thomotopy classes 
of mappings in ©"( f”) relative to L. The set 
Ф°( f") consists of a single element because of 
the arcwise connectedness of Y, !( f") is non- 
empty, and Ф"( f^) (nz 2) may be empty. Let f" 
be an element of Ф"( f^). If we consider the 
restriction of f" to the boundary 6"! of an 
oriented (n+ 1)-cell o"t! of K, then f^:6"*! 
Y determines an element c( f", с") of the 
thomotopy group z,(Y) (— 202 Homotopy 
Theory). This element gives a measure of ob- 
struction for extending f" to the interior of 
o"*! We obtain an (n + 1)-ісосусіе c"*! (f") of 
the tsimplicial pair (K, L) with coefficients in 
1, (Y), called the obstruction cocycle of f", by 
assigning c( f", o"*!) to each (n+ 1)-cell o"*!. 
This obstruction cocycle c"*!( f") is the mea- 
sure of obstruction for extending f" to "+. A 
necessary and sufficient condition for the 
extensibility is given by c"*!( f") -- 0. Clearly, 
c"*! ( f") is uniquely determined for each ele- 
ment f of Ф"( f^). The set of all c"*! ( f") with 
f"ed"( f^) forms a subset o"*! ( f") of the group 
of cocycles Z"* ! (K, L; t, (Y)). "tt ( f”) is non- 
empty if and only if o"*' ( f’) contains the zero 
element 0. 

Let KO=K x I, LO=(K x0)U(L x DU 
(K x 1). Given two mappings fç, fy: K — Y 
satisfying / | L= fı |L, we can define a natural 
mapping F': LO Ү such that an element 
F" of ®"(F’) corresponds to a thomotopy 
h" relative to L connecting fç | К"! with 
f; | К" 1. Given an element F"e«"(F^, we 
have the element с" (F") of Z" (KD, LU; 
z,(Y)), which we identify with Z"(K, L; x,(Y)) 
through the natural isomorphism of chain 
groups of the pair (КЧ, LY) to those of the 
pair (K, L). Thus we can regard c"^! (F") as an 
element of Z"(K, L; n (Y )), which is denoted 
by d"( fo, h"^!, fi), and call it the separation (or 
difference) cocycle. If f | R"! = f, | "t, we 
have the canonical mapping F^": LH U(KOMy 
— Y, and the separation cocycle is denoted 
simply by d"( fo, fi). The set of separation 
cocycles corresponding to elements of ®"(F’) is 
considered to be a subset of Z"(K, L; n,(Y)) 
and is denoted by o"( fo, f1). A necessary and 
sufficient condition for й"! to be extensible 
to a homotopy on K" is d"( fy, h"^!, f,)=0. 
Therefore a necessary and sufficient condition 
for fl R" ~ f, | K" (rel L) (i.e., relative to L) is 
Oco"( fo, Ji). Given fë, fT: &" Y with fèl L= 
ff AL, then 4"(f2,h" 1, fr) (eo (Ла, fn) is 
an element of Z"(K", L; n,(Y)), which is also 
considered to be a cochain of the pair (K, L). 
In this sense, we call d"( fë, й" !, f?) the sepa- 
ration (or deformation) cochain over (K, L). 
The coboundary of the separation cochain 
d"( fo, h"^, f?) coincides (except possibly for 
sign) with c^*!( fg) —c"*! ( fp). 

For a fixed fọ € 9"( f^), any n-cochain d" 
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of the pair (K, L) with coefficients in л,(Ү) 

is expressible as a separation cochain d" — 
d"( 39, fr) where f7 e @"( f^) is a suitable map- 
ping such that fë | &"^! = f?| E"! (existence 
theorem). 

Therefore if we take an element f"^! of 
©" !(f") whose obstruction cocycle c"( f" !) 
is zero, the set of all obstruction cocycles 
c^*!( f") of all such /”єФ”( f") that are exten- 
sions of f"! forms a subset of o"*1( f^) and 
coincides with a coset of Z"*'(K, L; t,(Y)) 
factored by B"*! (K, L; x, (Y)). Thus a coho- 
mology class c"*! ( f" e H"*! (K, L; л,(Ү)) 
corresponds to an f" ! ed"! (f^) such that 
c"(f"71)—0, and c"*! ( f" 1) «0 is a necessary 
and sufficient condition for f" ! to be exten- 
sible to K"*! (first extension theorem). 

For the separation cocycle, d "( fo, h" ?, f,)e 
H"(K, L; n,(Y)) corresponds to each homotopy 
h"-? on K" 2 such that d" ! (f,, h^ ?, f.) - 0, 
and d”(fo, h"^?, f;)=0 is a necessary and 
. sufficient condition for h"~? to be extensible to 
a homotopy on Ё” (first homotopy theorem). 

The subset of H"*!(K, L; x, (Y)) correspond- 
ing to o"*1(f’) is denoted by O"*!( f^) and is 
called the obstruction to an (n + 1)-dimensional 
extension of f’. Similarly, the subset O"( fo, f) 
of H"(K, L; z,(Y)) corresponding to o"( fç, f) is 
called the obstruction to an n-dimensional 
homotopy connecting fç with f,. Clearly, a 
condition for f’ to be extensible to K"*! is 
given by 0€ O"*!( f^, and a necessary and 
sufficient condition for f, | K" = f, | K" (rel L) is 
given by 0€ O"( fç, fi). 

A continuous mapping o: (K', L')— (K, L) 
induces homomorphisms of cohomology 
groups ф*: H" (KL; n, (Y) H^" (K, L^ 
n, (Y)), H'(K, L; n, (Y))  H'(K', L'; t, (Y)). Then 
for f':L<— Y, O"*!(f'oqg)2 9*O"*! (f^), and 
for fo, f; : KY such that | L= f, | L, O"( fç o 
Ф, оф) 2 ф*О"( fo, fı). Therefore we also find 
that the obstruction to an extension and the 
obstruction to a homotopy are independent 
of the choice of subdivisions of K, L, and con- 
sequently are topological invariants. 

Let fç, fi, and f; be mappings K — Y such 
that f6|L= f, | L= f,| L. Given homotopies 
hi fol R" s f, К" (rel L), 155! : f, | Ka м 
fal K^! (rel L), then for the composite 15! = 
h53! oh’, we have 


d" (fo, от, fi) - d" (f hiz f.) 
= d" (fo, hoz"; fa), 


and for the inverse homotopy hio! : f, | Ё"! ~ 
foal R"! of 151, clearly 


аЛ, hios fo) = —d" (fo, hoi, Л). 


Therefore O"( fo, fo) forms a subgroup of 
H"(K, L; n, (Y)) that is determined by the 
homotopy class of f, | "^! relative to L. In 
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general, if O"( fç, /,) is nonempty, it is a coset 
of H"(K, L; z,(Y)) factored by the subgroup 
O"( fo, fo). Combined with the existence theo- 
rem on separation cochains, this can be uti- 
lized to show the following theorem. 

Assume that Ф"( f”) is nonempty. The set 
of all elements Ф"( f”) that are extensions of 
an element of ©"~1(f’) is put in one-to-one 
correspondence with the quotient group of 
H"(K", L; x, (Y)) modulo O"( f2, f2) by pairing 
the obstruction O"( fë, f") with each f" for a 
fixed fë. Among such elements of Ф"( f^), the 
set of f" that are extensible to K"*! is in one- 
to-one correspondence with the quotient 
group of H"(K"*!, L; z,(Y)) - H'(K, L; n, (Y)) 
modulo the subgroup O"( f#*1, fa+1), assuming 
that fj is extended to fj! (first classification 
theorem). 


C. Primary Obstructions 


Assume that НОК, L;n(Y)) = НК, L;n;(Y)) 
= 0, where O« i « p (e.g, п(Ү) 20, 0 «i « p). In 
this case, by consecutive use of the first exten- 
sion theorem and the first homotopy theorem, 
we can show that each @i( f") (i < p) consists of 
a single element and O?*! ( f^) also consists of a 
single element c?*! ( f) e H?*! (K, L; n (Y)). The 
element c?*! (f^, called the primary obstruc- 
tion of f", vanishes if and only if f' can be 
extended to K?*! (second extension theorem). 
When H'*! (K, L; t (Y)) «0 for i» р (for exam- 
ple, when z;(Y)20 for p «i«dim(K — L)), 

f' is extendable to K if and only if the first ob- 
struction of f” vanishes (third extension 
theorem). 

Correspondingly, if H'(K, L;2,(Y))= 
H~! (K, L; x, Y))=0 (0<i<p), then for any 
two mappings fo, f, : K — Y, folL=f,|L, 

O"( fo, f;) consists of a single element d ”( fç, f.) 
€ H?(K, L; n,(Y)), which we call the primary 
difference of f, and f,. This element vanishes 
if and only if f; | R? = f, | R? (rel L) (second 
homotopy theorem). Moreover, when H'(K, L; 
n;(Y)) = 0 (i> p), the primary difference is zero 
if and only if fç = f, (rel L) (third homotopy 
theorem). 

Assume that the hypotheses of the second 
extension theorem and second homotopy 
theorem are satisfied. If we assign to each 
element f? of (f^) the primary difference of 
f? and the fixed element f#, then ©?(f’) is in 
one-to-one correspondence with H?(K?, L; 

m, (Y)) by the first classification theorem (sec- 
ond classification theorem). Similarly, assume 
that the hypotheses of the third extension 
theorem and third homotopy theorem are 
satisfied. If fo: K — Y, f' = fo | L, then homotopy 
classes relative to L of extensions f of f' are 
put in one-to-one correspondence with the 
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elements of H*(K, L; n,(Y)) by pairing d"( f, fo) 
with f (third classification theorem). 


D. Secondary Obstructions 


For simplicity, assume that 2,(Y)=0 (i< p and 
p<i<q). If the primary obstruction c?*!(f')e 
H?* (K, L;n,(Y)) of f': L5 Y vanishes, we can 
define O**!( f) c H**  (K, L; n, (Y)), which we 
call the secondary obstruction of f’. When Y= 
S”, q=p+ 1, р> 2, the secondary obstruction 
O?*?( f’) coincides with a coset of Н? (К, L; 
Z) modulo the subgroup Sq?(H"(K, L; Z)), 
where Sq? denotes the *Steenrod square 
operation [5]. In this case, if L= K”, then 
O?*?( f") reduces to a cohomology class, 
Sq? (i*) о) with i: LO K, where o is a gen- 
erator of H?(S?, Z) (in this case (i*) (о) Z 
Ø is equivalent to c?*! ( /') - 0) [5]. Moreover, 
if Sq?f'* (0) «0, then there exists a suitable 
extension f/?*?: &?*? Y =S" of f". The set of 
obstruction cocycles of all such f?*? defines 
the tertiary obstruction O?*?( f^), which coin- 
cides with a coset of H?**(K, L; Z;) modulo the 
subgroup Sq?(H?*'(K, L; Z,)). By using the 
tsecondary cohomology operation Ф of J. 
Adem, it can be expressed as d((i*) ! f'*(a)) 
(— 64 Cohomology Operations). 

All the propositions in this article remain 
true if we take (CW complexes instead of 
polyhedra K. 


References 


[1] S. Eilenberg, Cohomology and continuous 
mappings, Ann. Math., (2) 41 (1940), 231—251. 
[2] P. Olum, Obstructions to extensions and 
homotopies, Ann. Math., (2) 52 (1950), 1—50. 
(3] P. Olum, On mappings into spaces in 
which certain homotopy groups vanish, Ann. 
Math., (2) 57 (1953), 561—574. 

[4] N. E. Steenrod, The topology of fibre 
bundles, Princeton Univ. Press, 1951. 

[5] N. E. Steenrod, Products of cocycles and 
extensions of mappings, Ann. Math., (2) 48 
(1947), 290—320. 

[6] E. H. Spanier, Algebraic topology, 
McGraw-Hill, 1966. 


306 (XII.20) 
Operational Calculus 


А. General Remarks 


The term "operational calculus" in the usual 
sense means a method for solving ‘linear dif- 
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ferential equations by reducing the operations 
of differentiation and integration into alge- 
braic ones in a symbolic manner. The idea 
was initiated by P. S. Laplace in his Théorie 
analytique des probabilités (1812), but the 
method has acquired popularity since O. 
Heaviside used it systematically in the late 
19th century to solve electric-circuit problems. 
The method is therefore also callec. Heaviside 
calculus, but Heaviside gave only a formal 
method of calculus without bothering with 
rigorous arguments. The mathematical foun- 
dations were given in later years, first in terms 
of *Laplace transforms, then by apolying the 
theory of tdistributions. One of the motiva- 
tions behind L. Schwartz's creation of this 
latter theory in the 1940s was to give a sound 
foundation for the formal method, but the 
theory obtained has had a much larger range 
of applications. Schwartz's theory was based 
on the newly developed theory of *topological 
linear spaces. On the other hand, J. Mikusiñ- 
ski gave another foundation, based only on 
elementary algebraic notions and on Titch- 
marsh's theorem, whose proof has recently 
been much simplified. 

In this article, we first explain the simple 
theory established by Mikusinski [2] and later 
discuss its relation to the classical Laplace 
transform method. 


B. The Operational Calculus of Mikusiñski 


The set € of all continuous complex-valued 
functions а= {a(t)} defined on t 20 is a "linear 
space with the usual addition and scalar multi- 
plication. € is а tcommutative algebra with 
multiplication а: b defined by the tconvolution 
{ {a(t — s)b(s)ds]. The ring € has no tzero 
divisors (Titchmarsh's theorem). (There have 
been several interesting proofs of Titchmarsh’s 
theorem since the first demonstration given 

by Titchmarsh himself [3]. For example, a 
simple proof has been published by C. Ryll- 
Nardzewski (1952).) Hence we can construct 
the *quotient field 2 of the ring €. An element 
of 2 is called a Mikusifiski operator, or simply 
an operator. If we define a(t) = 0 for t <0 for 
the elements (a(t)) in @, then € is a subalgebra 
of Y, which is the set of all locally integrable 
(locally L,) functions in (— оо, оо) whose tsup- 
port is bounded below. Here we identify two 
functions that coincide almost everywhere. 
The algebra % has no zero divisor, and its 
quotient field is also 2. 

The unity element for multiplication in 2, 
denoted by ô= b/b (b Z 0), plays the role of the 
tDirac ó-function. It is sometimes called the 
impulse function. The operator l= (1; €€ is the 
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function that takes the values 0 and 1 accord- 
ing as t <0 or t>0. This operator is Heavi- 
side's function and is sometimes called the 

unit function. Usually it is denoted by I(t) 

or simply 1. The value 1(0) may be arbitrary, 
but usually it is defined as 1/2, the mean of the 
limit values from both sides. The operator l is 
an integral operator, because, as an operator 
carrying a into l: a, it yields 


1 
а= {| аза =the integral of a over [0, t]. 
0 
More generally, the operator (t^! /T(4)] (Кел 
> 0) gives the Ath-order integral. The operator 
s= д/1, which is the inverse operator of l, is a 
differential operator. If ає is of tclass C!, 
then we have 


s:a—-a t a(4-0)ó -a' + {a(+0)}/{1}. (1) 
Similarly, if ae € is of class C", we have 
s": a— a? +a" (0)ó -- a^^ ?(0)s 

T... a(0)s"!, (2) 


The operator a—s:a can be applied to func- 
tions a that are not differentiable in the ordi- 
nary sense, and considering the application of 
s to be the operation of differentiation, we can 
treat the differential operator algebraically in 
the field 2. In particular, we have s: 1= ó, and 
this relation is frequently represented by the 
formula 


d1(t)/dt = (0). (3) 


A rational function of s whose numerator is 
of lower degree than its denominator is an 
telementary function of t. For example, we 
have the relations 


1/(s — a)" — (t" ! e*/(n— 1)!}, 
1/(s? + 8?) = (B sin Br}, 
s/(s? + 8?) = (cos Bt}. (4) 


The solution of an ordinary linear differ- 
ential equation with constant coefficients 
32.92, 9 (t) = f(t) under the tinitial condition 
Q9 (0) = y; (O € ix n— 1) is thus reduced to an 
equation in s by using formulas (1) and (2), and 
is computed by decomposing the following 
operator into partial fractions: 

Bus +... ftf 


(e) = Q S+... E S+ tg $ (5) 


where B,= 0,41 Yo +4201 +... 97-15 
0<r<n-—l1. The general solution is repre- 
sented by (5) if we consider the constants yo, 

<-> Pn-1 OF Во, --- s B,-, as arbitrary parameters. 
If the rational function in the right-hand side 
of (5) is M (s)/D(s) and the degree of the numer- 
ator is less than that of the denominator, then 
the right-hand side of (5) is explicitly repre- 
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sented by 
1-1 t! r-i d M(4) ot 
2, i a ooo 29) |. > 
m М(А) at 
à Day’ 


where we assume that 4o, 4, ..., Am exhaust the 
roots of the equation D(/)=0, Ao is a multiple 
root of degree l, and all other roots are simple 
(т=п —– 1). The above formula is called the 
expansion theorem. 


C. Limits of Operators 


À sequence a, of operators is said to converge 
to the limit a — b/q if there exists an operator 
q( #0) such that q'a €€ and the sequence 
of functions q: a, converges *uniformly to b 
on compact sets. The limit a is determined 
uniquely without depending on the operator q. 
Based on this notion of limits of operators, we 
can construct the theory of series of operators 
and differential and integral calculus of func- 
tions of an independent variable 4 whose 
values are operators. They are completely 
parallel to the usual theories of elementary 
calculus (— 106 Differential Calculus; 216 
Integral Caiculus; 379 Series). A linear partial 
differential equation in the function ф(х, t) of 
two variables, in particular its initial value 
problem, reduces to a linear ordinary differen- 
tial equation of an operational-valued func- 
tion of an independent variable x. 

For a given operator w, the solution (if 
it exists) of the differential equation 9'(4) = 
w: Q(A) with the initial condition (0) = ó is 
unique, is called the exponential function of an 


operator w, and is denoted by Q(4) = e^". If the 
power series 
2 A" w"[n! (6) 


converges, the limit is identical to the exponen- 
tial function e^". However, there are several 
cases in which e?" exists even when the series 
(6) of operators does not converge. 

For example, for w= — Js, we have 


e^ = {(A/2,/nt9) exp(—2?/40)}, (9 
and for w= —s, we have 
745 hi =s- H(t), (8) 


where the function H,(t) takes the values 0 and 
1 according as t « 4 or t> 4. H,(t) belongs to 
the ring 4 and is called the jump function at 4. 
For f(t)e 4, we have 


h^ (0) - 2. 


and hence we call (8) the translation operator 
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(or shift operator). For w= —s, the series (6) 
does not converge, but if we apply the formal 
relation e “=~ 9(—As)"/n! to f(t), we have a 
formal Taylor expansion 


0-4) = > f (t)( — AY /n!. 


The solution of linear tdifference equations 
are represented by rational functions of h^. 
The power series У, a, h" of operators always 
converges. This fact gives an explicit example 
of a representation by formal power series. 
Note that the operators e `° and е^? play 
an essential role in the solution of the twave 
equation 


Pp v0 
ox д? 
and the *heat equation 


09 ao 


ox? ді 


The operator (7) converges to ó for 2-0, and 
this gives a tregularization of the Dirac ó- 
function. 


D. Laplace Transform 


For every function { f(t)} e @, the limit 


B © 
lim | ena [ e ^f(4)d4 (9) 
>to Jo 0 
always exists (in the sense of the limit of oper- 
ators), and as an operator coincides with the 
original function í f(t)}. Therefore, if the usual 
Laplace transform (— 240 Laplace Trans- 
form) of the function f(A) exists and (9) is a 
function g(s), then as a function of the differen- 
tial operator s, g(s) is the operator that is 
given by the inverse Laplace transform f(t) of 
g(s). Formulas (4) and (7) are indeed typical 
examples of this relation, where the left-hand 
side is the usual Laplace transform of the 
right-hand side. In the practical computation 
of (5), we can compute the Laplace inverse 
transform of the right-hand side. However, if 
we took the Laplace transform as the founda- 
tion of the theory, it would not only be com- 
plicated but also be subject to the artificial 
restriction caused by the convergence condi- 
tion on Laplace transforms. 

In the theory of operational calculus, the 
transform 


s=» | e Pf(t)dt (10) 
0 
is sometimes used instead of the Laplace trans- 


form itself. But the difference is not essen- 
tial; we obtain the latter transform merely by 
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changing the variable from s to p and multi- 
plying the former transform by p. 


E. Relation to Distributions 


For fe@, an operator of the form h4- s*- f is 
identified with a distribution of L. Schwartz 
with support bounded from below. We can 
identify with a Schwartz distribution the limit 
of a sequence f, (or a suitable equivalence class 
of sequences) of operators of the form л? s*- f 
such that f,, f,1,-.. are identical in the inter- 
val (—n,n). The notions of Schwartz distri- 
butions and of Mikusiñski operators do not 
include each other, but both are generaliza- 
tions of the notions of functions and their 
derivatives. For formulas and examples — 
Appendix A, Table 12. 
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A. General Remarks 


Operations research in the most general sense 
can be characterized as the application of 
scientific methods, techniques, and tools to the 
operations of systems so as to provide those in 
control with optimum solutions to problems. 
This definition is due to Churchman, Ackoff, 
and Arnoff [1]. Operational research began 

in a military context in the United Kingdom 
during World War II, and it was quickly taken 
up under the name operations research (OR) 
in the United States. After the war it evolved 
in connection with industrial organization, 
and its many techniques have found expand- 
ing areas of application in the United States, 
the United Kingdom, and in other industrial 
countries. Nowadays OR is used widely in 
industry for solving practical problems, such 
as planning, scheduling, inventory, transpor- 
tation, and marketing. It also has various im- 
portant applications in the fields of agricul- 
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ture, commerce, economics, education, public 
service, etc., and some techniques developed in 
OR have influenced other fields of science and 
technology. 


B. Applications 


Applications of OR to practical problems are 
often carried out by project teams because 
knowledge of disparate aspects of the prob- 
lems are required, and interdisciplinary co- 
operation is indispensable. The following are 
the major phases of an OR project: (i) formu- 
lating the problem, (ii) constructing a mathe- 
matical model to represent the system under 
study, (iii) deriving a solution from the model, 
(iv) testing the model and the solution derived 
from it, (v) establishing controls over the solu- 
tion and putting it to work (implementation). 

When the mathematical model that has 
been constructed in phase (ii) is complicated 
and/or the amount of data to be handled is 
large, a digital tcomputer is often utilized in 
phases (iii) and (iv). | 


C. Mathematical Models [2] 


Typical mathematical models and tools that 
appear frequently in OR are: 

(1) Optimization model (— 264 Mathematical 
Programming). This model is characterized by 
one or more real-valued functions, which are 
called objective functions, to be minimized (or 
maximized) under some constraints. According 
to the number of objective functions, the types 
of objective functions, and the types of con- 
straints, this model is classified roughly as 
follows: (i) Single-objective model, which in- 
cludes linear, quadratic, convex, nonlinear and 
integer programming models (— 215 Integer 
Programming, 255 Linear Programming, 292 
Nonlinear Programming, 349 Quadratic Pro- 
gramming); (ii) multi-objective model; (iii) sto- 
chastic programming model (— 408 Stochastic 
Programming), (iv) dynamic programming 
model (— 127 Dynamic Programming); (v) 
network flow model (— 281 Network Flow 
Problems). 

(2) Game-theoretic model (— 173 Game 
Theory). Game theory is a powerful tool for 
deriving a solution to practical problems in 
which more than one person is involved, with 
each player having different objectives. 

(3) Inventory model (— 227 Inventory Con- 
trol). It is necessary for most firms to control 
stocks of resources, products, etc., in order to 
carry out their activities smoothly; various 
inventory models have been developed for 
such problems. Mathematically, optimization 
techniques (— 264 Mathematical Program- 
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ming), Markovian decision processes (— 127 
Dynamic Programming, 261 Markov Pro- 
cesses), and basic tprobability theory are used 
to construct models for these problems. 

(4) Queuing model (— 260 Markov Chains 
H). In a telephone system, calls made when all 
the lines of the system are busy are lost. The 
problem of computing the probability of loss 
involved was first solved in the pioneering 
article on tqueuing theory by A. K. Erlang in 
1917. For systems in which calls can be put on 
hold when all lines are busy, one deals with the 
twaiting time distribution instead of the proba- 
bility of loss. In the 1930s, F. Pollaczeck and 
A. Ya. Khinchin gave explicit formulas for the 
characteristic function of the waiting time 
distribution. In many situations, such as in 
telephone systems, air and surface traffic, 
production lines, and computer systems, vari- 
ous congestion phenomena are often observed, 
and many kinds of queuing models are utilized 
to analyze the congestion. Mathematically, 
almost all such models are formulated by 
using Markov processes. For practical uses, 
approximation and computational methods 
are important as well as theoretical results. 

(5) Scheduling model (— 376 Scheduling and 
Production Planning). Network scheduling is 
used to schedule complicated projects (for 
example, construction of buildings) that 
consist of a large number of jobs related to 
each other in some natural order. PERT (pro- 
gram evaluation and review technique) and 
CPM (critical path method) are popular com- 
putational methods for this model (— 281 
Network Flow Problems). Job shop scheduling 
is used when we have m jobs and n machines 
and each job requires some of the machines in 
a given order. The model allows us to find an 
optimal order (in some certain sense) of jobs to 
be implemented on each machine. 

(6) Replacement model. There are two typical 
cases. One is the preventive maintenance model, 
which is suitable when replacements are done 
under a routine policy because a replacement 
or a repair before a failure is more effective 
than after a failure. Probabilistic treatments 
are mainly used, and this model resembles 
those for queues and tMarkov processes. The 
other is a model for deciding whether to re- 
place a piece of equipment in use. In this case; 
we need to compare costs of both used and 
new equipment, and evaluations of various 
types of present cost are important. 

(7) tSimulation. This is a numerical experi- 
ment in a simulated model of a phenomenon 
which we want to analyze. Simulation is one of 
the most popular techniques in OR. 

(8) Other models. Besides the models listed 
above, many problems are formulated by way 
of various other models in OR. In modeling, 
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*probability theory, and mathematical tstatis- 
tics, especially, FMarkov chain, *multivariate 
analysis, fdesign of experiments, ‘regression 
analysis, ttime series analysis, etc. often play 
important roles. 
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A. Preliminaries 


Let $ be a *Hilbert space. The set of *bounded 
linear operators on $ is denoted by A(H) =F. 
It contains the identity operator J. The notions 
of operator sum A + B, operator product AB, 
and fadjoint A* are defined on it. A subalge- 
bra of Z($) is called an operator algebra. In 
this article we consider mainly von Neumann 
algebras. For C*-algebras — 36 Banach Alge- 
bras G-K. 

Any tHermitian operator A (1.е., an operator 
such that A = A*) has the property that (Ax, x) 
is always real for any xe 9. If (Ax, x) 20 for 
any x, A is called positive, and we write A>0. 
When Hermitian operators A and B satisfy A 
— B Z0, we write A z B. Thus we introduce an 
ordering A > B between Hermitian operators. 
A set {A,} of positive Hermitian operators is 
said to be an increasing directed set if any two 
of them A,, A, always have a common major- 
ant A,, that is, A, & 4, and A5 < A,. If a Her- 
mitian operator A satisfies (Ax, x) = sup(A,x, x) 
for such a set, it is called the supremum and is 
denoted by sup A,. The supremum sup A, 
exists if and only if the sup(A,x, x) is finite for 
any x, and then A, converges to A with respect 
to the weak and strong operator topologies. 


B. Topologies іп 2 


Various topologies are introduced in 2 = 
BS): the tuniform operator topology, the 
strong operator topology, and the tweak 
operator topology (— 251 Linear Operators). 
These topologies are listed above in order of 
decreasing fineness. The operation in 2 of 
taking the adjoint, А > A*, is continuous with 
respect to the uniform operator topology and 
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weak operator topology, but not with respect 
to the strong operator topology. The opera- 
tion from Z x 2 to 2 of taking the product, 
(A, B) АВ, is continuous with respect to the 
uniform operator topology, is continuous with 
respect to the strong operator topology when 
the first factor is restricted to a set bounded in 
the operator norm, but is not continuous on 
B x B. It is continuous with respect to the 
weak operator topology when one of the fac- 
tors is fixed (i.e., 1t is separately continuous). 
The set 2 is а *Banach space with respect to 
the operator norm, or, more precisely, a *C*- 
algebra. It is a *locally convex topological 
linear space with respect to the strong or weak 
operator topology. 

The Banach space 2 is the *dual of the 
Banach space 2, of all tnuclear operators in 
9 (— 68 Compact and Nuclear Operators I). 
The weak* topology in 3 as the dual of 2, is 
called the c-weak topology. 


C. Von Neumann Algebras 


A subset .£ of 2 is called a »-subalgebra if it 
is a subalgebra (i.e., A, Be Mí implies ZA + uB, 
AB € Af) and contains the adjoint A* of any 
Ає.#. The commutant .Z' of a subset Z of B 
is the set of operators that commute with both 
A and A* for Ae. The commutant is a «- 
subalgebra, and £’ =.Z”. 

А von Neumann algebra .@ is a «-subalgebra 
of 4 that is defined by one of the follow- 
ing four equivalent conditions: (1) Æ is a *- 
subalgebra of Z containing I, closed under 
the weak operator topology; (п) .£ is a *- 
subalgebra of # containing F, closed under 
the strong operator topology; (11) .@ is the 
commutant of a subset of (ог, equivalently, 
M = 0"); (iv) M is a *-subalgebra of 9 con- 
taining I, closed under the uniform operator 
topology, and, as a Banach space, coinciding 
with the conjugate space of some Banach 
space. Note that a »-subalgebra of 2, closed 
under the uniform operator topology, ts a 
C*-algebra. Von Neumann algebras are also 
called rings of operators or W*-algebras. The 
latter term is usually used for a C*-algebra 
*-isomorphic to a von Neumann algebra in 
contrast to a concrete von Neumann algebra. 

The study of these algebras was started by J. 
von Neumann in 1929. He showed the equiva- 
lence of conditions (i)—(iit) (von Neumann's 
density theorem), and established a foundation 
for the theory named after him [1]. The notion 
of von Neumann algebras can be regarded as 
a natural extension of the notion of matrix 
algebras in a finite-dimensional space, and 
therein lies the importance of the theory. The 
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fourth condition of the definition was given by 
S. Sakai (Pacific J. Math., 1956). 

The following theorem is of use in the the- 
огу of von Neumann algebras: Given a ж- 
subalgebra .27 of B containing J, its closure M 
with respect to the weak or strong operator 
topology is von Neumann algebra; and when 
we denote the set of elements of operator norm 
<l in (resp. A) by £, (resp. J£), M is 
likewise the closure of ./, with respect to the 
weak or strong operator topology (Kaplan- 
sky’s density theorem (Ann. Math., 1951). 

If E is a projection operator in a von Neu- 
mann algebra M, then Е.Е — (EAE|Ae.A/] 
is a x-subalgebra of 2 closed with respect to 
the weak operator topology. It is not a von 
Neumann algebra because it does not contain 
I, but since its elements operate exclusively in 
the closed subspace E$, we can regard it as 
an algebra of operators on E$. In this sense, 
EME can be regarded as а von Neumann 
algebra on E$, which we call the reduced von 
Neumann algebra of Æ on E$ and write Mg. 
If E is a projection operator in M’, EME= 
EM restricted to the subspace E$ is called 
the induced von Neumann algebra of .£ on 
ES and is denoted also by Mg. In the latter 
case, the mapping Ae M 2EAe f, is a »- 
homomorphism and is called the induction of 
M onto Mz. 

The tensor product $, @ 9, of two Hilbert 
spaces $ (i= 1,2) is the tcompletion of their 
*tensor product as a complex linear space 
equipped with the unique tinner product satis- 
fying (f, & f;,gi 9 g2) 2 (1.913 (fo, 92); for 
all f;, g;€ $;. For any А;є 2($;), there exists 
a unique operator in A(H, @ 9,) denoted 
by А, @ A; satisfying (A, & A5)(f1 ® 5) = 
A, f, & A, f, for all fe $;. For von Neumann 
algebras M; c #($;), the von Neumann alge- 
bra generated by A, & A, with A,;€.//; is de- 
noted by M, @ M, and is called the tensor 
product of æ, and .&,. The «-isomorphism Ae 
# — A G Ie. QI, where I is the trivial von 
Neumann algebra consisting solely of complex 
multiples of the identity operator, is called an 
amplification. 

For two von Neumann algebras M; c A(H,) 
({ = 1,2), a *-isomorphism л from M, into M, 
is called spatial if there exists a unitary (ї.е., a 
bijective isometric linear) mapping U from $, 
to Š; such that UAU* =тА for all Ae M, 
and a «-homomorphism л is called normal if 
sup, z A, — n(sup, A,) whenever A, is a bounded 
increasing net in M. Any normal «-homomor- 
phism is continuous in the strong and weak 
operator topologies and is a product of an 
amplification, a spatial «-isomorphism, and an 
induction. Its kernel is of the form EM, where 
E 1s a projection operator belonging to the 
center Z = M NM’ of M. This gives a com- 
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plete description of all possible normal repre- 
sentations (1.е., a normal x-homomorphism 
into some 2) of a von Neumann algebra. 


D. States, Weights, and Traces 


A state ọ of a C*-algebra æ% isa complex- 
valued function on . that is (1) complex 
linear: ф(А + B) = 9(A) + Ф(В), ф(сА) 2 co (A) 
for A, Be £, ceC, (2) positive: 9(4* A) 20 for 
Aes, and (3) normalized: ||@|| = 1 (equiva- 
lent to p(1)=1 if Ie). For any positive 
linear functional ф on £, there exists a triplet 
(Hy, To» Čo) (unique up to the unitary equiva- 
lence) of a Hilbert space §,, a representa- 
tion zç (1.е., a *-homomorphism into 2(9,)) 
of £, and a vector ё. in Š, such that ф(4) = 
(л„(А)&„. čo) and $, is the closure of 2,(.7)¢,. 
The space $, is constructed by defining the 
inner product (n(A), 4(B)) = ф(В* A) in the 
quotient of . by its left ideal {A| ф(А* A) = 
0), where r is the quotient mapping, and by 
completion. Then z, is defined by 1,(4)n(B) = 
(АВ). This is called the GNS construction 
after its originators I. M. Gel'fand, M. A. 
Naimark, and I. E. Siegel. 

A weight o on a von Neumann algebra M is 
a function defined on the positive elements of 
M, with positive real or infinite values, which 
is additive and homogeneous (q(A + B) = 
ф(А) + Ф(В) and q(44) = 49(A) for all A, Be 
M and Az 0 with the convention 0: oo =0 and 
оо + a= oo). It is said to be faithful if it does 
not vanish except for (0) 20, normal if Ф(А) 
=sup ф(А„) whenever A, is an increasing net 
of positive elements of .£ and A —sup A,, and 
semifinite if the left ideal N,, consisting of all 
elements Ae M for which ф(А* A) is finite, has 
the property that the linear span M, of Ng N, 
is dense in æ. The restriction of @ to positive 
elements of M, has a unique extension to a 
linear functional on Mt, which we denote by 
the same letter ф. Canonically associated with 
a normal semifinite weight o, there exists а 
Hilbert space §,, a normal »-representation z, 
of M, and a complex linear mapping у from 
MN, into a dense subset of H, such that (n(B'), 
n(B))= ф(В* B), and x,(4)(B) = (AB), where 
B, Beh, and Ae M. If ¢ is finite (1.е., N, = 
M), then its extension to .£ is a positive linear 
functional for which the triplet ($,, x, 7(1)) 
is given by the GNS construction. 

The linear span of all normal states of a von 
Neumann algebra „ is а norm-closed sub- 
space of its dual .#*, called its predual and 
denoted by .&,, because M turns out to be the 
dual of My. 

A trace t on a von Neumann algebra M is a 
weight satisfying t(UAU*) —t(A) for U unitary 
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in Æ and for all positive A in Æ (equivalently, 
t(A* A) = t(AA*) for all Ac M). 


E. The von Neumann Classification 


A von Neumann algebra for which a semi- 
finite normal trace does not exist is called a 
purely infinite von Neumann algebra or von 
Neumann algebra of type III. In contrast to 
this, а von Neumann algebra M is called 
semifinite (resp. finite) if for each positive Her- 
mitian operator A (40) in JJ there is a semi- 
finite (resp. finite) normal trace t such that 
t(A)#0. Every Abelian von Neumann algebra 
is finite. If there are no central projection oper- 
ators E #0 such that Æg is finite, Æ is called 
properly infinite. Purely infinite Æ and Z(H) 
for infinite Š, for example, are properly in- 
finite. A nonzero projection operator E in . is 
called Abelian when g is Abelian. We call æ 
a von Neumann algebra of type I (or discrete) 
when it contains an Abelian projection E for 
which / is the only central projection P cover- 
ing E (i.e., E < P). А von Neumann algebra is 
of type II if it is semifinite and contains no 
Abelian projection. À von Neumann algebra 
of type II is called of type II, if it is finite and 
of type II, if it is properly infinite. A finite von 
Neumann algebra is also characterized as a 
von Neumann algebra in which the operation 
of taking the adjoint is continuous with re- 
spect to the strong operator topology on 
bounded spheres (Sakai, Proc. Japan Acad., 
1957). A properly infinite von Neumann alge- 
bra M is characterized by the property that 
M and M Q 2(9) for any separable 9 is *- 
isomorphic. 

Given a von Neumann algebra æ, there 
exist mutually orthogonal projections Ej, Ey, 
Eg in the center Z of M such that E, + Ey + 
Eg — 1, and Ag, Mpp Ig, are von Neumann 
algebras of type I, type II, type III, respec- 
tively. This decomposition is unique. There 
also exist unique central projections E, and 
Е, such that Mz, is finite, Æg, is properly in- 
finite, and E, + E,= 1. The two decompositions 
can be combined. (If some of the projections E 
are 0, the condition on the corresponding Mg 
is to be waived.) 


F. Factors 


A von Neumann algebra whose center consists 
exclusively of scalar multiples of the identity 
operator is called a factor. Von Neumann’s 
reduction theory (— Section G) reduces the 
study of arbitrary von Neumann algebras on 
a separable Hilbert space more or less to the 
study of factors. Factors are classified into 
types I, (n= оо, 1, 2,...), П, (i.e. of type П and 
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finite), Н. (i.e., of type IT and not finite), and 
III. A factor of type I, is isomorphic to the 
algebra 2($) of all bounded operators on an 
n-dimensional Hilbert space $. Since the dis- 
covery of two nonisomorphic examples of 
factors of type II, by F. J. Murray and von 
Neumann (1943), classification of factors has 
been a central problem in the theory of von 
Neumann algebras. After 1967, great progress 
was made in the investigation of isomorphism 
classes of factors, and we have uncountably 
many nonisomorphic examples of factors of 
types II,, H, and III. After the discovery of 
the third to ninth nonisomorphic examples of 
factors of type II, by J. Schwartz (1963) (the 
third example, 1963), W. Ching (the fourth), 
Sakai (the fifth), J. Dixmier and E. C. Lance 
(the sixth and seventh), and G. Zeller-Meier 
(the eighth and ninth), D. McDuff showed that 
there exist countably many nonisomorphic 
examples of factors of type II,, and finally 
McDuff (Ann. Math., 1969) and Sakai (J. Func- 
tional Anal., 1970) showed the existence of 
uncountably many nonisomorphic examples 
of factors of type П,. For type III factors — 
Section I. 


G. The Integral Direct Sum and 
Decomposition into Factors 


The Hilbert spaces considered in this section 
are all tseparable. Let (W, &, и) be a *measure 
space; with each Ce Mi we associate a Hilbert 
space $(C). We consider functions x(Z) on Mt 
whose values are in $(C) for each C. Let K be 
a set of these functions having the following 
properties: (i) | x(£)|| is measurable for x(QeK; 
(ii) if for a function y(¢), the numerical func- 
tion (x(C), y(C)) is measurable any x(Z)e K, 
then y(C) € K; (iii) there is a countable family 
{x (0. x4), ... } of functions in K such that 
for each fixed CEM, the set {x, (5), x2(0),... } is 
dense in §(¢). Then K is a linear space. We call 
each function in K a measurable vector func- 
tion. We introduce in the set of measurable 
vector functions x(c) with 


Таоа < 


an equivalence relation by defining x(¢) and 
уб) as equivalent when 


(КЕЛҮ. 
Thus we obtain а space of equivalence classes 


which we denote by $. $ is a Hilbert space 
with the inner product 


(х, у)= feo y(Q))du(), 
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which is called the integral direct sum (or direct 
integral) of $(C). An operator function A(Q) 
that associates with each eM a bounded 
linear operator A(¢) on $Y(C) is called measur- 
able if for any measurable x(Z), A(D)x(C) is also 
measurable. If, moreover, || A(Q)|| is bounded, 
A(C) transforms a function in 9 to a function 
in § and thus defines a bounded linear oper- 
ator on 9. This operator is called the integral 
direct sum (or direct integral) of A(Q), and an 
operator on $ that can be reduced to this 
form is called decomposable. 

Generally, let $ be a Hilbert space, and 
consider an Abelian von Neumann alge- 
bra .27 on 9. Then we construct a measure 
space (97, &, и) and represent .Z as the set of 
bounded measurable functions on W. (This is 
possible in different ways. The Gel'fand repre- 
sentation is an example.) Then a Hilbert space 
$Y(C) can be constructed so that 9 is repre- 
sented as the integral direct sum of $(¿). Oper- 
ators in £ are all decomposable and are called 
diagonalizable. A von Neumann algebra .£ on 
$ whose elements are all decomposable is 
characterized by M <.Z'. The A(C) yielded 
by the decomposition of operators А in M 
generate a von Neumann algebra M(E) on 
§(C). If we take as .Z the center Z of M, then 
almost all the (Ç) are factors (von Neumann's 
reduction theory), and if we take as . a maxi- 
mal Abelian von Neumann algebra contained 
in M’, then almost all the æ (©) are type T 
factors (F. I. Mautner, Ann. Math., 1950). 


H. Tomita-Takesaki Theory 


Motivated by the problem of proving the 
commutant theorem for tensor products (i.e., 
(4, @.⁄,) =M, Q Mz), which remained 
unsolved for algebras of type III up until that 
time, Tomita succeeded in 1967, after years of 
effort, in generalizing the theory of Hilbert 
algebras, previously developed'only for semi- 
finite von Neumann algebras. The most im- 
portant ingredient of this theory lies in certain 
one-parameter groups of »-automorphisms of 
a von Neumann algebra, called modular auto- 
morphisms (see below), each one-parameter 
group of modular automorphisms being in- 
trinsically associated with a faithful semifinite 
normal weight of the algebra. Tomita's theory 
was perfected by Takesaki [13], who also 
showed that modular automorphisms satisfy 
(and are characterized by) a condition origi- 
nally introduced in statistical mechanics by 
the physicists R. Kubo, P. C. Martin, and J. 
Schwinger and accordingly known as the 
KMS condition. In the mathematical founda- 
tions of statistical mechanics, this condition 
characterizes equilibrium states of a physical 
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system for a given one-parameter group of 
automorphisms (of a C*-algebra) describing 
the time-development of the system. It was a 
fortunate coincidence that this condition was 
formulated in a so-called C*-algebra approach 
to statistical mechanics by R. Haag, N. M. 
Hugenholtz, and M. Winnink [14] at about 
the same time that Tomita's work appeared 
in 1967. The original proofs of the Tomita- 
Takesaki theory have been simplified con- 
siderably by the work of M. Rieffel [16] and 
A. Van Daele [15]. Deeper insight into the 
significance of modular automorphisms is also 
provided by the work of A. Connes [19], 
showing that the group of modular automor- 
phisms (up to inner automorphisms) is intrin- 
sic to the von Neumann algebra (i.e., inde- 
pendent of the weight) and belongs to the 
center of Out Æ (the group Aut M of all +- 
automorphisms of the von Neumann algebra 
M modulo the subgroup Int æ of all inner 
*-automorphisms). 

Some of the basic definitions and results of 
the Tomita-Takesaki theory are as follows. If ф 
is a normal semifinite faithful weight on M, 
the antilinear operator S;, defined on a dense 
subset n(9t, 907) of $, (— Section D) by the 
relation S,n(A)=n(A*), is tclosable and the 
polar decomposition S, = J,A2 of its closure 
defines a positive self-adjoint operator A,, 
called a modular operator, and an antiunitary 
involution J,. The principal results of the 
Tomita-Takesaki theory are (1) if xe æ, then 
of (A) A! AA," e Af for all real t, and this 
defines a continuous one-parameter group of 
*-automorphisms o? of M, called modular 
automorphisms, and (2) if Ae æ, then j,(A)= 
J,AJ, € Af", and jẹ is a conjugate-linear iso- 
morphism of . onto M’. À weight 9 on M 
is said to satisfy the KMS condition at £ (a real 
number) relative to a one-parameter group of 
*-automorphisms o, of M if, for every pair 
A, BEN, 907, there exists a bounded con- 
tinuous function F(z) (depending on A, B), on 
OxImz «f holomorphic in 0 « Imz « f and 
such that F(t) = @(Ao,(B)) and F(t + iB) = 
Q(c,(B)A). A given one-parameter group o, 
coincides with a group of modular automor- 
phisms o? if and only if ọ satisfies the KMS 
condition at f = —1 relative to о,. (In statistical 
mechanics, f —(kT) !, where k is the Boltz- 
mann constant and T the absolute tempera- 
ture of the system.) 


I. Structure and Classification of Factors of 
Type HI 


At the Baton Rouge Conference in 1967, R. 
T. Powers reported his results [17] on non- 
isomorphism of the one-parameter family 
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of factors of type IH (now called Powers's 
factors), which had been constructed by von 
Neumann in 1938 in terms of an infinite ten- 
sor product of factors of type I (abbreviated 
as ITPFI) Prior to Powers's work only three 
different kinds of factors of type III, along 
with the same number of factors of type П,, 
had been distinguished. А systematic classifica- 
tion of ITPFIs was subsequently given by 

Н. Araki and E. J. Woods [18] in terms of two 
invariants, i.e., the asymptotic ratio set r. (.//) 
and the p-set p(.7/) of the von Neumann 
algebra M. Using the Tomita-Takesaki the- 
ory, Connes [19] introduced two invariants, 
namely the S-set 5(.4/) (the intersection of the 
spectra of all modular operators) and the T-set 
T(.@) (the set of all real t for which the modu- 
lar automorphism o? is inner), and, when ./ is 
an ITPFI, proved the equality S(./7) = r. (M) 
and the relation T(./) = 2n|log p(./7)| 1. The 
S-set S(.7/) of a factor of type ПІ on a separa- 
ble Hilbert space is either the set of all non- 
negative reals (type HI), the set of all integral 
powers of 4 (where 0 « 4 < 1) and 0 (type Ш,), 
or the set 10, 1} (type Ш). The work of Araki 
and Woods shows that there exists only one 
ITPFI of type III, for each 4є(0, 1) (the exam- 
ples of Powers) as well as for 5= 1, while there 
exist continuously many ITPFIs of type III,. 
Woods [20] has shown that the classification 
of ITPFIs of type ПІ, is not smooth. 

A structural analysis of factors of type III, 
given independently by Connes [19], Takesaki 
(Acta Math., 1973), and Araki (Publ. Res. Inst. 
Math. Sci., 1973) expressed independently a 
certain class of factors of type III as a kind of 
crossed product of semifinite von Neumann 
algebras with their injective endomorphisms 
(automorphism in the case of Connes). These 
analyses led Takesaki [21] to the discovery 
of a duality theorem for crossed products of 
von Neumann algcbras with locally compact 
groups of theit «-automorphisms (— Section J) 
and its application to the following structure 
theorem for von Neumann algebras of type III. 
The crossed product of a von Neumann alge- 
bra .£ with the group of modular automor- 
phisms oc? is a von Neumann algebra M of 
type IL,, with a canonical action 6, of the 
dual group as a onc-paramcter group of *- 
automorphisms which is trace-scaling, i.e., 
тоб,=е '«for some faithful normal trace т. 

If æ is properly infinite, the crossed product 
of VY with 0, is isomorphic to the original von 
Neumann algebra .ZJ. In particular, any von 
Neumann algebra .ZJ of type III can be writ- 
ten as the crossed product of a von Neumann 
algebra M of type П, with a one-parameter 
group of trace-scaling *-automorphisms @,. 
The isomorphism class of .£ is determined by 
the isomorphism class of M together with the 
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conjugacy class of 6, modulo inner automor- 
phisms. The restriction б, of 0, to the center Z 
of А is of special importance. æM is a factor if 
and only if б, is ergodic. In that case, æ is of 
type П, if M is a factor, M is of type Ш,, 

0 « 4 « 1, if 0, is periodic with period —log 4, 
and M is of type III, if б, Is aperiodic and not 
isomorphic to the one-parameter group of 
*-automorphisms of L (R) induced by the 
translations of the real line R. (The excluded 
case does not occur for . of type ПТ.) 

A von Neumann algebra on a separable 
Hilbert space is called approximately finite- 
dimensional (or approximately finite or hyper- 
finite) if it is generated by an increasing se- 
quence of finite-dimensional *-subalgebras. 
This class of von Neumann algebras includes 
many important examples, such as ІТРЕТ and 
the von Neumann algebra generated by any 
representation of canonical commutation (or 
anticommutation) relations on a separable 
Hilbert space. The classification of approxi- 
mately finite-dimensional factors 18 almost 
complete. In fact the uniqueness of an approxi- 
mately finite-dimensional factor of type II, has 
been known since the work of von Neumann. 
It is called the hyperfinite factor. The unique- 
ness of approximately finite-dimensional fac- 
tors of type II, (which is then the tensor prod- 
uct of the hyperfinite factor with A(H)) and of 
type III; 0 « 4 « 1, (which are then Powers's 
factors) has been demonstrated by Connes 
[22]. Approximately finite-dimensional fac- 
tors of type III, are classified exactly by the 
isomorphism classes of the ergodic groups 6, 
of x-automorphisms of commutative von Neu- 
mann algebras Z. Any such factor is a Krie- 
ger’s factor, i.e., a crossed product of a com- 
mutative von Neumann algebra with a single 
*-automorphism. Examples of such factors 
have been extensively studied by Krieger, who 
has also shown [23] that isomorphism of a 
Krieger's factor is equivalent to weak equiva- 
lence of the associated nonsingular transfor- 
mation of the standard measure space. 

A von Neumann algebra on a separa- 
ble Hilbert space ts approximately finite- 
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J. Crossed Products 


The crossed product .£ ©, G of a von Neu- 
mann algebra Æ (acting on a Hilbert space 
$) and a locally compact Abelian group G 
relative to a continuous action « of G on .£ 
(by *-automorphisms «,, ge G) is the von 
Neumann algebra M generated by the opera- 
tors n(A), Ae M and A(h), he G, defined on the 
Hilbert space L,(G, $) of all $-valued L;- 
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functions on G (relative to the Haar measure) 
by 


[1(4)8] (g) =a; (A) (9), 
[4(9)£]1(g) = &(h g), 


where ¿e L,(G, $). The canonical action @ 

of the dual б on ./ is defined by à,(B)— 
u(p) Bu(p)* for Be./ and pe G, where u(p) 

is defined by [4(р)](9) = 9. p> (9). The 
duality theorem of Takesaki [21] asserts 

that [.£ @, G] @, G is isomorphic to M & 
2(1.,(6)), where the second factor 2(1.,(6)) 
is the algebra of all bounded linear operators 
on L,(G). 


K. Natural Positive Cone 


The closure V“ of the set of vectors A25(A) 
for all positive A in 9t, 1307 reflects certain 
properties of the von Neumann algebra M 
for 0<a<1/2 [24,25]. In particular, V! is 
called the natural positive cone. It is a self-dual 
closed convex cone, and is intrinsic to the von 
Neumann algebra Æ (i.e., independent of 

the weight o). Every normal positive linear 
functional y on .£ has a unique representa- 
tive C(w) in this cone (i.e., (А) = (n, (A) (V), 
&(w))), and the mapping £ is a concave, mono- 
tone, bijective homeomorphism, homo- 
geneous of degree 1/2. The group of all *- 
automorphisms of .£ has a natural unitary 
representation U(g), ge Aut M, satisfying the 
relations U(g) AU(g)* = g(A), U(g)&(q) = 
E(pog”’). 


L. C*-Algebras and von Neumann Algebras 


Let a C*-algebra . be given. А *-represen- 
tation x— T. gives rise to a von Neumann 
algebra M, generated by T., хє.2/. The type of 
this representation is defined according to the 
type of æM. A C*-algebra is called a C*-algebra 
of type I if its «representations arc always of 
type I. It is known that this class is exactly the 
class of GCR algebras (— 36 Banach Algebras 
H). It is also known that a separable non-type 
] C*-algebra has a representation of type II 
and a general non-type I C*-algebra has a 
representation of type III (J. Glimm, Ann. 
Math., 1961; Sakai [8]). 

For a C*-algebra £, all its representations 
' generate tinjective von Neumann algebras if 
and only if æ is tnuclear [26,27]. 


M. Topological Groups and von Neumann 
Algebras 


Consider a unitary representation д» U, of a 
locally compact Hausdorff group G (— 423 
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Topological Groups). If this representation is 
a tfactor representation, the type of this repre- 
sentation is defined according to the type of 
the von Neumann algebra .£ generated by 
О, g€G. A tgroup of type I is a group whose 
factor. representations are all of type I. For 
example, connected semisimple Lie groups and 
connected nilpotent Lie groups are of type I 
(Harish-Chandra, Trans. Amer. Math. Soc., 
1953; J. M. G. Fell, Proc. Amer. Math. Soc., 
1962). Examples of groups that are not of type 
I are known (— 437 Unitary Representation 
E). 
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А. General Remarks 


The purposes of the theory of orbit determi- 
nation are (1) to study properties of orbits of 
celestial bodies, (2) to determine orbital ele- 
ments from observed positions of the celestial 
bodies, and (3) to compute their predicted 
positions utilizing the orbital elements. Celes- 
tial bodies to which the theory is applied are 
mainly planets, asteroids, comets, satellites, 
and artificial satellites in the solar system, 
although orbits of meteors and visual, photo- 


1162 


metric, and eclipsing binaries can be deter- 
mined by similar methods. 


B. Kepler's Orbital Elements 


Consider, for example, an asteroid moving on 
an ellipse with one focus at the sum. The ellip- 
tic orbit is fixed by the initial conditions of the 
motion or the integration constants of the 
tHamilton-Jacobi equation (— 55 Celestial 
Mechanics) and is described by Kepler’s orbital 
elements a, e, о, i, О, and t, (Fig. 1). 


north 


Fig. 1 
Orbital elements 


The size and shape of the ellipse are deter- 
mined by the semimajor axis (half the tmajor 
axis) a and the feccentricity e, while the argu- 
ment o of perihelion, measured from the as- 
cending node to the perihelion, shows the 
direction of the major axis. (Sometimes, we 
adopt as one of the main parameters the peri- 
helion distance q = a(1 — e) instead of the semi- 
major axis a.) The position of the orbital plane 
is determined by the inclination angle i to the 
ecliptic and the longitude Q of the ascending 
node, and then the position of the asteroid 
on the orbit is determined by the time t, of 
the perihelion passage. The period T of one 
revolution, or mean motion n = 2z/T, which 

is the mean angular velocity, is coraputed by 
Kepler’s third law n?a? = u, with u a constant 
depending on the mass of the asteroid. The 
mean motion is a fundamental frequency in 
the solution of the Hamilton-Jacobi equation 
and is obtained by differentiating the energy 
constant — u/2a with respect to an action 
variable Vna. 

To express the position of the asteroid on 
the ellipse as a function of time, we use the 
true anomaly v, which is the angular distance 
of the asteroid from the perihelion, the eccen- 
tric anomaly E, and the mean anomaly M = 
n(t — to). Of these three anomalies the mean 
anomaly can be derived directly from Kepler's 
elements, although it must be transformed to 
the true anomaly or to the eccentric anomaly 
when we compute the coordinates of the aster- 
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oid. Kepler's equation 
Е —еѕіпЕ= М (1) 


holds between E and M. Solving this equation, 
we obtain an expression for E as a function of 
M: 


D 
Е=М + Y -J,(ne)sinnM, (2) 
п=1 П 


where J, is the tBessel function of order n. 
However, in practical computations, we often 
solve equation (1) directly by numerical 
methods or by using tables. 


C. Orbit Determination 


An astrometric observation of a celestial body 
usually consists of measurements of two co- 
ordinates (right ascension and declination) on 
the celestial sphere. Therefore, to derive six 
orbital elements, three sets of observations 
should be made at three moments separated 
by appropriate time intervals. If the topocen- 
tric distance of the celestial body is known, 
the orbital elements can be computed directly 
from observations. However, since the distance 
is not usually known, special methods have 
had to be developed. A method for orbit deter- 
mination was worked out by C. F. tGauss at 
‘the beginning of the 19th century to find the 
orbit of Ceres, the first asteroid to be dis- 
covered. Although the topocentric distances 
are not known, we know that orbits of aster- 
oids are planar, and Kepler’s second law, the 
law of conservation of areal velocity, holds 
approximately. Therefore we can assume that 
the area of the triangle made by the sun and 
the two positions of the asteroid observed at 

. different moments is proportional to the cor- 
responding time interval. Using this property 
of the orbit we can derive the topocentric 
distance and then the orbital elements. This 
method is called the indirect method, and 
similar methods can be developed for para- 
bolic and hyperbolic orbits. 


D. Osculating Elements and Orbit 
Improvement 


For the ttwo-body problem the orbit is a fixed 
and invariable ellipse, and therefore Kepler’s 
orbital elements are constants. On the other 
hand, when gravitational! interactions from 
other bodies cannot be disregarded, the orbital 
elements are found to be variable by comput- 
ing the tperturbations by the tmethod of vari- 
ation of constants. The perturbations are 
expressed as sums of periodic, tsecular, and 
long-periodic terms. 
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Because of the perturbations, the orbit 
deviates from the fixed ellipse, although at 
every moment the instantaneous velocity and 
position of the asteroid determines an ellipse. 
The orbital elements of the ellipse thus defined 
at each moment, called osculating elements, are 
variable with time. To compute perturbations 
that cause this change of osculating elements, 
it is necessary to observe the initial conditions 
of motion, i.e., the osculating elements at the 
initial moment. During a time interval shorter 
than the period of one revolution, the vari- 
ations of the osculating elements are usually 
very small. Therefore, by three sets of observa- 
tions made at three moments at short inter- 
vals, it is possible to determine the orbital 
elements that can Бе identified with the oscu- 
lating elements observed at the mean moment. 
However, if the intervals are very short, errors 
in the determined values often are very large, 
and it becomes necessary to carry out obser- 
vations at distant moments also. When such 
additional observations are made, those data 
are compared with the respective values that 
follow from the initial observations, and the 
perturbations computed from them; then the 
method of least squares is used to improve the 
estimation of the orbital elements. 


E. Artificial Satellites 


Since the periods of revolution of asteroids 

are of the order of a few years, the osculating 
elements change very little in a few weeks. On 
the other hand, for artificial satellites moving 
around the earth, the periodic as well as secu- 
lar perturbations become very large after a 
few hours because the period of revolution 
may be as short as two hours. Therefore, to 
determine orbital elements for artificial satel- 
lites, observed positions should be corrected 
by subtracting the effects of periodic pertur- 
bations computed from approximate orbital 
elements already known. By using the obser- 
vations thus corrected, mean orbital elements 
are derived by the method of orbit improve- 
ment. The approximate orbital elements can 
be computed if the launching conditions of the 
satellites are known. In this manner, mean 
orbital elements can be derived every day, and 
variations of the mean orbital elements, or 
amounts of secular perturbations, for a certain 
period (say, for 100 days) are found. From 
them, information on atmospheric density and 
the gravitational potential of the earth are 
derived. It should be remarked that for arti- 
ficial satellites distance measurements have 
been made by radar, and velocity determi- 
nations have been made by measuring the 
Doppler effect. 
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For satellites of other planets, measurements 
of two coordinates with respect to the centers 
of the planets are made. Masses of planets can 
be computed by Kepler's third law when the 
orbital elements of satellites are known, and 
gravitational potentials of the planets can be 
determined from their secular perturbations. 


F. Binaries 


In the study of visual binaries, methods similar 
to those for satellites can be applied, although 
the exact estimation of the distances to bina- 
ries is often impossible. For photometric 
binarics radial components of velocities are 
derived by measuring the Doppler effect; and 
for eclipsing binaries important information, 
such as their masses, densities, and sizes, as 
well as data regarding their internal consti- 
tutions, can be derived from the observed 
orbital elements. 
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A. History 


Many spaces used in functional analysis, such 
as *Hilbert spaces, *Banach spaces, and ‘topo- 
logical linear spaces, are generalizations of 
Euclidean spaces, where the leading idea has 
been to generalize the distance in Euclidean 
spaces in various ways. On the other hand, 
generalizing the order concept for real num- 
bers has led to spaces of another kind: ordered 
linear spaces and vector lattices. The theory of 
vector lattices was presented in a lecture by F. 
Riesz at the International Congress of Mathe- 
maticians in 1928 [1] and has been developed 
by many authors. Among them we cite H. 
Freudenthal, L. V. Kantorovitch (Mat. Sb., 2 
(44) (1937)), Riesz (Ann. Math., (2) 41 (1940)), 
S. Kakutani, F. Bohnenblust, G. Birkhoff [2], 
H. Nakano [3], B. C. Vulikh [5], and H. H. 
Schaefer [8]. Vector lattices have been used in 
lattice-theoretic treatments of integration (— 
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Section Т), tspectral resolution, and *ergodic 
theory. The central notion is Banach lattices 
(— Section F), but the theory has been ex- 
tended to the case where E is a locally convex 
topological linear space with the structure of 
a vector lattice [6—8]. 


B. Definitions 


A real tlinear space E is said to be an ordered 
linear space if E is supplied with an torder 
relation > with the following two properties: 
() x2y-x-z2y-z (ii) x zy and 420 (4 іѕ 
a real number) > Ax > Ay. 

If, in addition, E forms a flattice under this 
order >, we call E a vector lattice (Riesz space 
or lattice ordered linear space). 

For Sections B through E, we assume E to 
be a vector lattice. For any x, ye E, the tjoin 
and *meet of x, y are denoted by x v y and 
X ^ y respectively. The following relations are 
obvious: 


(х+2)м(у+2) = (хуу) +2, 
(х +2) л(у+2) =(хлу) +2, 


AXVAY=AXVY), AxA^Ay-A(x^y) (42:0), 


дхуду= Ахлу), Ахлду= (хур) (4<0) 


апа 
(ху у)л2=(хл 2) v(y ^z), 
(X ^y)v z- (xv z)^(yv z). 


The last relation means that E is a *distribu- 
tive lattice. 

For xe E, the elements x v0, (—x) v0, and 
X v(—x) are called respectively the positive 
part, negative part, and absolute value of the 
element x, and are denoted respectively by x * 
x, and |x|. The following identities hold: x = 
x* —x^ (Jordan decomposition), |х| = x * + 
X ,X'Ax =б,хуу+хлу=х+ у, |Ax|= 
АНХ, апа|х—у|=хуу—хлу. 

For a, be E with a <b, the set {xja<x<b} 
Is called an interval and is denoted by [a, b]. 
A subset of E is called (order) bounded if it is 
included in an interval. An element e of E is 
said to be a unit or an Archimedean unit if 
for any xe E there exists a natural number n 
such that x x ne. A linear subspace I of E is 
called an ideal (or order ideal) of E if xe I and 
|y|<|x| imply yel. 


, 


C. Order Limits 


Given a subset {x,} of E, if an element x of 
E is an upper bound of {x,} and any upper 
bound y of {x,} satisfies the relation yz x, 

then it is called the least upper bound (or su- 
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premum) of {х„} and is denoted by sup, x, or 
V, X,. The greatest lower bound (or infimum) 
of {x,}, denoted by inf, x, or A, Xa is defined 
dually. 

A sequence {x,} (x, € E) is said to be order 
convergent to x if there exists a nonincreasing 
sequence (u,) (и„є E) such that /\,,u,=0 and 
|x, —x| &u,. In this case x is called the order 
limit of (x,) and is denoted by x =o-limx,. For 
order convergent sequences {x,} and {y,}, we 
can show the following relations: o-lim(Ax, + 
шуы) = A(o-lim x,) + u(o-lim y,) and o-lim(x, y y,) 
=(o-lim x,) y (o-lim y,). We say that E is Archi- 
medean if the relations 0 nx < y (n21,2,3, ...) 
imply x= 0. If E is Archimedean, then the 
relations x= o-lim x, and / = lim 4, imply Ax = 
o-lim 4,x,. We say that E is complete (c- 
complete) if any (countable) subset of E that is 
bounded above has a least upper bound. A 
o-complete vector lattice is always Archime- 
dean. If E is o-complete, for any sequence {x,} 
bounded above, o-lim sup x, is defined to be 
J\n Vn>nXm; We define o-liminf x, similarly. 
With these definitions, x = o-lim x, is equiva- 
lent to x=o-limsup x, — o-liminfx,. Апу 
Archimedean vector lattice can be extended to 
a complete vector lattice in the same way as 
the real numbers are constructed from the 
rational numbers by Dedekind cuts (— 294 
Numbers). 


D. Examples of Vector Lattices 


fSequence spaces, such as c, m, and 1„апа 
function spaces, such as C, M, and L,, form 
vector lattices under pointwise ordering (— 
168 Function Spaces). Among these spaces c 
and C are not c-complete, but the others are 
complete. We give two examples. First, let 2 
be a c-algebra of subsets of a space Q, and let 
A(Q, X) be the set of all finite o-additive tset 
functions defined on Z. Then A(Q, X) isa 
complete vector lattice if we define u, > u, to 
mean 44 (S) 2 u,(S) for any Se Z. The second 
example is an ordered space consisting of all 
tbounded symmetric operators T on a Hil- 
bert space Н, where we define Т, > Т, to mean 
(T, x, x) 2(T; x, x) for any xe Н. In general, this 
space is not a vector lattice. However, if A is 

a commutative tW*-algebra of operators on 
H and S is the set of tsymmetric operators be- 
longing to A, then Š is a complete vector lattice 
under the ordering just defined. We can re- 
place the conditions of finiteness in A(Q, >) 
and boundedness in Š with weaker ones and 
still obtain the same situation. The tRadon- 
Nikodym theorem in A(Q, X) and the fspectral 
resolution theorem of symmetric operators in 
S can be extended to theorems of ‘spectral 
representations in general vector lattices. 
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Let E, be a linear space of functions defined 
on a set О ordered pointwise. If there exists a 
bijective mapping defined on a vector lattice E 
onto E, that is linear and order isomorphic, 
we call E, a representation of E. If E has an 
Archimedean unit and is simple (which means 
that E and {0} are the only ideals of E), then E 
can be represented as the set of real numbers 
such that the Archimedean unit of E is repre- 
sented by the number 1 (H. Freudenthal, Proc. 
Akad. Amsterdam, 39 (1936)). 


E. Dual Spaces 


Let 2(E, F) be the set of order bounded linear 
mappings of a vector lattice E into a vector 
lattice F, where order boundedness means that 
any bounded (in the sense of the order) subset 
of E is mapped into a bounded set of F. For 
any ф,, @> € S(E, F), define p, >@, to mean 
$1602 ф„(х)(х 2 0, x e E). If F is complete, then 
(Е, Е) is a complete vector lattice. An element 
ge (E, Е) is called a positive operator if ф > 0. 
If F is the set of real numbers R, then €(E, F) 
is the set of all (order) bounded flinear func- 
tionals on E. This space, called the dual lattice 
of the vector lattice E and denoted by E*, is a 
complete vector lattice. For fe E” and x >0, 
x€ E, we have 


f'G)- sup fO) f-G)- — inf. fj. 


O<y<x 


f(x) = sup f(y). 


yx 


F. Banach Lattices 


A linear space E is called a normed vector 
lattice if E is a vector lattice having the struc- 
ture of a tnormed space satisfying |x| <| y| 2 
|x] < || yl. Furthermore if a normed vector 
lattice E is complete relative to the norm, we 
call E a Banach lattice. The examples іп Sec- ` 
tion D are Banach lattices (for ue A(Q, X) we 
define || || = |д|(О)). 

In Banach lattices, |х, — x|| 20 and || y, — y| 
>0 imply ||x, Xy, —xx yl| 50. Among relations 
between order convergence and norm conver- 
gence in Banach lattices, the following is one 
of the most fundamental: In a Banach lattice 
E, norm convergence of a sequence (x, to x is 
equivalent to relative uniform star convergence 
of (x, to x, i.e., for any subsequence (x,5) 
of {x,}, there exists a subsequence {хуу} of 
{Xm} and an element у of E satisfying the 
relations |x, ay — x| S y/l (1= 1,2,...). 

Any set bounded relative to the order is 
bounded relative to the norm, but the con- 
verse does not hold in general. For a linear 
functional, however, these two concepts of 
boundedness coincide, and the order dual of 
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E is the same as the norm dual of E. More- 
over, the dual (in any sense) of a Banach lattice 
is also a Banach lattice. 


G. Abstract M Spaces and Abstract L Spaces 


For a Banach lattice E, we consider the follow- 
ing three conditions: (M) x, y 202 |x v y| = 
max(x||, | y). (L) x, yz 02 lx + yll = x! + 

I yl. (Lp) x ^ y 20-7 lx+ yl = |х]Р+ [yl 

(1 « p « oo). If E satisfies one of the conditions 
(M), (L), or (L,), we say that E is an abstract M 
space, and abstract L space, or an abstract L, 
space, written AM, AL, and AL,, respectively. 
If the unit ball of an AM space has a *greatest 
element, it is called the Kakutani unit of E. 
The duals of AM spaces, AL spaces, and AL, 
spaces are AL spaces, AM spaces with the 
Kakutani units, and AL, spaces (1/p + 1/4 = 1), 
respectively. An AM space with a Kakutani 
unit is represented by C(Q), i.e., the set of all 
real-valued continuous functions defined on a 
compact Hausdorff space Q. The AL spaces 
and AL, spaces are represented by L, and L,, 
respectively, on a tmeasure space. Here the 
representation of a Banach lattice means a 
representation of a vector lattice preserving 
the norm (Kakutani, Ann. Math., (2) 42 (1941); 
Bohnenblust, Duke Math. J., 6 (1940)). 


H. Spectral Properties of Positive Operators 


The n-dimensional real vector space E, is a 
vector lattice under pointwise order (— Sec- 
tion D). An element x in E, is called strictly 
positive if x; > 0 for all i. A square matrix A= 
(a, ) of order n is called positive if a; ;2 0 for 
all i and j. It corresponds to a positive opera- 
tor in E, (— Section E). A is called irreducible 
if there exists no permutation matrix P such 
A, А, 
0 A; 
are square matrices of order n; (1 & n; « n). We 
denote by c(A) the *spectrum of A and by r(A) 
the tspectral radius of A, i.e., sup{|a||2ea(A)}. 
The spectral circle of A is the circle of radius 
r(A) having the origin as its center. O. Perron 
(Math. Ann., 64 (1907)) and G. Frobenius (S. B. 
Preuss. Akad. Wiss., 1908 and 1912) established 
the following remarkable result on the spec- 
tral properties of positive matrices. 

Theorem (Perron-Frobenius). Let A be a 
positive square matrix. Then its spectral radius 
r(A) belongs to o(A), and for this spectrum 
r(A) there exists an eigenvector x 2 0. Assume 
further that A is irreducible and the order of À 
is greater than 1. Then r(A)>0 and the eigen- 
space of A for r(A) is a 1-dimentional subspace 


that РАР ( ) where A, and A, 
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spanned by a strictly positive element. In this 
case the eigenvalues of A on the spectral circle 
are the kth roots of unity for some k multiplied 
by r(A), each of which is a simple root of the 
eigenequation of A. 

Since a positive matrix of order n corre- 
sponds to a positive operator in E,, exten- 
sions of this theorem to positive operators in 
ordered linear spaces have been studied by 
many mathematicians. For these extensions, see 
the following articles: M. G. Krein and M. A. 
Китап (Amer. Math. Soc. Transl., 26 (1950); 
original in Russian, 1948), F. F. Bonsall (J. 
London Math. Soc., 30 (1955)), S. Karlin (J. 
Math. Mech., 8 (1959)), T. Ando (J. Fac. Sci. 
Hokkaido Univ., ser. 1, 13 (1957)), H. H. Schae- 
fer [8], H. P. Lotz (Math. Z., 108 (1968)), F. 
Niiro and 1. Sawashima (Sci. Pap. Coll. Gen. 
Educ., Univ. Tokyo, 1966), I. Sawashima and F. 
Niiro (Nat. Rep. Ochanomizu Univ., 30 (1979)), 
and S. Miyajima (J. Fac. Sci. Univ. Tokyo, 27 
(1980)). 


I. Integrals Based on Ordering 


As applications of ordered linear space theory, 
we state the integrals of Daniel-Stone and 
of Banach. Let us begin with a set ( of real- 
valued functions defined on an abstract space 
S and assume that € is a vector lattice with 
respect to the usual order relation, addition, 
and scalar multiplication. Assume further that 
a functional E( f) defined on € satisfies the 
following conditions: (i) additivity, i.e., E(f +g) 
= E(f)+ E(g); (ü) positivity, i.e., f 220 implies 
E(f) 26; (ii) f, f,e€ (n=1,2,...) and | f| < 
nial imply Е(| f|) <; Е(| fal), where |f] 
means f v(— f). А functional on @ satisfying 
both conditions (i) and (ii) is called a positive 
linear functional. А positive linear functional 
on & satisfies M. H. Stone's condition (11) if 
and only if it satisfies P. J. Daniell'5 condition 
(11): f1 > f; =... and lim, ,, f, = 0 imply 
lim, E( f,) - 0. Next, we define, for every 
function o on S admitting +œ as values, a 
functional N(@) as follows: 


меј} Š E(|f,|f,ee& lels 2 n 
Here we put М(ф) = +оо when for a function o 
there are no functions í f,} such that |g|< 

X | £|. A function дф is, by definition, a null 
function if N(@)=0 holds, and a set A is a 

null set if its tcharacteristic function is a null 
function. Since each function of § = (9| N(o) 
< +oo) takes finite values except on a null set, 
we can define addition and the scalar multipli- 
cation for such functions except on a null set. 
Let $ be the set of equivalence classes of &, 
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with respect to the relation ф ~ defined as 

N(q —y)-0. Then $ is a Banach lattice with 
the norm N, and € is included in @ (by iden- 
tifying f and g of € when E(| f —g|) 20). Let us 
denote now by 2 the closure of € in $. Then 
any function ф belonging to Š is said to be 
Daniell-Stone integrable, and L(g)= №ф +) – 
N(o )(o* =2(lel+9), oe" =3([ф|— o) is 
called the Daniell-Stone integral of p. The 
integral L thus defined is, as a functional on $, 
an extension of the functional E on @. For this 
integral, Lebesgue's convergence theorem is 
easily proved, and a result corresponding to 
Fubini's theorem has been obtained [9]. Fur- 
thermore, the concepts of measurable func- 
tions, measurable sets, and measure can be 
defined by using L and €. Also, the relation 
between L and the Lebesgue integral with 
respect to this measure is known [9]. Since 
Lis an tabstract L-space, the Daniell-Stone 
integral L(q) is represented by the Lebesgue 
integral of ф on a certain measure space. The 
Daniell-Stone integral introduced above is due 
to M. H. Stone [9]. Daniell (Ann. Math., (2) 

19 (1917—1918)) originally defined the upper 
integral Т(ф) by using E(f) оп € satisfying 
conditions (i), (ii), and (iii^. Also, he defined 
the set € of Daniell-Stone integrable func- 
tions by L-(o|I(q)2 —1(—9)]. S. Banach 
defined an integral by using methods similar 
to Daniel's, replacing condition (iii) for a posi- 
tive linear functional E( f) on € by condi- 

tion (iii^: lim, ,,, f, —0, | f,| &g, and f, ge € 
imply іт, E(/,)=0 [10]. Furthermore, N. 
Bourbaki [11] and E. J. McShane (Proc. Nat. 
Acad. Sci. US, 1946) have defined a more gen- 
eral integral than the Daniell-Stone with a 
condition analogous to (iii’), replacing the se- 
quence in it by a tdirected family of functions 
(y. 

Specifically if, in the Daniell-Stone integral, 5 
is a locally compact Hausdorff space and € is 
the set of continuous functions with compact 
supports, then a functional E( f) on € satisfy- 
ing conditions (i) and (ti) is proved to satisfy 
the condition (iii), and the Daniell-Stone 
integral L(q) can be constructed from E(f) 
[11]. 

Banach also defined another integral for all 
real-valued bounded functions on [0, 1) by 
using the *Hahn-Banach extension theorem 
[12]. His definition is as follows: Let $ be the 
set of all real-valued bounded functions on 
[0, 1) and 9I be the family of all finite sets of 
real numbers х= (a,, 25, ..., €n). Furthermore, 
we define, for x(s)e $ and ae M, 

M(x,a)= зир : У x(s +a), 

—o «s« +оо H k-1 
where х(5) is considered as the periodic exten- 
sion to (—oo, +оо) of the function defined 
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originally on [0, 1) and 
p(x)= inf M(x, а). 


Then, by the Hahn-Banach extension theorem, 
there exists a linear functional F on $ satisfy- 
ing F(x) < p(x). If we write Í| x(s)ds for F(x), 
then we can prove immediately that | x(s)ds 
has the following properties: (1) f (ax(s) + 
Бу(х)} ds = a| x(s)ds +b | y(s)ds, where a 

and b are real constants. (2) x(s) z 0 implies 

J x(s) ds z 0. (3) | x(s-- so)ds = | x(s)ds, where so 
is an arbitrary real number. (4) f 1 ds=1. If 
necessary, we can add the property (5) | x(1— 
s)ds = | x(s)ds by defining 


[xs - (Feats) + F(x(1—s))}. 


Then 


F(x)= fo ds 


or 


(F9) Fed —s))} = | sis 


is called the Banach integral of x(s). 

The construction of the Daniell-Stone inte- 
gral and the Banach integral opened avenues 
to several other abstract integrals based on the 
order relation, such as an integral for more 
general functions with values in a vector lat- 
tice, or an integral considered as a mapping 
from a vector lattice into another vector lattice 
(or from an ordered set into another ordered 
set). Indeed, if the function takes values in a 
complete vector lattice, then almost all results 
in this section (e.g., the Hahn-Banach exten- 
sion theorem) hold trivially. For discussions of 
these and other abstract integrals — [13-15]. 
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A. Ordering 


The concept of ordering is abstracted from 
various relations, such as the inequality rela- 
tion between real numbers and the inclusion 
relation between sets. Suppose that we are 
given a set X = їх, у, z, ... }; the relation be- 
tween the elements of X, denoted by « or 
other symbols, is called an ordering (partial 
ordering, semiordering, order relation, or sim- 
ply order) if the following three laws hold: (i) 
the reflexive law, x < x; (ti) the antisymmetric 
law, x € y and y < x imply x= y; and (iii) the 
transitive law, x < y and y < z imply x < z. 

A set X with an ordering between its ele- 
ments is called an ordered set (partially ordered 
set or semiordered set). А subset of an ordered 
set X is also an ordered set with respect to the 
same ordering as in X. If for an arbitrary pair 
of elements x, y of an ordered set A either 
x<y or y<x must hold, then the ordering < 
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is called a total (or linear) ordering, and A is 
called a totally ordered (or linearly ordered) set. 
We sometimes write x € y as y> x. The 
binary relation > is called the dual ordering of 
<; it is also an ordering. More generally, the 
duals of concepts, conditions, and propositions 
concerning an ordering are defined by replac- 
ing the ordering with its dual. For example, 
x< y means that x < y and x Z y, while x> y 
means that x > y and x y; and > is the dual 
of «. If a universal proposition concerning the 
ordering is true, then its dual is also true; this 
principle is called the duality principle for 
ordering. Incidentally, x < y is equivalent to 
the statement x « y or x — y, according to the 
definition of <. 


B. Definitions 


A subset of an ordered set X of the form 
{x|a<x <b} is denoted by (a, b), and a set of 
the form (a, b), {x|x <a}, or (x|x a] is called 
an interval. In particular, S(c) = (x|x « c] is 
called the segment of X determined by c. A 
pair of elements а, b satisfying a <b is called a 
quotient of X and is denoted by b/a. 

When a<c<b or b<c<a,c is said to lie 
between a and b. A totally ordered set A is said 
to be dense if for any pair of distinct elements a 
and b in A there exists a third element c lying 
between a and b. When a<b and there is no 
element lying between a and b, then a is called 
a predecessor of b, and b a successor of a. In 
this manner, most of the terminology as- 
sociated with the inequality of numbers is 
carried over to general ordering. 

In an ordered set A, an element a is called 
an upper bound of a subset X if x <a for 
every element x of X. When an upper bound 
exists, X 1s said to be bounded from above (or 
bounded above). The dual concept of an upper 
bound is a lower bound of the subset; and if the 
subset has a lower bound, it is said to be 
bounded from below (or bounded below). A set 
bounded both from above and from below is 
simply said to be bounded. When a is an upper 
bound of X and ae X, then a is called the 
greatest element (or maximum element) of X. 
Such an element a (if it exists) is unique and is 
denoted by max X; its dual is the least element 
(or minimum element) and is denoted by 
min X. If there is a least element in the set of 
upper bounds of X, it is called the least upper 
bound (or supremum) of X and is denoted by 
Lu.b. X or sup X. Its dual is the greatest lower 
bound (or infimum) and is denoted by g.l.b. X 
or inf X. 

If the ordered set X is the image @{A) of a 
set A under a *mapping o, where A is of the 
form (4|C(4)], then sup X is also written 
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$ирсүу Ф(2) and is called the supremum of ф(5) 
for all А that satisfy С(4). When there is no 
danger of misunderstanding, it may be written 
as sup, @(À) or sup @(À) and called simply the 
supremum of (4); similar conventions hold 
for inf, max, min, etc. 

An element a of a set X is called a maximal 
element if a « x never holds for any element x 
of X; its dual is a minimal element. If the 
greatest (least) element exists, it is the only 
maximal (minimal) element. But in general, a 
maximal (minimal) element is not necessarily 
unique. 


C. Chain Conditions 


An ordered set X is said to satisfy the minimal 
condition if every nonempty subset of X has а 
minimal element. The dual condition is called 
the maximal condition. An infinite sequence 
[4,,45, ..., an, ... } of elements of an ordered 
set X such that a, <a, <... «a, <... is 

called an ascending chain, and the condition 
that X has no ascending chain is called the 
ascending chain condition. The notions dual to 
those of ascending chain and ascending chain 
condition are descending chain and descending 
chain condition, respectively. By the chain 
condition, we mean either the ascending or the 
descending chain condition. Under the taxiom 
of choice, the maximal condition is equivalent 
to the ascending chain condition, and the 
minimal condition to the descending chain 
condition. 

If a totally ordered set X satisfies the mini- 
mal condition or, equivalently, if every non- 
empty subset of X has a least element, then the 
set X is called a well-ordered set, and its order- 
ing is called a well-ordering. 

The following theorem is called the principle 
of transfinite induction: Let Р(х) be a propo- 
sition concerning an element x of a well- 
ordered set X such that (i) P(xo) is true for the 
least element хо of X, and (ii) P(x) is true if 
P(y) is true for all y satisfying y « x. Then Р(х) 
is true for all x in X. Mathematical induction 
is a special case of this principle, where X is 
the set of all natural numbers. To define a 
mapping F from a well-ordered set X into a 
set Y, we may use the following principle: 
Suppose that F(xo) is defined for the least 
element x, of X, and for each element x of X 
there is given a method to associate an ele- 
ment G( f) of Y uniquely with each mapping 
f:S(x) э Y with domain S(x), where S(x) is the 
segment of X determined by x. Then there 
exists a unique mapping F: X — Y satisfying 
Е(х)= G(F|S(x)) for all x. The definition of 
the mapping F by this principle is called a 
definition by transfinite induction. The prin- 
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ciples of induction are often used for proving 
propositions or giving definitions concerning 
ordinal numbers (— 312 Ordinal Numbers). 


D. Directed Sets 


An ordered set (or in general a preordered 

set (— Section H)) in which every finite subset 
is bounded from above is called a directed 

set. Let B be a subset of a directed set A. If 
{b|b >a} N B= @ for every element a of A, 
then B is said to be cofinal in A; such a subset 
B is itself a directed set. If {b| b >a} c B for 
some element a of A, then B is said to be re- 
sidual in A; such a subset B is also cofinal in A. 
The condition that B is cofinal in A is equiva- 
lent to the condition that A — B is not residual 
in A. 


E. Order-Preserving Mappings 


A mapping @: A A' of an ordered set A into 
an ordered set 4' is called an order-preserving 
mapping (monotone mapping or order homo- 
morphism) if a < b always implies ф(а) < (b). 
Moreover, if q is bijective and @ `! is also an 
order-preserving mapping from A’ onto A, 
then ¢ is called an order isomorphism. A’ is 
said to be order homomorphic (order isomor- 
phic) to A when there exists an order homo- 
morphism (order isomorphism) ф such that A’ 
= (A). If a mapping o: AA’ gives an order 
isomorphism of A to the dual of A’, @ is called 
a dual isomorphism (or anti-isomorphism). 


F. Direct Sum and Direct Product 


Let S be a set that is the tdisjoint union of a 
family {A,},., of its subsets, and suppose that 
each A, is an ordered set. For a, be S, define 
axb to mean that a, be A, for some 4e A and 
a<b with respect to the ordering in A,. The 
ordered set S obtained in this way is called the 
direct sum (or cardinal sum) of the family 

{А} аел of ordered sets. When (a,),-, and 

(Бу) лел are elements of the tCartesian product 
P=IL,.A A, of a family {A,},-, of ordered 
sets, we define (а), гл €(b;),.4 to mean that 

à; € b, holds for all 2e A. The ordered set P 
obtained in this way is called the direct product 
(or cardinal product) of the family {4,},., of 
ordered sets. 


G. Ordinal Sum and Ordinal Product 


Suppose that = (A, B, ...) is a family of 
mutually disjoint ordered sets and is itself an 
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ordered set. Then an ordering < can be de- 
fined in the disjoint union S= | J X (X €W) as 
follows: x € y in $ means that either (i) there 
exists an A satisfying x, ye AeA and x < y 
holds with respect to the ordering in А; or (ii) 
for A and B satisfying xe AeA, ye Bel, we 
have A « B. The ordered set S obtained in this 
way is called the ordinal sum obtained from 9I 
and is denoted by £X, X. In particular, if 9[ = 
(A, B) and A « B, the ordinal sum is denoted 
by A+B. 

Suppose that X is a subset of the Cartesian 
product П, X, of a family of ordered sets 
indexed by an ordered set A, and the subset 
{A|x,#y,} of A has a least element whenever 
x —(xj),, 4 and у=(у,), are two distinct 
elements of X. The ordering in X defined by 
setting x « y when x, « y, for the least ele- 
ment и of |х, Z уд) is called the lexico- 
graphic ordering in X. It can be applied to X — 
IL X, if A is well-ordered; X is then called 
the ordinal product. When А, B,... are ordered 
sets, AB ... is often used to denote the ordinal 
product obtained from X, = A, X, = B,... 
with the ordering 1 «2 <... of indices; the 
ordering in this ordinal product is called the 
lexicographic ordering in the Cartesian product 
AxBx.... 


H. Preordering 


A relation R between elements of a set X is 
called a preordering (or pseudoordering) if it 
satisfies the reflexive law and the transitive 
law, but not necessarily the antisymmetric law. 
By defining (x, ,y,)R (x5, y2) x, < x5, for 
example, a preordering of pairs (x, y) of real 
numbers is obtained. From a preordering R an 
equivalence relation — can be defined in X by 
x~y<>(xRy and yRx). Let [X]— X/— be 

the *quotient set of set X by this equivalence 
relation, and let [x], [ y] be the equivalence 
classes determined by x, ye X; then an order- 
ing < can be defined in [X] by [x] [y] & 
xRy. (For further topics — 52 Categories and 
Functors; 409 Structures.) 
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A. General Remarks 


Let Az B mean that two tordered sets A, В 
are torder isomorphic; then the relation = is 
an tequivalence relation. An equivalence class 
under this relation is called an order type, and 
the class to which an ordered set A belongs is 
called the order type of A. Historically, an 
ordinal number was first defined as the order 
type of a *well-ordered set (Cantor [2]). How- 
ever, it was found that a contradiction occurs 
if order type defined in this way are considered 
to form a set. Hence, another definition was 
given by J. von Neumann [3], which is stated 
in Section B. A similar situation was found 
concerning the definition of tcardinal numbers, 
which led to a new definition of cardinal num- 
bers using ordinal numbers, which is given in 
Section D. 


B. Definitions 


A set « 1s called an ordinal number if it satisfies 
the following two conditions: (i) x is a well- 
ordered set with the tbinary relation є as its 
ordering; and (ii) Bea implies fi со. Accord- 
ing to this definition, the empty set is an 
ordinal number, which is denoted by 0. Also, 
1={0}, 2={0, 1}, 3={0, 1, 2}, ... are ordinal 
numbers. These ordinal numbers, which are 
finite sets, are called finite ordinal numbers. 
The finite ordinal numbers are identified with 
the natural numbers (including 0). The set w 
— (0, 1,2, ...} of all natural numbers is also an 
ordinal number. An ordinal number that is an 
infinite set, like œ, is called a transfinite ordinal 
number. 

For every well-ordered set A, there exists 
one and only one ordinal number order iso- 
morphic to A. This ordinal number is called 
the ordinal number of A. (Throughout this 
article, lower-case Greek letters denote ordinal 
numbers.) We also write x€ f as х < B, which 
defines an tordering of the ordinal numbers. 
The least ordinal number is О, and the order- 
ing of the finite ordinal numbers coincides 
with the usual ordering of the natural num- 
bers. The least transfinite ordinal number is c. 
The ordering <, introduced by defining a « f 
to mean either х < f or «=f, is a "linear order- 
ing and, in fact, a twell-ordering of the ordinal 
numbers. Therefore ftransfinite induction can 
be applied to ordinal numbers. 

For any ordinal number х, the set x' = 
{č|č <a} is also an ordinal number, and is 
the tsuccessor of x. There exists at most one 


1171 


ordinal number that is the fpredecessor of x. А 
transfinite ordinal number without a prede- 
cessor is called a limit ordinal number, and all 
the other ordinal numbers are called isolated 
ordinal numbers. The first limit ordinal num- 
ber is о. For any set А of ordinal numbers, 
{13у (ë «ne A)] is an ordinal number and is 
sup А, the fsupremum of A. 


C. Sum, Product, and Power 


The sum a + £, the product x: f (ог zf), and 
the power « of ordinal numbers a, В are de- 
fined by transfinite induction on f and have 
the following properties: 


at+O=a, a+f'=(a+6), 
a+y=sup{a+é|E<y}; 
к0=0, «= B +a, 


«-у=взир{о-&|&<у}; 


«@%=1, a =aF-o, а? =5ир{а|&<у). 


Here y is a limit ordinal number, and for the 
power we assume that x > 0. The sum and 
product thus defined satisfy the associative 
laws (0+ f) +у=а+(8+5), (a: f): — 
a-(B-y) and the left distributive law z: (f + y) 
=Q: B+ ay; the power satisfies the laws 
a *? — Py, af? = (ax). If a and f are the 
ordinal numbers of the well-ordered sets A 
and B, respectively, then «+ f is the ordinal 
number of the tordinal sum A + B, and a: f is 
the ordinal number of the tordinal product 
BA. 

When л> 1, any ordinal number g can be 
written uniquely in the form 


a — пу, nf: uuo n Phys 


Bi» fi ...B,7 0, 


which is called the z-adic normal form for o; 
when z = о, it is called Cantor's normal form. 
Let f be an ordinal number-valued function 
of ordinal numbers. We say that f is strictly 
monotone when о < fi implies f(a) < f(f)). If f is 
strictly monotone, then а x f(x). We say that f 
is continuous when f(y) 2 sup( f(£)| £ <y) for 
each limit ordinal number y. À strictly mono- 
tone continuous function is called a normal 
function. If f is a normal function, then for any 
х there exists a f that satisfies f(B) = B> x. In 
fact, it suffices to define f, (n <) by B, = f(a + 
1), В,+. =f(B,) and put B=sup{B,|n<o}. 
Since f(x) = o“ is a normal function, there 
exists an z that satisfies œ = e. Such an ordinal 
number e is called an e-number. We say that fj 
is cofinal to « when there exists a monotone 
function f that satisfies a=sup{ f(E |£ < f]. 
The first ordinal number that is cofinal to о is 


0<у<л 1<i<n, 
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called the cofinality of x and is denoted by 
cf(a). 


D. Cardinal Numbers 


Let M ~ N mean that a one-to-one corre- 
spondence exists between the two sets M and 
N. An ordinal number « with the property that 
&~ č implies «æ < č is called an initial number 
or a cardinal number. 

With the taxiom of choice, it can be shown 
that for each set M there exists one and only 
one cardinal number о satisfying M ~ х. This 
unique о is called the cardinality (or cardinal 
number) of the set M and is denoted by M. 

All finite ordinal numbers are cardinal num- 
bers, and o is the least transfinite cardinal 
number. There exists one and only one mono- 
tone function that maps the class of ordinal 
numbers onto the class of transfinite cardinal 
numbers, and it is a normal function. The 
value of this function corresponding to о is 
denoted by N, (aleph alpha) ог о,. In partic- 
ular, Xo — о, and №, is both the smallest un- 
countable cardinal number and the smallest 
uncountable ordinal number. A finite ordinal 
number is called an ordinal number of the first 
number class, and an ordinal number a satisfy- 
ing No <a <Ñ, is called an ordinal number of 
the second number class. The concept of ordinal 
number of the third (or higher) number class is 
defined similarly. 


E. Inaccessible Ordinal Numbers 


The cofinality cf(a) of х always satisfies cf(x) < 
a. An ordinal number is said to be regular 
when cf(x) = х and singular when со) < x. For 
any ordinal number a, cf(a) is a regular car- 
dinal number; therefore any regular ordinal 
number is a cardinal number. When a = oc; is 
regular and £ is a limit ordinal number, « is 
said to be weakly inaccessible. Let R be the 
set-valued function of ordinal numbers, de- 
fined by К(0)= Ø and R(a)= LJ (S(RG) E <a} 
(by ftransfinite induction), where (М) de- 
notes the tpower set of M. A regular ordinal 
number « is said to be strongly inaccessible 
when «> о and the following condition is 
satisfied: If x, y are a pair of sets such that 

xe R(a), y c R(a), and there exists a mapping 
of x onto y, then ye R(a). If a regular ordinal 
number « is strongly inaccessible, it is weakly 
inaccessible. А strongly inaccessible ordinal 
number is usually defined as a regular number 
a> such that В « а implies ФО «a. Under 
the axiom of choice, this definition is equi- 
valent to the one given here. Moreover, under 
the tgeneralized continuum hypothesis, strong 
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inaccessibility and weak inaccessibility are 
equivalent. 
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313 (XIII.2) 
Ordinary Differential 
Equations 


A. General Remarks 


Let x be a real (complex) variable and y a real 
(complex) function of x. Assume that y — F(x) 
is a differentiable function of class C" if x, y are 
real, and a holomorphic function ЇЇ x, y are 
complex. We write у’, y", ..., y for the first 

n derivatives of y. А relation among x, y, у, 
EUN у), 


‚у")=0 (1) 


(which holds identically with respect to x), is 
called an ordinary differential equation for the 
function y= F(x). Here we assume that the 
function f in the left-hand side of (1) is a real 
(complex) function of the n+ 2 variables x, y, 
y, ..., Y? and is defined in a given domain of 
R"*? (C"*?), Usually we assume further that f 
has a certain regularity, such as being of class 
Œ (r 20,1, ..., оо), treal analytic, or tcomplex 
analytic. A function у= F(x) that satisfies (1) is 
called a solution of (1). To find a solution of (1) 
is to solve or integrate it. Ordinary differential 
equations may be contrasted to partial dif- 
ferential equations, which are equations similar 
to (1) but in which y is a function of two or 
more variables x,, x5, ... and which contain 
the partial derivatives ду/дх у, 0y/Ox;, ... (— 320 
Partial Differential Equations). Ordinarily, the 
term differential equation refers to an ordinary 
or partial differential equation. In this article, 


f(x. y, y... 
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since we are concerned only with ordinary 
differential equations, we omit the word “ordi- 
nary." If the left-hand side f of (1) contains 
yt) explicitly or 0f/0y'? 40, then we say that 
the order of (1) is n, and if further f is a poly- 
nomial in y, y^, ..., y that is of degree m with 
respect to y, we say that the degree of (1) is 
m. In particular, if f is a linear form in y, у, 
..., y™, then (1) is said to be linear. A differ- 
ential equation that is not linear 1s said to be 
nonlinear (— 252 Linear Ordinary Differ- 
ential Equations; 291 Nonlinear Problems). 
Let ф(х, y, c,, ...,c,) be a function of the 
n-- 2 variables x, y, c,, ..., c, of class C" in 
a domain D, and let (xo, yo, c2, ..., c2)e D, 
$9 (Xo; Yo. С, 0,6) 0, and 9, (Xo, Y». €f, эз 
c°) #0. Then the equation ф(х, y, c, ...,c9) 20 
defines an fimplicit function у(х) of class С” 
satisfying the condition y(xo) = yg. Consider 
С, -.., €, to be constants in ф(х, y, с, ...,c,) -0 
and differentiate ф n times with respect to x. 
Then we obtain a system of n equations in the 
variables x, y, y, ..., y, су, ..., c, If we can 
eliminate c,, ...,c, from these n equations and 
ф —0, then we obtain an nth-order differential 
equation of the form (1). Conversely, a solu- 
tion of an nth-order differential equation can 
usually be written in the form 


ф(х, y, Cis ...,С,) = 0, (2) 


which contains n arbitrary constants c,, ...,c, 
(sometimes called integration constants). A 
solution containing n arbitrary constants of 
the form (2) of an nth-order differential equa- 
tion is called a general solution, and a solu- 
tion ф(х, y, c2, ..., c0) « 0 obtained from a 
general solution ф = 0 by giving particular 
values c9, ...,c? to the arbitrary coastants is 
called a particular solution. Some equations 
admit solutions that are not particular solu- 
tions. They are called singular solutions (for 
example, fClairaut differential equations; —^ 
Appendix A, Table 14.1). 


B. Systems of Differential Equations 


A set of n differential equations containing n 
unknown functions y,,..., y, of a variable x is 
called a system of ordinary differential equa- 
tions. Here each equation of the system has a 
form similar to (1), but each left-hand side 
contains y,, ..., y, and their derivatives. A set 
of n functions y,, ..., y, of x is called a solution 
if the functions satisfy the given system of dif- 
ferential equations. The highest order of de- 
rivatives in the left-hand sides is called the 
order of the system of differential equations. 

We consider most frequently a first-order 
system of the form 


yi fib Yi. Ys). iz1,2, ...,n. G) 
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If we put y— y,, у 2 yz, ..., y"? = y, and solve 
(1) with respect to y to get у = f(x, у, 

... Ун), then (1) is equivalent to a system of 
equations of the form (3), where f, = y>, f; = 
Y3, ---» f = f. In an analogous way, a general 
system of equations can be transformed to a 
system of the form (3). Therefore (3) is called 
the normal form of differential equations. 


C. The Geometric Interpretation 


When x, y,, ..., y, are real, (3) can be inter- 
preted as follows: Let I = (а, b) be an open 
interval and D a domain of R". Let 


V= P(X, Cissa | i-1,2,...,n, (4) 


be functions of class C! defined for (x, c,, 
...,C))€1 x D, and let P (xo) be the image in 
the y,, ..., y,-space of D under the mapping 
y; 7 Q(X, C1, -.., Cy) (i= 1,2, ..., n) for a fixed 
xo€1. We assume that for each fixed x9 €1 we 
have 6(@,, ..., 9,)/0(c,, ..., Cn) ZO in D. Then 
for every x 2 xoel, c,, ...,c, are considered 
to be functions of (y,, ..., y,) defined in a 
neighborhood of every point (y9, ..., у) of 
D(x), and we have y; = qi(x, Cis... Cn) = 
f ys, s y) (21,2,..., n, ie; y,,..., Yn 
satisfy a system of differential equations of the 
form (3). On the other hand, (4) represents a 
family of curves of class C! in the x, y;, ..., Yn 
space R"*! containing n parameters c,, ...,C,, 
for which (y, ..., Yn) is the tangent vector (in 
the terminology of physics, ( y;, ..., yh) gives the 
speed and the direction of a stationary flow in 
R"*! at each point). By solving (3) we find the 
family of curves of class C! in R"*! (in the 
terminology of physics, we find a stationary 
flow of which the speed and the direction are 
given at each point). А solution containing n 
parameters analogous to (4) is called a general 
solution of (3), and a solution obtained from a 
general solution by giving particular values to 
the n parameters is called a particular solution. 
As may be imagined by the interpretation in 
this section, there exists in general one and 
only one particular solution passing through 
the point (хо, y?, ..., 9) for хоє/, (yf, .... yp)e 
(хо). The problem of finding this solution, 
i.e., the solution of (3) for which у,(хо) = y? for 
x= xo, is called the initial value problem (— 
316 Ordinary Differential Equations (Initial 
Value Problems)). 


D. Methods of Integration 


We have different methods of solving differen- 
tial equations. To solve differential equations 
by a finite number of integrations is called the 
method of quadrature. This method is useful 
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for some special types of differential equations 
(— Appendix A, Table 14.1). S. Lie gave theo- 
retical foundations for this method by using 
Lie transformation groups (— 431 Transfor- 
mation Groups; Appendix A, Table 14.1). 
There are many other methods, for exam- 

ple, power series methods (assuming that the 
solution can be expanded in a power series 
Уа (х- а)”, substituting the series for y in (1), 
and finding its coefficients); methods of suc- 
cessive approximation; methods using tLa- 
place transforms or tFourier transforms; tper- 
turbation methods; numerical methods; etc. 
(— 303 Numerical Solution of Ordinary Dif- 
ferential Equations). 

Historically, finding explicit solutions of 
various kinds of differential equations has 
been the main object of the theory. Recently, 
however, the importance of qualitative studies, 
in particular theorems on the existence and 
uniqueness of solutions, has been recognized. 
For example, if a solution with a property A is 
given, and if the uniqueness of the solution 
having the property A and the existence of 
solutions having the properties A and B can be 
shown, then the given solution necessarily has 
the property B. In this way, topological and 
analytic studies of differential equations are 
applied to find their solutions (— 314 Or- 
dinary Differential Equations (Asymptotic 
Behavior of Solutions); 315 (Boundary Value 
Problems); 316 (Initial Value Problems); 126 
Dynamical Systems). 
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Ordinary Differential 
Equations (Asymptotic 
Behavior of Solutions) 


A. Linear Differential Equations 


A system of linear ordinary differential equa- 
tions can be written as 


x’ = A(t)x, (1) 
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where t is a real independent variable, x = 
(x4, ..., x,) is an n-dimensional complex vec- 
tor function of t, and A(t) is an n x n matrix 
whose elements are complex-valued functions 
of t. If A(t) is a continuous function of t de- 
fined on an open interval I, any solution of (1) 
is continuously differentiable for te I. The 
question naturally arises as to how the solu- 
tions behave as t approaches either one of the 
endpoints of J; that is, the question of the 
asymptotic properties of the solutions. The 
interval 7 can always be taken to be 0 <t < oo, 
by applying a suitable transformation of the 
independent variable if necessary. 

The study of the tasymptotic expansions of 
solutions when the coefficient A(t) is an ana- 
lytic function of t was initiated by H. Poincaré 
in 1880. This work was continued by J. Horn, 
J. C. C. A. Kneser, and others in the direction 
of removing assumptions on the structure of 
A(t) and extending the domain where the ex- 
pansions are valid. The theory has been almost 
completed by W. J. Trjitzinsky, J. Malmquist, 
and M. Hukuhara (— 254 Linear Ordinary 
Differential Equations (Local Theory)). On the 
other hand, O. Perron initiated a new direc- 
tion of research by weakening the regularity 
conditions on the coefficients. His work was 
continued by F. Lettenmeyer, R. A. Spath, 
Hukuhara, and others. The methods used in 
these two lines of investigation were originally 
distinct, but Hukuhara established a unified 
method of treating the problems arising in 
these two different types of investigations. 
Furthermore, he succeeded in sharpening 
those results previously obtained. 

Here we assume that A(t) need not be ana- 
lytic. The following asymptotic properties 
of a solution x(t) as t— oo are considered: 

(i) boundedness of limsupt ! log|x(t)|; (ii) 
boundedness of solution: limsup|x(t)| < oo; 
(iii) convergence of solution: lim x(t); (iv) inte- 
grability: (^|x(s)| ds < oo, etc. We call у(х) = 
limsupt ` log|x(t)| the type number (or Lya- 
punov characteristic number) of the solu- 

tion x(t). The fact that all solutions of (1) are 
bounded is equivalent to the 'stability of the 
solution x =0, and the fact that all solutions of 
(1) tend to zero as t— oo is equivalent to the 
*asymptotic stability of the solution x =0. 


B. Constant Coefficients and Periodic 
Coefficients 


We begin with the particular case of (1), where 
A(t) is a constant matrix: 


х' = Ax. (2) 


To study the asymptotic properties of the 
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solutions of (2), it suffices to transform the 
matrix A into a tJordan canonical form, since 
the structure of the solution space of (2) is 
completely determined by the Jordan canon- 
ical form of A. Thus all solutions of (2) are 
bounded if and only if every eigenvalue of A 
has a real part not greater than zero, and those 
with zero real parts are of simple type, that 
is, the corresponding blocks in the Jordan 
canonical form are all 1 x 1 matrices; all solu- 
tions of (2) tend to zero as t— oo if and only 
if every eigenvalue of А has negative real part. 
Consider the linear system 


x = Ao(t)x, G) 


where Ao(t) is a periodic matrix function of 
period o. According to tFloquet’s theorem, (3) 
is transformed into a system with constant 
coefficients by means of a suitable transfor- 
mation x — P(t)y, where P(t) is a nonsingular 
periodic matrix of period о. Thus, at least 
theoretically, the information on the asymp- 
totic behavior of the solutions of the periodic 
system (3) can be derived from the correspond- 
ing theory for the system with constant coeffi- 
cients (2). 


C. Asymptotic Integration 


Suppose that A(t) is bounded. Then the type 
number y(x) is finite for any nontrivial solu- 
tion x(t) of (1), and the number of distinct 
type numbers does not exceed n. 

Consider the linear system 


x’=[A + B(t)]x, (4) 


where A is a constant matrix and B(t) is a 
matrix function such that [:*! | B(s)| ds—0 as 
t— oo. For any nontrivial solution x(t) of (4), 
the limit и =limt~!log|x(#)| exists and is equal 
to the real part of one of the eigenvalues of A. 
Conversely, if at least one eigenvalue of A has 
real part u, then there exists a nontrivial solu- 
tion x(t) of (4) satisfying limt !log]|x(t)| = u. 
Suppose in addition that B(t) 0 as гэ co. Let 
u <<... <p, be the real parts of the eigen- 
values of A. Then there exists a fundamental 
system of solutions of (4), (x,(t), ..., x,(t)), 
such that for any c;, c, # 0, 


log|c, x, (t) +... - c,x,(0)] = nt + o(t). 


A sharp estimate of the term o(t) was given by 
Hukuhara. 
Next consider the linear system 


х'=[А@)+ В(0) |х, (5) 


where the matrices A(t) and B(t) satisfy 
f*lA'(s)| ds < oo and |® || B(s)|| ds < oo. 
Let A,(t),..., A, (t) and À,, ..., An ¿x - lim A,(0), 
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be the eigenvalues of A(t) and A=lim A(t), 
respectively. N. Levinson proved the follow- 
ing theorem: Assume that 4,,..., 4, are mutu- 
ally distinct and Mj (t) Re fo [Aj(s) —4,(s)] ds 
satisfy either M; (t)— oo as t— oo and for each 
pair (j,k), My(t2)— Mi(t) 2 — К for t, «t;, or 
Mj(t)—> —oo as t2 oo and M&(t;))  Mi(t) < K 
for t, «t;, or |My(t2)— M(t) < K for all t,, 
t5, Where K is a positive constant. Then (5) has 
a fundamental system of solutions (x, (t), ..., 
x,(t)) such that 


xj(t) - exp (f ua) [&;+0(0)], j=1,...,n, 


where ë; is an eigenvector of A corresponding 
to Àj. 


D. Boundedness and Convergence of Solutions 


Consider again the linear system (5) satisfying 
f” | А'(5)[ ds < oo and [° || B(s)|| ds < oo. Suppose 
that all eigenvalues of A(t) have nonpositive 
real parts and that the eigenvalues of A= 

lim A(t) whose real parts vanish are simple. 
Then all solutions of (5) are bounded. This 
result is a generalization, due to L. Cesari, of 
the so-called Dini-Hukuhara theorem. 

In the case of general A(t), it is known that 
not all solutions of (5) are bounded even if all 
solutions of (1) tend to zero as t— oo and if the 
matrix B(t) is such that (|| B(s)| ds < oo and 
B(t)— 0 as t ^ oo. However, if A(t) is periodic 
or satisfies lim inf Re f'tr A(s)ds> —oo, then 
under the assumption that (*||B(s)]| ds < oo, 
the boundedness of all solutions of (1) implies 
the boundedness of all solutions of (5). 

The following inequalities often provide 
useful information about the asymptotic 
behavior of solutions of (1): 


xote(- | u[— А(5)] в) ко 
0 


t 
<|x(0)|exp ( | и[А(5)] в) 120, 
o 
where u[A(t)] =lim, 5 [1I + hA(5)| — 1]/h. 
(a [A(t)] was introduced by Lozinskii.) If 
lim sup f' u[A(s)]ds < oo, then all solutions of 
(1) are bounded; if lim f' u[ A(s)] ds exists, then 
for every solution x(t) of (1), x(t)| tends to a 
finite limit as t> со; and if lim f' u[A(s)]] ds = 
—oo, then all solutions of (1) tend to zero as 
t— oo. It can be shown that every solution of 
(1) tends to a finite limit as t— oo, provided 
that f” || 4(s)l| ds < co. 

If all solutions of (1) are bounded, then 
lim sup Re f'tr A(s)ds < oo. If liminfRe ['tr A(s) 
ds > —oo, then (1) has a solution x(t) with the 
property that limsup|x(t)| > 0. When lim[x(t)| 
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exists for every solution x(t) of (1), if there 
exists a nontrivial solution x(t) of (1) such 
that lim x(t) = 0, then lim Re ftr A(s)ds= 
— oo, but if there is no such solution, then 
Re f' tr A(s)ds is bounded. 


E. Nonlinear Differential Equations 


Consider a system of nonlinear differential 
equations of the form 


x' = Ax +Í(t, x), (6) 


where A is an n x n constant matrix and f(t, x) 
is an n-vector function that is continuous for 
120, |x| «A, and that satisfies f(t, 0) = 0. Sup- 
pose that f(t, x)/|x| 50 as |x| 50 and t оо. 
Then for every eventually nontrivial solution 
x(t) of (6) that tends to zero as t2 co, p= 
limt !log|x(t)| exists and equals the real part 
of one of the eigenvalues of A. Conversely, 
if at least one eigenvalue of A has real part 
і <0, then there exists a solution x(t) of (6) 
such that limt ! log|x(t)| = и. Suppose that 
f(t, x)/x| 50 as [x| ^0 uniformly with respect 
to t. Then if all eigenvalues of A have negative 
real parts, the zero solution x(t)=0 of (6) is 
asymptotically stable, and if A has an eigen- 
value whose real part is positive, then the zero 
solution of (6) is tunstable. Suppose that f, (t, x) 
=(6f,(t, x)/0x,) —0 as |x| 50 uniformly with 
respect to t. In this case, if A is a matrix such 
that its k eigenvalues have negative real parts 
and the other n — k eigenvalues have positive 
real parts, then there exists a k-dimensional 
manifold S containing the origin with the 
following property: For t, sufficiently large, 
any solution x(t) of (6) tends to zero as t— oo, 
provided that х(г,)є S, and if x(t9)€ S, x(t) 
cannot remain in the vicinity of the origin no 
matter how close x(to) is to the origin. 

In the nonlinear system 


x —F(tx), C) 


suppose that F(t, x) is of period w with respect 
to t and has continuous partial derivatives 
with respect to x. Suppose, moreover, that (7) 
has a solution p(t) of period o. If all the tchar- 
acteristic exponents of the variational system 
of (7) with respect to p(t), у = Е, (г, p(t))y with 
F,(t, x) = (F(t, x)/0x,), have negative real parts, 
then the periodic solution p(t) is asymptoti- 
cally stable. If an autonomous system x' = F(x) 
has a periodic solution p(t) and the corre- 
sponding variational system у = F,(p(t))y has 
n — 1 characteristic exponents with negative 
eigenvalues, then there exists an ¢>0 such that 
for any solution x(t) satisfying |x(t,)—p(to)|<e 
for some t, and t,, we have |x(t) — p(t + c)| 20 
as t— oo for a suitable choice of c (asymptotic 
phase). 
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F. Scalar Differential Equations 


The aforementioned results can be specialized 
to the case of higher-order scalar (or single) 
ordinary differential equations. Much sharper 
results can often be derived through direct 
analysis of scalar equations themselves. In 
particular, detailed and deep results have been 
obtained for second-order linear differential 
equations of the form 


x"  q(t)x —0, (8) 


e.g., ' Mathieu's equation. 

If (^ s|q(s)| ds < оо, then (8) has a funda- 
mental system of solutions (x; (t), x(t)} satisfy- 
ing, for t— oo, 
хд@)=1+0(1),  x2(t)=t{1+o(1)], 
x,()—170(), — x) 14-01); 


if (^|g(s) + 1145 < оо, then (8) has a funda- 
mental system of solutions satisfying 


x,(t) 2e'[1--o0(1)], x,(g=e '[1-F0o(1)], 
xy(t)e'[1-o(1)] x;(t)= —e '[1-o(1)]; 


and if (^|g(s) — 1145 < oo, then (8) has a funda- 
mental system of solutions 


xi(t) e e"[1-- 0(1)], 
x ()=ie"[1 +0(1)], 


x,()=e “[1 + 0(1)], 
x,(t)= —ie #[1 +0(1)]. 


Suppose that q(t)+c>0 as t со and (*|q'(s) 
ds « oo. Then x(t) and x'(t) are bounded for 
every solution x(t) of (8). The same is true if 
q(t) is a positive periodic function of period 

c such that o |° q(s)ds <4. If q(t) is nega- 
tive, then (8) always has both bounded and 
unbounded monotone solutions. 

The number of linearly independent solu- 
tions x(t) of (8) satisfying (^|x(s)|? ds < oo 
plays an important role in feigenvalue prob- 
lems. It is known that the ordinary differen- 
tial operator /[х]= x" + q(t)x is of ті point 
type at infinity if there exist a positive func- 
tion M(t) and positive constants Кү, k, such 
that q(t) <, M(t), | M'(t) M ??(r)| < k,, and 
[^ M ""(s)ds- oo, and that I[x] is of limit 
circle type at infinity if g(t)>0, [^q ""(s)ds— 
oo, and f^|[q ??(s)g' (s) + (1/4)q 2 (s)q" (s) 
ds < oo. 

Finally consider the nonlinear equation 


x" t q(t)|x|l'sgn x —0, (9) 


where y is a positive constant and q(t) is a 
positive function. If q'(t) 2:0, then all solutions 
of (9) are bounded; if either q'(1) 2 0 and lim q(t) 
< co or q (t) «0 and lim q(t)>0, then all solu- 
tions x(t) of (9) are bounded together with 
their derivatives x'(t); and if q'(t) 2 0, lim q(t) = 
æ and either q"(t) >0 or q"(t) < 0, then all 
solutions of (9) converge to zero as t— co. 
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Equation (9) 15 said to be oscillatory if every 
solution of (9) that is continuable to t — oo has 
arbitrarily large zeros. If (9) is oscillatory and if 
q1(0 2 q(t), then the equation x" 4 q,(t)|x['sgnx 
=0 is also oscillatory. When у = 1, (9) is oscil- 
latory if q(t) > (1 + £)/4t? for some c 0, and is 
not oscillatory if q(t) < 1/4t?. A necessary and 
sufficient condition for equation (9) with y #1 
to be oscillatory is as follows: (^ sq(s)ds= oo 
if 7» 1; f” s’q(s)ds= oo if0 «y « 1. 
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315 (XIII.4) 

Ordinary Differential 
Equations (Boundary 
Value Problems) 


A. General Remarks 


Consider the differential equation in the real 
variable x 


, 0") «0. (1) 


ау be points in an interval I< R and 


f(x,y,y.... 


Let a,,.. 
consider several relations between nk values 
yla), y (aj, ..., у“ (а), i= 1, ..., к. The prob- 
lem of finding solutions of (1) satisfying these 
relations is called a boundary value problem of 
(1), and the relations considered are called 
boundary conditions. When k —2 and a,, a, are 
the endpoints of I, the problem, called a two- 
point boundary value problem, has been a main 
subject of study. We can consider boundary 
value problems in the same way for systems of 
differential equations. 
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B. Linear Differential Equations 


Consider a linear ordinary differential opera- 
tor L defined by 


L[y] — po)? + p1(x)y" 0+... + px) y, 


where p,(x) is a complex-valued function of 
:class С” k defined on a compact interval 
a<x <b and p(x) X0 for any xe[a,b]. We 
define a system of linear boundary operators 
U,, ..., U, by 


U;[y]= Y М УО (a) + Y Nyy97?(b). 
j=1 ј=1 


Given a function f(x) and complex constants 
Yi» Ym the linear boundary value problem 
defined by 


L[y]9f(x) Uy]; 


is a two-point boundary value problem. When 
Хх) =0, y; 20, = 1, ..., n, the problem is called 
homogeneous; otherwise it is called inhomoge- 
neous. Let L*[ y] be a formally tadjoint dif- 
ferential operator of L[ y]. À set of m* linear 
boundary conditions U*[ y] —0, i- 1, ...,m*, 
is said to be an adjoint boundary condition of 
Uj[y]-0, i21, ..., m, if for any function y of 
class C" satisfying U;[ y] 20, i— 1, ..., m, and 
any function y* of class C" satisfying U*[y*] 
=0, i=1,...,m*, we have | L[y]y* dx = 

fe yL*[y*]dx. The boundary value problem 


L*[y]20, Uf[y]-0, 


i=1,...,n, — (2) 


i=1,...,m*, (3) 


is said to be an adjoint boundary value problem 
of 


L[y]=0, 


We say that the problem (4) is self-adjoint if 
L[y]=L*[y] and the conditions U;[ y] =0, 
i=1,...,m, are equivalent to the conditions 
U*[y]20, iz 1, ...,m*. 

The boundary value problem containing a 
parameter Å 


L[y]= y, 


admits nontrivial solutions only for special 
values of 5. Such values of 4 are called the 
eigenvalues (or proper values) of (5), and the 
corresponding solutions 50 are called the 
eigenfunctions (or proper functions) of (5). For 
any value of 4 that is not an eigenvalue, there 
exists a unique function G(x, č, 2) such that the 
conditions L[ y] 2 Ay t f. U,[y]=0 are equiva- 
lent to у= f? G(x, £, 4)f(£) d£. The function 

G(x, ё, А) is called the Green's function of (5). If 
À—0 is not an eigenvalue, then (5) is equivalent 
to 


U[y]-0, i=1,...,m. (4) 


U[y]-0, i-l....n, (5) 


b 
oi] G(x, )у(&) 4, 
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where c ВЕС 


"|. function G(x, £, A) of (5) and th 


tion G*(x, Z, 2) of L*[ y] = Лу, 
have the relation G(x, £, 4)= G 
the assumption that (5) is self- 
the following four proposition 
has only real eigenvalues whic 
or countably infinite discrete s 
functions corresponding to tw 
values are orthogonal to each 
is an torthonormal set of eiger 
that no eigenfunction is linear: 
of {Pn} then the system (9,] i 
orthonormal set in the Hilbert 
consisting of functions that ar 
grable on (a, b), and hence for 
expansion f 2,09, +4202 4 .. 
L(a, b) the tParseval equality 
if f is a function of class C" sat 
0, then the Fourier expansion 
uniformly to f on [a,b]. 

The boundary value problet 
order equation 


(pC9) y) + (a(x) + Ar(x)) y=0, 
ау(а) + By'(a)=0, — yy(b) dy’ 


is called a Sturm-Liouville prol 
r are real-valued functions defi 
and a, В, y, are real constants. | 
q, r are continuous and р(х) >! 
[a, b]. Then (i) the eigenvalues 
ing sequence tending to +оо; ( 
tion ф„(х) associated with J, hi 
zeros in a < x <b, and there ex: 
adjacent zeros of o, (x) a zero ‹ 
(iii) the set of eigenfunctions is 
set on [a, b] with weight functi 


b 
| г(х)Ф„(Х)ф„(х)4х=0, m: 

When the coefficients po, .... 
defined in an open interval —o 
b x oo and p, is of class С” *, L 
natural way operators in the E 
consisting of functions that are 
grable in a « x « b, and the gen 
based on operator theory in H 
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C. Nonlinear Differential Equ: 


Boundary value problems for 1 
ferential equations are very dif 
sults are obtained only for equ 
form. 

Consider, for example, the st 
equation 


у" = f(x, y. y) 
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and boundary conditions y(a)= А, y(b)= 
B. The following theorem has been proved: 
Suppose that f(x, y, у) is continuous for a < x 
<b, o(x) &y € o(x), —oo < y'< +оо, and 
If у, y)| < MU + y?y; e" (x) > f(x, a(x), о (х)) 
and o" < f(x, (x), o'(x)) fora x < b; and 
oXa) < A « ó(a) and o(b)< B < @(b). Then (6) 
admits a solution у(х) such that y(a)= A, y(b) 
= B, and o(x) € у(х) <@(x) for a < x < b. If 
in addition f is an increasing function with 
respect to y, the solution is unique. More- 
over, under suitable conditions, the solution 
is obtainable by the method of successive 
approximations. 

The boundary value problem 


y” $ 2yy” ae 2A(k? —у?)=0, 
y(0)=y(0)=0, 


where A and k are constants, appears in the 
theory of fluid dynamics. It is known that if 
А20, the problem has a solution, and that if 
OxAx1, the solution is unique. 

Consider the system of differential equations 


у(х)» (х со), 


уу= х, yi y ј=1,...,0. 


The problem of finding а solution such that 
y;(a)=b;, j— 1, ..., n, called Hukuhara's prob- 
lem, reduces to the initial value problem when 
the a; coincide. The problem of solving 


yt, 


y(a)=b, ј=1,...,п, 


YOP = /(х,у,у,..., 


is reduced to Hukuhara’s problem by a suit- 
able change of variables. The following result 
is a generalization of tPerron’s theorem: Let 
w(x), (x), j= 1, ..., n, be continuous and right 
and left differentiable functions and c(x) < 
@,(x) for a< x <b. Suppose that the /(х, y;, 

.- Yn) are continuous for a < x < f and o, (x) < 
yy <O,(X), k= 1, ..., n; satisfy (x — a)(D*à(x) — 
SX Ys. y) 20 for у,= oj(x) and o,(x) < 
yy <S, (x), k #j; satisfy (x —aj)(D* o (x) — fix, 
Yi 5 7) < О for yj ох) and o,(x) < y, < 
@,(x), k j; and satisfy c(aj) € b; < &;(a;). Then 
there exists a solution у(х) such that y;(aj) =b; 
and ох) < у(х) « @,(х). This theory was ap- 
plied by M. Hukuhara to the study of singular 
points of ordinary differential equations. 
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316 (XIII.3) 

Ordinary Differential 
Equations (Initial 
Value Problems) 


A. General Remarks 


Consider a system of ordinary differential 
equations 


dyi/dx —fí(x,yi,.... yo | il... n. (1) 


А. L. Cauchy first gave a rigorous proof for 
the existence and uniqueness of solutions: 

If fj, i— 1, ..., n, and their derivatives 0f;/Oy, 
are continuous in a neighborhood of a point 
(a, b,, ..., bn) then there exists a unique solu- 
tion of (1) satisfying the conditions y;(a) = b;, 
і= 1,...,n. These conditions are called initial 
conditions, and the values a, b,, ..., b, initial 
values. The problem of finding solutions that 
satisfy initial conditions is called an initial 
value problem (or Cauchy problem). If we con- 
sider (x, y,, ..., Yn) as the coordinates of a point 
in the (n + 1)-dimensional space R"*!, then a 
solution of (1) represents a curve in this space 
called a solution curve (or integral curve). The 
statement that a solution satisfies initial con- 
ditions уа) 2 b;, i— 1, ..., n, means that the 
integral curve represented by it passes through 
the point (a, b,, ..., bp). 

Since, in general, we can transform a dif- 
ferential equation of higher order into a sys- 
tem of differential equations of the form (1) by 
introducing new dependent variables, all defi- 
nitions and theorems concerning the system (1) 
can be interpreted as applying to a higher- 
order equation. For example, for the equation 
y? = f(x, y, y’, ..., "^ P) the conditions y(a) =b, 
у(а)= b, ..., y" P (a) = b"! constitute initial 
conditions, and the values а, b, b”, ... , b^ are 
initial values. If f and its derivatives 0f/0y are 
continuous, then there exists a unique solution 
satisfying given initial conditions. 

Suppose that the f; are continucus. Then a 
system of functions (у, (х), ..., у„(х)) is a solu- 
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tion of (1) if and only if 


мов | J (x, y) (x), si , y, (x)) dx, 


i=1,...,n. 


When the f; are not continuous, we define 
(y (х), ..., у„(х)) to be a solution of (1) for 
the initial value problem y;(a) = b; if (y, (х), 
... Yn(X)) satisfied the integral equation just 
given. 

We use the vectorial notation: y —(y,, ... 
Yn) f=(f,,..., fa) together with |y? — у + 
... + 2. The equations (1) are then written 
as the single equation 


y =f(x,y). 


B. Equations in the Real and Complex 
Domains 


We state main theorems for differential equa- 
tions in the real domain in Sections C-F and 
in the complex domain in Section G. 


C. Existence Theorems 


Suppose that f(x, y) is continuous for |x —a| <r 
and |y — b|| < p, and that f(x, y)| < M there. 
Then equation (1) admits a solution satisfying 
y(a)=b and defined in an interval |x —a| < 
min(r, p/ M) (existence theorem). There are 

two methods of proving this theorem, one 
using Cauchy polygons and one using 'fixed- 
point theorems for function spaces. From this 
theorem we deduce that if f(x, y) is continuous 
in a domain D of R"*!, then there exists a 
solution curve passing through any point of D. 
Let y ^ 9, (x) and у= g;(x) be solutions of (1) 
defined in the intervals I, and L, respectively. 
If I, c L, and ф(х) 2 95(x) for xe L, we say 
that 9; is a prolongation or extension of g,. 
Given a solution of (1), there exists a nonex- 
tendable solution that is an extension of the 
solution. The solution curve of a nonexten- 
dable solution tends to the boundary of D as x 
tends to any one of the ends of its interval of 
definition. 


D. Uniqueness Theorems 


Continuity does not imply uniqueness of the 
solution. If (1) admits at most one solution 
satisfying a given condition, we call this con- 
dition a uniqueness condition. Various kinds of 
uniqueness theorems, which state uniqueness 
conditions, are known. 

The Lipschitz condition: 


\|f(x, y) — £o; 2)] <L|ly—zl], L>0 a constant, 
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is one of the simplest. When f is continu- 
ous and satisfies the Lipschitz condition, the 
method of successive approximation, initiated 
by C. E. Picard, is often used to prove the 
existence of solutions. This method is as fol- 
lows: We choose a suitable function, for ex- 
ample у(х) =, and then define y,(x), к= 1, 
2, ..., recursively by y,(x) =b + {ж N(x, y... (x) dx. 
Then {y,(x)} is uniformly convergent, and its 
limit is a solution of (1) satisfying y(a) — b. 
Assuming the continuity of f, H. Okamura 
gave a necessary and sufficient condition for 
uniqueness: Suppose that f is continuous in D. 
Then a necessary and sufficient condition for 
there to exist a unique solution curve of (1) 
going from any point of D to the right is that 
there exist a C!-function ф(х, у, 2) defined 
for (x, y, z) such that (x, y) and (x, z)e D and 
satisfying the conditions ф(х, y, z) = 0 for y=z, 
ф(х, у,?) > 0 for y zz, and 


дф дф дф 
René — f. —f. <0. 
ag oe ду, Л +d az <0 


t 


E. Perron’s Theorem 


Consider the scalar equation у = f(x, y). We 
have Perron's theorem: Let w(x) and @(x) be 
continuous functions that are right differenti- 
able in z< x < B and satisfy w(x) <G(x), and let 
f be a continuous function defined on D:a< 
х< В, w(x)<y<@(x). Suppose that D* w(x)< 
f(x, o(x)) and D * (x) z f(x, @(х)). (ро de- 
notes the tright derivative of w.) Then for any 
(a, b)e D there exists a solution defined on 

ax x « В and satisfying y(a) — b. The fact that 
the interval of definition is a< x « can be 
expressed by saying that if we denote the set 
oo «x « B, |y| < oo by Q, then D is closed in Q 
and there exists, among solution curves going 
from a point in D to the right, a curve that 
reaches the boundary of Q. 

Perron's theorem was generalized by M. 
Hukuhara and M. Nagumo. Let Q be an open 
set in R"*!, D a closed set in Q, and f a con- 
tinuous function in D. À necessary and suffi- 
cient condition for (1) to admit a solution 
curve going from any point (a, b) in D to the 
right is that there exist a sequence of points in 
D, {(a,,,)}, such that a,[a and (b, — b)/(a, — a) 
—f(a, b). Moreover, every solution curve is 
prolonged to the right to the boundary of Q. 
Let S(y) be a continuous tsubadditive and 
positively homogeneous function and о(х) а 
function continuous and right differentiable 
on x € x « f. A sufficient condition for D:x« 
x< B, S(y) < o (x) to possess the property in the 
statement of Perron's theorem is given by 
D* w(x) S(f(x, y)) for |У = о(х). 

A continuous function w(x) is said to be a 
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right majorizing function of (1) with respect to 
S(y) if for any solution ф(х), S(g(a)) x (a) 
implies S(g(x)) < о(х) for x za if both S(g(x)) 
and w(x) are defined. In order for w(x) to be 
a right majorizing function, it suffices that 

D* o(x)» S(f(x, у)) for |у = cx). A function 
satisfying this inequality is called a right su- 
perior function of (1) with respect to S(y). If 
F(x, S(y)) > S(f(x, y)) then any solution of 

y = F(x, y) is a right superior function of (1). 
Theorems stating such facts are called com- 
parison theorems. 

If (1) has a unique solution, the condition 
D* o(x) 2 S(f(x, у)) for S(y) = (x) implies that 
w(x) is a right majorizing function of (1). Con- 
versely, we can derive from comparison theo- 
rems general uniqueness theorems, one of 
which we state. Suppose that G(x, y) is continu- 
ous fora «x « fi and 0< y « r(x); G(x,0)=0; 

a solution of у = G(x, y) such that у= o(r(x)) as 
xa 4-0 vanishes identically; and finally that 
S(f(x, y,) — f(x. y2)) < G(x, S(y, —y2)). Then for 
two solutions ф;, 9, of (1) such that S(g, —@,) 
=o(r(x)) as xa +0, we have 9, = 9,. Assum- 
ing that f is continuous at (a, b) and taking 
y/(x — a) as G, we obtain Nagumo's condition 
(x —a)S(f(x, y.) – f(x, y2)) < S(y, — у). 

G. Peano proved the following theorem: 
With the same notation and assumption as in 
Perron's theorem, there exist a maximum 
solution @ and a minimum solution ¢ of у = 
f(x, y) such that у(о) = b for w(a)<b< @(a), 
and such that there exists a solution curve 
passing through any point in z< x< B, ф(х) < 
у< ф(х). This theorem was extended by Huku- 
hara as follows. Suppose that f(x, y) is con- 
tinuous and bounded in D:a < x < fj, |ly|| < oo. 
Let C be a tcontinuum in D, and let (С) de- 
note the set of solutions intersecting C. Then 
&(C) is a continuum of the tfunction space 
C([o, B]). From this theorem we can deduce 
the Kneser-Nagumo theorem, which says that 
the intersection of the set of points belonging 
to the members of (С) and a hyperplane x = 
is a continuum. It was proved by Hukuhara 
that if C is in the hyperplane х= х, then (1) 
admits a solution connecting the two hyper- 
planes x =a and x= ñ and passing through the 
boundary of the set of points belonging to the 
members of (С). 


F. Equations Containing Parameters 


We assume uniqueness of the solution of 
у ={(х,у,4)) | Am ss An), Q) 


where f is a continuous function of (x, y, A). Let 
ф(х, a, b, A) denote the solution of (2) satisfying 
y(a) 2 b. Then ф(х, a, b, А) is continuous with 
respect to (x, a, b, 4) in its region of definition. 
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If the derivatives of/Oy, are also continuous, 
then ф(х, a, b, 2) is a continuously differentiable 
function of (x, b); 2, = 09;/Ob,, j = 1, ....n, 
satisfy the system of linear ordinarv differential 
equations and the initial condition 


xai (2) Zu, 2ш(а)=ду; 
and 2;=0ф,/да, j — 1, ..., n, satisfy the same 
system with the initial condition z;(a) = 
—/Ха,Ь, А), where (0f//0y) means (0//0у)) 

(x, g(x, a, b, А), A). If f further admits continu- 
ous derivatives 0#/04,, then ф(х, a, b, A) is con- 
tinuously differentiable with respect to 4;, and 
moreover, иу = 0@;/02,,j=1,...,n, satisfy 

the system 


d п. ( 0]; of; | 
dim (22) (25. ма) — 0. 


These differential systems are called the varia- 
tional equations of (1). 

C. Carathéodory proved the existence of 
solutions of (1) under the less restrictive as- 
sumption that f is continuous with respect to y 
for any fixed x and measurable with respect to 
x for any fixed y. 

Suppose that f is continuous and satisfies a 
Lipschitz condition. Let z(x) be a function 
such that z(a) 2 b and ||z;(x)— f(x, 2(х)) < e(x), 
and let у(х) be a solution of (1) such that у(а) = 
b. Then we obtain 


Пах) — у(х) < e 


$ 


| s(x)e "dx 


which gives approximate solutions of (1). 


G. Equations in the Complex Domain ` 


We assume that the variables x, y,. ..., y, all 
have complex values. We have the following 
theorem: If f is holomorphic at (a, b), then (1) 
has a unique solution that is holomorphic 

at x —a and takes the value b at x= a. This 
theorem can be proved by utilizing the method 
of successive approximations and fixed-point 
theorems. Cauchy proved the theorem by 
using majorant series. This method, called the 
method of majorants, proceeds for the scalar 
equations as follows: Let f(x, y) = Xi a, (x — 
ay(y — bY and у= Xc,(x — а)". Substituting 
the latter series into both members, we can 
successively determine the coefficients c, by the 
method of undetermined coefficients. Assum- 
ing that | f| « M for |x —a| «r and |y —b| < p, 
consider the solution Y = > C,(x — а)" of 


dy M 
dx (1—(x—a)/r)(1—(Y Бур) 


satisfying Y(a)=b. We have C, >|c,| for any n, 
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which shows that > C,(x — а)" is a majorant 
series of > c,(x — а)". 

We have the following uniqueness theorem: 
Suppose that f(x, y) is holomorphic at (a, b). 
Let C be a curve having the point a as one of 
its ends and ф(х) be a solution with the follow- 
ing properties: 9 is holomorphic on C except 
possibly at x =a, and there exists a sequence of 
points on C, {a,}, such that a,—a and ф(а,) 
b. Then g(x) is holomorphic at a. By a ttheo- 
rem of identity, the analytic continuation 
of a solution continues to be a solution if it 
does not encounter any singularity of f. If a 
solution g(x) is holomorphic on a smooth 
curve x= y(t), with 0< t <t, and x(0) — a, and 
ф(а) =, then y= ф(у(ї)) is a solution for 0 < 
t<to of 


y = x Cox). y) G) 


satisfying у(0) = b. Conversely, if (3) has a solu- 
tion y = y(t) defined in Ox t <t, and satisfy- 
ing y(0) 2 b, and if f(x, у) is holomorphic at 
(x(t), w(t)) for O € t & ty, then (1) has a solution 
ф(х) holomorphic on C and v(t) = e(x(t)) for 
Oxt&tp. 

Suppose that f= f, /f,, where f, and f, are 
holomorphic at (a, Б). If f, (a, b) £0, f,(a, y) = 0, 
and f;(a, b) 20, then the equation у = f(x, у) 
admits a unique solution such that y—b as 
xa, and this solution can be expanded into 
a tPuiseux series: 


у= Y оха)". 
п=0 


If f is holomorphic at (a, b), then the solu- 
tion у= ф(х, xo, Yo) of (1) satisfying у(хо) — yo 
is holomorphic with respect to (x, xo, yo) at 
(a, a, b). If f(x, y, 4) is holomorphic at (a, b, Ду), 
then the solution of (2), y = ф(х, xo, Yo, A), satis- 
fying у(хо) = yo is holomorphic at (a, a, b, A). 
Suppose that x is a real variable and y is a 
complex vector. If f is continuous with respect 
to (x, y) and holomorphic with respect to y, 
then the solution ф(х, xo, yo) is holomorphic 
with respect to yo. If f(x, y, 4) is continuous 
with respect to (x, y, 4) and holomorphic with 
respect to (y, 2), then ф(х, xo, yo, 2) is holomor- 
phic with respect to (yo, A). 
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A. Orthogonal Systems 


Let (X, и) be a tmeasure space. For complex- 
valued functions /, g on X belonging to the 
tfunction space L,(X), we define the inner 
product (f, g)= fx f(x)g(@)du(x) and the norm 
fll m Ge f). If (Fg) =0, then we say that f 
and g are orthogonal on X with respect to the 
measure u. If X is a subset of a Euclidean 
space and и is the tLebesgue measure m, then 
we simply say that they are orthogonal. If the 
measure has a fdensity function ф(х) with 
respect to the Lebesgue measure and ( f, g) 

= fx fG)gC9 ф(х) dm(x) 40, we say that they 
are orthogonal with respect to the weight 
function ф(х). If || f ||? = 1, then f is said to be 
normalized. A set of functions { f,(x)} (n = 

1,2, ...) is said to be an orthogonal system 

(or orthogonal set), and we write í f,} e O(X), if 
any pair of functions in the set are orthogonal. 
The orthogonal set í f,(x)} is said to be ortho- 
normal, and we write í f,}€ON(X) if each f, is 
normalized. 

Let í f,} be a set of linearly independent 
functions in L;(X), and let R be a subset of 
L,(X). If we can approximate any function 
JER arbitrarily closely by a finite linear com- 
bination of the f (x) with respect to the norm 
in L,(X), we say that í f,} is total in R. Let 
{ f,}€O(X). If (o, f.) = 0 for all n implies ф(х) 
=0 almost everywhere (a.e.), then { fp} is said 
to be complete in L (X). An orthogonal system 
{ f,} is complete in L,(X) if and only if the 
system is total in L, (X). 

If ( fi} e O(X), then the series 222 , c, f, (x) is 
called an orthogonal series. If the series con- 
verges to ф(х) fin the mean of order 2, then c, 
—(o, f,)/|| fall? We call the c, (п= 1,2, ...) the 


317 B 
Orthogonal Functions 


expansion coefficients or Fourier coefficients of 
ф(х) with respect to í f,}. 

If {g,} c L;(X) are linearly independent, we 
can construct an orthonormal system í fp} 
by forming suitable linear combinations of 
the gn; ( fa} spans the same subspace as {0,). 
For this purpose we set /, (х) = gi(x)/lgi ll. 
ЛО) = e,(x)/lle,||, where ф„(х) = 9,(х) — 
Y-l(g, ff (x), nz 2. This procedure is 
called Schmidt orthogonalization or Gram- 
Schmidt orthogonalization. 

If the c, are Fourier coefficients of ф(х)є 
L,(X) with respect to í f.(x)) sON(X), then 
we have the ‘Bessel inequality У, |c,|? < 
i |?. Equality in the Bessel inequality for all 
фє1.,(Х) (the tParseval identity) is equivalent 
to completeness of { f,} in L,(X). In this case 
EL ca fal) is called the orthogonal expansion 
of o with respect to í f,}, and conversely, for 
any sequence {с„} such that > |c,|2 < oo, there 
is a function ge L,(X) that has the c, as its 
Fourier coefficients, and 


> lc, = 112, 
п=1 


ош ( У сл), 


This is called the tRiesz-Fischer theorem. 


B. Orthogonal Systems on the Real Line 


We assume that X is a finite interval (a, b) and 
that functions on X are real-valued. We write 
O(a, b) or ON (a, b) instead of O(X), ON(X). 
(1) If { f} EON (a, b), | f (x)| < M (const.), and 
У c, falx) converges ta.e., then c, 0 as п oo. 
(2) We can construct a complete orthonormal 
system í f,(x)} and a function ф(х)є L, (a, b) 
such that its orthogonal expansion > c, f(x) 
diverges everywhere. (3) If í f.(x)) € ON (a, Б) 
and У, с21ор2 n < œ, then X c, f, (x) converges 
a.e. The factor log? n cannot be replaced by 
any other monotone increasing factor w(n) 
satisfying 0 < (n) = o(log? п) (Rademacher- 
Men'shov theorem). K. Tandori proved that if 
c,|0 and У c,@, converges а.е. for any ortho- 
normal system (9,], then È |c, log? n < oo. 
(4) If the orthogonal expansion of a function 
ge L,(a, b) is tsummable by Abel's method on 
a set E, then it is (C, 1)-summable а.е. on E. 
(C, 1)-summability a.e. of the orthogonal ex- 
pansion of a function of ge L,(a, Б) is equiva- 
lent to convergence a.e. of the partial sums 
Soe(x) (n — 1,2, ...) of its expansion. (5) Sup- 
pose that í f,(x)) EON (a, b), [f,(x)| < M. Then: 
(1) If the a, are the Fourier coefficients of ф(х) 
with respect to í f,(x)}, then 


© 1/p' b 1/р 
ук р 
п=1 а . 
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where 1 « p x 2, 1/p + 1/p' = 1. Conversely, if 
(Xla,|P)/? < oo (1 < p €2), there exists a func- 
tion ф(х) which has the a, as its Fourier coeffi- 
cients and such that 


b , l/p' © l/p 
(| |ф(х)|Р ax) меў 7 
а n=1 


(F. Riesz's theorem). When the orthonormal 
system is the trigonometric system, this is 
called the Hausdorff-Y oung theorem. (ii) Let 
{až} be the decreasing rearrangement of {|а„|}; 
then 


b 
amita, leG)l^dx (1-<р<2). 


If qz 2 and X а#4п4 ? < оо, then there exists а 
function ф(х) which has the a, as its Fourier 
coefficients and such that 


b o0 
| Фо) < A, Y, atn? 
a n=1 


(Paley’s theorem). When the system is trigono- 
metric, this is called the Hardy-Littlewood 
theorem. (6) If for some positive £ we have 
Xlc,|? * < оо, then У c, f, (x) converges а.е. 

(7) If we set s*(x) 2 sup,|225-, c, f, x)], then 
||s*||  A,(X c4 v7 7)"4 (q> 2), where {c*} is 
the decreasing rearrangement of {|c,|}. 


C. Examples of Orthogonal Systems 


(1) {cosnx} e O(0, x), (sin nx} e O(0, x). (2) 

(1. cos nx, sinnx} є О(0, 2л) (— 159 Fourier 
Series). (3) Suppose that A(x) is positive and 
continuous, and let y,(x) be solutions of y"(x) 
T A, A(x)y(x) 20 satisfying the condition y,(a) 
= y,(b) 20, where 4, is any teigenvalue. Then 

{V A(x)y,(x)) e O(a, Б) (for orthogonality of 
eigenfunctions — 315 Ordinary Differential 
Equations (Boundary Value Problems) B). (4) 
Set r,(x)= —1 or 1 according as the nth digit of 
the binary expansion of x (0 < x < 1) is 1 or 0, 
and r,(x) 20 if x is expandable in two ways. 
Then (r,(x)) e O(0, 1). This is called Rade- 
macher's system of orthogonal functions. The 
system is not complete, but it is interpreted 

as a tsample space of coin tossing. Rade- 
macher's system is useful for constructing 
various counter-examples. (5) Let the binary 
expansion of n Беи= 2°: 4-2"! +... +2% (v, <v 
<... < vy), and set w,(x) =r, +1 (x)r,,+i (x) 
ya (x). Then {w,(x}} is a complete or- 
thonormal system called Walsh's system of 
orthogonal functions. This system is interpreted 
as a system of characters of the group of binary 
numbers, and there are many theorems for this 
system analogous to those for the trigono- 
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metric system. (6) In the interval [0, 1], set 
хк(х)= 4/2", — xe((k—1)2", (k— 1/2/27) 
= —\/2", xe((k—1/2)/2", k/2") 
=0, хє((1— 1)/2", 1/2"), 
lzk, 1<1<2". 


The orthonormal system xk(x) (1 < k <2"”, 
1«m)is called Haar's system of orthogonal 
functions. The Haar expansion of the continu- 
ous function f(x) converges to f(x) uniformly. 


D. Orthogonal Polynomials (— Appendix A, 
Table 20) 


Suppose that we are given a weight function 
ф(х) 20 (ф(х) > 0 а.е.) defined on (а, b) and that 
the inner product of functions f, g on (a, b) is 
defined by (f, g) = | f(x)g(x)o (x) dx. We ortho- 
gonalize {x"} by Schmidt orthogonalization 
and obtain polynomials p,(x) of degree n. Here 
the sign of p,(x) can be determined so that the 
sign of the coefficient of the highest power of 

x is positive. We call í p,(x)) the system of 
orthogonal polynomials belonging to the 
weight function ф(х). This system is complete 
in Lf? (a, b), which is defined to be the space 

of functions f such that f$ f(x) eG) dx < oo. 
In other words, the system {,/@(x)p,(x)} is a 
complete orthonormal system in the ordinary 
L (a, b) space. Concerning the convergence 
problem of the orthogonal expansion by 
{p,(x)}, the Christoffel-Darboux formula 


x p. (t) PAX) T m 


plays an important role. 

. Several important special functions in clas- 
sical mathematical physics are given by ortho- 
gonal polynomials: 

(1) Setting ф(х) e (1 х) (1+ x (к> —1, > 
—1) in [—1, 1], we get the Jacobi polynomials, 
although they are sometimes defined in [0,1] 
with respect to ф(х) = x*(1 — x (— Appendix 
A, Table 20.V). If we set «= in the Jacobi 
polynomials, we get the ultraspherical poly- 
nomials (or Gegenbauer polynomials) (— 
Appendix A, Table 20.1). Furthermore, if «=f 
—0, then we get the tLegendre polynomials, 
and if «= = —1/2, we get the Chebyshev 
polynomials T,(x)=cos(narccos x). The T,(x) 
also appear in the best approximation prob- 
lem (— Appendix A, Table 20.11; 336 Poly- 
nomial Approximation). 

(2) If we set ф(х) = x*e^* in (0, oo), we get the 
Sonine polynomials (or associated Laguerre 
polynomials) with appropriate constant factors. 
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If x is a positive integer m, we get 


SO™(x) = x ™e* (enne) 

dx" 
The particular case m = 0 gives the Laguerre 
polynomials. In this case, however, it is cus- 
tomary to normalize them as L,(x)= 
(e*/n!) (d"/dx")(x"e*) (— Appendix A, Table 
20.VI). Laguerre polynomials are used in 
tnumerical integrations of a Gaussian type in 
(0, oo). Furthermore, associated Laguerre 
polynomials appear in the solutions of the 
Schródinger equation for the behavior of 
hydrogen atoms. This system of orthogonal 
polynomials is useful in the expansions of 
approximate eigenfunctions of atoms analo- 
gous to hydrogen, velocity distribution func- 
tions of molecules in gas theory, and so on. 

(3) Setting ф(х) e^" (or e <?) in (—co, 
co), we get Hermite polynomials H,(x) = 
( 21e? (d"e^* /dx"), modulo constant fac- 
tors (— Appendix A, Table 20.VI). Hermite 
polynomials are special cases of parabolic 
cylinder functions (— 167 Functions of Con- 
fluent Type). These polynomials appear as 
eigenfunctions of the Schródinger equation for 
harmonic oscillators. They are also connected 
with probability integrals and are used in 
mathematical statistics. 

(4) Replacing the integral by a finite sum 
У" o f(m)g(m) in the definition of inner pro- 
duct, we get so-called orthogonality for a finite 
sum. (Regarding orthogonal polynomials with 
respect to a finite sum (— Appendix A, Table 
20. VH) and their application to the mean 
square approximation — 19 Analog Compu- 
tation F.) Since orthogonal polynomials with 
respect to a finite sum are often called simply 
orthogonal polynomials by engineers, one 
must be careful not to confuse these with the 
ordinary ones. 
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A. General Remarks 


A vibration or oscillation is a phenomenon 
that repeats periodically, either exactly or ap- 
proximately. Exactly periodic oscillations are 
studied in the theory of tperiodic solutions of 
differential equations. The *period of a solu- 
tion f(t) is called the period of the oscillation, 
and its reciprocal the frequency. The difference 
between the greatest and least values of f(t) 
(globally or in an interval) is the amplitude. 
The theory of vibrations has its origin in the 
study of mechanical vibrations, but its nomen- 
clature has been used also for electric circuits. 
As examples of practical applications of the 
theory of oscillations, we mention, in engineer- 
ing, the prevention of vibrations and the gen- 
eration of stable sustained oscillations, and in 
geophysics, investigations concerning the free 
oscillation of the earth, the existence of which 
has recently been confirmed. 


B. Linear Oscillation 


Periodic solutions of flinear differential equa- 
tions have been studied in detail for a long 
time. Perhaps the simplest case of such an 
oscillation is represented by the differential 
equation 


d? x/dt? + n? x = 0, (1) 


where the restitutive force is proportional to 
the displacement from the equilibrium posi- 
tion. Typical examples are the free vibration 
of a simple pendulum with small amplitude 
and an electric circuit composed of a self- 
inductance and capacity (without resistance). 
The solution is given by x= Acos(nt + x). This 
is called harmonic oscillation or simple har- 
monic motion. Here the amplitude is A, the 
period is 2л/п, n is the circular frequency, and x 
is the initial phase. 

A system of m 'degrees of freedom (x,, ..., 
хь) is said to be in free harmonic oscillation if 
the coordinates can be expressed as 


х= У Agcos(nyt + a), 
k=1 


i=1,2,...,m. 


Each of these simple harmonic oscillations is 
called a normal yibration. As a limiting case, 
where the number of degrees of freedom is 
infinite, we have the vibration of a string: 


u(x,t) — ,0^ u(x,t) 


д? дх? 


и(0, t) 2 u(L t) =0. 
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The solution is given by a series 


> A, sin(knx/l) cos(knnt/l), 
k 


which is just the superposition of the funda- 
mental vibration (corresponding to к= 1) and 
simply harmonic motions of frequencies equal 
to multiples of the fundamental frequency. 

If a resisting force proportional to the veloc- 
ity is acting, the equation becomes 


а х/а? + 2edx/dt+n?x=0, п>, (2) 
whose solution 
х= Ae "cos(ct--3), c=. /n?—e? (3) 


is not periodic. However, x becomes zero at 
a fixed interval л/с, and the extremal values 
in the intervals decrease to zero in a geo- 
metrical progression with the common ratio 
v —exp(— ze/o). This phenomenon is called 
damped oscillation with damping ratio р and 
logarithmic decrement log v= — л/е. In this 
case, too, 2л/е is called the period. 

When a driving force term (г) is present in 
the right-hand side of (2), the solution takes on 
the additional term 


~et 


e 
(sn ot [omes ct dt 
G 


—cosot | Q(t)e* sin ot а) , 


which represents the forced оѕсШабоп due їо 
p(t). 

If £ «O0 in (2) (negative resistance), the solu- 
tion (3) increases in amplitude, so that a small 
disturbance is amplified, resulting ia an auto- 
matic generation of oscillation. This phenom- 
enon is called self-excited vibration. Besides 
being caused by some special kinds of circuit 
elements (e.g., tunnel diodes), such a situation 
often occurs when the vibrating system has 
time delay characteristics (— 163 Functional- 
Differential Equations). 

Among sustained vibrations, other than 
forced oscillations and self-excited vibrations, 
are the parametrically sustained vibrations 
caused by periodic variation of a parameter of 
the vibrating system. Electric wires and panto- 
graphs for use in high-speed electric railways 
must be designed to prevent unwanted para- 
metrically sustained vibrations. On the other 
hand, a parametron is an electric element 
utilizing parametrically sustained vibration. 


C. Nonlinear Oscillation 


Actual vibrating systems contain more or less 
nonlinear elements, which give rise to various 
kinds of oscillations different from those de- 
scribed by the linear theory (— 290 Non- 


1185 318 Ref. 
Oscillations 


linear Oscillation). For example, d? x/dt? — 
8(1— x?)dx/dt + x =0 (g> 0) represents a stable 
sustained oscillation such that for large values 
of в, two nearly stationary states occur alter- 
nately, the transition from one to the other 
taking place abruptly. This is called relaxation 
oscillation. 
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A. General Remarks 


A statement that is apparently absurd but not 
easily disproved is called a paradox. À con- 
tradiction between a proposition and its neg- 
ation is called an antinomy if both statements 
can be supported by logically equivalent rea- 
soning. In practical use, however, “paradox” 
and “antinomy” often mean the same thing. 


B. Paradoxes in Set Theory 


(1) The Russell Paradox (1903). We classify 
sets into two kinds as follows: Any set that 
does not contain itself as an element ts called a 
set of the first kind, and any set that contains 
itself as an element is called a set of the second 
kind. Every set is either a set of the first kind 
or of the second kind. Denote the set of all sets 
of the first kind by M. If M is a set of the first 
kind, M cannot be an element of M. But if M 
is of the first kind, then M must be an element 
of M, by definition. This is contradictory. On 
the other hand, if M is a set of the second kind, 
M must be an element of М; but since M is an 
element of M, M is a set of the first kind, so M 
cannot be an element of M, by definition. This 
is contradictory. 

Since the kind of reasoning employed in this 
paradox is very simple and is often utilized in 
mathematics, it became popular in set theory. 
To remove this paradox from set theory, Rus- 
sell suggested tramified type theory. If we 
adopt this theory, however, it becomes very 
hard to develop even an ordinary theory of 
real numbers (— 156 Foundations of Math- 
ematics). On the other hand, this paradox, 
together with the Burali-Forti paradox, indi- 
cates that the definition of a set should be 
restrictive. This realization led to the develop- 
ment of *axiomatic set theory. 


(2) The Burali-Forti Paradox (1897). Let W = 
(0, 1,2, ..., 0, ... } be the *well-ordered set 

(— 312 Ordinal Numbers А) of all fordinal 
numbers. Let О be the ordinal number of W. 
Then every ordinal number, being an element 
of W, is less than Q. But О is an ordinal num- 
ber. Hence, Q < Q. This is contradictory. 


(3) The Richard Paradox (1905). The expres- 
sions in the English language can be enum- 
erated by the device that is applied to the 
usual enumeration of the algebraic equations 
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with integral coefficients. From the specified 
enumeration of all expressions in the English 
language, by striking out those which do not 
define a real number in the interval (0, 1], 

we obtain an enumeration of those which 

do. Consider the following expression: “The 
greatest real number represented bv a proper 
nonterminating decimal fraction whose nth 
digit, for any natural number n, is not equal to 
the nth digit of the nonterminating decimal 
fraction representing the real number defined 
by the nth expression in the last-described 
enumeration." Then we have before us a defi- 
nition of a real number in the interval (0, 1] by 
means of an expression in the English lan- 
guage. This real number, by its definition, 
must differ from every real number definable 
by an expression in the English language. This 
is contradictory. 

The following paradox was given by Berry 
(1906): "The least natural number not name- 
able in fewer than twenty-two syllables" is 
actually named by this expression, which has 
twenty-one syllables. The Epimenides paradox 
is a traditional ancient Greek paradox of this 
kind: Epimenides (a Cretan) said, “Cretans are 
always liars. ..." 


C. Paradoxes of the Continuum 


The problem of the continuum is important in 
both mathematics and philosophy. There are 
several paradoxes of Zeno concerning the 
continuum, among which the following two 
are best known: 

(1) Assume that Achilles and a tortoise start 
simultaneously from the points А and B, re- 
spectively, Achilles running after the tortoise. 
When Achilles reaches the point B, the tortoise 
advances to a point B,. When Achilles reaches 
the point B,, the tortoise advances further to a 
point B,. Thus Achilles can never overtake 
the tortoise. 

(2) A flying arrow occupies a certain point at 
each moment. In other words, at each moment 
the arrow stands still. Therefore the arrow can 
never move. 
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A. General Remarks 


A partial differential equation is a functional 
equation 


y 02 022 022 Š 
x attra Хр Z, „а, ? ык» p 
; дх, ôx?’ дх,дх, 


that involves a function z of independent vari- 
ables ху, x5, ..., Xn, its partial derivatives, 
and the independent variables x,, ..., x,. The 
definition of a system of partial differential 
equations is similar to that of a system of 
tordinary differential equations. (The partial 
differential equation becomes an ordinary 
differential equation if the number of inde- 
pendent variables is one.) 

The torder of the highest derivative appear- 
ing in a partial differential equation is called 
the order of the partial differential equation. 

Usually we write p; for 02/0х;, x for x,, and 
y for x; when n=2, and p = 02/0х, q = Oz/Oy, 
r= 022[0х?, s=672/dxdy, = O? z/Qy? when z 
Is a function of x and y. 

A partial differential equation is called linear 
if it is a linear relation with respect to z and its 
partial derivatives. For example, the equation 


A(x, y)r + B(x, y)s + C(x, yt + D(x, y)p 
+ E(x, y)q+ F(x, y)z= G(x, у) 


is a linear partial differential equation. A par- 
tial differential equation is quasilinear if it is 
a linear relation with respect to the highest- 
order partial derivatives. A partial differential 
equation is called nonlinear if it is not linear 
(— 291 Nonlinear Problems). A function z= 
Q(x,, X2; ..., Xn) that satisfies the given partial 
differential equation is called a solution of 
the partial differential equation. Obtaining 
such a solution for a given partial differen- 
tial equation is called solving this equation, 
and by analogy to the case n —2, the integral 
hypersurface of the equation is 


Z— Q(X1, X2, ..., X,) =O. 


For a system of partial differential equations, 
we define solutions in the same manner. 
Example 1. X,, X,, ..., X, are functions of 
n independent variables x,, x;, ..., x,. Then 
solving the partial differential equation 


д 
аа) (1) 
xi x 


is equivalent to solving the system of ordinary 
differential equations 


dx, dx; _ dx, 


= = Я 2 
TES UNO a 2 
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In other words, if fi, f2, ..., Jfa-1 aren— 1 in- 
dependent integrals of (2), then for an arbi- 
trary function Ф, z 2 d f,, ..., f,-,) is a general 
solution of (1) (— Section C). 

Example 2. If P,, P, ..., P,, R are functions 
of independent variables x4, ..., x, and the 
dependent variable z, and if the quasilinear 
partial differential equation (Lagrange's dif- 
ferential equation) 


а 0E qe =R (3) 


has an integral hypersurface V(z, x,, ..., x,) =0, 
then we have 


oV oV oV 


oV 
P,—+P,—+...+P, = 
x дх 


R—=0, 4 
= 3z (4) 


which is ап equation of type (1). From this we 
can obtain a general solution by the method of 
example 1. The same procedure is applicable 
to solving other systems of partial differential 
equations. 


B. Characteristic Manifolds 


We consider a partial differential equation of 
the nth order of two independent variables 
x, y: 


F(x, Y, Z, P10» Poi: TEH Poi -- Pon) = 0, 
jtk; 
where p =——. (5 
Pix дх1ду* ( ) 
With this equation, we associate a manifold 
defined by a real parameter 4, 


x=x(A), y-y(4) Pik = pi (2), 


jk=0,1,...,.n-1; j+k<n—-1, (6) 


and consider the following problem: Find a 
solution ф(х, y) of (5) that satisfies 


ді (x, y) 
Oy — pa (2), 


Bk20,L2,..,n—l; j+k<n-1 


on the curve x= x(A), у= y(4). We call this 
problem the Cauchy problem for equation (5). 

If F vanishes for.a system of values x°, y?, 
pj, (j, k=0,1,2, ..., m po —z5;j +k <n) and is 
tholomorphic in a neighborhood of this sys- 
tem of values, if x, y, py, are holomorphic 
functions of 4 in a neighborhood of 2=0 and 
take the respective values x°, y°, ро at 4—0, 
and if 


P, dy" — P, 4, dxdy" +... 
+(-1)"Po,dx" x0 (7) 
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for (x°, y?, рӯ), then we have a unique holo- 
morphic solution of this Cauchy problem in 

a neighborhood of (x°, у?, pü). (Here we use 
the notation Pj = дЕ/др,.) This is Cauchy's 
existence theorem. We cannot apply this theo- 
rem when the left-hand side of (7) vanishes 

at (x°, уо, рӯ). At such a point, uniqueness of 
the solution fails, and there may be several 
solutions through the point (x°, у, рӯ). There 
are n curves on which the left-hand side of (7) 
vanishes on the integral surface 2 = ф(х, y). 
These curves are called characteristic curves of 
(5). We associate the values 


ðt (x, y) 


Dg (4) =— óxiày* 


x=x(4),y=y(2) 


ЬК=0,1,...‚п; j+k<n, 


with each point (x, y) on these curves. The 
manifold (x(4), y(2), p(4)) (PA) = [pa (2))) of 
the parameter 4 is called a characteristic mani- 
fold of equation (5). Cauchy's existence theo- 
rem cannot be applied on the characteristic 
manifold. 

The foregoing considerations can be ex- 
tended, to some extent, to the space of higher 
dimensions R" or С". Let P be a linear partial 
differential operator of order m: 


P(x, D) = > а„(х)р*°, 


|a| < т 


pe ы р wa 
Nan) ond o a|=% +... + 0. 


The coefficients are assumed smooth and real 
in R" or holomorphic in C". Its homogeneous 
part of order m, denoted by P, (x, D), is called 
the principal part of P. Let S be a hypersurface 
defined by ф(х) 2 0 with grad ф(х) = 0. S is 
called a characteristic surface if P, (x, grad ф(х)) 
= 0 holds for x in a neighborhood of S or 
merely for xe S, and ф(х) is called a phase 
function. A real vector €°( 40), or a complex 
vector č? #0 is called a characteristic direction 
at the point xo if P, (xo, €°)=0. The zeros (x, č) 
(250) of P,,(x, é) are called the characteristic 
set. Furthermore (хо, €°) is called simple if 
grad, Р„(хо, £9) #0. Suppose that (xo, €°) is 
simple. The integral curve (x(t), £(t)) that 
satisfies 


x= grad. P,,(x, 2), 
é Se grad, PAX; 2) 


is called the bicharacteristic strip of P„. Evi- 
dently P, (x, Ë) is constant along the bicharac- 
teristic strip. In particular, if this constant is 
zero, it is said to be null-bicharacteristic. The 
phase function ф(х) can be obtained at least 
locally by using the bicharacteristic strip. 
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C. Classification of Solutions 


First, we consider a partial differential equa- 
tion of the first order of two independent 
variables: 


F(x, y, z, p, q) - 0. (8) 


A solution of (8) that contains two arbitrary 
constants is called a complete solution. If we 
get one complete solution of (8), then we can 
obtain all the solutions by differentiations and 
eliminations. Let (9) be a complete solution: 


V(x, y, z, a, b) =0. (9) 
Differentiating this, we get 


oV | ôV oV ди 
s HE. e ут 79 (10) 
Eliminating a and b from (9) and (10), we get 
the original equation (8). Furthermore, solving 
equation (8) is equivalent to getting three func- 
tions a, b, z of x, y from (8), (9), and (10). If we 
rcgard a, b as functions of x, y, in (9), we get 


ôV õa ôV ðb 


ôV да êV ab _ ôV õa OVOb | 
дадх ôbôx ^ 


да су bay . (11) 
Therefore we сап replace (9) and (10) by (9) 
and (11). Hence we have the following three 
cases: (1) When a, b are constants, we get a 
complete solution. (ii) When V =0, 2V/0a = 0, 
and 0V/Ob —0, we get a solution that does not 
contain arbitrary constants, because z, a, b are 
all functions of x and y. We call this solution a 
singular solution of (8). (ш) When 0V/0a, 0V/Ob 
do not vanish simultaneously, the Jacobian 
D(a, b)/D(x, y) vanishes because of (11). This 
means that there exists a functional relation 
between a and b. If there are two such rela- 
tions, a and b are constants and the solution 

z becomes a complete solution. Therefore we 
assume that there is only one such relation 
between a and b, whose form is assumed to be 
b= (а). Then we get 


QV ov 
—+—g(a=0. (12) 


V(x, у, z, а, ф(а)) = 0, 2a + ab 


If we solve (12) for the unknowns a and z, we 
get a solution z of (8) that contains an arbi- 
trary function ¢ instead of arbitrary constants. 
Such a solution is called a general solution of 
the partial differential equation (8) of the first 
order. By specializing this function p, we ob- 
tain a particular solution of (8). Thus (1)- (iii) 
exhaust all the cases, and by obtaining a com- 
plete solution of (8) we can get all the solu- 
tions of (8). The number of complete solutions 
may be more than 1, or it may be infinite. 
These complete solutions can be transformed 
into each other by fcontact transformations. 
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Moreover, they are contained in the general 
solutions. 

Now we consider the case where the number 
of independent variables is и. Take an equa- 
tion that contains n —r 4- 1 arbitrary constants 


01, 05, 665 Anya: 


V(x,, X3, ...,X4:01, 03, ..., 05,41) =O. (13) 


Differentiate this equation assuming that 
а1,...,0,-;+ take fixed values. Then we get 
OV oV д2 


дф” Ра 


(14) 


If we eliminate a,, а,,...,а,. „у from (13) and 
(14), we obtain r partial differential equations 
of the first order: 


FE(xi,X2,..., X Zi Pis P25 +++» Pr) = 0, 


j=1,2,...,r. (15) 


We call (13) a complete solution of (15). In this 
case, as in the case when n —2, we get all the 
solutions of (15) from a complete solution (13) 
of (15). We have the same classification as in 
the case п= 2: (1) When we regard a,, ...,a, 44 
as constants, then we have a complete solution 
of (15). (ii) When we can eliminate the con- 
stants d,, ..., 0, ,4, from equations 


ди OY 


2 = 9, eM 
да, да,_,+1 


V=0, 1 
we get a solution that does not contain an 
arbitrary constant. Such a solution is called a 
singular solution of (15). (iii) If not all of the 
OV/0a; vanish, there exists at least one func- 
tional relation among a,, a5, ...,a, ,4,. We 
assume that there exist exactly k (<n—r) 
relations among 4,, a5, ..., Q, 44: 


Ја, ,а;, .... 0, 41) =, j=1,...,k. (16) 


Then there exist numbers 4,, 45, ..., А such 
that 


l=1,...,n—r+1. (17) 


Hence, by eliminating a,, a5, ...,0, 544, 415 

Ay, --- , A, from (13), (16), and (17), we generally 
obtain exactly one relation between x4, ...,x, 
and z. This is a solution of (15) that contains 
exactly k arbitrary functions fi, f2, ..., fk. Such 
a solution is called a general solution of (15). In 
particular, if k=n—r+ 1, then it is a complete 
solution. We might think that there are n—r 
general solutions corresponding to к= 1, ...,n 
— r. But these general solutions are not essen- 
tially different. For the partial equation of the 
second order F(x, y, z, p, q, r, s, t) = 0, this defi- 
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nition of a general solution is not applicable 
since we cannot successfully define a general 
solution by using the number of arbitrary 
functions contained in a solution. 

Instead, we now use the following definition, 
due to J. G. Darboux: А solution of a general 
partial differential equation is called a general 
solution if by specializing its arbitrary func- 
tions and constants appropriately we obtain 
a solution whose existence is established by 
Cauchy's existence theorem. A solution z= 
ф(х, y) of a general partial differential equa- 
tion is called a singular solution if Cauchy's 
existence theorem cannot be applied on any 
curves on the manifold formed by z= ф(х, у), 
рР=дФ/дх, а = дф/ду. 


D. Cauchy's Method 


We can regard equation (8) as a relation be- 
tween the point (x, y,z) on the integral surface 
Š and the direction cosines of a tangent plane 
at that point. Therefore the tangent planes at 
all points of the surface form a one-parameter 
family. They envelop a cone (T) whose vertex 
is (x, у,2) on S. The tangent plane at a point M 
on the integral surface $ is tangent to this cone 
(T) along one generating line G of (T). 

А curve on Š whose tangents are all generat- 
ing lines of (T) is a characteristic curve. If we 
write 


then the characteristic curve is given by the 
system of ordinary differential equations: 
dx dy dz _ -dp  -—dp 

P Q Pp+Qq X+pZ Y+qZ 


(18) 


We call this system the characteristic differen- 
tial equation or Charpit subsidiary (auxiliary) 
equation of the partial differential equation (8) 
of the first order. System (18) determines not 
only x, y, z but also p and q. The set of these 
tsurface elements (x, y, z, p, 9) is the character- 
istic manifold. This characteristic manifold is 
considered as a part of the integral surface 
with infinitesimal width, and in this case we 
call it the characteristic strip. The character- 
istic strip is represented by the equations x= 
x(A), y= у(4), 2= 2(4), p= p(4), а= (4) con- 
taining a parameter. On the integral surface 
z=2(x, у), we have 


dz Qz dx , z dy 
dà дхал дуал 
and 


dz=pdx+qdy. (19) 
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Equation (19) is called the strip condition. The 
equations (18) evidently satisfy this condition. 
The solution u(t, х) = (1, x,, ..., x,) of 


u,t f(t, xi, ХИ сон.) =, 
и(0, x)= ф(х) 


is obtained (at least locally) as follows. Let the 
solution of the differential equations 


dx; 

up fae ee Sab 

dé; ; ; 
qr = falt, X15 ss xs C. Sa) T«ixn, 


issuing from (xo, £?) at t=0 be (x(t; xo, £9), 
E(t; xo, &°)). Then specializing č? = ф, (Хо) 

(1 €j x n), the solution u(t, x) is obtained by 
quadrature along these curves (characteristic 
strips) from the relation 


d р 
"is —f(t, x, č)+ È Efe (t,x č) 


In particular, when f(t, x, č) is homogeneous 
of degree 1 in £, by Euler’s identity the right- 
hand side is identically zero. This means that u 
is constant along the characteristic strip. 


E. Homogeneous Partial Differential 
Equations 


Assume that f(£,,£5,...,£,) is a *homogene- 
ous polynomial of m independent variables 
£1, £5, ..., Съ: We denote the differential oper- 
ator д/дх„ by D,. Then consider a homogene- 
ous partial differential equation 


f(D, D,, ... 


We can obtain a homogeneous equation from 
an inhomogeneous partial differential equation 
by transformation of the dependent variable. 
For example, D2w — D,w becomes the homoge- 
neous partial differential equation (D? — D,D,)u 
=Q by the transformation of the dependent 
variable u= e*?w. The equation (D? — D, D;)u = 
0 corresponds to the homogeneous polynomial 
f(51. 65,63) = 71—663. Generally, for equa- 
tion (20), we consider the solution 


, D,,)u=0. (20) 


u= Е(0,.0,,...,0)), (21) 


where 0,, 0,,...,0, are functions of x,, ..., Xm 

and F is an arbitrary function of 0,. Such a 

solution is called a primary solution of (20). 

For example, for the equation (D? — D2)u = 0, 

there are two primary solutions, u= F(x; + x;) 

and u=F(x,—x,). For tLaplace’s equation 
д?и u ^u 

о , 

we have a primary solution u= F(z +іхсоѕх + 

iysin х), where х is a parameter. 
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Second, for the twave equation 
fw O'u бщ 1 uy (22) 
02 By G2? PaP? 
we have a solution 
1 r z—r 
u=yf(%,B) y=- a-t-— В=——, 
r c х+іу 
(23) 


where r? = x? + y? +22, f is an arbitrary func- 
tion, and y is a particular solution of (22). 
Furthermore, v= f(a, B) satisfies the equation 
of a characteristic curve of (22): 


дь дь P дь "hes ov V? 

Óx ду Qr). OE] 
Such a solution, which is the product of par- 
ticular solutions and some function that con- 
tains an arbitrary function, is called a primitive 


solution of the original equation. Equation (22) 
has another primitive solution of the type 


where g is an arbitrary function. 
Laplace's equation has a primitive solution 


1, z—r 
и=— Я 
r \x+ty 


А basic equation is an equation, such as La- 
place's equation, that has a primary solution 
and a primitive solution. A solution of an 
equation that has the same characteristic 
curves as a basic equation can be obtained 
from a particular solution of the basic equa- 
tion by integrations and additions. For exam- 
ple, if we choose a particular solution u2 ғ! 
of Laplace's equation, which is a specialization 
of the primitive solution u —r ! f((z —r)/(x + iy), 
then 


u =| | fre- -o-m-c-Oor 


x Е(ё, п, š) dš dn dÇ 
is a solution of 
Au+4nF(x, у, 2) =0 


іп the interior of the domain of integration. 


F. Determined Systems 


The general form of a system of partial dif- 

ferential equations in two independent vari- 

ables is 

Fx, y u, ш) Uu, uP, a um um. 
иЧ),...)=0, i=1,2,...,h, (24) 


Łe., a system of h equations for m functions 
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u) u, ... ut) of the independent variables x 
and y. The system is called a determined sys- 
tem if h = m, an overdetermined system if h> 
m, and an underdetermined system if h < m. 

An example of a determined system is the 
tCauchy-Riemann equation 


и. —0у=0, u,+u,=0, 


for u(x, у), v(x, у), which can Бе further reduced 
to two determined equations Au = 0 and Av = 
0. 

А simple example of an overdetermined 
system is 


и. = f(x, у), uy = f(x, y). 


A necessary and sufficient condition for the 
existence of a solution of this system is f, = fy- 
The Cauchy-Riemann differential equations for 
a holomorphic function f(z,,z;) 2 и + ір of two 
complex variables z, =x, +iy,, 2. = x+ iy; 
are 


uy = —U 


»2 x2 


which can be reduced to 
Uy x, Huy y= 0, Uy x, T Uy y, = 0, 


Uy x, HU 0 u 


Уу u 


хуз "xay, =0, 


which is also an overdetermined system. 
An example of an underdetermined system 
Is 
д(и, v) 
=и,0 
A(x, y) 
If this equation holds, there exists a functional 


relation w(u, v) 2 0 that can be regarded as a 
solution of this underdetermined system. 


=0. 


y ЧуО 


G. General Theory of Differential Operators 


In recent developments of the theory of par- 
tial differential equations, there is a trend to 
construct a general theory for tdifferential 
operators regardless of the classical types 

of differential equations (— 112 Differential 
Operators). For example, we take a property 
that is satisfied by some equation of classical 
type (e.g., an felliptic differential equation) and 
proceed to characterize all equations that have 
this property. (For example, thypoellipticity is 
a property of classical tparabolic and elliptic 
equations.) There are several basic problems in 
this general theory: the existence of a funda- 
mental solution, the existence of a local solu- 
tion, unique continuation of solutions, the 
differentiability and analyticity of solutions, 
and the propagation of smoothness. We ex- 
plain here only two of them: the fundamental 
solution and the local existence of solutions. 
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H. Fundamental Solutions 


L is assumed to be a linear partial differential 
operator with constant coefficients. If a tdistri- 
bution E satisfies the equation 


LE(x)= (х), 


where ó(x) is the tDirac ó-function, then we 
cal! E(x) a fundamental solution (or elementary 
solution) of L. Also, if L is a linear differential 
operator and E satisfies the equation 


L, E(x, y= б(х — у), 


then we call this distribution E(x, у) а funda- 
mental kernel (or elementary kernel) of L. 

Let L be a differential operator with con- 
stant coefficients and E(x) be a fundamental 
solution of L. Then E(x, y) is a fundamental 
kernel of L. Sometimes E(x, y) itself is called a 
fundamental solution. L. Ehrenpreis and B. 
Malgrange proved that any linear differential 
operator with constant coefficients has a fun- 
damental solution [4]. 

If we take a fundamental solution (funda- 
mental kernel) E and add to it an arbitrary 
solution of the equation Lu =0, then we get 
another fundamental solution (fundamental 
kernel) of L. This freedom of the fundamental 
solution (fundamental kernel) can be used to 


‘construct *Green's functions of the boundary 


value problem of elliptic equations and of the 
mixed initial-boundary value problem for 
parabolic equations. A Green's function is a 
fundamental solution (fundamental kernel) 
that satisfies given boundary conditions (— 
188 Green's Functions; 189 Green's Operator). 
The fundamental solutions (fundamental ker- 
nels) relative to the Cauchy problem are also 
defined as in this section. For example, con- 
sider a fundamental solution of the Cauchy 
problem concerning the future behavior of 
a differential operator L —0/0t — P(0/0x), 
namely, a distribution E(t, x) that satisfies LE — 
0 (t 0) and E(t, х), = (х). If we put E(t, x) = 
E(t, x) (t2 0) and E(t, x) =0 (t « 0), then E(t, x) 
is a fundamental solution (or kernel) of the 
differential operator L, that is, LE = ó(t, x). 
Sometimes a fundamental solution of the 
Cauchy problem for a parabolic equation is 
called a Green's function. On the other hand, a 
fundamental solution (or kernel) of the Cauchy 
problem for a hyperbolic equation is called a 
tRiemann function. A Riemann function actu- 
ally is not always a function; in general it is a 
distribution. 
Example 1. À fundamental solution of the 3- 
dimensional Laplacian 

д? д? БЫ 


=—+—+— 
ôx? дх2 Әх? 


is Е(х) = —1/4лғ, where r2 J/ x? - x + х2. 
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Example 2. А fundamental solution of 
the Cauchy problem for the future of the 3- 
dimensional wave operator 


e 3 e 
202 A ax?’ 


i.e., a distribution E(t, x) (t > 0) that satisfies 
LE =0 (t >0), E(0, x)=0, and (0/0t) E(0, x) = 
ó(x), is given by E(t, x) 2 (1/4nt)ó(r — t) (t > 0), 
rA х х2 + xj. A fundamental solution 
for L is given by E(t, x)= E(t, x) (t> 0); = 

0 (t«0) (— Appendix A, Table 15.V). 


I. Existence of Local Solutions 


Given a linear differential operator L and the 
equation Lu = f, we have the problem of deter- 
mining whether this equation always has a 
solution in some neighborhood of a given 
point. If the coefficients of L and f are holo- 
morphic in a neighborhood of this point and 
if the homogeneous part of highest order 
does not vanish, then there exists a solution 
that is holomorphic in a neighborhood of the 
given point (*Cauchy-Kovalevskaya existence 
theorem). 

If L is a linear differential operator with 
constant coefficients, E is a fundamental solu- 
tion of L, and f is a function (or distribution) 
that is zero outside of a compact set, then we 
have a solution u that is the tconvolution of E 
and f:u= Ex f. On the other hand, H. Lewy 
proposed the following example [3]: 


Qu |. Qu ‚ди 
ш=-—-+1—— +2(х, +ix,)— = f(x) 
Ox, Ox, дх» 
where f is a real function of x4. He showed 
that if this equation has a solution that is of 
class C', then f must be real analytic. There- 
fore, if f is of class C? but not real analytic, 
then this equation has no C!-solution. Actu- 
ally, no solution exists even in the distribution 
sense. (Note that, since the coefficients of L are 
now complex-valued, the results mentioned at 
the beginning of this section are no longer 
applicable.) 

For linear differential operators L, a study 
by L. Hórmander gives some necessary con- 
ditions and also some sufficient conditions for 
the local existence of a solution of the equa- 
tion Lu = f for sufficiently general f [4]. This 
result has been developed and completed by 
L. Nirenberg and F. Treves [18] and by R. 
Beals and C. Fefferman [19]. The operator 
considered by S. Mizohata (J. Math. K yoto 
Univ., 1 (1962)), . 


serves as a standard model in this problem. In 
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the neighborhood of the origin, if k is even, L 
is locally solvable, and if k is odd, it is not 
locally solvable. However, for linear partial 
differential operators with multiple character- 


“istics, the problem of local solvability becomes 


extremely difficult. 
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A. General Remarks 


First, we give two examples of initial value 
problems for tpartial differential equations. 

(I) Consider the partial differential equation 
uy —u,=0 of two independent variables x and 
y. If the function ф(у) is of class C+, then u = 
ф(х + у) is a solution of this equation that 
satisfies u(0, y) = ф(у). 

(II) We denote a point of R"*! (or C"*!) by 
(t, x), x 2 (x1, ..., x,). Let L be a linear partial 
differential operator of order m: 

m М 
+ > Ayo, v (t, еду дхи" 


йт" [v| <m 


Iv|=vo ty +... +, Vo <, 


where the coefficients a, ,...., (t, x) are func- 
tions of class C? (1.е., treal analytic functions 
or holomorphic functions) in a neighborhood 
of (t, x) = (0,0). If the functions v(t, x) and w,(x) 
(0x k & m — 1) are of class С° in a neighbor- 
hood of (t, x) 2 (0, 0), then there exists a unique 
solution u(t, x) of class C? in a neighborhood 
of (t, x) = (0,0) that satisfies 


L [u] = v(t, х), 
д*и 
Gye = we, 0<k<m-1. (1) 


This is called the Cauchy-Kovalevskaya exis- 
tence theorem (for linear partial differential 
equations). 

As in (II) we choose one of the independent 
variables as the principal variable and regard 
the others as parameters. When we assign a 
value a to the principal variable t, the values of 
the dependent variables (unknown functions) 
and their derivatives are called initial values, 
initial data, or Cauchy data. Conditions to 
determine initial values are called initial con- 
ditions. The problem of finding a solution of 
(1) under given initial conditions is called an 
initial value problem or Cauchy problem. We 
may consider initial value problems not only 
for initial conditions on a hyperplane t =a, but 
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also for initial conditions on a hypersurface, 
called an initial surface (— Section C). 

Let a(x, D) be a linear partial differential 
operator of order m: 


gil 
a(x, D)= a,(x)D*, | D'—————, 
(s D) en (9 дх{їт...дху" 


Joo] 20, +... + an 


where the coefficients a,(x) are of class C? in a 
neighborhood of x =0. Its characteristic poly- 
nomial is 

h(x, = » ax), S=... Ca". 

Let S:s(x)=0 be a regular surface (i.e., s, = 
(0s/0x,, ..., 0s/0x,) # (0)) of codimension 1. 

We suppose that Š is a tnoncharacteristic 
surface, that is, h(x, 5,) £ 0 on S. Let v(x) and 
w(x) (0€ k x m — 1) be the functions of class C? 
in a neighborhood of x=0 and on S, respec- 
tively. We consider the Cauchy problem 


ky 
=w,(x) on 5, 


д 
a(x, D)u(x)= v(x), пх) 


O<k<m-1, (1) 


where n is the outward normal direction of S. 
S is thus the initial surface. Then there exists a 
unique solution u(x) of class C? in a neighbor- 
hood of x «0. In fact, by the change of vari- 
ables X, = 5(х), X; 2x; (2 <i<n) if 0s/0x, £ 

0 on S, this problem can be reduced to the 
Cauchy problem (1) by taking account of the 
fact that h(x, s,) 0 on S. 

The Cauchy-Kovalevskaya theorem asserts 
the local existence of solution when the initial 
values are of class С°. Indeed, J. Hadamard 
noted that if the initial values are not of class 
C^, the initial value problem does not always 
have a solution. For example, consider the 
initial value problem 


Ou Ou Qu 


qo iet 


with the initial values 


u 
0, |Z] — 34) <x =, 
u(0, у, z) = w(y, 2) SEO yz) 
If the function w(y, z) is not of class C? in any 
neighborhood of y =z —0, the solution of this 
problem can never exist in (or even on one side 
x20 of) any neighborhood of x= y=z=0. 


B. The Cauchy-Kovalevskaya Existence 
Theorem for a System of Partial Differential 
Equations in the Normal Form 


The Cauchy-Kovalevskaya existence theorem 
(1) is extended for more general systems of 
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partial differential equations In the normal 
form studied by Kovalevskaya. Consider 


QPiy, 
-Fitxu,...u 


ді?! 


те, 


alv 
О u; 
дгдху дхн YP? 


where 1 <i, j&m, |у| = vo v, +... + v, S Pj, Yo < 
‚ х„). We assume that F. (1 < 
i« m) are functions of class C? with respect to 
arguments t, x, Uy, ... us... O u Ot" oOxy ... 
Ox,",..., in a neighborhood of (0,0, ...,0). If 
the functions и (х) (1 inm, Ockxp;— 1) 
are of class C? in a neighborhood of x « 0, 
then there exists a unique solution u(t, x), ..., 
u (t, x) of class C? in a neighborhood of (t, x) = 
(0, 0) that satisfies the equations and the initial 
values 


p; and x «(x,, ... 


Ak 


C u; І 
35» (0, х)= зд (x),  Ixixm, 
€ 


[2.4]. 


C. Single Equations of the First Order 


For a single partial differential equation given 
in the normal form 


ди j ди ди 
= =F X, Yis ees Vio by —,..., ZT 5 (2) 
Ox ду, дук 


we assume that F(x, y,, .... Ук, 1, 4, ..., q) isa 
real-valued function of class C? in a neighbor- 
hood of xa, у; =, u=c, q;— d;, and that 
ф(у1, :.:, y) is also a function of class C? such 
that ф =c, 09/6y,; — d; at y; = bj. Then there 

is a solution u of (2) in a neighborhood of 
x—a and y,=b, that satisfies u(a, yi, ..., y) = 
Ф(у\,..., yj) and is of class С2. 

For the uniqueness of solutions of this 
Cauchy problem, A. Haar (Atti del Congresso 
Internazionale dei Matematici, 1928, Bologna, 
vol. 3) showed that if F satisfies the ?Lipschitz 
condition 


| F(x, у, и, q')— F(x, y, u, q) 
k 

«A». |q;—ail+ Blu’ —ul, 
i=1 


then the solution of the initial value prob- 
lem for (2) ts unique. To obtain this result he 
studied the partial differential inequality 


^ 


"EZ am 


Next, we consider more general equations of 
the first order 


: би ди 
F| xq... Xu, —,...,— |=0. (4) 
кыы | 


+ B|u| + C. (3) 
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Suppose that F(x,,..., Xx, и, p4, .... pk.) is a real- 
valued function of class C? in a neighborhood 
of xj c a, u=b, pj es (x, ..., X) S(x4, ... x.) 
are functions of class C? in a neighborhood 

of x,=a, that satisfy b= 9(a,,..., a4), c;— 
(09/0xi), 4, S(a,, ...,а) =0; and 


liz С | 0 (5) 
y- 1 Op, Ox, x=a,u=b,p=c | 


Then there exists а solution u of (4) of class 
C? in a neighborhood of x =a that satisfies u= 
ф(х) on the hypersurface S(x) = 

Furthermore, if F, ф, S are of class C! and 
satisfy (5), then there is at most one solution u 
of (4) of class C! in a neighborhood of a that 
satisfies и = ф(х) оп the hypersurface S(x) = 0. 
These facts can be proved in the following 
way. By choosing S, (x), ..., S, ,(x) and then 
S(x) so that the *Jacobian 0(5, $,,..., S, ,)/ 
Q(x,, ..., x,) does not vanish and by changing 
variables from x to S, S,,..., $, ,, we obtain 
a normal form solved for ди/025 by condition 
(5) (this condition means that the hypersurface 
S(x) 20 is not tangent to the *characteristic 
curves). 


D. Quasilinear Equations of the Second Order 


Consider the equation 


k ^u 
> а(х, и, p) == 


i,j=1 


ре u,p)= 0, 


where x-(x;, ia Xk), р=(р\, < Рк), апа pi— 
Ou/O0x,. We assume that the initial conditions 
are u= ф(х) on S(x) = 0 and 


8 


Nn 
iR» 


7и 


W(x) 


dt 


on the same hypersurface. Taking the other 
functions S, (x), ..., $,.,(x) and then S(x) so 
that the Jacobian 6(S,S,, ..., $, ,)/0(x,, ..., xy) 
does not vanish, we change the variables x to 
Sk-1 (Sg =S, s; = Sj). Then we get 


50935155535 


^u 


—+b* =0, (6) 
u,v=0 05,08, 


S, ôS, 
= 2, “8x, Ox,’ 


228, ди 
ЕТ ôx; ôs, 


When sọ = 0, the initial conditions are trans- 
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formed to 


и= Q*(s;, ..., $4 1) ф(х(0, 51,...,5,-1)), 


== (51, к 550-1) 


zb (=) | = S.) 


e ду* & Ea 


_ = дз, Et dx, x 


Suppose that Q(S, 5) 0, and set 0u/0s; — q;. 
Then equation (6) added to the initial con- 
ditions u= 9*(s;, ...,5, 1), do 2 V*(s,, ..., Sk-1) 
at Sọ =0 is equivalent to the system in the 
normal form of partial differential equations of 
the first order 


ди _ да, qo, 


дао _ _ 1 k-1 үк sy 
pun ass X (3 26S " 


д 
~20(S, ss) А 
with initial conditions 
u— Q*(s,, ...,S,-1) do — V*(s,, ..., 5,1), 
4„= 09*/0s, 


when so = 0. Thus, if the coefficients are of 
class C^, the preceding theory applies to this 
equation. 


E. Continuous Dependence of Solutions on the 
Initial Values 


First, we consider the following simple exam- 
ple of a linear equation. The wave equation 


0v — 0v 

O ax? 

for v(x, t) is the simplest thyperbolic equation. 
Its solution satisfying the initial conditions 
v(x, 0) = f(x), (0v/0t)(x, 0) = g(x) is given by 


x*ct 


v(x, д/а) feces | g(A)dA. 


x-—ct 

It is obvious from this expression that if we 
regard f(x) and g(x) as elements of the tfunc- 
tion space C(R) of continuous functions of 
xeR with the topology of tuniform conver- 
gence on compact sets, then v(x, t) is deter- 
mined as the value of a linear operator from 
C(R?) to C(R?) on xt-space. If such continuous 
dependence on the initial values is established, 
or more precisely, if there is a unique solution 
for sufficiently smooth initial values that de- 
pends on the initial values continuously in a 
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suitable sense, we say that the initial value 
problem is well posed (properly posed or cor- 
rectly posed). 

Systematic research on the well-posedness 
of Cauchy problems was initiated by I. G. 
Petrovskiï, who considered the following sys- 
tem of partial differential equations, which is 
more general than differential equations of the 
normal form. (The coefficients are all assumed 
to be functions of t only.) 
ди, Q'o* i* tyny (x, t) 


nd, e. Apos tox}... xy 


t BX, ....X,.t), j=1,..., N, 


[у= ty +... Vg XH. (7) 


This has a normal form if n, = m (к= 1, ..., №). 
Now, taking the derivatives 


д nj-1 д Nu” 2 

G) u,(x, t), (2) их, t), seen 
à 

(=) u,(x, t) 


as new unknowns, we get another system: 


д": +... $V, 


+C(x,0, ј=1,...,№. (8) 


We take as the space of initial values the 
*topological linear space composed of all func- 
tions whose derivatives up to a sufficiently 
large order are bounded on the whole space R" 
and equipped with the topology determined by 
the tseminorms that are the maximums of 
derivatives up to a given order on the whole 
space, and we take as the range space a simi- 
lar space on the xt-space, where x eR" and 
0<t< T. Then we can formulate a necessary 
and sufficient condition for the well-posedness 
of the initial value problem for the future (the 
problem is regarded as specifying a mapping 
that assigns to the initial values on t=0 the 
values u(x, t) for г> 0). To give such a con- 
dition we consider the following system of 
ordinary differential equations, which are 
given by a fFourier transformation on the 
x-space of system (8): 


dà, < 
+ > P Gjke,...v, (f) 
x (2лї&)'+...(2лї&„)”"“й,(&, t) + Cj(G, t), 


j=l,...,N’. (9) 


If the tfundamental system of solutions of (9) 
is 100006, t) (i2 1, ..., №,ј=1,..., №), then the 
condition is that these functions satisfy the 
inequalities 


lP DICA O<t<T, (10) 
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where C and L are constants independent of c. 
This is the condition obtained by Petrovskii. 

If system (7) is of normal form and 15 well 
posed for the future, it is also well posed for 
the past. In this case, equation (7) is said to be 
of hyperbolic type (— 325 Partial Differential 
Equations of Hyperbolic Type). An example 
that is not of a normal form and is well posed 
is a parabolic equation (— 327 Partial Dif- 
ferential Equations of Parabolic Type). In 
Petrovskifs theory it is sufficient to assume 
that the coefficients in (7) are continuous and 
bounded, and we can take T arbitrarily large 
provided that (10) is satisfied. Hence Petrov- 
skiPs theory guarantees global existence of 
solutions. 


F. Uniqueness of Solutions 


If a linear partial differential equation of the 
first order of normal form has coefficients of 
class С°, then the solution of class C! satisfy- 
ing the prescribed initial conditions is unique 
(Holmgren's uniqueness theorem, 1901). Every 
system of partial differential equations of 
higher order of normal form can be reduced to 
a system of the first order of normal form. 
Therefore, if the coefficients are of class С°, 
there is only one solution for the original 
initial value problem with continuous partial 
derivatives up to the order of the equation. 
Moreover, if an analytic manifold S of dimen- 
sion n— 1 (n is the number of independent 
variables) is not tcharacteristic for the given 
equation of order m, there is at most one solu- 
tion whose derivatives of order up to m—1 
coincide with given functions on the manifold 
S. The proof of this fact relies on the Cauchy- 
Kovalevskaya existence theorem. 

The uniqueness problem for the initial value 
problem is in general very difficult even for 
linear equations when the coefficients are not 
of class С°. 

In particular, if the number of independent 
variables is 2 and the coefficients are all real, 
then we have a result of T. Carleman (1939) 
about the system: 


д т 
FEE ante n+ È ыи. 0D 


where the a,, are of class C? and the b,, are 
continuous. He proved that if the eigenvalues 
of the matrix (a,,) are all distinct, then even 
when some of the eigenvalues are complex, 
there is at most one solution of class C! for the 
initial value problem. If we omit the assump- 
tion about the eigenvalues, however, the theo- 
rem does not hold in general, because we have 
a counterexample due to A. Plis (1954) where 


all coefficients are of class С°, т= 2, b,,=0 
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A. P. Calderón showed that Carleman's 
result can be extended to the case п> 2 (Amer. 
J. Math., 80 (1958)). Consider the following 
linear partial differential equation of the kth 
order: 


д V a* Fu 
к, (so; SJ ao [+20 0, (12) 


where P(x, у, ё) is a homogeneous polynomial ` 
of degree j of £ = (£,, ..., Ča) with real coeffi- 
cients and B is a differential operation in (x, y) 
of order at most k — 1. We assume that the 
coefficients of Р(х, у, č) are functions of (x, y) of 
class C!, their derivatives are Hólder continu- 
ous, and the coefficients of B are bounded and 
continuous. If the characteristic equation of 
(12), 


k 
AK+ У P(x, у, €)A* 4 =0, 
ju 


has only distinct roots for £ #0, then the C*- 
solution of the Cauchy problem is unique in a 
neighborhood of x 2 a. Calderón proved this 
except for the cases k 2 4, n — 2, where a cer- 
tain topological difficulty arises. S. Mizohata 
(J. Math. Soc. Japan, 11 (1959)) succeeded in 
obtaining the proof for the exceptional cases. 

This result can be extended to systems of 
equations under similar assumptions. See L. 
Hórmander [4] for an extension to the com- 
plex coefficient case. S. Mizohata, T. Shirota, 
and H. Kumanogo discuss the uniqueness 
theorem for equations of double character- 
istics or of parabolic type. 

For nonlinear equations there are, in gen- 
eral, very few results about the global existence 
of solutions. For example, if the function F in 
equation (2) in the normal form satisfies the 
Lipschitz condition with constants А and B 
that are independent of x, then we get a global 
existence theorem. The method of proof of 
this theorem is as follows: First, we prove the 
existence for |х| <£, and sufficiently small e, 
by Picard's tsuccessive iteration method. Then 
we regard x = 2, as the hyperplane on which 
the initial values are assigned and proved the 
existence of a solution on e; <|x,|<é, and so 
on. The same method can be applied to non- 
linear systems of the first order if they are 
special types of quasilinear systems. 


G. Construction of Solutions by Asymptotic 
Expansion 


Let a(x, D) = 244.,,a,(x)D* be a linear par- 
tial differential operator of order m, with 
coefficients of class С°. We write a(x, = 
Xena 006^ = hGx, €) + h'(x, £) + ... with h 
and h' homogeneous in € of degree m and m— 
1, respectively. Let K: p(x)=0 be a regular 
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surface of codimension 1. We assume that K 
is a simple characteristic, i.e., h(x, ф„) =0 

and (0h/0¿,(x,@,.))# (0) on K. Let f(t) (j= 
0,1,...) be a sequence of functions satisfying 
df,/dt(t) =fi-, (t), j 1,2, .... Then the equation 
a(x, D)u(x) 20 has a formal solution in the 
form 


uo) ед). 


The coefficients u,(x) are obtained by solving 
successively the equations 


Li[u;] E L,[uj,.4],. f (13) 
where 
= от (х, obt- De дё, (х, Ф„)Ф»,х, 


+h'(x,@,) 


and L, (2< k<m) are differential operators of 
order k depending only on a and q. By this 
method of asymptotic expansion of solution, 
fundamental solutions and singularities of 
solutions for hyperbolic equations have been 
studied (Hadamard [5,6]; R. Courant and P. 
Lax, Proc. Nat. Acad. Sci. US, 42 (1956); Lax, 
Duke Math. J., 24 (1957); D. Ludwig, Comm. 
Pure Appl. Math., 22 (1960); S. Mizohata, J. 
Math. Kyoto Univ., 1 (1962); — 325 Partial 
Differential Equation of Hyperbolic Type). 

If a(x, D) is an operator with analytic coeffi- 
cients, this formal solution is convergent. By 
using this fact, Mizohata constructed tnull 
solutions. In fact, put fí(r) — t"*"/T(p4-m4 
D (pz9),j20,1,.... Define u(x) by u(x) 0 
for ф(х)<0 and u(x) = У, f(@(x))u;(x) for 
ф(х) 20 obtained by the preceding process. 
Then u(x) is a null solution of a(x, D)u(x) 20 
(Mizohata, J. Math. Kyoto Univ., 1 (1962)). 

The Cauchy problem in the case when the 
initial surface has characteristic points had 
been studied by J. Leray and by L. Garding, T. 
Kotake, and Leray. Let a(x, D) be a differential 
operator with holomorphic coefficients in a 
complex domain. Let S:s(x) = 0 be a regular 
surface and T' be a subvariety of codimension 
1 of S. Suppose that S is noncharacteristic 
on 5 — T, but characteristic on T. Consider 
the Cauchy problem (1) of Section A. Then 
the solution u(x) is ramified around a char- 
acteristic surface K that is tangent to S on T, 
and it can be uniformized (Leray, Bull. Soc. 
Math. France, 85 (1957); Gárding, Kotake, and 
Leray, Bull. Soc. Math. France, 92 (1964)). 

Next we consider the Cauchy problem (1) 
when the initial surface S (x, = 0) is nonchar- 
acteristic, but the initial values w,(x) (0€ К< 
m — 1) have singularities on a regular sub- 
variety T (x, =x,=0) of S. We assume that 
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h(0,£,, 1,0, ...,0)=0 has m distinct roots. Then 
there exist m characteristic surfaces K;: @,(x) = 
0 (1 <i<m) originating from T. ф(х) is ob- 
tained by solving the tHamilton-Jacobi equa- 
tion h(x, ф,) 0, Ф(0, x2, ..., x,) 2 x4. Now, if 
w (х) (0 & k m — 1) has a pole along Т, the 
Cauchy problem (1) has a unique solution in 
the form 

х) 


mus PC 


where F;(x), G;(x) (1 & ix m) and H(x) are holo- 
morphic functions in a neighborhood of x — 
0 and p, (1 <i<m) are integers > 0. In order 
to obtain this solution, we set u(x) in the form 
u(x) = Xf Lo ffe oo)u, х), where folt) ів 
a function with a pole or a logarithmic sin- 
gularity at t=0 chosen so that u(x) satisfies 
the initial conditions. Thus we can determine 
the coefficients u; ,(x) by solving successively 
the equations (13) on each K; (1 «ix m) (Y. 
Hamada, Publ. Res. Inst. Math. Sci., 5 (1969); 
C. Wagschal, J. Math. Pures Appl., 51 (1972)). 
When the multiplicity of characteristic roots is 
more than 1, the situation is not the same. For 
example, consider the Cauchy problem 


t Gi(x)log ois) + A(x), 


u(0, snes) 


D?u—D,u=0, ET 


D,u(0, x;) 20. 


The solution is 
u(x)= en (—1yn! x2"/(2n)! x5*! 


with essential singularities along х, — 0. This 
situation occurs quite generally. We factor 
h(x, £) 2 h (x, Ey ... h (x, 8), where h, (1€ i« s) 
are irreducible polynomials of degree m, in ё 
with holomorphic coefficients. We assume that 
the equation IT;-, ^,(0, €,, 1,0, ...,0) =0 has p 
distinct roots (р= m, +... + m,). Then there 
exist p characteristic surfaces K, (1 <i< p) 
originating from T. We suppose more gener- 
ally that the initial values w,(x) are multi- 
valued functions ramified around T. Then the 
Cauchy problem (1) has a unique holomorphic 
solution on the universal covering space of V 
— UR, K;, where V is a neighborhood of x —0. 
In fact, this is solved by transforming this 
problem into tintegrodifferential equations. 
Such a method of solution is closely related 

to the method discussed in this section. See 
Hamada, Leray, and Wagschal (J. Math. Pures 
Appl., 55 (1976)). In this case, even if the initial 
values have only poles, the solution in general 
may have essential singularities along |_}?_, K 
but if a(x, D) satisfies Levi’s condition (a(x, D) 
is well decomposable), the solution does not 
yield essential singularities along | }Р_, K;. See 
J. De Paris (J. Math. Pures Appl., 51 (1972)). 
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A. General Remarks 


The methods of integrating partial differential 
equations are not as simple as those for fordi- 
nary differential equations. For ordinary dif- 
ferential equations, we often obtain the desired 
solution by first finding the general solution 
containing several arbitrary constants and 
then specializing those constants to satisfy 
prescribed additional conditions. The situa- 
tion is more complicated, however, for partial 
differential equations. In the formal general 
solution of a partial differential equation we 
have arbitrary functions instead of arbitrary 
constants, and there are cases where it is im- 
possible, or very difficult, to find a suitable spe- 
cialization of these functions so that the given 
additional conditions are fulfilled. For this 
reason, methods of solution are rather specific 
and are classified according to the types of 
additional conditions. In many cases, we as- 
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sume that a problem is mathematically well 
posed, guess the possible solutions, and verify 
it directly. 

A problem is said to be mathematically well 
posed (properly posed or correctly posed) if, 
under assigned additional conditions, the 
solution (i) exists, (1) is uniquely determined, 
and (iii) depends continuously on the assigned 
data. By carefully examining problems in 
physics and engineering, we usually obtain 
many well-posed and important problems. In 
these problems, usually the data are suffi- 
ciently smooth functions. In these cases, part 
(iii) of the above definition (the continuous 
dependence of the solutions on the data) fol- 
lows often from assumptions (i) and (ii). For 
example, telliptic equations like tLaplace’s 
equation u,, + uyy= 0 for u(x, y) describe laws 
of static or stationary phenomena such as the 
field of universal gravitation, the electrostatic 
field, the magnetostatic field, the steady flow 
of incompressible fluids without vortices, and 
the steady flow of electricity or heat. For this 
equation, tboundary value problems are well 
posed, but tinitial value problems are not (— 
323 Partial Differential Equations of Elliptic 
Type). By contrast, for thyperbolic equations 
like и, — uxx = 0 for u(x, t) and tparabolic equa- 
tions like и, —u,, = 0 for u(x, t) which control 
the change (in reference to time) of the various 
stationary phenomena, initial value problems 
or mixed problems with both boundary con- 
ditions and initial conditions are well posed 
(— 325 Partial Differential Equations of Para- 
bolic Type). 

For the rest of this article we explain funda- 
mental and typical methods of integration (— 
Appendix A, Table 15). 


B. The Lagrange-Charpit Method 


For the partial differential equation of the first 
order 


F(x, у,и,р,4)=0, p- 


ме consider а system of ordinary differential 
equations called tcharacteristic differential 
equations: 


dx dy du _ —dp _ -dą 
F, F, pF,tqF, F,+pF, Fy,tqF, 


(2) 


If we obtain at least one 'integral of this sys- 
tem containing р, q, and an-arbitrary constant 
a іп the form 


G(x, y, u, p, q)—- a, (3) 


and if we find p and q from (1) and (3), then du 
—pdx--qdy is an fexact differential form, and 
by integrating it we get a solution (x, у, и, a, b) 
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=0 of (1). A solution of (1) containing two 
arbitrary constants is called a tcomplete solu- 
tion. Here, setting b= g(a) and eliminating a 
from the two equations Ф(х, у, u, a, g(a)) =0 
and 6, + 0,9'(a) 20, we obtain a solution 
involving an arbitrary function. Such a solu- 
tion is called a tgeneral solution of (1). For 
example, consider pg = 1. Since the character- 
istic differential equations are 

dx dy du —dp — dq 


q pP 2g 0 0” 
we have p= a (constant), and hence from the 
original equation we get q=a !. Then du= 
adx+a™ dy is an exact differential form, 
and by integrating it a complete solution u= 
ax+a !y-- bis obtained. A general solution 
is found by eliminating a from u- ax a ^! y+ 
g(a) and 02 x — a^? y - g'(a). 

Likewise, when we have n independent vari- 
ables x,, ..., x, in the equation 


ди 


F(x,,... ду? 


SXplbpisssp)-7 0. р (1) 
we can use the tcharacteristic differential equa- 
tions to find a complete solution and a gen- 
eral solution (the Lagrange-Charpit method; — 


82 Contact Transformations). 


C. Separation of Variables and the Principle of 
Superposition 


The simplest and most useful method is the 
separation of variables. Concerning the equa- 
tion и? +u2 = 1 in u(x, y), for example, by set- 
ting u= @(x)+ V(y) we obtain g'(x} + V'(y? = 
1 or q'(x)? =1—w'(y)’. Since the right-hand 
side is independent of x and the left-hand side 
is independent of y, both sides must be equal 
to the same constant 22. From this we get а 
(complete) solution involving two arbitrary 
constants а, p: 


u=ax+./1—a? y f. 


For linear equations, it is often effective to 
write the solution as a product u = q(x)y(y). 
From the theat equation u,=u,,, we obtain by 
this process a relation V'(y)/j(y) = 9" (x)/e(x), 
from which we get a particular solution u= 
ае"? sin у(х — a) containing a parameter v. 

Next, when the equation is linear and 
homogeneous, by forming a linear combina- 
tion of particular solutions that correspond 
to various values of a parameter v, we obtain 
a new solution (the principle of superposi- 
tion). For example, by integrating the solution 
e "" cos vx with respect to the parameter v 
between the limits —oo and oo (namely, by a 
superposition consisting of a linear combina- 
tion and a limiting process), we obtain a new 


32D 
PDEs (Methods of Integration) 


solution 


© л х? 
= | e ""cosvxdv- s ep[ -) 
|. E 4y 


(y>0, (4 


which is the tfundamental solution of the heat 
equation. This name refers to the fact that the 
function (4) can be used to obtain solutions of 
the heat equation under some initial condi- 
tions. More exactly, a solution of u, —u,, = 0 
that is a function of class C? in y 0, is con- 
tinuous in y 20, and coincides with a bounded 
continuous function ф(х) on y=0 can be ob- 
tained by a superposition of the solution (4) 


such as 
(x—¿) Эш 


u(x,y)=—— | ooa © 
Um 


The method of separation of variables ap- 
plied after a suitable transfórmation of vari- 
ables is often successful. In particular, by using 
orthogonal coordinates, tpolar coordinates, or 
tcylindrical coordinates according to the form 
of boundary, we often obtain satisfactory 
results. For example, concerning the boundary 


. value problem for Laplace's equation Au = uyy 


+u,,=0, which is smooth in the circle r? = 
x? + y? « 1 and takes the value of a given con- 
tinuous function g(0) on the circumference 

r —1, we can use polar coordinates to rewrite 
the equation in the form 


and apply the method of separation of vari- 
ables to obtain particular solutions r" cos n0, 
r"sin nO. Hence it is reasonable to suspect that 
by a superposition of these particular solutions 
we can obtain the desired solution: 


© 
u(x, y) -2+ + Y, (a,cosn0 + b, sin n8)r". 
n-l 

In fact, this series is a desired solution if the 
coefficients a,, b, can be chosen so that the 
series converges uniformly for 0 <r<1 and can 
be differentiated twice term by term for 0 &r « 
1, and if we have 


90-7 + >` (a, cos n0 + b, sin n6). 

n=1 
By virtue of the uniqueness of the solution of 
an elliptic equation, this is the unique desired 


solution. The boundary value problem in the 
preceeding paragraph is well posed. 


D. Mixed Problems 


For linear homogeneous equations of hyper- 
bolic or parabolic type, mixed problems fre- 
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quently appear, i.e., problems in which both 
initial and boundary conditions are assigned. 
These problems are, furthermore, classified 
into two types. 

For the first type, homogeneous boundary 
conditions are assigned. For example, in vibra- 
tion problems of a nonhomogeneous string 
between 0 < x <], we must find the solution of 
the equation 


(Т(х)и,). = ри, 


satisfying an initial condition u= f(x), и, = g(x) 
for t= 0, under homogeneous boundary con- 
ditions: (i) u=0 for x 20 and x=! in the case 
of two fixed ends; (ii) и, 20 for x 20 and x «1 
in the case of two free ends; (iii) — u, + Cou = 
0 for x =0, апаи, Ро, и=0 for x=] (a) 0, 
в, 70), where the two ends are tied elastically 
to the fixed points; (iv) T(0)u(0) = T(I)u(l), 
T(0)u'(0) = T(I)u'(l) (periodicity condition); 

(v) и, и are finite at x=0 and х= І (regularity 
condition). 

The method of separation of variables is 
applicable to problems of this type also. For 
example, suppose that we have two fixed ends. 
Disregarding the initial condition for a while, 
we find a particular solution fulfilling only 
the boundary condition by setting u(x, t) - 
y(x)expivt. Here, у(х) must satisfy 


(Т(х)у) +у2р(х)у= 0,  y(0)— y()—0. (5) 


Except when the solution is trivial (1.е., u(x, t) 
= 0), у(х) #0 must hold. But in the special 
case T(x)= 1, р(х) = 1, l= л, the values of v for 
which functions of this kind exist are only 
1,2, 3, ... (the corresponding у(х) is sin vx). 
Also, in more general cases, nontrivial solu- 
tions y(x) exist only for some discrete values 
of v. These v are called teigenvalues of (5), and 
the corresponding solutions y(x) are called 
teigenfunctions for the eigenvalues v. That is, 
the desired particular solution can be obtained 
by solving the feigenvalue problem (5). Again, 
when Т(х)= р(х) = 1, [= п, particular solutions 
are sinnxexpint, sinnxexp(— int) (n— 1,2, ...). 
We consider 


oo 
u(x,t)= У (a,cosnt + b, sin nt)sin nx, (6) 
n=1 


which is obtained by a superposition of these 
particular solutions. If we can determine the 

coefficients a,, b, so that this series converges 
uniformly and is twice differentiable term by 

term, and 


oo 


>` nb, sin nx, 


n=1 


x- Ya, sinnx, g(x)= 


then the series (6) 1s a solution of the mixed 
problem in question. If the uniqueness of the 
solution of the mixed problem is proved, it is 
not necessary to look for any solution other 
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than the one obtained by combining the 
method of separation of variables and the 
principle of superposition. 

Furthermore, the method described in this 
section is applicable to solving the following 
nonhomogeneous equation, which charac- 
terizes the motion of a string under the in- 
fluence of an external force f(x, t): 


х= font) (7) 


under the boundary condition for the first type 
of mixed problem and the initial condition u= 
u,=0 for t =0. In this case, we expand the 
unknown и and the function f(x, t) in terms of 
the system of eigenfunctions {sinnx}, and by 
substituting 


Uy — Uy, 


oo 
u= У a,(t)sin nx, 


n=1 


f(x,t)= y A,(t)sin nx 
n=1 


into (7), we reduce the problem to determining 
a,(t) (n=1,2,...). When the external force 
varies with a harmonic oscillation over time as 
in f(x, t) = — ф(х)ехр( — iot), a similar method 
can be applied by setting u = v(x)exp( — iot). 
For mixed problems of the second type, the 
homogeneous initial condition и =: 0, и, = 0 for 
t=0 is assigned, but the boundary condition 
is nonhomogeneous. For example, when an 
oscillating string is at rest until t= 0, and for t 
> 0 its right end is fixed and its left end moves 
subject to an assigned rule, the behavior of the 
string is described by the solution of u,,—u,, = 
0 under the boundary condition u(0, t) = f(t), 
u(l, t) 2 0 (t > 0). This is called a transient prob- 
lem. If we now choose an arbitrary function 
B(x, t) that fulfills all the boundarv and initial 
conditions, and if we set и — B(x, t) = v(x,t) and 


В„„— В, = f(x, t), then v satisfies 
vUQ—v,,— f(x,t) fort>0 
with v=v,=0 for t=0; v=0 for x:=0 and x=]. 


Then v(x, t) describes the oscillation of a string 
that is at rest until t = 0 and moves under the 
effect of an external force represented by f(x, t) 
for t> 0. Problems of this kind often appear in 
electrical engineering. 

Such problems can be reduced to problems 
of the first type in the manner described in the 
previous paragraph, but there are some direct 
methods that are more effective, the first being 
Duhamel's method. Consider the case where 
S(t) is the unit impulse function: 


1, t0, 
t)— 
fe i t «Q0, 


and let U(x, t) be a solution corresponding to 
this case and vanishing for t <0, x >0. Then a 
solution corresponding to the general case is 
given by 


|12 : U(x, t—1) f(t) dt. 
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The second method is based on application 
of the tLaplace transformation. Denoting the 
Laplace transform of a solution u(x, t) by 


Г uer 7090), 
p 


0 


we multiply both sides of u, —u,, — 0 by e P 
and integrate the result with respect to t from 
0 to оо. Then, taking account of the initial 
condition, we have 


0. —p^v—0 


with the boundary condition 
v(0, p=o[ f(t)e "dt,  v(l,p)—0. 
0 


If for p=a+iB (а> ау) we can find a solution 
v(x, p) of this boundary value problem for the 
ordinary differential equation, then the desired 
solution is given by 


1 ; 
u(x, === | n on dp, 
L 


where L is a path in х> a parallel to the 
imaginary axis. This is called the Bromwich 
integral. 


E. Green's Formula and Application of 
Fundamental Solutions 


Given a linear partial differential operator 
L{u] =)\a,(x)D?u, p=(P1 pores Pn), 
p 


D? =GP1 tP /0xP ... х, 
we call the operator 


L*[v] => (1) t * "D'(a,(x)v) 


the adjoint operator of L, and the operator 


'L[»] 3 Y. (- 1): * 7 * ^D^(a,(x)o) 


the transposed operator of L. Sometimes 'L is 
also called the adjoint operator of L. In the 
complex Hilbert space, the adjoint operators 
are more appropriate than the transposed 
operators. In this case, the operator L* defined 
above is usually called the formal adjoint oper- 
ator to distinguish it from the one defined by 


(L[u], v)  (u, L*[v]) for all ue D(L), 


D(L) being the domain of the definition of 
L (— 251 Linear Operators). These trans- 
posed or adjoint operators are often used to 
represent (at least locally) the solutions u of 
L(u]- f. 

We explain in more detail the specific case 
where the number of independent variables is 


322 E 
PDEs (Methods of Integration) 


2. For the linear odas differential den 


L(u)— A(x, y =e 2B(x, у=. + C(x, = 


+ D(x, yet = + EG, у= ЕЦ, yu 


and its adjoint partial differential operator 
m Ə2(Bo) 0?(Cv) 
x? дхду ду? 


до) (Ед), 
ax дд” 


M(v)= 


we have tGreen’s formula: 


| (vL(u) — uM (v)) dx dy 
D 


_ ôx ду 
= -| (re o2 )as (8) 


P —v(Au, + Bu,} —u{(Av), + (Bv),} + Duv, 
=v{Bu,+Cu,} —u{(Bv),+(Cv),}+Euv, (9) 


and др denotes the boundary curve of the 
domain D, n the internal normal of др at a 
point of 2р, and s the arc length. 

We can apply this formula for solving a 
nonhomogeneous equation L(u) = f as follows. 
Assume that there exists a solution of L(u) = f 
satisfying the assigned additional condition, 
and choose a tfundamental solution of M(v) = 
0 having an adequate singularity at a point 
(хо, yo) of D and fulfilling a suitable boundary 
condition. Then, if we substitute these solu- 
tions u and v into (8), we obtain an explicit 
representation of u(xo, yo). If we can verify that 
the function u(x, y) thus obtained is a solution 
of L(u) = f fulfilling the assigned additional 
conditions, then we see, under the assumption 
of uniqueness of solutions, that this and only 
this function u(x, y) is the desired solution. For 
example, consider a boundary problem for 

2 2u 2 2 
Lu)= i+ = 3» for which маза. 
The problem 15, for а circle of radius r with 
center at the origin, to find a function u(x, y) 
that is continuous in the interior and on the 
circumference C, of the circle, and that satis- 
fies L(u)— f in the interior of the circle ( f is 
bounded and continuous in the interior of the 
circle) and is equal to a given continuous 
function g on the circumference C,. In this 
case, we consider the circumference K, of 
sufficiently small radius e with center (xo, yo) 
contained in the interior of the first circle, and 
set 


v(x, y)=(1/2n)log 1/p + h(x, y), 
p=((x—xo)* +(у— y9?)'^. (10) 
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We apply formula (8) to the domain D, en- 
closed by the circumferences K, and C,. If, 

in (10), h satisfies M(v) = 0 in the interior of the 
circle enclosed by C, and vanishes on C,, then 
we get 


|| ло | оиа) gv ds. 
D, К, C, 


By letting £ tend to zero, the first term on the 
right-hand side yields 


— u(Xo, yo), 


by the logarithmic singularity of v at the point 
(Xo, yo). Therefore we have an explicit repre- 
sentation of u, 


8) a= || vfdsdy, (11) 
C, x2-y?«r? 


and it is easily verified that this is the desired 
solution. 

As stated in the previous paragraph, to 
apply Green's formula it is necessary to find a 
solution v of M (r) 2 0 possessing a fundamen- 
tal singularity as the logarithmic singularity, 
i.e., a so-called fundamental solution. As fun- 
damental singularities for 

Ov д?р Ov д?р 
M(vr)2—-—— and M(v)= 
ду Ox? oy, dx? 


of parabolic type and of hyperbolic type, we 
must take those given respectively by 


v(x, y) 


(x — хо)? 
° > Y> уо, 


1 
z xoc 4(y — yo) 


0, у<уо, 


апа 


v(x y= 1/2, |x — Xo] € Y — уо, 
I 0, |x-xol2 y—yo 


(— 323 Partial Differential Equations of Ellip- 
tic Type; 325 Partial Differential Equations of 
Hyperbolic Type; 327 Partial Differential 
Equations of Parabolic Type). 
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A. General Remarks 


Suppose that we are given a 1іпеаг second- 
order partial differential equation 


2 
L[u]z 2 а(х) —— сн & Y ho) aede )и 


дх,дх, 
= f(x), (1) 
., Xn), dj 


where x =(x,,.. , G = а. If the quadratic 
form Xaj£;6; in € is о definite at every 
point x of a domain G, this equation (or the 
operator L) is said to be elliptic (or of elliptic 
type) іп G. For n=2, a,,(x)a;4(x) - (a4,(x))? > 
O is the condition of ellipticity. In this case, 

by a change of independent variables, the 
equation is transformed locally into the canon- 
ical form 

д?и 


д?и 
de que (x, = 


ax? ду? “+ уус" 


tex, y)u 


= f(x, y). 


The operator X7. , 02/0x2, denoted by A, is 
called Laplace's operator (or the Laplacian). 
The simplest examples of clliptic equations are 
Au — O0 (Laplace's differential equation) and 

Au — f(x) (Poisson's differential equation) (— 
Appendix A, Table 15). 


B. Fundamental Solutions 


Let K be the n-dimensional ball with radius R, 
center xo, boundary О (an (n — 1)-dimensional 
sphere), and area S,, and let r be the distance 
from x, to x. Then for any function u(x) of 
class C? we have 


буз акы ss 
Meus уБ, 


x | (r2 "— R? ")Audx 
K 


for n> 2, 


1 1 R 
iso | uso | log Audx 


for n=2. 
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Thus, if u is a solution of Poisson's equation 
Ли = f(x), we have a representation of u(xo) by 
replacing Au by f in the integrals just given. 
Next, concerning the solutions of the equation 
Au + cu =0 (c 0, constant), the following 
relation holds: 


il) | ads EP (К/с) 
S, о 


(R./ce/2y” 


where Г is the fgamma function, и =(n—2)/2, 
and J, is the *Bessel function of order v. 
Now, if we put 


n 1-n/2 
PE - 22) =",  n23, 
i=1 


u(xo), 


V(x, ё) = š "^ А 
Тр (x; — 22 -log-, n=2, 
i-i 


then the function u(x) defined by 
1 
u(x)= -+f V(x, f(5)46, 
On JG 


n2” —2 
Г(п/2) 


O, = 20 


represents a tparticular solution of Au= f(x), 
where V(x, £) as a function of the variables x 
satisfies AV(x, 2) - 0 except at x= š. 

Consider now the more general case (1). А 
function E(x, £) is called a fundamental solution 
(or elementary solution) of (1) or of L if 


uo | E(x, f (4€ 
G 


provides a solution of (1) for any f(x)e C? 
with compact support. А fundamental solution 
E(x, Ë) is a solution of the equation L[E]=0 
having a singularity at x= of the form 
о/а) r^^" (п >3) or o;' alé) logr 
(n— 2), where a(£) = det(a?(£)) and r= 

(Za (2) — £) x £9)'? and (a?) is the 
inverse matrix of (a;;). 

Roughly, there are three different methods 
of constructing fundamental solutions. The 
first and most general is to use pseudodif- 
ferential operators (— 345 Pseudodifferential 
Operators). The second is that of J. Hadamard 
[1], which uses the geodesic distance between 
two points x and £ with respect to the Rie- 
mannian metric > a" (x) dx;dx;. This is impor- 
tant in applications of elliptic equations to 
geometry. The third method is due to E. E. 
Levi [2] and is as follows: Let 


r^, n>3, 


= ч logt п=2. 


To obtain а solution of L[u] = f(x) we set 


u= | V(x,2)@(¿),/ a(S) а. 
G 
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Writing L[V(x, £)] = x(x, č), we obtain the 
following tintegral equation of Fredholm type 
in ф(х): 


oo) f x(x, Jol) а(с) jae =— fl) 


If we denote the tresolvent of this canon by 
x(x, č) and put 


у(х, č) = V(x, é) — 0, | V(x, eG. č) vV а(&”) dé, 
G 
then E(x, 8) = — y(x, ё), / a(£)/o, is seen to 


be a fundamental solution of L. Thus Levi's 
method enables us to construct a fundamental 
solution locally by successive approximation, 
because the integral equation in ф as above 
has a unique solution expressible by Neumann 
series if the domain G is small enough (— 189 
Green's Operator). 


C. The Dirichlet Problem 


Let G be a bounded domain with boundary Г. 
We call the problem of finding a solution и 

of the given elliptic equation in G that is con- 
tinuous on GUT and takes the assigned con- 
tinuous boundary values on T the first bound- 
ary value problem (or Dirichlet problem). In 
particular, the Dirichlet problem for Au=0 
has been studied in detail (— 120 Dirichlet 
Problem). 

If c(x) <0 and f(x) <0 or if c(x) <0 and 
f(x) «O0 in (1), a solution u does not attain its 
local negative minimum in G. This is called 
the strong maximum principle (— [3,4] for 
Hopf's maximum principle and Giraud's theo- 
rem). The maximum principle is one of the 
most powerful tools available for the treat- 
ment of elliptic equations of the second order 
with real coefficients. From this it follows that 
the solution of the Dirichlet problem for (1) is 
unique if c(x) « 0. Furthermore, concerning the 
uniqueness of the solution, we have the follow- 
ing criterion: If there exists a function o(x)> 
0 of class C? in G and continuous on GUT 
such that L[œ(x)] < 0, then the solution of the 
Dirichlet problem is unique. 

Let G be a tregular domain in the plane. If 
we denote tGreen’s function of A relative to 
the Dirichlet problem in G by K(x, y; 6, }), then 
the solution u of Ли = f(x, y) vanishing on Г is 
given by 


. 1 
u(x,y)= - |, K(x, у; & 1f (5,1) dé dn, 


where f(x, y) satisfies a 'Hólder condition. 
The Dirichlet P for 


ди 
E bbs J)-— 


Ци]= Au * a(x, у= бу 


+с(х, y)u 


= f(x, y) 
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with prescribed boundary values reduces to 
the problem in the previous paragraph. In fact, 
let h(x, y) be a function that coincides with the 
prescribed boundary value on Г. Then if we 
put u= h(x, y) + v, the problem is reduced to 
finding a solution v satisfying an equation 
similar to the one for L[u] (replacing f by 

f — L[A]) and vanishing on Г. Now suppose 
that Г consists of a finite number of tJor- 

dan curves whose ‘curvatures vary continu- 
ously, a and b are continuously differentiable, 
and c and f satisfy Hólder conditions. Let 
K(x, y; ё, п) be Green's function for the Diri- 
chlet problem relative to A. To find a solution 
of L[u] = f vanishing on Г we set 


1 
лс 


Then р 15 a solution of the integral equation 
p(x, y) + || H(x, y, S )р(&, nde dn = f(x, y), 
G 


where H(x, у, ¿,n)=(—1/2z) (а(х, y) К ,(x, y; 
¿,n)+b(x,y)K,(x,y;¿,n) + eG y) K(x, y; 6 n))- 
Therefore we have the following alternatives: 
Either L[u]= f has a unique solution for any 
f and any given boundary values on Г, or 
L[u] 20 has nontrivial solutions vanishing on 
Г (in this case the number of linearly indepen- 
dent solutions is finite). 

More general equations of type (1) have 
been studied by J. Schauder and others. 
Schauder proved, first, that when the b,(x) and 
c(x) are zero, a;(x) and f(x) satisfy Hólder 
conditions, and the boundary Г of G is of class 
C2 then there exists a unique solution u(x) 
vanishing on Г. Next, when the b,(x) and c(x) 
are continuous and a,, and f satisfy Holder 
conditions, he showed the following alterna- 
tives: Either L[u] = f admits a unique solution 
vanishing on T for every f, or L[u] =0 has 
nontrivial solutions vanishing on Г (in this 
case, the number of linearly independent solu- 
tions is finite). 

In (1), suppose that a;;, b;, and c are Holder 
continuous of exponent a (0<«< 1) uniformly 
on G and that Г is of class C***. Then we have 
the following inequality (Schauder's estimate) 
for any ue C?**(G): 


[ullo c4 SK, (UL Iu] lagt l5 «4 r) 
t Kilullo.s. (2) 


where ||: ||, ѕ stands for the norm in the func- 
tion space C*(S) (— 168 Function Spaces). K, 
and K, are positive constants depending on L, 
G, and « but independent of u. More precisely, 
K, depends only on the ellipticity constant A 
of L defined as the smallest number > 1 such 
that 


A MP SY ах) ё <А (3) 
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for any (x, čje G x R". The inequality (2) is one 
of the most important a priori estimates in the 
theory of elliptic equations [5,6] (— inequality 
(9) in Section H). 


D. Quasilinear Partial Differential Equations 


Consider the second-order partial differential 
equation in u(x,, ..., Xy): 


F(xi,-..., Xps Uy ру, o Pns Pits «++ Pijs «++» Pan) = 9, 


where p,= Ou/óx;, р = 02u/0x;0x;. If, for a 
solution u(x), 27 ;-, (6F/0p;)6;6; is a positive 
definite form, we say that the equation is ellip- 
tic at u(x). Moreover, if for any values of u, p;, 
pi; this quadratic form is positive definite, we 
say simply that the equation is of elliptic type. 
The equation is called quasilinear if F is linear 
in pj. For example, the equation of tminimal 
surfaces (— 334 Plateau's Problern) 


(1+ p3)pii —2piPaoDi5 T (0) + p1)p22 =0 
is a quasilinear elliptic equation. Furthermore, 
Au = f(x, y, Uu, us, uy) 


is also elliptic. E. Picard solved this equation 
by the method of successive approximation [7]. 
Specifically, let h(x, y) be the tharmonic func- 
tion taking the assigned boundary values on Г. 
Starting from ио(х, y) = h(x, y), we define the 
functions u,(x, y) successively as the solutions 
of 


Au, f(x, У,и,-1, ди„-1/0х, ди„-1/ду), 


coinciding with h on Г. Let K(x, y; £, n) be 
Green's function in G and in the region de- 
fined by |u—h(x, y < A, |p - h,| x B, |a— 
h,| < B, (x, y)e G, and let the supremum of 

| f(x, у, и, p, q)| be C. Assume now that 


ë 
sil К4ёаң <А, sff IK,ld¿ dn <B, 
22 J JG 2n J Jo 


C 
= K | de dn <В, 
= ||! ,Idé dy 


and that f satisfies a Hólder condition in (x, y). 
Moreover, let 


(x, У, и, р, q')— f(x, y, u, p, 4) 
«€ L|u—w|- L'(Jp' — pl *-|a' —4l). 


Assume finally that 


|| (LK +L(\K,|+|K,)))dé dn <y<1. 
G 


Under these assumptions, {u,(x, y)} is uni- 
formly convergent, and the limit u(x, y) coin- 
ciding with h(x, y) on Г satisfies 


Au= f(x, у, и, ди/дх, ди/ду). 
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Furthermore, it is known that the solution is 
unique within the region mentioned above. 
This method can be applied when G is small 
and the values of h, and h, are limited. 

When f does not contain p and q, the fol- 
lowing method is known. Let w(x, y) and 
@(x, y) both be continuous on GUT and of 
class C? in G. Suppose that f(x, у, и) satisfies а 
Holder condition in w(x, y) <u € б(х, y), and 
that 


Aw > f(x, y,a(x,y)), A< f(x, y,@(x, у)). 


Then, given a continuous function g on Г such 
that o x g < o, there exists a unique solution u 
of Au = f(x, у, и) such that 


ox, y) € u(x, y) € (х, y) in G, 
u(x, y) - o on Г. 
Finally, consider the equation 
Ou д?и д?и 


+2В С = 
ду? 


А 0, 
дх? дхду 


where A, B, and C are functions of x, y, u, p, q 
and AC — B? > 0. Under the following condi- 
tions, there exists a solution of the Dirichlet 
problem: A, B, C are of class C?, and their 
derivatives of order 2 always satisfy Hólder 
conditions; G is tconvex; and the boundary 
value ф along Г considered as a curve in xyu- 
space represented by the parameter of arc 
length is of class C?** (z 0). Moreover, any 
plane having 3 common points with this curve 
has slope less than a fixed number A. The 
proof of this theorem is carried out in the 
following way: For any function u satisfying 


lues y|smax|lel  Iuls^ |u| <A, 


replacing и, p, q by u(x, у), u,(x, y), u,(x, y), 
respectively, in A, B, and C, we have the linear 
— in p: 
Парк DB оу + СЇ 152-0 
We сап obtain the solution р taking the 
boundary value ф on Г. Thus we have а 
mapping ир. Applying the tfixed-point 
theorem in function space to this mapping, we 
have the desired solution v(x, y) = u(x, y). 
Concerning the Dirichlet problem for the 
second-order semilinear elliptic partial dif- 
ferential ind 


ди ди 
Esse) 


xe ay) 

a work by M. Ns (Osaka Math. J., 6 

(1954)) establishes a general existence theorem. 
For the general nonlinear equation 


F(xi, Xp, SoDoPii e oPij vee Dua) = 0, 
if X(0F/0p;) 5,6; 0, F, «0, the solution of the 
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Dirichlet problem for this equation is unique. 
Even when F, <0 does not hold, the conclu- 
sion remains the same if we can reduce the 
equation to this case by a suitable change of 
variables. 

Quasilinear equations in divergence form 


n @ Qu ди 
> ах, =, =) 


=/(хь х=... 3! (4) 


OX, 


or more generally, any quasilinear elliptic 
equation 


Y Е eer ди Qu N д?и 
ыз INO 'дх,' 'дх„/дцдх, 


=f Mg oe ди (5) 
Pa: > 'üx, x, , 


and even quasilinear elliptic systems have been 
treated in detail in several recent works [8,9]. 
J. Serrin [10] treated the Dirichlet problem 
and established the existence and the unique- 
ness of solutions for some classes of equations 
of type (5) containing the minimal surface 
equation. His method is to estimate the maxi- 
mum norms of u and of its first derivatives, to 
apply a result of O. A. Ladyzhenskaya and N. 
N. Ural'tseva [9] and the Schauder estimate 
(2), and finally to use the Leray-Schauder 
fixed-point theorem [117]. 


E. Relation to the Calculus of Variations 


Consider the bilinear form 


Qu ди 
Hn b EM Óx, 6x, 


-2Y һо) a +c(x)u? + 27 wou) dx, 


where we assume У а; (х), > 0. Under the 
boundary conditions imposed on u, if there 
exists a function u that makes J minimum, 
then assuming some differentiability condi- 
tion on а„(х), b,(x), c(x), we have the tEuler- 
Lagrange equation 


д ди 
Ух, (хаах) 


Ј 


-(«- Lax sh) )u—fls)=0 


which is a linear second-order self-adjoint 
elliptic equation. 

B. Riemann treated the simplest case, where 
а(х) = ô}, b(x) = c(x) = 0, i.e., the case Au — 0. 
He proved, assuming the existence of the mini- 
mum of J, the existence of the solution of Ли = 
0 with assigned boundary values. This result, 
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called Dirichlet's principle, was used by D. 
Hilbert, R. Courant, H. Weyl, O. Nikodym, 
and others to show the existence of solutions 
for linear self-adjoint elliptic equations. 

If F(x,,..., X4,1, Py, ..., Pn) satisfies 
X (C^ F/0p;Op)£;£,7 0 (and F has some regu- 
larity), then the function that minimizes the 
integral 


ди ди 
J=] F| Xi., Xp um, c... dx,, ...,dx, 
ë Ox, Ox, 


with the given boundary condition satisfies the 
Euler-Lagrange equation (of type (4)) 


+9 к TE 


(р; = 0u/Ox;) and the boundary condition as 
well. This is also an elliptic partial differential 
equation in u. The case where F is a function 
of p alone (in particular, the case of tmini- 
mal surfaces) has been studied by A. Haar, T. 
Radó, J. Serrin, and others, particularly for 

=(1 +p? +... + p2))? in the case of the mini- 
mal surface equation. 


» m 


n 
2: ы = дх 


i,j71 


F. The Second and Third Boundary Value 
Problems 


Let G be a domain in R" with a smooth 
boundary consisting of a finite number of 
hypersurfaces. Also, let B[u] be the boundary 
operator defined by 


ди 
В[и]=а-—+ Ви, (б) 
ду 


where а=(7—,(2ў-1 ajjcos(voxj))^)'?, vo is the 
outer normal of unit length at the point xe S, 
and v is the conormal defined by 


n 
cos(vxj) = 2 ay cos(voxj/a, i=1,...,n. 


The problem of finding the solution u(x) of the 
equation L[u]= f continuous on the closed 
domain G and satisfying B[u]=@ on the 
boundary S of G is called the second boundary 
value problem (or Neumann problem) when 

f =0, and the third boundary value problem 
(or Robin problem) when f! 0. In general, in 
boundary value problems, the condition that 
the solutions must satisfy at the boundary is 
called the boundary condition. We assume that 
the boundary S of G is expressed locally by a 
function with *Hólder continuous first deriva- 
tives (G is then called a domain of class С’). 
Assume that G is such a domain, c <0, 82:0, 
and at least one of c and fi is not identically 0. 
Then the second and third boundary value 
problems admit one and only one solution. 
When c=0 and B = 0, the solutions of the 
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second boundary value problem are deter- 
mined uniquely up to additive constants. Fur- 
thermore, let M be the tadjoint operator of L, 
and let 


B'[v] = a24 (B—b)v, 


where 


да 


=Y costs һ -È =] 


Then if the boundary S of G is of class С! and 
f. ф are continuous, in order that there exist 
at least one solution u of the second or third 
boundary value problem relative to L[u] =f, it 
is necessary and sufficient that 


| hax- qQvdS =0, 
G S 


where v is any solution of M [v] =0 with the 
boundary condition B'[v]=0. Here the neces- 
sity is easily derived from Green’s formula. G. 
Giraud used the notion of fundamental solu- 
tion to reduce the second and third boundary 
value problems relative to L[u] — f to a prob- 
lem of integral equations, under the assump- 
tions that G is a domain of class C!, the co- 
efficients of L and f satisfy Holder conditions, 
and o and f are continuous [3; also 12]. 


G. Method of Orthogonal Projection 


The theory of tHilbert spaces is applicable to 
the boundary value problems in Section F. In 
general, let H"(G) be the space of functions in 
L,(G) whose partial derivatives in the sense of 
tdistributions up to order m belong to L(G). 
For elements f and g in H"(G), we define the 
following inner product: 


(fg), = > | D*f(x)D* g(x) dx, 
ај &m JG 
where 
o 
D'z—— ————, l|=% t... tan 


Oxf}... Ox 


(— 168 Function Spaces). With respect to this 
inner product, H"(G) is a Hilbert space. When 
и satisfies L[u] — f (f € L;(G)) and ф(х) is an 
arbitrary element of Н!(С), Green's formula 
yields 


emn) nn) 


Qu _ 
неон | a @dS = 
s ду 


where b;(x)= b(x) = —>;(@a,;/0x;). Taking 


account of the boundary condition on u: 


(f. Ф). 
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ади/ду + Bu = 0, we get 


ди дф ‚ ди 
(шә 29) уб дх, о) (си, 9) 


ef Вифа$ = —(}, 9). 
S 


Thus the problem is reduced to finding u(x)e 


H' (G) satisfying this equation for all фє H! (G). 


This equation can be regarded as an equation 
in H! (G). If necessary, by replacing c(x) by 
c(x) — t for a large t, we can show that for any 
f(x)e L,(G), there exists a unique solution 
u(x)e H! (G) [12, 13]. Now, for a solution of 
this functional equation, if we take ф(х)є 
GG), we have (u, L*[ @])= (f, 9), where L* is 
the tadjoint operator of L. This means that 
u(x) is a solution of L[u] = f in the sense of 
distributions, and we call such a u(x) a weak 
solution. Such a treatment may be called the 
method of orthogonal projection, following 
Weyl. In this case, it can be shown that if we 
assume smoothness of the coefficients, the 
boundary S, and £, then the solution u(x)e 
H'(G) belongs to H**?(G) when f(x)e H*(G) 
(s —0, 1,...). Thus, if we apply Green's for- 
mula, we can see that u satisfies the boundary 
condition a Qu/Ov + Ви = 0. In particular, when 
s> n/2, we see that u(x)e C?(G) by tSobolev’s 
theorem [12]. In other words, u(x) is a gen- 
uine solution. 

Next, we introduce the complex parameter 
À and consider the boundary value problem 
(L+ AD[u]= f, fe L;(G), ади/ду + Bu =0. If t 
is large, (L — tI) is a one-to-one mapping from 
the domain 2(1) = (ue H?(G)|a0u/0v + Bu — 0] 
onto L,(G). Thus, denoting its inverse, which 
acts on the equation from the left, by G,, we 
have 


Gc (4*06G)[u] - Gf. 


Conversely, since the solution u(x) contained 
in L,(G) (hence also contained in 2(L)) satis- 
fies the equation and the boundary condition, 
the problem is reduced to the displayed equa- 
tion in L,(G) considered above. Now, since G 
is bounded and G, is a continuous mapping 
from L,(G) into H?(G), Rellich’s theorem yields 
that G, is a tcompact operator when it is re- 
garded as an operator in L,(G). So we can 
apply the tRiesz-Schauder theorem (— 189 
Green's Operator). - 


H. Elliptic Equations of Higher Order 
The differential operator of order m: 


gel 
L= Y a(x)D,  D*==— ——— 
la] m Óxp ...дха" 


[а[ 2a, +... + 8, 
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is called an elliptic operator if 7, -, a (x) #0 
(£ 40). In particular, if 


Re Y а(х) 1", с>0, 

lal=m 
L is called a strongly elliptic operator. In this 
case, m is even. L. Garding studied the Diri- 
chlet problem for strongly elliptic operators 
[14]. If we put m= 2b, the boundary value 
condition is stated as 0/u/dv/ = f(x) (j —0, 1, 
...,b — 1), where v is the normal of unit length 
at the boundary. Using the notion of function 
space, this boundary condition means that 
the solutions belong to the closure H^(G) of 
AG) in H*(G) (— 168 Function Spaces). In 
this treatment, Gárding's inequality 


(—1)’Re(L[u], и) 2 0114118 —cllull’, 
ueH'(G) (7) 


where ó and c are positive constants, plays an 
important role. 

In general, for an eiliptic operator L defined 
in an open set G, if u(x) satisfies L[u] — f(x) 
and f(x) belongs to H° on any compact set in 
G, then u(x) belongs to H"** on every compact 
set in G (Friedrich's theorem [15]). 

General boundary value problems for elliptic 
equations of higher order have been consid- 
ered by S. Agmon, A. Douglis, and L. Niren- 
berg [16], M. Schechter [17], and others. 
These problems are formulated as follows: 


L[w]-f(x. B(x, Р)и(х) = ф(х), 
xe$, j=1,2,...,b(=m/2), (8) 


where the B,(x, D) are differential operators 
at the boundary and f and (9j) are given 
functions. Under certain algebraic conditions 
(Shapiro-Lopatinskii conditions) on (L, {B;}), 
the problems are treated also in H"(G); hence 
the L? a priori estimates play a fundamental 
role: If ue H"(G), 


b 
luz], < K(] Lu] + 2. 1Bjulm-m,-(12,5 + и), 
(9) 


where К is a constant determined by (L, B;, G), 
||: ll, s is the norm in H*(S), and т, are the 
orders of B; (compare (9) with (2)). Under these 
estimates the boundary value problem is said 
to be coercive. In applications, the theory of 
interpolation of function spaces are also used 
[18] (— 168 Function Spaces). Variational 
general boundary value problems have been 
treated by D. Fujiwara and N. Shimakura (J. 
Math. Pures Appl., 49 (1970)) and others. For 
systems of such equations, there are works by 
F. E. Browder (Ann. math. studies 33, Prince- 
ton Univ. Press, 1954, 15—51) and others. 
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I. Analyticity of Solutions 


In a linear elliptic equation Lu — f, suppose 
that all the-coefficients and f are of class С° 
(resp. real analytic) in an open set G and that u 
is a distribution solution in G. Then u is also of 
class С° (resp. real analytic) in С [19]. Hence 
the linear elliptic operators are hypoelliptic 
(resp. analytically hypoelliptic) (— 112 Dif- 
ferential Operators). In particular, tharmonic 
functions (i.e., solutions of Au — 0) are (real) 
analytic in the domain of existence, whatever 
the boundary values may be. 

Hilbert conjectured that when F(x, y, и, p, 
q,r,s,t) (D=P1,4= Pr, =P11,8=P125t= P22) 
is analytic in the arguments, then any solu- 
tion u of the elliptic equation F =0 is analytic 
on the domain of existence (1900, Hilbert's 
19th problem; — 196 Hilbert). This conjec- 
ture was proved by S. Bernshtein, Rado, and 
others, and then H. Lewy proposed a method 
of extending this equation to a complex do- 
main so that it can be regarded as a thyper- 
bolic equation (Math. Ann., 101 (1929)). This 
result was further extended by I. G. Petrovskii 
to a general system of nonlinear differential 
equations of elliptic type (Mat. Sb., 5 (47), 
(1939)). 


J. The Unique Continuation Theorem 


Since all the solutions of Laplace's equa- 

tion Au == 0 are analytic, it follows that if u(x) 
vanishes on an open set in a domain, then 
u(x) vanishes identically in this domain. This 
unique continuation theorem can be extended to 
linear elliptic partial differential equations with 
analytic coefficients in view of the analyticity 
of solutions. This fact is also proved by apply- 
ing *Holmgren's uniqueness theorem (— 321 
Partial Differential Equations (Initial Value 
Problems)). The unique continuation theorem, 
first established by T. Carleman for second- 
order elliptic partial differential equations 
L[u]=0 with C!-coefficients in the case of 
two independent variables, was extended to 
second-order linear elliptic equations with C?- 
coefficients in the case of any number of inde- 
pendent variables by C. Müller, E. Heinz, 

and finally by N. Aronszajn [20]. This re- 
search was extended by A. P. Calderón [21] 
and others in the direction of establishing the 
uniqueness of the Cauchy problem. However, 
it is to be remarked that even if we assume 
that the coefficients are of class С°, we cannot 
affirm the unique continuation property for 
general elliptic equations. À counterexample 
was given by A. Pli$ (Comm. Pure Appl. Math., 
14 (1961)). See also the work of K. Watanabe 
(Tohoku Math J., 23 (1971)). 
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K. Elliptic Pseudodifferential Operators and 
the Index 


A pseudodifferential operator P(x, D) with 
symbol р(х, ё)є 50; (— 345 Pseudodifferential 
Operators) is said to be elliptic, provided there 
exists a positive constant c such that |p(x, 2)| > 
c(1 - |&|)" for all xeR" and |£| zc !. The no- 
tion of ellipticity can be extended to oper- 
ators on a manifold. The theory of elliptic 
pseudodifferential operators has been widely 
applied to the study of elliptic differential 
equations, and is particularly useful in the 
calculation of the tindex of elliptic operators. 
B. R. Vainberg and V. V. Grushin [22] cal- 
culated the index i of the їсоегсіуе boundary 
value problem for an elliptic operator by 
showing that i 1s equal to the index of some 
elliptic pseudodifferential operator on the 
boundary. 

Example [23]: Given a real vector field 
(vi, у) on the unit circle x? + x2 — 1, suppose 
the vector (v, (x), v; (x) rotates / times around 
the origin as the point x 2(x,, x5) moves once 
around the unit circle in the positive direc- 
tion. Then the index of the boundary value 
problem 


upas 24x2<1 
—+— Ju(x)= f(x), Xr+ x Я 
ôx? ôx? diio 
0 д 
v» (3) — 4 v (х) — sg), x?+x3=1, 
Ox, OX 


is equal to 2 — 21. 

M. F. Atiyah and I. M. Singer determined 
the index of a general elliptic operator on a 
manifold in terms of certain topological invar- 
iants of the manifold (— 237 K-Theory H). 
The index of noncoercive boundarv value 
problems has also been studied by Vainberg 
and Grushin, R. Seeley (Topics in pseudo- 
differential operators, C.I.M.E. 1968, 335- 
375), and others. 


L. The Giorgi-Nash-Moser Result 


Let us state the following result (J. Moser 
[24]: Let L be of the form 


n д ди 
= D Ox; faw дх; |. 
where а; = аз; are real-valued, of class L%(G), 
and such that the ellipticity condition (3) holds 
at almost everywhere in G with some 42 1. 
Also, let G' be any subdomain of G whose 
distance from óG is not smaller than 6>0. 
Then, for any weak solution ue H!(G) of the 
equation Lu=0 and for any two points x and 
y in G', we have the inequality 


lu(x) — uy) & A|x y lulo» 
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where A and х (A7 0,0 «a « 1) depend only on 
(n, A, д) and are independent of the particular 
choice of (L, G, G', и). Moser proved that the 
above inequality is a corollary to a Harnack- 
type inequality (— 327 Partial Differential 
Equations of Parabolic Type G). 


M. Asymptotic Distribution of Eigenvalues 


Let L be an elliptic operator on G of order m 
with smooth coefficients realized as a self- 
adjoint operator in L?(G) under a nice bound- 
ary condition, where G is a bounded domain 
in R" with smooth boundary. Let N(T)(T 0) 
be the number of eigenvalues of L smaller than 
T. Then, it holds that 


МТ) = CT"" +an error term, as T> +00, 


can | zi _ a(x, £) """ dS., (10) 


where а(х, 2) is the tprincipal symbol of L and 
$"^! is the unit sphere on R". C is independent 
of the boundary condition and, if L is of con- 
stant coefficients, of the shape of G. 

Formula (10) was at first established by 
H. Weyl [25] for the case of L — Laplacian, 
and hence it is often called Weyl's formula. 
Weyl’s method is based on the minimax prin- 
ciple [26]. T. Carleman (Ber. Math.-Phys. 
Klasse der Sáchs. Akad. Wiss. Leipzig, 88 
(1936)) studied the behavior of the trace of 
the Green's function of zI-L as |z| — oo in the 
complex plane (— [27]). S. Minakshisun- 
daram (Canad. J. Math., 1 (1947)) discussed 
this formula in connection with the heat equa- 
tion; see also S. Mizohata and R. Arima (J. 
Math. Kyoto Univ., 4 (1964)). L. Hórmander 
(Acta Math., 121 (1968)) treated the case of 
compact manifolds without boundary and 
obtained the best possible error estimate. 
H. P. McKean and I. M. Singer (J. Differential 
Geometry, 1 (1967)) treated the case of mani- 
folds and discussed the geometric meaning of 
this formula. In general, N(T) is no more than 
О(Т"!") if L is of degenerate elliptic type (C. 
Nordin, Ark. Mat., 10 (1972)). 


N. Equations of Degenerate Elliptic Type 


An operator L of the form (1) is said to be 
degenerate at x? є G in the direction če R” if £ 
is a null vector of the matrix (aj(x?)). L is said 
to be of degenerate elliptic type if (a; (x)) is 
nonnegative definite at any xe G and if L 
is degenerate at some point of G in some 
direction. 

Suppose that the coefficients of L and the 
boundary Г of G are smooth enough. At xe T, 
denote by у(х) = (v, (x), ... , v,(x)) the unit outer 
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normal vector to G. Let X, be the set of xer 
at which L is not degenerate in the normal 
direction. Also, let X., 2, and 2 be the sets 
of xer \ Z, at which b(x)>0, «0, and =0, 
respectively, where b(x) is defined by 


bixy= Y vf viae 73 ise. (1) 


Then the Dirichlet problem for equation (1) is 
to find a function u(x) defined on GU X>, U X>, 
satisfying 


Llu]= f in G, (1) 
u=g оп 2,023, (12) 


where f апд g аге given functions. 
Let 1<p< oo. We set д — p/(p — 1). We also 
put 


mosey y ðb; O, д? 9 ах) 


1 1 
i=1 1 dux Ox; ôx; ( » 


We have the following existence theorem [28]: 
If (i) either c «0 on G or c* <0 on G and if 

(ii) pc + qc* <0 on G, the Dirichlet problem 

(1) and (12) (with g=0) has a weak solution 

ue L(G) for any f eL'(G). The regularity of 
solutions is also discussed in [28]. The value of 
b(x) is closely related to the regularity near the 
point x €T if L is degenerate at x in the nor- 
mal direction (— also M. S. Baouendi and C. 
Goulaouic, Arch. Rational Mech. Anal., 34 
(1969)). 

Degenerate elliptic equations of type (1) 
have also been investigated from the proba- 
bilistic viewpoint (— 115 Diffusion Processes). 
The general boundary value problems for 
degenerate elliptic equations of higher order 
have been treated by M. I. Vishik and V. V. 
Grushin [29], N. Shimakura (J. Math. Kyoto 
Univ., 9 (1969)), P. Bolley and J. Camus (Ann. 
Scuola Norm. Sup. Pisa, IV-1 (1974)), and 
others. 
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324 (XIII.22) 
Partial Differential Equations 
of First Order 


A. Quasilinear Partial Differential Equations 
and Their Characteristic Curves 


Suppose that we are given a tquasilinear 
partial differential equation 


ди 


У Р(х, u)— = Q(x, и), 


Ax x -—(Xx;,..., X4). (1) 


A curve defined by a solution x; = x;(t), u= u(t) 
of the system of ordinary differential equations 


A йл. Себа] 


dt 

is called a characteristic curve of (1) (— 320 
Partial Differential Equations; 322 Partial 
Differential Equations (Methods of Integra- 
tion)). A necessary and sufficient condition for 
u — u(x) to be a solution of (1) is that the char- 
acteristic curve passing through any point 

on the hypersurface и = u(x) (in the (n+ 1)- 
dimensional xu-space) always be contained in 
this hypersurface. For example, the character- 
istic curve of У)", x,0u/0x,= ku is х= x? et, 

u — u^ e (a solution of x; 2 x; u' = ku). There- 
fore the solution u= u(x) is a function such 
that u(Ax,, ..., Ax,) = A*u(x,, ..., Xn) (A et > 0), 
i.e., a homogeneous function of degree k. 


B. Nonlinear Partial Differential Equations 
and Their Characteristic Strips 


We denote the value of ди/дх, by p; and define 
the surface element (or hypersurface element) 


1213 


by the (2n + 1)-dimensional vector (x, и, р) = 
(X1, X8 и, Py, ++- » Pn). Consider the partial 
differential equation 


F(x,,... 


D)-0,  pi=ôu/ðx;. 


s X; Uy pi... 


(2) 


A set (x(t), u(t), p(t)) of surface elements de- 
pending on a parameter t and satisfying the 
system of ordinary differential equations 


dx; ри y pF, 
i=1 


de Tw 

is called a characteristic strip of equation (2), 
and the curve x= x(t), и = u(t) is called a char- 
acteristic curve of (2). For quasilinear equa- 
tions, this definition of characteristic curve 
coincides with the one mentioned in Section A. 
Furthermore, an r-dimensional tdifferentiable 
manifold consisting of surface elements satisfy- 
ing the relation 


dpi 
р F 
di (F, + pF.) 


du zB Y p;dx;=0 
i=l 


is called an r-dimensional union of surface 
elements. A solution of the partial differential 
equation (2) is, in general, formed by the set 
of all characteristic strips possessing, as ini- 
tial values, surface elements belonging to an 
(n — 1)-dimensional union of surface elements 
satisfying F(x, и, p) — 0. 

An example of a nonlinear partial differen- 
tial equation of first order is pq —z =0 (where 
X, =X, x, =y,u=Zz,p,=p,p,;=q). The equa- 
tions of the characteristic strip are x' =q, у =p, 
2 —2pq, р =p, q'= q, and therefore the char- 
acteristic strip is given by у= yo + (po/qo)x, 
Z=Z9 + 2pox t (Do/d9) X^, p= po +(ро/о)х, 
4=4 +x (if we take x as an independent vari- 
able and impose an initial condition y= yo, 
Z=Zo, р= po, =o at x « 0). Putting zo = 
W(yo) (an arbitrary function) for x =0, we 
have, furthermore, у = уо + W(yo)/(W (yg, z= 
W(yo) +2W(yo)/W'(yo) + W(yo)x2/(W'(yo))2. 
The elimination of y, from these expressions 
yields a general solution z = z(x, y). In this 
case, a complete solution is 4az = (x + ay + b)? 
(where a, b are constants), and a tsingular 
solution is z=0. 


C. Complete Systems of Linear Partial 
Differential Equations 


For functions Р(х) (i 1, ..., x 2(x,, ..., x,)) of 
class C^, define a differential operator X by 


X-Y P, 
v=1 


We call k differential operators X, = 
221 Pi(x)0/0x, (i= 1, ..., k) mutually inde- 
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pendent when the rank of the matrix (Pj) is 
equal to k. If a system of k independent linear 
partial differential equations involving one 
unknown function f(x), 


X, f 0, ..., X,f —0, (3) 


has the maximum number п —k of independent 
tintegrals, then the system (3) is called a com- 
plete system. A necessary and sufficient condi- 
tion for the system (3) to be a complete system 
is that there exist k? functions å}, (х) of class 
C? such that 


k 
[X;, X;] 2 X;X;- X, X;- > Ai(x) Х,, 
у=1 


that is, 
e, f p OF, Pi дР] k 
вр, АУР). 
AG *дх, =)" 2,48 
Here, [X;, X;] is a differential operator of first 


order, called the commutator of the differential 
operators X;, X; or the Poisson bracket. 


D. Involutory Systems 


For two functions F(x, u, p), G(x, u, p) of x, u, p 
of class C^, we define the Lagrange bracket 
[F, G] by 


п (AF (0G ôG 
F,G]= oc 
[ЕС] > @ (= Tp, x) 


| ôG zen дЕ 
др, NOx, Реди ) 


If F, С do пої contain и and аге homogeneous 
linear forms with respect to p, then F and G 
are differential operators F = X,u and G= X;u 
with respect to u (for p, = ди/дх,), and we see 
that [F,G]=[X,, Х,],. This bracket has the 
following properties: 


[F,G]= —[G, F], 


k 
[F,ə@(G,,...,G)]= 


Ye 
LEF, POL F]+[[H,F],G] 


26. H] un, F] +Z ПР, С]. 

When F, С аге functions of x and р only, we 

usually use the notation (F, G) and call it also 

the Poisson bracket. In this case, the right- 

hand side of the third relation vanishes. 
Consider k partial differential equations 

involving one unknown function u(x,, ..., x,), 


F(x,u,p)=0, ї=1,...‚К p,-—. (4) 


If a common solution u(x) of these equations 
exists, it is also a solution of [F,, Е] 20 (i, j= 
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1,...,k). Therefore, from the equations thus 
obtained, we take independent equations and 
add them to the original system. If we then 
have more than n+ 1 equations, the original 
system has no solution. Otherwise, we obtain 
a system F;=0 (j = 1, ...,r) for which the Е; are 
independent (i.e., the rank of (OF;/Op,) is equal 
to r), and all [ F,, ЕД] =0 can be derived from 
Е,=0. A system (4) such that [F;, F;| =0 for all 
i, j is called an involutive (or involutory) system. 
We always treat a system by extending it to an 
involutory system. When k= 1, we regard the 
equation itself as an involutory system. 

When the equations (4) are mutually inde- 
pendent, a necessary and sufficient condition 
for them to have in common a solution with 
n—k degrees of freedom (a solution that coin- 
cides with an arbitrary function on an ade- 
quate manifold of dimension n—k) is that the 
system (4) be a system of equations involving 
unknowns p and equivalent to an involutory 
system. 

An involutory system (4) can be extended 
to an involutory system consisting of n inde- 
pendent equations by adding n—k suitable 
equations 


Fa 1 (X, 4, P) = aas sss Р(х, P) = ay. (4) 


That is, we can find successively f = F, (I2 К+ 
L, ...,n) such that F, satisfies the system of 
equations 


[F,f]-0, i-L.. 


which is a complete system of linear partial 
differential equations for f, and the F; (i= 
1,...,) are mutually independent. Then, if we 
find that p, as functions of (x, u, a) (a -(a,.,, 
-.., 0,)) from (4) and (4), the system of ttotal 
differential equations : 


д 


и 
ZT = px, u, а), 
бу, р(х, и, a) 


"LT, 


v=1,...,n, 


is tcompletely integrable, and we can find u as 
a solution containing essentially n—k +1 
parameters c, a,41,-..,4,, that is, a complete 
solution of (4). Moreover, if we have an in- 
volutory system of n+ 1 independent equa- 
tions F, =0,..., F, Z0, А. 2a, Fu 
a,+,, then we find a complete solution by 
eliminating p,, ..., p, between the equations. 
This method of integrating an involutory 
system is called Jacobi's second method of 
integration. 


E. Relation to the Calculus of Variations 


Consider a partial differential equation of first 
order F(x,, ..., Xp U, Pis ..., p,) =O. If a solution 
u(x) of this equation is given as an implicit 
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function by @(x,,.. 


дф/дх, 
дф/ди ``” 


. , X4, Uu) = 0, we have 


дф/дх„ 
дојди 


(х,о 


This gives formally а partial differential equa- 
tion with independent variables и, x,, ..., x, 
and a dependent variable дф. It does not con- 
tain @ explicitly. That is, this equation has the 
form 


F(x,,...,X444,009/0x,, ...,00/0x,,,) 20. 


Then, by finding a partial derivative, say 
0ф/0х, +1, as a function of the remaining ones 
from the displayed equation, we get a partial 
differential equation of the form 


09/0t + H(t, x, дф/дх)=0, 


which is called the normal form of the partial 
differential equation of first order. Setting p; = 
0ф/0х;, the equations of the characteristic 
curve of this equation are 


Xi 


dt 


dpi 
= H(t x, p), Pm 


— H, (t, x. p), 


which are called Hamilton's differential 
equations. 

Now, consider the fEuler-Lagrange dif- 
ferential equations 


dF./dt—F.=0, i=1,...,n, 
for the integral 


п dx 
J=| F(t,x, x) dt, '=—. 
| (t, x, x^) x di 


Under the assumption that det(F,.,.) #0, we 
put Р, = pi, and solve these relations with 
respect to x; in the form, say, x;=«,(t, x, p). 
Furthermore, if we put 


(х xr) = H(t, x, p), 
у=1 x'—9(t,x, p) 


then the Euler-Lagrange equations are equiva- 
lent to Hamilton's differential equations 


dx;/dt=H,, dp,/dt=—H,, i=1,...,n, 


since F(t, x, x)= Xi- pH, — Н. 

A curve represented by a solution of the 
Euler-Lagrange equations is called a station- 
ary curve. Now consider a family of stationary 
curves in a domain G of the (n+ 1)-dimensional 
tx-space such that passing through every point 
of G there is one and only one curve in this 
family, and suppose that the family is ttrans- 
versal to an r-dimensional manifold 9I (r « n) 
(that is, Fot — У F,,0x; — 0 for the differentials 
ôt, ôx; along M; in particular, if 9I consists of 
only one point (r 20), a stationary curve pass- 
ing through this point is transversal to 9I). In 
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this case, if we denote by V(t, x) the value of 
the integral J along the stationary curve from 
3I to any point (t, x) of G, then the equation 


ƏV /ôt+ H(t, x, 0V/0x) «0 


holds. This equation is called the Hamilton- 
Jacobi differential equation or the canonical or 
eikonal equation. Conversely, a solution of this 
equation is equal to the value of the integral J 
for a family of stationary curves transversal to 
an adequate Ў, 


F. The Monge Differential Equation 
Consider the partial differential equation (2). 
By eliminating p and t between 


dx, _ 
4 P” 


d n 
=== YF, and F@u,p)=0 


i=1 


(for example, by eliminating p between dx;/dx, 
= Е, /Е, and F=0 when F, #0), we obtain 


М(х}, ..., X u, 0x5/0x,, ..., Ox, /Ox,) —O. 


This equation is called the Monge differential 
equation, and the curve represented by its solu- 
tion is called an integral curve of the equation. 
In the (n + 1)-dimensional tx-space, a curve 
that is an envelope of a 1-parameter family of 
characteristic curves of the partial differential 
equation (2) is a solution of the Monge equa- 
tion. A characteristic curve is also an integral 
curve. When п= 2, an integral curve that is not 
a characteristic curve is a tline of regression of 
the surface generated by the family of charac- 
teristic curves tangent to the integral curve 
under consideration (which is an integral sur- 
face of F(x,u, p) - 0). If F is linear in pj, i.e., 
quasilinear, all integral curves coincide with 
characteristic curves. 
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325 (XIII.25) 
Partial Differential Equations 
of Hyperbolic Type 


A. Second-Order Linear Hyperbolic Equations 


A thnear partial differential equation in n+ 1 
variables t, x —(x,, ..., x,) of the second order, 


Qu n д?и п д?и 
L = —— —IPUIV II“ ,|— 
= 2 a 2 T x Ox; 


i,j=1 


ди & Qu 
=®в i. ac rdiet (1) 


with coefficients ао, ...,a that are functions in 
(t, x) is said to be hyperbolic (or of hyperbolic 
type) (with respect to the t-direction) in tx- 
space if the characteristic equation of equation 
(1) considered at each point of tx-space, 


H(t,x; 1,6 42— у аад. Y a 66,0, 
| Q) 


has two distinct real roots ¿= 4 ,(t, x, ë), 
Ax(t, x, €) for any n-tuple of real numbers ¿= 
(čis <-s Ča) (0, ..., 0). In particular, (1) is called 
regularly hyperbolic if these two roots are 
separated uniformly, that is, 

lim [A,(t, x, ) — 45(t x, )) c 0. 
(t. x).]£] 71 
A typical example of hyperbolic equations is 
the wave equation 
п Qu д?и Qu Ü (3) 

u=———-...——=0. 

ôt? ôx? Ox? 

Equation (3) is also called the equation of a 
vibrating string, the equation of a vibrating 
membrane, or the equation of sound propaga- 
tion according as n= 1, 2, or 3. Another exam- 
ple is 


д?и 


which describes the propagation of electric 
current in a conducting wire with leakage and 
is called the telegraph equation (— Appendix 
A, Table 15). 

A hyperplane A(t—t9) +... + £,(x,—x2) =0 
passing through a point p? =(t9, x?) in tx-space 
and having normal direction (A, £) is called a 
characteristic hyperplane of (1) at p° if the 
direction (A, €) satisfies the characteristic equa- 
tion at p°: H(t9, x?; 4, £) - 0. A hypersurface S: 
s(t, x) 20 in tx-space is a characteristic hyper- 
surface of (1) if at each point of S the tangent 
hyperplane of S is a characteristic hyperplane 
of (1), that is, H(t, x; S+, 5,)=0 everywhere on 
S. According to the theory of first-order par- 


325 В 
PDEs оѓ Hyperbolic Туре 


tial differential equations, а characteristic 
hypersurface of Š is generated by so-called 
bicharacteristic curves, i.e., solution curves t = 
t(1), x(1) of a system of ordinary differential 
equations 


LT dx, y 
а X O? dk ° 
dÀ d 

LE NL H, 
dt dt i 


H(t, x; 4, £) = 0. 


Now if (1) is hyperbolic, the set of all charac- 
teristic hyperplanes at p°: (4(t — t9) +... + Ë, (x, 
— x9) «0| H (t9, x?; 4, £) 20] has as its envelope 
a cone C(p?) with the vertex p?. Moreover, 
since the intersection of any hyperplane t= 
constant and the cone C(p?) is an (n— 1)- 
dimensional ellipsoid or two points for n= 1, 

a conical body D. (р?) (D. (p9)) is determined, 
whose boundary consists of the part of C(p?) 
with t> to (t & t9) and the interior of the ellip- 
soid on the hyperplane t — constant. A smooth 
curve у in tx-space is called timelike if the 
tangent vector of y at each point p on y be- 
longs to D, (p) or D. (p). Consider the set of 
points that can be connected with the point p? 
by a timelike curve. We call its closure an 
emission, and a subset 92, (p?) (2. (p?)) of the 
closure for which t >t, (t < to) a forward (back- 
ward) emission. An emission is a conical body 
surrounded by characteristic hyperplanes in 
some neighborhood of the vertex p?. If the co- 
efficients of (1) are bounded functions, the 
emissions Z , (p?) are contained in a conical 
body 


K= fe x)| Amax(t — t°) > Y (x; -» 
i-i 


independently of the situation of p°, where 
Мая = тах stai (141 (t, x, 8), |Az(t, x, |). 


B. The Cauchy Problem 


Important for the hyperbolic equation (1) is 
the tCauchy problem, i.e., the problem of 
finding a function u — u(t, x) that satisfies (1) in 
t>0 and the initial conditions 


u(0,x)—ug(x)  Ou/0t(0, x) =u; (х), (4) 


where the functions ug(x) and и, (x) are given 
on the initial hyperplane t —0. 

Suppose that (1) is regularly hyperbolic and 
the coefficients are bounded and sufficiently 
smooth (Le., of class C" with v sufficiently 
large). Then for the Cauchy problem the fol- 
lowing theorem holds. Theorem (C): There 
exists a positive integer | (=[n/2] + 3), depend- 
ing on the dimension n+ 1 of the tx-space, 
such that if the functions uo (x) and и, (x) in (4) 
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are of class С', then there exists a unique solu- 
tion u— u(t, x) of class C? in the domain 0 <t < 
00, —oo < x, < oo (1x i & n). Moreover, this 
correspondence (uo(x), и, (x)] —u(t, x) is con- 
tinuous in the following sense: If a sequence of 
initial functions (ug,(x), u,,(x)] (k =1,2,...) 
and their derivatives up to the /th order tend 
to 0 uniformly on every compact set in the 
hyperplane t —0, then the sequence of corre- 
sponding solutions u,(t, x) also tends to 0 
uniformly on every compact set in each hyper- 
plane t = constant. In other words, the Cauchy 
problem for regularly hyperbolic equations is 
twell posed in the sense of Hadamard [2]. 

For dependence of the solution on initial 
data, the following proposition is valid: The 
values of the solution u at a point p? = (t, x?) 
depend only on the initial data on a domain 
Go (domain of dependence) of the initial hyper- 
plane, which is determined as the intersection 
of the backward emission Z. (p?) and the 
initial hyperplane. We have the following dual 
proposition: À change in the initial conditions 
in a neighborhood of a point Q, of the initial 
hyperplane induces a change of values of the 
solution only in some neighborhood of the 
forward emission Z, (Q5) (domain of influence). 
If the coefficients of the equation are bounded, 
the intersection of emissions 2 , (p?) and the 
hyperplane t = constant is always compact. 

It follows that the domain of dependence and 
the domain of influence are bounded. In some 
special cases, there exists a proper subdomain 
of G, such that the solution depends only on 
the initial data on the subdomain. For exam- 
ple, for the wave equation (3) with n=3, the 
solution for the Cauchy problem at a point 
p? = (t9, x?) (= Section D) is determined, as 
can be seen from the solution formula (12), 

by the initial data in a neighborhood of the 
cone with vertex p?:(t — 19)? = У" (x, — x0y^, 
namely, in a neighborhood of the intersection 
of bicharacteristic curves (lines, in this case) 
passing through p? and the initial hyperplane. 
If the solution of the Cauchy problem has 
such a property, it is said that Huygens's prin- 
ciple is valid, or that diffusion of waves does 
not occur. For the wave equation (3), Huy- 
gens's principle is valid only for odd n> 1. 


C. The Energy Inequality 


The energy conservation law for the wave 
equation (3), 


E(t) 

x ° flfüuV æ [ди N 
|G) EG) e+ 
=constant, 
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is generalized to the so-called energy inequal- 
ity for hyperbolic equations, which plays an 
essential role in deducing the well-posedness of 
the Cauchy problem and the properties of the 
domain of dependence of the solution. Let the 
coefficients of a hyperbolic equation (1) be 
bounded functions, and let С(т) be the inter- 
section of the conical body K = {(t, x)| A2. (t — 
t)? > У" (х, – х1)2) with the hyperplane t = 
t(t<t'). The k(> 1)th-order energy integral 
of the solution u(t, x) of (1) on G(t) is defined 
by 


E(u, G(1)) 


CR 


Then the following inequality holds: 
ЕФ(и, G(1)) < CE (u, G(t?)), 


дїн 
01% ...дха" 


tact, (5) 


where the constant C is independent of и. We 
call (5) the energy inequality (J. Schauder [5]). 
For the wave equation (3), the hypothesis |= 
[n/2] + 3 in theorem (C) can be replaced by a 
weaker condition /= [n/2] + 2, but if we take 
I=[n/2]+ 1, there is an example for which no 
global solution of class C! exists. In general, 
even though the initial functions are of class 
C!, the solution in the Cauchy problem for 
hyperbolic equations may not be of class Ct, 
while if the energy of the initial functions is 
bounded, the energy of the solution is also 
bounded. 


D. Representation Formulas for Solutions of 
the Cauchy Problem 


We consider solution formulas that represent 
solutions of the Cauchy problem explicitly as 
functionals of the initial functions. The prob- 
lem of solving (1) under the condition (4), or 
mere generally, the problem of solving an 
equation L[u]= f(t, x) under (4), can be re- 
duced, by transforming the unknown function 
и and applying fDuhamel’s method, to the 
Cauchy problem with initial conditions on the 
hyperplane t — т: 


u(t,x)=0,  Ou/Ot(v, x)= ф(х) (4) 


for arbitrary z. We define a function x,(s) of a 
real variable s by 


Xq(s)=|s|*/4(2ni)"*q! 


= —s'log|s|/(2ni)"q! 


(n odd), 
(n even), (6) 


where n is the dimension of the x-space and q 
is a positive integer such that q +n is even. 
Then for a function ф(х) of class C" (with v 
sufficiently large) with compact support, the 
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following equality holds [7]: 


ф(х)= | AC*9? o(y)dy | | x ((x — у)о)ао, 
— 00 | =1 
(7) 


where A, is the tLaplacian with respect to the 
variables y —(y,, ..., y,) and do is the surface 
element of the unit sphere || — 1 in x-space. 
Now, since the tprinciple of superposition is 
valid because (1) is linear, we can infer from 
formula (7) that the Cauchy problem (1) with 
initial condition (4 can be reduced to the 
one for initial conditions with parameters 

y, €x 


u(t,x)=0, Ou/ét(t, x)= X (x — у)о). (47) 


In fact, since y,(s) is (q — 1)-times differentiable 
by definition, the Cauchy problem (1) with 
initial condition (4") has a unique solution 
R(t, x; т, у; оо) for q chosen large enough so 
that theorem (C) can be applied to (1) with 
initial condition (4"). Moreover, R,(t, x; т, y; œ) 
is a function of (t, x, т, y, о) of class C", and v 
increases with q. Now, let ф(х) be a function 
of class C" with sufficiently large v and with 
compact support. Then, by (7) and the defini- 
tion of R,, the integral 


| доошу | R,(t,x;z,y;o)do (8) 
|ю]=1 


— o0 


is a solution of the Cauchy problem (1) with 
initial condition (4). Therefore, when R, is 
found explicitly, (8) yields a solution formula 
of the Cauchy problem (1) with initial condi- 
tion (4 as a functional of the initial func- 
tions. Since in (8), the integral fai R,do is 
not necessarily of class C"** as a function of 
(t, хут, у), AS D2 f... R do is in general not a 
function in the ordinary sense. But we denote 
it by R(t, x; т, y) formally, and understand that 
a linear operator 


u(t, x)= [ne x; т, y)o(y)dy (9) 


is defined by (8). The kernel R(t, x; т, y) in this 
sense is called a fundamental solution or Rie- 
mann function of the Cauchy problem. If we 
extend the function (ы, R,(t, x; т, y; о)йо de- 
fined for tz to t « t, assigning it the value 0 
there, then R(t, x; t, у) = AP*92 f... R (t, x; 
t, у; 0)do can be considered a distribution 
on (t, x; t, y)-space, and the equality L(t, x, 
0/01, 0/0x) R(t, x; т, y) = L*(t, y, д/дт, 0/dy) R(t, x; 
t, y) 2 ó(t — 1)ó(x — у) is valid, where L* is the 
tadjoint operator of L and ó is tDirac’s ó- 
function. In other words, R(t, x; t, y) is a fun- 
damental solution of L in the sense of distri- 
bution theory. 

The fundamental solution R(t, x; т, y) can Бе. 
analyzed using the asymptotic expansion with 
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respect to the sequence of functions {7,(s)}, 
and we have the following important result: 
If the coefficients of (1) are of class С° (resp. 
real analytic), then the fundamental solu- 
tion R(t, x; t, y) is of class С° (real analytic) 
in (t, x) except for points that are on bichar- 
acteristic curves of (1) passing through the 
point (z, y). In the language of the Cauchy 
problem, the smoothness of the solution u at 
a point p — (t, x) depends only on the smooth- 
ness of the initial conditions on a neighbor- 
hood of the intersection of the initial hyper- 
plane and all bicharacteristic curves pass- 
ing through p. This fact is called Huygens's 
principle in the wider sense. Behavior of the 
fundamental solution R(t, x; т, y) near dis- 
continuous points has also been investi- 
gated [2]. 

For the wave equation (3), the fundamental 
solution can be constructed, and therefore we 
can write the solution formula explicitly. The 
solution formula for (3) with initial condition 
(4) for nz 3 is 


u(t, x) 


1 Qn? 


= 2 2)\(n— 3)/2 


1 
оаа | ф(х - xo)do, 
On |ю|=1 


where w, = 2,/n"/P(n/2) is the surface area 
of the unit sphere of n-dimensional space. 
Solutions of the Cauchy problem (3) with 
initial condition (4) for n=1, 2, and 3 are, 
respectively, 


a terno C m 
(10) 
(d’Alembert’s solution), 
u(t, X1, X2) 
Š Uo(1,62)de, dé, 
; I = — 6) — (x, —&)? 
u (6, 63) dš, 4, (11) 


Ет d 


(Poisson's solution), and 


?—(x,— ё)? 


(х=) 


ио(&1,2,& 
Moss ° = 4 O, 


1 u1(61, 65. 63) 
"xl. ; do, (12) 


(Kirchhoff's solution), where C, is a disk in the 
č, &5-plane with center (x,, x5) and radius t, D, 
is a sphere in the С, é, £,-space with center 
(X1, X5, хз) and radius t, and do, is the surface 
element of D,. 
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E. Second-Order Nonlinear Hyperbolic 
Equations 


А second-order nonlinear differential equation 


Qu ds ди ди Ou Qu 
0] COP Or x,’ atx,’ дхудх, 


Ixi j<n, (13) 


is called hyperbolic in a neighborhood of a 
function U (t, x) if the linear equation of the 
form (1) obtained from (13) is hyperbolic, 
where do,(t, x) and a;,(t, x) arc determined 

by substituting u by U(t, x) in the partial de- 
rivatives of A with respect to O?u/CtÓx; and 
0? u/Ox;Ox;, respectively. If the functions A 

in (13) and U = хо(х) - tu, (x) determined by 
(4) are sufficiently smooth with respect to 

t, X, u, ..., O^ u/Ox;Ox;, the Cauchy problem for 
(13) with initial condition (4) has a unique 
solution in some neighborhood of the initial 
hyperplane under the condition that equation 
(13) is hyperbolic in a neighborhocd of U. In 
general, initial value problems for nonlinear 
equations have only local solutions. 


F. Higher-Order Hyperbolic Equations 


An Nth-order linear differential equation in 
n- 1 variables t, x =(x,,...,X,) with constant 
coefficients 


дд o ye í д y 
E AID. m = Aoa ^ 
G 2), m x (£) (=) 


=0, (14) 


where a — (a, ...,0,), |x| =a, +.. 


үр а 
(5) оха. дхои" 


is hyperbolic іп the sense of Gárding if the 
following two conditions are satisfied: (i) the 
partial derivative 0"/0t" appears in L; (ii) the 
real parts of the roots ¿= 4,(£), ..., Ay(£) of the 
characteristic equation L(A, i£) - 0 are bounded 
functions of real variables £ —(£,, ..., £,). 
When L is a homogeneous equation of the 
Nth order, condition (ii) is equivalent to the 
following condition: (1) 4,(£), ..., A&(£) are 
purely imaginary for all real £ —(£,,..., čp) Æ 

. ,0). The principal part (consisting of the 
highest-order terms) of a hyperbolic equation 
is also hyperbolic. If (14) is hyperbolic, a 
theorem analogous to theorem (C) holds for 
the Cauchy problem for (14) with initial 
conditions 


O*u/0t*(0, x) = u,(x), 


. +ú, and 


0О<К<п—1; (15) 


that 15, the Cauchy problem for (14) with initial 
condition (15) Is well posed in the sense of 
Hadamard. Conversely, if the Cauchy problem 
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for (14) with initial condition (15) is well posed, 
then (14) must satisfy the hyperbolicity con- 
ditions (i) and (ii) in the sense of Gárding. In 
other words, well-posedness of the Cauchy 
problem is equivalent to hyperbolicity in the 
sense of L. Gárding [14]. Gárding's conditions 
for hyperbolicity cannot be generalized to the 
case of variable coefficients, since the influence 
of the lower-order terms in the equation is 
taken into account in the definition of hyper- 
bolicity. However, in the case of constant 
coefficients, an N th-order homogeneous equa- 
tion remains hyperbolic for any addition of 
lower-order terms if and only if the character- 
istic equation has N distinct purely imaginary 
roots for any real £ —(£,, ..., ,) z (0, ..., 0). In 
this case the equation is called hyperbolic in 
the strict sense. Thus a linear equation with 
variable coefficients 


0 WVo/QW 
t, == 
o ааа (2) (&) x 


=0 (16) 


Llu]= 


is called hyperbolic in the sense of Petrovskii if 
the characteristic equation 
ANE OY analt, х)А%() = 

mo +ja|=N 
has N distinct purely imaginary roots (called 
characteristic roots) 4, (t, x, č), ..., Ay(t, x, č) for 
each point p — (t, x) and each ¿ 40. Moreover, 
if the characteristic roots 4,, ..., Ay are sepa- 
rated uniformly, i.e., the inequality 
= ш AM |A,(t, x, č) — A(t, x, 0| =с>0 
holds, (16) is said to be regularly hyperbolic. In 
the second-order case, this definition is equiva- 
lent to the previous one. Theorem (C) holds 
for the Cauchy problem for a regularly hyper- 
bolic equation (16) with initial conditions 
(15). For the domain of dependence of the 
solution, a result analogous to the case of the 
second-order equation can be obtained using 
an energy inequality [9, 10]. If the coefficients 
are of class C^, Huygens's principle in the 
wider sense is valid, that is, discontinuity of the 
solution is carried over only along bicharacter- 
istic curves. 


G. Systems of Hyperbolic Equations 
For systems of equations 
1 
p glujJ=0,  1«ixl 
where the L; are higher-order linear differen- 
tial operatur of the form (16), several types 


of hyperbolicity are formulated in connection 
with the well-posedness of the Cauchy prob- 
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lem. We take up two important types, hyper- 
bolicity in the sense of Petrovskií and sym- 
metric hyperbolicity due to Friedrichs. 

We call a system of linear differential 
equations 


1 6 \%/ aN 
> edes аб, x(£) (£) =Ü, 


I<i<l, (17) 


a system of hyperbolic differential equations (in 
the sense of Petrovskii) if the determinant 


W дү 
a y (2 (Z)) ^ a 


calculated formally using the matrix of dif- 
ferential operators in the system, is hyperbolic 
in the sense of Petrovskii as a single equation 
of N(= У; п) order. Petrovskii showed 
that the Cauchy problem for a system that is 
hyperbolic in this sense is well posed [10]. 
There were some imperfections in his argu- 
ment, which have been corrected by others 
(— S. Mizohata [12]). In the case of constant 
coefficients, the Cauchy problem for (17) is 
well posed if and only if (18) is hyperbolic in 
the sense of Gárding. 

K. O. Friedrichs, observing that the energy 
inequality played an essential role in Petrov- 
skii’s research, studied symmetric hyper- 
bolic systems of equations, since for them 
the energy inequalities are valid most natu- 
rally. A system of first-order linear differential 
equations 


Aolt, у= (19) 
15 called symmetric hyperbolic (in the sense of 
Friedrichs) if the matrices A,(t, x) (0<i<n) are 
symmetric and Ao(t, x) is positive definite. А 
typical example is provided by Maxwell's 
equations. For this system it has been shown 
that the Cauchy problem is well posed and 

the domain of dependence of the solution is 
bounded [13]. 


H. Weakly Hyperbolic Operators 


We adopt the following definition of hyper- 
bolicity: a linear differential operator of Nth 
order 


o” ô \%/ 0 Y 
L= t — 
д" o dal X) (2) (5) 
ao <N Si 


is called hyperbolic if the Cauchy problem for 
L[u]=0 with initial condition (15) is well 
posed in Hadamard's sense. A hyperbolic 
operator L is called strongly hyperbolic if L 
remains hyperbolic for any addition of lower- 
order terms, and weakly hyperbolic otherwise. 
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А necessary condition for hyperbolicity is 
that all characteristic roots of Ly(t, x, 4, ё)=0 
be real for any (t, x, £) (P. D. Lax [15], Mizo- 
hata [16]). In the case of constant coefficients, 
strongly hyperbolic operators have been char- 
acterized by K. Kasahara and M. Yamaguti 
(Mem. Coll. Sci. Kyoto Univ. (1960)). 

As for operators with variable coefficients, it 
is known that not only regularly hyperbolic 
operators but also some special classes of not 
regularly hyperbolic operators are strongly 
hyperbolic (V. Ya. Ivrii, Moscow Math. Soc., 
1976). Let us consider the hyperbolicity of an 
operator L which is not regularly hyperbolic 
under the assumption that the multiplicities of 
the characteristic roots are constant and at 
most 2; namely, the characteristic polynomial 
Ly(t,x,4,£) AN Y a, alt, X) A67 


ao+|a|=N 
ao <SN-1 


is decomposed in the following way: 
Ly(t, x, 4, č) 


-[1%- Alt, x, B Te- 1t, x, ©), 


lim | (t, x, ¿)— At, x, 9] =c>0. 
F x 
18 5 jo 


Assume that the /,(t, х, 2), j^ 1,2, ..., N —s, 
are real. Then L is hyperbolic if and only if it 
satisfies E. E. Levi's condition, i.e., 


0^ Ly 02, 
еня E +(e ot 


BO? Ly. 0A, 
Pr aj К 


for all (t, x, &), 


= Ду губ: 


where Ly.., denotes the homogeneous part 
of (N — 1)th order among lower-order terms 
of L (Mizohata and Y. Ohya [17]). Thus, 

for a weakly hyperbolic operator with vari- 
able coefficients, even the principal part is 
not necessarily hyperbolic. J. Chazarain [18] 
has studied weakly hyperbolic operators 
with characteristic roots of arbitrary constant 
multiplicity. O. A. Oleinik [19] studied the 
Cauchy problem with nonconstant multiplic- 
ities for second-order equations. For higher- 
order equations, if the multiplicity of charac- 
teristic roots at (f, X) is at most p, or more 
precisely, if there exist positive rational num- 
bers q and r (q >r) such that 


Qv 
(5) Ly(é, $,0, 2) #0 
OA 


and 


д \% Є; a/a Bo д В : 
ОШ (yuan 


("EER"\0) 
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for xo +|%|+qBo +r|B| < p, then it is necessary 
for the well posedness of the Cauchy problem 
that 


Q Mo / ON /ƏNoO / a N А 
b (a) (2) (2) Ly-,(55,0,0)-0 
('eR" NO) 


for a + [01+ qñ 4- r|B| 2- s(1-- q) « p are satis- 
fied, where Ly, (1 <s< N) are the homoge- 
neous lower-order terms of order N —s of L 
(Ivrii and V. M. Petkov [20]). 

On the other hand, the sufficient condition 
in the case of multiplicity 2 is given by some 
conditions related to the subprincipal symbol 


2 n 2 
hear ras) 
t ani OC, 0x, 

which corresponds to Levi's condition in 
the case of constant multiplicity, and to the 
tPoisson brackets (A. Menikoff, Amer. J. 
Math., 1976; Ohya, Ann. Scuola Norm. Sup. 
Pisa, 1977; L. Hórmander, J. Anal. Math., 
1977). 

The Cauchy problem for a weakly hyper- 
bolic system of equations is more complicated, 


because of the essential difficulty that the 
matrix structure 


( P. as aft, xe) 


associated with (17) is not clear in general (— 
references in [20]). 


I. Gevrey Classes 


Classically, the functions of tclass s (sz 1) 

of Gevrey (— 58 C*?-Functions and Quasi- 
Analytic Functions G; 168 Function Spaces B 
(14) were introduced into the studies of the 
fundamental solution for the heat equation: 


ХУ (R") = (o(x)e C*(R")|for any compact 


subset K of R” and any multi-indices 
a,there exist constants С, and A 
such that sup, |(0/OxY ф(х)| < 

Cy A" |a!5). 


This class of functions was used efficiently in 
the studies of the Cauchy problem for tweakly 
hyperbolic partial differential equations: 


T 
t Ox 
in [0, T] xR"-Q, 


QW 
(2) и(0, х)= их), j=0,1,...,N—1. 


We assume that the multiplicities of the char- 
acteristic roots are constant, i.e., 
k 


=]|(¿— (t, x, 6), 


i-1 


Ly(t, X, À, č č) 
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where v, is constant for any (t, x, č)eQ x R", 
A,(t, x, Ë) is real and distinct, and XE, у; = N. 
Let max, <; «у = p. If we suppose that L(t, x, 
0/01, 0/0x) — E(t, x, 0/0t, 0/0x) is a (*pseudo) 
differential operator of order at most q, where 


-oÓ ð ô 

=] (02.2) 

is а (pseudo)differential operator with а; (і, x, 
0/01, 0/0x) being strictly hyperbolic (pseudo) 
differential operators associated with Ly, 
then for any s such that 1 &s« p/q, the 
Cauchy problem is well posed in у) (О), 
provided that all a, a(t, x) of L and f(t, x) 
belong to y!) (Q), and that {u,(x)}5<j<n-1 are 
given in y) (R") (Ohya [21], J. Leray and 
Ohya [22]). This result was proved even for 
the case of arbitrary nonconstant multiplicity 
of characteristic roots by M. D. Bronshtein 


[231. 


J. Lacunas for Hyperbolic Operators 


The theory of lacunas of fundamental solutions 
of hyperbolic operators, initiated by Petrovskii 
[24], has been developed further in a paper 
[25] by M. F. Atiyah, R. Bott, and L. Gárding. 
Let L(é)= Ly(£) + M(£) be a hyperbolic 
polynomial with respect to the vector 0c R" —0, 
where L, (ë) is the principal part of L; this 
means that L,(0) x 0 and L(é+ £0) 4 0 when 
[Imt] is sufficiently large. Then L has a funda- 
mental solution E= E(L, 0, x) in the form 


E(L, 0, 3-0» [ue —ic0) 1 eis&- ien д, 


where c is sufficiently large and the integral 

is taken in the sense of tdistribution. The con- 
vex hull of the support of E, denoted by K — 
K(L,0)— K(A, 0), is a cone depending only 

on the real part Re A of the complex hyper- 
surface A: L(£) 2 0, and contained in the union 
of the origin and the half-space x 07 0. Let A; 
be the tangent conoid of A at €, transported 
to the origin, and define the wavefront surface 
W(A, 0) by the union of all K(A,, 0) for č 40. 
Then it can be shown that the singular sup- 
ports of E(L, 0) and all the E(L4, 0) are con- 
tained in W(A, 0) and, moreover, that they are 
locally holomorphic outside W. In [25], the 
Herglotz-Petrovskii-Leray formulas are gen- 
eralized to any nonstrict L(¢). Thus we have 


DPE(L&, 0, x) 
=const | (x: EPELE "oé, а>0, (20) 
DBE(Lk, 0, x) 


= cons | (x EEPL) ®ю(®), q <0 
г да“ 


(20) · 
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when xe K(A,0) N W(A,0). Here, q - mk —18|—n 
is the degree of homogeneity of the left-hand 
side, and w= 25-,(—1) ! £,d£, ^... Aden 

... Adé,. The integrands are closed trational 

(n — 1)-forms on (n — 1)-dimensiónal complex 
tprojective space and are integrated over cer- 
tain thomology classes «* = (A, 0, x)* and t. ` 
да*. These formulas provide means of obtain- 
ing topological criteria for lacunas. Let Z c< 
K be a maximal connected open set, where 
E(L, 0, x) is holomorphic. Z is said to be a 
weak (strong) lacuna of L if E(L, 0, x) is the 
restriction of an entire function to .Z(E(L, 0, x) 
=0 in Z). In [25] it is shown that x belongs 
to a weak lacuna for all E(L*,0,-) if and only 
if da* =0. The sufficiency directly follows from 
(20^) and the necessity follows from a theo- 
rem of A. Grothendieck (Publ. Math. Inst. 
HES, 1966) which implies that the rational 
forms which appear in (20^) span all the tco- 
homology classes in question. 


K. Mixed Initial-Boundary Value Problems 


Let Q be a domain in R" with a sufficiently 
smooth boundary Г, let L(t, x, 0/0t, 0/0x) be a 
linear hyperbolic operator of Nth order de- 
fined in [0, oo) x Q= ((t, x)| te[0, oo), xe Q, 
and let B,(t, x, 0/0t, 0/0x), j = 1,2, ..., b, be linear 
differential operators of N;th order defined in a 
neighborhood of [0, oo) x I. 

The problem of finding a function u(t, x) 
satisfying the conditions 


L[u]=0 in (0,0)xQ, 
Bj[wu]-0 on (0,o)xT, j=1,2,...,b, 
O*u/Ot*(0, х) = ш (x, O<k<N-1, Q1) 


is called a mixed initial-boundary value prob- 
lem. À typical example of such a mixed prob- 
lem is provided by the case L= (] (n—2) and 
B[u]=u(t, x), which describes the vibration of 
membranes with a fixed boundary. 

The mixed problem (21) is said to be well 
posed if for any initial data u,(x)e С®(О), 
Oxkx № —1, which are compatible with the 
boundary conditions, there exists a unique 
solution u(t, x) e C"([0, oo) x ©). 

Mixed problems for second-order hyper- 
bolic equations are considered in [6]. In regard 
to mixed problems for hyperbolic equations 
of higher order, we make the following four 
assumptions: (i) = Ё" = ((x', x,)| x' eR" 1, 
Xa > 0}; (ii) F = {x|x,=0} is not characteristic 
for L or B; (iii) L is regularly hyperbolic; 

(iv) Ns N —1 and N;z N, if j Z k. 

We denote the fprincipal parts of L and В, 
by Ly(t, x’, x,, 0/0t, 0/0x', 0/0x,) and Bolt, x’, 
2/01, 0/0x', 0/0x,), respectively. By the hyper- 
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bolicity of L, an equation in к 


Ly(t,x',0,4, 8, к)=0 for ImA4«0, е6"! 


has и roots x; with Im xj >0, and N — и roots 
к; with Imx; «0, and the number и is inde- 
pendent of (t, x’) and (A, č’). A necessary con- 
dition for the well-posedness of the mixed 
problem (21) is that the number of boundary 
conditions coincide with this integer u. The 
function R defined by 

| А 

U 1=1,2,.... ñ 


where L* = ПЕ (к-к (t, x', 4, £)) and C isa 
contour enclosing all Kj, is called a Lopatinski 
determinant. 

We say that L and B; satisfy the uniform 
Lopatinski condition if 


R(t, X^ À, 9) 


= det В, (t, xX’, A, ё,к)к 1 
[^ L* (t, x, A, де к) 


inf |R(t.x',¿ 2)|=c>0. 
(t,x’), Ima<0 
1+1=1 

When the uniform Lopatinski condition is 
satisfied, the mixed problem (21) is well posed, 
and (21) represents a phenomenon with a finite 
propagation speed, which is the same as that 
of the Cauchy problem for L[u] =0 (T. Bala- 
ban [26], H. O. Kretss [27], and R. Sakamoto 
[28]). An analogous result holds in the case 
of a domain О with a compact boundary Г, 
provided that L and B; satisfy the uniform 
Lopatinski condition at every point of Г. 

In the treatment of mixed problems for L 
and B; not satisfying the uniform Lopatin- 
ski condition, the well-posed problems have 
been characterized for operators with con- 
stant coefficients when OQ = R", (Sakamoto 
[29]). For general domains, however, the well- 
posedness of mixed problems depends not 
only on the properties of the Lopatinski deter- 
minant but also on the shape of the domain 
(M. Ikawa [30]). 


L. Asymptotic Solutions 


In order to explain some properties of phe- 
nomenon governed by hyperbolic equations, 
asymptotic solutions play an important role. 
Consider, for example, the acoustic problem 


Пи=0 in (0, co) x Q, 
u=0 on (0, oo) x I. 
Let w(t, x; k) be a function defined in (0, co) x 


Q with parameter k z 1 of the form 


N 
w(t, x; k) = ee) > p (t, x)k 7, (22) 
= 
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where ф is a smooth function satisfying the 
eikonal equation |Vo|^ = 1. If vj, j=0,1,..., N, 
satisfy the transport equations 

Ov; . 
2x 79 "Voy Agv;= 1001, v.,—0, 
we have 
Cw 2 O(k `"). 


Then w of (22) is an approximate solution of 
Ou=0 for large k, and it represents a wave 
propagating in the direction Vo. 

When suppwf(0, oo) x T Z @, if w hits the 
boundary Г transversally, we can construct 


N 
w*(t, x; k) е *t070 у vy (t x)k 7 
j=0 


such that 


|Vo*|]-1 in Q, ф*=ф, and 


дф 
—->0 on Г, 
Ov 


and о; satisfy the transport equations and vj 
= —v, on (0, oo) x Г, where v is the unit inner 
normal of Г. Then w+ w* is an approximate 
solution, and w* represents a reflected wave 
propagating in the direction 


Vo* Vo—2(Vo-v)v. 


These asymptotic solutions show that the 
high-frequency waves propagate approxi- 
mately according to the laws of *geometric 
Optics. 

If asymptotic solution (22) has a caustic, i.e., 
Lx IVo(x)|le К) | xesuppw] has an envel- 
ope, w of the form (22) cannot be an asympto- 
tic solution near the caustic. The asymptotic 
behavior of high-frequency solutions near the 
caustic was first considered by G. B. Airy 
(Trans. Cambridge Philos. Soc., 1838). Under 
the condition that the principal curvatures of 
the caustic are positive, w in the form (22) can 
be prolonged to a domain containing the 
caustic satisfying the asymptotic solution 


w(t, x; К) = e'^ 993 9 ( Ai( — K?? p(x))go(t, х; К) 


tik P AI( -K?? р(х))д (t, x; k)}, 
Q3) 


where А1 is the Airy function 


yl? . 
Ai(z) -=f еа; 
2л 


»00 


and 
glt, x; k) =) gt, х)к!6-} 
j 


(D. Ludwig [31]). 
Concerning the reflection of grazing rays by 
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strictly convex obstacles, the reflected wave 
can be constructed by the superposition of 
asymptotic solutions of the type (23). 

The methods of construction of asymptotic 
solutions of the forms (22) and (23) are also 
applicable to Maxwell equations or more 
general hyperbolic systems (R. K. Luneberg 
[32]; Ludwig and Granoff, J. Math. Anal. 
Appl., 1968; Guillemin and Sternberg, Amer. 
Math. Soc. Math. Surveys, 14 (1977)). 


M. Propagation of Singularities 


Let L be a hyperbolic operator with С° coeffi- 
cients and consider the Cauchy problem L[w] 
=0 with initial condition (15). When the initial 
data have singularities, the solution also has 
singularities for t>0, which is a property of 
hyperbolic equations quite different from the 
properties of parabolic ones. It should be 
noted that the tpropagation of singularities 
cannot be derived from the Huygens prin- 
ciple in the wider sense, i.e., even for regu- 
larly hyperbolic operators of second order 

we cannot determine the location and the 

type of singularities of the solutions for ini- 
tial data with singularities directly from the 
singularities of the fundamental solution 

R(t, x; т, y). 

Suppose that the multiplicities of character- 
istic roots of L are constant. Assume that u,, k 
—0,1,..., № — 1, have, on either side of a suffi- 
ciently smooth (n — 1)-dimensional manifold Г, 
continuous derivatives of sufficiently high 
order to suffer jump discontinuities across Г. 
Then the solution u has continuous partial 
derivatives of sufficiently high order every- 
where except on the characteristic surfaces of 
L issuing from Г, and across these the partial 
derivatives of u have jump discontinuities 
(Courant and Hilbert [1]). 

For more general singularities of initial 
data, it is known that the twavefront propa- 
gates along the tbicharacteristic strips satisfy- 
ing 9$, — Aj(t, x, Vp) 20, 1— 1,2, ..., N — s, that is, 
WFu(:, t) is contained in ((x(t), ¿(t))e T*(R”| 
(dx;/dt)(s) -(04,/02) Gs. x, ©), (d£,/dt) (s) = 
—(04,/8x;)(s, x, E), (x(0), &(0))e Ju WF(1)) 

(J. Chazarain [18]). 

The propagation of singularities is more 
complicated in mixed problems because of the 
reflections of singularities at the boundary. 
For the tacoustic problem, R. B. Melrose [33] 
showed the following: Suppose 6 = CO с 
{x||x|<R} for some R>0, and all the broken 
rays according to the geometric optics starting 
from Q4 2 Of (|x| « R) go out of О, in a fixed 
time. Then for initial data with singularities in 
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Qe, the solution becomes smooth in Ор for 
sufficiently large t. 
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326 (XIII.27) 
Partial Differential Equations 
of Mixed Type 


A. General Remarks 


Let A[u(x)] 20 be a tquasilinear second-order 
partial differential equation. The type (felliptic, 
thyperbolic, or *parabolic) of the equation 
depends on the location of the point x. If the 
type varies as the point x moves, the equation 
is said to be of mixed type. An example is the 
equation 


| ueo 2w д°ф А Ж ER 
c? } dx? с? дхду с? J ду? 


(1) 


of 2-dimensional stationary flow without 
rotation of a compressible fluid without vis- 
cosity, where ф is the velocity potential, u = 
дф/дх and v —09/0y are the velocity compo- 
nents, and c is the local speed of sound, which 
is a known function of the speed q =: (u? + 0?)!2 
of the flow. Equation (1) is of elliptic type if q < 
c, ie., the flow is subsonic, and of hyperbolic 
type if q> c, i.e., the flow is supersonic. If there 
exist points where the flow is subsonic as well 
as points where it ts supersonic, (1) 18 of mixed 
type. The study of equations of mixed type has 
become important with the development of 
high-speed jet planes. 


B. Chaplygin’s Differential Equation 


It is difficult to solve equation (1) directly since 
it is nonlinear. However, we can linearize it by 
taking q and 0 = агсіап(р/и) as independent 
variables (the hodograph transformation). The 
linearized equation takes the form 

2 2 
sa Kw ==, xK(x) 2 0, (2) 
which is called Chaplygin's differential equa- 
tion. Equation (2) is hyperbolic for <> 0 and 
elliptic for x «O0. The study of general equa- 
tions of mixed type, even when they are linear, 
is much more difficult and less developed 
than the study of equations of nonmixed type. 
Almost all research so far has been on equa- 
tion (2) or slight modifications of it. 


C. Tricomi's Differential Equation 


The simplest equation of the form (2) is 


2-70 (3) 
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which is called Tricomi's differential equation. 
F. G. Tricomi considered the following bound- 
ary value problem for (3): In Fig. 1, AC and 
BC are two fcharacteristic curves of (3) and c 
is a Jordan curve connecting A and B. We seek 
a solution of (3) in the domain D bounded by 
AC, BC, and c that takes given values on o and 
on one of the two characteristic curves, say on 
AC. This boundary value problem is called the 
Tricomi problem. Tricomi proved the existence 
and uniqueness of the solution of his problem 
under some conditions on the shape of o and 
the smoothness of the boundary values. After 
Tricomi, much research has been done on his 
and similar problems for equations of form (2) 
[2]. We can also consider problems such as 
finding a solution of (3) (or of (2)) satisfying 
the initial conditions 


2(0, y)=z,(y), (02/0х)(0, y) - z;(y) 


on the common boundary x —0 of the elliptic 
domain and the hyperbolic domain of the 
equation. This is called the singular initial 
value problem. S. Bergman [3] obtained an 
integral formula for the solution under the 
condition that z,(y) and z;(y) are real analytic. 


Fig. 1 


D. Friedrichs's Theory 


For the study of equations of mixed type it 
would of course be most convenient if there 
existed a general theory of boundary value 
problems independent of the type of the equa- 
tion. However, constructing such a general 
theory is considered very difficult, because the 
twell-posedness of boundary conditions as 
well as the analytic properties of solutions are 
quite different according to the type. The first 
contributor to the solution of this difficult 
problem was K. O. Friedrichs [4], who noticed 
that although the methods of solving the 
tCauchy problem and the !Dirichlet problem 
are quite different, both methods utilize energy 
integrals in the proof of the uniqueness of 
solutions. Using this observation, he succeeded 
in constructing a unified theory that enables 
us to treat various types (including the mixed 
type) of linear equations in a single scheme— 
an admissible boundary value problem for a 
symmetric positive system of first-order linear 
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partial differential equations. There is, how- 
ever, a difficulty in Friedrichs's theory since it 
does not give a unified procedure for reducing 
a given boundary value problem for a given 
equation to an admissible boundary value 
problem for a symmetric positive system of 
partial differential equations. The study of 
equations of mixed type that are of more 
general form than (2) by means of Friedrichs's 
theory is an open problem. 


E. Further Studies 


Work on equations of more general type than 
(2) or (3) has appeared (not all depending on 
Friedrichs's theory). For example, the fol- 
lowing equations are treated in [5, 6, 7], 
respectively: 


п 022 tz 
purunec 
Mad Wa 


i=1 


Lm н $ =0 

ax? dyoy ^ ^ 
Qz д?: 

UO D ay FO Sh, 


where z —(z,, ...,z,) and G(y) and K(y) are 
symmetric matrices. 
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327 (XIII.26) 
Partial Differential Equations 
of Parabolic Type 


A. General Remarks 


Consider a second-order linear partial dif- 
ferential equation 
д?и 
t waqa 


Ш п ди 
У |а 9 v bx, >= | 


i,j j i 
д 
+ce(x,)u-— = f (1) 
et 


for an unknown function u of (n + 1) indepen- 
dent variables (x, t) = (x,, ..., x,, t), where a; = 
aj. This equation is said to be parabolic (or 
of parabolic type) if and only if the quadratic 
form X a,,¢;¢; in č is positive definite at each 
point (x, t) of the region under consideration. x 
and t are sometimes called the variables of 
space and of time, respectively. 

The most widely studied of the parabolic 
equations is the equation of heat conduction (or 
the heat equation): 


Li] Au-- 2-0 (2) 


where А = У", 0?/0x2 is the Laplacian taken 
over the space variables. 


B. The Equation of Heat Conduction 


The 1-dimensional case of the heat equation is 


Tm Ou ди Š 

[u]= ox)? o (3) 
for the temperature u(x, t) in a rod, considered 
as a function of the distance x measured along 
the rod and the time t. Equation (3) was one of 
the first treated in the theory of partial differ- 
ential equations. Consider a finite rod with 
constant temperature 0 at its ends x =a and x 
=b. Thermodynamics suggests that the initial 
temperature ф(х) (ф(а) = ф(Б) = 0) prescribed at 
t=0 15 sufficient to determine (ће distribution 
of heat u(x, t) in the rod at all later times t > 0. 
On such physical grounds, we can expect that 
a solution to the following problem exists: 
Find a continuous function u(x, t) that satisfies 
equation (3) for a < x € b, t>0, and the bound- 
ary conditions 


u(a, t) == u(b, t) = 0, 


um u(x, t)=ọ(x) a<x<b. (4) 


According to J. Fourier the answer to this 
problem is expressed in a series У, c,u, CON- 
structed by superposition of the particular 
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solutions u, — sin Sha (x — а)ехр(— 4,2). Here 
the 4, are the roots of sin 4/2, (b — a) 2 0, and 
the c, are chosen so that X, c,u,(x, 0) = ф(х). 
In fact, if ф(х) is continuously differentiable, 
then =, c,u,(x, t) is the required solution. 
Thus we are led to the problem of expanding 
a given function ф(х) in а tFourier series. 

The temperature distribution in an infinite 
rod is given by a continuous function u(x, t) 
that satisfies equation (3) for t> 0 and that, for 
t =0, takes values given by ф(х), where 


lim u(x, t)= ф(х). (5) 


If ф(х) is bounded, then it can also be repre- 
sented by superposition of particular solutions 
e 67^ of (3) as 


1 Ф " 
| ф(а)е 7 da, 
2 Tt J —o 
u(x, t)= 
(х) t> 0, 6 
x), 
Ф £0. (6) 


Partial differential equations of parabolic 
type are important because of their connec- 
tion with various phenomena in the physical 
world; they include not only equations that 
govern the flow of heat but also those that 
describe diffusion processes (— 115 Diffusion 
Processes). 


C. Partial Differential Equations of Parabolic 
Type in Two Variables 


We are concerned mainly with the partial 
differential equation of parabolic type in two 
variables: 


2 


( joe и РЬ poe t ot 
aix, B E 
He Va стун SO) 


e] 
Qu ди 
d(x,t)— ,1)— x )u=g, (7 
+4(х )sç t e(x Na tHe thu=g, (7) 
with ас = 2. In the region where |a| +|c| > 0, 
equation (7) can be reduced to the form 


до до 
эк tas ag tele t) +H. )o-g (T) 


by an appropriate change of variables č = 
U(x, t), t= V(x, t). If e' <0 in this region, we 
can assume without loss of generality that our 
equation takes the canonical form 

2 


бый bes nr teu- 8) 
а(х, гу X, rm cix, tju à 


with a 0, from the outset. It has the single 
family of tcharacteristics 


t — constant. (9) 


There are four typical problems to be posed 
with regard to equation (8). 
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The first consists of determining, in some 
neighborhood of a given curve C nowhere 
tangent to a characteristic, a solution u that 
possesses prescribed values of u and ди/дп, 
or of a linear combination of u and ди/дп, 
along C. For instance, the problem of finding 
a solution u(x, t) such that u(xo, t)= g(t) and 
u, (xo, t) = h(t) for given functions g(t) and 
h(t) is a problem of this type. Consider the 
equation 


Qu ди 
à) @ d 


in the region a <t «b, xo < x. According to E. 
Holmgren, a solution u(x, t) satisfying the 
conditions 


ш? u(x, t) = д(ї), Шш u, (x, t) = h(t), (11) 


where g'(t) is bounded and continuous, exists if 
and only if 


g): 5 
X a /t— 
is of class C” and satisfies 


IKO] < M(n!)?/r" (13) 


h(t)+ dt=k(t) (12) 


for positive constants M and r. 
In the second type of problem we are re- 
quired to find in a region of the form 


Pt) <x < (t), 


a solution of (8) that takes prescribed values 
on part of the boundary of that region. Here 
we impose the hypothesis on the curves x= 
p(t) and x= @,(t) that they are nowhere tan- 
gent to a characteristic (9). M. Gevrey [3] 
showed that if such a solution does exist, the 
functions c, (t) and @,(t) must satisfy the *Hól- 
der condition with exponent «> 1/2: 


t,«t«t,, (14) 


[Ф + h)—@,(t)| <c|h|%, c= constant, (15) 


for sufficiently small h. The problem of heat 
conduction mentioned in Section B corre- 
sponds to the particular case Ф, (t) = constant, 
Q»(t) = constant, for which condition (15) is 
automatically fulfilled. 

The third type of problem is to find in a 
region of the form 
axxxb, t>0, (14) 
а solution of (8) that satisfies the conditions 


lim u(x, t) = ф(х), 


д 
™ —hu=0 


h=constant >0; 
Ox 


for x=a, 


д 
=~ +Hu=0 for x=b, H=constant >0. 
x 


(16) 
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This problem, posed for equation (10), is also a 
mathematical formulation of the problem of 
heat conduction in a rod [4]. If ф(х) is of class 
C', then the solution to this problem can be 
expanded as 


© 
и(х„ї)= Y ce ^" @, (x), 
n=1 


b 
= | A(X) n(x) dx, (17) 


a 


where (х) is a normalized function (f° @2(x)dx 
= 1) that satisfies the boundary conditions 


q,(a)—ho,(a)—0, o@,(b)+Hoe,(b)=0 (18) 
and the equation 


4? 
99% = A). (19) 


The fourth type of problem 15 (о find а 
function u(x, t) that satisfies (8) for t> 0 and 
the initial condition lim, o u(x, t) = ф(х). It 
corresponds to the problem of heat conduc- 
tion in an infinite rod. 


D. Green's Formula 


The tadjoint of the differential operator L[u] 
in (3) is given by 


Qv дь 


ML]= St: (20) 


Integration by parts yields the identity 


|| (VL[o] — eM [y ]) dx dt 
G 


-| ovax+ | (#22-» Lya (21) 
с c\ Ox Ф% 


where G is the region bounded by the closed 
curve C, and the line integral on the right is ' 
evaluated in the counterclockwise direction 
over C. We call (21) Green's formula for the 
partial differential equation of parabolic type 
(3). As in the case of partial differential equa- 
tions of elliptic type (— 323 Partial Differen- 
tial Equations of Elliptic Type), this formula 
is used to establish the uniqueness of the solu- 
tion of (3) and to derive an integral repre- 
sentation for it. 

For example, the uniqueness of the solution 
is established in the following way: Let the 
curve AD and BE in Fig. 1 be such that no 
characteristic meets either of them in more 
than one point. If u(x, t) is continuous in the 
closed region (ABED), vanishes on AD, BE, 
and the segment AB, and satisfies equation (3) 
in (ABED) except on AB, then it vanishes 
identically. Green’s formula (21), applied to the 
region G=(ABQP) and the functions y z 1, 
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ф=и?, yields 


д 2 
aff (z) axdi f u?dx=0. 
є NOX PO 


In a similar way, by extending Green’s for- 
mula suitably, we are able to prove unique- 
ness theorems for the four problems stated in 
Section C for more general linear parabolic 
equations. 


A B 


Fig. 1 


To obtain a representation for solutions we 
proceed as follows: Let u(x, t) be a solution of 
(3) and Let 


Ux. fx. t) ene Pao) (20) 


1 
JJ 4n( f — t) 
be a particular solution. Applying Green's for- 
mula to the region (PABQM P) and the func- 
tions g — u(x, t), V = U (Xo, to th, x, t), where h 
is a positive number and M is a point with 
coordinates (Xo, to), we obtain 


dx 
u(x, tg)e 9o 94h. — — 
й ; JJ 4xh 


-| u(x,t)U(xo, to +h, x, t) dx 


Since the Integral in the left-hand side of this 
equality approaches u(xo, to) as h|0, we can 
establish the basic representation formula 


iota | u(x,t)U(xo,to, x, t) dx 
РАВО 


0) д0 
(и-и) (23) 
дх дх 


for solutions u of (3). Formula (23) shows that 
и(хо, tg) is determined in terms of the partic- 
ular solution (22) if we know the values of u 
and ди/дх on the part PABQ of the boundary 
of the region (ABED). The function (22) is 
called the fundamental solution of (3) because 
it plays the same role as the fundamental 
solution logr (г =((« — x? +(B—y)?)!”) of 
Laplace's equation 02u/0x2 + 0?u/0y? = 0. 

Similarly, the following function E (called 
the Gauss kernel) is a fundamental solution of 
equation (2): 


|2 
Ela, Bix, psim- rep А), 
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where (x, x)e R" x R” and t < f. For equation 
(3), the following maximum principle holds: 

In the region (ABED) of Fig. 1, suppose that 
L[u] z 0 and that u takes its maximum value 
K at an interior point M. Then u is identically 
equal to K on the segment QP and in the 
region (АВОР). More generally, various ver- 
sions of the maximum principle are known for 
equation (1) [5]. 


E. The Laplace Transform Method 
Let u(x,t) be a solution of (3) for t >0 and 


v(x, »-| e "wx,t)dt, 4-0, (25) 
0 

be its *Laplace transform with respect to t. 

Utilizing integration by parts, we have 


| e "u(x,t)dt-[e "u(x,t)]lzg 


0 


zl e *u(x,t)dt 


0 
= — ф(х) + Av(x, А), (26) 


provided that lim, „„ e “u(x, t) = O апа 
т, u(x, t) = ф(х). We find in view of (3): 
2 
un = Av(x, 4) — ф(х). (26) 
дх? 
Once the solution of (26’) has been found, the 
desired solution of (3) can be derived by invert- 
ing the Laplace transform (25). This idea can 
also be applied to the solution of parabolic 
equations with constant coefficients in (n+ 1) 
variables, such as (1). 


F. General Second-Order Equations of 
Parabolic Type 


Consider the equation (1) with f -:0, which can 
be written as 

ди 

a A(t)u, (27) 
where A(t) is а second-order еріс operator 
with parameter t. Let D be a region (bounded 
or unbounded) of points x whose boundary 

is a smooth hypersurface S. We pose the fol- 
lowing initial boundary value problem for 

(27): Find a function u(x, t) that satisfies in 

D x (0, o0) equation (27) together with the 
conditions 


lim u(x, t)= ф(х), хєр, 
110 


ди(х, )/дп+ h(x,t)u(x,t) 2 у(х, 0), xeS, (16) 


where д/дп is the directional derivative in the 
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outward fconormal direction at (x, t) (xe S), 
and h(x, t) 2 0. 

The Laplace transform is not suitable for 
solving problems (27) and (16). Instead, the 
theory of 1-parameter semigroups of linear 
operators (— 378 Semigroups of Operators 
and Evolution Equations) can be applied to 
establish similar fundamental results. Let m be 
a large positive integer. For t>0, put t, = kó 
for k=0,1,...,m—1 with 6=t/m. By the La- 
place transform method as described above, 

. we can associate with y a unique solution v of 
A(t,)v= Av — y with 4—1/0. We put R,w = Ар. 
By iterating this procedure m times, we have 
a function u, (x, t) = Rm-1 Rm-2 ... Коф start- 
ing from the initial value o at t=0. Then we 
obtain a solution u(x, t) of (27) and (16) as 
the limit of u,,(x, t) as m— oo. The following 
results are known [6, 7]: (i) There exists a u= 
U(&, t, x, t) (x, £eD,t» 120) that, as a func- 
tion of x and t, satisfies equation (27) and the 
homogeneous boundary conditions (16') with 
ф=0, f =0. (ii) The function u(x, t) defined by 


u(x, =| Ф(&) (е, 0, x, t)dč 


faf f (Ut t) 
0 S 


д0(ё, c, x, t) I 
кысу (23) 


is a solution of (27) and satisfies (16). Thus 
U(£, v, x, t) is a generalization of the function 
(24), called the fundamental solution of the 
linear parabolic equation (27) with boundary 
conditions (16). Besides the properties (i) 
and (ii), the fundamental solution satisfies 
О(ё, т, х, t) 20, fp U(E, t, z, )U(z, w, x, t)dz = 
U(&, t, x, t) (т < w « t), and further fp U(£, 1, 
x, t)dx = 1 under some additional assump- 
tions. Therefore this theory is of consider- 
able significance from the point of view of 
the theory of probability (— 115 Diffusion 
Processes). 

It can be shown that a weak solution of the 
parabolic equation (27) is a genuine solution. 
That is, if u(x, t) is locally summable and 


[ | u(x, t) (en. A(0*o(x, 0)дха- 0 
o JD ôt 


for any function ф(х, t) of class C? in D x (0, оо) 
and vanishing outside a compact subset of D 
(A(t)* is the adjoint of the partial differential 
operator A(t) and dx — dx, ... dx, 4), then 

u(x, t) satisfies (27) in D x (0, oo) in the usual 
sense. In particular, when the coefficients of 
A(t) are infinitely differentiable, any solu- 

tion u(x, t) of (27) in the distribution sense is a 
genuine solution (— 125 Distributions and 
Hyperfunctions). 
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If the function h in the boundary conditions 
(16) and the coefficients of A are independent 
of t, then the fundamental solution U (£, t, x, t) 
depends only on £, x, and t — x and is written 
as U(¢, x;t— 1) (t> т). Furthermore, if A is 
tself-adjoint, then there exist a sequence of 
'eigenfunctions (y, x; 4)| p — 1,2, ...) (AV, + 
Aw, — 0) and a sequence (p,(A)) of measures 
on the real line for which the following hold: 
(1) The fundamental solution U(£, x; t) is ex- 
pressed in the form 


o 


e ^y, Ay os 2) dp, (A). 


— 0 


Ué x)= Ў 
p=1 


(2) The solution u(x, t) of (27) satisfying (16^) 
with f(x, t) = 0 is expanded as 


ц) Y | © ен; Dos dps) 


where 


9,(4)— |, Vy; A)e(x)dx 


(ф(х) is the function given in (16°). 


G. Nash’s Results 


Let us consider a parabolic equation 


Qu т д ди 
ГЕ = =; == 28 
д 31 0х; ад ) =l ( ) 


where а = а are real-valued functions of class 
C° and equal to constants outside a fixed 
compact set of R” for all tz: t, (this regularity 
assumption can be relaxed). Suppose that 
there exists a constant Az 1 such that A !|£|? 
« Xay(x, £6 «A|£l? for all (t, x, £) e(to, 00) x 
R" x К". Then, for any bounded solution u(x, t) 
of (28) in (to, oo) x R" and for any (x, y, t, s) such 
that xeR", ye R", and t, <t <s, the inequality 


|u(x, t) — u(y, s)| 


wm 
1—1, 1—10 

holds, where B=sup{|u(x, t)] | tz t9, x eR") and 
В —a/(2a +2). In this inequality, the constants 

х and A are positive, depending on (п, 4) but 
independent of the particular choice of (a;), to 
and of u [9]. 

As a corollary to this theorem, J. Nash 
proved that, if the a; do not contain t and if 
v(x) is a bounded solution in R" of the elliptic 
equation obtained by replacing óu/ót by 0 in 
(28), the inequality 


[о(х) — v(y)| < A'B'Ix — yl" (30) 


holds for any (x, y) eR" x Ё", where o = o/(« + 1) 
with « in (29) and B' 2 sup|v(x)|. The constant 
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A’ depends only on (n, 4) (— 323 Partial Dif- 
ferential Equations of Elliptic Type L). 


H. Partial Differential Equations of p- 
Parabolic Type 


Let p and m be given positive integers. Let us 
consider an equation for an unknown function 
u of (n + 1) independent variables (x, t) of the 
type 

д"и 0“ Q/u 

ám + 2,60 sag (31) 
where х —(a,, ...,o,) and 0*/Ox* 2 (0/0x,y^ ... 
(0/0x, Y". We write also |aj=a,+...+0,. In 
(31), X, 15 the summation taken over the 

(a,j) such that pj + |a] x pm and 0 < j « m. Let 
us denote by {A,(x, t, €)}7, the roots A of the 
equation 


Amt > a, (x, t) (i = 0, (32) 


where > ; is the summation over the (о, j)’s 
such that pj + [02| = рт and that 0<j<m. We 
say that the equation (31) is p-parabolic (or of 
p-parabolic type) in the sense of I. G. Petrov- 
ski if and only if there exists a positive num- 
ber ó such that 


Re2,(x,t,¿)< 01), 1<k<m, (33) 


for any (x, t) in the region under consideration 
and for any ¿e R". The integer p is then seen to 
be even. Equation (27) is p-parabolic if — A(t) 
is strongly elliptic of order p. The heat equa- 
tion (2) is 2-parabolic in this sense. Similarly, 
we can define the p-parabolic systems of equa- 
tions [10]. 

p-parabolic equations are known to be 
*hypoelliptic if the coefficients are of class 
С° [11]. S. D. Eidel’man obtained precise 
estimates of the fundamental solutions and 
of their derivatives for p-parabolic equa- 
tions [10]. The mixed initial boundary value 
problems are investigated in detail also by 
Eidel'man [10] and by R. Arima (J. Math. 
Kyoto Univ., 4 (1964)). 
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Partitions of Numbers 


A partition of a positive integer n is an ex- 
pression of n as the sum of positive integers. 
The number of partitions of n, where the order 
of the summands is ignored and repetition is 
permitted, is denoted by p(n) and is called the 
number of partitions of n. For example p(5) 2 7 
since 5=4+1=3+2=3+1+1=2+2+1= 
2-171-121-4141 1-4 1. Therefore, p(n) 
equals the number of tconjugate classes of the 
tsymmetric group of order п and is closely 
related to the trepresentation theory of this 
group. 

The tgenerating function of p(n) is 
cb 
Y А 
) 


n=1 


fo)=1+ у р(п)х"= р (1— x") 


The unit circle |x| = 1 is the tnatural boundary 
of f(x), which is holomorphic in |x| « 1. The 
Dedekind eta function, which is closely related 
to f(x), is defined by the following formula for 
the complex variable т taking values in the 
upper half-plane: 


n(t)=exp(xit/12) П (1 —exp(2zinz)). 
n=] 
Hence 5(1 + 1)=exp(ni/12)n(z). L. Euler (1748) 


obtained the following formula (called the 
pentagonal number theorem because n(3n — 1)/2 
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is a Tpentagonal number): 


Le 


(1—x"*) 


1 


N 


n 


= 1 + y (— 1)%(х"8"7 02 + x"(3n+1)/2). 

n=1 
This follows easily from the Jacobi-Biehler 
equality 


[1 (a —q?) xq? 20 9727 


-1c-Yq"G"-z7) (141<1, 290). 
п=1 


By using the ttransformation formula for 3- 
functions, we can infer from the pentagonal 


number theorem that n{—1/t)=./t/i (t). 
Hence, if a, b, c, d are integers satisfying ad — 
bc 1 and с> 0, then 


ат+Ь ct+d () 
=€ К 
n ct+d i ВЕ 


where ¢ is a 24th root of unity. It is known 
that y(t) is a fcusp form of weight — 1/2 with 
respect to the full tmodular group I (1) [9, 11]. 

С.Т. Siegel (1955) gave a simple proof of the 
formula 4(—1/t)= КА (т). Later S. Iseki 
(1957) gave another proof by using a new 
method, known as the «— fi formula [12]. 

The size of p(n) increases rapidly with n; for 

instance p(10) = 42 and р(100) = 190,569,292. 
By making use of a remarkable identity, G. H. 
Hardy and S. Ramanujan (1918) proved the 
following inequalities, where A and B are 
suitable constants: 


(A/n)e2v" < p(n) < (B/n)e^? ^. 


Subsequently they obtained 


p(n) ~(1/4,/3 n)exp(x. /2n/3). 


After, P. Erdós (1942) and D. J. Newman 
(1951), A. G. Postnikov [8] succeeded in 
proving 


pin) 96s IL ( «oC E) 
n 


ni^ 


by means of an elementary function-theoretic 
method. Multiplying both sides of Euler's 
formula by the generating function of p(n) and 
comparing the coefficients, we obtain 

Y (-0D*'p(n—o)-0, 
О<ор<и 
where w, —k(3k — 1)/2 (k=0, +1, +2,...)іѕа 
pentagonal number. From this formula we 
can calculate р(п) successively; in fact P. A. 
MacMahon obtained in this way the values of 
p(n) for n up to 200. 

Hardy and Ramanujan proved the following 
transformation formula for the generating 
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function f(x) of p(n): 


Ae) 


p AZ 
Е ИД -m) 


(А, к) 2 1, 
where И, , is defined by 


hh’ = —1(mod k), 


W, = exp(zis(h,k)) 


and the value of s(h, k) was given by Radema- 
cher in the form 


eoe) 


Here the symbol ((ї)) in the sum denotes the 
function that is 0 for integral t and t — [t] — 1/2 
otherwise ([ ] is the tGauss symbol). With 
regard to the Dedekind sum s(h, k), we have the 
reciprocity law for Dedekind sums: 


Suns : (iei » 


4 12\k h hkj 


If we make substitutions a = й’, b = (hh' + 1)/k, 
c=k, and d= — hin the Hardy-Ramanujan 
transformation formula, then the ғ appearing 
in the transformation formula of y(t) is seen to 
be equal to exp(— ліѕ(с, 4) + ni(a + d)/12c). A 
direct proof of the transformation formula and 
the reciprocity law was given by K. Iseki 
(1952). 

According to Cauchy's integral formula, p(n) 
can be represented as an integral: 


1 | f(x) 
— | —dx, 
опре 
where the contour Г 15 taken inside the unit 
Circle around the origin. The generating func- 
tion f(x) varies greatly: namely, letting r21—0 
in x=rexp(2zip/q), where p and q are fixed 
integers, it follows from the transformation 
formula that f(x) » exp(x?/6q?(1 — r)). Never- 
theless, we can deal with the integral by the 
'circle method, introduced by Hardy and 
Ramanujan, which threw light on recent addi- 
tive number theory. Hardy and Ramanujan 
thus obtained 


_ Í 4 [ехр(Сл,) 
P(n)=— 35 i e otexot fi 


where 


l= /n=1/24, C-nJ2/, D>C/2. 


The theory was improved by Rademacher 
(1937, 1943), who expanded p(n) into the 
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series 
1 ° d (sinh(CA 2 
=—— V A, (n)k/? —{| ———** — |, 
p(n) x 22. x (n) 4 i 
where 
A,(n) = W, , exp( — 2nihn/k). 


h(mod k), (h, k) 1 


Rademacher (1954) proved further that 


k=1 
where 

© z" 
L,(z)= Y 


nacon! (v+n++1) 


Rademacher (1943) had developed an inge- 
nious proof by taking “Ford’s circle” as the 
contour T. 

Ramanujan observed that p(5m +4)= 0 
(mod 5), p(7m + 5)=0 (mod 7), and p(11m + 
6)=0 (mod 11). Rademacher (1942) and New- 
man studied these cases by using n (z). More 
generally, A. O. L. Atkin proved that if 24n=1 
(mod 5^7^11*) then p(n)=0 (mod 5^7! *1?2111*) 
(Glasgow Math. J., 8 (1967)). At present, this is 
the best result. 

Let n=n,+n,4+...4+n, bea partition of n. 
Many problems arise when we put additional 
conditions on the n;. For instance, we may 
require that the n; satisfy certain congruence 
relations (L. K. Hua (1942), S. Iseki (1959)) or 
are powers of integers (E. M. J. Wright (1934), 
L. Schoenfeld (1944), S. Iseki (1959)) or are 
powers of primes (T. Mitsui (1957)). The par- 
tition problem can also be extended to the 
case of an algebraic number field of finite 
degree (Rademacher, G. Meinardus (1953), 
Mitsui (1978)). 
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329 (XX1.38) 
Pascal, Blaise 


Blaise Pascal (June 19, 1623- August 19, 1662) 
was born in Clermont-Ferrand in southern 
France. He lost his mother when still an infant 
and was brought up by his father, Etienne 
Pascal (discoverer of the curve called Pascal's 
tlimagon). As a youth, he demonstrated a 
remarkable ability for mathematics. In 1640, 
under the influence of Desargues, he dis- 
covered tPascal’s theorem on conic sections, 
and in 1642 invented an adding machine. After 
hearing of Toricelli’s experiments in 1646, he 
became interested in the theory of fluids and 
on his own began to conduct experiments; this 
research put to rest the prevailing opinion that 
nature abhors a vacuum and that, therefore, a 
vacuum cannot exist. Pascal formulated the 
principle stating that pressure, when applied at 
any point within a contained liquid, is trans- 
mitted throughout the fluid. By means of this 
principle, he explained various phenomena 
concerning fluids such as the atmosphere and 
laid the foundations for hydrostatics. 

Between 1652 and 1654, Pascal was pre- 
occupied with social affairs, but subsequently 
he began to devote himself to religion. He 
entered the Abbey Port-Royal of the Jansenist 
sect, where he remained until his death. Im- 
mediately before his entry, however, he and 
Fermat exchanged correspondence about 
games of chance, and these letters proved to 
be the beginning of the theory of tprobability. 
Concerning games of chance, Pascal had con- 
ducted research on *Pascal’s triangle, and in 
this study he formulated and used tmathemat- 
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ical induction. He also indicated a way to 
obtain the sum of the mth powers of the con- 
secutive terms of an arithmetic progression, 
and with an intuitive idea of limits obtained 
the formula [о x" dx —a"*! /(m 4- 1). While in 
Port-Royal, he published Lettres provinciales 
(1657), in which he carried on a dispute with 
the Jesuits. His book Pensées shows his deep 
involvement with religion; however, he did not 
abandon mathematics. In 1658, he determined 
the area enclosed by a tcycloid and its base, 
the barycenter and area of the figure enclosed 
by a cycloid and straight lines parallel to its 
base, and the volume of the figure obtained by 
rotating it around these lines. The study of the 
methods used by Pascal to obtain these re- 
sults, which were forerunners of differential 
and integral calculus, led tLeibniz to discover 
the fundamental theorem of calculus. Pascal 
also formulated clear ideas about axioms. 
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330 (11.8) 
Permutations and 
Combinations 


Let there be given a set Q of n elements. If 

we choose k distinct elements of О and ar- 
range them in a row, we have a k-array or k- 
permutation of elements of О. The number of 
such arrays is (n), — n(n — 1) ...(n —k-- 1). 

The polynomial (x), 2 x(x — 1)...(x —К-+ 1) 

in x of degree k is called the Jordan factorial of 
degree k. In particular, (n), = n, n factorial, is 
the number of permutations of Q. A subset of 
Q is called a k-subset if it contains exactly k 
elements. The number of k-subsets (or k- 


combinations) of Q is | =(n),/k!. The 
binomial coefficients (*) are defined by the 


. | x 
generating function (1 + z)*= Уо ( | 2". For 
п 


any complex number x, the series is conver- 
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X 
gent for |z| « 1, and it is verified that ( )= 
n 


(x),/n! in terms of the Jordan factorial (x),. 
The same results hold in a tcomplete field with 
tvaluation, in particular іп а tp-adic num- 

ber field. In any case, we have the recursive 
relation 


C M) (21) 


and in general 


xc j" ы 


which leads to many identities involving 
binomial coefficients. The recursive relation 


allows us to compute the values of (i) easily 


for small integers n, k, as was noticed by 
Pascal. The arrangement of these values in a 
triangular form: 


l 3 3 1 
1464 1 


is called Pascal's triangle. For integral values 
x, (1 + z)* are polynomials, and we have (a+ 


by —Xi- (enn (binomial theorem). As 
a generalization, we have 


n! 
п — sss Р, 
(а, +... +a, EDT. a гаї: amm 
(multinomial theorem), where the sum is ex- 
tended over all nonnegative p, with È р; = п. 
The number of ways of choosing k elements, 
allowing repetition, from a set of n elements is 


—n n+k— 
— 1 = 
number of nonnegative integral solutions of 


У" x; = k. As an example of binomial coeffi- 
cients with noninteger arguments, we have 


Dyer 
n n 
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Perturbation of Linear 
Operators 


A. General Remarks 


Historically, the perturbation method was 
developed as an approximation device in 
classical and quantum mechanics. In the per- 
turbation theory of eigenvalues and eigenfunc- 
tions, created by L. Rayleigh and E. Schrödin- 
ger, the main concern was to find solutions as 
power series in a parameter к that could be 
regarded as small. In the perturbation theory 
for linear operators, however, we are con- 
cerned more generally with the behavior of 
spectral properties of linear operators when 
the operators undergo small change. The 
foundation of the mathematical theory, includ- 
ing a complete convergence proof of perturba- 
tion series, was laid down by F. Rellich [1] 
and T. Kato [2, 3]. Another major topic in 

the perturbation theory for linear operators 

is the perturbation of continuous spectra, 
which was initiated by K. O. Friedrichs (Math. 
Ann., 115 (1938); [4]). It is closely related to 
scattering theory and is discussed more fully 
in 375 Scattering Theory. A standard reference 
in this field is [5] (also — [6, 7]). Most of 

the material presented in this article is taken 
from [5]. 

For problems in Hilbert spaces there are 
two general frameworks in which to formulate 
perturbation situations: the operator formula- 
tion and the form formulation. In the former 
we deal with a family of operators T(x) direct- 
ly, while in the latter, we deal with associated 
semibounded Hermitian (or, more generally, 
sectorial) forms t(x). The latter is applicable 
only when there is semiboundedness (or a 
sectorial property) inherent in the problem, 
but is usually more general than the former 
in such problems, since the latter (resp. the 
former) requires roughly the constancy of 
the domain of the “square root" of T(x) (resp. 
the domain of T(x)). In this article we discuss 
problems in the operator formulation. For 
the form formulation — [5] and [7]. 

In this article X, Y, ..., are complex Banach 
spaces and T, A, ... are linear operators unless 
other specifications are made. The following 
notations defined in 251 Linear Operators are 
used without further explanation: D(T), R(T), 
B(X, Y), B(X), I' (T) (the graph of T), о(Т) (the 
spectrum of T), p(T) (the resolvent set of T), 
and R(¢; T) (the resolvent of T). We also use 
C(X, Y) (resp. A(X, Y)) to denote the set of all 
*closed linear operators (resp. all tlinear 
operators) from X to Y and C(X)=C(X, X). 
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B. Stability of Basic Properties 


(1) Let Te C(X, Y). Important notions for 
characterizing the smallness of Ae A(X, Z) 
relative to T are the following. (i) A is said to 
be relatively bounded with respect to T (or 
simply T-bounded) if D(A)> D(T) and there 
exist a, b> 0 such that 


(9) _ | Aull; <allully +5|| Tully for all ue D(T). 


The infimum, denoted by ||A||;, of b for which 
(x) holds with some a is called the T-bound of 
A. (ii) A 1s said to be relatively compact with 
respect to T (or T-compact) if D( 4)2 D(T) 
and A is compact from D(T) with the graph 
norm of T to Z (— 68 Compact and Nuclear 
operators F). T-compactness of A implies T- 
boundedness (and in Hilbert spaces || A|| = 0). 
(2) Let Te C(X, Y), and let Ae A(X, Y) be T- 
bounded. (i) If || Allp <1 (or if A is T-compact), 
then T+ AeC(X, Y). (ii) If, in addition, X = Y 
is a Hilbert space, T is tself-adjoint, and A is 
'symmetric, then T+ A is self-adjoint (Rellich- 
Kato theorem) [1,8]. (11) Suppose that Т isa 
*tFredholm operator. If either A is T-compact 
or the inequality (ж) holds with constants a, b 
satisfying bp +a <p for a certain positive 
number p determined by T, then T+ A is 
a Fredholm operator and ind(T --.4) 2 ind T 
(for ind T, nul T, and def T — 251 Linear 
Operators). In the latter case where bp + a « p, 
we also have nul(T+ A) x nul T and def(T + 
A) « def T. 


C. Continuity and Analyticity of Families of 
Closed Operators 


In order to handle unbounded operators, 
which are important in applications, it is neces- 
sary to introduce generalized notions of con- 
vergence and analyticity of families of closed 
operators. 

(1) C(X, Y) becomes a *metric space by a 
distance function d(S, T) having the property 
that (T(S), Г(Т)) < 4(5, T) 28(Г($), Г(Т)), 
where for closed subspaces M and N we put 


ó(M, N)=max[6(M, N),9(N, MY], 


6(M,N)= sup dist(u, N); ô(0, N)=0. 


ueM, 14| =1 
М ‚ М) is called the gap between M апа N [5]. 
When T,— Т in this metric, T, is said to con- 
verge to T' in the generalized sense. This gen- 
eralized convergence coincides with the norm 
convergence if T,, Te B(X, Y). If X = Y and 
p( T) + Z, then T, — T in the generalized sense 
if and only if for some (or equivalently all) 
Cep(T) we have Cep(T,) for sufficiently large 
n and |R(C; T.) — R(G; T)|| 30, n2 co. This is 
called norm resolvent convergence. 
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(2) When X = Y, there is also the notion of 
strong convergence in the generalized sense 
[5], which is roughly the strong convergence 
of resolvents. In particular, when Т, and T are 
self-adjoint operators in a Hilbert space, 7, T 
strongly in the generalized sense if R(¢; T,)^ 
R(¢; T) strongly for some (or equivalently all) 
C with Imc Z 0. This is called strong resolvent 
convergence. 

(3) Let Dc € be a domain. The notion of 
analyticity (holomorphic property) of a family 
T(k)e B(X, Y), кєр, of bounded operators 
is well known (— 37 Banach Spaces K). 

This notion is generalized to a family Т(к)є 
C(X, Y), кєр, of closed operators [1, 5]. 
Namely, T(x) is said to be holomorphic in D if 
at each xoc D there exist a Banach space Z 
and U(x)e B(Z, X), V(x)e B(Z, Y), defined near 
Ko, Such that (i) U(x) and V(x) are holomor- 
phic at ко as families of bounded operators; 
(ii) U(x) is one to one and onto D(T(x)); (iii) 
T(K)U (x) = V(x). Let us mention several spe- 
cial cases. (I) if X = Y and if Cep(T(x)) for all 
KED, then T(x) is holomorphic in D if and 
only if R(C; Т(к)) is holomorphic in D. (II) If 
D(T(x)) is independent of к and if T(x)u is 
holomorphic in D for every ue D(T(«)) then 
T(x) is holomorphic in D (holomorphic family 
of type (A) [5]). (HI) Let Te C(X, Y), and let 
T? e A(X, Y) such that D(T™)> D(T) and 

| T?u[ <" (a|ul + bl Tull), ue D(T), where a, 
b, cz 0. Then Т(к)и= Tu - kT?u x... + x^ T? 
+... ue D(T) defines a holomorphic family of 
type (A) in D2 {к||[к| < (6-с) 11. (IV) If X=Y 
is a Hilbert space and if T(x) is self-adjoint for 
real x, T(x) is said to be a self-adjoint family. 
In particular, the family discussed in (IIT) is a 
self-adjoint holomorphic family if T is self- 
adjoint and T is symmetric. 


D. Perturbation of Isolated Eigenvalues 


(1) Separation of the spectrum. Let Te C(X). 
Suppose that a bounded subset A of o(T) is 
separated from the rest of o(T) by a simple 
closed contour Г (ie., Гс p(T) and A(c(T)N A) 
lies inside (outside) of I). Then the operator 


pack | R(G T)dt, 
2ni Jr 


which is independent of Г, is a projection (i.e., 
PeB(X) and P? = P). The closed subspaces 

X, = PX and X; z(I — Р) Х treduce T and give 
rise to the decomposition T= T|y, ® T|x,= 
Т, ® T,. In particular, o(T,)=0(T)N (inside 
of T} and o(T,)=0(T)N (outside of Г}. 

(2) Let Т(к) be holomorphic in D. We as- 
sume that 0€ D and regard Т) = T(0) as the 
unperturbed operator. Suppose that A and I 
are as in (1) with T replaced by T. Then 
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there exists ó > 0 such that |k| « ó implies Гср 
(Т(к)). This follows from the upper continu- 
ity of compact components of the spectrum 
with respect to the metric d of C(X) [5]. Thus 
the separation of the spectrum discussed in (1) 
is applicable to T(x). In particular, corre- 
sponding to the projection 


1 
| RG T(k))de,  |к|<б, 


T(x) is decomposed as T(x) = T, (x) Ф Т,(к); 
and the problem of determining the spectrum 
of T(x) inside Г is reduced to the problem of 
determining the spectrum of Т, (x) (Ix| < ó). 
Suppose now that А = {2o} is an isolated 
eigenvalue of T® and that mz dim Р(0)Х < оо. 
Then dim Р(к) X =m, |к| < ó. Moreover, a base 
{ф, (к), ..., ф„(к)} of P(k)X can be constructed 
in such a way that the g(x) are holomorphic 
in (|k| «ó' <ô} [3,5]. Thus the problem for 

T, (к) in this case is just the finite-dimensional 
eigenvalue problem det {Ад — (T(k)oj(K), 
ф(к))} = 0. The totality {A;(«)} of solutions 

of this equation, i.e., the totality of eigen- 
values of T(x) near Ao, is expressed by one or 
several power series of x”? with a suitable 
integer p 0. If T(x) is a self-adjoint family, 

we can take p= 1 so that the eigenvalues are 
holomorphic near Ag. If H(x)- HO +H) 
+... is a self-adjoint holomorphic family 
described in example (IV) in (3) of Section C 
and if m= 1, the power series A(x) = 45k? сап 
be explicitly computed as 4, =(H up, шу), 4; 
=(H ug, uo) + (SH uy, Huo), ..., where 
Hug = Aouo With [ug|| = 1 and where S 
=lim,,,, R(¢; H)(1 — P(0)) is the reduced 
resolvent. This series is known as the Rayleigh- 
Schrédinger series. The power series for the 
associated eigenvectors u(x) = У, ku; can also 
be computed. For details, including the case of 
a degenerate 4, (m > 1), in which the situation 
becomes more complicated due to the splitting 
of eigenvalues, — [5]. The perturbation theory 
discussed in this subsection is called analytic 
(or regular) perturbation theory. 

(3) Even when a problem cannot be handled 
by means of analytic perturbation, it may 
happen that the coefficients 4; and u; of formal 
power series can be computed up to a cer- 
tain j. In many such cases it can be shown 
under general assumptions that an asymptotic 
expansion such as A(k) 2 Ag -- A4, k + o(k) is 
valid as long as the coefficients involved can be 
computed legitimately [2, 5]. Estimates for 
о(к) can also be given. This provides a rigor- 
ous foundation for the perturbation method in 
many important practical problems. The case 
of degenerate A, can be treated similarly. The 
strong convergence in the generalized sense 
mentioned in (2) of Section C is used here. This 
theory is called asymptotic perturbation theory. 
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E. Perturbation of Continuous Spectra 


For continuous spectra, studying the mode 

of change under perturbation is not usually a 
tractable problem. Rather, certain parts of 
continuous spectra tend to be stable under 
perturbation; and the study of this stability has 
been a major topic in perturbation theory 
(also — 375 Scattering Theory). In this section 
we discuss only self-adjoint operators and let 

. H -(AdE(4), Ho, ..., be self-adjoint opera- 
tors in a Hilbert space X. For B, and || |j, to 
bc used below — 68 Compact and Nuclear 
Operators. 

(1) The essential spectrum (— 390 Spectral 
Analysis of Operators E) is stable under com- 
pact perturbation. Namely, if H = H; + K with 
compact K, then o,(H)=o,(Ho) (H. Weyl, 
Rend. Circ. Mat. Palermo, 27 (1909)). More 
generally, it suffices to assume that R(¢; Н) 

— R(¢; Hp) is compact for some (or equivalently 
all) ¿ep(H) 1 p(H,). Conversely, if X is sepa- 
rable and if c,(H) — o,(H,), then there exist a 
unitary operator U and a compact operator K 
such that Н = ОНО! + K (J. von Neumann, 
Actualités Sci. Ind., 229 (1935)). Moreover, any 
self-adjoint operator H in a separable Hilbert 
space can be changed into H + K with a pure 
point spectrum by adding a K e B, with ||K ||, 
<e for any p» 1 and ғ>0 (S. Т. Kuroda, Proc. 
Japan Acad., 34 (1958)). I. D. Berg (1971), W. 
Sikonia (1971), J. Voigt (1977), and D. Voicu- 
lescu (1979) have extended these results to 
normal operators and m-tuples of commuta- 
tive self-adjoint operators. Also — 390 Spec- 
tral Analysis of Operators I, J. 

(2) The absolutely continuous spectrum (— 
390 Spectral Analysis of Operators E) is stable 
under perturbation by the ftrace class. Name- 
ly, if H = Ho + K, with K € B,, then the abso- 
lutely continuous parts of H, and H are tuni- 
тагу equivalent, and in particular с„(Н)= 
o, (Ho) (M. Rosenblum, Pacific J. Math., 7 
(1957y T. Kato, Proc. Japan Acad., 33 (1957)). 
Among generalizations we mention the follow- 
ing two. (i) If R(¢; H)— R(C; Ho)e B, for some 
Ce p(H)D p(H,), then the absolutely continuous 
parts of Ф(Н,) and o (H) are unitarily equiva- 
lent for any smooth strictly increasing real 
function ф (M. Sh. Birman, Izv. Akad. Nauk 
SSSR, ser. mat., 27, (1963); T. Kato, Pacific J. 
Math., 15 (1965)). (ii) If H, and H act in different 
Hilbert spaces X, and X, respectively, and if 
there exists J e B(X,, X) such that JD(H9)c 
D(H) and such that the closure of HJ — JH, 
belongs to B,(X,, X), then the same conclusion 
as in (i) holds (D. Pearson, J. Functional Anal., 
28 (1978)). (i) can be derived from (ii). Perturba- 
tion theory for absolutely continuous spectra 
is closely related to the study of generalized 
wave operators in scattering theory. In fact, 
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the existence and the completeness of the latter 
implies the unitary equivalence of absolutely 
continuous parts. All the results mentioned 
above are proved by scattering-theoretic 
methods, either by the wave operator ap- 
proach or by the abstract stationary approach 
(— 375 Scattering Theory, esp. B, C). 


F. Some Other Topics 


(1) For the perturbation theory for semigroups 
of operators and evolution equations, not 
discussed in this article, — [5, 7,9]. 

(2) The detailed structure of continuous 
spectra is hard to analyze. An eigenvalue Ay of 
H, which is embedded in the continuous spec- 
trum may diffuse into the continuous spectrum 
in the presence of a perturbation. In such a 
case, Н(к), x #0, has no eigenvalues near 2o 
but may have a continuous spectrum highly 
concentrated around A). This phenomenon 
of spectral concentration is studied, especially 
for some concrete problems, in relation to 
resonance poles (or poles of the holomorphic 
continuation of the resolvent or the scattering 
matrix). In some problems, it is proved that 
the first few terms of the perturbation series for 
A(K) that are still computable are related to the 
real part of the resonance. Some problems of 
resonance can be treated by the technique of 
dilation analyticity, a technique which is also 
effective in other problems of spectral analysis 
(J. Aguilar and J. M. Combes, Comm. Math. 
Phys., 22 (1971)). 

(3) A vast quantity of results in tne spectral 
theory of the Schrodinger operators appear- 
ing in the tSchrédinger equation in quantum 
mechanics can be obtained by perturbation 
methods. 

For the topics mentioned in (2) and (3) — 


[7]. 
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332 (VI.7) 
Pi (z) 


The ratio of the circumference oÍ a circle to its 
diameter in a Euclidean plane is denoted by л, 
the initial letter of zepiuetpoc (perimeter). 
Thus z can be defined as 


2| esie 


The symbol x has been used since W. Jones 
(1675—1749) and L. Euler. The fact that this 
ratio is a constant is stated in Euclid's Ele- 
ments; however, Euclid gave no statement 
about the numerical value of z. As an approxi- 
mate value of z, 3 has been used from antiq- 
uity. According to the Rhind Papyrus, (4/3)* 
was used in ancient Egypt. Let L,(l,) be the 
perimeter of a regular n-gon circumscribed 
about (inscribed in) a circle of radius 1. Then 
the relations 


І,>п>і, ЕЛЕ pl 
п n^ La b. b 


lan = x LL; 


hold. Archimedes obtained 319 <n —31 by 
calculating Los апа lge. In 3rd- -century China 
Liu Hui used л> 3.14. In Sth-century China, 
Tsu Chung-Chih mentioned 22/7 as an inaccu- 
rate approximate value and 355/113 as an 
accurate approximate value of z. These values 
were obtained by methods similar to those of 
Archimedes. In Sth-century India, Aryabhatta 
obtained л = 3.1416, and in 16th-century 
Europe, Adriaen van Roomen obtained 
n= 355/113. 

F. Viéte represented 2/z in the following 
infinite product: 


AED 


1,1 
19 


[| з= 


| 


b 
29 
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Using this formula, L. van Ceulen (1540—1610) 
calculated z to 35 decimals. In the 17th and 
18th centuries, the Japanese mathematicians T. 
Seki, K. Takebe, and Y. Matunaga computed 
z to 50 decimals. Since the 17th century, many 
formulas that represent л as a sum of infinite 
series or as a limit have been used to obtain 
more accurate approximate values. The fol- 
lowing are representations of л known in those 
days: 


n 2:2:4:4:6:6... 
2 1:3:3:5:5.7... 


(J. Wallis) 


л 1 17 32 52 
4 1+2+2+2+.. 
the notation — 83 Continued Fractions) 


(W. Brouncker; for 


=1—1⁄3+1/5—1/7+... 
(J. Gregory, G. W. F. Leibniz) 


=4 Arctan 1/5— Arctan 1/239 (J. Machin). 


A formula combining Machin's representation 
of л and the power series Arctan x —x— 
(1/3558 +(1/5)х° — ... is called Machin’s for- 
mula and was often used for calculating an 
approximate value of z. By utilizing this for- 
mula, in 1873 W. Shanks obtained an approxi- 
mate value of л up to 707 decimals. No im- 
provement of his approximation was obtained 
until 1946 when D. F. Ferguson calculated 710 
digits of x and found that Shanks's value was 
correct only up to the 527th digit. The com- 
putation of an accurate approximate value of 
п has been made easier by the recent develop- 
ment of computing machines, and an approxi- 
mate value up to 1,000,000 decimals has been 
obtained. P. Beckmann [2] gives a detailed and 
humorous historical account of the calculation 
of л from ancient times up to the present com- 
puter age. Various numerical results obtained 
by electronic computers are not formally pub- 
lished, some being deposited in the UMT 
repository of the editorial office of the journal 
Mathematics of computation. Choong et al. [3], 
using information in [1], obtáined the first 
21,230 partial denominators of the regular 
continued fraction representation of т and 
described how their numerical evidence tallies 
with theoretical results, obtained by the met- 
rical theory of continued fractions, which 1s 
valid for almost all irrational numbers (e.g. 
^ [45 

In 1761, J. H. Lambert used Brouncker's 
expression of z in a continued fraction to 
prove that z is irrational. In 1882, C. L. F. 
Lindemann proved that л is a ttranscendental 
number using Euler's formula e*'— —1. The 
approximate value of z up to 50 decimals is 
3.141592653589793238462643383279502884197 
16939937510... (— Appendix B, Table 6). 
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A. Domains in the Complex Plane 


A *domain (1.е., a tconnected open set) in the 
*complex plane or on the tcomplex sphere is 
called a plane domain. The ‘closure of such a 
domain is called a closed plane domain. In this 
article, we consider only subsets of the com- 
plex plane (or sphere), and a plain domain is 
called simply a domain. The tinterior of a 
*Jordan curve J in the complex plane is a 
domain called a Jordan domain. In a domain 
D, a Jordan arc whose two endpoints lie on 
the boundary of D is called a cross cut of D. 

For a domain D, each of the following three 
conditions is equivalent to the condition that 
D is tsimply connected: (1) For every cross cut 
Q of D, D — Q has exactly two tconnected 
components. (2) Every Jordan curve in D is 
thomotopic to one point, that is, it can always 
be continuously deformed to a point. (3) The 
tmonodromy theorem holds in D. 

If D is a domain on a complex sphere, each 
of the following three conditions is equivalent 
to the condition that D is simply connected: (4) 
The boundary of D consists of a single tcon- 
tinuum or a single point. (5) For every Jordan 
curve C in D, either the interior or the exterior 
of C is contained in D. (6) The complement 
of D with respect to the complex sphere is 
a connected (not necessarily arcwise con- 
nected) closed set. Jordan domains are simply 
connected. 

Let nz 2 be an integer and D a plane 
domain. The thomology group H,(D, Z) is 
identical to Z” ! if and only if the complement 
of D in the complex sphere has n connected 
components. Then D is said to be n-ply con- 
nected or multiply connected without speci- 
fying n. If D is an n-ply connected domain, 
there exist n — 1 suitable mutually disjoint 
cross cuts Q,,...,Q,-, such that D— 
(Q,U...UQ,_1) is simply connected. 

Some typical examples of domains are as 
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follows: (1) Circular domain: |z — c| <r. (2) 
Half-plane: Rez > 0, or Imz 0. (3) Angu- 

lar domain: z < arg(z — c) < f. (4) Annular 
domain: r < |z — c| < R. (5) Slit domain: а 
domain obtained by excluding a Jordan arc 
Г from a domain D, where all points on Г 
(except an endpoint lying on the boundary of 
D) are contained in D. In this case, the Jordan 
arc Г is called the slit of the domain. 


B. Boundary Elements 


A boundary point P of a domain D is called 
accessible if there exists a sequence of points 
P, tending to P such that the line segments 

P, P,, ... lie completely in D. For example, for 
the domain obtained by removing x = 1/(п + 
1, 0<у<1/2 (п= 1,2, ...) from the square 
0<x<1,0<y<1, the boundary points with 
x=0,0<y< 1/2 are all inaccessible (Fig. 1). 


Fig. 1 


Let the domain D be bounded by a smooth 
Jordan curve, and let P be a boundary point of 
D. Take an angular domain D' with vertex at 
the point P and the initial parts of the two 
sides of D' lying in D. A curve in D converging 
to the point P from the interior of the angular 
domain D' is called a Stolz's path or a nontan- 
gential path ending at the point P. 

Let D be a simply connected domain. À 
sequence {q,} of cross cuts mutually disjoint 
except for their endpoints is called a funda- 
mental sequence of cross cuts if it satisfies the 
following two conditions (Fig. 2): (1) Every q, 
separates q,., and q,,, on D. (2) For v> eo, 
the sequence q, tends to a point on the bound- 
ary. Let {q,} be a fundamental sequence of 
cross cuts, and denote by D, the subdomain of 
D separated by q, that contains q,,,. The inter- 
section [Т D, consists only of the boundary 
points of D. Two fundamental sequences {q,}, 
{д} of cross cuts are equivalent if every D, 
contains all 4, except for a finite number of v, 
and every D, contains all g, except for a finite 
number of v. Here D,, D, are the subdomains 
constructed from q, and д, as above. This 
condition determines an equivalence relation, 
under which the equivalence class of funda- 
mental sequences of cross cuts is called a 
boundary element. This notion is due to C. 
Carathéodory [2]. The boundary element of a 
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multiply connected domain is defined similarly 
for each isolated component of the boundary. 
For example, each point of a slit domain, 
except for the endpoint of T lying on the 
boundary of the domain, determines two 
distinct boundary elements on each side. A 
closed domain is usually considered to be the 
union of a domain and the set of all its bound- 
ary elements. Various notions of tideal bound- 
ary come from considering suitable boundary 
elements for various purposes (— 207 Ideal 
Boundaries). 


C. Domain Kernels 


Let {G,} be a sequence of domains containing 
the origin O. If a suitable neighborhood of the 
origin is contained in G, for all v, there exists a 
domain G such that every closed domain 
containing the origin and contained in G is 
contained in G, except for a finite number of v. 
The union K of such domains G is called the 
domain kernel of the sequence {G,} (Carathéo- 
dory). If there is no neighborhood of the origin 
contained in G, for all v, we put K = {0}. 

If every infinite subsequence of {G,} has the 
same domain kernel K, then we say that the 
sequence {G,} converges to K. The notion of 
domain kernel is important in considering the 
limits of a sequence of conformal mappings 
(— 77 Conformal Mappings). 
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A. Origin 


Because of surface tension, a soap membrane 
bounded by a given closed space curve takes 
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the shape of a minimal surface, i.e., a surface of 
the least area. This experiment was performed 
by the Belgian scientist J. A. Plateau (1873) 

to realize minimal surfaces; hence Plateau's 
problem is that of determining the minimal 
surfaces bounded by given closed space curves. 
It is a problem of the tcalculus of variations. 


B. Formulation 


Let Г be a tsimple closed curve in xyz-space 
such that its projection C on the xy-plane is 
also a simple closed curve. Let D be the finite 
domain bounded by C. We consider surfaces 
z — z(x, y) having common boundary Г. Then 
under suitable assumptions on the smooth- 
ness of z(x, y), the problem is to minimize the 
tfunctional 


ла- | \/1+р?+4?°4хау; 
D 


_ oz д2 
Pex’ А; 
with the condition that z= z(x, y) has Г as its 
boundary. The tEuler-Lagrange differential 
equation for the functional J[ z] 15 


9 p y q 25 
дх /1+p?+q? ду /1+p?+q? , 


or (1 --g2)r — 2pqs + (1 + p?)t «0, r= 0?z/0x?, 
s= 022/дхду, t= 02z/0y2, which is a second- 
order *quasilinear partial differential equation 
of elliptic type and whose geometric interpre- 
tation had already been given by M. C. Meus- 
nier (1776). 

To formulate the problem more generally, 
let a surface be expressed in vector form х= 
x(u, v) by means of parameters u, v. Let its 
tfirst fundamental form be dx? = E du? + 
2F dudv + Ср? and its tsecond fundamental 
form be —dxdn= Ldu? -- 2M dudv+ N dv’, 
with n —n(u, v) the unit normal vector. By 
equating to zero the ffirst variation of the 
areal functional 


|| EG — Е? dudv 


based on infinitesimal displacement in the 
normal direction, we obtain the Euler- 
Lagrange equation in the form 


2H =(NE—2MF + LG(EG — Е?)=0, 


where Н = (Е! + R;3)/2 is the tmean curva- 
ture of the surface and R, and R, are the 
*radii of principal curvature. Since !Beltrami's 
second differential form satisfies A,x = Hn, the 
condition for a minimal surface becomes Ax — 
0 (with A the *Laplace operator) provided 
that isothermal parameters u, v satisfying E = 
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С, F = 0 are chosen, i.e., the vector x(u, v) rep- 
resenting a minimal surface is harmonic (the 
components of this vector are tharmonic func- 
tions of u, v). Let y(u, v) be a harmonic vector 
conjugate to x(u, v). Then isothermality is ex- 
pressed by the condition that the analytic 
vector (и) = x(u, v) + in(u, v) (w=u+ iv, i= 
VE ) satisfies 5 (w)? = 0 (Weierstrass). In 
general, a minimal surface is defined as a sur- 
face with everywhere vanishing mean curva- 
ture, and Plateau's problem is to determine the 
minimal surface with a preassigned boundary. 
In this formulation, the problem can be easily 
generalized to an n-dimensional Euclidean 
space R" (— 275 Minimal Submanifolds). 


C. Existence of a Solution 


The existence of a solution of Plateau's prob- 
lem was discussed by S. N. Bernshtein (1910) 
from the viewpoint of a "boundary value prob- 
lem of the first kind for the elliptic partial 
differential equation in the previous section. A. 
Haar (1927) dealt with the minimal problem 
for the functional J [z] by a tdirect method 

in the calculus of variations. Previously, 
Riemann, Weierstrass, Schwarz, and others dis- 
cussed the case where the given space curve 

Г is a polygon, in connection with the tmono- 
dromy group concerning a second-order linear 
ordinary differential equation. Subsequently, 
R. Garnier (1928) investigated the existence of 
a solution by the limit process when Г is а 
simple closed curve with bounded curvature. 
However, when Г is assumed merely to be 
trectifiable, the existence of a solution was first 
shown by the limit process by T. Radó (1930). 
He further discussed the general case where I 
can bound a surface with finite area. On the 
other hand, by introducing a new functional 
depending on boundary values instead of the 
areal functional, J. Douglas (1931) succeeded 
in giving a satisfactory result for the existence 
problem. R. Courant (1937) gave another 
existence proof by reducing Plateau's problem 
to the *Dirichlet principle [3]. 

Át present, the methods of discussing the 
existence of solutions of Plateau's problem can 
be classified into the following three sorts 
(represented, respectively, by Radó, Courant, 
and Douglas): 

(1) The first method is to minimize directly 
the areal functional f f ,/ EG — Е? du do. The 
variational equation of the areal functional 
becomes H = 0. 

(2) Dirichlet's functional for a scalar function 
Хи, v) is defined by D[ f] = [| [(f# + f2) du dv, 
and for an n-dimensional vector function f(u, v) 
with components f(u, v) (j — 1, ..., n) by DE] = 

=, D[ fj]. The existence of a solution of 
Plateau's problem can be discussed by starting 
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from the variational problem of minimizing 
РІП. The variational equation of D[T] is Af= 
0. 

(3) An analytic vector (и) is representable 
in terms of the boundary values of its real part. 
For instance, if the domain of w is the unit 
disk |w| < 1, then Poisson’s integral formula 


1 
ae [^ Ты ae ^d lm (w) 


with the boundary mm b(0) = Re (e?) 
can be used. On the other hand, the vector 
function that minimizes the Dirichlet integral 
among functions with fixed boundary values is 
harmonic. Based on these facts, Douglas trans- 
formed Dirichlet's functional with harmonic 
argument functions into a functional whose 
arguments are boundary functions. Specifi- 
cally, by starting from the problem of minimiz- 
ing Douglas's functional 


2" (b(8) —b(@))2 
Alb] = al rss xm 4sin^(9 — oy2 9 de 


we can prove the existence of solution of 
Plateau's problem satisfactorily. 


D. The Generalized Case 


Up to now we have been concerned with 
Plateau's problem in the case of a single simple 
closed curve. Douglas, Courant, and others 
treated the generalized case of a finite number 
of boundary curves, where tgenus and orienta- 
bility are assigned as the topological structure 
of the surface to be found. The existence of a 
solution has been shown in this case also. The 
problem is further generalized from the case of 
fixed boundary to the case where the bound- 
ary is merely restricted to lie on a given mani- 
fold [3]. On the other hand, C. B. Morrey 
(1948) generalized the problem by replacing 
the ambient space R” by an n-dimensional 
*Riemannian manifold and gave the existence 
proof in considerable generality [6]. 


E. Relation to Conformal Mappings 


There is a notable relation between Plateau’s 
problem and conformal mapping when the 
dimension of the space is 2. Namely, the exis- 
tence proof of the solution of the former for a 
Jordan domain implies tRiemann’s mapping 
theorem together with W. F. Osgood and C. 
Carathéodory’s result on boundary corre- 
spondence (— 77 Conformal Mappings). 


F. New Developments 


Among recent contributions to the study of 
Plateau’s problem, the following remarkable 
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results have emerged. One of them 15 con- 
nected with the final result of Douglas (1939) 
on the existence of solution surfaces. The 
mapping of a 2-dimensional manifold with 
boundary into В” defining Douglas's solution 
of the Plateau problem for a finite number of 
simple closed curves is a tminimal immersion 
with the possible exception of isolated points 
where it fails to be an immersion. These points 
are called branch points. It was then proved 
by R. Osserman (1970) and R. D. Gulliver 
(1973) that for n=3 the mapping of Douglas's 
theorem, which is a surface of least area, is 
free of branch points, i.e., is an immersion. 
Osserman also gave examples of generalized 
minimal surfaces іп R” (n> 3) with true branch 
points. In this connection, Gulliver also dealt 
with an analogous problem for surfaces of 
prescribed mean curvature. 

Next, we mention the question of boundary 
regularity. H. Lewy (1951) proved that if the 
boundary of a minimal surface is analytic, 
then the surface is analytic up to the bound- 
ary. Subsequently, S. Hildebrandt (1969) and 
others proved that if the boundary is of class 
Cm“ mz 1, the surface is also of class C™* up 
to the boundary. There are also some recent 
results on the number of solutions of Plateau's 
problem. For instance, J. C. C. Nitsche (1973) 
proved the uniqueness of solutions for analytic 
boundaries of ftotal curvature at most 4л. 

Further developments in connection with 
Plateau's problem have emerged in the work 
of E. R. Reifenberg (1960) and others, who 
sought to minimize the tHausdorff measure 
among general classes of geometric objects, 
not as parametrized manifolds, but as subsets 
of R". The existence and regularity of solutions 
of Plateau's problem from this point of view 
have been discussed by H. Federer (1969), W. 
H. Fleming, F. J. Almgren, and others [10]. 
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Henri Poincaré (April 29, 1854—July 17, 1912) 
was born in Nancy, France. After graduating 
from the Ecole Polytechnique, he taught at the 
University of Caen in 1879, then at the Uni- 
versity of Paris in 1881. He was made a mem- 
ber of the Académie des Sciences in 1887 and 
of the Académie Frangaise in 1908. He died in 
Paris. 

His achievements center on analysis and 
applications to theoretical physics and astron- 
omy. However, his work covered many fields 
of mathematics, including arithmetic, algebraic 
geometry, spectral theory, and topology. His 
tuniformization of analytic functions by means 
of the theory of *automorphic functions in 
1880 is especially notable. His paper on the 
tthree-body problem won the prize offered by 
the king of Sweden in 1889. 

The methods he developed in his three- 
volume Mécanique céleste (1892—1899) began 
a new epoch in celestial mechanics. In addi- 
tion, Poincaré opened the road to talgebraic 
topology and made suggestive contributions to 
the *theory of relativity and tquantum theory. 
He asserted that science is for science's own 
sake [4], and his popular philosophical works 
concerning the foundations of natural science 
and mathematics exhibit a lucid style. 
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А. General Remarks 


On the existence of polynomial approxima- 
tions, we have Weierstrass's approximation 
theorem, which is formulated in the following 
two forms: (1) If f(x) is a function that is con- 
tinuous in the finite interval [a, b], then for 
every 220 there exists a polynomial P,(x) of 
degree n=n(e) such that the inequality | f(x) 
— P (x)| <£ holds throughout the interval 

[a, b]. (ii) If f(0) is a continuous function of 
period 2z, then corresponding to every posi- 
tive number e there exists a trigonometric 
polynomial of degree n = n(z), 


P,(0) — ag -- Y. (ay cosk0 + b, sin k0), (1) 
k=1 


such that the inequality |f(0) — P,(0)| < £ holds 
for all values of 0. The second form of Weier- 
strass's theorem follows from the first, and 
conversely. M. H. Stone obtained a theorem 
that generalizes Weierstrass's theorem to the 
case of functions of several variables. Of the 
many direct proofs now available for Weier- 
strass's theorem, we mention two simple ones. 
To prove version (i) of the theorem, we can 
assume that the given function f(x) is defined 
in the segment [0, 1]. Consider the Bernshtein 
polynomial 


E : k Е key уук 
во $C (1— x)" *. 


Then В, (х) converges to f(x) tuniformly. To 
prove (ii), we can apply tFejér’s theorem оп 
*Fourier series. We have the following gen- 
eralization of (i): Let p,, р›,... be a sequence of 
positive numbers such that lim p, — oo. Then 
linear combinations of x? = 1, x?', x^^... can 
uniformly approximate each continuous func- 
tion on [0, 1] with arbitrary precision if and 
only if X p, ! = ~œ (Müntz's theorem). 


B. Best Approximations 


Let фо(х), ф(х), ... be a sequence of linearly 
independent continuous functions on a 
bounded closed domain A in R". For any 
given continuous function f(x), a function 
Р(х) = У" CP; (x) attains 

inf тах | f(x) — P,(%)| 
"— 


€i 
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is called the best approximation of f(x) by a 
linear combination of (o,(x)]. For any given 
n there is a best approximation of (х) by a 
linear combination of фо(х), ..., 9, (x), but such 
an approximation is not always unique. For 
such an approximation to be unique it is neces- 
sary and sufficient that the determinant of the 
matrix (ф,(х;)) (k, i—0, 1,2, ..., n) is not zero, 
where xo, x,, ..., x, are n+ 1 arbitrary distinct 
points of A (Haar's condition) (Math. Ann., 78 
(1918)). If (o, (x)] satisfies this condition, the 
system of functions {Фк }к—о,....һ Is called a 
Chebyshev system (or unisolvent system). The 
sets (1, x, x?,..., x") on [a,b], (1, cosx, ..., 
cosnx} on [0, x] and (sinx, ...,sinnxj on [0,7] 
are Chebyshev systems. For a Chebyshev sys- 
tem (@,(x)) on [a,b], let P,(x) be a linear com- 
bination of фо(х), ..., o, (x) that is not identical 
to the function f eC[a, b]. Then P,(x) is the 
best approximation for f(x) if and only if there 
are at least п + 2 distinct points x, <... < Xp+2 
of [a,b], where | f(x) — P,(x)| attains its maxi- 
mum (these points are called deviation points) 
and (f(x) — P,(x)) Cf 651) — P,(xi,.)) <0 (i= 
1,...,n+ 1) (Chebyshev's theorem). 

For example, consider the polynomial P,(x) 
=а, 4X" |... d, X4 ag with real coeffi- 
cients such that 


n n-i 
max |x"—a,.,x 


-I€x&1 


—...—ao| 


takes its smallest value. Then x" — P,(x) = 
27") T (x), where T,(x) = cos(narccos x) is 
the Chebyshev polynomial of degree n. 

Since the best approximation is desired for 
numerical computation, several methods have 
been developed to find it (— 300 Numerical 
Methods). However, when the set А c К" 

(nz 2) contains three nonintersecting arcs 
emanating from a common point, À admits no 
Chebyshev system. Thus we do not always 
have a unique best-approximation polynomial 


[16]. 


C. Degrees of Approximation and Moduli of 
Continuity 


For a continuous function f(x) defined on 
[a, b], the modulus of continuity of kth order is 
defined by 


a<x+kh<b 


for t<(b—a)/k. In particular, œ, is the ordi- 
nary modulus of continuity. Put Ef(f)— 
infa, ets ay by sees Dy max, « «| f(x) — P,(x)|, where 
f is a continuous periodic function of period 
2л and P. (x) is a trigonometric polynomial of 
the form (1). Then E*( f) <col f ; 1/(n+ 1)) 
(Jackson's theorem [1]), where c, is indepen- 
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dent of f. The best possible coefficient c, has 
been determined by J. Favard [2]. Further 
investigations on the relation between E*( f) 
and o,( f; t) have been carried out by S. N. 
Bernshtein [3] and A. Zygmund [4]. S. B. 
Stechkin obtained the following results: 


1 п 
ofi) e 5 (0+ ERS) 


[5,6]. For the approximation of fe C'([ —1, 1]) 
by polynomials, there exists a polynomial 

P, (x) of degree at most n such that for any 
xe[-1,1], 


f(x) — Р,(х)1< M, (G9) vx CF; 0), 


where M, is a constant not depending on f, x, 
and n, f(x) is the rth derivative of f(x), and 
t(x) 2 (1/n) G/ 1 — x? + (|х|/п)). We also have 
theorems evaluating c,( f”; t) in terms of | f(x) 
— P,(x)|. For the proof of these theorems, 
estimation of the magnitude of the derivative 
of the polynomial of degree n plays an essen- 
tial role. For example, we have the Bernshtein 
inequality max, | 7, (x)| &nmax,|T,(x)| for any 
trigonometric polynomial T,(x) of degree n 
and the Markov inequality 


IP;00|Snmin[1/./1—x?,n] max |Р,(х) 


for xe[ —1, 1] and any polynomial P,(x) of 
degree n. 


D. Approximation by Fourier Expansions 


If (o,(x)) is an forthonormal system of func- 
tions in L;(a, b) and f is any function in 

L,(a, Б), then among all linear combinations of 
Фо(х), ..., 9, (x) the one that gives the best 
mean square approximation to f (i.e., the one 
for which the integral 


| (so-5 вод) 4х 


attains its minimum) is the Fourier polynomial 
Xj -oa,9,(x), where а, = fa f(x) p,(x)dx. Con- 
sequently, the least square approximation (or 
best approximation with respect to the L,- 
norm) by trigonometric polynomials is given 
by the partial sum s,(x) of the Fourier series of 
f(x). For L, (1 « p « oo), s,(x) also gives the 
best approximation up to a constant factor, 
but in the case of uniform approximation we 
have |f(x) —s,(x)|  A(logn)o,(f;n !), and this 
result cannot be improved in general. There is 
no linear operation that gives the best trig- 
onometric approximation. In approximation 
with a linear combination of фо(х),..., Ф„(х), 
the saturation phenomenon of approximation 
often appears. For example, observe the arith- 
metic means of s,(x) (i.e., TFejér means o,(x)). If 
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feLipa (0 <х< 1) (— 84 Continuous Func- 
tions A), then | f(x) — o, (x)! = O(n `”). However, 
Л) – o,(x)| = O(n `!) if and only if the tconju- 
gate function f(x)e Lip 1; | f(x) —s,(x)| = o(n 1) 
if and only if f(x) is constant (M. Zamansky 
[7], G. Sunouchi and C. Watari [8]). 


E. Trigonometric Interpolation Polynomials 


Since the trigonometric system is a Chebyshev 
system, given 2n + 1 distinct points xo, x,, ..., 
x5, and arbitrary numbers co, c,, ..., Con; 
there is always a unique trigonometric poly- 
nomial of degree n with prescribed values c, at 
the points x,. Given any continuous function 
f(x) with period 2л, the trigonometric poly- 
nomial that coincides with f(x) at the points 
x, is called the trigonometric interpolation 
polynomial with nodes at ху. If x, =2zk/(2n+ 1) 
(К = 0, 1, ..., 2n), then the interpolating trigo- 
nometric polynomial is given by 


sin((n + 1/2)(x — xj) 
sin((x —x)/2) 


= 1 (77 sin((n+ 1/2) (x — t)) 
: 10 Sine- 


1 2n 
2n+1 p fox) 


UL x)= 


do,(t), 


where ф„(ї) is a step function that has the 
value 2nj/(2n + 1) in [2zj/(2n + 1), 2z( j+ 1)/ 

(2n 4- 1)]. U,(f x) resembles the partial sum 
s,(x) of the Fourier series of f(x). If f(x) is con- 
tinuous and of tbounded variation, then 

U,( f. x) converges uniformly to f(x) (D. Jack- 
son [1]). Although the partial sum s,(x) of the 
Fourier series of a continuous function f(x) 
converges almost everywhere to f(x), there is a 
continuous function for which U,( f, x) diverges 
everywhere (J. Marcinkiewicz [9]). Moreover, 
there exists a continuous function for which 
(1/n) (к, U,( f, x)) diverges everywhere (P. 
Erdós [10], G. Grünwald [11]). Restating 
these facts for the algebraic polynomial case, 
we can conclude that there is a continuous 
function defined in [ —1, 1] for which the tLa- 
grange interpolation polynomial and its arith- 
metic mean are both divergent everywhere if 
we take as nodes ihe roots of the Chebyshev 
polynomial of degree n. 


F. The Case of a Complex Domain 


If a given function f(z) is holomorphic in a 
bounded fsimply connected domain E in the 
complex plane and continuous in E, then f(z) 
is approximated uniformly by polynomials on 
any compact set in E (Runge's theorem). This 
theorem was first studied by C. Runge, and his 
results were developed by J. L. Walsh and M. 
V. Keldysh (e.g., [12]). When E contains no 
interior point, the polynomial approxima- 
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tion of a continuous function defined in E 
was given by M. A. Lavrent'ev. Unifying these 
two results, S. N. Mergelyan obtained the 
following theorem [13]: A necessary and suffi- 
cient condition for an arbitrary function con- 
tinuous on a compact set E and holomorphic 
inside E to be approximated on E uniformly 
by polynomials is that the set E does not 
divide the complex plane. 

On the degree of approximation of poly- 
nomials to f(z) on a simply connected domain, 
there are the following results: Let D be a 
closed bounded set whose complement K is 
connected and regular in the sense that K 
possesses а fGreen’s function G(x, y) with a 
pole at infinity. Let D, be the locus G(x, y) = 
log К> 0. When f(z) is holomorphic on D, 
there exists the largest number p with the 
following property: f(z) is single-valued and 
holomorphic at every interior point of D,. If 
К <p, there exist polynomials P,(z) of degree n 
(n— 1,2, ...) such that | /(2) — P,(z)) < M/R" for 
ze D, where M ts a constant independent of n 
and z. On the other hand, there exist no such 
polynomials P,(z) on D for R> p (Bernshtein 
and Walsh [12]). 


G. Lagrange's Interpolation Formula 


For each n (n—0, 1, ...), let 209, z9, ..., 20"), be 
a given set of real or complex numbers, and let 
f(z) be an arbitrary function. Then there is а 
unique polynomial of degree n that coincides 
with f(z) at each point z) (к= 1,...,п+ 1). 
This is called Lagrange's interpolation poly- 
nomial and is given by 


Pi) у Ый 
k=1 (z 


— 219) (z0) 
ez) = (z —zQ...(z—z9). 


The sequence P,(z) does not always converge 
to f(z). For example, if we take /(2) = 1/2 and 
the (n+ 1)st roots of 1 as z(?, then P,(z) = z" 
and P,(z) converges to f(z} only at the point 1. 
For real variables also, there are examples 
of divergent P,(z). However, if f(z) is holo- 
morphic in |z|< p (р> 1), then P,(z) with the 
(n+ l)st roots of 1 as nodes converges to f(z) 
uniformly in |z| < 1. 

When z!” is independent of the choice of n, 
P (z) coincides with the sum of the first n terms 
of *Newton's interpolation formula. In this 
case, P,(z) is called Newton’s interpolation 


* п 


polynomial and is given by 
P,(z)= 9+ a (2—21) c as(z — z)(z—z5) +... 
+a,(z—z,)...(z —z,), 


where ag = f(z,); а, —(f(z3) — f(zi))/(z5 —2\) 


(25 xz, а = / (4) (25 = zi); and so on. Suc- 
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cessive coefficients of the polynomial P,(z) can 
be calculated by ‘finite differences. Conver- 
gence of Newton's interpolation polynomial is 
closely connected to convergence of tDirichlet 
serics. 


H. Chebyshev Approximation 


Let D be a bounded closed subset of the com- 
plex plane, and f(z) a continuous function on 
D. Then there exists a polynomial z,,(z) of de- 
gree n such that тах, p| f(z) —z,(z)| attains 
the infimum E,( f). The polynomial z,(z) is 
unique and is called the best approximation 
polynomial (in the sense of Chebyshev). If D is 
simply connected and f(z) is single-valued and 
holomorphic on D, then z,(z) converges to f(z) 
uniformly on D. Moreover, in this case there 
exist a number M that does not depend onn 
and a number R> 1 such that |f(zi—z,(z)| € 
M/R". Assuming that f(z) satisfies certain ad- 
ditional conditions, W. E. Sewell [14] proved 
the existence of a constant r such that | f(z) — 
n,(z)| < M /n' К". Furthermore, by approximat- 
ing f(z) 2 z" by polynomials of degree n — 1, 
we can show that there exists a polynomial 
T,(z) of degree n such that 


min ims |а" Бау" l+... + аә 
zeD 


T,(z) is called a Chebyshev polynomial of de- 
gree n with respect to the domain D. Similar 
statements are valid for functions of a real 
variable. In particular, when D—[ —1,1], we 
have 


T,(x) = cos(narccos x)/2" !, 


which is the ordinary (real) Chebyshev poly- 
nomial. Generally, the limit 


1/n 
im (max 7 = p(D) 


exists, and p(D) coincides with the tcapacity 
and ttransfinite diameter of D [15]. For new 
results and applications of Chebyshev poly- 
nomials — [17]. 

If the method of evaluating the degree of 
approximation using the absolute value |f(z) — 
n,(z)| is replaced by methods using a *curvi- 
linear integral or !surface integral, as explained 
below, we still obtain similar results. Let D be 
a closed domain in the complex plane with a 
boundary C that is a rectifiable Jordan curve. 
If f(z) is single-valued and holomorphic on D, 
then there exists a polynomial z,(z) of degree 
n that minimizes the integral (cu(z)|f(z) — 

n, (z)|?|dz| (p> 0), where u(z) is a given posi- 
tive continuous function on C. Moreover, 
| f(z)—2,,(z)| < M/R" for some R> ! (actually 
{л„(2)} is toverconvergent). If D is a closed 
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Jordan domain and if f(z) is single-valued and 
holomorphic in D, then there exists a poly- 
nomial z,(z) of degree n that minimizes the 
integral f (5 u(z)| f(z) — л,„(2)1 dS, where u(z) is 
a given positive continuous function on D. 
Moreover, |f(z) — z,(z)| < M/R” for some R>1 
on D. 


I. Approximation by Orthogonal Polynomials 
on a Curve 


Let C be a rectifiable Jordan curve in the 
complex plane, and let p,(z) e tL; (C). If 
{ср,(2)р„(2)142|= à,,. then (p,(z)) is called 

an orthonormal system on C. Given a holo- 
morphic function f(z) on D, we set a, = 

fc f(z)p,(2)|dz| and consider the formal series 
Erco 4, D4(z). If we denote the nth partial sum 
of this series by s,(z), then s,(z) is the least 
square approximation by a linear combination 
of po(z), ..., p,(z). This and other results, such 
as.tBessel’s inequality, the fRiesz-Fischer 
theorem, etc., are all valid here as in the theory 
of general torthogonal systems. In particular, if 
we take |z| = R as C, then {1, 2, 22,... } is an 
orthogonal system. Since in this case 


1 (fo 


š k+1 
2лї Jez 


amnes | d= 142| 
and 5,(2) 2 ag +а, 2+... Һа,2", the tTaylor 
expansion of f(z) coincides with the ortho- 
gonal expansion of f(z). 

Given a compact domain D and a holomor- 
phic function on D, if there exist orthogonal 
polynomials p,(z) such that the orthogonal 
expansion of f(z) with respect to p,(z) con- 
verges to f(z) uniformly on D, we say that 
{p,(z)} belongs to the domain D. The problem 
of existence and determination of such poly- 
nomials for any given domain was proposed 
and first solved by G. Faber. Generalizations 
were given by G. Szegó, T. Carleman, and 
Walsh. Roughly speaking, p,(z) is given by the 
orthogonalization of the system (1,2,z?, ...] 
with respect to the curvilinear integral on C = 
OD or the surface integral on D. 


J. Numerical Approximation of Functions 


The accuracy of the approximation of a given 
function f(z) by the partial sums of its tTaylor 
expansion È a,(x — хо)" decreases rapidly as 
the distance |x — xo| increases. The accuracy of 
the approximation of f(x) defined on a com- 
pact interval [ A, B] by a (polynomial) function 
ф(х) can be evaluated by means of the least 
square approximation, the best approximation 
with respect to the uniform norm, and so on. 
The second method is best suited to numer- 
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ical calculation of functions. To get the best 
approximating polynomial ф(х) = P,(x)= 
Li=0 CeO (x) of f(x) (— Section B), we must 
determine coefficients c, that satisfy the con- 
ditions of Chebyshev's theorem. The first step 
in this process is the orthogonal development 
of f(x) by Chebyshev polynomials {T,(x)}: 

Ф (х) = Ух=о ак (и), u — (x — (A + B/2)((B — 
A)/2). The error | f(x) — o, (x)| is estimated by 
a constant multiple of 7;.,,(u):|f(x) — @,(x)| < 
K|T, 4 (u)|. This Chebyshev interpolation is 
actually given by a2 N ! XN, f(x), a, = 
2N C Xa f(x) Ти) (k= 1, ...,n), where N = 
п+1 and the u;- (x; (A + B/2)((B — AJ2) 
(i9 1, ..., №) are the roots of Т, (и). Let M 

be the extremum of the error |f(x) — ф,(х)| 

of such an approximation, and set f(x) — 
ф(х) = + M, (1= 1, 2,..., N). Consider a func- 
tion @,(x) => a, T, (u) satisfying f(x) — ф(х) = 
+M. Then solve the linear equation ф,(х,) — 
Ф„(х) = +(M — Mj) with respect to Aa, =a, — a, 
and M. Repeat this process until Aa, becomes 
sufficiently small. 

À computer can perform the division very 
quickly, and the rational approximation of a 
function, for example by its tcontinued frac- 
tion expansion, is often useful. 
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A. Polynomials in One Variable 


Let R be a commutative fring and a5,2,, ..., à, 
elements of R. An expression f (X) of the form 


f(X)-aga, X +... +a, X" (1) 


is called a polynomial їп a-variable X over R; if 
a, 0, the number n is called the degree of the 
polynomial f(X) and is denoted by deg f. If a, 
=1, the polynomial (1) is called a monic poly- 
nomial. The totality of polynomials in X over 
R forms a commutative ring with respect to 
ordinary addition and multiplication (whose 
definition will be given later). It is called the 
ring of polynomials (or the polynomial ring) of 
X over R and is denoted by R[ X ]. We say 
that we adjoin X to R to obtain R[ X ]. 


B. Polynomials in Several Variables 


Let R[ X, Y] denote the ring R[ X ][ Y ], name- 
ly, the ring obtained by adjoining Y to R[X ]. 
An element of R[ X, Y] can then be expressed 
as Èa, X“ Y”. This expression is called a 
polynomial in X and Y over R. Generally, 
R[X;,..., Xm] = REX,,.... Xm—1 LX] is called 
the polynomial ring in m variables (on m inde- 
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terminates) X,,..., Х„ over R, and its element 


F(X,, X2, es X) Уа, XY X> Хг 


(2) 


(€. denotes a finite sum for nonnegative in- 
tegral v; beginning with v; =v, =... = v, = 0) is 
called a polynomial in m variables X,, ..., X,, 
over R. We call each summand a term of the 
polynomial, ПЕ the coefficient and v, + v; 
+... v, the degree of this term. The greatest 
degree of terms is called the degree of the 
polynomial F. The term as o of degree 0 

is called the constant term of F. If a polyno- 
mial F in X,,...,X,, is composed of terms of 
the same degree n, then F is called à homoge- 
neous polynomial (or form) of degree n; a 
polynomial consisting of a single term, such 
as аХү: Ху... Xy", is called a monomial. 

Now let 2,,2,, ..., Xm be elements of R (or a 
commutative ring S containing R), and let 
F(a, ,...,%,) denote the element of R (or 
S) obtained by substitution of %,, х,,..., %m 
for Xi, X5, ..., X, in F(X,, X,,..., Xm). It is 
also called a polynomial in 2,,25, ...,o,,. If 

F (a1, 02, ...,0,) =O, then (X4, 02, ..., Xm) IS 
called a zero point (in S) of the polynomial 
F(X,, X,,..., Xm) (or a solution of the alge- 
braic equation F(X,,..., X,,)=0). In the case 
of one variable, it is called a root of F(X,) (or 
of F(X,)=0). 


C. Polynomial Rings 


Addition and multiplication in RLX ] are 
defined by 


(5 а, Х') (У b; X7) = X (aj + b.) Xi, 
(У а XÈ b,X!)= Di (Lis ка) X*. 


A polynomial f(X )e R[ X ] can be regarded 
as a function of a commutative ring R' con- 
taining R into itself such that c> f (c). In this 
sense, f(X ) -- g(X) and f(X)g(X) are the func- 
tions such that c f(c) + g(c) and ch f(c)g(c), 
respectively. 

It holds that deg( /(X)-- g(X)) < 
max (deg f(X), degg(X )), deg f(X )g(X)« 
deg f(X ) + degg(X ). If R is an tintegral do- 
main, then the latter inequality is an equality, 
and therefore R[ X ] is an integral domain. 
For these inequalities and for convenience 
elsewhere, we define the degree of () to be 
indefinite. 

Assume that R is a field. For given f, geR[ X] 
(degg > 1), we can find unique q, re R[ X ] such 
that f=gq+r and degr < Чер or r=0 (divi- 
sion algorithm). This q is called the integral 
quotient of f by g, and r is called the remainder 
of f divided by g. The same fact remains true 
in the general R[X ] if g(X ) is monic. (— 369 
Rings of Polynomials). 
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D. Factorization into Primes 


Let k be an integral domain. Since k[ X ] and 
hence k[ X,, ..., Xm] are integral domains, we 
can define the concepts concerning divisibility 
(such as a divisor, a multiple, etc.) (— 67 Com- 
mutative Rings). If k is a tunique factorization 
domain, then so are k[ X ] and k[X,, ..., Xm]. 
A polynomial over k is said to be primitive if 
the greatest common divisor of all the coeffi- 
cients is equal to 1. Every polynomial over k 
can be uniquely expressed as a product of 
some primitive polynomials and an element of 
k; a product of primitive polynomials is primi- 
tive (Gauss's theorem). 

If k is a field, then k[ X ] and k[X,, ..., Xm] 
are unique factorization domains. Further- 
more, to find the greatest common divisor 
(f.g) of f.ge k[ X ], we can use the Euclidean 
algorithm, that is, apply the division algorithm 
repeatedly to obtain 


f=gq tri, g-ridjr,, Tr íi=r;qs+rs,..., 


degg>degr, > degr,>..., 


so that after a finite number of steps we attain 
r-i =r,q,+4i(r,,,i =0). Then r,=(f,g). Accord- 
ingly, k[ X ] is a tprincipal ideal domain. This 
algorithm is applied to Euclid rings (— 67 
Commutative Rings L). 


E. The Remainder Theorem 


Let k be an integral domain, f(X)ek[X ], and 
let g(X)= X —a(aek). Then using the division 
algorithm, we get 


f(X)-(X —a)q(X)r, 
q(X)ek[X], rek. 


Therefore, f (x) =; that is, the remainder of 
f(X) divided by X — х is equal to f (a). This is 
called the remainder theorem. If f(x) =0, then 
f(X) is divisible by X —« in k[X ]. 


F. Irreducible Polynomials 


Let k be a field. A polynomial f(X)ek[ X ] of 
degree n is said to be reducible over k if f is 
divisible by a polynomial of degree v «n in 

k[ X | (v 40); otherwise, it is said to be irreduc- 
ible over k. Any polynomial of degree 1 is 
irreducible. A polynomial f is a їргіте element 
of k[ X J if and only if f is irreducible over k. 
Let I be a unique factorization domain. If 
f(X) is a polynomial (1) in I[ X ] such that 

for a prime element p in I, а, #0 (mod p), 

4, 4,54, =... =A) =0 (mod p) but ay £0 
(mod p?), then f(X) is irreducible over the 
field of quotients of 7 (Eisenstein's theorem). 

If a polynomial (2) in m variables over an 
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talgebraic number field k is irreducible, we 
can obtain an irreducible polynomial in 

X, ..., X, (0< u <m) from the polynomial 
F(X,, ..., Xm) by assigning appropriate values 
in k to X,,,, ..., Xm (Hilbert's irreducibility 
theorem, J. Reine Angew. Math., 110 (1892)). 
These two theorems have been generalized in 
many ways and given precise formulations. In 
Hilbert's irreducibility theorem, the algebraic 
number field may be replaced, for example, 
by any infinite field that is finitely generated 
over its tprime field (K. Dórge, W. Franz, E. 
Inaba). 


G. Derivatives 


Given a polynomial 


У(Х... 


over а field k, we define the (formal) derivative 
of f with respect to X; as f(X,,..., X,)= 
Ума, s | XY XU... Ху" and denote 

it by 0f/0X;. The map fr 0f/0X; is called 

the (formal) derivative with respect to X;. In 
particular, if m= 1, then 0f/0 X is denoted by 
df/dX. The usual rules of tderivatives also 
hold for the formal derivative. If df/d X =0 for 
an irreducible polynomial f (X) in k[ X ], then 
f (X ) is said to be inseparable; otherwise, f(X) 
is separable. If the tcharacteristic of the field k 
is 0, then every irreducible polynomial f(X) 
(#0) is separable. When k is of characteristic 
p #0, an irreducible polynomial f(X ) is insep- 
arable if and only if we can write f(X)= g(X?). 


= Yi 
Xm) =} ay V, s XD XP SEN Xm” 


H. Rational Expressions 


The tfield of quotients of the polynomial ring 
k[X,,..., Х„] over a field k is denoted by 

k(X,, ..., X,) and is called the field of ra- 

tional expressions (or field of rational func- 
tions) in variables X,, ..., X, over k. Its element 
is called a rational expression in Х,,..., X,. 
It can be written as a quotient of one poly- 
nomial f(X,, ..., X,) by another polyno- 
mial g(X,, ..., Х„) #0. Also, an expression 

f (oy, ..., o, g(0,, ...,&,) obtained by replac- 
ing X,, ..., X, with elements o, ..., o, of k 
in the above expression is called a rational 
expression in 0, ..., х, (provided that 

g(o,, ...,0,) #0). 


I. Symmetric Polynomials and Alternating 
Polynomials 


Let f(X,, ..., X,) be a polynomial in vari- 
ables X,, ..., X, over an integral domain I. If 
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f(X,, ..., Xn) is invariant under every per- 
mutation of X,, ..., X,, it is called a sym- 
metric polynomial (or symmetric function) of 
X,,...,X,. If f(X,, ..., X,) is transformed 
into —f(X,,..., X,) by every todd permuta- 
tion of X,,..., X,, it is called an alternating 
polynomial (or alternating function). Also, 
an expression f(a,,...,%,) obtained from 
f, ..., Xn) by replacing X,,..., X, with 
elements 2,, ...,«, of J is called a sym- 

metric (alternating) function of a,, ..., o, if 
f(X,, ..., X,) is symmetric (alternating). 

Let the coefficient of X"^* in the expansion 
of (X — X,)...(X — X,) be denoted by (— 1)*o,. 
Then we have c, => X; X, +... + Х,,0 = 
XX X = X X +X X +... + Х„_,Х„,...,с„= 
X, X5, ..., Xp. Obviously, these are sym- 
metric polynomials of X,, ..., X,. Moreover, 
for every element o of the polynomial ring 
ILY,, Y), .... Y ] 0(0,.05, ...,0,) is a sym- 
metric polynomial of X,, ..., X,. Conversely, 
every symmetric polynomial of X,, ..., X, 
can be uniquely expressed as a polynomial 
$(0,,05, ...,0,). Thus the totality of symmetric 
polynomials of X,, ..., X, is identical with the 
ring I[6,,6;, ...,6,]. This is called the funda- 
mental theorem on symmetric polynomials, and 
61,05, ...,0, are called elementary symmetric 
polynomials (or elementary symmetric func- 
tions). For example, for s, У, X, (у= 1, 2,. .), 
we have s, —0,,55 502 —205,54—01 — 3010, + 
303,54=01— 4010, + 203 + 40,0, — 404. 
Concerning the elementary symmetric poly- 
nomials and the s,, we have the relations 
$,—0,$,-, 035, .3—...--(—1) lo, 5, + 
(—1)'vo, 20 (у= 1, 2,...), and s,—0,5,., 
+... +(—1)"6,5,-,=0 (uon 1,n-2,...) 
(Newton's formulas). 

Let p(X,, ..., X,) (X; — X1 XX3 — X1)... 
(X,— X XX3 — X)... (X,— X, ,) be the product 
of n(n — 1)/2 differences between Х,,..., X 
Then the polynomial p is invariant under even 
permutations of X,,..., X,, and p becomes — p 
under odd permutations. Hence p is an alter- 
nating polynomial of X,, ..., Х,. It is called the 
simplest alternating polynomial of these vari- 
ables. Because of its particular expression, p is 
also called the difference product of X,, ..., X,. 
If the characteristic of J is different from 2, an 
alternating polynomial f is divisible by the 
simplest alternating polynomial p; it can be 
written as f — ps, where s stands for a sym- 
metric polynomial. 


“5 n° 


J. Discriminants 


The square D(X,,...,X,)=p?(X,,..., X,) of 
the simplest alternating polynomial p is a 
symmetric polynomial, and it is therefore a 
polynomial in c,, ...,0,. D(a,,05,...,0,) 20 


FOR 
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gives a criterion for the condition that some of 
94, ..., 0, are equal. If x, ..., x, are the roots of 
an ‘algebraic equation ag X" +a, X" 1 -... 4 
a, — 0 of degree n, then D(a,, ...,,) is called 
the discriminant of the equation. It can be 

expressed in terms of coefficients a9,2,, ...,a 
of the equation. For instance, if n — 2, we 

have а2р =a? —4aga5; if n —3, we have aĝ D = 
a? a3 + 18a5a,a5,a4 —4agaj — 4a} a, – 27а242. 


n 
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A. Newtonian Potential 


In dynamics, a potential means a function u 
of n variables x,,...,x, such that — grad u = 
—(0u/Cx,, ..., 0u/6x,) gives a field of force in 
the n-dimensional (n > 2) Euclidean space R". 
Given a point P in R" and a measure y, the 
functions u(P) given by the integrals 


u(P)= - | єР0ао) п=2, 


“(= | PO "anO n23, 


are typical examples of potential fuactions. 
They are called the logarithmic potential and 
Newtonian potential, respectively. However, 
some authors mean by Newtonian potential 
the function u(P)= | РО! du(Q) in R°. Usu- 
ally, the measure и is taken to be a nonnega- 
tive Radon measure with compact ‘support. 
These potentials are tsuperharmonic іп К" and 
harmonic outside the support of u. Conversely, 
any harmonic function defined on a domain in 
R" can be expressed as the sum of a potential 
of a single layer and a potential of a double 
layer (defined in the next paragraph). Because 
of this close relation between potentials and 
harmonic functions, sometimes potential 
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theory means the study of harmonic functions 
(— 193 Harmonic Functions and Subhar- 
monic Functions). (For the representation by 
potentials of superharmonic functions — 193 
Harmonic Functions and Subharmonic Func- 
tions S.) 

Suppose that the measure и of R? satisfies 
dyu — p dx with sufficiently smooth density р 
and volume element dt. Then the Newtonian 
potential u of и satisfies Poisson's equation 
Au = —4лр. If the support of и is contained in 
a surface S and du — p do with density p and 
surface element do, then the potential u of p is 
called the potential of a single layer (or simple 
distribution). If p is continuous on S, then u is 
continuous in the whole space, and the tdirec- 
tional derivative of u at a point P in the direc- 
tion of the normal line to Š at Р, tends to 


1 
PaE 
дпь PQ 


—2rp(Po)+ | do (Q) 


P=Po 


as P approaches P, along the normal line. 
Therefore, as P moves on the line, the direc- 
tional derivative jumps by —4хлр(Р,) at Po. If p 
satisfies the tHdlder condition at Р,є S, then 
the derivative at P in the direction of any fixed 
tangent line at Р, has a finite limit as P tends 
to P, along the normal line. The integral 


ó 1 
“= | ogg det 


is called the potential of a double layer (or 
double distribution). If p is continuous on S, 
then the limits at Py of u from the two direc- 
tions along the normal line at Pp exist and are 
2zp(P.)+ u(P5) and —2xp(Po)+u(P,). If, fur- 
ther, p is of class C? on S, then each partial 
derivative of u has a finite limit as P tends to a 
point of S. 


B. Generalized Potential 


The classical notion of potentials is generalized 
as follows: Let O be a space supplied with a 
measure и (20) and Ф(Р, О) a real-valued 
function on the product space Q x Q. When 
the integral [Ф(Р, Q)du(Q) is well defined at 
each point P e Q, it is called the potential of и 
with kernel Ф and is denoted by Ф(Р, и) or 
Фи(Р). The function Ф(Р, Q) 2 4(Q, P) is called 
the adjoint kernel of Ф. When 


(4, v)— [foe Q)du(Q)dv(P) 


= foe, u)dv(P) 


exists for measures u, v z 0, the value is called 
the mutual energy of р and у. In particular, 
(и, и) is called the energy of u. The definition of 
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potential given above may be too general, and 
some restrictions are called for. We assume 
that Q is a tlocally compact Hausdorff space; 
Ф is a flower semicontinuous function on Q x 
Q satisfying —oo < Ó x oo; and u, v, and 4 are 
nonnegative Radon measures with compact 
support in О. In particular, when Q = R", the 
potential with the kernel (P, Q) - PQ * 

(0 «a <n) is called a potential of order х (some- 
times of order n — а) or a Riesz potential. 


C. The Maximum Principle and the Continuity 
Principle 


Let О = К", and let Ф(Р, и) be the kernel of 
the Newtonian potential. Then Ф(Р, и) satis- 
fies the following principles: (1) Frostman's 
maximum principle (first maximum principle): 
Suppeo PÒP, p) & supp. s, P(P, и) for any u, 
where S, is the support of и. (2) Ugaheri's 
maximum principle (dilated maximum prin- 
ciple): There is a constant cz 0 such that 
SUppeo Ф(Р, u) c Suppes, D(P, и) for any p. (3) 
A variation of Ugaheri’s maximum principle: 
Given any compact set K c Q, there exists a 
constant c which may depend on K such that 
SUPpex Ф(Р, u) <csuppes, O(P, и) for any и 
with S, c K. (4) Upper boundedness principle: 
If Ф(Р, и) is bounded from above on S,, then 
it is bounded on Q also. (5) For any compact 
set K CO and any u with S, c K, if O(P, u) is 
bounded above on S,, then it is bounded on K 
also. (6) Continuity principle: If (P, и) is con- 
tinuous as a function on S,, then it is also con- 
tinuous in Q. Generally, the relations shown 
in Fig. 1 hold among principles (1)-(6), where 
(а) (b) means that (a) implies (b), and (c)-»(d) 
means the negation of (c) (d). 


(3) 


NN 


ka 
(1) e 0) (5) 22 (6) 


a 


ў 
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Fig. 1 


If the continuity principle holds for а gen- 
eral kernel Ф(р, и) of a potential and if for any 
и there is a sequence {P,} of points in Q— S, 
that has an accumulation point on S, and 
along which ®(P,, u) supo. s, (P, u), then (1) 
holds also. The second condition is valid, for 
instance, when О = R", Ф(Р, и) is subharmonic 
in R" —S,, and limsup ®(P, р) <ѕиросв«Ф(0, и) 
as P tends to the point at infinity. T. Ugaheri, 
G. Choquet, and N. Ninomiya studied (2) and 
(6). Ugaheri showed that for any nonnegative 
decreasing function g(r) defined in [0, oo) and 
satisfying ф(0)= oo, the kernel Ф(Р, Q)= o(PQ) 
satisfies (2) in R". M. Ohtsuka established 
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that (6) —(5) and (5)— (6) in general and proved 
(5)—(6) in the special case where Ф is contin- 
uous on О x Q in the wider sense (1.е., Ф may 
have oo as its value) and 6 is finite outside the 
diagonal set of Q x Q. The examples in Sec- 
tions F, I, and J show that the potentials with 
kernels satisfying a weak condition such as (6) 
possess a number of important properties. We 
note that (6) does not necessarily hold in gen- 
eral. (For literature on (1)-(6) and other re- 
lated principles — [18].) 


D. The Energy Principle 


Denote by E the class of all measures of finite 
energy. À symmetric kernel is called positive 
definite (or of positive type) if (y —v, и — у) = 

(и, p) + (v, v) - 2(4, v) 20 for any u, ve E. If 

the equality (и — v, и — v) 20 always implies p= 
v, then the kernel is said to satisfy the energy 
principle. Some characterizations for a kernel 
to be of positive type or to satisfy the energy 
principle were given by Ninomiya. Using 
them, he showed that a symmetric kernel that 
satisfies Frostman's maximum principle or the 
domination principle (— Section L) and a 
certain additional condition is of positive type. 
Choquet and Ohtsuka generalized these defi- 
nitions and results [18]. 


E. Topologies on Classes of Measures 


Let C, be the space of continuous functions 
with compact support іп Q and М; be the 
class of measures іп Q. The tseminorms p — 
v»|f f du — {ау (fe Co) define the vague 
topology on М. The class of unit distribu- 
tions can be topologized by the vague topol- 
ogy, which induces a topology on Q itself. This 
topology coincides with the original topology 
іп Q. A subclass M of Mọ is relatively com- 
pact with respect to the vague topology if on 
every compact set in О, the values of the mea- 
sures of M are bounded. Denote by L the class 
of measures / such that (2, u) is finite for all 

ue Mg , and define the fine topology оп M; by 
the seminorms и — v—|(¿, u) — (A, v)| (4€ L). This 
topology was introduced by H. Cartan [4] for 
the Newtonian kernel. It is the weakest topol- 
ogy that makes each ®(P, 2), 2e L, continu- 
ous. Further, when the kernel is of positive 
type, the weak topology is defined on E by the 
seminorms jt — v-»](4, u) — (4, v)| (AEE). The 
strong topology is defined on E by the semi- 
norm 4/(u— v, u — v). 

For the Newtonian kernel, Cartan [5] 
showed that vague~< fine « weak «strong on E, 
where vague fine, for instance, means that 
the fine topology is stronger than the vague 
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topology. He proved that the fine, weak, and 
strong convergences are equivalent for any 
sequence {u} of measures with bounded 
energies. B. Fuglede [16] called a kernel of 
positive type consistent when any *Cauchy 
net with respect to the strong topology that 
converges vaguely to a measure converges 
strongly to the same measure. This notion is 
used to give conditions for E to be tcomplete 
with respect to the strong topology [11, 18]. 
Moreover, Fuglede called a consistent kernel 
satisfying the energy principle perfect, and 
studied the cases where 'convolution kernels 
on a locally compact topological group are 
consistent or perfect [11]. For instance, PQ `° 
(0 « x « n) in R” and the Bessel kernel, which 
was studied by N. Aronszajn and K. T. Smith, 
are perfect. 


F. Convergence of Sequences of Potentials 


We are concerned with determining when a 
family of potentials corresponding to a class 
of measures { 4a} with indices o in a directed 
set converges. If all S, are contained in a 
fixed compact set and u, converges vaguely 
to Ho, then liminf (P, u.) > Ф(Р, uo) in Q. If, 
moreover, Ф is continuous in the wider sense 
and both Ф and Ф satisfy the continuity prin- 
ciple, then equality holds quasi-everywhere 
(q.e.) in Q in this inequality [18]; we now de- 
fine the notion q.e. First, for a nonempty com- 
pact set K in О, define W(K) to be :nf(u, u), 
where S, c K and u(K)= 1, апа W(@) to be 
оо for the empty set Ø. Next, set W(X)— 
inf, х W(K) for an arbitrary set X in Q and 
W,(X)=supyx- s WG), where G is an open set 
in Q. When a property holds except on a set X 
such that W,(X)= oo (resp. W,(X)— oo), we say 
that the property holds quasi-every where (q.c.) 
(resp. nearly everywhere (n.e.)). The terms q.e. 
and n.e. are also used in the theory of *capac- 
ity, although their meaning is not tae same as 
here. (For results on the convergence of se- 
quences of potentials — [18].) 


G. Thin Sets 


A set X <Q is called thin at Р, when either Pj 
is an isolated point of the set X U ( P5) with 
respect to the original topology of Q or there 
exists a measure u such that lim inf (P, u) > 
(Po, и) as Pe X — (P, tends to Pj. If P, is 
an isolated point of X U {Р} with respect to 
the topology weakest among those stronger 
than both the original topology and the fine 
topology, then X is thin with respect to the 
adjoint kernel Ó. The converse is true in a 
special case [5]. The notion of thinness was 
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introduced in 1940 by M. Brelot and inves- 
tigated in detail in [3]. Let g(r) be a positive 
decreasing function. Suppose there exist posi- 
tive numbers ro, ô, a such that g(r)<ag((1+ 
ó)r) in 0 « r € rg. Assume that О is a metric 
space with distance р, and take ф(р(Р, Q)). 

as the kernel Ф(Р, О). Then a necessary and 
sufficient condition for X to be thin at P, is 
X  si/W,(X) < oo (s> 1) [19], where X,= 
(PeX|s/« ф(р(Р, Po)) s?*! J. This criterion 
was obtained by N. Wiener in 1924 and uti- 
lized to give a condition for a boundary point 
P, of a domain D in Rš to be tregular with 
respect to the tDirichlet problem for D. In this 
situation, P, is regular if and only if the com- 
plement of D is thin at Py. When every com- 
pact subset of X is thin at Py, X is called inter- 
nally thin at Pj. A necessary and sufficient 
condition for X to be internally thin at Р, is 
XS/W(Xj« oo. 


H. Polar Sets 


Brelot (1941) called a set 4 polar when there 

is a measure д for which ®(P, р) = oo on А. 
Consider U(Q, K) (= V(K, Q)) as defined 

in 48 Capacity С, and define Ú. (Q, X) by 
supg ; x inf, ç Ü (Q, K) for an arbitrary set X, 
where G is an open set. Then for any д, X = 
{Р|Ф(Р, р) = оо} is a G, set for which the value 
of U,(Q, X) is infinite. Conversely, given a G; 
set A of tNewtonian outer capacity zero in R” 
(п > 3), there is a measure u such that the set of 
points where the Newtonian potential of и is 
equal to oo coincides with А and u(R" — A) =0 
(Choquet [7]). This result is called Evans's 
theorem (or the Evans-Selberg theorem) (— 

48 Capacity) in the special case where A is 
compact. 


I. Quasicontinuity 


A function f in Q is called quasicontinuous if 
there is an open subset G in Q of arbitrarily 
small capacity such that the restriction of f to 
О — С is continuous. Naturally, quasicontinu- 
ity depends on the definition of capacity. Sup- 
pose that whenever the potential of a measure 
u with kernel is continuous as a function on 
S, it is quasicontinuous in Q; is then said to 
satisfy the quasicontinuity principle. Assuming 
in addition that Ó is positive symmetric and 
taking 1/U(Q, G) as the capacity of G, we find 
that every potential is quasicontinuous in Q 
(M. Kishi). À similar result is valid for a non- 
symmetric kernel if the continuity principle is 
assumed (Choquet [6]). 
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J. The Gauss Variational Problem 


Given a compact set K and a function f on K, 
the problem of minimizing the Gauss integral 
(и, u) —2 f f du for a measure u such that $, К 
is called the Gauss variational problem. When 
an additional condition is imposed on и, the 
problem is called conditional. Among many 
results obtained for this problem [18], the 
following is typical: If is symmetric, K sup- 
ports a nonzero measure of finite energy, and f 
is finite upper semicontinuous on K, then there 
exists a u such that f(P)<@®(P, и) п.е. on K 
and f(P)>®(P, и) on S,. When Ф is not sym- 
metric, the same relations hold for some и 

if Ó is positive and Ф satisfies the continuity 
principle (Kishi [15]), although the method 
using Gauss variation is not applicable. When 
Ф is symmetric and of positive type, the Gauss 
integral with f(P) = Ф(Р, v) (ve E) is equal to 
[а= vli? — 1912, and the minimizing problem 

is equivalent to finding the projection of v to 
(ue E|S, c К}. In some cases, this projection is 
equal to the measure obtained by the balayage 
of v to K (— Section L). 


K. Equilibrium Mass Distributions 


A unit measure p supported by a compact set 
K is called an equilibrium mass distribution on 
K if ®(P, и) is equal to a constant a п.е. on K 
and ®(P, р) « a in О. The kernel is said to 
satisfy the equilibrium principle if there exists 
an equilibrium mass distribution on every 
compact set. If a> 0, 1/a can be regarded as а 
kind of capacity, and р/а is called a capacitary 
mass distribution. Corresponding to tinner 
and outer capacities, inner and outer capaci- 
tary mass distributions and their coincidence 
can be discussed [11]. When ® is symmetric, 
Frostman's maximum principle is equivalent 
to the equilibrium principle. 


L. The Sweeping-Out Principle 


A kernel is said to satisfy the sweeping-out 
principle (or balayage principle) if for any com- 
pact set К and measure и there exists a mea- 
sure v supported by K such that Ф(Р, v) = 
Ф(Р, и) ne. on K and Ф(Р, v) <Ф(Р, u) in Q. 
When we find such a v, we say that we sweep 
out и to K, and finding v is called a sweeping- 
out process (or balayage). This terminology 
originated in the classical process for the New- 
tonian potential in which the exterior of K is 
covered by a countable number of balls and 
the masses inside the balls are repeatedly 
swept out onto the spherical surfaces. For any 
general kernel, the balayage principle implies 


338 M 
Potential Theory 


the domination principle (also called Cartan's 
maximum principle), which asserts that if the 
inequality Ф(Р, u) < (P, v) is valid оп S, for 
HEE and any v, then the same inequality holds 
in О. The converse is true if is positive, sym- 
metric, continuous in the wider sense, and 
finite outside the diagonal set. In contrast to 
the domination principle, is said to satisfy 
the inverse domination principle if the inequal- 
ity Ф(Р, u) < (P, v) on S, for we E and any v 
implies the same inequality in Q. In a special 
case, the domination principle implies Frost- 
man's maximum principle [17]. For the equi- 
librium and domination principles for non- 
symmetric kernels — [14]. 

Corresponding to inner and outer capaci- 
tary mass distributions, we can examine inner 
and outer balayage mass distributions and 
inner and outer Gauss variational problems 
and their coincidences [5, 18]. With respect to 
the Newtonian potential, a point P is called an 
internally (externally) irregular point of X if the 
inner (outer) balayage mass distribution to X 
of the unit measure e, at P is different from єр. 
X is thin (internally thin) at P if and only if P 
is an externally (internally) irregular point of X 
(Cartan [5]). 


M. Other Principles 


A kernel Ф is said to satisfy the uniqueness 
principle if = v follows from the equality 
O(P, н) = 9(P, v), which is valid п.е. in Q. Nino- 
miya and Kishi studied this principle. A ker- 
nel Ф is said to satisfy the lower envelope prin- 
ciple if given и and v, there is a 4 such that 
Q(P, 4)=min(®(P, и), Ф(Р, v)). If O satisfies the 
domination principle and Ф satisfies the con- 
tinuity principle, then Ф satisfies the lower 
envelope principle on every compact set con- 
sidered as a space. Conversely, if Ф satisfies 
the lower envelope principle on every compact 
set considered as a space, then 6 satisfies the 
domination principle or the inverse domi- 
nation principle under some additional con- 
ditions (Kishi). A kernel is said to satisfy the 
complete maximum principle if the inequality 
Ф(Р, u) <Ф(Р, v) +а on S, implies the same 
inequality in Q for ue E, any v, and a z 0 (Car- 
tan and J. Deny, 1950). This principle implies 
both Frostman's maximum principle and the 
domination principle. Potentials of order х 
(n—2<a<n) in R" and the Yukawa potential 
with kernel aPQ~'exp(—APQ) in R? satisfy 
the complete maximum principle. Relations 
between this principle and some other prin- 
ciples were studied by Kishi [14]. 

While all principles discussed so far are 
global, Choquet and Ohtsuka made a local 
study. 
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N. Diffusion Kernels 


By means of the bilinear form f f du (f e С, 

нє Mo), we now introduce weak topologies in 
the space C of continuous functions in Q and 
in the class M, of Radon measures of general 
sign with compact support. Similarly, we in- 
troduce weak topologies in C, and in the class 
M of measures of general sign with not neces- 
sarily compact support. А positive linear map- 
ping G of M, into M that is continuous with 
respect to these two weak topologies is called 
a diffusion kernel. The linear mapping G* of 
C, into C that is determined by | fdGu= 
[G*f dp is called a transposed mapping. We сап 
define the balayage principle for G and the 
domination principle for G* as in the case 
where kernels are functions. Then G satisfies 
the balayage principle if and only if G* satis- 
fies the domination principle (Choquet and 
Deny). The complete maximum principle has 
been defined and studied for G* (Deny). G. A. 
Hunt obtained a relation between this prin- 
ciple and the representation of G*f in the 
form fs P,f dt with a tsemigroup P.. His result 
is important in the theory of ‘stochastic pro- 
cesses (— 261 Markov Processes). 


O. Convolution Kernels 


A diffusion kernel G on a locally compact 
Abelian group induces a convolution kernel к 
if G is translation-invariant. It is called a Hunt 
kernel when there exists a vaguely continuous 
semigroup 12,7, o such that x — [5 c, dt and х, 
=o, the Dirac measure at the origin. A Hunt 
kernel satisfies the domination principle and 
the balayage principle to all open sets, and it 
satisfies the complete maximum priaciple if 
and only if {2,), > о is sub-Markovian, Í dx, < 1. 
The Fourier transform of such a semigroup 
has a closed connection with a negative- 
definite function [1]. 

For a convolution kernel < satisfving the 
domination principle, or, equivalently, the 
balayage principle, the inequality 


к(о)к(0) € ro — o) + c) 


is valid for all relatively compact open sets c, 
and о, [8]. It has a unique decomposition 
K=" (Kg + к), where o is a continuous ex- 
ponential function, x, is equal to 0 or a Hunt 
kernel satisfying the complete maximum prin- 
ciple, and к, is a singular kernel satisfying the 
domination principle such that x, * є, = x, for 
every xe S,, [12]. 


P. Potentials with Distribution Kernels 


A function f in R” is called slowly increasing 
in the sense of Deny if there exists a positive 
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integer q such that | /(Р)(1 + OP?) *ат(Р) < 
оо. A distribution K is called a distribution 
kernel if the tFourier transform FK of K isa 
function k 2 0 and both k and 1/k are slowly 
increasing in the sense of Deny. Given such 

a distribution K, the family W of distributions 
T for which FT are functions and || T||? = 
[k(FT dt < оо (this is called the energy of 

Т) is a tHilbert space with inner product 

(Ti; T,)= { КЕТ, ЕТ, ат. However, the family of 
Newtonian potentials of measures with finite 
energy is not a Hilbert space (Cartan). The 
family of functions of class C? with compact 
support is tdense іп W. For every Тє И the 
function FK x FT is slowly increasing in the 
sense of Deny. There exists a distribution U 

= Uf that satisfies FU = FK x FT, called the 
K-potential of T. Since W is complete, the 
method of projection is applicable, and prob- 
lems of equilibrium, balayage, and capacity 
can be examined. For instance, if tDirac’s 
distribution ó is taken as a distribution kernel, 
then the corresponding capacity is the Le- 
besgue measure. In the case of the Newtonian 
kernel, U7/6x,=f, is defined а.е. in R" for any 
T e W. These f; are square integrable, T = 

= с, 29-1 0f;/0x;, and || T| 2 =c, У. П ac, 
where 1/c, = 2(n — 2)л"2/Г(и/2). Furthermore, 


UT —(n—2 JP (x;—y)F(Q)PQ-"dz(Q), 


where x;, y; are components of P, Q, respec- 
tively. Every ordinary potential of a double 
layer is a special case of UT. Conversely, let f 
be a function in R" that is absolutely continu- 
ous along almost every line parallel to each 
coordinate axis and whose partial derivatives 
are square integrable. Then f is equal to the 
potential of some Te W with Newtonian ker- 
nel up to an additive constant. These results 
are due to Deny [9]. 


Q. Dirichlet Spaces 


In this section, functions are assumed to be 
complex-valued. Let Q be a locally compact 
Hausdorff space, ¿2 0 a Radon measure in О, 
and C, the space of continuous functions with 
compact support. A Hilbert space D consisting 
of locally £-integrable functions is called a 
Dirichlet space if C, N D is dense in both C, 
and D, the relations [v(P) —v(Q)| < |u(P) — u(Q)l 
and |v(P)|<|u(P)| for ue D and a function v 
always imply ve D and lvl < ||u||, and for any 
compact set K <Q, there exists a constant 
A(K) such that f, |u| dë < A(K)llul| for every 

ue D. The notion of Dirichlet space was in- 
troduced by A. Beurling. A function ue D is 
called a potential if there exists a Radon mea- 
sure u such that (и, ф)= f фаи holds for every 
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9€ CoD. If in addition и >0, then u is called 
a pure potential. For any pure potential, the 
lower envelope principle, the equilibrium 
principle, the balayage principle, and the com- 
plete maximum principle hold [2]. Suppose 
that О is a locally compact Abelian group and 
D is a Dirichlet space such that U,u(x) = u(x — 
y)eD and ||U,ul| = |ul| for every ue D and 

ye Q. Then we call D special and characterize 
it in terms of a real-valued continuous func- 
tion on Q [2]. (For axiomatic potential theory 
— 193 Harmonic Functions and Subharmonic 
Functions.) 
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A. General Remarks 


Let a and со, c, c>, ... be elements of a ffield 
K and z be a variable. A series of the form P = 
У 6с,(2— а)" is called a power series (in one 
variable). We assume that K is the field of 
complex numbers. For a given power series P, 
we can determine a unique real number R 
(0x R < oo) such that P converges if |z —a| < R 
and diverges if R <|z —a|. We call R the radius 
of convergence and the circle |z —a|= R (some- 
times |z —a| < R) the circle of convergence of Р. 
The value of R is given Бу R = 1 Літ sup 2/\cul 
(Cauchy-Hadamard formula) with the conven- 
tions 0 = 1/oo, оо = 1/0. Also R = п |с, /с, +; |, 
provided that the limit оп the right-hand side 
exists. 

A power series tconverges absolutely and 
uniformly on every compact subset inside 
its circle of convergence and defines there a 
single-valued complex function. Since the 
series is ttermwise differentiable, the function is 
actually a holomorphic function of a complex 
variable. Conversely, any function f(z) holo- 
morphic in a domain can be represented by a 
power series in a neighborhood of each point 
a of the domain. Such a representation is 
called the Taylor expansion of f(z) at a (or in 
the neighborhood of a). A power series that 
represents a holomorphic function is called a 
holomorphic function element. K. Weierstrass 
defined an analytic function as the set of all 
elements that can be obtained by 'analytic 
continuations starting from a given function 
element (— 198 Holomorphic Functions). 

Besides the series 2-9 c,(z — a)", a series of 
the form Q —X-6c,z "is called a power series 
with center at the point at infinity, and its value 
at oo is defined to be со. By putting z—a=t 
when its center a is a finite point and z ! =t 
when its center is oo, every power series can be 
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written in the form Уо c,t", and such a t is 
called a local canonical parameter. 

When t is a local canonical parameter, a 
series of the form 9:2... c,t" is called a Lau- 
rent series and a series E2 _„ c,t"* (k a fixed 
natural number) is called a Puiseux series, after 
the French mathematicians A. Laurent and V. 
A. Puiseux. Power series are sometimes called 
Taylor series. 

If we perform fanalytic continuations of a 
power series from its center along radii of its 
circle of convergence, we encounter a tsingular- 
ity on the circumference for at least one radius. 
For a power series with the circle of conver- 
gence |z|= R, the argument g of the singularity 
on |z|= R nearest 2 = R is given in the follow- 
ing way. Suppose, for simplicity, that the 
radius of convergence R of с„2" equals 1, 
and put 


= Y. [sos 
>20 {У 
P(h)=limsup 2/0 


Then х is obtained from 


cosa = Р; (0)= lim (P(h) — 1)/h 


(S. Mandelbrojt, 1937). In particular, if all the 
c, are real and nonnegative, z= R is a singular- 
ity (Vivanti’s theorem). 


B. Abel’s Continuity Theorem 


As a property of the power series on the circle 
of convergence, we have Abel’s continuity 
theorem: If the radius of convergence of f(z) = 
У 00,2" is equal to 1 and У o a, coverges 
(or Is (С, k)-summable (k> —1)) to A, then 
f(z) 5 A when z approaches 1 in any sector 
{z||z| <1, |arg(1 —21|«(x/2) —6), ó> 0 
(*Stolz’s path). 

The converse of this theorem is not always 
true. The existence of lim,_, f(z) does not 
necessarily lead to the convergence of X: o a,. 
Even Cesàro summability of La, does not 
always follow from the existence of lim,.., f(z). 
If a, — o(1/n) and f(z) 5 A when z approaches 1 
along a curve ending at z = 1, then >,a, con- 
verges to A (Tauber's theorem, 1897). The 
theorems concerning additional sufficient 
conditions for the validity of the converse of 
Abel's theorem are called theorems of Tauber- 
ian type (or Tauberian theorems). In Tauber's 
theorem, the hypothesis on the a, may be 
replaced by a, = O(1/n) or nRea,, nIma, may 
be bounded from above but not necessarily 
from below (G. H. Hardy and J. E. Little- 
wood). Here, the condition а, = О(1/и) cannot 
be weakened (Littlewood). Sufficient condi- 
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tions for Xa, to be tsummable for various 
summation methods are also known. 


C. Lambert Series 


А series of the form 


n 


Ya 
a , 
п=1 "1—2" 


is called a Lambert series. If У; а, is convergent, 
(1) converges for any z with |z| x 1, and more- 
over, it converges uniformly on any compact 
set contained in |z| « 1 or || > 1. If Xa, is 
divergent, (1) and the power series У a, z" 
converge or diverge simultaneously for |2| 51. 

There is a detailed study of Lambert series 
by K. Knopp (1913). If R is the radius of con- 
vergence of У а,2" and Ean a = A, is the sum 
extending over all divisors of n, then we have 
the reciprocity relation 


|z| 1, (1) 


which holds for |z| « min(R, 1). As special cases 
of this relation, we have 


n 


- imm 


dog -ў ө), 


where и and ф аге the *Móbius function and 
TEuler function, respectively. 
If the na, are real and bounded from below, 


lim У, (12а, 2 -=5 
— 2" 


251—0 


implies £ а, = s. Hardy and Littlewood (1921) 
showed that this theorem of Tauberian type is 
equivalent to the tprime number theorem. 


D. Singularities of Power Series 


Given a power series P =} а,2", if the tbranch 
in |z| < R* of the analytic function f(z) deter- 
mined by P is single-valued meromorphic but 
the branch in |z| « R' with R’ > R* has sin- 
gularities other than poles, then R* is called 
the radius of meromorplty of P and |z| 
(sometimes |z| « R*) is called the circle of 
meromorphy of P. R* can be computed in the 
following way. Put 


1, —-limsup|A/ DI? |, 
noo 


a, G,+1 кке On p 


(р) _ n4, O2 nt p41 
р) = . 


a 


n+p G,+p+1 OG 2p 
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Then the sequence of numbers I, , /l, is in- 
creasing, and lim, , /I, — R*. If R,, R2,... are 
different valued of 1. , /1,, then f(z) is holo- 
morphic at points not lying on |z| = R, (Hada- 
mard's theorem, 1892). 

When a point a and a set A of points in the 
complex plane are given, the set of points that 
can be joined with a by a segment disjoint 
from A is called the star region determined 
by a and A. Take any half-line starting at 
a; the point of A lying on it and nearest to 
a is called a vertex. For a power series > с,2", 
the set of centers of the function elements 
obtained by analytic continuations along 
half-lines starting at the origin is called the 
star region of X c,z" with respect to the 
origin. Let {a} and {£} be the set of vertices 
of the star regions with respect to the origin 
of X a,z" and X b,z", respectively. Then the. 
star region determined by the origin and 
the set (aff) is contained in the star region 
of 2:a,b,z" (Hadamard's multiplication theo- 
rem, 1892). 

The following are some results concerning 
conditions for the coincidence of the circle of 
convergence of a power series and its tnatural 
boundary. Let the a, be positive numbers 
and b a natural number greater than 1. If the 
radius of convergence of 2 , a,z^' is equal to 
1, then |z| = 1 is its natural boundary (Weier- 
strass, E. I. Fredholm). If the radius of con- 
vergence of 27. а„2* (with (4,) an increas- 
ing sequence of natural numbers) is 1 and 
lim inf, , 4 (4,4, — А„)/А„ > 0, then |z| 1 is the 
natural boundary (Hadamard's gap theo- 
rem). The latter condition was weakened to 
liminf, (4,4, — 4,)/ VAn > 0 by E. Borel 
(1896). E. Fabry (1896) showed that with the 
radius of convergence of 27.9 a,z" being 1, if 
there exist a suitable sequence of natural num- 
bers m, «m; <... and a number 0 (0-6 — 1) 
such that lim s;/m; =0, where the s; are the 
number of nonzero a, contained in the inter- 
val (m,(1 —0),m,(1 + 0)), then [z|= 1 is the 
natural boundary of 2\a,z”. By applying 
this theorem to X a„z* with radius of con- 
vergence 1, it can be shown that if lim, 4, /n 
= 00, then |z|= 1 is its natural boundary. 
These theorems are called gap theorems 
because they concern power series with 
gaps in their exponents. A generalization 
of Fabry's theorem was obtained by G. Pólya. 
It is known that Fabry's last condition 
above is in a sense the best possible (Pólya, 
1942). 

Regarding the natural boundary of a power 
series, we also have the following result: When 
the radius of convergence of У а,2" is 1, by a 
suitable choice of the sequence {e,} (g, = +1), 
the series У 2,4,2" has |z| = 1 as its natural 
boundary (A. Hurwitz, P. Fatou, Pólya). 
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E. Overconvergence 


If the radius of convergence of f(z) = X a,z" 15 
1, the sequence of partial sums S(1, z), S(2, z), 
..., Where S(n, z) 2 355.9a,z", is naturally di- 
vergent for |z|> 1, but a suitable subsequence 
S(n,, 2) (К = 1,2, ...) may still be convergent. 
A. Ostrowski [7,8] called this phenomenon 
overconvergence and proved the following re- 
sult: By definition, f(z)= Ў a„z* has а 
lacunary structure if the sequence {4,} has a 
subsequence {4,,} such that А, ., > An (1+0) 
(0 > 0). If this situation occurs, then in a suffi- 
ciently small neighborhood of a point on |z|= 
1 where f(z) is holomorphic, S(4,,, 2) (k= 

1,2, ...) converges uniformly. This result in- 
cludes Hadamard's gap theorem as a special 
case. Conversely, any power series for which 
overconvergence takes place can be repre- 
sented as the sum of a power series having a 
lacunary structure and a power series whose 
radius of convergence is greater than 1. G. 
Bourion [9] gave a unified theory of these 
results using tsuperharmonic functions. 

R. Jentsch [10] showed that all singularities 
of a power series on its circle of convergence 
are accumulation points of the zeros of the 
partial sums. On the other hand, if the zeros 
of a subsequence S(n,, 2) (К — 1,2, ...) has по 
accumulation point on |z| = 1, then the power 
series has a lacunary structure and overcon- 
vergence takes place for S(n,, z) (к= 1,2, ...). 
If logn,., = O(n,) and S(n,, z) (k=1,2,...) is 
overconvergent, then all boundary points of 
the domain of overconvergence are accumula- 
tion points of the zeros of S(n,, 2) (Ostrowski 
[8]). 

A power series is completely determined by 
its coefficients, but little is known about the 
relations between the arithmetical properties 
of its coefficients and the function-theoretic 
properties of the function represented by the 
series. A known result is that if the power 
series У, c,z" with rational coefficients repre- 
sents a branch of an talgebraic function, then 
we can find an integer y such that the c," 

(n > 1) are all integers (Fisenstein's theorem, 
1852). 

For power series of several variables — 21 
Analytic Functions of Several Complex Vari- 
ables; for formal power series — 370 Rings of 
Power Series. For power series expansions — 
Appendix A, Table 10.IV. 
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Probabilistic Methods in 
Statistical Mechanics 


A. Introduction 


Probabilistic methods are often very useful in 
the rigorous treatment of the mathematical 
foundations of statistical mechanics and also 
in some other problems related to statistical 
mechanics. As examples of such methods, we 
explain here (1) Ising models, (2) Markov 
statistical mechanics, (3) percolation processes, 
(4) random Schródinger equations, and (5) the 
*Boltzmann equation. 


B. Ising Models 


The Ising model was proposed by E. Ising [1] 
to explain the phenomena of phase transitions 
of a ferromagnet, in which either a + or — 
spin is put on each site of a crystal lattice, and 
interaction between nearest neighboring sites 
is taken into consideration. 

Let V be a cube in the d-dimensional integer 
lattice space Z^ and X, = { +1, —1]" be the 
totality of spin configurations in V. Each ele- 
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ment of X, is denoted by o={9;},-) (o;— +1 
or —1). We suppose that a spin configuration 
o has a potential of the type 
U,(co)2- — Y, oo +h) о, 

«си ieV 
where (i, j> means that (i,j) is a nearest neigh- 
boring pair of sites and h stands for the para- 
meter of an external field. A tprobability mea- 
sure on X, is called a state on V. For each 
state u, the free energy is defined by 


1 
F,(u)= У u(c)Uy(o)t ; Y, n(o)log u(o), 
geXy ce Xy 
where В = 1/kT (k is the tBoltzmann constant, 
T is the tabsolute temperature). Then there 
exists a unique state 


exp( — BU,(o)) 
Хех, exp(—BU,(y))’ 


on V which minimizes the free energy F, (vari- 
ational principle). gf" is called a Gibbs state on 
V of the Ising model with parameter (f, А). 
Physically, a Gibbs state is an equilibrium 
state, in which various physical quantities are 
calculated. 

Since for each Z^-homogeneous (i.e., trans- 
lationally invariant with respect to Z°) state и 
the mean free energy 


gh "(a)= сє Xy, 


Fd Jing Буш) 

is well defined, a (limiting) Gibbs state can also 
be defined for the infinite domain V = Z? by 
the above mentioned variational principle. 
However, at present the probabilistic defi- 
nition of Gibbs states given by Dobrushin [2] 
and Lanford and Ruelle [3] is prevalent. 

It is known that if an external field is present 
(i.e., Л #0) there is only one Gibbs state for any 
P. On the other hand when an external field is 
absent (л = 0) and d 22, there are at least two 
Gibbs states, i.e., a phase transition occurs, for 
a sufficiently low temperature. 

Finally, we mention some known facts in 
this field. In the following we assume й = 0. (1) 
In the 1-dimensional case, the phase transition 
never occurs. (2) For 422, there exists a crit- 
ical value f, (d) such that the phase transition 
does not occur for any B < fi (d) but it occurs 
for every B> B.(d). The calculation of f,(2) has 
been carried out by Onsager [4]. (3) In the 2- 
dimensional case, every Gibbs state is Z?- 
homogeneous [ 5, 6]. (4) For d 23, there is a 
Z/-inhomogeneous Gibbs state for sufficiently 
large f [7]. 


C. Markov Statistical Mechanics 


Stochastic Ising models, infinite interacting 
particle systems, and many models occurring 
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in physics, biology, and sociology are formu- 
lated as a class of infinite-dimensional !Markov 
processes. The field of investigation of station- 
ary states and statistical or ergodic properties 
of these processes is called Markov statistical 
mechanics, which has made rapid progress 
during the last decade. We explain this field by 
looking at a typical class of processes. 

Let Z/ be the d-dimensional integer lattice 
space. Putting + or — spin on each site on 7, 
let us consider a random motion of spins which 
evolves while interacting with neighboring 
spins. Let X = { +1, —1}” be the totality of 
spin configurations and an element of X be 
denoted by у = {n(i)} ieza @(@) = +1 or —1). The 


. process is described in terms of a collection of 


nonnegative functions c,(y) defined for ie 2“ 
and qe X. For the configuration n, at time t, 
yn, (i) changes to —n,(i) in the time interval 
[t,t + At] with probability c;(9)At + o(At). 
This process on X is called a spin-flip model. 
For an initial distribution u we denote by 4, 
the distribution at time t. If jj = u for all t > 0, 
u is called a stationary state. 

Example 1. Stochastic Ising models. A sto- 
chastic Ising model was proposed by Glauber 
[8] to describe the random motion in a fer- 
romagnet upon contact with a heat bath. Then 
the flip rate {с,(у)) is defined by the potential 
of the Ising model. It is known that any Gibbs 
state of the Ising model is a reversible station- 
ary state of the stochastic Ising model, and the 
converse is also valid. Free energy plays an 
important role in the study of the ergodic 
properties of these models. In particular, the 
mean free energy is a nondecreasing functional 
along the distributions 4, 0 € t< оо. 

Example 2. Contact processes. А contact 
process was introduced by Harris [11] to 
investigate the spread of infection. The flip rate 
of the contact process is given by 


PEEL 
S ka df ogü)— —1 and 


*Ulli-il-L n()=-+1)=k. 


Here 4-1 denotes an infected individual and 
—1 denotes a,healthy one. Denote by —1 the 
configuration at which all sites are healthy and 
by à. , the unit point mass at —1; then 6_, is 

a stationary state. The most important result 
is the following: There exists a critical value 2, 
(0 « 4, « оо) such that if 4< 54 6_, is a unique 
stationary state, and if 4> 4, there is another 
stationary state и satisfying 


u[re X; n(i) = +1 for infinitely many i] = 1. 
D. Percolation Processes 


A percolation process is a mathematical model 
which describes the random spread of a fluid 
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through a medium. It can be used to describe 
phenomena such as the penetration through a 
porous solid by a liquid or the spread of an 
infectious disease [14]. Usually, the process ts 
identified as a site percolation process or a 
bond percolation process. Here we describe the 
latter only. 

Let L= (S, B} be a countable connected 
tgraph with a set of sites (tvertices) S and a set 
of bonds (tedges) B. Each bond b is open with 
probability p and closed with probability 1 — p 
independently of all other bonds. Suppose that 
a fixed point o is the source of a fluid which 
flows from o along open bonds only. 

Let 0(p) be the probability that the fluid 
spreads infinitely far, and define the critical 
percolation probability р — inf( p | 0(p)— 0). 
Then it is known that (1) py — 1/2 for the 
square lattice [16], (2) py =2sin(z/18) for the 
triangular lattice, and (3) py = 1 —2sin(z/18) 
for the honeycomb lattice. 


E. Random Schródinger Equations 


Random Schrödinger equations are tSchrédin- 
ger equations in R" with random potentials 
U(x, о); therefore the corresponding operators 
are of the form 


A(w)= —A+U(-, о), 


where w denotes a random parameter in a 
probability space (О, $, P) and A denotes the 
*Laplacian in R". It is assumed that this sys- 
tem of potentials forms a spatially homoge- 
neous random field with the tergodic property. 
This system of equations is considered to be a 
model describing the motion of quantum- 
mechanical particles in a random medium. 
Mathematically, the problem is to investigate 
various spectral properties of the self-adjoint 
operators A(c). Since A(q) and its shifted 
operator 4(0(: + x)) are tunitarily equiva- 
lent, the above assumption on the potentials 
U(-,@) implies that the spectral structures are 
independent of each sample o a.s. if their 
structures of A(@) are measurable with respect 
to (Q, 99). 

Several rigorous results have been obtained. 
In the 1-dimensional case, if the potentials 
U(-,w) are functionals of a strongly ergodic 
*Markov process, then it is proved that A (w) 
has only a pure point spectrum [17], and each 
eigenfunction decays exponentially fast [18]. 
In multidimensional cases, asymptotic behav- 
ior at the left edge of the mean of the resolu- 
tions of the identity for a certain A(w) have 
been investigated [19]. It is assumed that the 
random potential for this A(w) takes the form 


Ш(х,ш)= | ф(х— y)n(dy, o), 
R^ 
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where {л(4у, w)} is a *Poisson random mea- 
sure with mean measure dy and íx) is a non- 
negative measurable function satisfying ф(х) = 
o(|x| ^^?) as |х| +00. Let E;(x, y, о) be the 
continuous kernel for the resolution of the 
identity for A(c), and denote by N(A) the mean 
of Е ,(0,0, о). Then N(4) is a nondecreasing 
function vanishing on (—00,0) and has the 
following asymptotic form at 4 — C: 


A"? logN(A)>—yt? as 4-0, 


where y; is the first eigenvalue of — А with a 
Dirichlet boundary condition on the ball in R" 
with unit volume. The quantity № (A) can be 
identified with a limiting state density of А(о)), 
namely, the limit function of 


No) # ЛАО) АЛИ] 


as V tends to R” regularly, where ; Aj (œ)} is 
the set of eigenvalues of A(w) in a smooth 
bounded domain V in R" with a Dirichlet 
boundary condition and | V| is the volume of 
V. To obtain the above asymptotic behavior of 
N(A), the theory of tlarge deviation for Mar- 
kov processes plays a crucial role [20]. 


F. Boltzmann Equation 


In the kinetic theory of gases the Boltzmann 
equation is derived from the tLiouville equa- 
tion by considering the BBGKY hierarchy of 
particle distribution functions for N particles 
and then by taking the limit N — co under 
certain conditions (— 402 Statistical Me- 
chanics). Mathematically rigorous discussions 
were given by O. E. Lanford [21] for a gas of 
hard spheres; he showed that solutions of the 
BBGKY hierarchy converge to those of the 
Boltzmann hierarchy for small time under the 
Boltzmann-Grad limit (N оо, Nd? 1, d= 
the diameter of the hard spheres). 

An approach to the Boltzmann equation in 
the spatially homogeneous case can also be 
based on a tmaster equation. M. Кас [22] 
considered a Poisson-like process describing 
the random time evolution of the n-tuple of 
the velocities of n particles. For a gas of hard 
spheres this is determined by the master 
equation 


д 
u(t, Xis xy) 


д 


1 , , 
=- У TECK one XR a ОЛ, 
Ny <i<j<n Js? 
—u(t, ху, -+ Xa) Но; — ху, Dl dl, 
t» 0, Xis: X ER’, (1) 


where S° is the 2-dimensional unit sphere, dl is 
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the uniform distribution on S2 and 


xj2Xit(x,7-x,l), хх; (х; х1). 


Let с be a positive constant and S(./no) 
denote the (3n — 1)-dimensional sphere with 
center 0 and radius ./no. Given a symmetric 
probability density u, on S( na) for each 
nz 1, a sequence (u,) is said to have Boltz- 
mann's property or to be chaotic (or u-chaotic 
to stress u), if there exists a probability density 
u on R? such that 
,X,)dx; 


lim Ф1(х1)... Pm (Xm) Un x1, ... 


n- 00 lz 
d= FI | ,(x)u(x) dx 
k=1 JR3 | 


for each mz 1 and g, € O, (R2), 1 xk x m. Kac's 
assertion is that the Boltzmann equation is to 
be derived from the master equation via the 
propagation of chaos; more precisely, if {и,) is 
a u-chaotic sequence, then (u,(t)) is also u(t)- 
chaotic, where u,(t) is the solution of the mas- 
ter equation (1) with u,(0) = и, and u(t) is the 
solution of the following Boltzmann equation 
with u(0) 2 u: 


д 
Pu x)= | {u(t, x)u(t, y) — u(t, x)u(t, y)} 
S? x R? 


х |(x— у, 01414у, 


x =x+(y—x, Dl, у=у-(у-х, DL 


The propagation of chaos was verified by 
Kac [22], H. P. McKean [24], and others 
for a considerably wide class of nonlinear 
equations of Boltzmann type (with cutoff). The 
propagation of chaos is the stage correspond- 
ing to the tlaw of large numbers. The next 
stage is the fcentral limit theorem or fluctu- 
ation theory, which was also discussed by Kac 
[23] and McKean [25]. Moreover, based on 
Kac's work [22], McKean [26] introduced a 
class of Markov processes associated with 
certain nonlinear evolution equations includ- 
ing the Boltzmann equation; a process of this 
type describes the time evolution of the veloc- 
ity of a particle interacting with other similar 
particles. In the case of the spatially homo- 
geneous Boltzmann equation of Maxwellian 
molecules without cutoff, such a Markov 
process was constructed by solving a certain 
tstochastic differential equation [27]. This 
implies the existence of probability measure— 
valued solutions of the equation. 
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A. General Remarks 


A probability measure Ф on a ‘measurable 
space (S, ©) is defined to be a *measure on 

(S, S) with (S) = 1 (— 270 Measure Theory). 
In probability theory, probability measure 
appears usually as the *probability distribution 
of a trandom variable (— 342 Probability 
Theory). Unless stated otherwise, we regard a 
*topological space T as a measurable space 
endowed with the topological c-algebra B(T) 
on T, i.e., the *c-algebra generated by the 
*open subsets of T. Hence the distribution of 
an R"-valued random variable is a probability 
measure on (R", 8" = 8(R")). From this proba- 
bilistic background we often call a probability 
measure on (R", 8") an n-dimensional (proba- 
bility) distribution. For probability measures 
on topological spaces — 270 Measure Theory. 
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B. Quantities Characterizing Probability 
Distributions 


Several different quantities characterize the 
properties of probability distributions in one 
dimension: the mean (or mathematical expecta- 
tion) m= |®„ хаФ(х), the variance o? = f2, |x — 
m|? 4Ф(х), the standard deviation c, the kth 
moment о, = |% „ х*4Ф(х), the kth absolute 
moment B= is |x| d(x), thc kth moment 
about the mean u, = [= „(х — m) d®(x), etc. 

A one-to-one correspondence exists be- 
tween a 1-dimensional distribution Ф and its 
(cumulative) distribution function F defined by 
Е(х) = Ф((— оо, x]). A distribution function ts 
characterized by the following properties: (1) It 
is monotone nondecreasing; (2) it is right con- 
tinuous; (3) lim,- F(x) 20 and lim, ,, F(x) 
= 1. Similar statements hold for the multi- 
dimensional case. 

Let Х (о) be a real random variable on a 
*probability space (Q, %, P). Then the distri- 
bution of X is given by Ф(Е)= P((o|X(o)e 
Е!), Ee 8, and the characteristic quantities 
of ® defined above are given in terms of X (c) 
as follows: m= E(X), o? = E(X —my, F(x) = 
P({@|X(@)<x}), etc. The moments and the 
moments about the mean are connected by 


r 
the relation u, = Y. || a, ,(— т) (r=1, 2, 


...). When Ф is an n-dimensional distribution, 
the following quantities are frequently used: 
the mean vector, which is an n-dimensional 
vector whose ith component is given by т; = 
[x, do (x); the covariance matrix, which is 

an n x n matrix whose (i, j)-element is o; — 
f(x; —mj)(x; — mj) dd(x); the moment matrix, 
which is an n x n matrix whose (i, j)-element is 
mj; = | xixjd (x). (The covariance matrix is 
also called the variance matrix or the variance- 
covariance matrix.) The covariance matrix 
and the moment matrix are *positive definite 
and symmetric. The quantities listed above 
are defined only under some integrability 
conditions. 


C. Characteristic Functions 


Consider a probability measure Ф defined on a 
measurable space (R", 3"), where *B" is the o- 
algebra of all tBorel sets in R”. The character- 
istic function of Ф is the *Fourier transform o 
defined by 


TH е!'®*%”4Ф(х),  zeR" (1) 
R 


where (z, x) denotes the *scalar product of z 
and х (2, xe R”). Let X be an n-dimensional 
random variable with probability distribution 
Ф defined on a tprobability space (©, 9B, P). 
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Then the Fourier transform of Ó is also called 
the characteristic function of X, which can also 
be written as E(e'^- 9?) (— 342 Probability 
Theory). 

The following properties play a fundamental 
role in the study of the relationship between 
probability distributions and characteristic 
functions: (i) the correspondence defined by (1) 
between the n-dimensional probability distri- 
bution Ф and its characteristic function q is 
one-to-one. (ii) For any a,, b,eR, a, « b, (p= 
1,2, ...,n), we have 


| [l fx, ay, Б)4Ф(х) 
R 


"p 
1 vf с m 2р о іар 
-im(z-] | if (= 
ceo (2n) Je е p= —iz, 
X 9(z,,...,z,)dz,,...,dz,, (2) 


where f(t; a, b) denotes the modified indicator 
function of [a, b] defined by 


1, te(a, Б), 
fiae T t—a or b, 
0,  té[a,b], 


and xz (x,, ..., x,)e R”. If an n-dimensional 
interval I — [a,, ...,a,; b, ..., b, ] defined by 

a; & X; &b; (i— 1,2, ..., n) is an interval of con- 
tinuity for the probability distribution Ф, i.e., 
e$ (0I) 20, where 0I denotes the boundary of I, 
then the left-hand side of (2) is equal to Ф(Г). 
Equation (2) is called the inversion formula for 
the characteristic function дф. 

The characteristic function ф of an n- 
dimensional probability distribution has the 
following properties: (i) For any points z”, 

., 2”) of the n-dimensional space R” and any 
complex numbers a,, ...,a,, we have 


ф(2Ф —z?)aa a, 2:0. 


1» 


(ii) o(z) converges їо ф(0) as z) —0. (iii) ф(0) 
=1. A complex-valued function @ of ze R" is 
called tpositive definite if it satisfies the in- 
equality in (i). Any continuous positive defi- 
nite function ф on R" such that ф(0) = 1 is the 
characteristic function of an n-dimensional 
probability distribution (*Bochner’s theorem) 
(— 192 Harmonic Analysis). A counterpart to 
Bochner’s theorem holds for any positive 
definite sequence as well (Herglotz's theorem). 

The characteristic function is often useful for 
giving probability distributions explicitly. (For 
characteristic functions of typical probability 
distributions — Appendix A, Table 22. For 
general information about criteria that can be 
used to decide whether a given function is a 
characteristic function — [8].) 

mu moment generating function defined by 

)= fexp( — (2, х))4Ф(х) (ze В”) does not 
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necessarily exist for all n-dimensional distri- 
butions but does exist for a number of useful 
probability distributions ®, and then f(z) 
uniquely determines Ф. 

Given a 1-dimensional distribution ® with 
В, < +оо, we denote by y, the coefficient of 
(iz)*/k! in the *Maclaurin expansion of log ф(х). 
We call y, the (kth order) semi-invariant of Ф. 
The moments and semi-invariants are con- 
Deed by the relations y, =%,, y,=0,—a7= 

2 3704 — 30, a, +203, у = — 303 — 40193 
+ о Е 


D. Specific Distributions 


Given an n-dimensional distribution Ф, а 
point a with ®({a})>0 is called a disconti- 
nuity point of Ó. The set D of all discontinuity 
points of Ф is at most countable. When (D) 
— |, Ф is called a purely discontinuous distribu- 
tion. In particular, if D is a lattice, Ó is called a 
lattice distribution. If the distribution function 
of ® is a continuous function, ® is called a 
continuous distribution. By virtue of the 
TLebesgue decomposition theorem, every 
probability distribution can be expressed in 
the form 


Ф=а,Ф, +a,®,+a,03, 


4;,4,,4;20, a,+a,+a,=1, 

where ®, is purely discontinuous, ®, is tab- 
solutely continuous with respect to tLebesgue 
measure, and ®, is continuous and tsingular. 
Let ® be an absolutely continuous distri- 
bution. Then there exists a unique (up to Le- 
besgue measure zero) measurable nonnega- 
tive function f(x) (xe R”) such that Ф(Е)= 

fe Го) ах. This function f(x) is called the 
probability density of «b. 

We now list some frequently used 1- 
dimensional lattice distributions (for explicit 
data — Appendix A, Table 22): the unit distri- 
bution with Ф({0})= 1; the binomial distribu- 
tion Bin(n, p) with parameters n and p; the 
Poisson distribution P(A) with parameter 4; 
the geometric distribution G(p) with parameter 
p; the hypergeometric distribution H(N, n, p) 
with parameters N, n, and p; and the negative 
binomial distribution NB(m, q) with parameters 
m and q. The following k-dimensional lattice 
distributions are used frequently: the multi- 
nomial distribution M (n, p) with parameters n 
and p; the multiple hypergeometric distribution; 
the negative multinomial distribution; etc. 

The following 1-dimensional distributions 
are absolutely continuous: the normal distri- 
bution (or Gaussian distribution) N (p, o?) with 
mean и and variance c? (sometimes N (0, 1) is 
called the standard normal distribution); the 
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Cauchy distribution C(u, o) with parameters 
и (median) and o; the uniform distribution 

О (а, В) on an interval [ x, f]; the exponen- 

tial distribution e(c) with parameter o; the 
gamma distribution T (p, о); the ty? distribu- 
tion 7? (nj; the beta distribution B(p, q); the F- 
distribution F(m, n); the Z-distribution Z(m, n); 
the t-distribution t(n); etc. Furthermore, there 
are several k-dimensional absolutely continu- 
ous distributions, such as the k-dimensional 
normal distribution (и, X) with mean vector 
B=(Hi,H2,..., H.) and covariance matrix X = 
(c;j the Dirichlet distribution, etc. 


E. Convolution 


Given any two n-dimensional distributions Ф,, 
Ф,, the n-dimensional distribution Ф(Е)= 
fren zx + y)d®,(x)d@,(y) is called the com- 
position (or convolution) of b, and ®, and is 
denoted by Ф, *Ф,, where y, is the indicator 
function of the set E. Let X, and X, be tinde- 
pendent random variables with distributions 
Ф, and ®,. Then the distribution of X, + X, is 
Ф, *Ф,. When F; is the distribution function of 
Ф, (i= 1,2), the distribution function F, * F, of 
OQ, * D, is expressed in the form F, * F,(x) = 
fe Fi (x — )dF;(y). If b, has a density f, (х), 
then Ф, *Ф, has a density f(x) = [e fi(x— 
y)dF,(y). If ф(2) is the characteristic function 
of the convolution of two probability distri- 
butions ®, and ®, with characteristic func- 
tions фу and Q, then ф is the product of g, 
and q,:9(z) 2 q,(z): o, (z). Therefore, for every 
k, the kth order semi-invariant of the convo- 
lution of two distributions is equal to the sum 
of their kth order semi-invariants. Suppose 
that we are given a family of distributions 
Ф = {P(x, fi, ...)) indexed with parameters 
a, f, .... H for (x1, B,,...) and (%2, ›,...) there 
exists (5, f4, ...) such that D(a,, f,, ...)* 
D(x, Ba, ...) 2 6 (x4, Вз,...), then we say that Ф 
has a reproducing property. Some of the distri- 
butions listed above have the reproducing 
property: P(A,)* P(A,)= P(A, + 43), Bin(n,, p)* 
Bin(n;, p) = Bin(n, + n4, р), NB(m,,q)* 
NB(m;,q) = NB(m, + m;,q), N(u,,01)* 
N(u.03) = N(u, + u5,01 +03), T (pi, 0) 
V(p;,c) = (pi p2.0), C(yi,01)* C(u5,05) = 
C(u; + Ho, 04 + 05), etc. 

Given a 1-dimensional distribution function 
F(x), 


UL max (F(x--D—F(x-1), 1»0, 


is called the maximal concentration function of 
F (P. Lévy [6]). Since it satisfies the relation 
Qr, p, (0 < Qr, (D) (i= 1,2), we can use it to 
study the properties of sums of independent 
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random variables. The mean concentration 
function defined by | 


сап | (F(x +1)— Е(х —1))?4х 
is also useful for similar purposes. 

Let N (m, v) be the 1-dimensiona] normal 
distribution with mean m and variance v, and 
let P(A, a) be the distribution obtained through 
translation by a of the Poisson distribution 
with parameter A. If 1-dimensional distri- 
butions Ф,, V, (К = 1, 2) exist such that N (m, v) 
=Ф,*Ф,, Р(4, а) = ФУ, * V,, we have O, = 
N (m,, v), V, — P(4,,a,) (k= 1, 2) for some 
mk, Uy, Ay, Ap (k = 1,2). These are known, respec- 
tively, as Cramér's theorem and Raikov's 
theorem. Yu. V. Linnik proved a similar fact 
(the decomposition theorem) for a more gen- 
eral family with reproducing property by using 
the theory of analytic functions [9]. 


F. Convergence of Probability Distributions 


The concept of convergence of distributions 
plays an important role in limit theorems and 
other fields of probability theory. When Q is a 
topological space, we consider convergence of 
probability measures on Q with respect to the 
tweak topology introduced in the space of 
measures оп Q (— 37 Banach Spaces). Such 
convergence is called weak convergence in 
probability theory. For a sequence of n- 
dimensional distributions Ф, (К = 1,2,...) to 
converge to ® weakly, each of the following 
conditions is necessary and sufficient. (1) For 
every continuous function with compact sup- 
port, lim, ,, fg f) d, (х) = fr f(x) d (x). (2) 
At every continuity point of the distribution 
function F(x,, ..., x,) of 6, lim, x F,(x,,.... Xn) 
= F(x,, ..., x,) (F, is the distribution func- 
tion of ®,). (3) For every continuity set E of 

Ф (namely, a set such that (E — E?) = 0), 
lim, ,,, b, (E) = (E). (4) For all open Gc R", 
lim inf,» D,(G) = (G). (5) For all closed Fc 
К", limsup, ,.. D,(F) « Ф(Е). (6) lira... о(Ф,, Ф) 
—0, where p is a metric defined in the follow- 
ing way: Given any n-dimensional distribu- 
tions Ф,, Ф,, we put e; —inf(z| (F) <O(F) + 
€ for every closed F} (F° is the -neighborhood 
of F) and define р(Ф,,Ф,) = max(:, 5, £21). The 
metric p, called the Lévy distance, was intro- 
duced by Lévy [6] in one dimension and by 
Yu. V. Prokhorov in metric spaces [10]. Each 
of these conditions except (2) is still necessary 
and sufficient for Ф, to converge weakly to ® 
when Ф, and Ф are probability measures on a 
tcomplete separable metric space. It should 
also be noted that the probability measures 
on a complete separable metric space consti- 
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tute a complete separable metric space with 
respect to the Lévy distance. 

A family ®,(a¢ A) of probability measures 
on a complete separable metric space is said to 
be tight if for every e> 0 there exists a tcom- 
pact set K = K (c) such that Ф (К) « for all 
«єЛ. A family Ф, (xe A) is tight if and only if it 
is ttotally bounded with respect to the topol- 
ogy induced by the Lévy distance. Hence a 
tight family Ф, (xe A) has a weakly convergent 
subsequence. 

We can give a criterion for the convergence 
of probability measures in terms of their char- 
acteristic functions. Suppose that Ф, and Ф are 
n-dimensional probability measures with char- 
acteristic functions фу and ф. Then Ф, con- 
verges weakly to Ф if and only if for every z, 
lim, @,(z)= (z). Let p, be the characteristic 
function of an n-dimensional probability dis- 
tribution ®,. If the sequence í@,) converges 
pointwise to a limit function @ and the conver- 
gence of ¢, is uniform in some neighborhood 
of the origin, then ф is also the characteristic 
function of an n-dimensional probability dis- 
tribution Ф and the sequence {®,} converges 
weakly to Ф [7] (Lévy’s continuity theorem). 

For any probability distribution concen- 
trated on [0, 00), the use of tLaplace trans- 
forms as a substitute for Fourier transforms 
provides a powerful tool. The method of 
probability generating functions is available 
for the study of arbitrary probability distri- 
bution concentrated on the nonnegative inte- 
gers [14]. The method of moment-generating 
functions is also useful. There are many results 
on the relation between these functions, proba- 
bility distributions, and their convergence [ 14— 
16]. 

Let ®,, Ф,,... and Ф be 1-dimensional 
distributions. If all absolute moments exist, 
Уе, В — оо for p= |®„|х|/4Ф(х)< оо, 
and lim, „{®„ x/d®,(x) = [*, х!4Ф(х) (j= 
0, 1,2,...), then Ф, weakly converges їо Ф. 
This condition is sufficient but not necessary. 


G. Infinitely Divisible Distributions 


An n-dimensional probability distribution Ф 
is called infinitely divisible if for every posi- 
tive interger k, there exists a probability dis- 
tribution Ф, such that  — o, « 6, +... «®, 

(= Ф#*). Both normal distributions and Pois- 
son distributions are infinitely divisible. If an 
n-dimensional distribution Ф satisfies the con- 
dition [Í >, D (dx) <=, we say that Dev(e). Then 
Ф is an infinitely divisible distribution if and 
only if for every e>0 we can find Ф,,Ф,,..., 
P, €v(e) such that 6 2, «6, ж... «0,. 
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Let X, i= 1,2, ..., n(k), be independent 
random variables for every k, and assume that 
the distribution of Ху; belongs to v(e,), i= 
1,2, ..., n(k), where e, —0 as k— oo. If the 
probability distributions of the sums Х = 
>) X,; converge to a probability distribu- 
tion as к оо, then the limit distribution is 
infinitely divisible. 

The characteristic function of a 1-dimen- 
sional infinitely divisible distribution can be 
written in the form 


Q(z) 2 exp (i -37 


1 +u? 
© 


2 A(u, z) 


або), (3) 


where у is a constant, v is a nonnegative con- 
stant, G(u) is a nondecreasing bounded func- 
tion with G(—co)=0, A(u, z) - exp(iuz) — 1 — 
izu/(1 +u?), and the value of A(u,z)(1 + и?)/и2 
at u=0 is defined to be — 22/2. Formula (3) is 
called Khinchin's canonical form. For the char- 
acteristic function of an infinitely divisible n- 
dimensional distribution, the canonical form is 
as follows: 


n 


ф(х) - exp (im z)— 2 NS MY 


iz) _ 4 _ i(z, x) 
JA 1-7 tao), 


z=(Z;,...,2,)ER", (4) 


where me R", (c,,) is a positive semidefinite 
matrix, and n(dx) is a measure on R" such that 
n({0})=0 and 


2 

| ix у (dx) < oo. 
в" t|x| 

Formula (4) is called Lévy’s canonical form. If 

a 1-dimensional infinitely divisible distribution 

Ф satisfies [pi x? d(x) < oo, then its character- 

istic function is given by 


ф(2) =ехр (inz E 


t | (e —1 =) аки), (5) 
xis u 
where m is a real constant, v is a nonnega- 
tive constant, and K (u) is a nondecreasing 
bounded function such that K(—oo)=0. It 
is called Kolmogorov's canonical form. (For 
infinitely divisible distributions on a homo- 
geneous space — 5 Additive Processes.) 

Let Ф and V be n-dimensional distributions. 
If for some 4-0, (Е) = €(4E) (AE = (4£|£e 
E}) for every set E, we say that b and V are 
equivalent. Let Ф and V be probability distri- 
butions with distribution functions F and G 
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and characteristic functions o and y. Then 
the following three statements are equivalent: 
(1) Ф and V are equivalent; (2) G(x) = F(Ax) for 
every x; and (3) v(Az)— o(z) for every z. We 
call Ф a stable distribution if for every pair of 
distributions ®,, ®, equivalent to ®, the con- 
volution Ф, « Ф, is equivalent to Ф. If Ó is 
stable, every distribution equivalent to ® is 
also stable. We can characterize stable distri- 
butions in terms of their characteristic func- 
tions ф(2) as follows: For every pair 44,457 0, 
there exists a 4— 4(4,, 23)» 0 such that o(4z) = 
Ф(д12)ф(4,2). We can restate this characteri- 
zation as follows: Ф is stable if and only if 

for every pair of independent random vari- 
ables X, and X, with identical distribution Ф 
and for any positive numbers 4, and 4,, there 
exists a positive number 4 such that (4, X, + 
2, Х,)/2 has the distribution Ф. By the defi- 
nition we see that all stable distributions are 
infinitely divisible. 

In the 1-dimensional case, putting (2) = 
expw(z), we have (Az) = w(4,z) - (A5 z), 
which implies v(z) 2 (— со + (z/|z|)c,)|z|, 
where ce 20, —oo «c, < co, 0«a «2. The 
parameter х is called the exponent (or index) 
of the stable distribution. The stable distribu- 
tions with exponent х = 2 are the normal dis- 
tributions, and the stable distributions with 
exponent x= 1 are the Cauchy distributions. 
We have y (z) = —cg|z[* for a symmetric stable 
distribution. (For the stable distribution with 
exponent 1/2 — Appendix A, Table 22). 

Generalizing stable distributions, we can 
define quasistable distributions, which B. V. 
Gnedenko and A. N. Kolmogorov [17] called 
stable distributions also. Let F be the distri- 
bution function of a 1-dimensional distri- 
bution Ф. Ф is said to be quasistable if to 
every b, >0, b, 0 and real 4,, 4, there corre- 
spond a positive number b and a real number 
А such that we have the relation F((x —¿,)/b,)* 
F((x— 43)/b3) = F((x —4)/b). 

Let ( Xj) be a sequence of independent ran- 
dom variables with identical distribution. If for 
suitably chosen constants A, and B, the distri- 
butions of the sums B, ! (X. Xj) — A, converge 
to a distribution, the limit distribution is a 
quasistable distribution (Lévy). A necessary 
and sufficient condition for a distribution to 
be quasistable is that its characteristic func- 
tion @(z) satisfy the relation o(b,z)o(b,z) = 
Q(bz)e^? (y = 5 — А, —A,). The characteristic 
function of a quasistable distribution has the 
canonical representation 


ф(2) = exp v (z), 
y(z) = imz — c|zl*(14- ifi(z/|z|)e, x). 


where m is a real number, c 20, 0 « x € 2, 
IBI & 1, and w(z, x)= tan(1/2) (x Z 1), w(z, x) = 
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(2/1)log || (x = 1). The parameter x is called 
the exponent of the quasistable distribution. A 
quasistable distribution with «#1 is obtained 
from a stable distribution by translation, but 
quasistable distributions with «= 1 are not. 

Semistable distributions are another gen- 
eralization of stable distributions. A distri- 
bution is called semistable if its characteristic 
function @(z) satisfies the relation y (qz) = 
q* wy (z) for a positive number q (3 1), where 
(z)=exp(y(z)). Also in this case, the general 
form was obtained by Lévy [6]. 

A 1-dimensional probability distribution Ф 
is called an L-distribution if the distribution 
function F of Ó is the convolution, of F(x/a) 
and some other distribution function F,(x) for 
every 0 <а< 1. Ф is an L-distribution if and 
only if there exists a sequence of independent 
random variables í X,) such that for suitably 
chosen constants B, 0 and А, the distri- 
butions of the sums B, (У, X,) — A, con- 
verge to Ф and sup, <, <, P(| X,/B,| c) 20 as 
n oo for every £» 0. Quasistable distribu- 
tions are L-distributions. 


H. The Shape of Distributions 


Let F(x) be a 1-dimensional distribution func- 
tion. The quantity ¢, such that F($,—0) < p < 
F(¢,) (0 « p « 1) is called the quantile of order 
p of F. In particular, the quantity C, is called 
a median. If F satisfies the relation 1 — F(m- x) 
= F(m— х), it is called symmetric. In any 1- 
dimensional symmetric distribution, every 
moment of odd order about the mean (if it 
exists) is equal to zero. 

The ratio y, = 14/0? is used as a measure of 
departure from symmetry of a distribution and 
is called the coefficient of skewness. Further- 
more, the ratio y, = u4/o* —3 is called the 
coefficient of excess. For the norrnal distri- 
bution, we have y, =?> = 0. If y; # 0, y; ex- 
presses the degree of deviation from the nor- 
mal distribution. 

A distribution function F(x) is called uni- 
modal if there exists one value x =:a such that 
F(x) is convex for x «a and concave for x> a. 
All L-distributions (and hence quasistable 
distributions) are unimodal [18]. 


I. Kolmogorov's Extension Theorem 


Let О = ЁТ, where T is an arbitrary index set. 
We associate with R? the c-algebra BT gen- 
erated by the cylinder sets, i.e., (o € Q |z, (ME 
E,,..., T, (©)є Е„}, where n,(o) denotes the rth 
coordinate of о, E, e (R!) 1&k&n, t, «t, < 
... <t, and n=1,2,.... Given a probability 
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measure Ф on (R?,$87), we can define a finite- 
dimensional tmarginal distribution Ф; for any 
finite subset S of T by Ф;(Е) = Ф(л;!(Е)), Ee 
BS, where zs is the natural tprojection zs: 

К? К°. The measures (0) satisfy the follow- 
ing consistency condition: If 5, c S, (c T) are 
finite and if Ee®B*:, then 


Ф, (E) — Ф; (ns,s (E)). (6) 


where zs, s, : R? ^ RŠ: is the natural projection. 

Conversely, if we are given a family of finite- 
dimensional probability measures {®,} which 
satisfies the consistency condition (6), then 
Kolmogorov's extension theorem [1] asserts 
that there exists a unique probability measure 
Ф on (RT, $87) such that P(E) = Ф(л; ! (E)), 
Еє%°, for any finite Sc T. 

This theorem is useful in constructing tsto- 
chastic processes. For example, let Onn... m, 
be the tproduct measure of k copies of a given 
probability measure Ф on R!. Then the family 
{Dy ossi ho M2, :-:,пЄ2, ke N} satisfies the 
consistency condition and hence, by Kolmo- 
gorov's extension theorem, determines a prob- 
ability measure on RZ, which is denoted by Ф^. 
Thus X,(c) = x,(o), ne Z, (c e (RZ, $87, Ф2)), 
are independent identically ®-distributed ran- 
dom variables. 

Kolmogorov’s extension theorem is gen- 
eralized to the case where the component 
spaces are tstandard measurable spaces (— 
270 Measure Theory) instead of R!, and also 
to the case where product spaces are replaced 
by fprojective systems [19]. 


J. Characteristic Functionals on Infinite- 
Dimensional Spaces 


Contrary to the finite-dimensional case, 
Bochner's theorem does not necessarily hold 
in infinite-dimensional spaces. For example, let 
(T, ||-||) be an infinite-dimensional tHilbert 
space and ¢(t)=exp(—||t||7). ф is continuous 
and positive definite, and ф(0)= 1. But it is 
known that there is no probability measure on 
T= T* (topological dual of T) which corre- 
sponds to o. Bochner's theorem is generalized 
to infinite-dimensional spaces as follows. 

Let T be a real tvector space endowed with 
the topology т defined by a system of fHilbert- 
ian seminorms { ||:||,, «e A). Define a new 
topology [(т) of T by all Hilbertian semi- 
norms ||: || each of which is HS-dominated by 
some ||la e A, іе, sup((Z; е112)'2; (e) :а- 
orthonormal} < оо. If I(1) =т, then (T, т) is 
called a *nuclear space. 

Let T;* be the topological dual of (T, z) (i.e., 
the set of all t-continuous real valued linear 
functionals on T). Define a Borel structure 
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%(T,*) of T;* as the c-algebra generated by 
the system of half-spaces (xe T;*; x(t) « a], te 
T, aeR!. For a probability measure on 
(T*, 8(T,*)) define 


eo- | exp(i<x,t>)d®(x), teT, 
Tr > 


which is called the characteristic functional of 
®. A functional ¢ on T is the characteristic 
functional of a probability measure Ф on 

(T,*, B(T,*)) such that Ф*(( J, T,*) = 1 for some 
sequence {a,,} c A, where Ф* is the fouter 
measure (— 270 Measure Theory) and Т; is 
the topological dual of (T, ||: ||), if and only іф 
is positive definite, ф(0)= 1, and continuous 
with respect to the topology I(t) [23]. 

As special cases of the foregoing theorem, 
we have the following. If (T, т) is a nuclear 
space, then every positive definite t-continuous 
functional ф with (0) 1 is the characteristic 
functional of a probability measure on T;* 
(Minlos [24]). Schwartz's spaces "(R") and 
2(В") are nuclear. Let (T, т = ||: ||) be a Hilbert 
space. A tHilbert-Schmidt operator U is, by 
definition, a "bounded linear operator on T 
such that X; || Ve;||? < oo, by any fcomplete 
orthonormal system {e;} (this quantity does 
not depend on the choice of {e;}). Define a 
seminorm ||: |l by |tllu- 101, te T; for a 
Hilbert-Schmidt operator U. Then the topol- 
ogy I(t) coincides with the topology induced 
by the system of seminorms ||:||y, where U are 
Hilbert-Schmidt operators, which is called 
the Sazonov topology. Thus every functional 
@ on T, which is positive definite, ф(0)= 1, 
and continuous with respect to the Sazonov 
topology, is the characteristic functional of a 
probability measure on T;* (Sazonov [25]). 

The probability measure on 5 with the 
characteristic functional exp( — Í ®„ | f(s)|? ds), 
fef, is the probability measure of a Gaussian 
twhite noise on S’. 
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A. History 


The origin of the theory of probability goes 
back to the mathematical problems connected 
with dice throwing that were discussed in 
letters exchanged by B. Pascal and P. de Fer- 
mat in the 17th century. These problems were 
concerned primarily with concepts such as 
*permutations, tcombinations, and binomial 
coefficients, whose theory was established at 
about the same time [1]. This elementary 
theory of probability was later enriched by the 
work of scholars such as Jakob Bernoulli [2], 
A. de Moivre [3], T. Bayes, L. de Buffon, 
Daniel Bernoulli, A. M. Legendre, and J. L. 
Lagrange. Finally, P. S. Laplace completed the 
classical theory of probability in his book 
Théorie analytique des probabilités (1812). In 
this work, Laplace not only systematized but 
also greatly extended previous important 
results by introducing new methods, such as 
the use of tdifference equations and tgenerat- 
ing functions. Since the 19th century, the 
theory of probability has been extensively 
applied to the natural sciences and even to the 
social sciences. 

The definition of a priori probability due to 
Laplace provoked a great deal of argument 
when it was applied. For example, R. von 
Mises advocated an empirical theory of proba- 
bility based on the notion of Kollektiv (col- 
lective), which is a mathematical model of 
mass phenomena [5]. However, these argu- 
ments are concerned with philosophical rather 
than mathematical aspects. Nowadays, the 
main concern of mathematicians lies not in the 
intuitive or practical meaning of probability 
but in the logical setup governing probability. 
From this viewpoint the mathematical model 
of a random phenomenon is given by a proba- 
bility measure space (О, B, P), where О is the 
set of all possible outcomes of the phenom- 
enon, P(E) represents the probability that an 
outcome belonging to E be realized, and 38 is 
а c-algebra consisting of all sets E for which 
P(E) is defined. All probabilistic concepts, 
such as random variables, independence, etc., 
are defined on (О, $, P) in terms of measure 
theory. Such a measure-theoretic basis of 
probability theory is due to A. Kolmogorov 
[6], though similar considerations had been 
made before him for special problems, for 
example, in the work of E. Borel concerning 
the strong law of large numbers [7] and in the 
rigorous definition of Brownian motion by 
N. Wiener [8]. 

Ever since probability theory was given 
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solid foundations by Kolmogorov, it has made 
tremendous progress. The most important 


concept in today's probability theory is that of 


'stochastic processes, which correspond to 
functions in analysis. In applications a sto- 
chastic process is used as the mathematical 
model of a random phenomenon varying with 
time. The following types of stochastic pro- 
cesses have been investigated extensively: 
fadditive processes, tMarkov processes and 
tMarkov chains, tmartingales, fstationary 
processes, and tGaussian processes. fBrownian 
motion and tbranching processes are impor- 
tant special stochastic processes. In the same 
way as functions are often defined by differen- 
tial equations, there are stochastic processes 
which can be defined by tstochastic differen- 
tial equations. The theory of stochastic pro- 
cesses and stochastic differential equations 
can be applied to tstochastic control, tstochas- 
tic filtering, and statistical mechanics. The 
tergodic theory that originated in statistical 
mechanics is now regarded as an important 
branch of probability theory closely related to 
the theory of stationary processes. 


B. Probability Spaces 


Let О be an tabstract space and 8 be a to- 
algebra of subsets of Q. A probability measure 
(or probability distribution) over Q(B) is a set 
function P(E) defined for Ee% and satisfying 
the following conditions: (P1) P(E) > 0; (P2) for 
every sequence (E, (п= 1,2, ...) of pairwise 
disjoint sets in $8, 


(0 +.) x P(E,); 


(P3) P(Q)=1. The triple (О, 8, P) is called a 
probability space. The space Q (resp. each 
element о of О) is called the basic space, space 
of elementary events, or sample space (resp. 
sample point or elementary event). We say that 
a condition ¢(w) involving a generic sample 
point c is an event; in particular, it is called a 
measurable event or random event if the set E 
of all sample points satisfying ¢(w) belongs 

to B. We assume that an event is always а 
measurable one, since we encounter only 
measurable events in the theory of probability. 
Because of the obvious one-to-one corre- 
spondence between measurable events and B- 
measurable sets (i.e., the correspondence of 
each event = with the set E of all sample points 
о satisfying г), a 8-measurable set itself is 
frequently called an event. If є is an event and 
Е is the B-measurable set corresponding to z, 
we call P(E) or Pr(c) the probability that the 
event c occurs, i.c., the probability of the event 
E. The complementary event (resp. impossible 
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event, sure event) is the complementary set E* 
(empty set @, whole space О). For a finite or 
infinite family (E;) (4€ A), the sum event (resp. 
intersection or product event) of E, is the set 
UJ; E, (D; Ej). If EN F = Ø, then we say that E 
and F are mutually exclusive or that they are 
exclusive events. 

By the definition of P, we have 0 < P(E) < 
1 for any event E, P(@)=0, and P(Q)=1. 
Moreover, if (E,) (n —1,2,...) is a sequence of 
pairwise exclusive events and E is the sum 
event of E,, we have 


P(E)= у P(E,). 


This property is called the additivity of proba- 
bility. If P(E) = 1, the event E is said to occur 
almost certainly (almost surely (abbrev. a.s.), 
for almost all œ, or with probability 1). 

Given a finite sequence (E,) (n= 1,2, ..., N) 
of events, we say that the events E, (n— 1,2, 
-.., № are mutually independent or that the 
sequence (E,) (n— 1,2, ..., N) is independent 
if every subsequence satisfies 


k 
P(E, ПЕ, П...ПЕ,)= [ | PES). 
j=1 


Given an infinite family {E,} (AeA) of events, 
we say that the events E; (Ae A) are mutually 
independent or that the family ( E.) (AeA) is 
independent if every finite subfamily is inde- 
pendent. The concept of independence of 
events can be generalized to a family {%,} 
(Ae A) of o-subalgebras of $8 as follows. A 
family (8, (AeA) of c-subalgebras of events is 
said to be independent if for every choice of 
E, EB, the family í E.) (AeA) of events is 
independent. 

For a sequence {Е,) (п= 1,2, ...) of events, 
the sets limsup, E, and liminf, E, are called the 
superior limit event and inferior limit event, 
respectively. The superior limit event (inferior 
limit event) is the set of all о for which in- 
finitely many events among E, (all events 
except finitely many E,) occur. Therefore 
P(liminf, E,) is the probability that infi- 
nitely many events among E, occur, and 
P(limsup, E,) is the probability that the events 
E, occur for all n after some number no, where 
по depends on о in general. The Borel-Cantelli 
lemma, which is concerned with the evaluation 
of P(lim sup, E,), reads as follows: Given a 
sequence {E,,} (n=1,2,...) of events, we have 
(i) whether the events E, (n=1,2,...) are mutu- 
ally independent or not, >, Р(Е,) < oo implies 
that P(lim sup, E,) = 0; and (ii) if the events 
E, (n=1,2,...) are mutually independent, 

X, P(E,) = со imples that P(limsup, E,) = 1. 
Frequently, applications of part (ti) are greatly 
hampered by the requirement of independence; 
a number of sufficient conditions for depen- 
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dent events to have the same conclusion as 
(H) have been discovered. The Chung-Erdós 
theorem [9] is quite useful in this connection. 


C. Random Variables 


Let (О, B, P) be a probability space. A random 
variable is a real-valued function X defined on 
Q that is B-measurable (i.e., for every real 
number a, the set {w| X (o) < aj is in B). If 

Xis X5, ..., X, are random variables, the map- 
ping X =(X,, X5, ..., X,) from Q into R” is said 
to be an n-dimensional (or R"-valued) random 
variable. More generally, a mapping X from 
(О, B) into another fmeasurable space (S, €) is 
called an (S, €)-valued random variable if it is 
measurable, that is, for every set A of ©, the set 
{о | X (o)e A} belongs to B. 

Let B! be the c-algebra of all tBorel subsets 
of the real line R. Then each random variable 
X induces a probability measure on (R, 8!) 
such that 


Ф(4)=Р({0| X(w)eA}), AEB’. 


The measure Ф is called the (1-dimensional) 
probability distribution of the random variable 
X or simply the distribution of X. The point 
function F defined by 


F(a)=P({@|X(@)<a}),  aeR, 


is a monotone nondecreasing and right con- 
tinuous function such that lim,_,., F(a)=1, 
lim,.,_,, F(a)= 0. The function F is called the 
cumulative distribution function (or simply the 
distribution function) of the random variable X. 
Similarly, an n-dimensional random variable 
X =(X,,..., X,) induces its n-dimensional prob- 
ability distribution (or simply n-dimensional 
distribution) and its n-dimensional distribution 
function F(a,,...,4,)=P({@|X,(w)<a,,..., 
X,(@) €a,1). If the X, (n2 1,2, ..., № are k,- 
dimensional random variables (n = 1,2, ..., №), 
we say that the (= X7, k,)-dimensional ran- 
dom variable X =(X,, X,, ..., Xy) is the joint 
random variable of X, (n — 1,2, ..., N) and that 
the (/-dimensional) distribution Ф of X is the 
joint distribution (or simultaneous distribution) 
of X, (n2 1,2, ..., №). On the other hand, the 
k,-dimensional distribution 6, of X, is called 
the marginal distribution of the /-dimensional 
distribution Ф. 

Given a finite sequence { Х„} (n— 1,2, ..., N) 
of random variables, if the relation 


P((o|X,(o)eA, (n=1,2,...,N)}) 


lz 


| Ptol X,(o)e 4,7) (1) 


n 


holds for every choice of 1-dimensional *Borel 
sets A, (n— 1,2, ..., N), we say that the random 
variables X, (n— 1,2, ..., N) are mutually inde- 
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pendent or that the sequence í X,] (n— 1,2, 
..., N) is independent. Given an infinite family 
{Х| (4e A) of random variables, we say that 
the random variables are mutually independent 
or that the family is independent if every 
finite subfamily 1s independent. The latter 
definition of independence of random vari- 
ables is compatible with the previous defini- 
tion of independence of o-subalgebras of $8; 
i.e., if BLX,] denotes the o-subalgebras of 

B generated by the sets {w| X, (we A,}, with 
A, an arbitrary 1-dimensional Borel set, the 
independence of the family ( X,) (AeA) in the 
latter sense is equivalent to the independence 
of the family (8[X;]) (¿e A) in the previous 
sense. If the X, (n=1,2,...,N)(X, (4e A)) are 
k,- (k;-) dimensional random variables, then 
the independence of the family ( X,] (n2 1, 2, 
4 N) ({X,} (46 A)) is defined similarly; it is 
enough to take К„- (k;-) dimensional Borel 
sets A, (A;) for 1-dimensional Borel sets in 
equation (1). 

Given a family {X,} (¿e A) of random vari- 
ables, the smallest o-algebra with respect to 
which every X, is measurable is called the о- 
algebra generated by {X,} (AeA) and is de- 
noted by 8[X,|A4&€A]. Each element of this 
class is said to be measurable with respect to 
the family {X,} (4€ A) of random variables. 

Since a random variable X is a B- 
measurable function, we can speak of the 
integral of X relative to the measure P on $8. 
If X is integrable relative to P, the integral of 
X over А is denoted by E(X; A). Е(Х; О), usu- 
ally denoted by E(X), is called the mean, ex- 
pectation, or expected value of X, denoted also 
by М(Х) or my. If (X — E(X)Y is integrable, 


V(X)= E((X — Е(Х))?) 


is called the variance of X, denoted by c?(X). 
The standard deviation of X is the nonnegative 
square root c(X) of the variance. If X and Y 
are two random variables for which E((X — 
E(X))(Y — E(Y))) exists, the value E((X — 
E(X))(Y— E(Y))) is called the covariance of 

X and Y. When X and Y have finite variances, 
the correlation coefficient of X and Y is defined 
by 


E(X — E(X) (Y — E(Y))) 
(E((X—E(X)))E((Y— E(Y))] 7 


It follows that E(aX +bY)=aE(X)+bE(Y), 
V(aX + b) - a?V(X) for any real numbers a, 

b, and that, in particular, E(X Y)== E(X)E(Y), 
V(X + Y) 2 И(Х) + V(Y) for mutually indepen- 
dent random variables X and Y. It also fol- 
lows from the definition that —1 < p(X, Y)<1 
in all cases. The independence of X and Y 
implies that p(X, Y)=0, but the converse is 
false in general. The variance is iraportant 
because of the well-known Chebyshev inequal- 


p(X, Y)= 
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ity: If X is a random variable with finite vari- 


ance o2, 


P(|X — E(X) 2 c) <02/c? 


for every positive number c. 


D. Convergence of Random Variables 


If P(lim, ,,, X, =X.) = 1, the sequence {X,,} is 
said to converge almost everywhere (almost 
certainly, almost surely (a.s.), or with proba- 
bility 1) to X... If lim, ,,, P(|X,—-X..|>8)=90 
for every positive number e, the sequence {X,,} 
is said to converge in probability to X... For a 
given positive number p the sequence {X,} is 
said to converge in the mean of order p to X,, if 
lim, 0 E(| X, — X. |?) =0. Finally, if the ran- 
dom variables X, (n=1,2,..., oo) have distri- 
butions Ф, (n — 1,2, ..., оо), respectively, and if 


im |” лодае) |” fords) 


for every continuous function f with compact 
support, the sequence {X,,} is said to converge 
in distribution to X... Note that the sequence 
of random variables converging in distribution 
may not converge in any ordinary sense. For 
example, random variables converging in 
distribution may even be defined on different 
probability spaces. On one hand, almost sure 
convergence does not in general imply conver- 
gence in the mean. On the other hand, either 
almost sure convergence or convergence in the 
mean implies convergence in probability, and 
convergence in probability implies conver- 
gence in distribution. However, P. Lévy [10] 
proved that if the X, (n— 1, 2,...) are mutually 
independent, the sequence 
k 

Y= X,, k-L2,., 

n=1 
is convergent almost everywhere if and only if 
it is convergent in distribution (or in proba- 
bility). The famous three-series theorem of 
Khinchin and Kolmogorov [11] claims that 
the series X, X, with X,, X,,... independent is 
convergent almost surely if and only if there 
exists a sequence of independent random 
variables XI, X5, ... such that each of the three 
series 


УР(Х,+Х,), VEX), VG) 


Is convergent. 


E, Conditional Probability and Conditional 
Expectation 


Let (Q, B, P) be a probability space and ўа o- 
subalgebra of %. If X is a random variable 
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with finite mean, the function 
H(E) =Í X(œ)dP, Eeğ, 
E 


defines on (Q, $) a completely additive set 
function which is *absolutely continuous 
with respect to P. Therefore, by the *Radon- 
Nikodym theorem, there is an -measurable 
function f such that 


un- | f(o)dP for every Eeğ. 
E 


This function is unique up to a set of P- 
measure zero and is called the conditional 
expectation (or conditional mean) of X relative 
to @, denoted by E(X |). When $Y is gen- 
erated by a random variable Y, we also write 
E(X |Y) for E(X |) and call it the conditional 
expectation of X relative to Y. In this case, 
there is a tBorel measurable function f such 
that E(X | Y) = f(Y(o)), and we write E(X | Y= 
y) for f(y). The same fact holds when Y isa 
multidimensional random variable. It follows 
from the definition that the conditional expec- 
tation has the following properties, up to a set 
of P-measure zero: (i) if X 20, then E(X | $) > 
0; (ii) E(aX + bY|W) - aE(X | 8) c bECY | y; (it) 
E(E(X | W)) = E(X); (iv) if X and $ are mutu- 
ally independent, i.e., S8[ X] and @ are mutu- 
ally indepent, then E(X | §) = E(X); (v) if X is 
%-теаѕигаЫе, then E(X |) — X and E(X Y|%) 
= XE(Y|®); (vi) if lim, „ X, = X, with | X,| < 
Y and Y is an integrable random variable, 
then lim, ,,, E(X,| &) = E(X,, | 8); (vii) if 5 is 

а o-subalgebra of %, then E(E(X |W)| 6) — 
E(X | 6); (viii) if X? is integrable and Y is апу 
-measurable random variable, then E(( X — 
E(X |W))) « E(X — Ү)?). 

When X is the indicator function (i.e., the 
*characteristic function) xg of a set E in 3B, 
E(yg|) is called the conditional probability 
of E relative to $ and is denoted by P(E | $). 
In particular, if $= fF, Е, 2,0) with 17 
P(F)>0, P(E | $) is the simple function which 
takes the values P(Ef1F)/P(F) on F and 
P(Ef1 F9SJP(F^ on F°. These values are de- 
noted respectively by P(E| F) and P(E|F*?). 
The definition of P(E| Y) or P(E| Y — y) is also 
the same as in the case of the conditional 
expectation. 

Let $ be a o-subalgebra of B and Y a real 
random variable. According to the foregoing 
definition, P(Ye E|%) or P(Y ! (E)| &) is the 
conditional probability of the occurrence of 
the event Ye E under %. Since P(Ye E|) is 
determined except on a P-null set depending 
on E, an arbitrary version of P(Ye E | $), 
viewed as a function of E, does not always 
satisfy the conditions of a probability measure. 
However, we can prove that there exists a 
nice version of P(Ye Е|#) which is a proba- 
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bility measure in Ee*%B! for every oe Q and 
that such a version is unique almost surely. 
This version is called a regular conditional 
probability of Y € E under @ or the conditional 
probability distribution of Y under (y; this is 
written as P (E|). P(Ye E| X), (Ye E| X = x), 
P,(E| X), and P,(E| X =x) are interpreted 
similarly. The conditional probability distri- 
bution can be defined not only for real ran- 
dom variables but also for every random 
variable which takes values in an fanalytic 
measurable space. 


F. Bayes's Formula 


Let E,, Е,,..., E, be pairwise exclusive events, 
and assume that one of them must occur. If E 
is another random event, we have 


P(E)P(E|E) 


POSTE) FE P(EIE,) + E P(E,)P(E|E,) 


where P(E,) is the probability of the event E; 
and P(£|Ej) is the conditional probability of E 
under the assumption that the event E; has 
occurred. This is called Bayes's formula. In 
practical applications E;, ..., E, usually repre- 
sent n unknown hypotheses. Suppose that 

the probabilities on the right-hand side of the 
formula are given. We then apply Bayes's 
formula to reevaluate the probability of each 
hypothesis E; knowing that some event E has 
occurred as the result of a trial. This is why 
P(Ej) (P(E;| E) is called the a priori (a pos- 
teriori) probability. However, the determina- 
tion of the values of a priori probabilities is 
sometimes difficult, and we often set P(E)= 
1/n in practical applications, although this 
has caused a great deal of criticism. 

When X is a random variable subject to the 
distribution with continuous probability den- 
sity f(x), Bayes's formula is extended to the 
following form: 


f(xo) P(E| X = xo) 
® P(E| X =x)f(x)dx’ 


f(xo| E) = 


where /(х | E) is the conditional probability 
density of the random variable X under the 
assumption that the event E has occurred, and 
P(E| X = x) is the conditional probability of E 
relative to X. 


G. Zero-One Laws 


In probability theory there are many theorems 
claiming that an event with certain properties 
has probability 0 or 1. Such theorems are 
called zero-one laws. Here, we mention two 
famous examples, Kolmogorov’s zero-one law 
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[6] and the Hewitt-Savage zero-one law. Let 
a=a(X,, X,,...) be an event concerning a se- 
quence of random variables ( X,). х is called a 
tail event concerning {X,} if for every n, occur- 
rence or nonoccurrence of « depends only on 
{Xn X,44,... }. For example, {lim,_,,. X, =0) is 
a tail event. x is called a symmetric event con- 
cerning (X, if occurrence or nonoccurrence of 
х is invariant under every finite permutation of 
X;, X; .... For example, the event that Ул, X, 
>0 for infinitely many n's is a symmetric 
event. Kolmogorov's zero-one law: Every tail 
event concerning a sequence of indepen- 

dent random variables has probability O or 1. 
Hewitt-Savage zero-one law: Every symmetric 
event concerning a sequence of independent 
and identically distributed random variables 
has probability 0 or 1. 

Kolmogorov's zero-one law can be extended 
as follows: Let @„, n= 1,2, ..., be a sequence of 
independent o-subalgebras of B. Then the о- 
algebra £=), | J,.., ®,, called the tail o- 
algebra of {%,,}, is trivial, i.e., P(4) 20 or 1 for 
every Ae Т. Kolmogorov's zero-one law is a 
special case where %, is the c-algebra gen- 
erated by X, for every n. 
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A. Introduction 


Projective geometry is the most fundamental 
of classical geometries and one of the first 
examples of axiomatized mathematics. 


B. Construction of Projective Geometry 


We construct projective geometry axiomati- 
cally [4]. Given two sets P, Q and a trelation 
I <= P x 0, consider the triple ®={P,Q,T}. We 
call each element of P a point and each ele- 
ment of Q a line. If (p, )єГ holds for a point p 
and a line /, then we say that the line / contains 
the point p. When two lines /, and l, contain a 
point p, we say that they intersect at p. When 
several points are contained in the same line, 
these points are said to be collinear, and when 
several lines contain the same point, these lines 
are said to be concurrent. For P we impose the 
following axioms: 

(1) There exists one and only one line that 
contains two given distinct points. 

(II) Suppose that we are given noncollinear 
points po, pi, and р,, and distinct points q,, 
q2- Now suppose that (po, p, 4,) and (po, 

P2. d?) are collinear triples. Then the line con- 
taining p,, р, and the line containing q,, q; 
necessarily intersect (Fig. 1). 


Po 


Р p; 


Fig. 1 


(III) Every line contains at least three dis- 
tinct points. 

The *B that satisfy axioms (I) and (II) and 
axioms (D, (II), and (IIT) are called general 
projective geometry and projective geometry, 
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respectively. The set of all points that are 
contained in a line is called the point range 
with the line as its base. In projective geome- 
try, there exists a one-to-one correspondence 
between the set of lines and the set of point 
ranges, so we can identify every line with a 
point range. In this case a line le Q is repre- 
sented as a subset of Р, and the relation (p, I)e 
Г means that the point p belongs to the set l. 

Let S be a subset of P and p,, p, be any two 
distinct points of S. If the line that contains 
p, and p, is always contained іп S, then S is 
called a subspace. Points and lines are sub- 
spaces. Now we impose the following axiom: 

(IV) There exist a finite number of points 
such that any subspace that contains all of 
them contains P. | 

We call а projective geometry satisfying 
axiom (IV) a finite-dimensional projective 
geometry, which from this point on will be 
the sole object of our consideration. We call 
P a projective space. Consider sequences of 
subspaces of the type P2P, `, 2... 2 P, 2 
Po # Ø, where Ø is the empty set. The num- 
ber n of the longest sequence is called the 
dimension of P. If P is of dimension n, we 
write P" instead of P. We call P! a projec- 
tive line and P? a projective plane. Each sub- 
space S of P, together with the set of lines 
of P contained in S, gives a finite-dimensional 
projective geometry, and so S is a projective 
space. Lines and points are projective spaces 
of dimensions 1 and 0, respectively. By con- 
vention, the empty set is a (—1)-dimensional 
projective space. We call each 2-dimensional 
subspace a plane and each (n — 1)-dimensional 
subspace in P" a hyperplane. | 

Let M, N be subspaces of P, and for a pair 
of points рє M, qe N consider the set pUq 
of all points on the line that contains p and 
q. The set (pUq|pe M, qe N) is denoted by 
MUN, and we call it the set spanned by M 
and N. By convention, we put ØU M =M 
and pU p — p. Then P’U Р* is the projective 
space of the lowest dimension which contains 
P' and P*. On the other hand, if we denote 
the intersection of P” and P* by Pr r) P5, then 
it is the projective space of highest dimension 
that is contained in both of them. We call 
P'U P* and Р"ПР° the join and the intersec- 
tion of P” and P^, respectively. When the 
dimension of the space spanned by r+ 1 
points is r, we say that these points are inde- 
pendent; otherwise they are dependent. If any 
r+1 points of a given subset M of P" are 
independent for each r < n, we say that points 
of M lie in a general position. The space P" 
necessarily contains r 4- 1 independent points, 
and there necessarily exists a Р’ that contains 
r+1 arbitrary given points in a projective 
space; it is unique if the points are indepen- 
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dent. If P'UP*= Р' and PN P*= P", then 
r+s=t+u. We call the latter the dimension 
theorem (or intersection theorem) of projective 
geometry. 

The set X, of all hyperplanes that contain a 
Ps ? in P" is called a pencil of hyperplanes, 
and the P5 2 common to them is called the 
center of Z,. If a pencil of hyperplanes contains 
two distinct hyperplanes of P", then the pencil 
is determined uniquely by these two. When 
п=2 and 3, it is called a pencil of lines and a 
pencil of planes, respectively. Each pencil of 
hyperplanes of P", or more generally, each 
pencil of hyperplanes of a subspace of an arbi- 
trary dimension in Р", is called a linear funda- 
mental figure of P" or simply a fundamental 
figure. In P", the set X, of all Р", p" rtl ... 
P"*! that contain the same Р”! is called 
the star with center P5 " '. Each set that con- 
sists of the totality of subspaces of an arbitrary 
demension in the same P" or a subset of it is 
called a P'-figure. 

Under the assumption that P” and P? do not 
have points in common, the operation of con- 
structing P’U P* from P” and P? is called pro- 
jecting P^ from Pr. Assuming that Р’ and P5 
have points in common the operation of con- 
structing Pr 1 P5 from P” and Р° is called cut- 
ting P? by Pr. Suppose that we are given spaces 
Py, P,, and P,, and a fundamental figure 2 in 
the space P,. By projecting X from P, and then 
cutting it by P), we can construct a funda- 
mental figure X' on P,. This operation is called 
projection of 2 from P, onto Р,, and we call Р, 
the center of projection (Fig. 2). In this case, we 
say that X and >” are in perspective and denote 
the relation by X x 2”. H for two fundamental 
figures X and Z there exist a finite number of 
fundamental figures F; (1 &i xl) such that Z X 
F X... A ERX,then we say that X and 2” are 
projectively related to each other and denote 
this by Z X 2" (Fig. 3). Now for arbitrary sub- 
spaces Pr, Р; (O «rx n), we take Ри"! that 


š 


R, 


Fig. 2 
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have no points in common with them and 
project each point of Р! onto P5 from Р". 
The one-to-one correspondence P: — P5 thus 
obtained is called a perspective mapping. If a 
one-to-one correspondence Pí > P; is repre- 
sented as the composite of a finite number of 
perspective mappings, then we call it a projec- 
tive mapping. These mappings are extended to 
those of fundamental figures, too. 

Suppose that in a proposition or a figure in 
Р", we interchange P” and P" " ! (0<r<n) 
and also interchange contains and is contained 
(and related terms). The proposition or the 
figure thus obtained is said to be dual to the 
original one. In projective geometry, if a pro- 
position is true, then its dual proposition is 
also true (duality principle). This is assured 
because propositions dual to axioms (lD)- (IV) 
hold; and P” and 2, are dual to each other. 
The projective space Pz obtained by the prin- 
ciple of duality, by regarding the hyperplanes 
of P" as points of Ре, is called the dual space of 
P". 


C. Projective Coordinates 


Here we introduce projective coordinates in P". 
Consider Desargues's theorem: Suppose that 
pi, P2, P3 and q,, d5, q3, are two sets of points 
in P", each of which is independent and satis- 
fies р, = q; (i= 1,2, 3). If the three lines p,U q; 

(i — 1,2, 3) are concurrent, then the three 
points (p; Up3)f1(q5Uqs), (рзЧр,) 1043041), 
(р, Up3)f1(q, Uq5) are collinear. The converse 
is also true. This theorem holds for n z 3 gen- 
erally. However, when n —2, there exist projec- 
tive geometries for which it does not hold; we 
call these non-Desarguesian geometries. In 
such cases it is impossible to introduce coordi- 
nates, so we assume Desargues's theorem for 
n=2. 

When four points p; (1 <i<4) in P" lie on 
the same plane and in general position, we call 
the figure that consists of these four points and 
the six straight lines g,,=p,U p; (1 <i<j<4)a 
complete quadrangle p, p,p3p4; each p; is called 
a vertex, and each gj; is called a side. If six 
points q; (1 <i<6) on a line l are points of 
intersection of six sides g,;, 913. 014» 034» 024» 
953 of a complete quadrangle with /, we call 
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them a quadrangular set of six points (Fig. 4). 
By Desargues's theorem, we can show that if 
there are given three fixed distinct points on a 
line /, then any pair of distinct points on / 
determines uniquely a point on / such that the 
six points thus obtained constitute a quadran- 
gular set. The quadrangular property is invari- 
ant under projective mappings. On a line | 

we fix three mutually distinct points po, pi, p<. 
For any two points p,, p, different from p, on 
1, we take the point s such that po» Px» ро, D». 
ру, s constitute a quadrangular set of six points 
and call s the sum of p, and p, with respect 

to [Po. Po» P1] (Fig. 5). On the other hand, 

the point t such that po, Px» ру, Po» Py, t con- 
stitute a quadrangular set of six points is 
called the product of p, and p, with respect to 
Гро, D, P1] (Fig. 6). When we are given a fixed 
triple [po. Po; p1] on a line l, as before, the set 
of points on | not equal to p,, is called a point 
range of the number system, provided that we 
exclude p,, from the point range. We call the 
set of three points [ po, Pæ» ру] a frame (or 
projective frame) of /, and we call p, the origin, 
pi the unit point, and p. the supporting point. 


A point range of the number system consti- 
tutes a tfield (which may be noncommutative) 
with respect to the previously defined sum and 
product. We call the field a Staudt algebra, 
and an abstract algebra isomorphic to it is 
called a coefficient field of P". We denote by 
К(ро, Pæ» pi) the Staudt algebra that is deter- 
mined by a frame [po, Po» P1]. A projective 
mapping of | onto itself that leaves invariant 
each of three distinct points po, Po» p, On l is 
necessarily an tinner automorphism of the field 
K (Po, Pæ» P1). Denoting by [po, р, P1] a frame 
on a line / of P" with coefficient field K, we call 
each isomorphism 0: K(po, p, p,) К a co- 
ordinate system of l. For each point p on | we 
call the element ¿= 0(p) of K the inhomoge- : 
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neous coordinate of p with respect to this 
frame. Also, we call the pair (x°, x!) such that 
хо, x! eK and x!(x9) ! = £ homogeneous co- 
ordinates of p. Since the supporting point p,, is 
excluded from K(po, Pa» P1), we fix (0, x!) such 
that x! 50 as the homogeneous coordinates 

of P,,. In order for (x°, x!) and (y, y!) to be 
homogeneous coordinates of the same point, it 
is necessary and sufficient that there exist an 
element 140 of K such that y* — x^4 (x = 0, 1). 

In conformity with these results, we now 
introduce coordinates in P". A set @ = [as, 
ai, +, âp, u] of ordered n+2 points in a gen- 
eral position is called a frame (or projective 
frame) of P"; each of a, (0 <x <n) is called a 
fundamental point, and u is called a unit point. 
For A-a, U...Ua, (0&a € ... «a, <n), we 
denote by A* the space spanned by the re- 
maining fundamental points. For any point 
p that is not contained in A*, we put p, = 
АП(рОА*) and call it the component of p 
on A. Then §,=[4,,, ..., a, , u4] is a frame 
of A. Hereafter, we shall omit u, for brevity. 
Suppose that isomorphisms 0,,: K(a,, aj) К 
are assigned for each pair a, B (0 & a « f <n). 
Under a certain condition, the system (0,5) is 
determined by one of the 6,,. In this case we 
denote {6,,} by 0 and call (15, 0) a projective 
coordinate system of P". For any point p of P" 
not contained in Ay — a, U... U ap, we denote 
by p; the component of p on aç Ua; (1 x i n), 
and we put £'—6(p;). The elements of the 
ordered set (£!, £?, ..., £") are called the in- 
homogeneous coordinates of p with respect to 
J, and those of the set (хо, х!,..., x") such that 
x'(x9)! = €! are called the homogeneous co- 
ordinates of p. When p is contained in Aj, we 
define (0, x1, ..., x") as homogeneous coordi- 
nates of p with respect to %, provided that 
(xt, ..., x") are homogeneous coordinates of p 
with respect to $y,.. 

Now we represent the point whose coordi- 
nates аге (x9, x!, ..., x") simply by x. In Р", 
when coordinates are introduced, a necessary 
and sufficient condition for points z to be on 
the line that passes through two distinct points 
x and y is that 2% = х* + y*u (0 < z< n), when 
À, нє K are parameters. More generally, a 
point z is contained in the space spanned by 
r+ 1 independent points x, (0x B <r) in P" if 
and only if z2—275.9x54? (0 «a «n, 4 e K). In 
particular, the equation of a hyperplane is 
represented in the form 225-9 X,z* 20 (X,e K) 
with respect to variable coordinates z^. There- 
fore each hyperplane is uniquely determined 
by the ratio of Хе, X,,..., X,. We call Xo, 

X,, ..., X, hyperplane coordinates of the hyper- 
plane. If n=2, they are called coordinates of a 
line, and if n = 3, plane coordinates of a plane. 
(For coordinates of P” in P" — 90 Coordinates 
B.) 
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D. Projective Transformations 


A one-to-one correspondence o between the 
point sets of two projective spaces P" and P" is 
called a collineation in the wider sense if for any 
three points p,, p>, рз that are collinear, o(p;) 
(i — 1,2, 3) are also collinear and vice versa. If 
P"— Р", we call o a correlation; if Р" = P", we 
cal! ф a collineation. If we denote a correlation 
by то, any other correlation is obtained as a 
composite of т, and a collineation. If t is a 
correlation, it naturally induces a mapping 

Pj P", which we also denote by z. Then тот 
is a collineation. If tot is an identity, we call т 
an involutive correlation. Suppose that ф: P"— 
P" is a collineation in the wider sense and 
O<r<n—1. Then q induces a one-to-one cor- 
respondence between the set of r-dimensional 
subspaces of P" and the set of r-dimensional 
subspaces of P"; and if P" 2 P^ in P", then 

oP > ФР". 

Next, suppose that we are given two projec- 
tive spaces P" and P" that are subspaces of a 
space P" (n « N). (When Desargues's theorem 
holds, any two projective spaces of the same 
dimension can be identified with subspaces of 
a projective space of higher dimension.) In this 
case, when a collineation in the wider sense 
g: P"— P" is a projective mapping, we call it a 
projective collineation in the wider sense. А 
projective collineation is also called a projective 
transformation. The totality of collineations of 
P" constitutes a ttransformation group and is 
called the group of collineations of P"; we de- 
note it by &(P"). The totality of projective 
transformations of P" constitutes a tnormal 
subgroup of €(P"); we denote it by G(P") and 
call it the group of projective transformations. 
The totality of projective transformations that 
leave invariant а frame $ of P" constitutes а 
subgroup 6%*!(%). It is isomorphic to the 
group of tinner automorphisms (К) of the 
coefficient field K of P". A collineation is not 
necessarily a projective transformation. The 
former is obtained as a composite of a projec- 
tive transformation and an automorphism of 
the coefficient field. Specifically, if we denote 
the group of tautomorphisms of K by 9I(K), 
then ©(P")/G(P") = 3t(K)/3(K). Hence in order 
for all collineations to be projective transfor- 
mations, it is necessary and sufficient that all 
automorphisms of the coefficient field be inner 
automorphisms. If the coefficient field is the 
real number field, then collineations are always 
projective transformations. For the complex 
number field, however, this is not necessarily 
true. 

Now, we consider the following three pro- 
positions: (1) The coefficient field of P" is com- 
mutative. (2) Given frames $ and $ of P", 
there exists a unique projective transformation 
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sending $ onto W. (3) Given two distinct lines 
l, and /, contained in a plane in P" and two 
sets of three distinct points p; (i= 1,2, 3) and q; 
(i= 1,2, 3) that lie on /, and l, respectively, 
then the three points (p; О4;) (ps J q2), 

(p3U qi) (р, Uq3), and (p, Uq2) (p; Uqi) are 
collinear. These three propositions are mutu- 
ally equivalent. We call proposition (2) the 
fundamental theorem of projective geometry 
and proposition (3) the theorem of Pappus. If 
the coefficient field is the real (complex) num- 
ber field, we call the projective space a real 
(complex) projective space. In classical geom- 
etry, only these cases were studied. 

Suppose that the coefficient field is com- 
mutative. Then, if we assign an isomorphism 
б: K(po, Pos P1) К for the Staudt algebra 
K(po, Po, p,) on a line in a space, then the 
isomorphism 0 of the Staudt algebra K (qo, 
42:41) on an arbitrary line onto K can be 
uniquely determined so that 0^! o 0, is a pro- 
jective mapping. Utilizing such isomorphisms, 
we can determine homogeneous coordinates 
in an arbitrary subspace of P" by a frame on it. 

Suppose that the coefficient field is a com- 
mutative field whose characteristic is not 2. 
For four collinear points p; (1 «ix 4) in P", 
where p,, p2, рз are distinct and p, зр, we 
consider a frame such that p,, p>, and p, are, 
respectively, the supporting point, the origin, 
and the unit point. The inhomogeneous co- 
ordinate 4 of p, with respect to this frame is 
called the anharmonic ratio (cross ratio or 
double ratio) of these four points and is de- 
noted by [p,, P2; P3, ра]. If we dencte the 
inhomogeneous coordinates of p; with respect 
to a general frame by (x?, x}) (i= 1, 2, 3, 4), then 
2 can be expressed as 
A=[P1.P2;P3,Pa] 

(x1x3—x3Xx1)(x2X4 — xàx3) 


7 (xP xd — х9х1)(х0х1— x9x1y 


Moreover, if we interchange the order of the 
four points, then we have 


Apa. P1; Pas P3] 
= [P5. Pa; Pi. P2] 


= [Pa ps; P2; Di]. 


1 
[Pr P7 Pa p ] =o 


[P P3 P2 p ]=1—4, 


1 
[pi P3: Pa P2] =, 
4—1 
Гра, разра, p ]=—— : 
A 
[pi> Pa; рз. р] ==. 
А 1 
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In general, these six values are different; how- 
ever, there are the following two exceptions: 
when 4 — —1, 1/2, and 2; and when 4 is a root 
of 4? — 4-10. When A= —1, these four 
points are called a harmonic range of points, 
and the points рз, p4 are called harmonic 
conjugates with respect to p,, P2; OF p,, p; and 
Ds, pa are said to be harmonically separated 
from each other. When 4? — 44-1 —0, these 
four points are said to be an equianharmonic 
range of points. For the dual of these, we can 
consider the anharmonic ratio of four hyper- 
planes of a pencil of hyperplanes. The concept 
of the anharmonic ratio can be extended fur- 
ther to the case of four elements of funda- 
mental figures in general. The anharmonic 
ratio is a quantity that is invariant under 
projective transformations. 

Each projective transformation xx is 
expressed with respect to homogeneous co- 
ordinates x^ (0 <x < n) of P" as 


n 
px*= > fx? p, tge K, 
B=0 


p#0,  det(ts) 0. (1) 


Conversely, if Т = (t5) is a tregular matrix 
(tg € K), then (1) determines a projective trans- 
formation. So there is a one-to-one corre- 
spondence between projective transformations 
and tequivalence classes of the regular ma- 
trices T — (t5) with the tequivalence relation 
T~AT (Ae K> (0]). Therefore, when K is com- 
mutative, the group of projective transforma- 
tions G(P") of P" is isomorphic to the factor 
group PGL(n- 1, K) of the tgeneral linear 
group GL(n + 1, K) with the coefficient field K 
by its center {р1] pe K ~ 10} }; that is, G(P")= 
PGL(n- 1, K). 

Extending the definition of projective trans- 
formations, we call the transformation repre- 
sented by (1), with an arbitrary square matrix 
that is not necessarily regular, a projective 
transformation. When T is regular, it is called 
a regular projective transformation, and when 
T is not regular, it is called a singular projec- 
tive transformation. In particular, if the trank 
of T is n+ 1 — А, then we say that the projective 
transformation is singular of the hth species. If 
(1) is singular of the hth species, n+ 1 hyper- 
planes 25-9 tgx* =0 (0 < x< n) have a space 
Р"! in common. We call Р"! the singular 
subspace of this transformation. À projective 
transformation is not defined on its singular 
subspace. À singular projective transformation 
of the hth species is the composite of the pro- 
jection of P" onto some P" * with the singular 
subspace as its center and a regular projective 
transformation of P", 

If the coordinates of a point are denoted 
by (x?) and hyperplane coordinates with 
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respect to some frame by (X), then the linear 
transformation 


n 
t:pX,— У thx’, p, tte K, (2) 
в=0 


is a correlation. (Here also, we extend the 
definition of correlation and include the case 
where T, = (t#) is not regular.) The condition 
that z, is an involutive correlation is given by 
T, = t'T,. When T, = —'T,, the involutive 
correlation t, is called a null system. The 
correlation z, is a null system if and only if 
any point x of P" is contained in the hyper- 
plane z, (x). When T, —'T,, we call the involu- 
tive correlation z, a polar system. For a polar 
system Tą, the set of points x that are con- 
tained in hyperplanes z, (x) constitutes a qua- 
dric hypersurface (or hyperquadric). 


E. Quadric Hypersurfaces 


Let z, be a polar system, and let Q5 ! be the 
totality of points x contained in т, (х). Then 
the equation of the quadric hypersurface Q^"! 
is given by 


t3x*xP =0. (3) 


bs 


For such a correlation т, we call a relation 
between the set of points x of P" and the set of 
hyperplanes 1, (x) a polarity with respect to 
Q* !. We call z, (x) the polar of x with respect 
to Q7 !, and x the pole of z, (x) with respect 
to Q^ .. If the points of intersection of a line 
passing through a point x with Q5 ! and z, (x) 
are denoted by 2;, z;; у, then x, у; 2,2, isa 
harmonic range of points. When a point x lies 
on the polar of a point y, we say that x and y 
are mutually conjugate. Each point on 05! is 
conjugate with itself, and the converse is also 
true. We call the polar of a point on 07! the 
tangent hyperplane of О” at that point. 

If 7, is regular or singular of the hth species, 
we call the corresponding quadric hypersur- 
face regular or singular of the hth species. If z, 
is singular of the hth species, its singular sub- 
space is contained in Q5 !. We call points on 
this singular subspace singular points of Q5 '. 
Q* V, which is singular of the first species (i.e., 

5-1 with just one singular point), is called a 
cone. 

We call a subspace contained in 05! a 
generating space. If it is a line we call it a 
generating line. We put а= (n— 2)/2 ог (n— 1)/2 
according as n is even or odd. Then, if the 
coefficient field is an talgebraically closed 
field, for each regular Q> ` there necessarily 
exist q-dimensional generating spaces. Also, 

2 is a truled surface covered by two families 
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of generating lines, and Q3* is covered by two 
families of k-dimensional generating spaces. 

If p; (1 < i< 5) are five points in a general 
position in a plane, then there exists one and 
only one Q! passing through these points; we 
call Qi a conic. In order that six points p; 
(1«ix 6) in a plane lie on О}, it is necessary 
and sufficient that the three points (p, Up,) П 
(p4U ps), (р: U p3) (ps U po), and (p3 U pa) 
(pg U pı) be collinear (Pascal's theorem). The 
dual of the last theorem is called Brianchon's 
theorem. 

Given two hypersurfaces Q5 ', Q5 ! in P", 
we consider another Q% ! such that the polar 
of an arbitrary point x with respect to 037! 
belongs to the pencil of hyperplanes deter- 
mined by polars of x with respect to Q5 ! 
and Q*^!. The set of all such 03"! is called a 
pencil of quadric hypersurfaces. It is the set of 
all 0%! that pass through the intersection of 
0"! and Q* !. In the cases n —2 and 3, we 
call it a pencil of conics and a pencil of quad- 
rics, respectively. 

Denoting by lš and I? (0€ ix j «3) the 
tPlücker coordinates of two straight lines / 
and Í in P?, we put 


(1,0) = pip as 192113 a 193112 


+191123 — 70213 4 703 p12, (4) 


Then (1, /)=0 holds. If we regard these I" as 
homogeneous coordinates of P?, then there 
exists a one-to-one correspondence between 
the points on the regular quadric hypersurface 
0% defined by (1,1) =0 and the lines in P?. We 
say that each point of Q5 is the image of the 
line corresponding to it in P?. Two lines l and 
Т intersect if and only if (I, l) - 0. Geometrically, 
this means that the images of l and Í are con- 
jugate with respect to Q2. Therefore the line 
passing through the images of l and T is a 
generating line of Q2. The image of a pencil of 
lines in P? is a generating line of Q5. Quadric 
hypersurfaces and sets of lines in P? are im- 
portant objects of study in both projective and 
algebraic geometry. In particular, linear line 
congruences (linear line complexes) that are 
families of lines dependent upon two (three) 
parameters are of great interest. In these 
theories, quadric hypersurfaces play a fun- 
damental role. When the coefficient field is 
noncommutative, the above theory has to be 
greatly modified. 


F. Projective Geometry and the Erlangen 
Program 


From the standpoint of the tErlangen pro- 
gram of F. Klein, the aim of projective geom- 
etry is to study properties that are invariant 
under the group of projective transformations. 
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Utilizing various subgroups of this group, we 
can reconstruct various classical geometries. 
For example, consider the projective space P" 
whose coefficient field is the real number field, 
and fix a hyperplane 71,,. Let &(P") be the 
subgroup of projective transformations formed 
by all projective transformations that leave TT, 
invariant. Then the geometry that belongs to 
this group is taffine geometry. Similarly, fix 
an imaginary regular quadric hypersurface 

5-2 in IT. and consider the geometry that 
belongs to the subgroup of G(P") leaving this 
Q* ? invariant. We thus obtain Euclidean 
geometry. Moreover, if we assign some regular 
quadric hypersurface Q5 !, then the geometry 
belonging to the subgroup of 6(P") that leaves 
the Q* 1 invariant is a tnon-Euclidean or 
tconformal geometry according as the trans- 
formation space is the set of inner points of 
Q57} or the whole Q* !. 


G. Projective Geometry and Modular Lattices 


tLattices (lattice-ordered sets) and projective 
geometry are intimately related. The totality of 
subspaces of each dimension in general projec- 
tive geometry $ constitutes a tcomplete 
tmodular lattice L(3B) with respect to the in- 
clusion relation. If $ is a finite-dimensional 
projective geometry, then it is an tirreducible 
complemented modular lattice of finite theight. 
Conversely, suppose that L is a modular lat- 
tice with tminimum element Ф, and denote by 
P the totality of elements p tprime over Ф (1.е., 
tatomic elements) and by Q the totality of 
elements / prime over atomic elements. Then, if 
p«land (р, єг, S8(L) (P, Q,T} is a general 
projective geometry. If L is an irreducible 
complemented modular lattice of finite height, 
then 3B(L) is a finite-dimensional projective 
geometry; in this case we have Ф a P(L(P)) 
апа L =: L((L)). So we may consider projec- 
tive geometry and irreducible complemented 
modular lattices as having the same mathe- 
matical structure. If a lattice L is an n- 
dimensional projective geometry, its tdual lat- 
tice is also an n-dimensional projective geom- 
etry, and this is the principle of duality. 


H. Analytic Representations of Projective 
Geometry 


Let K be an arbitrary field, commutative or 
noncommutative. For an arbitrary natural 
number n, we consider an (n + 1)-dimensional 
(for the noncommutative case, right or left) 
linear space V"*! (K) over K. The totality of 
linear subspaces in it constitutes an irreducible 
complemented modular lattice P"(K) with 


1277 


respect to the inclusion relation, and P"(K) 
gives rise to an n-dimensional projective geom- 
etry. We call it a right or left projective space. 
Points of P"(K) correspond to (right or left) 
1-dimensional linear subspaces. Conversely, 

it can be shown that an n-dimensional projec- 
tive geometry over K is isomorphic to P"(K). 
Therefore projective geometries can be com- 
pletely classified by means of the natural 
number n and the field K except when n —2 
and the geometry is non-Desarguesian. We 
may restate this fact as follows: We consider a 
space P= V"*! (K)— (0). If we fix a basis of 
v"*1(K), then we can represent P = (x = (x^, 
xl, ...,x"|x*eK, 0 «axn), x €(0,0,...,0). If 
there exists a nonzero element 4 of K such that 
y= xÀ, then the elements x and y are called 
equivalent; we write x ~ y. We denote by P"(K) 
the factor set of P under the foregoing equiva- 
lence relation, and by [x] the equivalence class 
that contains x. We put [х], [y] = f[z]Iz^— 
x"A+y"y,WA, ne K) and Q= {Ex} Ly] x], 
[y] e P"(K)). We call each element of P"(K) а 
point and each element of Q a line. Then these 
points and lines and the natural inclusion 
relation satisfy axioms (I)- (IV) and give an n- 
dimensional projective geometry. When K is a 
*topological field (e.g., the real number field, 
the complex number field, or the fquaternion 
field), we may define the topology of P"(K) as 
the factor space P"(K)= P/~. In particular, if 
K is the real number field R, then P"(R) is 
homeomorphic to the factor space obtained 
from the n-dimensional hypersphere S": (x9)2 + 
... +(x")? = 1 in the (n+ 1)-dimensional Eucli- 
dean space E"*! by identifying the end points 
of each diameter. Hence P"(R) is compact. 
Similar facts hold for the cases of the complex 
and quaternion number fields. Since the group 
of projective transformations G(P"(K)) acts 
ttransitively on P"(K), if K is a topological 
field we can regard P"(K) as a homogeneous 
space of the topological group G(P"(K)). 
Moreover, the totality of r-dimensional sub- 
spaces in P"(K) constitutes a tGrassmann 
manifold. In algebraic geometry the tdirect 
product of two projective spaces is important; 
we call it a biprojective space. 


I. Tits’s Theory of Buildings (Generalization of 
Projective Geometry) 


In a situation when a triple (G, B, N) consisting 
of a group G and its subgroups B, N satisfies 
the axioms of a BN-pair or Tits system (— 13 
Algebraic Groups R), a new geometric object, 
called a “building,” was introduced by J. Tits 
[9]. His theory contains projective geometry 
as a particular case. The theory of buildings 
has deep connection with algebraic groups. 
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The Tits system corresponds to a projective 
geometry in the following case. Let k be any 
commutative field, and let G be the general 
linear group of degree n over k, i.e., G consists 
of all nonsingular square matrices of degree n 
with entries in k. Let B be the subgroup of G 
consisting of all upper triangular matrices (i.e., 
matrices whose entries below the principal 
diagonal are all zero). Let N be the subgroup 
of G consisting of all monomial matrices (i.e., 
matrices such that each column and each row 
contain just one nonzero entry). Then (G, B, N) 
forms a Tits system called type (A, _,). The 
corresponding theory of buildings of the type 
above is nothing but the projective geometry. 
Thus by means of Tits's theory of buildings the 
relationships among projective geometry and 
other geometries have been clarified [9]. 
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A. Definitions 


Let A and A' be subsets (with relative topol- 
ogy) of complex manifolds X and X' of dimen- 
sion n, respectively. A homeomorphism f of 

A onto 4' is called a pseudoconformal trans- 
formation if there exists a "biholomorphic 
mapping f of an open neighborhood of A in X 
onto an open neighborhood of A' in X' such 
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that f(x)= f(x) for xe A. If there exists such a 
mapping f, A is said to be pseudoconformally 
equivalent to A'. Pseudoconformal geometry is 
a geometry that studies geometric properties 
invariant under the pseudoconformal equiva- 
lence. However, most studies in pseudocon- 
formal geometry so far have concentrated 
mainly on the investigation of smooth hyper- 
surfaces in a complex manifold — more specifi- 
cally, the smooth (or real analytic) boundaries 
of bounded domains in C". In fact, to pseudo- 
conformal geometry on hypersurfaces we can 
apply the methods of differential geometry as 
well as those of the theory of functions of 
several complex variables. 

H. Poincaré [1] studied perturbations of 
the boundary of the unit ball in C? that are 
pseudoconformally equivalent. E. Cartan [2] 
studied the equivalence problem of hyper- 
surfaces in C? and gave the complete list of 
all simply connected hypersurfaces on which 
the group of pseudoconformal automorphisms 
acts transitively. Such a hypersurface is called 
homogeneous. 

Let M be a smooth hypersurface in a com- 
plex manifold X with the talmost complex 
structure tensor J, i.e., J,: T,X 9 T, X is an 
involutive linear automorphism of the tangent 
space T, X of X at x induced by the complex 
structure of X. Put H.M =T,MNJ , T, M for 
xe M. The union of all H, M is called the 
bundle of holomorphic tangent vectors of M 
and is denoted by H(M). H(M) is also called 
the CR (Cauchy-Riemann) structure of M. Let 
M' bea smooth hypersurface in a complex 
manifold X’. A diffeomorphism f: M  M' is 
called a CR-equivalence if the *differential 
mapping Tf: TM — TM' of f preserves the 
CR-structures, where TM denotes the ttangent 
bundle of M. If f: M M' is a pseudocon- 
formal transformation, then f is clearly a CR- 
equivalence. Let E, be the annihilator of H. M 
in T*(M). Then the union of E, (хє M) defines 
а line bundle E over M. The Levi form L, at 
xe M, defined only up to a multiplier, is the 
quadratic form on H, M defined by L,.(u, v) = 
dO(u, v) for u, ve H.M, where 0 is a nonvanish- 
ing section of E in a neighborhood of x. If the 
Levi form is nondegenerate at every point of 
M, M is called a nondegenerate hypersurface. 
In particular, if the Levi form is definite, then 
M is called strictly pseudoconvex. 


B. Equivalence Problem 


Cartan studied the equivalence problem for 
the case п= 2, and obtained a criterion for two 
hypersurfaces in C? to be pseudoconformally 
equivalent. N. Tanaka (1965) generalized the 
method of Cartan for the case n> 3 and ob- 
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tained a criterion in terms of *Cartan connec- 
tions in some fiber bundle over the hypersur- 
faces. However, he did not publish the proof of 
his result until S. S. Chern and J. Moser [4], in- 
dependently of Tanaka [3], obtained a similar 
result and gave the first proof of this result. 
Let M be a real analytic hypersurface in C"*! 
(n > 1) whose Levi form has p positive and 

q negative eigenvalues (p+ q =n). Let H be 

the subgroup of SU(p+ 1, q + 1) leaving the 
point (1,0, ...,0)& C"*? fixed. According to the 
Cartan-Tanaka-Chern-Moser result, we can 
construct functorially a principal fiber bundle 
Y over M with structure group H and a Car- 
tan connection w on Y with values in the Lie 
algebra of SU(p+ 1, q + 1) such that if M and 
M' are pseudoconformally equivalent, then 
there is a bundle isomorphism q of Y to Y' 
preserving the Cartan connections: ф#о = o, 
where Y' is the corresponding principal fiber 
bundle over M’ and о is the Cartan connec- 
tion on Y’. Conversely, if there is a bundle 
isomorphism q of Y to Y’ such that q*o' =a, 
then M and M' are pseudoconformally equiva- 
lent. By using this solution of the equivalence 
problem, we can prove that the group A(M) 
of all pseudoconformal automorphisms of a 
nondegenerate real analytic hypersurface M in 
a complex manifold X of dimension n is a Lie 
transformation group of dimension not exceed- 
ing n? + 22. H. Jacobowitz [5] constructed 

a similar bundle B over M and a Cartan con- 
nection on B in a different way from that of 
Chern and Moser. We do not know whether 
B and Y actually coincide. 


C. Classification 


Cartan (1932) classified all simply connected 
homogeneous hypersurfaces in C?. In partic- 
ular, he proved that if M is a compact homo- 
geneous strictly pseudoconvex hypersurface 
with dim M —3, then M is pseudoconformally 
equivalent to either (1) S? or its quotient by 
the action of a root of unity or (2) the hyper- 
surface given in the 2-dimensional projective 
space by the equation in homogeneous coordi- 
nates: (z,Z, + z4Z5 +2323) = m?^|z? + zl zip? 
(т > 1) or the double covering of such a sur- 
face. A. Morimoto and T. Nagano [6] and 
later H. Rossi [7] tried to generalize this 
result and obtained a partial classification of 
simply connected compact homogeneous 
hypersurfaces with dimension > 5. D. Burns 
and S. Shnider [8] classified all simply 
connected compact homogeneous strictly 
pseudoconvex hypersurfaces M with dim M — 
2n+ 125. They proved that M is pseudo- 
conformally equivalent to S?"*! or the tangent 
sphere bundle of a rank one tsymmetric space 
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or the unit circle bundle of a homogeneous 
negative line bundle over a homogeneous 
algebraic manifold. 

On the other hand, a real hypersurface M in 
a complex manifold X of complex dimension 
n4 1 is called spherical if at every point pe M, 
there is a neighborhood of p in X such that 
UMM is pseudoconformally equivalent to an 
open submanifold of S?"*!, The hyperquad- 
ric Q"*! = QU, is spherical, where U,,, = 
(€... 2,:4)€C |а, 3) »|z P +... + 
\z,|?}. If M is spherical, then the universal 
covering space M of M is also spherical. If M 
is a homogeneous spherical hypersurface, then 
there is a covering into mapping f: M 5 S?"*!, 
and /(М) is a homogeneous domain in S?"*!, 
We know that the only compact simply con- 
nected spherical M is S?"*!, Burns and Shnider 
classified all homogeneous domains M in 
$?^*1: M is pseudoconformally equivalent 
to (I) or (II) of the following: (Ia) $?"*! — 
V S?"*, where V is a complex vector sub- 
space of C"*! with Ox dime V <n. (Ib) Q^*! — 
L,:0,0xmzxn, where Г, is a certain sub- 
group of SU (n + 1, 1)/(center). (II) 52"*! — 
S?^*! ]R"*!, At present, it seems difficult to 
extend Cartan’s classification of all simply 
connected homogeneous hypersurfaces to 
higher dimensions. K. Yamaguchi (1976) 
treated a hypersurface M in a complex mani- 
fold of dimension n with a large automorphism 
group A(M). He showed that if dim A(M)= 
n? + 2n, then M is a real hyperquadric in the 
n-dimensional complex projective space P,C 
(— Section B). He then showed that the sec- 
ond largest dimension for A(M) is equal to 
n? + 1 except when n=3 and the index r — 1, 
for which dim А(М)= 11(- r? + 1). Under the 
additional assumption that M is homoge- 
neous, he showed that if dim A(M) — n? 4- 1, 
then M is the affine part of a real hyperquadric 
in P,C (except when n — 5 and r=2). He also 
obtained a similar result in the nonhomoge- 
neous case. 


D. Relations to Other Equivalences 


Let D, and D, be bounded domains in C" with 
smooth boundary 0D; — М; (i= 1, 2) for which 
we denote by Н(М;) the CR structures. We 
consider the following propositions (A)-(D) for 
these domains: (A) D, is biholomorphically 
equivalent to D,. (B) M, is CR equivalent to 
M2. (C) M, is pseudoconformally equivalent to 
M,. (D) There is a diffeomorphism f: D,—D, 
such that f| >, : D, — D, is biholomorphic. 

It is clear that (C) implies (D) and that (D) 
implies (A). On the other hand, we can prove 
that (B) is equivalent to (D). When does (A) 
imply (B) and when does (B) imply (C)? 
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C. Fefferman [10] proved that (A) implies 
(D) when D, and D, are strictly pseudoconvex. 
S. Bell generalized the result of Fefferman in 
the case when one of D, and D, is strictly 
pseudoconvex. Bell and E. Ligocka [11] 
proved that if M, and M, are real analytic and 
if D, and D, are pseudoconvex, then (A) im- 
plies (D). When D, and D, are not strictly 
pseudoconvex and M, is not real analytic, we 
do not know whether (A) implies (D) or not. 
As remarked by Burns, Shnider, and Wells 
(1978), by using the theorem of Fefferman, 
we can prove that (A) implies (C) when M, 
and M, are real analytic and if D, and D, 
are strictly pseudoconvex. I. Naruki [12] 
obtained the same result. We do not know 
whether (A) implies (C) when M, and M, are 
real analytic and D, and D, are pseudoconvex, 
though we know that (A) implies (B). We do 
not know whether (B) implies (C) in general. 

S. I. Pinchuk [13] proved the following: 

Let D, D' be strictly pseudoconvex domains in 
C" with simply connected real analytic bound- 
aries 0D, 0D’. Let f: U >C" be a nonconstant 
holomorphic mapping from a connected neigh- 
borhood U of a point pe 0D in C" into C" such 
that f(U (10D) c 0D'. Then we can find a holo- 
morphic mapping ў: D— D' such that f(x= 

J (x) for xe DN U. Combining this theorem 
with Fefferman’s result we see that for two 
domains as above, D is biholomorphically 
equivalent to D’ if and only if др is locally 
pseudoconformally equivalent їо ôD’, i.e, there 
are neighborhoods U and V of a point pe óD 
and qe 0D', respectively, such that Uf10D and 
VND’ are pseudoconformally equivalent. 

Concerning the tproper holomorphic map- 
pings rather than diffeomorphisms, Burns and 
Shnider (1979) proved the following theorem: 
Let M,= 0D, (i= 1, 2) be strictly pseudoconvex, 
and let f: D, — D, be a proper holomorphic 
mapping. (a) If D, = D,, then f extends smoothly 
up to the boundary D,. (b) If 0D, is real analy- 
tic for i— 1, 2, then f extends holomorphically 
past the boundary. 


E. Deformations of Domains 


Let M be a compact connected strictly pseudo- 
convex real hypersurface in a complex mani- 
fold X of dimension n+ 1. Let ф be a smooth 
strictly tplurisubharmonic function defined 
on a neighborhood V of M such that M — 
{хє У|ф(х)=0} and dp 40 on M. Let U = 
(xe V| —e« ф(х) « є) for small ¢>0 such that 
Ü is compact and ôU is smooth. Let A(U) 

be the open set in C*(U) of strictly plurisub- 
harmonic functions iy with dy ^ dy ^ (dd z0 
on С. Let Bc R* be a small open ball around 
0. We denote by A(U x B) the set of y eC"(U 
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x B) such that w(x, t) = V,(x)e 2(U) for all te B. 
For y € J(U x B) we set M, ,—(xeU |у, (х) = 
6}. After introducing these notations, Burns, 
Shnider, and Wells (1978) proved the following 
theorem. There exists an open dense set ¥ c 
AU x B) with oe Y^ and a set of tsecond 
category # c Y^ such that for every Ve 2, 
t;e B and 6,€R small enough, (i) M,..,, is CR- 
equivalent to M, ¿, if and only if t, =, $, = 
95. (ii) The group of CR-automorphisms of 

М, „г, reduces to the identity only. For we 
AU х В), taking te B, óe R small enough, M, ; 
is a compact connected strictly pseudoconvex 
hypersurface in X. If M bounds the relatively 
compact region D in X then M, , also bounds 
a relatively compact region D, ;. [n particular, 
there exist smooth families of deformations 

of the unit ball in C"*! of arbitrary high di- 
mension. There are arbitrary small perturba- 
tions of the unit sphere in C"*! that admit no 
pseudoconformal transformations other than 
the identity. 


F. Topics Related to Pseudoconformal 
Geometry 


(1) Pinchuk (1975) proved the following: Let 
D,, D, be strictly pseudoconvex domains in C" 
with C? boundary 0D,, 0D,. Let U be a neigh- 
borhood of a point pe 0D, in C". If there is a 
C'-mapping f: U N D, — C" such that f is 
holomorphic on UND, and f(UN@D,)ceéD,, 
then there is a holomorphic mapping f: U’> 
С" of a neighborhood U' of U N ôD, into C" 
such that /(x)— f(x) for xe U N D, NU’. This 
result is related to the implication (B) => (C) in 
Section D. 

(2) H. Alexander [14] proved the follow- 
ing: Let U be a connected neighborhood of a 
point peS?""! in C" and f:U—C" a holomor- 
phic mapping such that (О 1$?" !) c 52"-!. 
Then either f is a constant mapping or there is 
a biholomorphic automorphism f: B, B, of 
the unit open ball B, such that f(x) = f(x) for 
xe U ñnB,. He also proved that every proper 
holomorphic mapping f: B, B, is necessarily 
an automorphism of B, if n> 1. G. M. Henkin 
(1973) proved that every proper holomorphic 
mapping f: D, D, of a strictly pseudoconvex 
domain D, into a strictly pseudoconvex D, can 
be extended continuously to a function f: D, > 
D,. More precisely, there is a constant c> 0 
such that |/(z,) — f(z < c|z, —z,|!2 for every 
2,, 2;€D,. 

(3) Let M be a real hypersurface in C"*! 
with H(M) the bundle of holomorphic tan- 
gent vectors to M. We take a real nonvanish- 
ing 1-form 0 that annihilates H(M). S. M. 
Webster (1978) called the pair (M, 0) a pseudo- 
Hermitian manifold. He considered the equiv- 
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alence problem of pseudo-Hermitian mani- 
folds by applying Cartan's method of equiv- 
alence. He proves, among other things, that 
the group of all pseudo-Hermitian transforma- 
tions of the nondegenerate pseudo-Hermitian 
manifold (M, 0) of dimension 2n + 1 is a Lie 
transformation group of dimension not ex- 
ceeding (n + 1)?. Webster considered the rela- 
tion between pseudo-Hermitian manifolds 

and pseudoconformal geometry and proved 
that for nz 2 the ellipsoid E given by the equa- 
tion A, x] + B, yt +... БА, Хен + Basi Yari = 
І, where z, 2 x, - iy, (k=1,...,n+ 1) is pseudo- 
conformally equivalent to the hypersphere 
S?"*! if and only if А, = B, (k—1, ..., n4 1). 
This result gives, by virtue of Fefferman's 
theorem, a necessary and sufficient condition 
for an ellipsoidal domain to bc biholomorphi- 
cally equivalent to the unit ball. 
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Pseudodifferential Operators 


A. Pseudodifferential Operators 


Pseudodifferential operators are a natural 
extension of linear partial differential opera- 
tors. The theory of pseudodifferential opera- 
tors grew out of the study of singular integral 
operators, and developed rapidly after 1965 
with the systematic studies by J. J. Kohn and 
L. Nirenberg [1], L. Hórmander [2], and 
others. The term “pseudodifferential operator” 
first appeared in Kohn and Nirenberg [1]. 

Let P be a linear partial differential opera- 
tor of the form 
P=p(x,D.)= > a,(x)DE, (1) 
and let u(x) be a function of class Се (О) 
(c Ce (R"). Then by means of the tFourier 
inversion formula, Pu(x) can be written in the 
form 


ЕА exp(ix: )p(x, 6)0(8)40, (2) 
» 


where £(£) denotes the tFourier transform of 
u(x) (— 160 Fourier Transform H). But this 
representation of Pu(x) has a meaning even if 
p(x, €) is not a polynomial in č. Thus, for a 
general function р(х, č), the pseudodifferential 
operator P = p(x, D.) with the symbol р(х, ë) is 
defined by (2). A symbol class is determined in 
accordance with various purposes, but it is 
always required that the corresponding opera- 
tors have essential properties in common 

with partial differential operators. Hórman- 
der [3] defined a symbol class 5, (Q) for real 
numbers m, p, and ó with p >0 and 620 in the 
following way: Let р(х, č) be a C?-function 
defined in Q x R". If for any pair of multi- 
indices a, f and any compact set K CR”, there 
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exists a constant C, р к such that 
| DDE p(x, £)| < C, s (1 + | E] * Fl, 


xeK, ёєВ", 


then p(x, č) is said to be of class S7 ,(Q). The 
operator P defined by (2) is called a pseudo- 
differential operator (of order m) of class 

5р (9) and is often denoted by P = p(x, D,)e 
Sr (Q). When Q =R” and constants C, , к= 
C, в are independent of K, we denote $7 К") 
simply by 5, ,, and set 


S °= ( (= n s). 
— o <m< o — 0 <т< оо 


P = Ü S» 
—oo«m«oo 
Differential operators (1) with coefficients of 

class Z (— 168 Function Spaces B(13)) belong 
to S.o. The complex power (1 — Д)? of 1— 
A=1— 7, 02/0х? is defined as a pseudo- 
differential operator of class $15; by the sym- 
bol (1 +|¿|2)#2. Operators of class $", are 
continuous mappings of 4 into S. Therefore, 
for any real s, the operator (1 — AJ? can be 
uniquely extended to be a mapping of 5" into 
S by the relation 


(1 — Ay? u, v) = Qu, (1 — A? v, 


ue", ve. 
For апу 1 &r € oo and real s, the Sobolev 
space Н” is defined by 


H*' ={ueS'|(1—A)*?ueL,(R"}, 


which is a Banach space provided with the 
norm [ull,, — (1 —A)*u||,,. In particular, 
H*— H*? is a Hilbert space with the norm 
lul, = 1411. 2. Set 


H DU IE H "ge 

H?'—- (} Н", H?-H*?", 
— 

Then 

FDH” >, H -%>5L,(R")>H°(c< 8). 


Choosing the Hórmander class S% in the 
case 0x ó« p x1 and ё «1 as a model class, 
we here list the main results of the theory of 
pseudodifferential operators: 

(i) Pseudolocal property. The operator P of 
class S7; in general does not have the local 
property ue F’ > supp Pucsuppy, but if p> 
0, then P has the pseudolocal property uc SY’ = 
sing supp Pu c singsuppu [3]. 

(it) Algebra of pseudodifferential operators. 
Let P= p(x, D,)e Sp: and P;= pí(x, D,)e Sts, 
j=1, 2. Then there exist P* = p*(x, D.)e S7, 
and Q — q(x, D,)eS™;""? such that (Pu, s) = 
(и, P*v) for u, ve F, i.e., P* is the formal ad- 
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joint of P, and О = P, P,. Furthermore, if 
we set р(х, $) = D%(iD¿} p(x, č) and q,(x, &) = 
(iD,)*p, (x, €) Dips(x, ё), then for any integer 
N we have 


1 E 
p*(x, 9- Y gr Bestes (3) 
and 
1 
аб, Y ada EES m" 9^, (4) 
li at! Ро 


Hence the operator class $7, is an algebra in 
the sense 


PE Sps P € Sri, j=1,2, 


= P*ES™,, Р, +Р,є5"0 


^p P, P,e Sy ™, 
where mo = max(m,, m;). In particular, if 0 < 
ô<p <1, we have m—(p—ó)N— —oo and 

m, +m,;—(p—ó)N— —oo as Noo. Then, we 
say that p*(x, č) and q(x, č) have asymptotic ex- 
pansions in the sense of (3) and (4), respectively: 


1 
p*(x, ё) “Ур (х, Ë) 
апа 
1 
q(x, ë) ~ 2,7 (x ё) 


[3,4]. 
(iii) H*-boundedness. For Рє$ and any 
real s there exists a constant C, such that 


|| Pull << С, и +, 


[4]. 

(iv) А sharp form of Gárding's inequality. 
Let р(х, €)=(py(x, č); j, k— 1, ..., I) be a Her- 
mitian symmetric and nonnegative matrix of 
Pj x(x, ¿)e S7 ,. Then for P = p(x, D.) there exists 
a constant C such that 


uc H**" (5) 


Re(Pu, u) Z — Cliullin - qo - 525 (6) 


where u —(u,, ..., u) with u;e Н"?, j—1, ...,l, 
and 10112, = zi liujus. 

(v) Invariance under coordinate transfor- 
mations. Assume that 0<1—p<d<p<l. Let 
x(y) 9 (x1(y), ..., x,(y)) be a C*-coordinate 
transformation from R}, onto R* such that 
Óx(y/€y;e #,j,k=1,...,n, and C `! < 
|det(0,x(y))| < C for a constant C > 0, where 
det(é,x(y)) denotes the determinant of the 
Jacobian matrix (0,x(y)) = (Ox,(y)/Oy;). Then 
for any P — р(х, D)e S7 ; in К", there exists 
an operator Q = q(x, р,)є 5и; in R} such that 
(Ом) (у) =(Pu)(x(y)) for w(y) =и(х(у))є Z. This 
fact enables us to define pseudodifferential 
operators on C?-manifolds [3, 4]. 

(vi) Parametrix. For a given Рє5, ;, an 
operator Ee S% is called a left (resp. right) 
parametrix of P if EP — I (resp. PE— I) is of 
class S `. If E is a left and right parametrix of 
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P, we call it a parametrix of P. For a differen- 
tial operator P, the existence of a left (resp. 
right) parametrix is a sufficient condition for P 
to be thypoelliptic if p 0, (resp. the equation 
Pu- fe% is locally solvable). 

The estimate (5), in particular, when т=$= 
0, has been obtained by Hórmander [3], V. V. 
Grushin (Functional Anal. Appl., 4 (1970)), 
H. Kumano-go (J. Fac. Sci. Univ. Tokyo, 17 
(1970)) when 0 € ó « p <1, and A. P. Calderón 
and R. Vaillancourt [5], H. O. Cordes (J. 
Functional Anal. 18 (1975)), T. Kato (Osaka 
J. Math., 13 (1976)), Kumano-go [4], and 
others when Oxóx p <l and ó « 1l. A sharp 
form of Gárding's inequality has been proved 
by Hórmander [6], P. D. Lax and L. Niren- 
berg [7], and sharpened by A. Melin (Ark. 
Mat., 9 (1971)), C. Fefferman and D. H. Phong 
(Proc. Nat. Acad. Sci. US, 76 (1979)), and 
Hórmander [8]. A general sufficient condition 
for the existence of a parametrix for an opera- 
tor of class S7; was obtained by Hórmander 
[3]. Let P= р(х, D.) belong to S7, with 0 < 
ó « p x 1. Assume that the symbol р(х, 2) satis- 
fies the following conditions: (i) for some C, > 
0, real m (< m), and R > 0, we have |p(x, &)| > 
Coll” (|£| > Ry; (ii) for any о, В there exists a 
constant Со. „ g such that 


| DE Dz p(x, ё)/р(х, £)| Co,a gl, 


|¿|> R. 


Then there exists a parametrix Q — q(x, D.) of 
Р in the class S; 3". 

By means of operators of class S (Q) we 
can define the wave front set of ue 2'(0), 
which enables us to resolve singsuppu on 
T*(Q) 0, the cotangent bundle of Q minus its 
zero section. An operator P = p(x, 2,)є ST (О) 
is said to be microlocally elliptic at (x°, €°)e 
T*(Q) `0 іт, „р(х, «£9)|/|c£?|" > 0. For 
a distribution ue Z'(Q), we say that a point 
(x9, £9) of T*(Q)~0 does not belong to the 
wave front set (or the singular spectrum) of u, 
denoted by WF(u), if there exist а(х), b(x)e 
Ce (Q), a(x°) # 0, b(x?) 40, and Pe S? (0), 
which is microlocally elliptic at (хс, £9), such 
that aPbue C$ (Q). Then we easily see that 
WF(u) is a closed conic subset of T*(Q) 0. An 
important fact is that the relation singsuppu — 
Proj, WF(u) (the projection of WF(u) on О) 
holds, from which we can perform a so-called 
microlocal analysis, the analysis on 7T *(Q) 0, 
of sing suppu. As the sharp form of the pseudo- 
local property of an operator Pe S7 s, if 
0<ó<p<l, P has the micro-pseudolocal prop- 
erty: ue A" = WF(Pu)c WF(u). 

Pseudodifferential operators of multiple 
symbol have been defined by K. O. Friedrichs 
(Courant Inst., 1968) and Kumano-go [4]. 
More refined and useful classes of pseudo- 
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differential operators have been defined by R. 
Beals (Duke Math. J., 42 (1975)) Hórmander 
[8], and others. 

The theory of pseudodifferential operators 
has found many fields of application, such 
as M. F. Atiyah and R. Bott (Ann. Math., 86 
(1967)) on the tLefschetz fixed-point formula; 
Friedrichs and P. D. Lax (Comm. Pure Appl., 
18 (1965)) on symmetrizable systems; Hórman- 
der [6], Yu. V. Egorov (Russian Math. Surveys, 
30 (1975)) on subelliptic operators; Kumano- 
go (Comm. Pure Appl. Math., 22 (1969)), F. 
Treves (Amer. J. Math., 94 (1972)), S. J. Alin- 
hac and M. S. Bouendi (Amer. J. Math., 102 
(1980)) on uniqueness of the Cauchy problem; 
S. Mizohata and Y. Ohya (Publ. Res. Inst. 
Math. Sci., 4 (1968)), Hórmander (J. Analyse 
Math., 32 (1977)) on tweakly hyperbolic equa- 
tions; C. Morawetz, J. V. Ralston, and W. A. 
Strauss (Comm. Pure Appl. Math., 30 (1977)), 
M. ikawa (Pub. Res. Inst. Math. Sci., 14 (1978)) 
on the exponential decay of solutions; and 
Nirenberg and Treves [16], Beals and Feffer- 
man [17] on local solvability theory. 

For recent developments in the theory of 
pseudodifferential operators and its applica- 
tions — Kumano-go [4], M. Taylor (Prince- 
ton Univ. Press, 1981), Treves (Plenum, 1981), 
and others. 


B. Fourier Integral Operators 


A Fourier integral operator A: C5 (R")— Z'(R") 
is a locally finite sum of linear operators of the 
type 


Af(x) = Qu) "time | exp(io(x. б, у)) 
RN*^ 


xa(x, 6, y)f(y)dyd0. (7) 


Here а(х, 0, y) is a C?-function satisfying the 
inequality 


|D: Dj Di a(x, 0, | < C(1 + |Ө|)у"—^\й!+1 в) (1120) 


for some fixed m and р, 1/2 < p < 1, and any 
triple of multi-indices x, B, y, and for ф(х, 6, y) 
a real-valued function of class C? for 050 and 
homogeneous of degree 1 in 0 there. The func- 
tion q is called the phase function and a the 
amplitude function. 

Let C,— {(x, б, y)| dao (x, 0, y) 20, 040} and 
W = {(x, yje R” х R"|30 40 such that (х, 0, y)e 
C,}. If d, о уф(х, 0, y) #0 for 0 0, then the 
kernel distribution k(x, y) of A is of class C? 
outside W. There have been detailed studies 
of the case where the d, 4 ,(9@(x, Ө, y)/00;), 
j=1,2,...,N, are linearly independent at 
every point of C,. In this case, C, is a smooth 
manifold in R” x (R^-.0) x R”, and the mapping 
Ф:С„э(х, 0, у)-э(х, у, ©, n), & = 4„ф(х, Ө, у), n= 
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d, p(x, 0, y), is an immersion of C, to T*(R" x 
К") 0, the cotangent bundle of R” x В" minus 
its zero section. The image 0C, — A, is a сопіс 
Lagrange manifold, i.e., the canonical 2-form 
s=, dš; ^ dx; — > dn; dy; vanishes on A, 
and the multiplicative group of positive num- 
bers acts on A,. Let 4, ..., 45, be a system of 
local coordinates in A,. These, together with 
09/00, , ...,0ф/00,, constitute a system of 
local coordinate functions of R” x (RN-.0) x В" 
in a conic neighborhood of C,. Let J denote 
the Jacobian determinant 


дф дф 
ЕУ е ee 
( i 2 20, æ) 


D(x, 0, y) 


The function a AER alc, o! is called the 
local symbol of A. Here alc, is the restriction of 
a to C,. The conic Lagrange manifold A, = 
ACA) and the symbol a ‘Ag = dA (A) essentially 
determine the singularity of the kernel distri- 
bution k(x, y) of the Fourier integral operator 
A. Conversely, given a conic Lagrange mani- 
fold A in T*(R" x К") 0 and a function a, 

on it, one can construct a Fourier integral 
operator A such that A,(A)=A and a, (A)= 
ал. Those Fourier integral operators whose 
associated conic Lagrange manifolds are the 
graphs of homogeneous 'canonical transfor- 
mations of T*(R")-.0 are most frequently used 
in the theory of linear partial differential equa- 
tions. Let A be a Fourier integral operator 
such that A,(A) is the graph of a homoge- 
neous canonical transformation y. Then the 
adjoint of A is a Fourier integral operator 
such that the associated conic Lagrange mani- 
fold is the graph of the inverse transformation 
z |. Let A, be another such operator; if the 
associated conic Lagrange manifold is the 
graph of y,, then the composed operator A, A 
is also a Fourier integral operator and the 
associated conic Lagrange manifold is the 
graph of the composed homogeneous canon- 
ical transformation y, y. 

A pseudodifferential operator of class 
Sy. , -, (R") is a particular type of Fourier inte- 
gral operator. In fact, a Fourier integral oper- 
ator A is a pseudodifferential operator of class 
52" ; -(R") if and only if A,(A) is the graph of 
the identity mapping of T*(R") 0. Hence for 
any Fourier integral operator A, A*A and 
АА* are pseudodifferential operators. 

The following theorem is due to Egorov 
[11]: Let P and Q be pseudodifferential opera- 
tors of class S, . (R") with the symbols 
p(x, ë) and q(x, £), respectively, and let A be a 
Fourier integral operator such that the asso- 
ciated сопіс Lagrange manifold A,(A) is the 
graph of a homogeneous canonical transfor- 
mation y of T*(R")\0. If the equality PA = AQ 
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holds, then q(x, 2) — p(y(x, €)) belongs to the 
class $71. ,?^(R"). 

Assume that m — 1, p— 1, and that p,(x, ë) 
is a real-valued C?-function, homogeneous 
of degree 1 in č for |č|> 1, such that p(x, ë) 

— p, (x, &)є S? (R") and dep,(x°, °) #0 at 

(x9, £9), |€°|> 1, where p,(x°, €°)=0. Then one 
can find a Fourier integral operator А such 
that the function q(x, £) of Egorov's theorem 
satisfies the relation q(x, ¿) — č, € S? 9(R"). 

The theory of Fourier integral operators has 
its origin in the asymptotic representation of 
solutions of the wave equation (— 325 Partial 
Differential Equations of Hyperbolic Type 
L; also, e.g., (12,13, 14]). G. I. Eskin (Math. 
USSR-Sb., 3(1976)) used a type of Fourier 
integral operator in deriving the energy esti- 
mates and constructing the fundamental solu- 
tions for strict hyperbolic operators. Hór- 
mander (Acta Math., 121 (1968)) introduced 
the term "Fourier integral operators," and 
applied these operators to the derivation of 
highly accurate asymptotic formulas for spec- 
tral functions of elliptic operators. Egorov 
(Math. USSR-Sb., 11 (1970)) applied his theo- 
rem and the corollary stated above to the 
study of hypoellipticity and local solvability 
for pseudodifferential operators of principal 
type. Using Egorov's theorem and the same 
corollary, Nirenberg and Treves [16] obtained 
decisive results concerning local solvability for 
linear partial differential operators of principal 
type; these results were completed by Beals 
and Fefferman [17]. Hórmander and J. J. 
Duistermaat [9, 15] constructed a general 
global theory of Fourier integral operators 
making use of Maslov's theory [14], which 
was originally published in 1965. By virtue 
of this research, the Fourier integral oper- 
ator has come to be recognized as a powerful 
tool in the theory of linear partial differential 
operators. An interesting application of the 
global theory of Fourier integral operators 
appeared in J. Chazarain (Inventiones Math., 
24 (1974)). The boundedness of Fourier inte- 
gral operators in the spaces L?(R") (or the 
space H?) has been studied in several cases. 
Some sufficient conditions for boundedness 
have been obtained by Eskin (Math. USSR- 
Sb., 3 (1967)), Hórmander [9], D. Fujiwara 
[18], Kumano-go (Comm. Partial Diff. Eq., 1 
(1976)), K. Asada and Fujiwara (Japan. J. 
Math., 4 (1978)), and others. A calculus of 
Fourier integral operators in R" was given in 
Kumano-go [4]. 

The propagation of wave front sets by 
means of a Fourier integral operator is de- 
scribed as follows. Let us consider a phase 
function of the form ф(х, č, y) = S(x, 2) —y-£ in 
Кі x Ri x R}, and let a(x, £) be an amplitude 
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function independent of y of class 57 9. Then 
by (7) the Fourier integral operator A = A, is 
defined by 


Asu(x) — Qn) “| exp(iS(x, &))а(х, )й(&)4. 
РР 
(8) 


Let Т be the canonical transformation with 
the tgenerating function S(x, £), i.e., T is de- 
fined by у= V.S(x, n), ¿= V,S(x, 4). Then for 
the Fourier integral operator А; we have 


WF(Asu)c (65 $) = T(y,n)|(y,n)e WF(u)j, 
ue. (9) 


Next consider a hyperbolic operator L= D, + 
p(t, x, D) for a real-valued symbol p(t, x, £)e 
48? ([0, To]; Si o) with some T; 0. For a small 
O« Tx T the solution S(t, x, č) of the eikonal 
equation à,S + p(t, x, V.S) 0 on [0, T] with 
the initial condition S|,- = x: £ exists in 4! 
([0, T]; St o). Consider the Cauchy problem 
Lu —0 on [0, Т], ul,-9 — uo. Then taere exists 
an amplitude function e(t, x, £)e 2! ([0, T]; 

S? o) such that the solution u(t) is found in 
the form u(t) = E,(t)uo. On the other hand, 

let (x, ё) 2 (X (t, y, n), E(t, у, n)) be the bichar- 
acteristic strip defined by *Hamilton's ca- 
nonical equation dx/dt = V¿p(t, х, č), dč/dt = 

— V,p(t, x, č) with (x, 6), о = (5,7). Then 

(X (t, y, у), E(t, y, ])) can be solved by means 
of the relations у= V.S(t, X, n), Z= V, S(t, X, n), 
as a family of canonical transformations with 
a parameter te [0, Т]. Thus by means of (9) 
we have 


WF(u(t)) c {(x, &) =(X (t, v. n), E(t y, n) 
(у. )eWF(ug)j, (10) 


which is the fundamental result in the study of 
the propagation of wave front sets as solutions 
of general hyperbolic equations (--- 325 Partial 
Differential Equations of Hyperbolic Type M). 

The works of Egorov, Nirenberg and 
Treves, and Hórmander motivated the theory 
of hyperfunctions developed by M. Sato and 
gave rise to the concept of tquantized contact 
transformations, which correspond to Fourier 
integral operators in the theory of distribu- 
tions. The above-stated transformation theo- 
rem of Egorov has been studied in detail with 
reference to systems of pseudodifferential 
equations with analytic coefficients [19] (— 
274 Microlocal Analysis). 
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A. General Remarks 


Psychometrics is a collection of methods for 


drawing statistical conclusions from vari- 

ous psychological phenomena which are ex- 
pressed numerically or quantitatively. It con- 
sists chiefly of statistical methods to deal with 
psychological measurements and of theories 
dealing with mathematical models concerning 
learning processes, social attitudes, and mental 
abilities. 


B. Sensory Tests 


А measurement wherein human senses are 
taken as the gauge is called a sensory test. The 
panel of judges must be composed appropri- 
ately, and the examining circumstances must 
be controlled. Various methods of psycholog- 
ical measurements are applied. In the following 
sections we describe the basic statistical proce- 
dures used in sensory testing. 


C. Paired Comparison 


When there are t objects (treatments or stimuli 
in some cases) O,, О,,...,0,, the method of 
comparing them two at a time in every pos- 
sible way is called paired comparison. The 
following are typical mathematical models of 
this method. 


(1) Thurstone-Mosteller Model. Suppose that 
the probability that O; is preferred to O; for a 
pair (O;, Oj) is pj. Of the n judges who compare 
this pair, the number who prefer О; is nj, and 
the number who prefer O; is n,,=n—n,;. In this 
comparison it is assumed that the strengths of 
the stimuli O;, O; to the senses are random 
variables X;, X;, and О; is preferred when X; 
Xj. Furthermore, it is assumed that the joint 
probability distribution of X; and X; is the 2- 
dimensional tnormal distribution with u; and 
a? as mean and variance of X,, and p as corre- 
lation coefficient of X; and X;. There is no loss 
of generality in assuming that 2c?(1— р) = 1 
and У; , u,=0. Let Ф(х) be the standardized 
normal distribution function and р; — $(u; — 
uj). Using p;;= п„/п as estimates of the true 

pij, we can obtain the estimates fij. Using py 

— Q (f; — ñ;) and pi; we can test the hypothesis 
that u, =p, — ...— ш. 


Q) The Bradley-Terry Model. The experi- 
mental method in the Bradley-Terry model 
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Is the same as in the Thurstone-Mosteller 
model. It is postulated that, associated with 
0,, O;, ..., O,, there exist parameters л, for О, 
(n; 2 0, Xi- я; = 1) such that pj — z;/(n; + n). 
Obtaining the *maximum likelihood estimator 
of z;, we can test the appropriateness of the 
models. 


(3) Scheffé’s Model. Each pair O;, O; is pre- 
sented to 2n judges; n of them examine O, first 
and O, next, and the remaining n examine the 
pair in the opposite order. À judgment is re- 
corded on a 7-point (or 9-, 5-, or 3-point) scale. 
In the 7-point scaling system a judge pre- 
sented with the ordered pair (O;, О) marks one 
of the seven points 3, 2, 1, 0, —1, —2, —3, 
meaning, respectively, that O; is strongly pre- 
ferable to O;, O; is moderately preferable to O;, 
О; is slightly preferable to O;, no preference, О, 
is slightly preferable to O,, etc. The mark given 
by the kth judge on his preference of O, to O; is 
denoted by Хк, which can be regarded as the 
sum of a main effect, deviation of subtractivity, 
order effect, and error. Significance tests for 
these effects and estimates of various para- 
meters are given by using statistical tlinear 
models. *BIBD, fPBIBD, etc., can also be 
applied to paired comparisons. 


D. The Pair Test, Triangle Test, and Duo-Trio 
Test 


The pair test, triangle test, and duo-trio test 
are sensory difference tests. The methods are 
as follows. Pair test: А judge is requested to 
designate a preference between the paired 
samples А and B. Triangle test: А judge is 
requested to select two samples of the same 
kind out of A, A, B. Duo-trio test: А judge is 
first acquainted with a sample A and then is 
requested to choose from A and B the one he 
has seen in the previous step. In all the above 
cases, the hypothesis that À and B are different 
and that the judge has no ability to determine 
the difference between them is tested by using 
the tbinomial distribution. 


E. Scaling 


(1) One-Dimensional Case. Psychometric 
scaling methods are procedures for construct- 
ing scales for psychological phenomena. Some 
of them require judgments concerning a par- 
ticular attitude that is considered unidimen- 
sional. Under the assumption that a psycho- 
logical phenomenon is a random variable 
with some distribution law and the parameters 
of the distribution law determine psycholog- 
ical scales, a psychological scaling is given by 
estimating the parameters. The Thurstone- 


1286 


Mosteller model is a method for scaling a set 
of stimuli by means of observable proportions. 


(2) Multidimensional Scaling (MDS). Multidi- 
mensional scaling is a collection of methods to 
deal with data consisting of many measure- 
ments on many objects and to characterize the 
mutual distance (dissimilarity), or closeness 
(affinity), by representing those objects by a 
small number of indices or by points in a 
small-dimensional Euclidean space. It has seen 
useful applications in the analysis of people's 
attitude and perception and their characteri- 
zations by means of a few numbers or points 
in a space of low dimension. 

Historically, MDS was first developed 
by Torgerson (1958) and refined further by 
Shepard (1962) and Kruskal (1964). Thc 
method developed by Torgerson and also the 
INDSCAL method by Carrol and Chang 
(1970) are called metric multidimensional scal- 
ing, while the method by Shepard and Kruskal 
is called the nonmetric MDS. The former is 
applied when the data are represented in con- 
tinuous scales and the latter when the data are 
in discrete nominal or ordinal scales. Tech- 
niques of multidimensional scaling are closely 
related and sometimes actually equivalent to 
various methods of multivariate analysis, 
especially principal component analysis, ca- 
nonical correlation analysis, and discriminant 
analysis (— 280 Multivariate Analysis). 


F. Factor Analysis 


Though factor analysis can be considered to 
be a method to deal with multivariate data in 
general (— 280 Multivariate Analysis), it has 
had close connections with psychometric 
studies, in both theoretical developments and 
applications. Historically, it was initiated by 
Spearman (1927) and developed further by 
Thurston (1945) in order to measure human 
abilities from test scores. Mathematically, the 
model of factor analysis 1s formulated as fol- 
lows: Let z, be the standardized score of the 
jth test achieved by the kth subject, j= 1, ..., p; 
k=1,...,N; then it is assumed that it can be 
represented as a linear combination of r com- 
mon factors and one specific factor as 


Zi 7 dj fit aja fx t... Баја t+ уйу, (1) 


where fj, i= 1,...,r, к= 1, ..., №, represents the 
magnitude of the ith common factor (ability) 
in the kth subject and a; is the size of contri- 
bution of the ith factor to the score of the jth 
test. 
Usually it is assumed that (i) V(z) = 1, (ii) 

V(fi)=1 and Cov(f;, fj) =0 for i i', (ш) V(vj) 
= 1 and Cov(vj, v) 2 0, j #/’, (iv) Cov(fi, vj) =0. 
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Then it follows that 

P = Cor(z;, zy) =G; dy; t4j0y? +...4+ акар, 
апа 

1—aj +а +... Каф tuj =h? +u, 


where h? is called the communality of the jth 
variable z; and u? is called the specificity. It 
follows easily from (1) that any orthogonal 
transformation of the scores does not affect the 
model. 

Problems of factor analysis are classified 
into three types: 
(1) Estimation of communality: There are 
several methods of determining communality 
or initial estimates of it when some iterative 
procedure is used. 
(2) Determination of factor loadings, which is 
the estimation of the aj; A number of methods 
have been proposed, among which those often 
used are the MINRES by Harman (1967), the 
varimax by Kaiser (1958), and the tmaximum 
likelihood based on the normal model by 
Lawley and Maxwell. 
(3) Estimation of factor scores f;,: Usually fac- 
tor scores are estimated after factor loadings 
have been determined. Thurstone proposed 
F=ZR !Aand Harman £F -ZA(A'A) !, 
where F, Z, A are the matrices of factor scores, 
test scores, factor loadings, respectively, and R 
is the correlation matrix of the z's. 


G. Learning Theory 


(1) General Description. Assume that a se- 
quence of trials is done in order to study some 
given behavior and that on each trial 
particular events occur (stimuli, responses, 
reinforcements, etc.) that influence the en- 
suing behavior. Then the behavior itself is 
modified by such a sequence of trials. Learning 
models refer to such processes of behavior 
modification, and they are frequently repre- 
sented by recursive formulas for response 
probabilities. 

Assume that two mutually exclusive re- 
sponse alternatives А, and A; occur on the nth 
trial (n— 1,2, ...) with respective probabilities 
P, and 1 — P,, and that an event E; occurs on 
the nth trial with Pr(6, = E)— m; (i= 1,2, ...,t; 
Xi- 7; 1). Then the recursive formula for Р, 
is of the form P,,, = f(P,6,,6,.,, ..., 6,). If 
the formula can be written as f= /(Р,; én, 
4,45 ++: En-a) then the response probability is 
called d-trial path dependent. In the special 
case d=0, it is called path independent. For 
simplicity we write f(P,; 6,— Ej, 6, , = Ej, ..., 
6, Ej) fj (P) (5j, .... k 1,2, ..., t). If the 
response probability is path independent, 
then fij.. (P,)= fif; ... f, (P1), where f (P) = 
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/(Р,„; &, = Ej) (v2 ij, ..., К). When the recursive 
formula can be expressed as f = f(P,; & n), 
the response probability is said to be quasi- 
independent of path [11]. In the recursive for- 
mula f, two events E; and E; (ij) are said to 
be commutative if f 4 (P) f usi (B. If 
any two events are commutative, the condi- 
tion of event commutativity is satisfied. By 
making f explicit with respect to n, we write 
P, = F(n; &, ,, ..., 6,; P,). Under the condition 
of event commutativity, the explicit formula 
can be written P, — F(N,, N2, ..., №; P), where 
N, is the frequency of occurrence of E, in the 
first (n — 1) trials (У, N; 2 n— 1). If both event 
commutativity and path independence of re- 
sponse probability are satisfied, the explicit 
formula P, = f: f»... f(P,) can be obtained. 


(2) Linear Models. In a linear model, the re- 
cursive formula is written as a linear function 
of P,. 

Example (1). Bush-Mosteller model [6]. The 
Bush-Mosteller model assumes the response 
probability to be path independent. The re- 
cursive formula is expressed as f;(P,)= o; P, + 
(1 — 2))4;, 6, — E,. Here а; (0 & а; < 1) represents 
the degree of ineffectiveness of E; for learning 
and 4, (0 € 4; « 1) is the tfixed point of fj. A 
necessary and sufficient condition for E; and E; 
(ij) to be commutative is that either f; or f; 
be an tidentity operator or 4;— 4). 

Example (2). Estes's stimulus-sampling 
model [7]. We can consider the stimulus as a 
set composed of m elements, each of which 
corresponds to either response A, or A,; the 
manner of their correspondences depends on 
each trial. If J, elements correspond to A, 
on the nth trial, then we have P,=J,,/m. Sup- 
pose that on the nth trial s ( < m) elements are 
sampled, among which X, elements corre- 
spond to A,, and the remaining X; (=s— X,) 
elements correspond to A,. As a result of 
the nth trial, if A, is reinforced, we set Y, — 1; 
otherwise, we set Y, — 0. Furthermore, assume 
that J. —J, + X, Y, — X,(1— Y). Hence, we 
obtain the recursive formula P,,, = P, + ( X, Y, 
— X; (1 — Y,)}/m. In this model, the response 
probability is path independent and & = 
(Xn Ү,). Other linear models have been pro- 
posed in which the response probability is 
either quasi-independent of path [8] or path 
dependent [10]. 


(3) Nonlinear Models. In nonlinear models the 
recursive formula cannot be written as a linear 
function of P,. 

Example (3). Luce's f-model [9]. Let the 
response strengths of А, and A; on the nth 
trial be v, and v}, respectively (both positive), 
and assume that P,, the response probability 
of A,, is expressed as v,/(v, + v;). The response 
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strengths v, and v, depend on each trial. Under 
the assumption that the response strength is 
path independent and that v,,; changes in- 
dependently from vi, the recursive formula of 
v, Is written as v,,, = ф;(0,), 6, = E;. Here, if we 
assume ¢,(v)>0 for p> 0 and q(cv) = co;(v) for 
v0 and c> 0, then ф,(р,) = fv, with B; > 0. In 
a similar way, the recursive formula for v, can 
be expressed as ¢;(v,) = f; v, (f; > 0). Therefore 
we have P,,, = P,/TP,-- b(1— Р,)} (b; Bi By). 
é, = Ej. This model is nonlinear, and the re- 
sponse probability is path independent. By 
making the recursive formula explicit, we 
obtain P, = Р, /(P, +(1 — Pj)exp(Xi., Nilogbj)]. 
Hence it is clear that the events are commuta- 
tive. Other nonlinear models in which the re- 
sponse probability is either quasi-independent 
of path [5] or path dependent [9] have also 
been proposed. 

Here we have taken up only the case in 
which the number of response alternatives is 
2, but we can generalize to the case of more 
than two alternatives. For fitting a model and 
experimental data, expected response prob- 
abilities and various other statistics deduced 
from the model (total error, trial number of 
first success or last error, and sequential sta- 
tistics such as length of response trun or tauto- 
correlation between responses) are used. Es- 
timation methods have also been devised for 
the parameters involved. 
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A. General Remarks 


Any ‘extension field of the rational number 
field Q of degree 2 is called a quadratic field. 
Any quadratic field k is obtained from Q by 
adjoining a square root of a square-free integer 
(ie. an integer #0, 1 with no square factor) 
m:k =Q(,/m). If m is positive (negative), k is 
called a real (imaginary or complex) quadratic 
field (— 14 Algebraic Number Fields). Let 


_ fü +./m)/2 for m= (mod4) 
те for mz2,3 (mod4). 


Then (1, œ) is a *minimal basis of k. That is, 
any talgebraic integer x of k has the unique 
expression «=a + bo with a, be Z. The 'dis- 
criminant d of k is given by dem in case т=1 
(mod 4) and d = 4m in case m=2, 3 (mod 4). The 
conjugate element of an element «=a + b /m 
(a, be Q) of k over О is given by x =a—b/m. 
The mapping o:%—«' is an tautomorphism of 
the field k. 


B. Units 


Let k be an imaginary quadratic field. The 
tunits of k are +1, +iin case m= —1; +1, 
+ оо, ЖЮ (Фо = (1+ /—3)/2) in case m= — 3; 
and +1 in all other cases. 

Let k be a real quadratic field. There exists 
a unit é that is the smallest one among the 
units (> 1) of k. Any unit г of k can be uniquely 
expressed in the form £= +ë (ne Z). That is, 
+0! is a "fundamental unit of k. The fun- 
damental unit £y —(x + y. / dy (7 1) can be 
calculated by finding a minimal positive inte- 
gral solution (x, y) of tPell’s equation х? — 
dy? = +4 by using continued fractions (— 83 
Continued Fractions; for a table of the fun- 
damental unit of k for т < 100 — (11). 


C. Prime Ideals 


The decomposition of a prime number p in the 
‘principal order o of k is given as follows: (1) 
Let p|d, where d is the discriminant of k. Then 
p is decomposed in о in the form (p)= p?. (ii) 
Let p#2 and (p, m)= 1. If (m/p)= 1, then (p)= 
pp’ in o (ps£ p^ and N(p) = N(p)- p. (т/р) = 
— 1, then (p)=p in o and N(p)- p". Here p, p' 
are prime ideals of o, N means the norm, and 
(т/р) is the *Legendre symbol. (iii) Let 24d, 
that is, mz 1 (mod4). If mz 1 (mod8), then 

(2) = pp'(p зр) and N(p) = №р) = 2. If mz 5 
(mod 8), then (2) =р and (р) =4. 
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D. The Кгопескег Symbol 


Let k=Q(,/m), and let d be the discriminant 
of k. We define the symbol у for k as follows: 
(i) x(p) = 1 if (p) pp' (p p) in о; (ti) х(р) = —1 
if (p)=p in o; (iii) x(p)=0 if (p) — r^ in o; and 
(v) x(n) = П.р)“ for n — TT; pf > 0. In partic- 
ular, we define y(1) = 1. If (n, 4) = L, the sym- 
bol y can also be defined using the tJacobi 
symbol as follows: If m= 1 (mod 4), then х(п) = 
(n/|m)); and if т = 2,3 (mod4), then у(п) = 

хп) (пт) for d=2°m', where (i) х (п) = 

(— 1)" 702 for e=2, т = 3 (mod 4); (ii) х3 (п) = 
(— D" 78 for e=3, m = 1 (mod 4); and (iti) 
уеп) = (— 1)" 8*0? for e=3, m =3 
(mod 4). If (n, d) z 1, then y(n)=C. For a nega- 
tive integer —n, we define x( —ni— (sgn 4)у(п). 
The symbol x(n) for ne Z, is called the Kro- 
necker symbol for k. 

The Kronecker symbol for k has the follow- 
ing four properties: (1) х(п)=0 i! (n, 4)Z 1, and 
a(n) = +1 if (n, 0) = 1; (2) у(т)= x(n) if mzn 
(mod d); (3) у(тп)= x(m)z(n); (4) x(n) = ! if and 
only if nz N (a) (modd) for some integral ideal 
a of k such that (a, (d)) = 1. (Property (4) shows 
that a quadratic field provides a class field; — 
59 Class Field Theory.) 


E. Ideal Classes 


The *class number h of k was calculated by 
P. G. L. tDirichlet (1840) by analytical meth- 
ods as follows: 


41 rm 


1 
ов ёо = = > x()logsin— for m> 0, 
r=1 


— wldl=1 


h=— 
2jd| r=1 


x(rr for m<0, 

where d is the discriminant of К, £ọ is the 
positive fundamental unit (> 1) of k, w is the 
number of roots of unity in k, and y is the 
Kronecker symbol. 

Denote by h(d) the class number of the 
imaginary quadratic field wit discriminant d. 
It was conjectured from the time of C. F. 
*Gauss that h(d)- oo as [d| oo. This conjec- 
ture was proved by H. Heilbronn (1934). More 
precisely, C. L. Siegel (Acta Arith., 1 (1935) 
proved 


Jim (log h(d))dog Vid - 1. 


h(d)- 1 holds for |d| —3,4, 7,8, 11, 19, 43, 67, 
163. In 1934, Heilbronn and E. H. Linfoot 
proved that there can be at most one more 
such d, and finally A. Baker and H. M. Stark 
independently proved that these nine numbers 
are the only ones for which h(d)= 1 (Baker, 
Mathematica, 13 (1966); Stark, Michigan Math 


1291 


J., 14 (1967)). Also, Baker and Stark proved 
independently (Ann. Math., (2) 94 (1971); Math. 
Comp., 29 (1975)) that h(d)=2 holds only for 
[d| = 15, 20, 24, 35, 40, 51, 52, 88, 91, 115, 123, 
148, 187, 232, 235, 267, 403, and 427. 

For real quadratic fields, we have 


lim (log(h(d )loge,))(log /d)=1, 


where e, is the fundamental unit of k= 904/4) 
(6, > 1). However, it is not yet determined 
whether there exist infinitely many d with h(d) 
=1(— Appendix B, Table 4). 


F. Genera 


Let G be the group of all (fractional) ideals of 
k, and let H be the group of all tprincipal 
ideals (x) of k such that N (x) 0. Each coset of 
G modulo H is called an ideal class in the 
narrow sense. (This notion is a special case of 
the notion of ideal classes in the narrow sense 
of algebraic number fields; — 14 Algebraic 
Number Fields G.) In the cases (i) m «0 and 
(1) m» 0, №0) = — 1, the usual classification 
of ideals and classification of ideals in the 
narrow sense are identical. When m 0, N (£o) 
= 1, each ideal class is divided into two ideal 
classes in the narrow sense. We call an ideal 
class in the narrow sense simply an ideal class. 
Let p,, ..., p, be the set of all prime numbers 
dividing d. For neZ with (n, d) = 1, we define 
x(n), ..., x. (n) as follows: For р; #2, we define 
x (n) = (n/p;); for p; = 2, we identify y; with y* in 
the definition of the Kronecker symbol. In 
order that y,(n) =... = y,(n) = 1 for neZ with 
(n, d) — 1, it is necessary and sufficient that 
nz N(a) (mod d) for an integer х of k (where 
N (a) 2 ao). Since y, x; ... y, is equal to the 
Kronecker symbol, it follows that nz N(a) 
(mod d) for an integral ideal a of k is a neces- 
sary and sufficient condition for y, (п)... 
хп) = 1 to hold for ne Z with (n, d) = 1. Put 
£j — Xi(N (a)) (19 L, ..., t), where a is an integral 
ideal with (a, (d)) = 1. Then (e,, ..., cj) is uni- 
quely determined for the ideal class C contain- 
ing a and does not depend on the choice of a. 
The set 9 of all ideal classes of k such that 
(£4, ..., €) - (1, ..., 1) is called the principal 
genus of k, and $ is a subgroup of the ideal 
class group € of k. Each coset of € modulo $ 
is called a genus of k. For each genus, the 
values g; = y,(N(a)) (i= 1, ..., t) are uniquely 
determined. We call (e,, ..., ¢,) the character 
system of this genus, and each genus is uni- 
quely determined by its character system. А 
necessary and sufficient condition for (e,, ...,&,) 
to be a character system for some genus is that 
£j +1 and ¢,¢,...¢,=1. Hence there are 2^! 


347H 
Quadratic Fields 


genera of k, and 6/9 is an Abelian group of 
type (2,2, ...,2). 

In order that an ideal class C belong to the 
principal genus, it is necessary and sufficient 
that C2 С! * = C? hold for some ideal class 
C,. From this it follows that there are t —1 
tinvariants of the ideal class group € of k 
that are powers of 2. Each ideal class C such 
that C" = C is called an ambig class of k. There 
are 2* ! ambig classes, and they form an 
Abelian group of type (2, 2, ..., 2). Each ideal a 
of k with a^ = а is called an ambig ideal of k. 
Let (p) =p? (i— 1, ...,t). Then each ambig 
ideal is uniquely expressed in the form a= 
pi! ... p;t(a) by some ae Q and v,=0, 1. Each 
ambig class contains exactly two ambig ideals 
of the form pj... p;*. For example, for k= 
Q(./ —65) we have d= —2?:5-13,t=3,h= 
8, € — (E, A, А2, А?, B, AB, A2B, АЗВ), where 
A* — E, B? = E, A^ = A?, and B° = B; the prin- 
cipal genus is $= (E, A?], and the ambig 
classes are (E, A”, B, A? B}. 


G. Norm Residues 


A quadratic field k is the tclass field over Q for 
an ideal group H. The tconductor of H is said 
to be the conductor of k/Q or simply the con- 
ductor of k. The conductor f — II, f, of k= 
Q(./m) is given by f=d for m>0 and f= 

dp, for m < 0. That is, the p-conductor f, =p 
for p|d, p 2; and f; =2° for 2|d, d—2*m' 

((2, т) = 1). By means of the tHilbert norm- 
residue symbol, the Kronecker symbol y is 
expressed by 


(2 for (a, d)= 1, 
x(a)= < ра\ P 


0 for (a, d) 1. 


H. History 


The arithmetic of quadratic fields was origi- 
nally developed in terms of the theory of binary 
quadratic forms with rational integral coeffi- 
cients by Gauss and Dirichlet [2]. The theory 
was then translated into the terms of ideal 
theory by J. W. R. Dedekind [2] (— 348 Qua- 
dratic Forms M). For example, the theory of 
genera for quadratic fields explained in Section 
F was first developed by Gauss in terms of 
binary quadratic forms, and the class number 
formula was obtained by Dirichlet as a formula 
for binary quadratic forms. Hilbert [4, ch. 2] 
developed the arithmetic of quadratic fields 
systematically by introducing the Hilbert 
norm-residue symbol (— [1,5,6]). Later the 
arithmetic of quadratic fields assumed the 
aspect of a simple example of class field theory 
(— 59 Class Field Theory). 
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A. General Remarks 


A quadratic form Q is a quadratic homoge- 
neous polynomial with coefficients in a tfield 
K, written 


Q(x,,..., X) Cy X; Xy. 


If the coefficients cj, belong to the field of real 
(complex) numbers, we call Q a real (complex) 
quadratic form. Let V be an n-dimensional 
vector space over K. For a vector x in V 
whose coordinates are x,,...,X,, we put Q(x) 
= Q(x,, ..., x,). This gives rise to a mapping 
x—Q(x) of V into K. Such a mapping satisfies 
the following two conditions: (i) Q(ax) = a?Q(x) 
(ae К); and (ii) Q(x + y)— Q(x) – Q(y)= B(x, y) 
is a tsymmetric bilinear form on V. Conversely, 
if a mapping Q: V— K satisfies these two con- 
ditions, then Q must come from a quadratic 
form (— 256 Linear Spaces). B(x, y) is called 
the symmetric bilinear form associated with Q. 
We assume that the *characteristic of K is 
not 2. Putting a; —a,;2c54/2 (i « k), a; — cj 
(i 1, ..., n), we have Q(x) 2 Уу ,-, ахх. The 
matrix А =(a,,) is the matrix of the quadratic 
form Q, and the determinant |A| is the dis- 
criminant of Q, denoted by A(Q). (Sometimes, 
instead of | A|, we call (—1)"^!?/?2"| A], the 
discriminant of Q.) The rank of the matrix A is 
called the rank of Q. Using the notation for the 
"inner product of vectors, we can write Q(x) 
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=(x, Ax) ='xAx; 2 ! B(x, y) » (x, Ay) ='хАу. 
We say that Q is nondegenerate if B(x, y) is 
nondegenerate (i.e., if | A| Z 0). 

Consider a linear substitution x; = >=, Р,;х; 
(1е., x= Px’, with an n x m matrix P). Then we 


get a new quadratic form Q'(x") with the ma- 


-trix 'PAP. If each p; belongs to the field К (to 


a subring R of K that contains the unit ele- 
ment of K), we say that Q represents Q' over 
K (resp. R). A basic problem in the theory of 
quadratic forms is to determine the exact 
conditions under which a given quadratic form 
Q represents another quadratic form Q'. The 
problem of representing numbers by a quadra- 
tic form (representation problem) is the par- 
ticular case corresponding to m= l. Any qua- 
dratic form Q represents 0 by taking the zero 
matrix as P. Hence, by the expression “Q 
represents 0 over K,” we usually mean the 
nontrivial representation of 0 over K by Q, i.e., 
Q(x)=0 for some nonzero vector x. If Q is 
nondegenerate and represents 0, then it repre- 
sents any element of K*. Given an element и 
in K*, we consider the quadratic form Q' de- 
fined by Q'(x,, ...,x,,,) = Q(x) - ux2,,. Then 
Q represents и if and only if Q’ represents 0. 

Another important special case is that of 
n —m. Then the discriminant of Q' is given by 
| P|?| A|. In particular, if |P| 0 (|P| is an inver- 
tible element of R), we say that Q is equiva- 
lent to Q' over K (resp. R). This gives rise to 
an equivalence relation. Equivalent forms 
have the same rank. On the other hand, if the 
rank of Q is r, then Q is equivalen: to a form 
E; aix? over К (a; Z0, i— 1, ..., r). Generally, 
for elements a and b in K* = К — {0}, we write 
a~b if a- b  e(K*Y. Then if Q is equivalent to 
Q', we have A(Q)~ A(Q’). 

When we specify a field K, we assume that 
the coefficients of the quadratic forms and the 
coordinates of linear transformations are all 
contained in the field K. In particular, the 
equivalence of the forms is equivalence over K. 


B. Complex Quadratic Forms 


If K is the field of complex numbers C, then 
a form of rank r is equivalent to the form 
37. x2; hence over С two forms of the same 
dimension are equivalent if and only if they 
are of the same rank. 


C. Real Quadratic Forms 


Now let K be the field of real numbers R. If Q 
is of rank r, then it is equivalent to the form 
LP, x? — El- x7,;(p+q=n). Here, p and q 
are uniquely determined by Q (Sylvester's law 
of inertia). We call (р, 4) the signature of О. 
Two quadratic forms of the same dimension 
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are equivalent if and only if they have the 
same signature. À quadratic form with the 
signature (n, 0) (resp. (0, n)) is called a positive 
(negative) definite quadratic form. Q is called a 
definite quadratic form if it is either positive or 
negative definite; otherwise it is an indefinite 
quadratic form. Each of the following con- 
ditions is necessary and sufficient for a form Q 
to be positive definite: (i) for any nonzero real 
vector x we have Q(x) 0; (ii) all the tprincipal 
minors of the matrix of Q are positive. Q is 
negative definite if and only if —Q is positive 
definite. А form with n variables is called a 
positive (negative) semidefinite quadratic form 
if its signature is (r, 0) (resp. (0, ғ)), where 
l<r<n. 

A linear transformation х +x = Px’ that. 
leaves invariant the unit form 27, x? is an 
orthogonal transformation. Then P is an tor- . 
thogonal matrix. Any quadratic form can be 
transformed into a diagonal form X7. ., a,x2 via 
an orthogonal transformation. Here a,, ..., a, 
are the teigenvalues of the matrix of the form. 
Two forms Q and Q' are equivalent with re- 
spect to an orthogonal transformation if and 
only if the corresponding matrices have the 
same eigenvalues. 


D. Quadratic Forms over Finite Fields and 
p-adic Number Fields 


Let Q and Q' be nondegenerate quadratic 
forms over the finite field F,. They are equiva- 
lent if and only if they have the same rank and 
A(Q)~ A(Q’). Moreover, if the rank of Q is not 
less than 3, then Q represents 0. 

Next, suppose that Q and Q' are nondegen- 
erate quadratic forms over the tp-adic number 
. field K. They are equivalent if and only if they 
have the same rank, A(Q) ~ A(Q’), and they 
have the same Minkowski-Hasse character y, 
where у is defined as follows: Let C(Q) be the 
tClifford algebra of Q, and let C*(Q) denote 
C(Q) if n is even and C*(Q) if n is odd. Then 
x(Q)=1 or —1 according as C*(Q) z M,(K) or 
M,(K) @ D(K). (Here M, is the total matrix 
algebra of degree t over K and D(K) is the 
unique tquaternion algebra over K.) Also, if Q 
has rank not less than 5, then Q represents 0 in 
K. 


E. Quadratic Forms over a General Field K 


The following facts are valid on any field K 
whose characteristic is not 2. Given a quadra- 
tic form Q, with variables x,, ..., x, and an- 
other form Q, with variables x,.,, ..., X + 
we get a new quadratic form О, © О, or 

Q, +Q, defined by Q, © Q;(xi,..., X, +) = 
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Q (xi... X.) T Q.(X,+15 X) О, @ Q; 

is called the direct sum of Q, and Q,. The 
matrix of Q, @ Q, is the direct sum of the 
matrices of Q, and Q,. If Q, and Q; are 
equivalent and О, © Q, and О, Ф Q; are also 
equivalent, then Q, and Q; are equivalent 
(Witt’s theorem). 

The quadratic form x, x; +xsX4 +... + 
X5, -, X3, is called the kernel form and is de- 
noted by N,. Àny nondegenerate quadratic 
form Q(x,, ..., x,) is equivalent to the direct 
sum of a kernel form N,(x,, ..., x5,) and a form 
О0(х,,+1›:::, Xn), Where if Qo £0, i.e., п> 2r, we 
have Qo(x;,,,, ..., x,) 20 only if x4,, =... = x, 
=0. N, and Q, are uniquely determined by Q 
up to equivalence. The decomposition N, Ф О, 
is called the Witt decomposition of Q (E. Witt 
[5]). The number r is called the index of Q. An 
element x in V is said to be singular with re- 
spect to Q if Q(x) = 0. A subspace W of V is 
said to be totally singular if all the elements 
in W are singular. Let B be the symmetric 
bilinear form associated with Q. Then x is 
singular with respect to Q if and only if B(x, x) 
=0 (characteristic of K #2). We say that x is 
isotropic if B(x, x) 20. Thus a subspace W is 
totally singular if and only if it is totally iso- 
tropic (i.e., B(x, y) 20 for all x, ye W). The 
index r of Q is the dimension of a maximal 
totally singular subspace of V. In particular, if 
K =R and (p, 4) is the signature of Q, then the 
index r= min(p, а). Here we must be careful, 
since some authors call the number p—g or p 
or q the index of Q. To make the distinction 
clear, we also call our r the index of total 
isotropy, and the number p — q the index of 
inertia. 

Necessary and sufficient conditions for a 
nondegenerate Q to be a kernel form are: 
n=the rank of Q =0 (mod2) when K = C; 
n=0 (mod2) and p - 420 when K =R; n= 
0 (mod 2) and A(Q) 1 when K =F; n=0 
(mod 2), A(Q) ~ 1, and y(Q) 21 when K isa 
p-adic number field. 

Let N, Ф Qo, N, Ф Q be Witt decompo- 
sitions of Q and Q’, respectively. We say that Q 
and Q' belong to the same type if Q, and Qo 
are equivalent and denote the set of types of 
nondegenerate quadratic forms over K by W. 
We define the sum of the types of Q and Q' as 
the type of Q @ Q', and this gives W the struc- 
ture of a commutative group. The type of a 
kernel form is the identity element of this 
group W, called the Witt group. The structure 
of the Witt group depends on K. If K = C, then 
W = Z/2Z; if K =R, then W = Z; if K isa 
tlocal field with a tnon-Archimedean valua- 
tion, then W is a finite group; if K =Е,, then 
W =(Z/2Z) +(Z/2Z) if q= 1 (mod 4), W = Z/AZ 
if q=3 (mod 4), and W = Z/2Z if q is a power 
of 2. 
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F. Hermitian Forms 


An expression H(x)= У? а, Хх, is called a 
Hermitian form if a; € C, aj, = a,;. (Here йк, X; 
are the complex conjugates of а, x;, respec- 
tively.) The value H(x) is a real number. As for 
quadratic forms, we define the notions of the 
matrix of H and the discriminant, rank, and 
*sesquilinear form associated with H. The 
matrix A of H is a *Hermitian matrix whose 
principal minors are real numbers. If we 
apply a linear transformation P(x')= x, we 
obtain a Hermitian form with respect to x' 
whose matrix is given by 'PAP. Any Her- 
mitian form is equivalent to a form У? , X;x; 
— Mi. Xp+;Xp+;; (р, 4) is called the signature of 
H. We define the notions of positive definite, 
negative definite, and indefinite Hermitian 
forms as we did for quadratic forms over the 
field of real numbers. Each of the following 
conditions is necessary and sufficient for H to 
be positive definite: (1) H(x)> 0 for any non- 
zero complex vector x; (11) all the principal 
minors of the matrix of H are positive. The 
definition of a semidefinite Hermitian form is 
given in the same manner as for a quadratic 
form. 

A linear transformation that leaves the 
Hermitian form Ут, X;x; invariant is called a 
unitary transformation, and its matrix is a 
tunitary matrix. Any Hermitian form can be 
transformed via a unitary transformation into 
a diagonal form У, a;x;x;, where a,, ...,a, 
are the eigenvalues of the matrix of the Her- 
mitian form. 

The notion of Hermitian forms can be gen- 
eralized as follows: Suppose that K is a !divi- 
sion ring with an involution aa (ae K) (i.e., 
aà is a linear mapping of K onto itself such 
that а =a, ab = ba). Then a Hermitian form H 
over K is defined by 


where xe K, a, € К, aj, — a,;. In particular, if 
we have, for any given vector x whose coordi- 
nates belong to K, an element a in K such that 
H(x)=a +a, then we have a Witt decompo- 
sition for H. Two examples of such K having 
involutions that differ from the identity map- 
ping are a separable quadratic extension K of 
a field L and a *quaternion algebra K over a 
field L. 


G. Quadratic Forms over Algebraic Number 
Fields 


Let K be an algebraic number field of fi- 
nite degree, p be an *Archimedean or non- 
Archimedean ‘prime divisor of K, K, be the 
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p-completion of K, and Q and Q' be nonde- 
generate quadratic forms over K. Then Q rep- 
resents Q' over K if and only if Q represents 

Q' over K, for all p, and Q represents 0 in K 
(i.e., there exists a nonzero vector x whose co- 
ordinates belong to K such that Q(x)= 0) if 
and only if it represents 0 in K, for all p [3,4]. 
In particular, Q and Q' are equivalent over K 
if and only if they are equivalent over K, for 
all p. Hence the invariants with respect to 
equivalence over K of a nondegenerate qua- 
dratic form Q over K are n—the rank of Q, A 
=the discriminant of Q, the Minkowski-Hasse 
character y, for *prime divisors p of К, and the 
index of inertia j; of Q over KE eo for each 
treal infinite prime divisor p, ; (4 = 1, ...,r,) of 
K. Here the following properties hold: (1) z,— 1 
for all but finitely many p; (ii) IT, y, = 1 (this is 
equivalent to the tproduct formula of norm- 
residue symbols); (iii) A~(—1) *2/? in Ky. 4) 
and (iv) Xpo =! if j, =0, 1, 2, 7 (mod 8), = —1 
if j, 23, 4, 5, 6 (mod 8) [3,4]. Conversely, if 

the system ín, у, Koes. do А} satisfies condi- 
tions (i)- (iv), then it is the set of invariants of a 
quadratic form over K (Minkowski-Hasse 
theorem). In general, if a property concerning 
K holds if and only if it holds for all K,, we 
say that the Hasse principle holds for the 


property. 


H. Class and Genus of a Quadratic Form 


Let K be an algebraic number field of finite 
degree. Quadratic forms Q and Q' over K are 
said to be of the same class if they are equiva- 
lent over the *principal order o in K. On the 
other hand, Q and Q' are said to be of the 
same genus if (1) they are equivalent over 

the principle order o, in K, for all non- 
Archimedean prime divisors p of K and (ii) 
they are equivalent over K, for all the Archi- 
medean prime divisors p of K. A genus is 
decomposed into a finite number of classes. 
For example, if K is the field of rational num- 
bers, the number of classes in the genus of 
У" x? is 1 for m<8, while it is >2 for m» 8. 


I. Reduction of Real Quadratic Forms 


Let A be an m x m matrix and X an m x n 
matrix. We put A[X] ='XAX. Then we can 
write O(x)=S[x]='xSx, where S is the matrix 
of the quadratic form Q. In this section we put 
К = К and define two forms to belong to the 
same class if they are equivalent over the ring 
of rational integers. We identify the form Q 
with its matrix 5 = (5,;). Let S be a positive 
definite form in m variables. Then $ is said to 
be a reduced quadratic form if S[9,] > s,, and 
51.1 20(1<k<m,1<!<m-— 1), where o, 15 an 
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arbitrary vector whose coordinates g,,..., 9m 
are integers such that (gx, ...,g,,) = 1. Any class 
of positive definite quadratic forms contains at 
least one (and generally only one) reduced 
form. For a reduced form R =(r,,), the follow- 
ing inequalities hold: 0 & r,, € r5 € ... л; 
Try &ry, k<b 172. Ры < c(m)| R|, where 
c(m) depends only on m. The set of all sym- 
metric matrices of degree m forms a linear 
space of dimension т(т + 1)/2 in which the 
subset P formed by the positive definite sym- 
metric matrices is a convex open subset. More- 
over, the subset 9 formed by all reduced 
positive definite symmetric matrices is a con- 
vex cone whose boundary consists of finitely 
many hypersurfaces and whose vertex is the 
origin. Let Š be an indefinite quadratic form 
whose signature is (n, m — n). The set of positive 
definite quadratic forms H such that S ! (H] 
=S forms a variety of dimension n(m — n), 
which is denoted by H(S). We say that S is 
reduced if H(S)N = Ø. Given a natural 
number D, there are only a finite number of 
definite or indefinite reduced quadratic forms 
with rational integral coefficients whose dis- 
criminant is +D. Hence the number of classes 
of quadratic forms with rational integral coef- 
ficients and discriminant +D is also finite. 


J. Units 


Let S be a symmetric matrix of degree m with 
rational coordinates. Let O(S) be the set of all 
real m x m matrices W for which S[W]— 5, 
and T(S) be the subset of O(S) consisting of 
the integral matrices. An element of I (S) is 
called a unit of S. T(S) is a finite group if S is 
definite, but otherwise it is infinite (except for 
the case m—2, —|S|=r?, with rational ғ). O(S) 
is a tLie group, and I (S) is a discrete subgroup 
with a finite number of generators. The thomo- 
geneous space O(S)/I (S) is of finite measure 
with respect to a їНааг measure defined on the 
space. 


K. Minkowski-Siegel-Tamagawa Theory 


Let S and T be rational integral positive de- 
finite symmetric matrices of degree m and n, 
respectively (m >п). Let A(S, T) be the number 
of rational integral solutions for the equation 
S[X]- T, and E(S) be the order of the group 
of units T (S). We put 


A(S,, T)  A(S;, T) 


M(S, T)= T 
В) ES) ES) T 
M(S)- ыл ы: 

 E($) ES) ``” 
A,(S, T) MIS T) 
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where S,, $5,... is a complete system of re- 
presentatives of the classes in the genus of 

S. M(S) is called the measure of genus of S. 

On the other hand, for a natural number q, 

we denote by A,(S, T) the number of the solu- 
tions of the congruence equation S[ X] 2 T 
(mod д). If q is a prime power р“, then the ratio 
Em, ,Q "ТОРА А (S, T) takes a constant value 
x, (S, Т) for sufficiently large a (where e, „= 1/2 
if m-nz2;-— 1 otherwise). Furthermore, let us 
consider a domain B in the Euclidean space of 
dimension n(n + 1)/2 formed by the set of nx n 
symmetric matrices containing T, and let B, be 
the domain formed by the matrices X such 
that S[X]e B. Then B, is a domain in the 
space of dimension mn formed by all m x n 
matrices. Let x (S, T) be the limit of the ratio 
v(B,)/v(B) of the volumes of B and B, as the 
domain B shrinks toward the point T. Then 
Siegel’s theorem states: z, (S, Т) IT, o, (S, T) = 
£AQ(S, Т), where e=2 if m=n+1 orm=n>2 
and == 1 otherwise. The infinite product of the 
left-hand side of this equation does not con- 
verge absolutely if either m=n=2 or m=n+2, 
and in those cases the order of the product TT, 
is considered to be the natural order of the 
primes p. 

A special case of Siegel's theorem was 
proved by H. Minkowski, but it was C. L. 
Siegel [6] who proved it in its general form. 
Except for a finite number of p, the numbers 
x, (S, T) have been calculated. The explicit 
form of x, (S, T) is also known. In particular, if 
we take the identity matrix E of degree m as 
S, then the formula in Siegel's theorem is re- 
lated to the problem of expressing natural 
numbers as sums of m squares. For m= 
2,3, ..., 8, the genus of E™ contains only 
one class. Hence, putting n=1, T=t (=a 
natural number), we obtain from Siegel's 
theorem the number of ways in which we can 
express t as the sum of m squares [6, pt. I]. 
Siegel's result was generalized by Siegel himself 
to the case where the form S is indefinite [6, pt. 
П] and where the coefficients of the forms are 
elements of an algebraic number field of finite 
degree [6, pt. III]. Also, regarding the number 
of possible ways to express a natural number t 
as a sum of m squares, the following formula 
was obtained by C. G. J. Jacobi for the case 
where m=4, n=1: 


A(E®, о=&(у4- у, 1) 
dí Ай 

For the case m= 3, п= 1, it is known that if t is 
odd and A(E®), t)>0, then t= 7 (mod 8) (for 
details — P. T. Batemann, Trans. Amer. Math. 
Soc., 71 (1951)). 

T. Tamagawa used the theory of tadelized 
algebraic groups and proved that the fTama- 
gawa number t(SO(n, S)) of the special ortho- 
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gonal group is 2. He also showed that from 
this fact, Siegel's theory in this section can be 
deduced (— 13 Algebraic Groups P) [10]. 


L. Theta Series 


Let Q(x,, ..., Xm) be a positive definite form 
with integral coefficients. For a complex num- 
ber z, we put 


FQ) > 


jupe x 


exp(2ziQ(x,, ..., Xm)Z)} 
where x,, ..., Xm run over all the integers. If 
Imz 0, the series converges and represents 
an tentire function of z. These series are 
called theta series. If we denote by A(n) the 
number of integral solutions of the equation 
Q(x,, ..., x,)— n, we have 


F(z,Q)= » A (n)e?"'*, 


Moreover, if m —2k, we have the following 
transformation formula: 


F (=. o) =¿(d)(ez +d)*F(z, О), 


where a, b, c, d are integers such that ad—bc 
= 1, с=0 (mod N), N is a natural number 
determined by Q, and e is a character mod М. 
In other words, F(z, Q) is a *modular form 
with respect to the tcongruence subgroup of 
level N. Using the theory of modular forms, E. 
Hecks showed that А(п) = Ao(n) + O(n*?), 
where A,(n) is a number-theoretic function of 
n determined by the genus of Q. 


M. Binary Quadratic Forms with Integral 
Coefficients 


Now put m=2. Given a form Q(x, y)=ax?+ 
bxy+cy?, we put D(Q) = b? —4ac and call it 
the discriminant of Q (i.e., D(Q) = —4A(Q)). Q is 
said to be primitive if (a, Б, c) = 1. When D(Q) 
is not a square, the theory concerning Q is 
closely related to the arithmetic theory of the 
*quadratic field Q(./D)= k. Let d be the tdis- 
criminant of k and put D=d4/f2. When f = 1, 
there is a one-to-one correspondence between 
the tideal classes of k and the classes of qua- 
dratic forms with discriminant d (when D < 0, 
we consider the classes of positive definite 
forms). The correspondence is given in the 
following manner: If a is an ideal in k with a 
basis жу, x2, then the corresponding form is 
given by Q(x, y) = N(a) ! N(a, x + a; y), where 
N is the absolute *norm. If f > 1, we must 
replace the ring of integers o by the *order of 
the ‘conductor f. That is, if we consider the 
ring formed by the elements х + f yo (x, y are 
rational integers; the meaning of о is ex- 
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plained shortly), we again have a one-to-one 
correspondence between the classes of ideals of 
this order and the classes of quadratic forms 
[3]. We let w=, /d/2 if d=0 (mod 4; — (1 + 
/4)/2 if d=1 (mod4). When D >0, we can 
introduce the notion of proper equivalence as 
follows: Q and Q' are properly equivalent if the 
matrix of Q is transformed to the matrix of Q' 
by a linear transformation P whose determi- 
nant is 1. Then, in the correspondence for the 
case f=1, if we take х, =r>0, x, =s+tw,t>0 
(r,s,te Q), then we get a relation between the 
classification of the forms and the classification 
in the finer sense of the ideals in k. 

Suppose that D > 0 is not a square. Let (t, и) 
be an integral solution of *Pell's equation t? — 
Ри? = +4. Then the units of the form Q(x, y) 
—ax? + bxy cy? with discriminant D are 
given by 


H (t— bu)/2 —cu 

ш au (t + bu)/2 J 

Let (to, uo) be the smallest positive integral 
solution of t? — Du? =4, put £p = (to + uo / Dy2, 
and let hp be the class number in the finer 


sense of the forms of discriminant D. Then the 
following formula holds (Dirichlet): 


1 2 I/D 
——hplogep= У -(— 
D PME nce 


where (D/n) is the *Kronecker symbol (here D 
= f?d; we put (D/n)=0 if ( f, n) 41, and (D/n) 
= (d/n) if ( f, n) = 1). For D «0, the order wp of 
the units is known: it ts 6 if D= —3; 4 if D= 
—4; and 2 otherwise. We also have 


With respect to the numbers hp and ép, little 
else is known. 
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A. Problems 


A quadratic programming problem is a special 
type of mathematical programming (— 264 
Mathematical Programming) where the objec- 
tive function is quadratic while the constraints 
are linear. A typical formulation of the prob- 
lem is as follows. 
(Q) Maximize z= c’x —4x’Dx under the 

condition Ax <b and x 20, xeR". 

. Let the Lagrangian form for this problem be 


Q(x, X) 2 ex —4x'Dx + X (b — Ax). 


Then, from the general properties of Lagran- 
gian forms, the following theorem can be 
proved. | 

Theorem: If x =x* is an optimal solution of 
the problem (Q), there exists a vector 4* satis- 
fying the conditions 
—Юх*+с<)*, A*>0; 
b'4* =(c — Dx*yx*. 
Moreover, if the matrix D is nonnegative de- 
finite, the above conditions are also sufficient 
for x 2 x* to be optimal. The second condition 
can be shown to be equivalent to 


À*'(b— Ax*) 20 and x*'(4'A* + Dx* — c) - 0. 


By introducing the slack vectors uz 0 and 
v Z0, the conditions can be expressed as 


x20, y20, u20, v20, 
(С) Ax+u=b, A’y+Dx—v=c; 


yu=0, x'v=0. 
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When D is nonnegative definite, any feasible 
solution of the above system of equalities gives 
an optimal solution of the primary problem 
(Q), and when D is positive definite, the solu- 
tion is unique. When D is not nonnegative 
definite, the optimal solution of (Q), if it exists, 
is one of the feasible solutions of (C). The last 
line of (C) implies that the solution must be a 
basic solution of the linear system of equalities, 
and it also restricts the possible combinations 
of the basic variables. Since there exist only a 
finite number of possible combinations of the 
basic variables, the quadratic programming 
problem can be solved in a finite number of 
steps, if it has an optimal solution. 


B. Duality 


The dual problem of (Q) is the following. 

(QD) Minimize w — Бу + 1x'Dx under the 
condition A'y + Dx zc and x 20, y 20. 

If D is nonnegative definite, the following 
theorem holds. 

Theorem: If the primary problem (Q) has a 
solution х = x*, then the dual problem has а 
solution x 2 x* and y x y*, and max z = min w. 

A more general form of the quadratic pro- 
gramming problem can be given as follows. 

(Q) Maximize z =¢'x — 1x'Dx under the 
condition xe V and b— Axe W, where V and 
W are closed convex cones in R" and R", 
respectively. 

Then the dual problem is expressed as 
follows. 

(QD) Minimize w — Бу —ix'Dx under the 
condition xe V, ye W* and A’'y+ Dx —ceV*, 
where V* and W* are the dual cones of V and 
W. 

The above theorem holds for both (Q) and 


(QD). 


C. Algorithms 


Various algorithms have been proposed for 
quadratic programming [1, 2, 4], most of 
which are based on condition (C). Wolfe [4] 
proposed a method based on the simplex 
method for linear programming. If we intro- 
duce the artificial vectors č and n, we can find 
a feasible solution of (C) by solving the follow- 
ing linear programming problem. 

(LQ) Maximize z = —1'&— 1'r under the 
condition that 
Ax+u—§=b, A’'y+Dx—v+y=c¢; 
x20, yz0, 


u>0, v>0, $20, n20; 


yu=0, x’v=0. 


(LQ) can be solved by applying the simplex 
algorithm with the only modification being 
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that the last line of the condition restricts the 
possible changes in the basic variables. When 
D is positive definite, we can always obtain 

a solution if there is a feasible solution of 

the original problem, and Wolfe proposed a 
modification of the foregoing algorithm for the 
case when D is nonnegative definite that tells 
whether or not it has an optimal solution, and 
gives it if it has one. Some other algorithms are 
also effective when D is positive or nonnega- 
tive definite, but when D is not nonnegative 
definite, no simple effective method has been 
found to reach the optimal solution even when 
its existence has been established. 
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A. Introduction 


A subset F of a 3-dimensional Euclidean space 
E? 15 called a quadric surface (surface of the 
second order or simply quadric) if F is the set of 
zeros of a quadratic equation G(x, y, z)= 0, 
where the coefficients of G are real numbers. 
The equation G(x, y,z)= is written as 


ax? + by? +x? +d + 2fyz + 2gzx + 2hxy + 2f'x 
+ 2g'y - 2h'z = 0. (1) 


In general, a straight line intersects a quadric 
surface at two points. If it intersects the sur- 
face at more than two points, then the whole 
straight line lies on the surface. Suppose that 
we are given a quadric surface and a point O. 
Suppose further that we are given a straight 
line passing through the point O and intersect- 
ing the quadric surface at two points 4 and A’. 
If A0 OA' for all such straight lines, then the 
point O is called the center of the quadric 
surface. 
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B. Classification 


The subset defined by equation (1) may be 
empty; for example, x? + y? +z2 + 1 —0. In this 
article, we consider only quadric surfaces that 
are not the empty set. When a quadric surface 
F without !singular points has a center or 
centers, we say that F is central. 

If we choose a suitable rectangular coordi- 
nate system, the equation of a central quadric 
surface is written in one of the following forms: 


s Q) 
тА 9 
PE (7) 


When Ше equation takes the form (2), (3), (4), 
(5), or (6), we call the quadric surface an ellip- 
soid, hyperboloid of one sheet, hyperboloid of 
two sheets, elliptic cylinder (or elliptic cylin- 
drical surface), or hyperbolic cylinder (hyper- 
bolic cylindrical surface), respectively. When 
the equation takes the form (7), the surface 
coincides with a pair of parallel planes. If a— 
b in (2), (3), (4), or (5), the surface is a tsurface 
of revolution with the z-axis as the axis of revo- 
lution. In this case, we call the surface an 
ellipsoid of revolution, hyperboloid of revolution 
of one sheet, hyperboloid of revolution of two 
sheets, or circular cylinder (or circular cylin- 
drical surface), respectively. If а= b = с for an 
ellipsoid of revolution, then the surface is a 
sphere with radius a. 

If we choose a suitable rectangular coordi- 
nate system, the equation of à noncentral 
surface of the second order is written in one of 
the following forms: 


2 2 


x у 
Z= z р (8) 
х2 у? 
22-3 gr (9) 
2 
deans. (10) 


When the equation takes the form (8), (9), or 
(10), we call the surface an elliptic paraboloid, 
hyperbolic paraboloid, or parabolic cylinder (or 
parabolic cylindrical surface), respectively. If a 
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=b in (8), the surface is called an elliptic para- 
boloid of revolution. 

Among these, (2), (3), (4), (8), and (9) are 
sometimes called proper quadric surfaces, and 
the others degenerate quadric surfaces. 

Equations (2)-(10) are called the canonical 
forms of the equations of these surfaces (a, b, c 
in canonical forms should not be confused with 
a, b, c in (1)). The planes x 20, y 20, and z=0 
in surfaces (2), (3), and (4) and the planes x= 0 
and y=0 in surfaces (8) and (9) are called 
principal planes of the respective surfaces; and 
lines of intersection of principal planes are 
called principal axes. For a surface of revo- 
lution, positions of principal planes and prin- 
cipal axes are indeterminate. We call a, b, c in 
equations of canonical form the lengths of the 
principal axes, or simply the principal axes. If 
F is a hyperboloid of one sheet or a hyperbolic 
paraboloid, there are two systems of straight 
lines lying on F; two straight lines belonging 
to the same system never meet (and are not 
parallel), and two straight lines belonging to 
different systems always meet (or are parallel). 
If F satisfies (3), these systems of straight lines 
are given by 


x z 1 y x z 1 y 
= 1 + = 1 . 
a Te Д К z) a c H ( z) 
If F satisfies (9), then two such systems are 
given by 


y у 
EIS =. тр 
b mu 
2z 2z 
x y_2 |х у 22 
A b H 


(A and u are parameters). We call these straight 
lines generating lines of the respective surfaces. 
A hyperboloid of one sheet and a hyperbolic 
paraboloid are truled surfaces described by 
these generating lines. 

When a quadric surface has singular points, 
they are double points. The set of double 
points of a quadric surface F is either a single 
point O, a straight line l, or a plane л. In the 
second case, F consists of two planes passing 
through [ог l itself, and in the third case, F 
coincides with л. In the first case, we say that 
F is a quadric conical surface (or quadric cone) 
with vertex O. Its equation is written in the 
form Ax? + By? + Cz? «0 (ABC z 0). When А, 
B, C are of the same sign, F consists of only 
one point O. Otherwise, we can assume that A, 
В>0, C= —1. In this case, if A= В, F is called 
а right circular cone, and if A 5 B, F is called 
an oblique circular cone. 

Given hyperboloids (3) and (4), we call the 
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quadric cones 


x? y? 2? А 
atp og б) 
and 

x2 y2 z І 
a pte 9 


asymptotic cones of (3) and (4), respectively. 


C. Poles and Polar Planes 


Suppose that we are given a straight line S 
passing through a fixed point P not contained 
in a quadric surface F, and S intersects the 
surface at two points X, Y. The locus of the 
point Q that is the "harmonic conjugate of P 
with respect to X and Y is a plane. We call this 
plane z the polar plane of P with respect to the 
quadric surface F, and P the pole of the plane 
n. If the polar plane of a point P contains a 
point Q, then the polar plane of Q contains P. 
In this case, we say that the two points P and 
Q are conjugate to each other with respect to 
the quadric surface. When the point P is on 
the quadric surface, the tangent plane at P is 
regarded as the polar plane of P. If the polar 
plane (with respect to a quadric surface) of 
each vertex of a tetrahedron is the face corre- 
sponding to that vertex, we call this tetra- 
hedron a self-polar tetrahedron. If the polar 
planes (with respect to a quadric surface) of 
four vertices of a tetrahedron A are four faces 
of a tetrahedron B, the same property holds 
when we interchange А and B. We say that 
such tetrahedrons are polar tetrahedrons with 
respect to the quadric surface. Suppose that we 
are given a quadric surface and two planes. If 
the pole (with respect to the quadric surface) of 
one plane is on the other plane, these two 
planes are said to be conjugate with respect to 
the surface. 

When we are given two fpencils of planes in 
tprojective correspondence, the locus of lines 
of intersection of two corresponding planes is 
generally a hyperboloid of one sheet or a 
hyperbolic paraboloid. In particular, if the 
axes of these pencils of planes intersect, the 
locus is a quadric conical surface, and if the 
axes are parallel, the locus is a quadric cylin- 
drical surface (i.e., an elliptic or hyperbolic 
cylinder). When there exists a projective corre- 
spondence between two straight lines not on a 
plane, the locus of lines joining corresponding 
points is a quadric surface (M. Chasles). 


D. Surfaces of the Second Class 


A surface F in E? is called a surface of the 
second class if it admits two tangent planes 
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passing through an arbitrary straight line L 
provided that ЕП L = Z. This surface can be 
represented as the set of zeros of a homoge- 
neous equation of the second order in tplane 
coordinates иу, uz, из, u4. It is possible that а 
surface of the second class degenerates into a 
conic or two points. In general, quadrics аге 
surfaces of the second class, and vice versa. 

As in the case of quadrics, we can define 
poles, polar planes, and polar tetrahedrons 
with reference to surfaces of the second class. 
Four straight lines joining corresponding 
vertices of two tetrahedrons polar with respect 
to a surface of the second class are on the same 
quadric. We say that two such tetrahedrons 
are in hyperboloid position. 


E. Confocal Quadrics 


A family of central quadrics represented by the 
following equations is called a family of con- 
focal quadrics: 


x? y? 22 


zik brk CER 


=1, a»b»c»0, (11) 


where k is a parameter. For a quadric belong- 
ing to this family, any point on the ellipse 
x?/(a— с) + y?/(b — c) 1,z=0 or the hyperbola 
x?/(a — b) — z2/(b — c) 2.1, y=0 is called a focus. 
This ellipse and hyperbola are called focal 
conics of the quadric. 

Given an ellipsoid F and a point X (x, y, z) 
not contained in the principal plane, we can 
draw three quadrics F', F", F" passing through 
X and confocal with F. These surfaces F', F", 
F” intersect each other and are mutually per- 
pendicular. One of them is an ellipsoid, an- 
other one a hyperboloid of one sheet, and the 
third a hyperboloid of two sheets. Let k,, kz, 
k4 be the values of the parameter k in (11) 
corresponding to these three surfaces. Then 
the coordinates x, y, z of the point X are given 
by 

- [наты 
TR (b—a)(c—a) `’ 


= {ашты 
(a—b)(c—-b)  ' 


_ Ke kay t ky t ks) 
E (a-c(b-o) ` 


We call k,, ka, k, the elliptic coordinates of the 
point X. 

Two points (x, у, 2), (x', у’, 2') are called corre- 
sponding points if they belong to confocal 
quadrics of the same kind, 

x? у? 2? 
тыңы шү! 
а * b t с 

n2 n2 A2 
D) c0) 
atk b+k c+k 


кы. 
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and satisfy 


If P,, P,; О,, О, are corresponding points, 
then P, Q, = P, Q, (J. Ivory). 


F. Circular Sections 


When the intersection of a plane and a quadric 
Is a circle, the intersection is called a circular 
section. In general, circular sections are cut off 
by two systems of parallel planes through a 
quadric. The point of contact on the tangent 
plane parallel to these is an tumbilical point of 
the quadric. 


G. Quadric Hypersurfaces 


A subset F of an n-dimensional Euclidean 
space E" is called a quadric hypersurface (or 
simply hyperquadric) if it is the set of points 
(x4, ..., x) satisfying the following equation of 
the second degree: 


n n 
Y ag X;Xy + 2 У b,x,+c=0, (12) 
k= i=1 


i,k=1 

where aix, b;, c are all real numbers. We can 
assume without loss of generality that the 
matrix A — (a4) is symmetric. Assume that A is 
not a zero matrix. In the саѕеи= 2, F isa 
conic, and in the case п = 3, it is a quadric 
surface. The theory of classification of quad- 
ric surfaces can be generalized to the n- 
dimensional case as follows: Let r(A*)— r* be 
the rank of the (n+ 1) x (n+ 1) matrix 


ауу e Qin bi 
A*= 
аһ Ann b, 
b, b, c 
b, 
= b, i 
b, b, 


and put r(A)=r. Then we have the following 
three cases: (I) r=r*; (ID) r+ 1 —7*; and (Ш) r + 
2 —r*. Corresponding to each case, equation 
(12) can be simplified (by a coordinate trans- 
formation in E") to the following canonical 
forms, respectively: 


(1) У =0, 


(П) Ул +1=0, 


r 


(III) 2: Aix? + 2x, =0, 
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where (4,, ..., 4,, 0, ..., 0) (with n—r zeros) is 
proportional to the teigenvalues of the matrix 
A. In general, we have 1 &r & n. In the cases 
where г = п in forms (I) and (II) and r + 1 =n in 
(III), the hypersurface is called a properly (n — 
1)-dimensional quadric hypersurface, and in 
other cases, a quadric cylindrical hypersurface. 
In cases (I) and (IT), the quadric cylindrical 
hypersurface is the locus of (n — r)-dimensional 
subspaces passing through each point of a ` 
properly (r — 1)-dimensional quadric hypersur- 
face and parallel to a fixed (n — r)-dimensional 
subspace. In case (III), the quadric cylindrical 
hypersurface is the locus of (n — r — 1)-dimen- 
sional subspaces passing through each point 
of a properly r-dimensional quadric hypersur- 
face and being parallel to a fixed (n— ғ — 1)- 
dimensional subspace. For form (1) with 4; 0 
(i=1,...,n), a properly (n — 1)-dimensional 
quadric hypersurface reduces to a point in E"; 
for form (II) with 4,2 0 (i=1,...,n) it becomes 
the empty set. Suppose that we are given a 
quadric hypersurface F that is neither a point 
nor empty. Then the system {/,,...,A,} as- 
sociated with F in its canonical equation is 
unique up to order (and signature in form 
(III)). Suppose that we are given a quadric 
surface F and a point P on F. Suppose further 
that if a point X other than P is on F, then the 
whole straight line PX lies on F. In this case, 
the hypersurface is called a quadric conical 
hypersurface (or simply quadric cone). For 
example, for case (I), we can take P = O (the 
origin), and the hypersurface is a quadric cone. 
In cases (I) and (IT), the hypersurface is sym- 
metric with respect to the origin. In these 
cases, a hypersurface is called a central quadric 
hypersurface, and in case (III), it is called a 
noncentral quadric hypersurface or parabolic 
quadric hypersurface. When we cut a parabolic 
quadric hypersurface by a (2-dimensional) 
plane containing the x, ,,-axis, the section is a 
parabola. If 4; « 0 (i— 1, ..., r) in form (ID, then 
the surface is called an elliptic quadric hyper- 
surface, and if there are both positive and 
negative numbers among the J,, the surface is 
called a hyperbolic quadric hypersurface. The 
section of an elliptic quadric hypersurface by a 
plane is always an ellipse. The section of a 
hyperbolic quadric hypersurface by a plane is 
an ellipse, a hyperbola, or two straight lines. In 
general, the section of a quadric hypersurface 
by a subspace is a quadric hypersurface on 
that subspace. 


H. Quadric Hypersurfaces in an Affine Space 


In Section G we considered a quadric hyper- 
surface defined by (12) in an n-dimensional 
Euclidean space E" and transformed the equa- 
tion to canonical form by an orthogonal 
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transformation of coordinates in E". If we 
regard E" as an n-dimensional taffine space 
over the real number field and reduce (12) to 
the simplest form by a coordinate transforma- 
tion in the affine space, we have the following 
canonical forms corresponding to cases (Т), (II), 
and (IIT) discussed in Section G: 


(D (s,): Y х?— У x} =0, 
i=1 j 


(ID (s): x?- Y, x? +1=0, 
i-1 


j=s+1 


(ID ():Y x?- Y, x7 +2x,4,=0, 

i=1 j=s+1 
where 0 <s<r and r—s=t. The terms properly 
(n— 1)-dimensional, cylindrical, conical, para- 
Бойс, elliptic, and hyperbolic can be defined in 
terms of this affine classification. For example, 
a cone is of type (I), a parabolic hypersurface is 
of type (IIT), an elliptic hypersurface is of type 
(ID (0, r), a hyperbolic hypersurface is of type 
(ID (s, £) (s, t >0), and type (ID (s, 0) represents 
the empty set. A necessary and sufficient con- 
dition for a (nonempty) hypersurface to be 
represented by two canonical forms N(s, t), 
N'(s', t) is that (i) N= № and (ii) if N —(T) or 
N —(IIT), then s=s’, t=t' or s=t', t—s', and if 
N =(П), then s— s, t=’. 


I. Quadric Hypersurfaces in a Projective Space 


Suppose that we are given a field K of charac- 
teristic not equal to 2 and an n-dimensional 
tprojective space P" over K. A subset F of P" is 
called a quadric hypersurface (or simply hyper- 
quadric) if F is represented by a homogeneous 
equation of the second degree E? =o aj, x;x, 
=0, where (xo, x,, ..., x,) are homogeneous 
coordinates in P" and a, € K; A=(a;,) isa 
nonzero symmetric matrix. The problem of 
classifying such surfaces is reduced to that of 
tquadratic forms or, equivalently, to that of 
symmetrix matrices in K. Two symmetric 
matrices A and B are equivalent if there exists 
a regular matrix T such that B='TAT (— 348 
Quadratic Forms). In particular, when K is an 
talgebraically closed field or a treal closed 
field, a simple result is obtained. If K is an 
algebraically closed field, then the equation of 
the quadric hypersurface is reduced to the 
canonical form )7_,x?=0, where r=r(A)=the 
rank of A. When K is a real closed field, then 
the canonical form is 2-9 x? У, x =0. 
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A. Historical Remarks 


*Newtonian mechanics (classical mechanics) 
successfully explained the motion of mechan- 
ical objects, both celestial and terrestrial, on 
a macroscopic scale. It failed, however, to 
explain blackbody radiation, which was dis- 
covered in the last decade of the 19th century. 
M. Planck introduced a hypothesis of discrete 
energy quanta, each of which contains an 
amount of energy E equal to the frequency of 
the radiation v multiplied by a universal con- 
stant h (called Planck’s constant). He applied 
this hypothesis to derive a new formula for 
radiation that gives predictions in good 
agreement with observations. A. Einstein 
proposed the hypothesis of the photon as a 
particlelike discrete unit of light rays. Assum- 
ing that many physical quantities, including 
energy, have only discrete values, N. H. Bohr 
explained the stability of electronic states in 
atoms. As illustrated in these examples, quan- 
tum mechanics is applied to study the motion 
of microscopic objects, including molecules, 
atoms, nuclei, and elementary particles. 


B. Quantum-Mechanical Measurement 


Fundamental differences between the new 
mechanics and classical mechanics are due 
to the facts that many physical quantities, 
for example, energy, can take only discrete 
values in the microscopic world, and that 
states of microscopic objects are disturbed 
by observation. 

A (pure) state at a certain time Is expressed 
by a unit vector y in а tHilbert space J£, and 
observables, or physical quantities, are ex- 
pressed by ‘self-adjoint operators in such a 
space. 

Let a, (п = 1,2, ...) be feigenvalues of an 
observable A, and let P, be а *projection opera- 
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tor onto the eigenspace spanned by feigen- 
vectors belonging to the eigenvalue а,. Sup- 
pose that A = X, a,P,. Then the hypothesis 
on measurement in quantum mechanics is 
given as follows. 

When an observable A is observed in a state 
V, one of the eigenvalues a, is found with 
probability proportional to (у, P,U)?. When an 
eigenvalue a, is once observed, a state jumps 
from y to an eigenstate P, which belongs to 
the eigenvalue a,. Quantum mechanics pre- 
dicts only a probability p, with which a certain 
value a, is found when an observable A is 
observed. This probability, given by (v, Ру), 
is not changed even if y is replaced by ey, 
0« 0 « 2x. Therefore ew represents the same 
state as y. The set of e® y, 0 < 0 «2n, fora 
fixed V (| || = 1) is called a unit ray. 

If P, is 1-dimensional and P,o-- Ф, Ф| = 1, 
then (y, Ру) = |у, ф)|? is called the transition 
probability between the two states. 

The expectation value (or expectation) of an 
operator A in a state y, usually normalized to 
(V, V) = 1,15 defined to be <A> = (i, AW) = 
У „а,р,. 

А general self-adjoint operator А сап Бе 
written as А = | 4dP(2). When А is observed іп 
a state y, the probability for a value to be 
found between 4, and 2, (A, > 41; 4; included 
and 2, excluded if P(A) is right continuous) is 
(V(P(A5) — P(A,)), V) (— 390 Spectral Analysis 
of Operators). 

The quantity (o, Av) is called the matrix 
element of A between the two states ф and y. 
A state yy can be viewed as a functional y (A) = 
(A) on the set of all observables A (its value 
being the expectation), which is linear in A, 
positive in the sense Y (A*A) >0 for any opera- 
tor A, and normalized: (1) = 1. fO 4« 1 and 
V(A) = AJ4 (A) - (1 — Av; (A) for all obser- 
vables A, then the state y is called a mixture of 
states y, and y, with weights A and (1— 2). If 
a state is not a nontrivial (ie., 140, 1, V, #42) 
mixture, it is called pure. The state (45 — 

(V, Aw) on the set of all self-adjoint operators 
A given by a vector y is pure in this sense. If 
sup, V(A,) = V (A) whenever A, is an increasing 
net of positive operators with A as its limit, 
then y is called normal. Any norrnal positive 
linear functional on the set of all self-adjoint 
operators can be described by a trace-class 
positive operator p, called the density matrix, 
as (Ау =tr(Ap). If {y,} is a complete ortho- 
normal set, where each y, is an eigenvector of 
p belonging to the eigenvalue 4,, then <A> = 
En An (Wns Аў). 


C. Canonical Commutation Relations 


In quantum mechanics, canonical variables 
are represented by the self-adjoint operators 
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Q, (coordinates) and P, (momenta), k=1,..., 
N, which satisfy the canonical commutation 
relations 


[Qr Р] = thd, I, 


where 1 is the identity operator, [ A, B] de- 
notes the commutator AB — ВА, h = h/(2n), and 
the relation is supposed to hold on a certain 
dense domain of vectors. Self-adjoint opera- 
tors Q, and P, satisfying the above relations 
are unique up to quasi-equivalence under a 
suitable domain assumption, e.g., if 22, Q2 + 
У, P2 is essentially self-adjoint on a dense 
domain invariant under multiplication of the 
Q's and P's and on which the above relations 
are satisfied. Under such an assumption, Q, 
and P, are unitarily equivalent to a direct 

sum of the Schródinger representation on 

L, (R, dx, ... dxy), where Q, is multiplication 
by the kth coordinate x, and P, is the differen- 
tiation — ih(0/0x,) (Rellich-Dixmier theorem). 

The above Schródinger representation 
is called the position representation (or q- 
representation). The formulation using the 
function space L, of real variables p,, k — 

1, 2, ..., N, on which the operators P, act as 
multiplications by p,, is called the momentum 
representation (or p-representation). 

If Hermitian operators A and B satisfy the 
canonical commutation relations in the form 
(Av, By) — (By, Aw) ^ ih(V,, V)), then the follow- 
ing Heisenberg uncertainty relation holds for 
the expectation: 


h? 
(A— <A>} > «(В <B>) > 27° 


This gives the uncertainty in observations, 
which means that two observables A and B 
cannot simultaneously be observed with ac- 
curacy. This is another important property of 
microscopic motion that cannot be found in 
macroscopic motion. 

In a direct sum of the Schrédinger repre- 
sentation of the canonical commutation re- 
lations, the unitary operators 


О(а)=ехріу aQ, V(b=expi ҺР, 
k k 


with real parameters a, and b,, k — 1, ..., N, 
satisfy the following Weyl form of the canon- 
. ical commutation relations: 


U(a)U(a)=U(ata),  V(b)V(b)— V(b--b'), 
U (a)V(b) = V(b) бдехр( —iy, ah) : 
k 


Conversely, any pair of families of unitary 
operators U(a) and V(b) satisfying these rela- 
tions and depending continuously on para- 
meters a and b are unitarily equivalent to 
those obtained as above (von Neumann unique- 
ness theorem). 
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D. Time Evolution and the Schródinger 
Equation 


The time t of an observation is fixed in the 
foregoing discussion. A state changes, how- 
ever, as the time t changes, in such a way that 
the transition probability between states is 
preserved. By Wigner's theorem (— Section 
H), this time evolution of states can be im- 
plemented by unitary operators U, defined by 
the transformation of vectors y — U, = y. 
Furthermore, under some continuity assump- 
tion, such as that of (o, U,w), U, can be made a 
continuous one-parameter group. By Stone's 
theorem, О, =е7 Н" for a self-adjoint operator 
H. This operator is called the Hamiltonian 
operator (or simply Hamiltonian) determined 
by the structure of a system. An infinitesimal 
change in y corresponding to an infinitesimal 
change in t can be generated by this operator 
H as follows: 
„дф 
ih E = Hyj. 
This equation is called the time-dependent 
Schródinger equation. 

A state yy changes but observables do not 
change with time in the Schródinger pic- 
ture above. The other picture, known as the 
Heisenberg picture, is equally possible. In 
this picture, the state is expressed by a time- 
independent vector, while operators A vary 
with time as follows: A> U,* AU, = A(t). Rates 
of change of operators A(t) can be calculated 
by means of the equation 
dA(t) i 
= ҖОР А(@)], 
which is called the Heisenberg equation of 
motion. When time t changes, the expectation 
value of an operator A in a state iy changes in 
both pictures according to 


dC Ay/dt =1<[Н, A]»/R. 


According to classical analytical dynamics, a 
change of a dynamical quantity that is a func- 
tion of tcanonical variables q; (positions) and 
p; (momenta) is given by 

dA/dt — —(H, A), 


where H is a 'Hamiltonian function and the 
parentheses ( , ) denote the tPoisson bracket. 
A replacement of the Poisson bracket (A, B) by 
[A, B]/ih transforms this classical equation 
into the quantum-mechanical equation above. 
It should be noticed that the mathematical 
structure of the Poisson bracket is similar to 
that of commutator. In this transition from 
classical to quantum mechanics the corre- 
spondence principle can be used. This requires 
that the laws of quantum mechanics must lead 
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to the equations of classical mechanics in the 
classical situation, where many quanta are 
involved and h can be regarded as infinites- 
imally small in the commutation relation. 

The correspondence principle suggests that 
Hamiltonian operators in quantum mechanics 
can be obtained from Hamiltonian functions 
Н(р,, q,) of canonical variables p, and q, in 
classical mechanics after replacing p, and q, by 
the operators P, and Q, in the Schródinger 
representation (up to uncertainty of about the 
order of operators). This process of moving 
from canonical variables and the Hamiltonian 
function in classica! mechanics to canonical 
operators and the Hamiltonian in quantum 
mechanics is called quantization. Taking a 
system of s particles and letting x,, y,, and z, 
be the Cartesian coordinates of the kth parti- 
cle, we usually write the equation of motion as 


Q s k? 
ж (- > LS 


к=1 2m, 
JI 


which is a second-order partial differential 
equation. Here m, is the mass of the kth par- 
ticle; A, is the tLaplacian of x,, y,, and z,; and 
V is a real function called the potential energy. 
This equation is the time-dependent Schrédin- 
ger equation. The partial differential operator 
on the right-hand side is called the (s-body) 
Schrödinger operator and (x. yi.z;, .... 
Xs, Vs, Zs t) is called a wave function. The prob- 
ability of finding a particle in the volume 
dx, dy, dz, bounded by Xp, x, + dx,, yy. Ve + йуу, 
and z,, z, + dz, is proportional to |V(x,. y4.z,, 
vies Xp Ys Zy Р. Usually |]? is normalized 
so that its integral over the whole space is 1. 
We sometimes call ij the probability ampli- 
tude. When y is given by e P^ o(x,,...,z,), 
the expectation value of an operator А in a 
state y, (A» = [W* Ay dx, ... dz,, does not de- 
pend on time. When this is the case, y is 
called a stationary state. 

A real value E and a function g(x,,...,2,) 
are found by solving an 'eigenvalue prob- 
lem Ho = Eq. This equation is the time- 
independent Schródinger equation, which is a 
second-order partíal differential equation. 
Since the Hamiltonian H stands for the energy 
of this system, the eigenvalues E are the energy 
values that this system can take. 

When a potential function V is given, it is 
a nontrivial matter to prove that the (s-body) 
Schródinger operator with the given V is es- 
sentially self-adjoint on the set of, for example, 
all C?-functions with compact supports so 
that its closure H defines mathematically the 
continuous one-parameter group of unitaries 
U, — e Hub for the time evolution of the quan- 
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tum system of s particles with the given inter- 
action potential V. If V satisfies an estimate 
| Vl < А} How + uly] (called the Kato per- 
turbation on Ну) for some nonnegative 4 < 1 
and uz: 0 and for all y іп a dense domain on 
which H, is essentially self-adjoint, where H, 
denotes the Schrödinger operator with V — 0 
(called the free Hamiltonian or the kinetic 
energy term), then H, + V is essentially self- 
adjoint on the same domain. For the case 
where V consists of Coulomb interactions 
between electrons and Coulomb potentials 
on electrons by fixed nuclei, for example, 
such an estimate and hence the essential self- 
adjointness of Hamiltonians for atoms and 
molecules were established first by T. Kato 
(Trans. Amer. Math. Soc., 70 (1951)). 

For a 1-body Schródinger operator (or 2- 
body Schródinger operator after the center 
of mass motion has been separated out), the 
point spectrum is that of the particle trapped 
by the potential, and the state represented by 
its eigenvector is called a bound state. The 
eigenvalue is nonpositive for a reasonable class 
of potentials V (for example, if V(x) (xe R°) is 
continuous and @(|х| ! ^*) as |x| oo for some 
є> 0), and its absolute value is called the bind- 
ing energy. The eigensolutions of the Schró- 
dinger equation are what have been called 
stationary states above. 

There are also stationary solutions that 
do not correspond to the point spectrum and 
hence are not square integrable. They are used 
in the stationary methods of scattering theory 
(— 375 Scattering Theory). 


E. Some Exact Solutions for the 1-Body 
Schródinger Equation 


(1) Harmonic oscillator. First consider the case 
in which the space is of 1 dimension, so that 
the Laplacian A is (d/dx)?. Let m be the mass 
of the particle and V(x) = ma? x?/2 for a posi- 
tive constant о (called the angular frequency). 
The Hamiltonian 


Н = —(h?/2m)(d/dx)? + mo? x?/2 
has simple eigenvalues 
E,—ho(n- (1/2) n=0,1,2,..., 


with a complete orthonormal set of eigen- 
functions 


Vx) = c H,(q)e t’, 


where H,(q) is a 'Hermite polynomial and c, is 
the normalization constant: 


а= (то)! x, 


(n/21 
Hia) È C- U'ntQay" ?'r(n— 20k], 


c, = 2?" (n? nh/(mo)] 14. 
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When the space is of r dimensions, n in E, is 
replaced by n, +... + n, with nonnegative 
integers п;,...,п,, and the corresponding eigen- 
function is T]j-, Wn (xp). 

(2) One-dimensional square-well potential. 
Let V(x) 2 V for Ix] € a/2 and V(x)=0 for |x| > 
a/2 (xeR). If V z 0, there are no point spectra. 
If V «0 and 


N—1«a(—2mVy (xh) < N, 


then there are N eigenvalues (№ = 1, 2,...) 
obtained as the roots E <0 of one of the fol- 
lowing equations: 


((V/E) — 112 = tan (a( —2mE)'2/(2h)), 
{(V/E)—1}12 = —cot{a(—2mE)"2/(2h)}. 


(3) Separation of angular dependence for 
central potential. If V(x) (xe R3) depends only 
on r-|x| 2 (Z2. (x)?)'? (called a central poten- 
tial), then all eigenvalues E and a basis for 
eigenfunctions y (x) can be obtained in terms 
of the polar coordinate r, 0, o (x, =rsin 0cos o, 
x, —rsinOsin o, хз —rcosÓ) as 


W(x) = Yim(8, o)r ! u(r), 
—(h? /(2m))u"(r) + (8211 4- 1)/(2mr) 
+ V(r) —E}u(r)=0, 


Ivi a lu) dr < о, 


where the angular function Y,, is an eigenfunc- 
tion of the square L? of the orbital angular 
momentum L = — ix x V: 


Yin = Cm Pi (cos 0)e'"9, 
Съ = (—1)"^ (QI 4- 1) (L— m)!/(4n(l + m)!)) 12. 


m-li—1,..,—l-1,—Lh 1=0,1,2,.... 


Here Ру"(х) is an tassociated Legendre 
polynomial: 


P(x) - (1 — x2)" (dx? — 1}/dx 2). 


The above equation for u(r) is called the radial 
equation. The nonnegative integer l is the 
azimuthal quantum number, and the integer m 
is the orbital magnetic quantum number. The 
wave function у(х) with the angular depen- 
dence Y,,,(8, o) is called the S-wave, P-wave, D- 
wave, ... according as /=0, 1,2, .... 

(4) Hydrogen-type atom. Let V(r) = — Ze?/r 
(Z>0). For each Гапа m, there are eigenvalues 
—e? Z?/Dan?) with eigenfunctions у, = 
r lua(r) Y, (0, 9), where n2 1+1, 1+ 2,... is 
the principal quantum number, 
uy(r) = Cy Leer (s) 1e 52, — s=2Zr/(na), 
сы= —{(п—1—1)![27/(па(п + DAIN)”, 


and L&(x) is the uth derivative of the tLaguerre 
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polynomial 
Ly(x)= > (NI? C7 x AUN —v)!(v))2). 


The eigenvalue is determined by n, and its 
multiplicity is n^, corresponding to the differ- 
ent possible values of | and m. 


F. Path Integrals 


R. P. Feynman (Rev. Mod. Phys., 20 (1948)) 
has given the solution of the Schródinger 
equation as an integral of ей" over all possible 
paths q(t), where L = L(q, d) (d =(d/dt)q(t)) is 
the classical Lagrangian for the Hamiltonian 
system. This integral is called the Feynman 
path integral. Mathematical reformulation of 
the formula in terms of the Wiener measure 
has been given by M. Kac (Proc. 2nd Berkeley 
Symp. Math. Statist. Probability, 1950; Proba- 
bility and related topics in the physical sciences, 
Wiley, 1959). 

Consider the 1-body Schrédinger operator 
H = Ho + V (form sum), where V is the sum of a 
locally integrable function bounded below and 
a Kato perturbation on Hp. Let b(t) (t >0) be 
the Wiener process and q(t) = hb(t)/(2m)!?. For 
any L, functions f, 


(e "P^ f) (x) 
=( fo e| [| V(x наал) 


0 

for almost all x, where E denotes the expecta- 
tion for the Wiener process. If V is a sum of 
L, and L. functions (for spatial dimension 
<3), then the right-hand side is continuous in 
x for t> 0. This is called the Feynman-Kac 
formula. 

Let Ly be the Hamiltonian for a 1-dimen- 
sional harmonic oscillator with m = œ = 
й = 1 and y, be the eigenfunction yo(x) = 
n !#ехр(— x2/2). Consider H = Lo + V (form 
sum), where V is a sum of a locally integrable 
function bounded below and a Kato pertur- 
bation on Lo. Let q(t) (te R) be Gaussian ran- 
dom variables with mean 0 and covariance 
E(q(t)q(s) 22 'exp(— |t — sl) (called the oscil- 
lator process). For any f(x) in L,(R, Yô dx) 
(j=1,...,n) and to € t,... €t, &t,,, 


(Jo, e 7798 e 0н р. f p быу) 


ZZ | И УТ 


The above path integral formulas аге closely 
related to the Trotter product formula 


e (4*D = lim (e Ane —*Binyn (t z 0), 


noo 


where A and B are self-adjoint operators 
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bounded below and A + B is essentially self- 
adjoint. (The same formula holds without the 
boundedness assumption when t€ iR.) 


G. The Dirac Equation 


The Schródinger equation is not relativistically 
invariant. The Klein-Gordon equation 


1 2? тс 


Г1=А—-уту, кет 


= 2 = 
(2—90 =0, с? at?’ h 


is obtained by replacing p, by (h/i)0/0x, 
(К = 1,2, 3) and E by ihó/8t in the relativistic 
identity 


E? = m2 et + р? с?, 


where c is the speed of light. Wave functions of 
free particles are believed to satisfy this equa- 
tion. P. А. M. Dirac assumed that the y of a 
free electron is expressed in terms of a tspinor 
with four components satisfying a linear dif- 
ferential equation that automatically implies 
the Klein-Gordon equation. Relativity re- 
quires the equal handling of space and time. 
The Dirac equation 


(8) 


B — ct) satisfies these requirements. The 
coefficients y“ can be so determined that 
every component of y also satisfies the Klein- 
Gordon equation. Thus the у“ are found to be 
4 x 4 matrices satisfying the commutation 
relations ^y" 4- y "y" —2g"" (u, v —0, 1, 2, 3), 
where g^" —0 for us v and g°°=—g*=1 (k= 
1,2, 3). Sixteen linearly independent matrices 
are obtained by repeated multiplication of five 
matrices, which include the four matrices y?, 
ү!, y7, у? and the identity matrix. Any 4 x 4 
matrix can be expressed as a linear combina- 
tion of these sixteen matrices. 

The Dirac equation has tplane wave 
solutions 


w(x, t) =uexp((i/h)p' x — 
where the energy eigenvalues E are 


t /mic* + рс? +p’c’. 


There are four independent eigensolutions u), 
иб), и®), and и, because u has four compo- 
nents. Two of them are of positive energy and 
the other two are of negative energy. Although 
the negative energy case is physically undesir- 
able, it has to be taken into account in order 
to obtain a mathematically complete set. To 
solve this difficulty, Dirac proposed the hypoth- 
esis (Dirac’s hole theory) that all the negative 
energy states are filled up by an infinite num- 


(i/h) Et), 
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ber of electrons in the normal state of the 
vacuum. The absence from the vacuum of a 
negatively charged electron in a negative 
energy state could then be expected to mani- 
fest itself as a positively charged particle (posi- 
tron) with positive mass and kinetic energy. If 
gamma rays are absorbed to excite an electron 
from a negative energy state into a positive 
energy state, an electron-position pair must be 
created. Y. Nishina and O. Klein calculated 
the cross section of Compton scattering (the 
Klein-Nishina formula) by use of the Dirac 
equation and found good agreement with 
observations, thus providing evidence that the 
Dirac equation is correct. The existence of 
negative energy states, however, forces us to 
give up considering the Dirac equation as 

an equation of one electron. The positron 
theory is introduced, and the Dirac equation 
is considered as the classical field of electron 
waves and is second-quantized (— 377 Second 
Quantization). 

The Klein-Gordon equation can also be 
considered to be the classical wave equation of 
matter and can be second-quantized. Motions 
of particles with zero spin, pi mesons (л) for 
example, obey this equation. 

We can rewrite the Dirac equation as 
ihoy/0t = Hy, Н — ca: p+ mc? f, where y* = 
Ва, (к= 1,2,3), and у? = 3. Since H cannot 
commute with the orbital angular momentum 
of an electron Lor x p= — ihr x V, L is not 
conserved. However, the total angular momen- 
tum J =L+(h/2)o can be conserved when o is 
a vector whose components can be given as 


a, Ü 1 0 0 o, 
here б= Е 
К К. | ° ha » о 


and ће оу, called Pauli spin matrices, аге given 


b 0 1 0 -i 1 O 
(= ,0,— ,0,— ; 
ENE 09/7 9 0:908 AO. xt 
(The y! are called Dirac’s y matrices.) The 


h . 
quantity 5=;6 is the intrinsic angular momen- 


tum of the electron, also called the spin. Many 
particles besides the electron, the neutron for 
example have spin. The matrix S? =S? + S? + 
52 is diagonal and is equal to s(s+ 1)? (I is 
the identity matrix). For the electron s= 1/2, 
and h/2 is called the absolute value of the spin. 
Therefore we say that electrons are particles of 
spin h/2. This was predicted in the theory of 
light spectra. 

When the speed of an electron is very small, 
so that (v/c)? can be neglected, states of the 
electron can be expressed in terms of two- 
component wave functions. This approxi- 
mation is called the Pauli approximation. If 
the spin-orbit term that appears in the Pauli 
approximation is also neglected, these two 
components become independent of each 


1307 


other and individually satisfy the Schródinger 
equation. 


H. Application of Representation Theory of Lie 
Groups 


A symmetry (with active interpretation) is 

a bijective mapping of pure states (repre- 
sented by unit rays in a Hilbert space) preserv- 
ing transition probabilities between them. 
Wigner's theorem says that any symmetry can 
be implemented by either a unitary or an 
antiunitary mapping of the underlying Hilbert 
space as a mapping of unit rays onto them- 
selves. Furthermore a connected Lie group 

of symmetries is implemented by unitaries, 
which form a projective representation. Eigen- 
states y of the Schrödinger equation are func- 
tions of the coordinates of each particle. Let 
these coordinates be denoted together as x. 

Suppose that an operator T operates on the 
x, as, for example, a rotation of the coordinate 
system or a permutation of the labels of the 
particles. If T commutes with H or H is invar- 
iant under the transformation x x' = Tx, 
then Ty (x) = у(х) = (Т^! x) satisfies the same 
Schródinger equation as y, where the trans- 
formation of the function is defined by y'(x') = 
V (x). The set of transformations xx’ = Tx 
forms a tgroup {Т}, and the corresponding 
transformations y — Ty give a (generally 
infinite-dimensional) representation of this 
group, which should be funitary on L,-space 
relative to the Lebesgue measure dx if T leaves 
the measure invariant. There are degeneracies 
of the energy eigenvalues, each of which is 
equal to the dimension of the corresponding 
representation of the group (T). If the repre- 
sentation for each eigenvalue is decomposed 
into irreducible ones, then the decomposed 
stationary state can be labeled by an firreduc- 
ible representation. 

When H is spherically symmetric, i.e., H is 
invariant under the 3-dimensional rotation 
group, states are classified by the irreducible 
representations D, of the trotation group (— 
258 Lorentz Group). The square of the sum L 
of all orbital angular momenta has eigenvalues 
L(L + 1)&?, where L must be 0 or a positive 
integer. There are 2L + 1 degenerate states, 
each of which belongs to a different M, the 
z-component of L, where M ranges from L to 
— L by unit steps. Even when there is an inter- 
action between the orbital angular momentum 
and the spin angular momentum, states are 
labeled by the irreducible representations D; 
of the rotation group, where J is the sum of 
the orbital angular momentum L and the spin 
angular momentum S (J =L +S) and eigen- 
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values of J? are given by J (J + 1)h2. Each J 
must be zero, a positive integer, or a half- 
integer. Adding inversions to the pure rota- 
tions, we obtain the 3-dimensional orthogonal 
group (— 60 Classical Groups I). Irreducible 
representations of this group are written as 
Dj, where + corresponds to the characters 
of the inversion relative to the origin. States 
with 4- are called even states and those with 
— , odd states. For example, energy levels of 
atoms and nuclei can be classified by D. 

To obtain matrix elements of observables 
between two stationary states, group repre- 
sentation theory is useful. The transformation 
of every observable obeys a certain rule under 
the transformation of coordinates. The scalar 
is transformed according to Dj , the vector 
according to D, , the pseudovector according 
to Рі, and the traceless tensor according to 
Dj . If the transformation of an observable 
is given by D,, then a matrix element of this 
observable between the states belonging to Dy 
and D,. vanishes unless the tensor product 
representation D, @ D, contains as a factor a 
representation equivalent to Р,,. In electro- 
magnetic transitions in atoms or nuclei, D, @ 
Dy =Dy4,t+Dyp+Dy_, (Ј 21) if the electric 
dipole transition dominates (J = 1). This im- 
plies the selection rule J' J’ +1, J’, J' — 1. 
When J' —0, only the transition 0 1 is pos- 
sible. More general selection rules can be 
obtained in the same way for general multi- 
pole transitions. Representation theory is 
useful in determining general formulas of 
transition strengths. 

There is a class of particles, many of which 
can occupy the same state, called bosons. 
There is another class of particles, of which 
only one can occupy a given state, called fer- 
mions. For example, the electron, neutron, and 
proton are fermions, while the photon and pi 
meson are bosons. Two identical particles, 
both of which are either fermions of the same 
kind or bosons of the same kind, cannot be 
distinguished. Therefore the Hamiltonian 
should be invariant under permutations be- 
tween identical fermions, or between identical 
bosons. À system consisting of N identical 
particles can be classified by the irreducible 
representations of the tsymmetric group Sy of 
N elements. When the particles are fermions, 
two of them cannot occupy the same state (this 
law is called the Pauli principle), so that only 
totally antisymmetric states are permissible 
for fermions. When a system consists only of 
fermions of the same kind with spin h/2 and a 
Hamiltonian of this system does not include 
terms depending on spins, then the wave func- 
tions are just products of spin and orbital 
parts. In order to make wave functions totally 
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antisymmetric, orbital wave functions with a 
total spin v/2 should be limited to those corre- 
sponding to the tYoung diagram [2" °, 1"]« 
T(2,2, ...,1, 1). 


I. Polyatomic Molecules 


The group generated by the 2-dimensional 
rotations about the axis connecting two atoms 
and the reflections with respect to the planes 
containing this axis is used to classify states 

of diatomic molecules. Stationary states can 
be classified by the absolute value A of the 
angular momentum of the diatomic system 
around this axis, which can be zero or a posi- 
tive integer. When A > 1, the corresponding 
state has twofold degeneracy, whereas when A 
— 0, two states (labeled by +) arise, depending 
on the character of the reflections. If these two 
atoms are identical, the molecular states can 
be classified further as even and odd according 
to the character of reflections with respect to 
the plane containing the center of mass and 
perpendicular to the axis. The classification of 
the spectral terms of a polyatomic molecule is 
related to its symmetry, described by the set of 
all transformations that interchange identical 
atoms. For example, stationary states of meth- 
ane molecules CH, are classified by the irre- 
ducible representations of the group Т, (which 
is generated by adjoining reflection symmetry 
to the *tetrahedral group T). Level structures 
of a crystal are classified by the irreducible rep- 
resentations of its symmetry groups. 

In the approximation of many-body prob- 
lems by means of independent particles, the 
wave function of the total system is con- 
structed by multiplying the wave functions of 
the individual particles. To construct such a 
wave function, it is useful to consider the re- 
duction to irreducible parts of the ttensor 
products of representations of the groups 
attached to the individual particles. For exam- 
ple, an atom with two electrons carrying the 
angular momenta J, and J, has 2J' +1 differ- 
ent angular momentum states, where J’ = 
min(J,, J2) corresponding to the decompo- 
sition Dj, & D,, D, +3, + Dj ау, 4 +... + 
Р, ;,. The right-hand side of this equation 
gives all possible states of the atom. 


J. Charge Symmetry 


The proton and the neutron can be considered 
to be different states of the same particle, 
called the nucleon, because these two particles 
have very similar natures except for their 
charges, masses, etc. As an approximation, the 
Hamiltonian of a system consisting of protons 
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and neutrons may be taken to be invariant 
under the interchange of protons and neu- 
trons. This invariance is called charge sym- 
metry. Analogous to ordinary spin, isospin can 
be introduced to describe the two states of nu- 
cleons. The up state of the isospin corresponds 
to the proton and the down state corresponds 
to the neutron. Consider transformations 
belonging to the ‘special unitary group SU (2) 
in the 2-dimensional space spanned by the 
proton state and the neutron state. If a Hamil- 
tonian of N nucleons is invariant under any 
transformation belonging to SU(2), then the 
eigenstate of these N nucleons is classified 

by its irreducible representations Юу, where 

T stands for the total isospin of each state. 
This invariance, called isospin invariance, 
holds in the nucleus and elementary particles 
if electromagnetic and weak interactions, and 
possibly the interaction responsible for the 
proton-neutron mass difference, are neglected. 
When a state of N nucleons has an isospin 

T —v/2, the orbital-spin wave function of this 
state must correspond to the Young diagram 
[2^ ^", 1°], since the isospin wave function 
multiplied by the orbital-spin wave function is 
a totally antisymmetric wave function. If this 
Hamiltonian is also independent of spin, it is 
invariant under unitary transformations in the 
4-dimensional space spanned by the four inter- 
nal states of the nucleon: up and down spins, 
up and down isospins. Therefore the states of 
N nucleons can be classified by the irreducible 
representations of the group U(4) (Wigner's 
supermultiplet theory). 


K. The C*-Algebra Approach 


The uniqueness of operators satisfying the 
canonical commutation relations (represen- 
tations of CCR's) up to quasi-equivalence (— 
Section C) no longer holds if the number of 
canonical variables become infinite (a so-called 
system of infinitely many degrees of freedom), 
a point first emphasized by K. O. Friedrichs 
(Mathematical aspects of the quantum theory 
of fields, Interscience, 1953), and physical 
examples illustrating this point were given 
by L. van Hove (Physica, 18 (1952)) and R. 
Haag (Mat. Fys. Medd. Danske Vid. Selsk., 29 
(1955)). The use of C*-algebras in physics was 
first advocated by I. E. Segal (Ann. Math., 
48 (1947)), and the physical relationship 
among all inequivalent representations of a 
C*-algebra was first discussed by R. Haag and 
D. Kastler (J. Math. Phys., 5 (1964)). 

In C*-algebra approach, a physical obser- 
vable is an element of a C*-algebra Ў and a 
state is a functional ф on % (its value (A) is 
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the expectation value of the observable AeA 
when measured in that state) that is linear, 
positive in the sense @(A*A) 20 for any AeA, 
and normalized, i.e., ||ф|| = 1 or equivalently 
o(1)=1 if 1€9I. The *GNS construction associ- 
ates with every state o a Hilbert space H,, a 
representation л„(А), Ae Ul, of UA by bounded 
linear operators on H,, and a unit cyclic vec- 
tor Q, in H, such that p(A)=(Q,, 2,(A)Q,). 
Two states o and у (or rather z, and л„) are 
called disjoint if there is no nonzero mapping 
T from H, to H, such that Тл,(А) = x, (A)T 
for all AeA. Abundant disjoint states occur 
for a system of infinitely many degrees of 
freedom, e.g., equilibrium states of a infinitely 
extended system with different temperatures 
(^ 402 Statistical Mechanics), superselection 
sectors explained below (— 150 Field Theory) 
and equilibrium or ground states with broken 
symmetry. 

Because actual measurement can be per- 
formed only on a finite number of observables 
(though chosen at will from an infinite number 
of possibilities) and only with nonzero experi- 
mental errors, information on any state ф can 
be obtained by measurements only up to a 
neighborhood in the weak topology: |@(A;) — 
al<, i— 1, ..., n. A set K, of states can 
describe measured information on states at 
least equally well as another set K; (K, physi- 
cally contains К.) if the closure of K, in the 
weak topology contains K,. From another 
viewpoint, all states of K, are weak limits of 
states in K, and are physically relevant if 
states in K, are physically relevant. The set of 
all mixtures of vector states (v, л(4)џ) for any 
fixed faithful representation z of N is weakly 
dense in the set of all states of A, a point em- 
phasized by Haag and Kastler as a foundation 
of the algebraic viewpoint in the formulation 
of quantum theory. I 

Under 360° rotation a vector representing 
a state of a particle with spin Й/2 acquires а 
factor —1 (— 258 Lorentz Group), while the 
vacuum vector would be unchanged. А поп- 
trivial linear combination (superposition) of 
these two would then be changed to a vector 
in a different ray. If the 360° rotation is not to 
produce a physically observable effect, then we 
should either forbid nontrivial superpositions 
of states of the two classes or, equivalently, 
restrict observables to those leaving the sub- 
space spanned by vectors in each class invar- 
iant so that the relevant linear combinations 
of vectors, when considered as states on the 
algebra of observables in the form of expecta- 
tion functionals (y, Ay), are actually mixtures 
(rather than superpositions) of states in two 
classes and are invariant under the 360^ rota- 
tion. This is called the univalence superselec- 
tion rule and has been pointed out by A. S. 
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Wightman, G. C. Wick, and E. P. Wigner 
(Phys. Rev., 88 (1952)). 

In quantum field theory, the vacuum state 
can be taken to be pure (by central decompo- 
sition if necessary) and in the associated GNS 
representation (called the vacuum sector) all 
vectors can be assumed to be physically rele- 
vant pure states. In principle, all physically 
relevant information is in the vacuum repre- 
sentation; for example, a particle with spin ^/2 
can also be discussed in the vacuum sector if 
we consider a state of this particle in the pre- 
sence of its antiparticle at a far distance, such 
as behind the moon (the behind-the-moon 
argument). However, it is mathematically more 
convenient to consider the states of the par- 
ticle without any compensating object (in the 
same way that an infinitely extended gas is 
more convenient for some purposes than a 
finitely extended gas surrounded by walls), 
which can be obtained as weak limits of states 
in the vacuum sector by removing the com- 
pensating particle to spatial infinity and which 
produce inequivalent representations called 
superselection sectors. 


L. Foundation of Quantum Mechanics 


Hilbert spaces and the underlying field of 
complex numbers, which constitute a mathe- 
matical background for quantum mechanics, 
are not immediately discernible from physical 
observations, and hence there are various 
attempts to find axioms for quantum mechan- 
ics that imply the usual mathematical struc- 
ture and at the same time allow direct physical 
interpretation. 

One approach of this kind focuses attention 
on the set of all observables that have only 
two possible measured values 1 (yes) and 0 
(no), called questions, together with their order 
structure (logical implications) and associated 
lattice structure (join, meet, and orthocomple- 
mentation as logical sum, product, and nega- 
tion). This is called quantum logic in contra- 
distinction to the situation in classical physics, 
where it would form a Boolean lattice. The 
lattice of all orthogonal projections (corre- 
sponding to all closed subspaces of a Hilbert 
space) in quantum mechanics is a tcomplete, 
torthocomplemented, weakly modular (also 
called orthomodular) tatomic lattice satisfy- 
ing the covering law, where weak modularity 
means cA( v b) 2 b and b v(b' ^c) 2 c when- 
ever b «c, and the covering law means that 
every b #0 possesses an atom p under it (p <b) 
and that if an atom q satisfies q^ b —0, then 
any c between qv b and b (qvbz cz b)isb 
or qv b. Conversely any such lattice is a di- 
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rect sum of Irreducible ones, each of which, 

if of dimension (length of longest chain) 3, 
can be obtained as the lattice of subspaces V 
satisfying (V!) = V in a vector space over a 
(generally noncommutative) field with an anti- 
automorphic involution є, equipped with а 
nondegenerate Hermitian form. In this ap- 
proach, an additional requirement is needed 
to restrict the underlying field and its * to be 
more familiar ones, such as real, complex, or 
quaternion fields and their usual conjuga- 
tions =. If that is done, then the set of all prob- 
ability measures on the lattice (i.e., assign- 
ment of expectation values 0 < u(a) < 1 for all 
elements a in the lattice such that u(V;a;) = 

X ща) if а, 4 a; for all pairs ij, u(a) z 0, 
(1) = 1) is exactly the restriction to questions 
of states p(A)=tr(pA) given by the density 
matrices p (Gleason's theorem). 

It is also possible to characterize the set of 
all states equipped with the convex structure 
(mixtures) geometrically. The set of all states 
(without the normalization condition) of a 
finite-dimensional, formally real, irreducible 
tJordan algebra over the field of reals (the 
positivity of a state ф is defined by ф(а?) >0) 
has been characterized as a transitively homo- 
geneous self-dual cone in a finite-dimensional 
real vector space (a cone V is transitively 
homogeneous if the group of all nonsingular 
linear transformations leaving V invariant is 
transitive on the topological interior of V) by 
E. B. Vinberg (Trans. Moscow Math. Soc., 12 
(1963); 13 (1965)), where the relevant Jordan 
algebras were completely classified earlier by 
P. Jordan, J. von Neumann, and E. P. Wigner 
(Ann. Math., 36 (1934)) as direct sums of the 
following irreducible ones: the Jordan algebra 
(with the product Ao B =(AB + BA)/2) of all 
Hermitian n x n matrices over the real, com- 
plex, or quaternion field, all 3 х 3 Hermitian 
matrices over octanions, or the so-called spin 
balls (the set of all normalized states being 
a ball) linearly generated by the identity and 
y; (= L ..., n) satisfying уо у =0 if jk and 
y=. 

In infinite-dimensional cases, this type of 
characterization extends to the “natural” posi- 
tive cones of vectors (A. Connes, Ann. Inst. 
Fourier, 24 (1974); J. Bellissard and В. Iochum, 
Ann. Inst. Fourier, 28 (1978)); while the convex 
cone of all states (without normalization) of 
Jordan algebras and C*-algebras have been 
characterized in terms of a certain class of 
projections associated with faces of the cone, 
called P-projections, by E. M. Alfsen, F. W. 
Shultz, and others (Acta Math., 140 (1978); 144 
(1980)). In finite-dimensional cases, Araki 
(Commun. Math. Phys., 75 (1980)) has given a 
characterization allowing direct physical inter- 
pretation by replacing P-projection with a 
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notion of filtering corresponding to quantum- 
mechanical measurement. 

Due to some features of quantum- 
mechanical measurement not in conformity 
with common sense, there have arisen hidden 
variable theories that are deterministic and 
reproduce the quantum-mechanical prediction. 
For a situation where a pair of (correlated) 
particles in states a and b are created and 
their spins (1 or —1, i.e., up or down spin) 
measured at positions distant from each other, 
the expectation value E(a, b) for the product 
would be given in a hidden variables theory 


by E(a, p= | (двд) for a probability 


measure p and the functions A, and B, of 
hidden variables 4, representing spins and 
hence satisfying | А | € 1 and |B,| < 1. Then the 
following Bell's inequality holds: 


| E(a, b) — E(a, b") + E(a', b) + E(a', b’)| <2. 


This contradicts both quantum-mechanical 
predictions and experimental results, so that 
hidden variable theories of this type have been 
rejected. 
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A. History 


H. Grótzsch (1928) introduced quasiconformal 
mappings as a generalization of conformal 
mappings. Let f(z) be a continuously different- 
iable homeomorphism with positive Jacobian 
between plane domains. The image of an in- 
finitesimal circle |dz| = constant is an infini- 
tesimal ellipse with major axis of length (|f. | 
+15:1)142{ and minor axis of length (| f.| — 
|f:|)|dz|. When the ratio K(z)=(|f.| + 
USD/OFCI— LEID) is bounded, f is called quasi- 
conformal. If K = 1, then f is conformal. 
Grótzsch noticed that Picard's theorem still 
holds under the weaker condition; he deter- 
mined the quasiconformal mappings between 
two given domains, which are not conformally 
equivalent to each other, providing the smallest 
sup K, that is, those closest to conformality 
[1]. 

We cannot speak of the history of quasi- 
conformal mappings without mentioning the 
discovery of extremal length by A. Beurling 
and L. V. Ahlfors (— 143 Extremal Length), 
which has led to the precise definition for 
` quasiconformality itself. 

Quasiconformal mappings have less rigidity 
than conformal mappings, and for this reason 
they have been utilized for the type problem or 
the classification of open Riemann surfaces 
(Ahlfors, S. Kakutani, O. Teichmüller, K. I. 
Virtanen, Y. Tóki; — 367 Riemann Surfaces). 
Quasiconformal mappings have important 
applications in other fields of mathematics, 
e.g., in the theory of !partial differential equa- 
tions of elliptic type (M. A. Lavrent'ev [2]) 
and especially in the problem of moduli of 
Riemann surfaces, including the theory of 
Teichmüller spaces (= 416 Teichmüller 
Spaces). These applications are explained in 
Sections C and D. 


B. Definitions 


The current definitions of quasiconformality, 
which dispense with continuous differentia- 
bility, are due to Ahlfors [3], A. Mori [4], and 
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L. Bers [5] (— C. B. Morrey [6]). Consider an 
orientation-preserving topological mapping f 
of a domain D on the z( =x + iy)-plane. The 
quasiconformality of f is defined as follows. (1) 
(the geometric defintion) Let Q be a curvilinear 
quadrilateral, i.e., a closed Jordan domain with 
four specified points on the boundary, and 

let the interior of Q be mapped conformally 
onto a rectangular domain I. The ratio (7 1) 
of the sides of I, called the modulus of Q and 
denoted by mod Q, is uniquely determined. If 
mod f(Q) < K mod Q for any curvilinear 
quadrilateral Q in D, then f is called a K- 
quasiconformal mapping of D. This is equiva- 
lent to: (2) (the analytic definition) f is ab- 
solutely continuous on almost every line seg- 
ment parallel to the coordinate axes contained 
in D (this condition is often referred to as ACL 
in D) and satisfies the inequality |] == ТА 
almost everywhere іп D with some constant 

К 21. When the value of K is irrelevant to the 
problem considered, K-quasiconformal map- 
pings are simply said to be quasiconformal. 

The K-quasiconformal mapping f satisfies 
the so-called Beltrami differential equation 
=u, 
almost everywhere in D with the measurable 
coefficient u. The maximal dilatation (1 + 
lu] „)/(1— llul) does not exceed К. Some- 
times f is called, for short a u-conformal map- 
ping. These notions are also defined for map- 
pings between tRiemann surfaces, where the 
(—1,1)-form udz dz `1 is independent of the 
choice of the local parameter z. 

If in the above statements f is not neces- 
sarily topological but merely a continuous 
function satisfying the same requirements, 
we call it a u-conformal function. (If in addi- 
tion [| «(K —1)/(K + 1), we call it a K- 
quasiregular function or K-pseudoanalytic 
function.) A u-conformal function is repre- 
sented as the composite g o h of an analytic 
function g with a u-conformal mapping h. 


C. Principal Properties and Results 


The inverse mapping of a K-quasiconformal 
mapping is also K-quasiconformal. The com- 
posite mapping f; o f, of a K,-quasiconformal 
mapping f, with a K;-quasiconformal 
mapping f», if it can be defined, is K, K,- 
quasiconformal. A 1-quasiconformal mapping 
is conformal. Every quasiconformal mapping 
is ttotally differentiable a.e. (almost every- 
where), its Jacobian is positive a.e., and (| f.| + 
DAAI- 12D К ae. 

Let f be a K-quasiconformal mapping of |z| 
« 1 onto |w| « 1. Then f extends to a homeo- 
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morphism of |z|< 1 onto |w|< 1. If, further- 
more, f(0) = 0, then the Holder condition 


|2, —2;| Ы sa UK 
66 «|fG:) — J(z;)| < 16|z, —z;| 
holdsfor|z,|<1,|z,|<1,and 16 is the best 
coefficient obtainable independently of K 
(Mori). This shows that any family of K- 
quasiconformal mappings of |z|< 1 onto |w] 
< 1 is tnormal. For further properties and 
bibliography — O. Lehto and Virtanen [7] 
and Ahlfors [8]. 


(a) Boundary Correspondences and Extensions. 
Ahlfors and Bcurling characterized the corre- 
spondence between |z| = 1 and |w|= 1 induced 
by f [9]. What amounts to the same thing, the 
following theorem holds: Let р(х) be a real- 
valued monotone increasing continuous func- 
tion оп R such that lim, , |, “(x)= +оо. Then 
there exists a quasiconformal mapping of the 
upper half-plane у> 0 onto itself with bound- 
ary correspondence xt> p(x) if and only if 


1 Ue +1t)— p(x) 
p `щх)—и(х—1) ` 


for some constant p >1 and for all x, te R. 
Theorem of quasiconformal reflection (Ahl- 

fors [10]). Let L denote a curve which passes 

through оо and divides CU { оо } into two 


domains О, Q* such that QULUQ*=CU {oo}. 


Then there exists an orientation-reversing 
quasiconformal mapping of Q onto Q* which 
keeps every point of L fixed if and only if some 
constant C exists satisfying |63 — C, [1/6 — 

E [<C for any three points б, 0, бз on L 

such that €,€6,¢). 


(b) Mapping Problem. Given a measurable 
function u in a simply connected domain D 
with ||all < 1, there exists a u-conformal 
mapping of D onto a plane domain A which is 
unique up to conformal mappings of A [8]. 
When и is real analytic and the derivatives of 
functions are defined in the usual manner, a 
classical result concerning the tconformal 
mapping of surfaces asserts the existence of a 
solution of Beltrami’s differential equation 

fs = uf. 

Concerning the dependence of u-conformal 
mapping on u, Ahlfors and Bers [11] obtained 
the following important result: Denote by f” a 
u-conformal mapping of the whole finite plane 
onto itself that preserves 0 and 1. The space of 
functions и has the structure of a Banach 
space with L,,-norm, and the space of map- 
pings f“ also has the structure of a Banach 
space with respect to a suitable norm. If { u(t) 
= u(z; t)} is a family of и depending on the 
parameter t with | n(t)]] , <k « 1 and y(t) is 
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continuous (resp. continuously differentiable, 
real analytic, complex analytic) in t, then f^? 
is also continuous (continuously differentiable, 
real analytic, complex analytic). For the proofs 
of these important results, which have opened 
up a new way to study tTeichmiiller space, the 
extension and reflection of quasicoaformal 
mappings are made essential use of. 


(c) Extremal Quasiconformal Mappings. Let 
K( f) denote the maximal dilatation of a quasi- 
conformal mapping f. Suppose that a family 
F =! f} of quasiconformal mappings is given. 
If some foe. Z exists such that K( fọ) attains 
the infimum of K(f) for all fe F, then fç is 
called an extremal quasiconformal mapping in 
F 
Let R={(x,y)|0<x<a,0<y<b}, R= 
х, у)]0<х'<а',0<у'<Ь'| be a pair of 
rectangular domains. Let F be the family 
of all quasiconformal mappings of R onto 
R' which map each vertex to a vertex with 
(0,0) 5 (0,0). Then the unique extremal quasi- 
conformal mapping for 2 is the affine map- 
ping x’ =(a’/a)x, y =(b'/b)y (Grótzsch [1]). 
Next suppose that we are given two homeo- 
morphic closed Riemann surfaces R, S and а 
thomotopy class ¥ of orientation-preserving 
homeomorphisms of R onto S. Then .Z con- 
tains a unique extremal quasiconfcrmal map- 
ping. More precisely, either R and S are con- 
formally equivalent to each other or else R 
admits an essentially unique analytic (2, 0)- 
form ® such that the respective local co- 
ordinates z, w of R, S satisfy the differential 
equation 


(0w/0z)(0w/ez) -(K -DAK + DISAP] (1) 


with some constant K > 1 everywhere on К, 
at which Ф 40 (Teichmüller [12], Ahlfors 
[3]). This turns out to be a generalization of 
Grótzsch's extremal affine mapping. The ex- 
tremal mapping f satisfying equation (1) is 
sometimes referred to as the Teichmiiller 
mapping. 

Consider again a p-conformal mapping g 
of the unit disk D:|z| « 1 onto itself which 
induces a topological automorphism of the 
boundary |z|= 1. If we define 2 as the family 
of all quasiconformal automorphisms f of D 
satisfying f(e'?) = g(e*), then the extremal 
quasiconformal mapping in ¥ exists but is not 
always determined uniquely (K. Strebel [13]). 
As to the Teichmüller mapping, the unique- 
ness theorem is as follows: If the norm ||Ф || = 
ffold(z)| dx dy of ® in (1) is finite, the Teich- 
müller mapping is the unique extremal quasi- 
conformal mapping іп F. Otherw:se, the 
uniqueness does not hold in general (Strebel 
[13]). On the other hand, a necessary and 
sufficient condition is proved for the Beltrami 
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coefficient и of a quasiconformal mapping of 
F to be extremal (R. S. Hamilton [14], Е. 
Reich and Strebel in [15]). Moreover, this 
last result can be extended to the extremal 
quasiconformal mapping between arbitrary 
Riemann surfaces. 


D. Applications 


In the earlier stage of development of this 
theory, quasiconformal mappings were applied 
only to the ttype problem of simply connected 
Riemann surfaces and to the classification of 
Riemann surfaces of infinite genus (— 367 
Riemann Surfaces). This application is based 
on the fact that it 1s often possible to find a 
quasiconformal mapping with the prescribed 
boundary correspondence even when no 
equivalent conformal mapping exists and 

the fact that the classes Og and Og (— 367 
Riemann Surfaces) of Riemann surfaces are 
invariant under quasiconformal mappings, as 
they are under conformal mappings. 

It is worth remarking that the investigation 
of quasiconformal mappings is intimately 
connected with the recent development of the 
theory of 'Kleinian groups via Teichmüller 
spaces. 

The theory of quasiconformal mappings was 
also applied by Lavrent'ev [16] and Bers [2] 
to partial differential equations, particularly 
to those concerning the behavior of fluids. 
They utilized the fact that if the density and its 
reciprocal are bounded in a steady flow of a 
2-dimensional tcompressible fluid, then the 
mapping of the physical plane to the potential 
plane (the plane on which the values of the 
tvelocity potential and the fstream function 
are taken as coordinates) is quasiconformal, 
and that if in addition the supremum of the 
*Mach number is smaller than 1, then the 
mapping from the physical plane to the thodo- 
graph plane is pseudoanalytic. 


E. Similar Notions 


The term quasiconformal was used differently 
by Lavrent'ev, as follows: А topological map- 
ping f —u- iv is called quasiconformal with 
respect to a certain system of linear partial 
differential equations when u and v satisfy 
the system. This is a generalized definition 
because the system may not be equivalent 

to a Beltrami equation. However, it is reduced 
to a quasiconformal mapping if the system is 
uniformly elliptic. Bers used the term pseudo- 
analytic to describe a certain function related 
to linear partial differential equations of ellip- 
tic type. This function is pseudoanalytic in 
the sense of Section B on every relatively 
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compact subset and has properties similar to 
those of analytic functions. 

Analytic transformations in the theory 
of functions of several variables are called 
pseudoconformal by some mathematicians, 
and there is a similar term quasi-analytic. The 
latter is an entirely different notion from the 
one discussed in this article. 


F. Generalization to Higher Dimensions 


Let f be a continuous ACL-mapping of a 
subdomain G of R" into R" whose Jacobian 
matrix is denoted by f'(x). Furthermore, the 
operator norm and the determinant of f' are 
denoted by || f” || and det f”, respectively. Then 
f is said to be quasiregular if all the partial 
derivatives of f are locally of class L" on G 
and if there exists a constant K > 1 such that 
(I. f£" Go)" € K : det f(x) almost everywhere in 
G. The smallest K >1 for which this inequality 
is true is called the outer dilatation of f and 
is denoted by K,( f). If f is quasiregular, 

then the smallest K > 1 for which the inequal- 
ity det f'(x) < К: [miny,-, |f (x+ y)|"] holds 
almost everywhere in G is called the inner 
dilatation of f and is denoted by K,( f). If 
max(K (f), Ko({))< K', then f is said to be 
K'-quasiregular. An orientation-preserving 
mapping is called K-quasiconformal (J. Vài- 
sala [17]) if it is a K-quasiregular homeomor- 
phism. When n —2, these definitions agree 
with those given in Section B. 

For nz3 the following properties also still 
hold: A quasiregular mapping is discrete, 
open, totally differentiable a.e. and is abso- 
lutely continuous (O. Martio, S. Rickman, 
and Vaisala [18]). Quasiconformal extension 
of higher-dimensional half-spaces have been 
studied by Ahlfors and L. Carleson [15]. 
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A. General Remarks 


Racah algebra is a systematic method of cal- 
culating the tmatrix element (y, Ay’) in tquan- 
tum mechanics, where A is a dynamical quan- 
tity and y and у” are irreducible components 
of the state obtained by combining n їапршаг 
momenta. The angular momentum j has x-, 
y^, z-components jx, jy, jz, respectively. Each 
component is i times the infinitesimal rotation 
around the respective axis and is the generator 
of the infinitesimal rotation for every irreduc- 
ible component y. The addition of two angu- 
lar momenta leads to a ttensor representation 
D(j,) & D(j4) of two tirreducible representa- 
tions of the 3-dimensional rotation group. 
The problem is to decompose this tensor rep- 
resentation into the direct sum of irreducible 
representations. 


B. Irreducible Representations of the Three- 
Dimensional Rotation Group 


Irreducible representations of the group SO(3) 
of 3-dimensional rotations can be obtained 
from irreducible representations D(j) (j = 
0, 1,2, ...) of its *universal covering group 
SU (2) of 2 x 2 matrices with determinant 1, 
through the 2-fold covering isomorphism 
SO(3)= SU (2)/{ +1} (— 60 Classical one E 
The representation D(j) (j —0, 1/2, 1, 3/2, .. 
SU (2) is the 2j-fold tensor product A @... _ y 
of AeSU (2) restricted to the totally symmetric 
part of the 2j-fold tensor product space. Let 
u — (1) and v = (9) be a basis for the complex 2- 
dimensional space on which SU(2) operates. 
The symmetrized tensor product of (j + m)-fold 
и and (j —m)-fold v multiplied by a positive 
normalization constant (m —j,j — 1,..., —j) 
defines an orthonormal basis of M represen- 
tation space of D(j), which we shall denote by 
ym). 

Decomposition of the tensor product of two 
irreducible representations D(j,) and D(j;) 
into irreducible components leads to 


D(j)) 8 D(j,)=> DU), 
J=hit+Je 

For the basis we can write 

w(jm) 

= Y (јат) (от) (im jam; ji jz jm), 


and the coefficients are called the Clebsch- 
Gordan coefficients or Wigner coefficients. The 
vectors i⁄( jm) in each irreducible represen- 


j +j 1, -lji —j2l- 
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tation space are determined only up to an 
overall phase factor (a complex number of 
modulus 1). By a suitable choice of the result- 
ing arbitrary phase (which may depend on 


ji» j2, J) the coefficients are given by 


jh +j. 2]2|ji—jl, 


(т, ьт, ji j; jm)=ó(mi + m, m) 


J DG DIG iN 5)! 
(ji m), —mi)!( j, + m)! 
VAG, tj-j-v)!Gi— 


Gi tja tj 1)! 
xg 
(ja—m,)!(j+m)!(j=m)! ) 
(ja+m—y)!(j—ja+m, Бу) т +9)! 


m, — v)! 


They satisfy torthogonality relations. Another 
concrete expression for the same coefficients, 
but of a different appearance, was obtained 
earlier by Wigner. Wigner introduced the 3j- 
symbol, given by 


p eco ment 


m,m;m; 
x(jim,jom,ljijaja —m3) 


for m, +m, + m, =0 and zero otherwise. This 
is invariant under cyclic permutations of 1, 2, 3 
and is multiplied by (—1) 2+ under trans- 
positions of indices as well as under the simul- 
tancous sign change of all the m's. The 3j- 
symbol multiplied by ( —1)/2*7:77: is the V- 
coefficient of Racah. 

There are two ways, (D(j,) & D(j;)) @ D( js) 
and D(j,) & (D(j;) & D(j4)), to reduce the 
tensor product of three irreducible representa- 
tions, and two corresponding sets of basis 
vectors. The transformation coefficient for the 
two ways of reduction is written in the form 


ChjaGi3JaJlia jajal} j^ 
-/Qji; Dj; 1) Wit Јо) JaiJazJ23)- 


Here W(abcd; ef), called the Racah coefficient, 
can be written as the sum of products of four 
Wigner coefficients. W has the following sym- 
metry properties: 


W (abcd; еў) = 


W (badc; ef) 
= W(cdab; ef) 
= W(acbd; fe) 
-(-Df**/ * *W(ebcf; ad) 
=(—1)%* f * *W(aefd; be) 


and satisfies an orthogonality relation. The 6j- 


abe 


symbol (25; is related to the Racah coefficient 
by 


А —( _1yatb+c+d abe 
W(abdc; ef ) - ( —1) t ae 
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C. Irreducible Tensors 


A dynamical quantity T¥ (q=k,k—1,..., —k) 
that transforms in the same way as the basis of 
D(k) under rotation of coordinates is called an 
irreducible tensor of rank k. That is, it satisfies 


[bu Ту = (k+q)(k+q4+1) TE, 
[j Т] = атк. 
Here [a, b] = ab — ba. The matrix element of 


this quantity between two irreducible compo- 
nents can be written in the form 


(ajm| Tam) 

=(1/./2j + 1)(aj|| T? ||) m'kq | ут), 
where « is a parameter to distinguish multiple 
components with the same j, and components 
of different x are assumed to be orthogonal. 
In this formula the Clebsch-Gordan coeffi- 
cients are determined from group theory, while 
(aj|| T? |0) depends on the dynamics of the 
system. 

When Т® and U® operate only on the state 
vectors in the subspaces H, and H,, respec- 
tively, of the total space (tHilbert space) Н = 
H, x Hy, their scalar product (Т®, U*) = 
X(—1) ТХ U% has the matrix element 
(2,05 ji jx jm (T9, О) [ос x j, J, jm) 
=(=} IWG јл jy; jk) 

х (4 ji I T® læ јл) (9 j> | Uo J). 

For an irreducible component of the tensor 
product of two irreducible tensors, 


[T*» @ и] 
= 2: ТШ (Куа, К»д»|Ку К. Кд), 


41+4:=9 
the matrix can be written as 
(aj ja jT? О ој, 7,7) 
=/2k+ DQ +D +1) 


x? (ай TEP Mae) aja NU“? laja) 
es 


h Pj j 
хел Jj Jp. 
k, k, k 


The last factor, the 9j-symbol, is defined as 
the matrix element between basis vectors of 


[D(j)) x DG] x EDG3 x DG4)] and [D(j,) x 
D(j3)] x EDG3 x DG): 


ChdaGi3JaJaUaa)jml Ја Јз( з) 72 j (24) jm? 
=,/Qiv +1)(2/з4 + Df: + 1)(2/54 + 1) 


h h j2 
X4 јз Ja Јза 
Лз Ja. J 
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The 9j-symbol can be written as a weighted 
sum of the products of the three W's. 

See [6] and [7] for explicit formulas of 
Clebsch-Gordan coefficients and [8] for Racah 
coefficients. 
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A. General Remarks 


А sequence of numbers that can be regarded 
as realizations of independent and identi- 
cally distributed trandom variables 1s called 

a sequence or table of random numbers. It is 

a basic tool for the tMonte Carlo method, 
tsimulation of stochastic phenomena in nature 
or in society, and tsampling or trandomiza- 
tion techniques in statistics. Random numbers 
used in practice are pseudorandom numbers 
(— Section B); theoretically, the definition 

of random numbers leads to an algorithmic 
approach to the foundations of probability 
[12]. 


B. Pseudorandom Numbers 


Tables of numbers generated by random 
mechanisms have been statistically tested and 
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published. To generate random numbers on a 
large scale, electronic devices based on sto- 
chastic physical phenomena, such as thermo- 
electron noise or radioactivity, can be used. 
For digital computers, however, numbers 
generated by certain simple algorithms can be 
viewed practically as a sequence of random 
numbers; this is called a sequence of pseudo- 
random numbers. 

Distribution of random numbers that are 
easily generated and suitable for general use is 
the continuous uniform distribution on the 
interval (0, 1), which is approximated by the 
discrete distribution on (0, 1, ... 
Random numbers with distribution function 
F(:) are obtained by transforming uniform 
distributions by F !(-). For typical distribu- 
tions, computation tricks avoiding the direct 
computation of F !(:) have been devised. 
Among them the use of *order statistics and 
acceptance-rejection techniques have wide 
applicability. 

For the generation of uniform pseudoran- 
dom numbers on (0,1,..., N- 1], N=n° (n=a 
computer word length), the following algo- 
rithms are used. Each of them is written in 
terms of simple computer instructions. (1) The 
middle-square method was proposed by von 
Neumann. We square an integer of s digits of 
radix (or base) n and take out the middle s 
digits as the next term. We repeat this process 
and obtain a sequence of pseudorandom num- 
bers. The sequence thus generated might be 
cyclic with a short period, possibly after many 
repetitions. The lengths from initial values to 
the terminal cycles are empirically checked. 
(2) The ! Fibonacci sequence {u,} defined by 
Uy, =U,-, +u, (mod m) is apparently regular, 
but it is uniformly distributed. (3) The con- 
gruence method [3]: Define a sequence by 
Uy 4, = au, + c (modn°) or (mod i? + 1). If c — 0, 
the procedure is called the multiplicative con- 
gruence method, otherwise the mixed con- 
gruence method. The cycle, that is, the mini- 
mum k such that u, — uo, and the constants 
а, c, and и, that make the cycle maximum 
for given n and s are determined by number 
theory. The points (uj ші, ... i-i K= 
0, 1, 2, ..., lie on a small number of parallel 
hyperplanes in the I-dimensional cube. Good 
choice of the constant a makes the sequence 
quite satisfactory. (4) H. Weyl considered 
sequences f(k) = ко (mod 1), where х is an 
irrational number and k=1, 2,..., whose 
values are uniformly distributed on the inter- 
val (0, 1). They are not independent, though 
they can be used for some special purposes. A 
modified sequence x, = k?a (mod 1) is known 
to be random for any irrational x in the sense 
that the tserial correlation N^! X? , x,x,,,— 
1/4 converges to 0 uniformly in | as Noo. 


»N—-1} (N» 1). 
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C. Statistical Tests 


To check uniform random numbers on (0, 1) 
the following tests are used: (1) Divide (0, 1) 
into subintervals; then the frequency of ran- 
dom numbers falling into these is a multi- 
nomial sample. Goodness of fit can be tested 
by the tchi-square test; independence can be 
tested by observing the frequency of tran- 
sitions of subintervals in which a pair of con- 
secutive numbers falls, as well as by observing 
the overall properties, such as uniformity of 
the frequency of patterns of subintervals in 
which a set of random numbers falls. (2) For a 
set of random numbers, the distance of the 
empirical distribution function from that of the 
theoretical one is tested by the 'Kolmogorov- 
Smirnov test. (3) Observe the rank orders of a 
set of random numbers, and test the random- 
ness of their permutations (test the number of 
runs up and down). 


D. Kolmogoroy-Chaitin Complexity and Finite 
Random Sequences 


As Shannon’s entropy is a quantity for mea- 
suring the randomness of random variables, 
the Kolmogorov-Chaitin complexity [4, 5] 
is that of individual objects based on logic 
instead of probability. For constructive ob- 
jects xe X, ye Y and a partial recursive func- 
tion A: Y x {1,2,...} +X, define 
Es En n| A(y, n) = x), 
oo (if A(y,n)= x for no n). 

The function A is said to be asymptotically 
optimal if for any B there exists a constant 
C such that K ,(x| y) x Kg(x| y) + C for any 
xe X and ye Y. For an asymptotically op- 
timal A, which is known to exist, K ,(x| у) is 
simply denoted by K (x | y) and is called the 
Kolmogorov-Chaitin complexity of x given y. 

P. Martin-Lóf [6] discussed a relation be- 
tween complexity and randomness. Consider 
any statistical test for the randomness on the 
set of (say) finite decimal sequences which is 
effective in the sense that it has a finite algo- 
rithm. Then there exists a constant C indepen- 
dent of L and M such that 


K(5,,..., &,| L) 2 Llog; 10— M 


implies the acceptance of the decimal sequence 
£i, ..., Čz by the test at the level 1 —2^ M^ €. 
This condition on the complexity is satisfied 
by at least (1 — 2 ^)10* sequences among the 
decimal sequences of length L. 


E. Collective and Infinite Random Sequences 


For finite sequences, the notion of randomness 
is obscure by nature. For infinite sequences, 
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however, clearer definition is possible. Based 
on the notion of collectives by R. von Mises, a 
definition of infinite random sequences has 
been given by A. Church [7]. А selection func- 
tion is a (0, 1}-valued function on the set of 
(say) finite decimal sequences such that (n, 
9(£,, 62, ..., Čn-1)= 1} is an infinite set for any 
infinite sequence €,, čz, .... For a selection 
function ф and an infinite sequence £,, £,, ..., 
the o-subsequence is defined as bs СЕРР 
where (n; «n; <...} = (n, o(6,, ..., £,.,) =). 
For a class y of selection functions, an infinite 
decimal sequence is called a w-collective if each 
of the numbers 0, 1, ...,9 appears in it with a 
limiting relative frequency of 1/10, and the 
same thing holds for any o-subsequence with 
pey. By definition, a random sequence is a y- 
collective for the class y of recursive selection 
functions. Almost all real numbers are random 
in their decimal expansions. 


F. Normal Numbers 


Let x — [x] 2 X x,r " be the r-adic expansion 
of the fractional part of a real number x. For 
any ordered set B, =(b,,...,5,) of numbers 

0, 1, ...,r— 1, let N,(x, B,) be the number of 
occurrences of the block B, in the sequence 
Xy, Xy If N,(x, B)/n—r * as n> со for every 
k and every B,, then x is said to be normal to 
base r. Almost all real numbers are normal to 
any r. D. G. Champernowne [8] constructed a 
normal number given by the decimal expan- 
sion 0.1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, .... 
No one has so far been able to prove or dis- 
prove the normality of such irrational num- 
bers as л, e, ,/2, ./3,.... W. Schmidt [9] 
proved that the normality to base r implies the 
normality to base p if and only if logr/log p is 
rational. A real number whose decimal expan- 
sion is random in the above sense is normal to 
base 10. For the converse, a necessary and 
sufficient condition for a selection function 
(for which o(£,, ..., čz) depends only on L) to 
have the property that the normality implies 
the {~}-collectiveness has been obtained in 


[10]. 
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A. Axioms for the Real Numbers 


The set R of all real numbers has the following 
properties: 

(1) Arithmetical properties: (i) For each pair 
of numbers x, ye В, there exists one and only 
one number we В, called their sum and de- 
noted by x+ y, for which x+ y= y + x (com- 
mutative law) and (x+ y) -z2x-- (y - z) 
(associative law) hold. Furthermore, there 
exists a unique number 0 (zero) such that 
x+0=x for every xeR (existence of tzero 
element). Also, for each x, there exists one and 
only one number — xeR for which х+(— х) 
=Q. (ii) For each pair of numbers x, ye R, 
there exists one and only one number we R, 
called their product and denoted by xy, for 
which xy = yx (commutative law), (xy)z = 
x(yz) (associative law), and (x + y)z = xz + 
yz (distributive law) hold. Furthermore, 
there exists a unique number 1 (unity)eR 
such that 1x = x for every xeR (existence of 
tunity element). Also, for each x #0 (xe R) 
there exists one and only one number x ! eR 
for which xx `! = 1. Owing to properties (i) 
and (ii), all four arithmetic operations obey 
the usual laws (with the single exception of 
division by zero); in other words, R is a tfield. 

(2) Order properties: (i) For each x, ye R, 
one and only one of the following three rela- 
tions holds: x < y, x= y, or x» y. With x< y 
meaning x « y or x= y, the relation < obeys 
the transitive law: x< y and y < z imply x <z, 
which makes R totally ordered. (ii) Order and 
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arithmetical properties are related by: x < y 
implies x -z € y +2 for any zeR, and x< y 
and Ox z imply xz & yz; in other words, R is 
an *ordered field. f 

In particular, xe R with x 0 is called a 
positive number, and xe R with x < 0 a negative 
number. We write |x| 2 x if x 20 and |x| = 
— x if x < 0, and call |x| the absolute value 
of x. 

(3) Continuity property: If nonempty subsets 
A and B of R, with a « b for each pair ae A 
and be B, satisfy R= AUB and АПВ= Ø 
(empty set), then the pair (A, B) of sets is called 
a cut of R. For each cut (A, B) of R, there exists 
a number xeR (necessarily unique) such that 
for every ae A, ax x, and for every be B, 

b zx (ie, x -supA —inf B). This property of 
R is called Dedekind's axiom of continuity (— 
294 Numbers). 

The set R of all real numbers is determined 
uniquely up to an isomorphism, with respect 
to arithmetic operations and ordering, by 
properties (1)-(3). R forms an additive Abelian 
group; its subgroup (0, +1, +2,..., +n,...} 
generated by 1 can be identified with the 
group Z of integers. The subset of all positive 
integers (1,2, ..., n, ... } may be identified with 
the set N of all natural numbers. The subset 
im/n |m, ne Z, n:£0j of R forms the subfield of 
R generated by 1. It can be identified with the 
field Q of all rational numbers. À real number 
that is not rational is called an irrational 
number. 


B. Properties of Real Numbers 


(1) For each pair of positive numbers a and 
b> a, there exists a natural number n with 
a « nb (Archimedes? axiom). 

(2) For each pair of positive real numbers a 
and b with a « b, there exists a rational num- 
ber x such that a « x « b (denseness of rational 
numbers). 

(3) For any subset A in R *bounded from 
above (below), the Tleast upper bound of A: a 
—sup А ("greatest lower bound of A:b — inf A) 
exists. 

Let {a,} be a їѕедиепсе of real numbers. 
Assume that for each arbitrary positive num- 
ber є there exists a number nj such that |a, — ^| 
<e for all n» ny. Then we write lim, ,, a, = 
b (or a,->b) and call b the limit of {a,}. We 
also say that {a,} is a convergent sequence 
or that a, converges to b. 

(4) If for two sequences {а„}, {Б„}, we have 
a, €à5 €... Ka, €... «b, S... <b, «b, and 
lim(b, — a,) = 0, then there exists one and 
only one number ce R with lima, —limb,- c 
(principle of nested intervals). 
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(5) Let {а,} be a sequence of real numbers. 
If for any arbitrary positive £ there exists a 
natural number n, satisfying |a, — «,| < e for 
all m, n> no, then {а„} is called a fundamental 
sequence or Cauchy sequence. Any funda- 
mental sequence of real numbers is convergent 
(completeness of real numbers). 

For a set with properties 1 and 2 of Section 
A, it can be proved that property 3 of Section 
À is equivalent to property 3, or properties 1 
and 4, or properties 1 and 5 of this section. 


C. Intervals 


For two numbers a, beR with a« b, we write 
(a,b)={x|a<x « b), 
(a,b]={x|a<x<b}, 
[a, b)={xla<x<b}, 
[a, bJ={x]a<x<b}, 


and call them (finite) intervals, of which a and 
b are their left and right endpoints, respectively. 
Specifically, (a, b) is called an open interval and 
[а,Ь] a closed interval. The symbols oc and 
—oo are introduced as satisfying oc > x, x> 
—oo, oo > —c0 for all xe R. Writing +оо for 
oo, we call +оо and —oo positive infinity and 
negative infinity, respectively. To extend the 
concept of intervals, we define (—oo, b) — 
ix|x «b, хє}, (—oo,b] - ix|x <b, xeRj, 

(а, oc) 2 (xla « x, хєВ), [a, o0) 2 dx |a& x, 
xeRj, and (—оо, oo) = R, and call them infinite 
intervals. 

Let {а„} be a sequence of real numbers. If 
for each infinite interval (a, oo) ((— о, a)) there 
exists a number по such that a, e (a. оо) (a,€ 
(—оо, a)) for all n> ng, then we write a, + oo 
(a, — —oo) and call oo ( —co) the limit of a,, 
denoted as before by lim a,. 


D. Topology of R 


With the collection of all its open intervals 

(a, b) as an topen base, R is a ttopological 
space (torder topology) that satisfies the tsep- 
aration axioms T,, Тз, T4. In R every (finite or 
infinite) interval (including R itself) is tconnec- 
ted, and the set Q of rational numbers is dense. 
À necessary and sufficient condition for a 
subset F of R to be tcompact is that F be 
bounded and closed (Weierstrass's theorem). 
In particular, any finite closed interval is com- 
pact. R is a locally compact space satisfying 
the second tcountability axiom. Further, any 
(finite or infinite) open interval is homeomor- 
phic to R. The topology of R may also be 
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defined by the notion of convergence (— 87 
Convergence). 

Arithmetic operations in R are all con- 
tinuous: If a,—a and b,—b, then а, Б, эа+ b, 
а, —b,—a-— b, a,b,—ab, and a,/b,— a/b (where 
b +0, b, 0). Hence R is a ttopological field 
(regarding the characterization of R as a topo- 
logical group or a topological field — 422 
Topological Abelian Groups). 

R as a topological Abelian group (with 
respect to addition) is isomorphic to the top- 
ological Abelian group R * of all positive real 
numbers with respect to multiplication. To be 
precise, there exist topological mappings f: R 
>R+* with f(x y) = f(x)f(y) and g:R* >R 
with g(xy) — g(x) + g(y). If f(1)—a, g(b)= 1, 
then f, g are uniquely determined and are 
written f(x)— a", g(x)=log, x. 

Regarding R as a topological Abelian group 
(with respect to addition), any proper closed 
subgroup Г of R is discrete and isomorphic to 
the additive group Z of integers. That is, for 
some £7 0 we have Г = {ne|neZ}. In parti- 
cular, the quotient group R/Z as a topological 
group is isomorphic to the rotation group of a 
circle (1-dimensional ttorus group). Elements 
of R/Z are called real numbers mod 1. 


E. The Real Line 


Let | be a Euclidean straight line considered to 
lie horizontally, say from left to right. Let po, 
p, be two distinct points on /, with ро situated 
to the left of p,. Then there exists one and only 
one bijection @ from the set L of all points of I 
to К satisfying (i) (po) «0, o(pi) — 1; (ii) if p 
lies to the left of q, then o(p) < @(q); and (iti) 
for two line segments pq and p'q' (where p and 
р are to the left of q and q’, respectively), 

Pq 5 p'q' (pq and р' are tcongruent) <> ф(4)— 
ф(р)= 0(q')— (р). Then ф(р) is called the 
coordinate of the point p, and (ро, pi) the frame 
of the line /. A Euclidean straight line with a 
fixed frame is called a real line (identified with 
R by the mapping q) and is usually denoted by 
the same notation R or R!. 
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A. General Remarks 


A function whose tdomain and frange are both 
the set of natural numbers (0, 1,2, ...} is called 
a number-theoretic function. In this article, the 
term natural number is used to mean a non- 
negative integer. Hilbert (1926) and K. Gódel 
[1] considered certain number-theoretic func- 
tions, called recursive functions by them and 
now called primitive recursive functions after S. 
C. Kleene [2] (the definition is given in Section 
B). Gódel introduced an efficient method of 
arithmetizing metamathematics based on 
representing certain finitary procedures in 
metamathematics by primitive recursive func- 
tions. Then the following problem naturally 
arises: How shall we define a finitary method? 
In other words, how shall we characterize a 
number-theoretic function that is effectively 
computable, or provided with an algorithm of 
computation? Gódel defined the notion of 
general recursive function by introducing a 
formal system for the elementary calculation of 
functions, following the suggestion given by J. 
Herbrand. Kleene later improved Gódel's 
definition and developed the theory of gen- 
eral recursive functions [2]. Furthermore, A. 
Church and Kleene defined 4-calculable func- 
tions using the 4-notation (Church [4]), and E. 
L. Post and A. M. Turing defined the notion of 
computable functions by introducing the 
concept of Turing machines. These notions, 
introduced independently and almost simulta- 
neously, were found to be equivalent. Hence 
such functions are now simply called recursive 
functions. Here, instead of giving the definition 
of recursive functions in the original style (the 
Herbrand-Gódel-Kleene definition), we give it 
by utilizing the idea of introducing schemata, a 
natural extension of the notion of primitive 
recursive functions. We employ the letters x, y, 
Z, X4, Хә, ... for variables ranging over the 
natural numbers. 
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B. Primitive Recursive Functions 


Consider the following five definition 
schemata: 


(D eQ)-x (=х+1), 
(IH) ф(х, ....х,)=9 
(q а given natural number), 
(II) @(x,,...,x,)=x, (I<i<n), 
(IV) ф(х, ...,х,) = YAX Xu, 
Хп(Х15 5: Х)), 
(У)  9(0,x5,...,. X)  V(X5, .... X), 
PLY’, X3, X) = (у, Ф(у,Х›,..., Xn) 
X3, X3). 
where i( )is a constant natural number if 


n — 1. A function is called primitive recursive if 
it is definable by a finite series of applications 
of the operations (IV) and (V) (V, y. y. ..., Xm 
are already-introduced functions) starting from 
functions each of which is given by (I), (П), or 
(III). Given the functions y, ..., Y, we define 
the relativization (with respect to y, ..., V) of 
the definition of primitive recursive functions 
as follows: A function is called primitive recur- 
sive in V, .... V, if it is definable by a finite 
series of applications of (IV) and (V) starting 
from y/,, ..., i, and from functions each of 
which is given by (Т), (1), or (IIT). 

We say that a function q(x,, ..., x,) is 
the representing function of a tpredicate 
Р(х, ..., x,) if o takes only 0 and 1 as values 
and satisfies 


P(x,..., x) e» [Xi ..., x,) =O. 


Then we call P a primitive recursive predicate if 
its representing function q is primitive recur- 
sive. The following functions and predicates 
are examples of primitive recursive ones: a + b, 
à: b, a, а!, min(a, b), max(a, b), Ja — b|, a=b, 

a « b, a|b (a divides b), Pr(a) (a is a prime 
number), p, (the (i+ 1)st prime number, p, = 2, 
р, =3,...), (a); (the exponent of p; of the unique 
factorization of a into prime numbers if a 40; 
otherwise, 0). 

Whenever we are given a concept or a 
theorem, we always transform it by replacing 
the predicates contained in it (if any) by corre- 
sponding representing functions. Then an 
operation О is called primitive recursive if 
the function or the predicate O(y ,..., Vi, 
О,,.... Qm) that results from the application 
of О to functions y, ..., v, and predicates 
О\,..., Qu (l,m 2 0,1 - m» 0) is primitive 
recursive in i, ..., Qm. Put ф(х, .. 
=< (x,,...,x,, у). Then 9 is primitive 
recursive in y, and the finite sum È, <, is a 
primitive recursive operation in this sense. 
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Similarly, the following operations are primi- 
tive recursive: the finite product IT, <,, the 
logical connectives 1, v, A, > (-— 411 
Symbolic Logic), definitions by cases, the 
bounded quantifiers Зу, .., Vy, <z, and the 
bounded џг-орегаќог uy, <, defined as follows: 
Hy, <: R(x, у) is the least y such that y <z and 
R(x, y) holds, if there exists such a number y; 
otherwise, it equals z. The following operation 
is also primitive recursive: 


ф(у, X5, ..., X) 

mJ. х2, Xy) х2, i13 Xa); 
where 

$05x3, Xn) = D [ pfo m. 


i<y 
A function ф is said to be primitive recursive 
uniformly in y, ..., V; when q is definable by 
applying a primitive recursive operation to 

V, Tort yi. 

Almost all results mentioned in this section 
were given by Gódel [1]. There are further 
investigations on primitive recursive functions 
by R. Péter (1934), R. Robinson (1947), and 
others. Note that a function definable by a 
*double recursion is not necessarily primitive 
recursive. Péter (1935, 1936) investigated in 
detail functions that are definable, in general, 
by k-fold recursions for every positive interger 
k [8]. 


C. General Recursive Functions 


The following p-operator is used to define 
general recursive functions by extending primi- 
tive recursive functions. For a predicate R( y) 
on the natural numbers, uyR( y) is the least y 
such that R( y), if JyR( y); otherwise, uyR( y) is 
undefined. Generally, uy(V(x,, ..., Xn, y) 20) 

is not necessarily defined for each n-tuple 

(X, ..., x,) of natural numbers. Now, a func- 
tion is called a general recursive function (or 
simply recursive function) if it is definable by a 
series of applications of schemata including a 
new schema 


(VD ф(х\,... ‚х у)=0) 


for the definition of ọ from any function ү 
that satisfies 


Xp) = uy... 


Vx, ... Vx Зуб (ху, ... x4, y) = 0), 


In addition to those used to define the primi- 
tive recursive functions. Thus, by definition, 

a primitive recursive function is general recur- 
sive. А general recursive predicate is a predicate 
such that its representing function is general 
recursive. The facts, including the ones con- 
cerning relativization, that are valid for pri- 
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mitive recursive functions are also valid for 
general recursive functions. 


Kleene's Normal Form Theorem. For each n, 
we can construct a primitive recursive predi- 
cate T,(z, x,, ..., Xn y) and a primitive recursive 
function U(y) such that given any general 
recursive function ф(х;, ..., x,), a natural 
number e can be found such that 


Vx, S Vx 3yT(e,xi,...,X,, у), (1) 
9(x,, ..., Xn) = U (py T, (e, x. -+5 X4, y). (2) 


Any natural number e for which (1) and (2) 
hold is said to define @ recursively or to be a 
Gódel number of a recursive function ф. Let 
Wis ---, V; (abbreviated V) be any given func- 
tions. We can relativize Kleene's normal form 
theorem with respect to them as follows: 

For each n, we can construct a predicate 

T, (z, X, ..., X, y) that is primitive recursive in 
\Р such that given any function ¢ that is gen- 
eral recursive in V, a natural number e can be 
found such that 


Vx, ...Vx 3yT/(e,xi,...,X,, y), (3) 
ф(х}, ...,х,) = U(uyT, (e x4, ..., X» у)), (4) 


where U( y) is the primitive recursive function 
mentioned in Kleene's normal form theorem. 
A natural number e for which (3) and (4) hold 
is said to define @ recursively in Ч or to be a 
Gödel number of ф from Ҹ. In particular, а 
Gódel number e of ф from V can be found 
independently of ¥ (except for / and the re- 
spective numbers of variables of y4, ... , Vj) 
when дф is general recursive uniformly in VV. 

Now let Š be a tformal system containing 
ordinary number theory. À number-theoretic 
predicate P(x,, ..., x,) is said to be decidable 
within 5 if there is a formula P(a,,...,a,) (with 
no ffree variables other than the distinct vari- 
ables a,,...,a,) of S such that for each n-tuple 
{x,,---,X,) of natural numbers (the symbol |- 
means provable in $), 


(0 LE P(x,,...,x,) or F P(x,....X,) 
and 
(G) P(x,,...,x,) |- P(x,, ....X,). 


where x,, ..., X, designate the numerals corre- 
sponding to x,, ..., x, in S. If S is a consistent 
system such that primitive recursive predicates 
are decidable within S and the predicates Pf, 
(for any formula А, Pf,(x,, ..., Xn, y) means 
that y is the Gódel number of a proof of 
A(x,, ..., X,)) are primitive recursive, then a 
necessary and sufficient condition for P to be 
decidable within S is that P is a general recur- 
sive predicate (A. Mostowski, 1947). 

Church (1936) proposed the following state- 
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ment: Every effectively calculable function is a 
general recursive function. The converse of this 
is evidently true by the definition of recursive- 
ness. So Church’s thesis and its converse pro- 
vide the exact definition of the notion of effec- 
tively computable functions. Though this 
notion is somewhat vague and intuitive, the 
definition seems to be satisfactory, as men- 
tioned at the beginning of this article. There- 
fore, any function with a computation proce- 
dure or algorithm can be assumed to be gen- 
eral recursive. Utilizing this, various decision 
problems have been negatively solved (— 97 
Decision Problem). Furthermore, traditional 
descriptive set theory can be reinvestigated 
from this point of view, and the concept of 
effectiveness used in tsemi-intuitionism is 
clarified using general recursive functions 

(— 22 Analytic Sets). 


D. Recursive Enumerability 


A set {Ф(0), o(1), p(2), ... 1 enumerated by a 
general recursive function ¢ (allowing repe- 
titions) is called a recursively enumerable set. 
The empty set is also considered recursively 
enumerable. It is known that in this definition 
“general recursive" can be replaced by "primi- 
tive recursive" (J. B. Rosser, 1936). A set E of 
natural numbers is recursively enumerable if 
and only if there is a primitive recursive pre- 
dicate R(x, y) such that xe E= 3yR(x, y) 
(Kleene [2]). 

Generally, a predicate E(x,, ..., Xm) is called 
a recursively enumerable predicate if there is a 
general recursive predicate R(x,, ..., Xm 
yp :.:› Yn) Such that E(x,,..., Xm) e dy, ... 

Jy, R(x,, .... Xm Y1 +--> Yn). (Here “general 
recursive" can be replaced by "primitive 
recursive.") 

We call a set E a recursive set if the predi- 
cate xe E is general recursive. The set C = 
{x|dyT; (х, x, у)} is an example of a set that 
is recursively enumerable but not recursive, 
and it has the following remarkable property: 
For every recursively enumerable set E, there 
is a primitive recursive function such that 
xe E= ф(х)є C. In this sense, the set C is said 
to be complete for the class of recursively 
enumerable sets. Post's problem, which asked 
whether the sets that are recursively enumer- 
able but not recursive have the same tdegree of 
(recursive) unsolvability as that of C, was 
negatively solved simultaneously by R. M. 
Friedberg (1957) and A. A. Muchnik (1956- 
1958). A recursively enumerable set E is gen- 
eral recursive if and only if there is a gen- 
eral recursive predicate R(x, y) such that 
xé E<-3yR(x, y) (Kleene [5], Post [6]). 
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E. Partial Recursive Functions 


A function (x,,...,X,) is called a partial func- 
tion if it is not necessarily defined for all n- 
tuples (x,, ..., x,) of natural numbers. For two 
partial functions у(х, ..., x,) and у(х, ...,х,), 
М(х, X) Y(X4, ..., Xp) means that if either 
V (x, ..., x) or (х1, ..., x,) is defined for 

X4, -++ X4, SO Is the other, and the values are 
the same. For any given natural number e, 
ф(х...) = О(нуТ,(е, xs, ...,х,, у)) (or 
=(нуТ (e, ху, .... X4, y))) is a partial func- 
tion, in general. We say that such a function is 
partial recursive (partial recursive (uniformly) in 
V^) and that a natural number e defines ф 
recursively ((uniformly) in V) or is a Gödel 
number of a partial recursive function ¢ (from 
Ф). When a natural number e is a Gödel num- 
ber of ф(х, ..., x,) (a Godel number of p 

trom V), ф(х, ...,х,) is sometimes written as 
tel (х. ....х,) (е Gn... x). If a predi- 

cate R(x,, ..., x,, y) is general recursive, then 
Ly R(x,, ..., Xp, y) is partial recursive. There- 
fore, {z}(x,,...,X,) is a partial recursive func- 
tion of the variables of z and of x,, ..., Xp- 

On the partial recursive functions, the fol- 
lowing two theorems, given by Kleene [3], are 
most useful. (1) For natural numbers m, n, a 
primitive recursive function S" (Z, y,, ..., Ym) 
can be found such that, for any natural num- 
ber e, fel (Yis ..., Ym Xp e Xn) ASI (6 уү,..., 
Vm) (X1... x4). (2) For any partial recursive 
function (2, x,, ..., x, a natural number e 
can be found such that {e}(x,,...,x,)& 

We, x4... x4). 

The notion of partial recursive functions 
appeared first in the theory of tconstructive 
ordinal numbers of Church and Kleene (1963). 
Partial recursive functions can be defined in 
the Herbrand-Gódel-Kleene style as a natural 
extension of general recursive functions, and 
they are also definable by a finite series of 
applications of the schemata (IV), (V), and (VT) 
(in each schema, = used for the definition of ф 
should be replaced by =) starting from func- 
tions given by (1), (II), and (HI). 


F. Extension of Recursive Functions to 
Number-Theoretic Functionals 


Let ~,,...,%,, be number-theoretic functions of 
one variable. If ф(х, ...,х,) is (partial) recur- 
sive uniformly in 2,,...,%,,, then a Gödel 
number e of q is found independently of 

Lys ses Lm, and q(x;, ..., x,) is expressed as 

U (uy Tj те, x,, ..., X4, у)). Now suppose 
that %,,...,%, range over the set N" of all 
number-theoretic functions of one variable, 
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and put 
Фф(01,...,9,,Х1,.:.,Х,) 
= О(пуТ н(е, х, od Xm y)). 


We call such a functional @(a,, ..., €m, 
X1, -<+ X) (partial) recursive, and with it we 
can develop a theory of recursive functions of 
variables of two types. 

Extending the notion of recursive func- 
tionals, Kleene introduced and investigated 
the recursive functionals of variables of arbit- 
rary (finite) types [10, 11]. The natural num- 
bers are the objects of type 0, and the one- 
place functions from type-j objects to natural 
numbers are objects of type j+ 1. Denote 
variables ranging over the type-j objects by xš, 
В”, уі... or od, og, of, ..., etc. Consider a 
functional (simply called a function) of a given 
finite number of such variables of types taking 
natural numbers as values. A function ¢ is 
called a primitive recursive function if it is 
definable by a finite series of applications of 
the following schemata (T)- (VIII), where a is a 
variable of type 0, b is any list (possibly empty) 
of variables that are mutually distinct and 
different from the other variables of the 
schema, and y, y are given functions of the 
indicated variables. (1) g(a, b) = а; (П) o( b) = 
q (q is a natural number); (HI) g(a, b) = a; 

(IV) e(b) = V((b), b); (V) Ф(0, b) = v(b), pla’, b) 
= (a, (а, b), by; (VI) ф(а) = v(a,) (a; is a 

list of variables from which a is obtained by 
changing the order of two variables of the 
same type); (VII) ф(х, a, b) = а! (a); (УШ) 

(a,b) = a) (Aa yla, ai" 2, b)) Aas? desig- 
nates that y is a function of the variables o^ 2). 
We assign to each function ф(а\ a natural 
number called an index (which plays the same 

role as a Gódel number) in such a way that 

it reflects the manner of application of the 
schemata used to introduce g(a). Now, we 
write g(a) with an index e as (ej (a). We call 

a function ф(а) partial recursive if it is defin- 
able by a finite series of applications of the 
schemata (I)-(VIIT) (= is employed instead of 
= in (IV)-(VI) and (УШ), and (IX) o(a, b, c) = 
(a) (b, с) (c is a finite list of variables of arbitrary 
types). In particular, ф(а) is called a general re- 
cursive function if it is defined for all values of the 
argument a. These notions can be relativized 
also with respect to any given functions. Note 
that for the case of types < 1, priraitive recurs- 
ive functions, partial recursive functions, and 
also general recursive functions in the present 
sense are equivalent to the corresponding 
notions (introduced via relativization with 
uniformity) in the ordinary sense already de- 
scribed. The following theorem is important: 
Let r be the maximum type of a. Then there 
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are two primitive recursive predicates M, N 
such that 


(e) (а) = 
we» V2" ^34" M(e,a,w,2" 1,02), 

rz2, 
we» 3er ! Vg"? N(e, a, w, E71, 9"), 

r2. 


Every function definable using (IX’) (a) = 
их (a, x) 20) instead of (IX) is partial recur- 
sive. However, not all the partial recursive 
functions of variables of types >2 can be 
obtained by applying schemata (D—(VIID and 
(IX). 

Further developments have been pursued by 
J. E. Fenstad, J. Moldestad, and others in 
abstract computation theory [20—23]. 


G. Recursive Functions of Ordinal Numbers 


G. Takeuti introduced a notion of primitive 
recursiveness for functions from a segment of 
the ordinal numbers to ordinal numbers. 
Using this, he constructed a model of set 
theory in ordinal number theory. In connec- 
tion with recursive functions of ordinal num- 
bers, there are also investigations by A. Lévy, 
M. Machover, Takeuti and A. Kino, T. Tugué, 
S. Kripke, and others. 

Early treatments of recursive functions of 
ordinal numbers dealt only with functions on 
infinite cardinals. For example, Takeuti con- 
sidered functions with a fixed infinite cardinal 
K as a domain and a range, and defined x- 
recursive functions using schemata similar to 
the abovementioned (I)-(VI). Subsequently 
Kripke observed that the assumption that x is 
a cardinal is not necessary, and introduced 
the notion of admissible ordinals. An admis- 
sible ordinal к has the closure properties 
required for the construction of the calculus, 
and whenever a, f < x and f = f(a) is com- 
putable, then f = f(a) is computable in fewer 
than x stages. Given an admissible ordinal x, 
к-гесигѕіуепеѕѕ can be defined, as in the case of 
general recursiveness, by various equivalent 
methods, e.g., schemata, the equation calculus, 
and definability in both quantifier forms. Most 
of the elementary properties of general recur- 
sive functions (e.g., the normal form theo- 
rem, parametrization theorem, enumeration 
theorem, etc.) are also valid for к-гесигѕіуе 
functions. The notions of degrees of unsolva- 
bility and recursive enumerability can also be 
generalized, yielding the notions of x-degrees 
and x-recursive enumerability, respectively. 
The fine structures of these properties are 
currently the objects of intensive research. 
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Every infinite cardinal is admissible. The 
least admissible ordinal is w, and the next is 
the ordinal o, of Church and Kleene, i.e., the 
first nonconstructive ordinal. In fact, for every 
nz 1, the first ordinal not expressible as the 
order type of a A} predicate is admissible (— 
Section H). For each infinite cardinal « there 
are x^ admissible ordinals of power к. Platek 
investigated recursion theory in a still wider 
setting. He dealt with functions deftned, not on 
a segment of ordinal numbers, but on a set, 
and introduced the notion of admissible sets, 
i.e., sets on which a well-behaved recursion 
theory can be developed. An admissible set is a 
transitive e-model of a certain weak set theory, 
and an ordinal к is admissible if and only if 
there exists an admissible set A such that 
АП О„= к, where О, is the class of all ordinal 
numbers. 

Recent developments have shown that 
generalized recursion theory, set theory, and 
infinitary logic are closely related. In addition 
to the abovementioned, there are some investi- 
gations by Y. N. Moschovakis and others 
[14-27]. 


H. Hierarchies 


Utilizing the theory of recursive functions, S. 
C. Kleene succeeded in establishing a theory 
of hierarchies that essentially contains class- 
ical descriptive set theory as an extreme case 
[5, 10, 31, 32]. Although research following a 
similar line had also been done by M. Davis, 
À. Mostowskii, and others, it was Kleene who 
succeeded in bringing the theory to its present 
form. 

Sets or functions are described by tpredi- 
cates, which we classify as follows. Let a, b, ..., 
0,,05, ..., X, V... , be variables ranging over 
the set N of natural numbers, and х, f), ..., 

04, 05, ..., 6,1], ... be variables ranging over 
the set № of all tnumber-theoretic functions 
with one argument. Let y,,..., (Ez 0) be 
number-theoretic functions. A predicate 

P(a,, ...,0,,04,...,a,) (m nz0,m-- n» 0) 
with variables of two ftypes is called analytic 
in V4, ..., V, (1220) if it is expressible syntacti- 
cally by applying a finite number of logical 
symbols: >, v, ^, 1, 3x, Vx, 16, VC, to tgen- 
eral recursive predicates in V4, ... , Vj. In partic- 
ular, when P is expressible without function 
quantifiers J£, Vé, it is called arithmetical in 
Yi» ---, Yı (120). When 1-9, they are called 
simply analytic and arithmetical, respectively. 

For brevity, consider the case | = 0, 
and denote by q a finite list of variables 
(04, ...,0,,, 04, ..., ân). Every arithmetical pre- 
dicate P(a) is expressible in a form contained 
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in the following table (a): 


(a) К(а); 
3xR(a,x) Vx3yR(a,x,y),..., 
VxR(a,x) 3xVyR(a,x,y),..., 


where each R is *general recursive. In order to 
obtain such an expression we first transform 
the given predicate into its *prenex normal 
form and then contract successive quantifiers 
of the same kind by the formula 


3x, ... 3x, AG... X) 
<= 3xA(Q)o, ...,(%),-1) (1) 


and its “dual form.” Each form in (a) (or the 
class of all predicates with that form) is de- 
noted by Z? or ЛО, where the suffix k refers 
to the number of quantifiers prefixed, and 2 
or П shows that the outermost quantifier is 
existential or universal, respectively. A predi- 
cate that is expressible in both forms 2? and 
II? (or the class of such predicates) is denoted 
by Ло. A predicate belongs to A? if and only if 
it is general recursive (an analog of *Suslin's 
theorem). 

For k>1, there exists in X? (or ЛЮ) an 
enumerating predicate that specifies every 
predicate in X? (ПЁ). For example, for 3 
and т=п 1, there is a *primitive recursive 
predicate S(x, z, a, x, y) such that, given а 
general recursive predicate R(a, a, x, y), we 
have a natural number e such that 


Vx dyRia, a, x, y) ee Vx 3yS(a, e, a, x, y) 


(enumeration theorem). In this theorem, we 
can take T7(z, a, x, у) (— Section F) as 
S(x, т, a, x, y). For each k >0, there exists a 
Хо (HP, ,) predicate that is not expressible in 
its dual form MP, (0, ,) (hence, of course, in 
neither E? not 772) (hierarchy theorem). There- 
forc, table (a) gives the classification of the 
arithmetical predicates in a hierarchy. This 
hierarchy is called the arithmetical hierarchy. 
For each k > 1, there exists a complete predi- 
cate with respect to 500/70), that is, a Ур(П?) 
predicate with only one variable such that 
any X7 (TID) predicate is expressible by sub- 
stituting a suitable general (or more strictly, 
primitive) recursive function for its variable 
(theorem on complete form). When m = 0, all 
the general recursive predicates in X? exhaust 
Ару, (Post's theorem). 

Concerning the function quantifiers, we 
have 


Ja, ... do, A(0,, ..., Xm) 


<> 3aAQt(x(t)o, ...,At(x(0),-,) 0) 
3xA (x) = Ja A(a(0)), (3) 
Vx3a. A (x, x) <> Ja Vx A (x, Ata(2* - 3), (4) 


1326 


and their dual forms. For any general recur- 
sive predicate R, there is a primitive recursive 
predicate S such that 


3a R(a, a) = da 3xS (a(x), a)<> JyS( y, a) (5) 


and its dual hold. Using these facts, we can 
classify the forms of all analytic predicates by 
the table (b): 


(b) A(a); 


УхЭхЕ(а, х, х), |3aVfxR(a,a, B. x), ..., 


jaVxR(a,a,x), | Va3fVxR(a,o, p, x), ..., 


where A is arithmetical and each R is general 
recursive. Similarly, denote by X}, IT! each 
form of predicate in (b) (or the class of all 
predicates reducible to that form), where k is 
the number of function quantifiers prefixed; 
also, denote by Aj the (class of) predicates 
expressible in both forms X} and 17}. For 2j, 
IT} (К> 1), we have the enumeration theorem, 
the hierarchy theorem, and the theorem on 
complete form. The hierarchy given by table 
(b) is called the analytic hierarchy. 

For I> 0 (namely, when predicates are 
arithmetical or analytic in у, ..., К), we can 
tuniformly trelativize the above results with 
respect to W,,...,W;,. Now let (Xp "v7 
Прет) (r=0, 1) be the corresponding 
hierarchy relative to V, ... Yı. Given a set 
C (c №) of functions with one argument, 
we can consider hierarchies of predicates 
which are arithmetical or analytic in a finite 
number of functions in C. Such a hierarchy is 
called a C-arithmetical or C-analytic hierarchy 
and denoted by (X?[C], MPEC]; or (Z2 [C], 
IC], respectively. That is, when we re- 
gard Z1 [C ] as a class of predicates (or sets) 
P, it is the family ÍP| Pe Xr, £... Ee 
С,1=0, 1,2, ... }. These notations have been 
given by J. W. Addison [28,29]. The М^- 
arithmetical hierarchy and the N"-analytic 
hierarchy for sets correspond respectively to 
the finite Borel hierarchy and the projective 
hierarchy in the tspace of irrational numbers. 
Addison called the theory of those hierarchies 
classical descriptive set theory, and in contrast 
to this, the theory of arithmetical and analytic 
hierarchies for sets (C = @) effective descrip- 
tive set theory [28]. 

We now restrict our consideration to pre- 
dicates for natural numbers (Le., to the case 
m —0). Define the predicates L, by Lo(a) = 
à - a, L, (a) & 3x Ti*(a, a, x). For each k>0, 
L. (a) is a Х0,, predicate which is of the 
highest *degree of recursive unsolvability 
among the 2?,, predicates, and its degree is 
properly higher than that of L,(a). Thus L,, 
k=0, 1,2, ..., determine the arithmetical 
hierarchy of degrees of recursive unsolvability. 
Kleene has extended the series of L, by using 
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the system S, (— 81 Constructive Ordinal 
Numbers) of notations for the constructive or- 
dinal numbers as follows [6]: H,(a) =a=a; 
for ye O, Hyy(a)<> 3x TP»(a, a, x); for 3: 5" eO, 
H3.5»(a) <> H, ,,((a)o), where y, = (y) (no). This 
H, is defined for each y e О, and it is of a prop- 
erly higher degree than that of H, when 

z « gy. If |y| 2 [21 (|у| is the ordinal number 
represented by y), then H, and H, are of the 
same degree (C. Spector [34]). Thus a hierar- 
chy of degrees is uniquely determined by con- 
structive ordinal numbers. This hierarchy is 
called the hyperarithmetical hierarchy of de- 
grees of recursive unsolvability. A function or 
predicate is said to be hyperarithmetical if it is 
recursive in H, for some ye O. These concepts 
and the results mentioned below can be rela- 
tivized to any given functions or predicates. 

A necessary (Kleene [31]) and sufficient 
(Kleene [32]) condition for a predicate to be 
hyperarithmetical is that it be expressible in 
both one-function quantifier forms Al (an 
effective version of Suslin's theorem). Denote 
by Hyp the set (C №) of all hyperarithmetical 
functions x. For an arithmetical predicate 
А(о, a), Зо „гнур 4(0, a) is always a Т} predicate 
(Kleene [33]). Conversely, for any П! predi- 
cate P, there is a general recursive predicate R 
such that P(a)<> Яа uy, VxR(a, x, x) (Spector 
[35]). As to tuniformization, for a IT! predi- 
cate P(a, b), we have Vx JyP(x, y) = Зо, „ну, 
VxP(x, a(x)) (G. Kreisel, 1962). Let E be an ob- 
ject of type 2 defined by: E(x) = 0 if 3x(a(x) = 0), 
otherwise E(x) = 1. A function q(a;,, ...,a,) is 
hyperarithmetical if and only if it is general re- 
cursive in E (Kleene [10]). A predicate that is 
hyperarithmetical relative to J7} predicates 
(k 2:0) is of А ү, (Kleene [32]), but the con- 
verse does not hold in general (Addison and 
Kleene, 1957). 

Kleene extended his theory of hierarchy 
to the case of predicates of variables of any 
type by utilizing the theory of general recur- 
sive functions with variables of finite types 
0, 1,2, ... [10]. Let a‘ be a list of variables of 
types <t. We say a predicate P(a') is of order r 
in completely defined functions y,, ... . V 
(1220) (for brevity, denote them by VP) if P is 
syntactically expressible in terms of variables 
of finite types, predicates that are general 
recursive in ¥, and symbols of the tpredicate 
calculus with quantification consisting only of 
variables of types <r. The predicates of order 
0 in V are exactly the general recursive ones in 
Y. When £z 1, and VV are functions of vari- 
ables of type 0, a predicate P(a‘) is of order 1 
(of order 2) in V if and only if P is arithmetical 
(analytic). 

We have theorems similar to (2)-(4) and 
the following theorem and its dual for r> 2: 
For any given general recursive predicate 
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P(a', с", &'?), there is a primitive recursive 
predicate R(a", q" 1, 272) such that 


Jo" VE" ? P(a', с", er?) 
<n VET?R(a" n, E?) (6) 


Using these equivalences, each predicate P(a') 
of order r+ 1 (rz 0) is expressible in one of 
the following forms: 


(c) В(а); 
Var JE”! R(a, a”, E74), 

Ja’ Vf 3£' ^! R(a, а", В", £3), ..., 
Ja’ Vé' ! Ra, a", £71), 

Vor IB VE" ! R(a, а", BYE"), ..., 


where B is of order r and each R is general 
recursive. When t —r + 1, table (c) gives the 
classification of the predicates of order r+ 1 
into the hierarchy. In fact, for the predicates 
P(a'*!) in each form, we have the enumera- 
tion theorem, the hierarchy theorem, and the 
theorem on complete form (Kleene [10]). 

D. A. Clarke [30] has published a detailed 
review of the general theory of hierarchies. 
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A. Regular Polygons 


A *polygon in a Euclidean plane bounding a 
їсопуех cell whose sides and interior angles 
are all respectively congruent is called a regu- 
lar polygon. When the number of vertices 
(which equals the number of sides) is n, it is 
called a regular n-gon. There exist a circle 
(circumscribed circle) passing through all the 
vertices of a regular n-gon and a concentric 
circle (inscribed circle) tangent to all the sides. 
We call the center of these circles the center of 
the regular n-gon. The n vertices of a regular 
n-gon are obtained by dividing a circle into 

n equal parts. (When a polygon in a Eucli- 
dean plane bounds a tconvex cell, this 2-cell is 
sometimes called a convex polygon. Thus 
regular polygon sometimes means the convex 
cell bounded by a regular polygon as de- 
scribed above.) A necessary and sufficient 
condition for a regular n-gon to be geometri- 
cally constructible is that n be decompo- 
sable into the product of prime numbers n= 
2", ... py (mz O), where the p; (i2 1,2, ...) 

are different tFermat numbers (— 179 Geo- 
metric Construction). 


B. Regular Polyhedra 


Consider a regular polygon on a plane, and 
take a point on the line perpendicular to the 
plane at the center of the polygon. The set of 
points on all half-lines joining this point and 
points on the polygon (considered as a convex 
cell) is called a regular polyhedral angle having 
this point as vertex (Fig. 1). 


Fig. I 


When a ‘convex polyhedron $ in E? satis- 
fies the following two conditions, we call it a 
regular polyhedron: (1) Each face of $, which is 
a 2-dimensional cell, is a regular polygon, and 
all faces of аге congruent to each other. (2) 
Its vertices are all surrounded alike. That is, by 
the projection of $ from each vertex of ty, we 
obtain a regular polyhedral angle; these regu- 
lar polyhedral angles are all congruent to each 
other. From (2) we see that the number of 
cdges cmanating from each vertex of % is 
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independent of the vertex. It has been known 
since Plato's time that there are only five kinds 
of regular polyhedra: tetrahedrons (Fig. 2), 
octahedrons (Fig. 3), icosahedrons (Fig. 4), cubes 
or hexahedrons (Fig. 5), and dodecahedrons 
(Fig. 6) (see also see Table 1). 


Fig. 2 
Regular tetrahedron. 


Fig. 3 
Regular octahedron. 


e r 


Fig. 4 Fig. 5 
Regular icosahedron. Regular hexahedron 
(or cube). 


Fig. 6 


Regular dodecahedron. 


From a given regular polyhedron, we can 
obtain another one by taking as vertices the 
centers of all the faces of the given polyhedron 
(Fig. 7). We say that the given regular poly- 
hedron and the one obtained in this way are 
dual to each other. The octahedron and hexa- 
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hedron are dual to each other, as are the 
icosahedron and dodecahedron. The tetra- 
hedron is dual to itself. For a regular poly- 
hedron %, there exist concentric circumscribed 
and inscribed spheres whose center is the 
center of symmetry of $ and is called the 
center of $. Drawing tangent planes to the 
circumscribed sphere at each vertex, we can 
obtain a regular polyhedron dual to the given 
one (Fig. 8). 


Fig. 7 


Fig. 8 


In a regular polyhedron, let a be the length 
of an edge, 0 the magnitude of the dihedral 
angle at each edge, and R and r the radii of 
circumscribed and inscribed spheres, respec- 
tively. Then the following relations hold (we 
assume that each face is a regular p-gon and q 
faces meet at each vertex): 


. 9 2 п 
sin-=cos—/ sin—, 
2 q p 


R © sin E an cot 1) 
- sin—cos 
2 2 t: ( 


a т 0 
r ——cot—tan-, 


R n л 
—=tan—tan— 
2 p 2 r p q 


(see Table 2). Corresponding to these poly- 
hedra, we have finite subgroups of O(3) called 
regular polyhedral groups (— 151 Finite 
Groups). 


C. Higher-Dimensional Cases 


It is possible to generalize these considerations 
to higher dimensions to define inductively 


Table 1. Regular Polyhedra in 3-Dimensional Euclidean Space E? 


Number of 
Figure Face Vertices 
Regular Equilateral 
tetrahedron triangle 4 
Regular Equilateral 
octahedron triangle 6 
Regular Equilateral 
icosahedron triangle 12 
Regular | 
hexahedron Square 8 
Regular Regular 
dodecahedron pentagon 20 


Number of 

Number of Number of Faces around 
Edges Faces a Vertex 

6 4 3 
12 8 4 
30 20 5 
12 6 3 
30 12 3 
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Table 2. Numerical Values for Eqs. (1) 
Number of 
Faces їп Ө 0 R/a г/а 
4 2V2/3 70?31'43.6" V6 /4 V6/12 
6 l 90° У3 /2 1/2 
8 2У2 /3 109?28'16.4" 1/ V2 1/V6 
УЗ (V5 +1 
12 2/V5 116°33'54.2” eae) V25+11V5_ 
4 2V10 
5+V5) 
20 2/3 138°11722.8” узуы, 3+V5 
2V2 4V3 
Table 3. Regular Polyhedra in 4-Dimensional Euclidean Space Е“ 
omn Bee — INGmbéRGf 
Figure Kind Number Vertices Duality 
Regular 5-hedron Tetrahedron 5 5 a 
Regular 8-hedron Cube | 8 16 | b 
Regular 16-hedron Tetrahedron 16 8 
Regular 24-hedron Octahedron 24 24 a 
Regular 120-hedron Dodecahedron 120 600 | b 
Regular 600-hedron Tetrahedron 600 120 
a: dual to itself; b: dual to each other 
Table 4. Regular Polyhedra in n- Dimensional Euclidean Space (n > 5) 
: n-li 
Regular Polyhedron in R Number of 
Figure Kind Number Vertices Duality 
Regular (n + 1)-hedron Regular n-hedron nl п+1 а 
Regular 2и-һейгоп Regular (2n — 2)-hedron 2n 27 | b 
Regular 2"-hedron Regular n-hedron 2" 2n 


a: dual to itself; b: dual to each other 


regular polyhedra in E", n z 4. When n=4 we 
have 6 kinds of regular polyhedra (Table 3). 
For nz 5 we have only 3 kinds (Table 4) (— 70 
Complexes). 
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A. General Remarks 


In its wider sense the term relation means tn- 
ary relation (n= 1,2,3,...) (2 411 Symbolic 
Logic G), but in this article we restrict our- 
selves to its most ordinary meaning, 1.е., to the 
case n — 2. Let X, Y be two sets and x, y be 
two variables taking their values in X, Y, 
respectively. À proposition R(x, y) containing 
x, y is called a relation or a binary relation if it 
can be determined whether R(a, b) is true or 
false for each pair (a, b) in the *Cartesian prod- 
uct X x Y. For example, if both X and Y are 
the set of rational integers, then the following 
propositions are relations: x € y, x — y is even, 
x divides y. A relation R(x, y) is sometimes 
written as xRy. 

For a given relation R, we define its inverse 
relation R ! by yR ! x &xRy. Then R is the 
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inverse relation of R~'. In the example above, 
the inverse relation of x < y is y2 x, and the 
inverse relation of x is a divisor of y is y isa 
multiple of x. A relation R is called reflexive if 
xRx holds. R is called symmetric if xRy + yRx 
(namely, if R and R `! are identical). R is called 
transitive if xRy and yRz imply xRz. R is 
called antisymmetric if xRy and yRx imply 
X — y. À reflexive, symmetric, and transi- 
tive relation is called an equivalence relation 
(— 135 Equivalence Relations). A reflexive and 
transitive relation is called a tpreordering. A 
reflexive, transitive, and antisymmetric relation 
is called an tordering (— 311 Ordering). 
Suppose that we are given a relation xRy 
(xe X, ye Y). Then the set G= ((x, y)|xRy}, 
which consists of elements (x, y) of the Car- 
tesian product X x Y satisfying xRy, is called 
the graph of the relation R. Conversely, for any 
subset G of X x Y, there exists a unique rela- 
поп R with the graph G given by xRy 
(x, y)eG. 


B. Correspondences 


For a subset G of the Cartesian product X x 
Y, the triple l'2(G, X, Y) is called a corre- 
spondence from X to Y. The set X is called the 
initial set of the correspondence Г, and Y the 
final set of Г. A relation xRy (xe X, ye Y) 
determines a correspondence Г =(G, X, Y) by 
its graph G, and conversely, a correspondence 
I determines a relation R. Given a corre- 
spondence Г —(G, X, Y), the sets A =pry G 
and B — pr, G, where pry: X x Y X and 
pry: X x Y— Y are the tcanonical projections, 
are called the domain and range of the corre- 
spondence Г, respectively. For xe X, the set 
{ує Ү|(х, у)є С} is denoted by G(x) or T (x), 
and we say that any element y of G(x) corre- 
sponds to x by Г. 

For a subset G of X x Y, we define a subset 
С of Y x X by (x,y)e G= (y,x)e G 1, Given 
a correspondence Г = (G, X, Y), the corre- 
spondence (G !, Y, X) is denoted by F~! and is 
called the inverse correspondence of Г. If G is 
the graph of a relation R, then G~ is the 
graph of the inverse relation R^ !. The domain 
of the correspondence Г is the range of r~t, 
and vice versa. We have (Г)! «T. 

Suppose that we are given correspondences 
T, =(G,, X, Y) and T, =(G,, Y, Z). We define 
a subset G of X x Z by: (x, z)e G <> there exists 
ye Y satisfying (x, y)e G, and (y, z)e G;. Then 
the correspondence Г = (С, X, Z) is denoted by 
Г, oT; and is called the composite of Г, and 
I5. We have the associative law (Г.о L;,)o Г, = 
Г,о(Г,огГ,) and the law (P; 01) ! »T1!0o 
| prat 

Let I' be a correspondence from X to Y, and 
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assume that to any x belonging to the domain 
A of T there corresponds one and only one 

ye Y, namely, Г(х)= {у} for any xe A. Then Г 
is called a univalent correspondence. If I' and 
Г! are both univalent correspondences, Г is 
called a one-to-one correspondence. For given 
sets A and B, a univalent correspondence with 
domain А and range B is called a tmapping (or 
*function) with domain А and range B (— 381 
Sets C). 


References 


See references to 381 Sets. 
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A. History 


The theory of relativity is a system of theoret- 
ical physics established by A. Einstein and is 
composed of special relativity and general 
relativity. Toward the end of the 19th century, 
it was believed that electromagnetic waves 
propagate through the ether, a hypothetical 
medium. À number of experimenters tried to 
find the motion of the earth relative to the 
ether, but all these attempts were unsuccessful 
(A. A. Michelson, E. W. Morley). Studying 
these results, in 1905 Einstein proposed the 
special theory of relativity, which extended 
Galileo's relativity principle of (Newtonian 
mechanics to telectromagnetism and radically 
revised the concepts of space and time. Almost 
all the conclusions of special relativity theory 
are now confirmed by experiments, and this 
theory has even become a guiding principle for 
developing new theories in physics. By extend- 
ing special relativity, Einstein established 
(1915) the general theory of relativity. Its prin- 
cipal part is a new theory of gravitation con- 
taining Newton’s theory as a special case. Its 
conclusions about the solar system are com- 
patible with observed facts that are regarded 
as experimental support for the theory. Effects 
due to general relativity other than those just 
described have been studied to a considerable 
extent, but it is hard at present to test theoret- 
ical results experimentally, and there are some 
doubts about the limit of its applicability. 


B. Special Relativity 


In Newtonian mechanics, natural phenomena 
are described in a 3-dimensional Euclidean 
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space considered independent of time. In spe- 
cial relativity, however, it is postulated that 
space and time cannot be separated but are 
unified into a 4-dimensional pseudo-Euclidean 
space with the tfundamental form 


ds? =Y gay dx* dx” =c? d? — dx? — ду? —dz’, 
a,b 

where a, b=0, 1, 2, 3 and 

(x9, x!, x?, х?) = (ct, x, y, Z). 


Here (x, y, z) are spatial Cartesian coordinates, 
t is time, and c is the speed of light. This space 
was introduced by H. Minkowski and is called 
Minkowski space-time. By means of it Min- 
kowski gave an ingenious geometric interpre- 
tation to special relativity. 

A nonzero vector V is called timelike, null 
(or lightlike), or spacelike according as V? > 0, 
=0, or <0, where V2= Y, ,g,,V^V^. 

The group of motions in Minkowski space- 
time is called the inhomogeneous Lorentz 
group. Its elements can be written as 


TR iva at a,b_ 
х'=Усіх+с, У gacie? = i 
a a,b 


where cj and c' are constants. The transfor- 
mations with c' «0 are usually called Lorentz 
transformations, and the group G composed of 
these transformations is called the homoge- 
neous Lorentz group or simply the Lorentz 
group. These are important concepts in special 
relativity. If Со denotes the tconnected compo- 
nent of the identity element of G, the factor 
group G/G, is an Abelian group of type (2, 2) 
and of order 4. We call G, the proper Lorentz 
group. À frequently used element of G, is 


: x—vt , t-(v/c?)x 
ых w t =—————,. 
1 -v?/c? /1—ь7/се? 

у=у, z-z |р|<с. (1) 


Such transformations form a 1-dimensional 
subgroup of Со with v as a parameter, and the 
composition law of the subgroup is given by 


uctv 


Le Db á =u; =—— 
dogs MAL 1 - uv/c? 


Elements of G not belonging to Go are 


T:x9 2 —x9, x= xš; 


i=1,2,3, 


Six%=x®, x"2—x*^ i=1,2,3. 


Both T (time reversal) and S (space reflection 
or parity transformation) have aroused much 
interest among physicists. 

Historically, the transformation formula (1) 
was first obtained by H. A. Lorentz, under the 
assumption of contraction of a rod in the 
direction of its movement in order to over- 
come the difficulties of the ether hypothesis, 
but his theoretical grounds were not satisfac- 
tory. On the other hand, Einstein started with 
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the following two postulates: (i) Special prin- 
ciple of relativity: A physical law should be 
expressed in the same form in all inertial sys- 
tems, namely, in all coordinate systems that 
move relative to each other with uniform 
velocity. (ii) Principle of invariance of the speed 
of light: The speed of light in a vacuum is the 
same in all inertial systems and in all direc- 
tions, irrespective of the motion of the light 
source. From these assumptions Einstein 
derived (1) as the transformation formula 
between inertial systems x = (ct, x, у, z) and 

x' =(ct’, x’, y', z^) that move relative to each 
other with uniform velocity v along the com- 
mon x-axis. This was the first step in special 
relativity, and along this line of thought, Ein- 
stein solved successively the problems of the 
Lorentz-Fitzgerald contraction, the dilation of 
time as measured by moving clocks, the aber- 
ration of light, the Doppler effect, and Fresnel's 
dragging coefficient. 


C. Relativity and Electromagnetism 


In special relativity, a physical quantity is 
represented by a {tensor (or a scalar or a vec- 
tor) in Minkowski space-time, and physical 
laws are written in tensor form and are invar- 
iant under Lorentz transformations of coordi- 
nates. This is the mathematical expression of 
the special principle of relativity. Since the 
transformation (1) tends to a Galileo transfor- 
mation in Newtonian mechanics as с oo, the 
special principle of relativity is a generalization 
of the Newton-Galileo principle of relativity. 
To summarize mathematically, it may safely 
be said that special relativity is a theory of 
invariants with respect to the Lorentz group. 
To illustrate this conclusion we consider elec- 
tromagnetic theory. 

The electric field E is usually represented by 
a “polar vector" and the magnetic field H by 
an “axial vector" in a 3-dimensional Euclidean 
space. Even if the magnetic field does not exist 
in one inertial system, the field can arise in 
another system that moves uniformly rela- 
tive to the original system. In view of this, 
electric and magnetic fields are considered in 
relativity to form one physical quantity with 
components 


0 —E, —E, —Е, 
E 0 H, —H 
Е.\= x z y 
(F) E, —H, 0 Н, 
E, H, —Н„ 0 


This quantity transforms as an talternating 
tensor of degree 2 under Lorentz transfor- 
mations. In like manner, the electric charge 
density p and the electric current density J 
are unified into a tcontravariant vector with 
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respect to Lorentz transformations: 
8 — (s?, s!, s2 s?) 
=(p,J,/c, J,/c, J,/c). 


Such a vector s in Minkowski space-time 

is sometimes called a four-vector as distin- 
guished from an ordinary vector such as J. If 
the electromagnetic field F;; and the current 
four-vector s are thus defined, the * Maxwell 
equations, the basic equations of electro- 
magnetism, can be written in tensor form: 


дЕё . OF, OF дЕ, 
= ^ ; ; a 0, 
> ox? P Ox! Ox) дх* 
where 


Pim У gg? Fs, Y g” Gja= 9j. 


In the same way, the equation of motion for a 
charged particle in an electromagnetic field 
can be expressed as 


dx e у ,dx* 
ds? mc “ds 


; Fi= dg" Fe 


where e and m are the charge and mass of 
the particle, respectively, and s is the arc 
length along the particle trajectory (— 130 
Electromagnetism). 

Though special relativity originated in 
studies of electromagnetic phenomena, it has 
gradually become clear that the theory is valid 
also for other phenomena. One interesting 
result is that the energy of a particle moving 
with uniform velocity v is given by 


E=mce?/./1—v?/c?, 

and accordingly even a particle at rest has 
energy mc? (rest energy). This shows the equiv- 
alence of mass and energy, with the conversion 
formula given by E=mc?. This conclusion has 
been verified experimentally by studies of 
nuclear reactions and has become the basis 

of the development of nuclear power. The 
special principle of relativity also showed its 
validity in the electron theory of P. A. M. 
Dirac (1928) and the quantum electrodynamics 
of S. Tomonaga (1943) and others. It has, 
however, been shown that the invariance for 
space reflection (namely for the coset SG, of 
the Lorentz group G) is violated in the decay 
of elementary particles (T. D. Lee and C. N. 
Yang, 1956; C. S. Wu et al., 1957). Similar 
results have been obtained for time reversal 

(J. H. Christenson, J. W. Cromin, V. L. Fitch, 
and R. Turlay, 1964). 


D. General Relativity 


Special relativity has its origin in studies of 
electromagnetic phenomena, while the central 
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part of general relativity is a theory of gravita- 
tion founded on the general principle of rela- 
tivity and the principle of equivalence. The first 
principle is an extension of the special prin- 
ciple of relativity to accelerated systems in 
general. It requires that a physical law should 
be independent of the choice of local coordi- 
nates in a 4-dimensional tdifferentiable mani- 
fold representing space and time (space-time 
manifold). Since a physical quantity is repre- 
sented by a tensor on the space-time manifold, 
physical laws are expressed in tensor form, in 
agreement with the first principle. The second 
principle claims that gravitational and inertial 
mass are equal, and accordingly fictitious 
forces due to acceleration (such as centrifugal 
force) cannot be distinguished from gravita- 
tional force. This had been shown with high 
accuracy by the experiments of R. von Eótvós 
(1890) and others. 

Starting from these two principles, Einstein 
was led to the following conclusion. If a gravi- 
tational field is produced by matter, the cor- 
responding space-time structure is altered; 
namely, flat Minkowski space-time is changed 
into a curved 4-dimensional manifold with 
*pseudo-Riemannian metric of ‘signature (1, 3). 
The *fundamental tensor gj; of this manifold 
represents the gravitational potential, and the 
gravitational equation satisfied by g;; can be 
expressed as a geometric law of the manifold. 
Gravitational phenomena are thus reduced to 
properties of the geometric structure of the 
space-time manifold. This idea, which was not 
seen in the older physics, became the motif in 
the development of tunified field theories. 

Now the gravitational law proposed by 
Einstein is an analog of the! Poisson equation 
in Newtonian mechanics. Let R; and R be the 
*Ricci tensor and the tscalar curvature formed 
from д. Then outside the source of a gravita- 
tional field, g,; must satisfy 


Gj=Ry—gjR/2=0, thatis, Rj-0, (2) 
and inside the source, 
С, = KTi, (3) 


where x is the gravitational constant. Here the 
energy-momentum tensor 7; is a 'symmetric 
tensor representing the dynamical state of 
matter (energy, momentum, and stress). Usu- 
ally (2) and (3) are called the exterior and 
interior field equations, respectively. 
Next, the equation of motion of a particle in 

a gravitational field is given by 

2. a b 
a =0, SEE 

s ds ds 


a,b 


+1, (4) 


if the particle mass is so small that its effect on 
the field is negligible. Here ó/ós stands for 
tcovariant differentiation with respect to the 
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arc length s along the particle trajectory. In 
other words, a particle in a gravitational field 
moves along a timelike *geodesic in the space- 
time manifold. Similarly, the path of light is 
represented by a null geodesic, whose equation 
is formally obtained from (4) by replacing the 
right-hand side of the second equation by zero. 

Experimental verification of the theory of 
general relativity has been obtained by detec- 
tion of the following effects: the shift of spec- 
tral lines due to the gravity of the earth and of 
white dwarfs, the deflection of light or radio 
waves passing near the sun, the time delay of 
radar echo signals passing near the sun, and 
the advance of the perihelion of Mercury. All 
the observational data are compatible with the 
theoretical results. Time delay and the advance 
of the perihelion have been observed in a 
binary system of neutron stars. It is generally 
accepted that these results are experimental 
verifications of general relativity. 

It should be noted that (2) has wave solu- 
tions, which have no counterpart in Newton's 
gravitational theory. This fact implies that 
gravitational effects propagate with the veloc- 
ity of light. The gravitational waves transport 
energy and momentum, and the gravitational 
mass is decreased by the emission of the waves. 
Experiments to detect gravitational waves 
generated in the universe have been planned, 
and the decrease of the orbital period of a 
binary star system due to the emission of 
gravitational waves has been observed. 

The concept of gravitational waves suggests 
the existence of a quantum of the gravitational 
field (graviton); however, the detection of the 
graviton is far from feasible. 

In the interior equation (3), the matter pro- 
ducing a gravitational field is represented by a 
tensor T; of class C°. But there is also a way of 
representing it by singularities of a solution of 
the exterior equation (2). From this point of 
view, the equation of motion of a material 
particle (i.e., singularity) is not assumed a 
priori as in (4), but is derived as a result of (2) 
(A. Einstein, L. Infeld, and B. Hoffman, 1938). 

In the static and weak field limits, the funda- 
mental form is approximately given by New- 
ton's gravitational potential ф as 


ds2= c2(1—g/c2)dt2 
—(1 + o/c?) (dx? + dy? + dz2), 


and (2) and (3) reduce in this limit to Laplace's 
and Poisson's equations, respectively. New- 
ton's theory of gravity is valid in the limit 
ofc? << 1. 

Stimulated by the discoveries of neutron 
stars and black holes and by the big-bang 
theory of the universe in the 1960s, numerous 
studies of general relativity have been carried 
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out on such problems as the gravitational field 
of a spinning mass, the dynamical process of 
gravitational collapse, the space-time structure 
of black holes, the generation of gravitational 
waves, the global structure and dynamics of 
the universe, and so on. À comparison of the 
theoretical predictions and the observations is 
generally favorable, but the phenomena in the 
universe are so complex that the effects of 
general relativity cannot always be isolated. 


E. Solutions of Einstein's Equations 


The isometric symmetry of space-time is de- 
scribed by *Killing vectors. The stationary 
metric is characterized by a timelike Killing 
vector, in which case equation (2) reduces to 
an 'elliptic partial differential equation on a 
3-dimensional manifold. If the space-time is 
axially symmetric as well as stationary, (2) 
reduces to the Ernst equation: 


(e+ £*)V?& — 2Ve- Ve, (5) 


where V represents divergence in a flat space. 
The metric tensors are derived from the com- 
plex potential є. The solutions of (5) can be 
obtained using techniques developed for the 
soliton problem. 

One example of stationary and axially sym- 
metric solutions is the Kerr metric, which is 
written as 


2 
ds2 = c2 qt2 ea sin? Ө4ф — cdt} 
p 


2 dr? 2 : 2 | 423502 2 
—p opp — (r^ + a^)sin^ Ode’, 
(6) 


with p? =r? + а? cos? 0 and A =r? — 2mr + 

a?. This metric solution represents a gravita- 
tional field around a spinning mass with mass 
M « mc?/G and angular momentum J = 

Mac. When a= 0, this metric reduces to the 
Schwarzschild metric. 

Applying a Backlund transformation to the 
Kerr metric, an infinite series of stationary and 
axially symmetric solutions can be derived. All 
these solutions belong to the space-time metric 
with, in general, two Killing vectors. 

The dynamical evolution of space-time 
structure has been studied by means of the 
tCauchy problem of general relativity. Choos- 
ing appropriate dynamical variables, equation 
(2) or (3) is divided into constraint equations 
in terms of the initial data and evolution 
equations in terms of the dynamical variables. 
The latter thyperbolic equations may also be 
written in Hamiltonian form. 

A typical example of such a problem ts 
the dynamics of a spatially homogeneous 3- 
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dimensional manifold; this has been studied as 
a cosmological model. The space-time with 

a constant scalar curvature R is called de Sitter 
space, and reduces to the Minkowski space if 
К =0. If the 3-dimensional space is isotropic 
as well as homogeneous, the metric takes the 
form 


ds? = c? dt? — a(t (dx? + f(x)? 
x (40? + sin? 0dq?)), 


where f(x) —sin x, x, or sinh x. These are called 
Robertson-Walker metrics and are considered 
to describe a realistic expanding universe. 


F. Global Structure of Space-Time 


Following the advances of modern differential 
geometry, manifestly coordinate-independent 
techniques to analyze space-time properties 
have been applied to general relativity. The 
mathematical model of space-time is a con- 
nected 4-dimensional tHausdorff C?-manifold 
endowed with a metric of signature (1,3). The 
metric allows the physical description of local 
causality and of local conservation of energy 
and momentum. The metric functions obey the 
Einstein field equation (2) or (3). 

In order to clarify the global structure of 
the solutions of Einstein's equations, maxi- 
mally analytic extension of the solutions has 
been studied. The maximal extension of the 
Schwarzschild metric is given as 


32m? 


ds? = e '?"(dy? — du?) 


—r2 (d9? + sin? 0 4%2), 


using the Kruskal coordinates, which are re- 
lated to the coordinates of (6) by 


tanht/4m=u/v ог vfu. 


To study the global structure at infinity, a 
tconformal mapping of the metric is used. For 
example, the Minkowski metric is written in 
the form ds? = Q2 ds?, where 


ds? — dp dq —1sin?(p— q)(d0? +sin? Odo?) 


апа © —secpsecq, tanp =t +r, tanq —t—r. 
By means of this mapping, all points, includ- 
ing infinity, are assigned finite p, q coordinate 
values in — 7/2 <q Sp <S 7/2. 

Singularities in space-time are one of the 
major problems concerning the global struc- 
ture of the manifold. For some Cauchy prob- 
lems relevant to cosmology and gravitational 
collapse, the inevitable occurrence of a sin- 
gularity has been proved (singularity theorem). 
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A sufficient condition for occurrence of a 
singularity is that there be some point p such 
that all the null geodesics starting from p 
converge to p again. In addition to this con- 
dition, for the proof of the singularity theorem 
it is presumed that the space-time is free of 
closed nonspacelike curves, that a Cauchy 
surface exists, and that the energy-momentum 
tensor satisfies the condition 


for any timelike vector V'. The singularity 
whose existence is implied by this theorem 
means that the space-time manifold is geodesi- 
cally incomplete (the space-time is complete if 
every geodesic can be extended to arbitrary 
values of its affine parameter). 

The causal structure of space-time is also 
related to the global structure of the manifold. 
In this regard, black holes have been intro- 
duced as the final state of gravitational col- 
lapse. In the black-hole structure of space- 
time, there exists a closed surface called an 
event horizon in an asymptotically flat space. 
The event horizon is the boundary (the set 
of points) in space-time from which one can 
escape to infinity, or the boundary of the set 
of points that one can see from the infinite 
future. Then the black hole is a region from 
which no signal can escape to the exterior of 
the event horizon. 

If we assume that singularities do not exist 
in the exterior of the event horizon, a station- 
ary black-hole structure is uniquely described 
by the Kerr metric [6]. In the case of spheri- 
cally symmetric collapse, this assumption 
is verified and the final metric is given by 
the Schwarzschild metric. However, it is not 
known whether this assumption is true in 
more general gravitational collapse. 
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Toward the middle of the 13th century, scho- 
lastic theology and philosophy were at their 
height with the Summa theologiae of Thomas 
Aquinas (12252-1274); but in the latter half 
of the century, the English philosopher Roger 
Bacon (1214—1294) attacked Aquinian philoso- 
phy in his Opus majus, insisted on the impor- 
tance of experimental methods in science, and 
strongly urged the study of mathematics. The 
Renaissance flourished first in Italy, then in 
other European countries in the 15th and 16th 
centuries, in the domains of the arts and liter- 
ature. Newer ideas in mathematics and the 
natural sciences dominated the 17th century. 
However, it was the invention of printing in 
the 15th century, the translation of the Greek 
texts of Euclid and Archimedes into European 
languages, and the importation of Arabian 
science into Europe during the Renaissance 
that prepared for this development. 

In the 15th century, the German priest 
Nicolaus Cusanus (1401—1464) discussed 
infinity, the convergence of infinite series, and 
some problems of quadrature. During the 
same period, the German scholar Regiomon- 
tanus (1436—1476) wrote the first systematic 
trcatisc on trigonometry independent of as- 
tronomy. Leonardo da Vinci (1452—1519), 
the all-encompassing genius born in the same 
century, left manuscripts in which he wrote 
about mechanics, geometric optics, and per- 
spective. Da Vinci's contemporary, the Ger- 
man painter À. Dürer (1471—1528), wrote a 
textbook on perspective. In 1494, L. Pacioli 
(1445?—1514) published Summa de arithmetica, 
one of the first printed books on mathematics. 
Its content, influenced by Arabian mathemat- 
ics, includes practical arithmetic and double- 
entry bookkeeping. The book enjoyed wide 
popularity. 

The best known result of 16th-century 
mathematics is the solution of algebraic equa- 
tions of degrees 3 and 4 by the Italian mathe- 
maticians Scipione del Ferro, N. Tartaglia 
(1506—1557), G. Cardano (1501—1576), and L. 
Ferrari (1522-1565). Cardano published the 
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solution of equations of the third degree in his 
book Ars magna (1545). The solution was due 
to Tartaglia, to whom acknowledgment was 
made, although publication of the method 
was against his will. This constitutes a famous 
episode in the history of mathematics, but 
what is historically more important is the fact 
that essential progress beyond Greek mathe- 
matics was made by mathematicians of this 
period, since the Greeks were able to solve 
equations only of degrees 1 and 2. Algebra 
was subsequently systematized by the French 
mathematician F. Viéte (1540—1603). 

By the end of the 15th century, practical 
mathematics (influenced by the Arabians) had 
become popular in Europe, and more ad- 
vanced mathematics began to be studied in 
European universities, especially in Italy. In 
1543, N. Copernicus (1473—1543) published 
his heliocentric theory (1543); G. Galilei (called 
Galileo) (1564—1642), the indomitable propo- 
nent of this theory, was also born in the 16th 
century. Copernicus studied at the Univer- 
sities of Bologna, Padua, and Ferrara; Galileo 
studied at the University of Pisa and taught at 
the Universities of Pisa, Padua, and Florence. 
A system of numeration was imported from 
Arabia to Europe in the 13th century; by the 
time of S. Stevin (1548?— 1620?) it took the 
definite form of a decimal system, and with the 
development and acceptance of printing, the 
forms of the numerals became fixed. 


References 


[1] M. Cantor, Vorlesungen über Geschichte 
der Mathematik II, Teubner, second edition, 
1900. 

[2] J. Cardan (G. Cardano), The book of my 
life (trans. J. Stoner), Dover, 1963. 

[3] G. Cardano, Opera, 10 vols., Lyon, 1663. 
[4] N. Bourbaki, Eléments d'histoire des 
mathématiques, Hermann, 1960. 


361 (XX.32) 
Renormalization Group 


A. Introduction 


The concept of renormalization was intro- 
duced by S. Tomonaga, J. S. Schwinger, M. 
Gell-Mann, and F. E. Low in order to over- 
come the difficulty of divergence in field theory. 
If the upper bound of the momentum is limited 
to a finite cutoff value A, then physical quan- 
tities, for example, the mass m of an electron, 
can be obtained as finite quantities by letting 
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A go to infinity after summing all divergent 
terms. This is called the renormalization method 
using subtraction. Since the cutoff A is arbitrary 
insofar as it is finite, the Green's functions are 
indefinite because they depend on A. This 
dependence on the cutoff A corresponds to 

the response for the scale transformation of 
length, and this transformation is a certain 
(semi) group, called a renormalization group. 
Several kinds of renormalization group have 
been used in field theory, as well as in the 
statistical mechanics of phase transition. 


B. Renormalization Group in Field Theory 


[1-3] 


A typical method to resolve the ultraviolet 
divergence is to add subtraction terms in the 
Lagrangian so that they cancel the divergence. 
This cancellation is usually performed in each 
order of the perturbation expansion. When 
the addition of a finite number of subtraction 
terms cancels the divergence, the relevant 
Hamiltonian is said to be renormalizable. 
Otherwise it is called unrenormalizable. The 
Lagrangian density 


o90; 


1 1 1 
1,750 990,9, — 55 P6 ШУП 


2 
for example, can be renormalized by the trans- 
formation g; = Z12 9, g, = Z, Z; 2g, and mü = 
m? + óm?. All the divergences are taken into 
the renormalization constants Z5, Z,, and 
dm’, so that the renormalized quantities ф, 

g, and m are finite. These renormalization 
constants can be calculated by means of a 
perturbation method, but the requirement of 
circumventing the divergences alone is not 
sufficient to determine them explicitly. This 
indeterminacy is usually expressed as 75(д) 
and 2, (и), i.e., in terms of a parameter u, 
called the renormalization point. The p- 
dependence of these functions can be deter- 
mined by means of the following renormaliza- 
tion conditions: 

lim (p? -- m^)GOXp, и) =1; 


p2+=u2—0 
и? 
I (pi, р) = 1, рір;= (1 —40;). 


Since the renormalization constants depend on 
the continuous parameter p, the renormalized 
Green's function and coupling constant g 

are also functions of u, and consequently the 
quantity 4®@%({р;}, y, g(u)) defined by 


ар), и, g(u)) 


2N 
=| (p? + na) | С? (р, и, а(и)) 
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satisfies the renormalization equation 
p+ B —2Ny \d?™({p,}, 1,9) =0 
ди дд ijs P E 


where В = udg/dy and y —iudlog Z4(u)/dyu. If 
the coefficients f and y are calculated pertur- 
bationally up to a certain order, the renormal- 
ized Green's function is obtained up to the 
same order by solving the foregoing renor- 
malization equation. This is the first kind of 
renormalization group. À second kind ex- 
presses the response of the renormalized 
Green's function to the change in the mass and 
coupling constant, and is expressed by the 
Callan-Symanzik equation [4, 5] 


д д 
(nz ez К) GRY) = AGE, 


where f(g) = 2т„да/дт„ and y,(g) -3Zm,- 
0108 Z;/0mo, and where Z is determined by 
2тодт/дто =m. The inhomogeneous term is 
defined by 


AGE” = Zm- — 6g" 
mo 


д 
+Zmo;—(NlogZ; G". 
дт, 
The irreducible Green's function ГЁ? satisfies 


д д 
m— + B(g)——2Ny,(g) TE? —iAT". 
дт 0g 


Since the inhomogeneous term can be neg- 
lected in the high-energy region, the foregoing 
equation becomes homogeneous, and con- 
sequently its solution is 


m 
re" (». су a) 


g(a) 
=exp| -2N | 7(9)В «nar | 


g 
x TEM (pi, m, g(4)). 


Here g(A) is the solution of the equation 

fg B-'(g’)dg' =log A. Since dimensional analy- 
sis yields V (Ap;, m, g) = A* 2° Tp (p;,m/A, g), 
the foregoing solution shows that high-energy 
phenomena can be described by the low- 
energy phenomena whose coupling constant is 
given by g, = g(oo). In particular, when g, —0, 
high-energy phenomena are described by the 
asymptotically free field. This circumstance is 
called asymptotic freedom. 


C. Renormalization Group Theory in 
Statistical Physics 


The renormalization group technique has 
proved to be powerful in statistical physics, 
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particularly in studies of phase transitions and 
critical phenomena [6—10]. The correlation 
length ë diverges like ¿(T)—(T— Т)” near 
the critical point T., where v is called the crit- 
ical exponent of с. Similarly, the correlation 
function C(R) for the distance R behaves like 
C(R)~R V ?*? x exp( KR), к= ¿ !, where 
d is the dimensionality of the system and y is 
the exponent describing the deviation of the 
singular behavior of C(R) from classical the- 
ory. Renormalization is useful in evaluating 
these critical exponents systematically. The 
fundamental idea is to eliminate some degrees 
of freedom, to find recursion formulas for 
interaction parameters, and then to evaluate 
critical exponents from their asymptotic be- 
havior near the fixed point. There are many 
different ways of carrying out this idea ex- 
plicitly. Roughly classifying these into two 
groups, we have (i) momentum-space renor- 
malization group theories [6—10] and (ii) 
real-space renormalization group theories 
[10,11]. 

The common fundamental structure of these 
renormalization group techniques is explained 
as follows. First the momentum space or real 
space ts divided into cells and rapidly fluctuat- 
ing parts, namely, small-momentum parts 
inside each cell are integrated or eliminated, 
and consequently the remaining slowly fluc- 
tuating parts, namely, long-wave parts, are 
renormalized. The original Hamiltonian % is 
transformed into #, by means of this elimi- 
nation process and by some scale transforma- 
tion that preserves the phase space volume. 
This renormalization operation is written as 
R,: ie. #4, = Кж. Similarly we have #, = 
R, 4%, =R A ..., H,=R,H,-, RIS, .... 
This transformation R, has the (semi) group 
property К, = R,R,.. A generator G is defined 
by С = lim, ,,, 9 (R, — D/(b— 1). That is, R, = 
exp(IG), e! = b. The transformation of Z is 
expressed as d£ /dl 2 G [f ]. The fixed point 
A * —R,3€* is the solution of G[2£*] 20. In 
order to find critical exponents from the as- 
ymptotic behavior of G near #*, we consider 
a Hamiltonian of the form Ж = #*+wQ and 
expand G[J€] as G[2£* +wQ ]= wKQ + 
O(w?). If the operator K thus defined has a 
negative eigenvalue 4,, the corresponding 
physical quantity Q; becomes irrelevant after 
repeating the renormalization procedure, and 
the physical quantity Q; corresponding to a 
positive eigenvalue A, >0 becomes relevant. 
Thus, by introducing a field h; conjugate to 
the relevant operator Q;, we study the Hamil- 
tonian # = #* + 3;h;Q;. The free energy per 
unit volume f [5€ ] = f(h,, ho,...) is found to 
have the scaling property 


fh, ss hys) БУБА, аЬ, s). 


JU 
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By taking Q, as the energy operator, we have 
h; ~ T— T, &t. By the normalization b^:h, = 1, 
we obtain the scaling law 


yep ous 


The critical exponent of the specific heat de- 
fined by C~t~* is given by the formula «= 
2 — d/A,. Other scaling exponents (9j can be 
obtained via the formula q;— 4;/4, from the 
eigenvalues of K. The simplest example of 
К, is the case where a single interaction para- 
meter K is transformed into a new parameter 
K'by K'=f,(K). The fixed point K* is given 
by the solution of K* = f,(K*). The correla- 
tion exponent v defined by ¿—(K —K*) " is 
given by the Wilson formula v=logb/log A, 
A = (df, /dK)y - «. In most cases, R, is con- 
structed perturbationally, and critical expo- 
nents are usually calculated in power series of 
£zd,—d,as ф=Фу+Фу&+ Фф? +. ..., where 
d. denotes the critical dimension. This is called 
the г-ехрапѕіоп. The first few terms are cal- 
culated explicitly for specific models, such as 
the o^-model. By applying the Borel sum 
method to these c-expansions, one can esti- 
mate critical exponents [10,11]. 

The renormalization group method can be 
applied to other many-body problems, such as 
the Kondo effect [12]. 


hjlt*i, 253): 
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A. General Remarks 


For a mathematical system A, a mapping from 
A to a similar (but in general “more concrete”) 
system preserving the structure of A is called a 
representation of A. In this article, we consider 
the representations of tgroups and tassociative 
algebras. For representations of other alge- 
braic systems — 42 Boolean Algebras; 231 
Jordan Algebras; 248 Lie Algebras. For topo- 
logical, analytic, and algebraic groups — 13 
Algebraic Groups; 69 Compact Groups; 249 
Lie Groups; 422 Topological Abelian Groups; 
423 Topological Groups; 437 Unitary Repre- 
sentations. For specific groups — 60 Classical 
Groups; 61 Clifford Algebras. 


B. Permutation Representations of Groups 


We denote by S,, the group of all tpermuta- 
tions of a set M (— 190 Groups B). À permuta- 
tion representation of a group G in M isa 
homomorphism G- Sy. We denote by a,, the 
permutation of M corresponding to ae G and 
write ay(x) — ax (xe M). Then we have a con- 
dition (ab)x = a(bx), 1x 2 x (a, beG, 1 is the 
identity element, x e M). In general, if the prod- 
uct axe M of ae G and xe M is defined and 
satisfies this condition, then G is said to oper- 
ate on M from the left, and M is called a left 
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G-set. Giving a permutation representation of 
G in M is equivalent to giving the structure of 
a left G-set to M. À reciprocal permutation 
representation of G in M is an tantihomomor- 
phism Сэ vy, which becomes a homomor- 
phism if we define the multiplication in S,, by 
the right notation x( fg) — (xf )g. If the product 
xae M of ac G and xe M is defined and satis- 
fies the conditions x(ab) =(xa)b and x1 = x, 
then, as before, G is said to operate on M from 
the right, and M is called a right G-set. Giving 
a reciprocal permutation representation of G 
in M is equivalent to giving the structure of a 
right G-set to M. 

A (reciprocal) permutation representation is 
sponding G-set is also said to be faithful. In 
particular, we can take G itself as M and de- 
fine the left (right) operation by the multipli- 
cation from the left (right). Then we have a 
faithful permutation representation (reciprocal 
permutation representation), which is called 
the left (right) regular representation of G. For 
ae G, the induced permutation aç:x— ax (ха) 
is called the left (right) translation by a. 

We call a left G-set simply a G-set. If a sub- 
set N of a G-set M satisfies the condition that 
аєа, xeN implies axe N, then N forms a G- 
set, which is called a G-subset of M. If a G-set 
M has no proper G-subset (i.e., one different 
from M itself and the empty subset), then for 
any two elements x, ye M there exists an ele- 
ment ac G satisfying ax = y. In this case, the 
operation of G on M is said to be transitive, 
and the corresponding permutation represen- 
tation is also said to be transitive. If an equiva- 
lence relation R in a G-set M is compatible 
with the operation of G (1.е., R satisfies the 
condition that ae G, R(x, y) implies R(ax, ay)), 
then the quotient set M/R forms a G-set in the 
natural way, called the quotient G-set of M by 
R. If a G-set M has no nontrivial quotient G- 
set, i.e., if the only equivalence relations com- 
patible with the operation are 


R(x x) forany x,xeM 


and 


К(х,х) ifandonlyif xx, ` 

then the operation of G on M and the corre- 
sponding permutation representation are said 
to be primitive. 

A mapping f: M — M' of G-sets is called a 
G-mapping (G-map) if the condition f(ax) = 
af(x) (ae С, xe M) is satisfied. G-injection, G- 
surjection, and G-bijection are defined natur- 
ally. The inverse mapping of a G-bijection is 
also a G-bijection. Two permutation represen- 
tations are said to be similar if there exists a 
G-bijection between the corresponding G-sets. 
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Let M be a transitive G-set, and fix any 
element xe M. If we view G as a G-set, the 
mapping f: С M defined by f(a)= ax is a G- 
surjection and induces a G-bijection f: G/R 
^ M. Here an equivalence class of R is pre- 
cisely a left coset of the stabilizer (stability 
group or isotropy group) H. = {аєС|ах= х). 
Hence we have a G-bijection С/Н, M. Con- 
versely, for any subgroup H of G, G/H is a 
transitive left G-set. A transitive G-set is called 
a homogeneous space of G. 

For a family {M,},-, of G-sets, the Car- 
tesian product Пел М, and the tdirect sum 
Dea M; become G-sets in the natural way; 
they are called the direct product of G-sets and 
the direct sum (i.e., disjoint union) of G-sets, 
respectively. Every G-set M is the direct sum of 
a family {M,} of transitive G-subsets, and each 
M, is called an orbit (or system of transitivity). 
For a G-set M, the direct product G-set М“ = 
M x ... x M (k times) contains a G-subset 
M'9 = ((x,, ...,x,)| ij implies x; z xj). If МӘ 
is transitive, M is said to be k-ply transitive. If 
M is transitive and the stabilizer of each point 
of M consists of the identity element alone, M 
is said to be simply transitive. 

If M has n elements, a permutation repre- 
sentation of a group G in M is said to be of 
degree n. When G is a group of permutations 
of M, the canonical injection Go Gy is a 
faithful permutation representation; this case 
has been studied in detail (— 151 Finite 
Groups G). 


C. Linear Representations of Groups and 
Associative Algebras 


Let K be a tcommutative ring with unity ele- 
ment and M be a K-module. Though we shall 
mainly treat the case where K is a field and M 
is a finite-dimensional linear space over K, the 
case where K is an tintegral domain and M is 
a ffree module over K of finite rank is also 
important. Since K is commutative, we can 
write ¿x= xÀ (AE K, xe M). Let &4,(M) be the 
fassociative algebra over K consisting of all K- 
endomorphisms of M, and let GL(M) be the 
group of all finvertible elements іп &,(M), 
where we assume M # {0}. Let A be an as- 
sociative algebra over K. A linear represen- 
tation of the algebra A in M is an algebra 
homomorphism A 6,(M). We always assume 
that À has a unity element and the homomor- 
phisms are unitary. For convenience, we can 
also consider a linear representation in the 
trivial space M = {0}, which is called the zero 
representation. A reciprocal linear represen- 
tation is an antihomomorphism A—64(M). А 
linear representation of a group G in M isa 
group homomorphism G>GL(M). This can 
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be extended uniquely to a linear representa- 
tion of the tgroup ring K[G] in M, and con- 
versely, the restriction of a linear representa- 
tion of K[G] in M to G is a linear representa- 
tion of G; and similarly for reciprocal linear 
representations. Thus the study of (reciprocal) 
linear representations of a group G in M can 
be reduced to the study of (reciprocal) linear 
representations of the group ring K[G] in M. 

We now consider the linear representation 
of associative algebras, which we call simply 
"algebras." (Note that a group ring has a 
canonical basis—the group itself —and allows 
a more detailed investigation; — Sections G, 
1.) 

Given а commutative ring K with unity and 
a linear representation p of a K-algebra A ina 
K-module M, we introduce the structure of a 
left A-module into M by defining ax — p(a)x 
(ae A, хє My; the structure of a K-module in М 
obtained by the canonical homomorphism K 
— A coincides with the original one. This A- 
module is called the representation module of 
p. Conversely, for any left A-module M we can 
define a linear representation p of A in M 
(with M viewed as a K-module via K — A) by 
putting p(a)x = ax; the representation module 
of p coincides with the original one. This rep- 
resentation p is called the linear representa- 
tion associated with M. A reciprocal linear 
representation of A corresponds to a right A- 
module. Thus the study of (reciprocal) linear 
representations of A is equivalent to the study 
of left (right) A-modules. For instance, if the 
operation of a group G on M is trivial: ox =x 
(тє G, xe M), the corresponding representation 
of G in M assigns the identity mapping I,, to 
every o € G. Furthermore, if M = K, this repre- 
sentation is called the unit representation of G 
(over K). 

Let p, p' be linear representations of A in 
K-modules M, M', respectively. Then an 
A-homomorphism М M' is precisely а K- 
homomorphism f: M ^ M' satisfying the con- 
dition fo p(a)= p'(a) o f (ae A); this is some- 
times called a homomorphism from p to p'. 

In particular, an A-isomorphism is a K- 
isomorphism f: M — M' satisfying the con- 
dition f o p(a)o f! = p'(a) (ae А); in this case 
we say that p and p' arc similar (isomorphic or 
equivalent) and write p = p’. 

Let M be the representation module of a 
linear representation p of an algebra A. If p is 
injective, p and the corresponding M are said 
to be faitbful. For example, the linear represen- 
tation associated with the left A-module A is 
faithful; this is called the (left) regular represen- 
tation of A. If M is tsimple as an A-module, 

p is said to be irreducible (or simple). A homo- 
morphism from an irreducible representation p 
to p must be an isomorphism or the zero 
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homomorphism (Schur's lemma). In particular, 
if K is an talgebraically closed field and M is 
finite-dimensional, then such a homomor- 
phism is a scalar multiplication. A linear rep- 
resentation is said to be reducible if it is not 
irreducible. If M is tsemisimple as an A- 
module, p is said to be completely reducible (or 
semisimple). If A is a semisimple ring, any 
linear representation of À is completely reduc- 
ible. The converse also holds (— 368 Rings G). 

The linear representations associated with a 
submodule and a quotient module of M as an 
A-module are called a subrepresentation and a 
quotient representation, respectively. The linear 
representation associated with the direct sum 
M, +...+ M, of the representation modules 
M,,..., M, of linear representations p,, ..., р, is 
written p, +... + p, and called the direct sum of 
representations. If p is never similar to the 
direct sum of two nonzero linear representa- 
tions, then p is said to be indecomposable; this 
means that M is tindecomposable as an A- 
"module. 

For linear representations p, p' of a group G 
in M, M', we define the linear representation 
p & p' in M & M' by (p & p')(g) — p(g) & p'(g) 
(ge Gy this is called the tensor product of repre- 
sentations p and р’. 


D. Matrix Representations 


Let K" be the K-module consisting of all n- 
tuples (£j) of elements in a commutative ring 
K. &(K") is identified with the K-algebra 
МК) of all n x n matrices (A,) over K:(4)(£) 
= (У), 46). Thus a linear representation of 
Ain K", i.e., а homomorphism A M,(K), is 
called a matrix representation of A over K, and 
n is called its degree. A matrix representation 
of a group G over K of degree n is a homo- 
morphism G GL (n, K), where GL(n, K) is 
the group of all n x n invertible matrices. If 
(e,,...,e,) is a tbasis of a K-module M, then by 
the K-isomorphism K"— M given by the as- 
signment (£j) — ХУ", e;¢;, we have a bijective 
correspondence between the matrix represen- 
tations of А of degree n and the linear repre- 
sentations of À in M, and the corresponding 
representations are símilar. Explicitly, the 
linear representation p corresponding to a 
matrix representation a—(A,,(a)) is given by 


n 


p(a)e,= У еа), аєА. 

i=1 
Hence giving the finite-dimensional linear 
representations over a field K is equivalent to 
giving the matrix representations over K. Let 
T, T' be matrix representations of degree n, n'. 
Then a homomorphism from T to T’ is an n 
x n matrix P satisfying PT(a) — T'(a)P (ae A). 
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Therefore T and T’ are similar if and only if 
n —n' and PT(a)P ! = T'(a) (ae A) for some 
nxn invertible matrix P. For a representation 
of a group G, it suffices that this equation is 
satisfied by all ae G. 

We always assume that K is a field. Then a 
K-module is a linear space over K. A linear 
representation p over K of a K-algebra A is 
said to be of degree n if its representation 
module M is of dimension n over K. Suppose 
that a sequence (0) 2 My C M, с... с M,- М 
of A-submodules of M is given. We take a 
basis (e,, ...,e,) of M over K such that (e,, 
€) forms a basis of M; over K (1<і<р). 
Then the matrix representation corresponding 
to p relative to the basis (e,,...,e,) has the 


form 
Ty (a) T (a) Tı, (a) 
Tx (a) T, (a) 
a—T(a)= . 
0 T, (a) 


where, if we put n; = dim М;,/М;_, —m;—m, ,, 
T, (a) is an n; x n; matrix and Т;(а) =0 for i j. 
The residue classes of e, +1, ..., €m, forma 
basis of the quotient space M;/M,. , over К, 
and the matrix representation corresponding 
to the linear representation p; associated with 
M,/M,_, relative to this basis is given by Т. 
The sequence (Mj) is a tcomposition series if 
and only if each p; (hence T; is irreducible. In 
this case, p,, ..., p, are uniquely determined by 
p up to their order and similarity (Jordan- 
Hólder theorem). An irreducible representation 
p' similar to some p, is called an irreducible 
component of p. The number р> 0 of p; similar 
to p' is called the multiplicity of р’ as an irre- 
ducible component of p. We also say that p 
contains p' p times or p' appears p times as an 
irreducible component of p. The representa- 
tion p is completely reducible if and only if it 
is similar to the direct sum of its irreducible 
components (admitting repetition). In this case, 
p is similar to the matrix representation 


Tı (a) 0 


0 T,, (a) 


E. Coefficients and Characters of Linear 
Representations 


We consider the linear representations of an 
algebra over a field K. A right (left) A-module 
M is regarded as a linear space over K. In its 
dual space M*, we introduce the structure of a 
left (right) A-module using the inner product 
<, > as follows: (x, ax*5 = (xa, x*5 (Cx, x*a> 
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= (ax, x*5), where ae A, xe M, x*e М*. If p is 
the representation associated with M, the rep- 
resentation associated with M* is called the 
transposed representation (dual representation 
or adjoint representation) of p, and is denoted 
by ‘p. The linear mapping 'p(a) is the Мгапѕ- 
posed mapping of p(a). If M is finite- 
dimensional over K, we have (M*)* = M аз ап 
A-module. For a linear representation p of a 
group G, the mapping g'p(g) ! (дє G) is 
called the contragredient representation of p. 
The reciprocal linear representation associated 
with the right A-module A is called the right 
regular representation of А, and its transposed 
representation (1.е., the representation as- 
sociated with the left A-module A*) is called 
the coregular representation of A. For any 
finite-dimensional semisimple algebra and 
group ring of a finite group, the regular repre- 
sentation and the coregular representation are 
similar (— 29 Associative Algebras H). 

Let p be a linear representation of А over K 
and M be its representation module. For any 
xe M, x* e M*, we define a ‘linear form p, „+є 
А* on A by p, (a) = (ax, x*> (ae A). This is 
called the coefficient of p relative to x, x* and 
is determined by its values at generators of 
A as a linear space. In particular, a coefficient 
of a linear representation p of a group G can 
be regarded as a function on G taking values 
in K. For a fixed x* e M* the assignment x» 
£x. gives an A-homomorphism M> A*, 
where А* is considered as a left A-module. 
Therefore any nonzero coefficient p, „+ of an 
irreducible representation p generates an A- 
submodule of A* isomorphic to M. In other 
words, any irreducible representation of A is 
similar to some subrepresentation of the co- 
regular representation of A. In particular, 
any irreducible representation of a finite- 
dimensional semisimple algebra or a finite 
group is an irreducible component of the 
regular representation. Let Až be the subspace 
of A* generated by all coefficients p, x» (xe M, 
x* e M*) for a given linear representation p. 
Then pz: р’ implies A* = AT. If p,,..., p, are 
irreducible representations of A such that p; 
and р; are not similar unless i=j, the sum 
АЎ t... Aj, in A* is direct. In particular, for 
a semisimple algebra А, let the р, (1 < i< r) be 
the irreducible representations associated with 
the minimal left ideals of the *simple compo- 
nents А; of A. Then any irreducible represen- 
tation is similar to one and only one of p,, ..., 
p,, and A* can be decomposed into the direct 
sum of AS, AZ. In addition, each А» is 
canonically identified with Až. 

We shall treat finite-dimensional representa- 
tions exclusively. Let (e,, ..., e,) be a basis of 
the representation module M of p over K, and 
let a T(a) = (4;(a)) be the matrix representa- 
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tion that corresponds to p with respect to 

this basis. Then А„= p, er (1& i, j &n), where 
(et, ..., ef) is the dual basis. If K is algebrai- 
cally closed and p is irreducible (or more gen- 
erally, tabsolutely irreducible), then (4, is 
linearly independent; therefore we have dim 4% 
=n? (G. Frobenius and I. Schur). We take a 
matrix representation T corresponding to p 
and put 7,(a)=tr T(a) (ae A). Then x, isa 
function on A that is uniquely determined by p 
and belongs to 4%; y, is called the character of 
p. For a linear representation p of a group G, 
the character of p can be regarded as a func- 
tion on G. Moreover, it can be viewed as a 
function on the set of all tconjugate classes of 
G. The character of p is equal to the sum of the 
characters of the irreducible components of р 
taken with their multiplicities. The character 
of an irreducible representation is called an 
irreducible character (or simple character). If K 
is of characteristic 0, then p = p' is equivalent 
to y, — Xp, and the different irreducible charac- 
ters are linearly independent. The character 

of an absolutely irreducible representation 

(— Section F) is called an absolutely irreducible 
character. If we consider absolutely irreducible 
characters only, the statement holds irrespec- 
tive of the characteristic of K. 

The sum of all absolutely irreducible charac- 
ters of A is called the reduced character (or 
reduced trace) of A. The direct sum of all ab- 
solutely irreducible representations of A is 
called the reduced representation of А, and its 
character is equal to the reduced character. 
The determinant of the reduced representation 
is called the reduced norm of A. 


F. Scalar Extension of Linear Representations 


Let K, L be commutative rings with unity 
element, and fix a homomorphism o: K >L. 
We denote by M? the scalar extension o*(M) 
= M Gy L of a K-module M relative to 
6:XAQ u—xQGA"u(xeM;AeK,ueL)( 277 
Modules L). For an algebra A over K, the 
scalar extension A’ of the K-module A has 
the natural structure of an algebra over 
L:(aG 4)(b & u) 2 ab @ Au (a, be A; A, ue L). 
For a group С, we can regard (K[G] = 
L[G]:g 9 4=ga (geG, AEL). If M is a left 
A-module, then M° has the natural structure 
of a left A?-module; (a @ A) (x @ u) 2 ax @ Au 
(ae А, x€ M; 5, ue L). For the linear represen- 
tation p associated with M, the linear repre- 
sentation p^ over L associated with M” is 
called the scalar extension of p relative to 
с:р"(а® 1) — p(a) & 1,. Let (e,,...,e,) bea 
basis of M over K. If the matrix representation 
a (Aj(a)) corresponds to M relative to this 
basis, then the matrix representation corre- 
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sponding to M” relative to the basis (e, @ 1, 
-..,€, € 1) over L is given by a @ 1 >(4;(a)°). 
A linear representation over L is said to be 
realizable in K if it is similar to the scalar 
extension p° of some linear representation р 
over K. 

In particular, if o: KL is an isomorphism, 
p? is called the conjugate representation of p 
relative to с. The conjugate representation 
relative to the automorphism 6:44 (complex 
conjugation) of the complex number field is 
called the complex conjugate representation. If 
m is an ideal of K and o: K ^ K/m (tresidue 
class ring) is the canonical homomorphism, 
then the construction of p^ from p is called the 
reduction modulo m (— Section D.Ifpisa 
prime ideal of K and o: K — K, (local ring) is 
the canonical homomorphism, then the con- 
struction of p* from p is called the localization 
relative to p. If K is an integral domain and p 
=K — {0}, then К, is the tfield of quotients of 
K. We can also consider the “completion of 
representation" with respect to p. 

Let K be a field, L a field extension, and 
c: K o.L the canonical injection. Then for a 
linear representation p of A and its represen- 
tation module M, the scalar extensions р°, M? 
are written pl, ME, respectively. In view of M 
сМ", Ac А", &,(M) c &,(M") by the natural 
injections, we can regard p“ as an extension 
of the mapping p. We shall consider finite- 
dimensional representations exclusively. For 
linear representations p,, p, over K, p, = p> is 
equivalent to pt c pL. An irreducible repre- 
sentation p over K is said to be absolutely 
irreducible if its scalar extension p* to any field 
extension L is irreducible; an equivalent con- 
dition is that the scalar extension př to the 
talgebraic closure K is irreducible. Another 
equivalent condition is that every endomor- 
phism of the representation module M of p 
must be a scalar multiplication. If every irre- 
ducible representation of A over K is absolutely 
irreducible, K is called a splitting field for 
A. For a group G, if the field K is a splitting 
field for the group ring K[G], then K 
is called a splitting field for G. Let A be finite- 
dimensional over K. If K is a splitting field for 
A, any irreducible representation of A* is 
realizable in K for any field extension L of K. 
For an arbitrary field K, the scalar extension 
p* of an irreducible representation p to a 
tseparable algebraic extension L of K is com- 
pletely reducible. For simplicity, we assume 
that K is tperfect and L= K. Then the multi- 
plicities of all irreducible components of p“ are 
the same; this multiplicity is called the Schur 
index of p. 

The set S(K) of talgebra classes over K, each 
of which is represented by a (central) simple 
component of the group algebra K[G] of 
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some finite group G, is a subgroup of the 
TBrauer group B(K) of K, known as the Schur 
subgroup of B(K). Recent research has clarified 
considerably the structure of this group [19]. 


G. Linear Representations of Finite Groups 


Let G be a finite group of order g. The linear 
representation of G over K is equivalent to the 
linear representation of the group ring K[G], 
concerning which we have already stated the 
general facts. If K is the ring Z of rational 
integers, a linear representation over K is 
sometimes called an integral representation. 
We assume that K is a field. If the character- 
istic of K is zero or more generally not a divi- 
sor of g, every linear representation of G over 
K is completely reducible (H. Maschke). Such 
a representation is called an ordinary represen- 
tation. If g is divisible by the characteristic of 
K, we have a modular representation (— Sec- 
tion D. 

The exponent of G is the smallest positive 
integer n satisfying a" = 1 for every element 
ae G. A field containing all the nth roots of 
unity is a splitting field for G (R. Brauer, 1945). 
Consequently, for such a field K, any scalar 
extension of an irreducible representation over 
K is irreducible, and any irreducible represen- 
tation over any field extension of K is realizable 
in K. We fix a splitting field K for G and as- 
sume that K is of characteristic 0; for example, 
we can assume K = C. 

The number of nonsimilar irreducible repre- 
sentations of G is equal to the number of 
conjugate classes in G. Each irreducible repre- 
sentation appears as an irreducible component 
of the regular representation with multiplicity 
equal to the degree. In addition, each degree is 
a divisor of the order g of G. Let p be a linear 
representation of a subgroup H of G and M 
be its representation module. Then the linear 
representation of G associated with the K [G]- 
module K [G] ®күн M is called the induced 
representation and is denoted by p°. If the 
matrix representation T corresponds to p, then 
using the partition of G into the cosets G — 

a, HU...Ua,H we can write the matrix 
representation corresponding to p as 


T (a; 'aa)) T (a, 'aa,) 
a 


> 


T (a, aai) T (a; 'aa,) 


where we define T(b) =0 for bé H. The induced 
representation from a representation of degree 
1 of a subgroup is called a monomial represen- 
tation. To such a representation corresponds 

a matrix representation T such that T(a) has 
exactly one nonzero entry in each row and 
column for every ae G. For the trivial sub- 
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group Н = {е}, we obtain the regular represen- 
tation of G. In general, for an irreducible 
representation o of G and an irreducible repre- 
sentation p of a subgroup H, the multiplicity 
of e in рб coincides with that of p in the res- 
triction Gy of e to H (the Frobenius theorem). 
The following orthogonality relations hold for 
irreducible characters y and у of G: 


. ay J9 Z=, 
2, хада ) | i. 


M 


a, fala... C(a)=C0b) 
ORG ew Bue. 


In the second formula, y ranges over all the 
irreducible characters of G, C(a) denotes the 
conjugate class of G containing a, and g, is the 
number of elements in С(а). 


H. Linear Representations of Symmetric 
Groups 


All irreducible representations of a tsymmetric 
group C, over the field Q of rational numbers 
are absolutely irreducible. Hence the represen- 
tation theory of S, over a field of character- 
istic zero reduces to that over Q. Since the 
group algebra A = Q[&,] is semisimple, to 
obtain an irreducible representation of 5, it is 
sufficient to find a tprimitive idempotent (i.e., 
an idempotent that is not the sum of two 
orthogonal nonzero idempotents) of A. Such 
an idempotent can be obtained in the follow- 
ing way. As in Fig. 1, we draw a diagram T 
consisting of n squares arranged in rows of 
decreasing lengths, the left ends of which are 
arranged in a single column. Such a diagram T 
is called a Young diagram; if it has k rows of 
lengths f; > f;2...2f,-0, fit+ fa +... fin 
then it is written T= T( f,, ..., f). We put the 
numerals 1 to n in any order into the n squares 
of T= T(fi. f;,.... f), as in Fig. 1, for example. 
We then denote by с any permutation of S, 
that preserves each row and construct an 
element of A:s= У с. Similarly, we denote by 

t any permutation of ©, that preserves each 
column and set t =È (sgn т)т. If we set u=t-s 
= У +т'о, then u is a primitive idempotent of 
А except for а numerical factor. This implies 
that и yields an irreducible representation of 
&,. The element u of A is called the Young 
symmetrizer associated with T. 


ДЕЛЕЛ 


Fig. 1 
Young diagram. n — 26; f, =8, f; —6, fs = 6, f4=4, fs 
=2. 
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If we put the numerals 1 to n into the n 
squares of Т in a different order, we obtain 
another symmetrizer u' associated with T. 
However, these two irreducible representations 
associated with u and и are similar. Hence 
there corresponds to T a fixed class of irre- 
ducible representations of G,, i.e., a fixed irre- 
ducible character of ©„. Moreover, апу two 
different Young diagrams yield different 
irreducible characters, and any irreducible 
character is obtained by a suitable Young 
diagram. Thus there exists a one-to-one corre- 
spondence between the Young diagrams and 
the irreducible characters of S,,. 

The method of determining the character 
associated with a given diagram was found by 
Schur and H. Weyl (— 60 Classical Groups). 


I. Modular Representations of F inite Groups 


Let G be a finite group of order g, and let K be 
a splitting field of G of characteristic p40. If p 
is a divisor of g, we have the case of modular 
representation, in which the situation is quite 
different from the case of ordinary representa- 
tion. The theory of modular representations 
of a finite group was developed mainly by 
Brauer after 1935. 

The elements of G whose orders are prime 
to p are called p-regular. Let k be the number 
of p-regular classes of G, i.e., conjugate classes 
of G containing the p-regular elements. Then 
there exist exactly k nonsimilar absolutely 
irreducible modular representations Е, F;, 
...,F,. The number of nonsimilar indecom- 
posable components of the regular representa- 
tion R of G is also equal to k, and we denote 
these representations by U,, U,, ..., Up. We 
can number them in such a way that F, ap- 
pears in U, as both its top and bottom compo- 
nent. If the degree of F, is f. and that of U, is 
их, then U, appears f, times in R and F, ap- 
pears u, times іп R. The multiplicities c,., of F, 
in U, are called the Cartan invariants of G. 

Take an algebraic number field Q that is a 
splitting field of G. Let p be a prime ideal in 
О dividing p, and let o be the domain of tp- 
integers of Q. Then the residue class field о/р is 
a finite field of characteristic p and a splitting 
field of G. Hence we can assume that o/p = K, 
where K is the field considered at the begin- 
ning of this section. Let Z,, Z,,...,Z, be the 
nonsimilar irreducible representations of G in 
О. We can assume that all the coefficients of 
Z, are contained in o. Replacing every coeffi- 
cient in Z, by its residue class mod p, we obtain 
a modular representation Z;. The modular 
representations Z,,...,Z, thus obtained may 
be reducible. The multiplicities d;, of Е, in Z, 
are called the decomposition numbers of G. 
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They are related to the Cartan invariants by 
the fundamental relations 


Cka = > d,.d,;. 


The determinant |c,,| of degree k is a power 

of p. We set g — p*g', (p, 9) = 1. Then we may 
assume that Q contains a primitive g'th root of 
unity ó(c o). Since (p, g’)= 1, the residue class 
ó(c K) of ó is a primitive g'th root of unity. 

Let M be a modular representation of G. The 
characteristic roots of M (a) for a p-regular 
element a are powers 5° of ó. We replace each 
6” by ô” and obtain an element (а) of Q as the 
sum of these 6”. In this manner we define a 
complex-valued function £ on the set of p- 
regular elements of G. We call £ the modular 
character (or Brauer character) of M. Two 
modular representations have the same irre- 
ducible components if and only if their modu- 
lar characters coincide. Denoting by ф, the 
modular character of F, and by n, that of U,, 
we have the following orthogonality relations 
for the modular characters: 


RSA 
Lon) -do i p 
alg, C(a)- C(b) 


у, Ф(а)п,(Ь7') = | C(a)= C(b). 


In the first sum, a ranges over all p-regular 
elements of G. 

We say that F, and F, belong to the same 
block if there exists a sequence of indices к, x, 
B, ..., y, А such that c,, 0, c, 0,...,c I #0. 
This is obviously an equivalence relation, and 
F,, F,, ..., F, are classified into a finite number, 
say s, of blocks B,, B,, ..., B,. If F. belongs to 
a block B,, we say by a stretch of language 
that the corresponding U, also belongs to B,. 
All the irreducible components of Z; belong 
to the same block since с, #0 if d; 40 and 
d,,# 0. If the irreducible components of Z, 
belong to B,, we say that Z; belongs to B,. Let 
x, be the number of Z; belonging to B, and y, 
the number of F, belonging to B,. Then x, > у,. 
If y; is the ordinary character of Z;, then y; 
can be considered as the modular character 
of Z;. If we denote the degree of Z, by z;, then 
gax (a)/z; for ae G is an algebraic integer and 
hence belongs to o. Now Z, and Z; belong to 
the same block if and only if g,7;(a)/z;= 
ga X/(a)/2; (mod p) for all p-regular elements 
a of G. 

If p* is the highest power of p that divides all 
the degrees z; of Z; belonging to B,, then it is 
also the highest power of p dividing all the 
degrees f, of F, belonging to B,. We call d— 
e—a the defect of B.; obviously 0 <d < e. If Z; 
belongs to a block of defect d, then the power 
of p dividing z; is р thi (h, 2: 0). A block of 
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defect 0 contains exactly one ordinary repre- 
sentation Z;, hence also exactly one modular 
representation F, (x, = y, = 1). Moreover, we 
have Z;= Е, = U,. It follows that all the de- 
grees z; of Z; belonging to a block of defect 1 
are exactly divisible by p° 1; the converse is 
also true. Z; belongs to a block of defect O if 
and only if y,(a)=0 for any element a of G 
whose order is divisible by p. 

Let D be any p-Sylow subgroup of the їсеп- 
tralizer Сс; (а) of an element a of G, and let 
(D:1)=p*. Then d is called the defect of the 
class C(a), and D is called a defect group of 
C(a). The number of blocks of defect e is equal 
to the number of p-regular classes of defect e. 
Let B, be a block of defect d. Then there exists 
a p-regular class of defect d containing an 
element a such that g,y;(a)/z; 0 (mod p) for 
апу 2; in B,. The defect group D of C(a) is 
called the defect group of B,, and D is uniquely 
determined up to conjugacy in G. The number 
of blocks of G with defect group D is equal to 
the number of blocks of the tnormalizer N,(D) 
with defect group D. 

An arbitrary element x of G can be written 
uniquely as a product x — sr —rs, where s, 
called the p-factor of x, is an element whose 
order is a power of p, and r is a p-regular 
element. We say that two elements of G belong 
to the same section if and only if their p-factors 
are conjugate in G. This is an equivalence 
relation. Obviously, each section is the union 
of conjugate classes of G. If the p-factor of x is 
not conjugate to any element of the defect 
group D of B,, then y,(x)=0 for all Z; in B,. 
Let фї, 95, ..., Физ be the absolutely irre- 
ducible modular characters of C, (s), and let y; 
be the absolutely irreducible ordinary charac- 
ters of Co(s). Since 


xir) = eir) = в) di esr) reCg(s), 


we have 


хів) = > ғ) = У, dig Pal’). 


The dj, are called the generalized decompo- 
sition numbers of С. If the order of s is p!, then 
the d;, are algebraic integers of the field of the 
p'th roots of unity. Let s be conjugate to an 
element of D. There corresponds to B, a union 
B, of blocks of Со (5), and if o зр, then B, and 
B, contain no irreducible modular represen- 
tations in common. We have d;, =0 for any 

Z, in B, (Le., g ё В). Brauer's original proof 
of this result was considerably complicated; 
simpler proofs were given independently by K. 
Iizuka and H. Nagao. From these relations we 
get the following refinement of the orthogon- 
ality relations for group characters. If Z; and 
Z; belong to different blocks of G, then 

Lacs Xi(4)x(a~'!)=0, where a ranges over all 
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the elements belonging to a fixed section S of 
G. If elements a and b of G belong to different 
sections, then У, х, (а): (р !) -0, where y; 
ranges over all the characters of G belonging 
to a fixed block B,. 


J. Projective Representations of Finite Groups 


Let V be a finite-dimensional linear space over 
a field K, and let P(V) be the tprojective space 
associated with V (— 343 Projective Geom- 
etry). The set of all projective transforma- 
tions of P(V) forms the group PGL(V), which 
can be identified with the quotient group 
GL(V)/K*1,. Here K* — К — {0} and K*1, is 
the set of all scalar multiples of the identity 
transformation 1, of V and is the center of 
GL(V). A homomorphism G— PGL(V) ts 
called a projective representation of G in V or 
simply a projective representation of G over 
K. Two projective representations (p, V) and 
(р, V’) of G are said to be similar if there exists 
an isomorphism o: PGL(V)— PGL(V") induced 
by a suitable isomorphism V— V' such that 
qop(a)oo ! = р(а) (ae G). Let V, #{0} bea 
subspace of V. We can assume that P(V,) c 
P(V). If (p, V) is a projective representation 

of G such that each p(a) (ae G) leaves P(V,) 
invariant, we get a projective representation 
(pi, Vi) by restricting the p(a) to P(V,). In this 
case (p,, Vi) is called a subrepresentation of p. 
À projective representation is said to be irre- 
ducible if there exists no proper subrepresen- 
tation of p. 

A mapping о: ССИ) is called a section 
for (p, V) if x(o(a)) = p(a) for each ae G, where 
7 is the natural projection of GL(V) onto 
PGL(V). Any section a defines a mapping 
f:Gx Go K* satisfying o(a)o(b)= f(a, b)o(ab) 
(a, be G). The set { f(a, b), peg is called the 
factor set of p with respect to с. The mapping 
f is a *2-cocycle of G with values in K*. The 2- 
cohomology class c, € H*(G, K*) of f is deter- 
mined by p and is independent of the choice of 
sections for p. À projective representation p 
has a section с which is a linear representation 
of G in V if and only if c, — 1. If G is a finite 
group, for any ce H?(G, K*) there exists an 
irreducible projective representation p of G 
over K which belongs to c, i.e., c, —c. If p and 
p' are similar, then c, —c,.. The tensor product 
p @ р of two projective representations p and 
p' can be defined as in the case of linear repre- 
sentations, and we have сз =€p' Cp- If K is 
algebraically closed, then H?(G, K*) is deter- 
mined by the characteristic of K. When K is 
the complex field C, the group H?(G, C*) = 
3: (G) is called the multiplier of G. If M(G)=1, 
then G is called a closed group, and any pro- 
jective representation of G is induced by a 
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linear representation of G. In general, if p isa 
projective representation of G over C, then the 
order of c, is a divisor of the degree of p (di- 
mension of V). Moreover, if p is irreducible, 
then both the degree of p and the square of the 
order of c, are divisors of the order of G. K. 
Yamazaki, among others, studied the projec- 
tive representations of finite groups in detail. 


K. Integral Representations 


Every complex matrix representation of G is 
equivalent to a matrix representation in the 
ring of algebraic integers. If an algebraic num- 
ber field K is specified, every K[G]-module V 
contains G-invariant R-tlattices (briefly, G- 
lattices), where R is the ring of integers in K. 
A G-lattice L is characterized as an R[ G ]- 
module, which is finitely generated and *tor- 
sion free (hence *projective) as an R-module. It 
provides an integral representation of G as an 
automorphism group of the R-projective 
module L. 

R[G]-modules L and M need not be iso- 
morphic even when the K[G]-modules K @ L 
and K @ M are isomorphic. The set of G- 
lattices in a fixed K[G]-module V is divided 
into a finite number of R[G]-isomorphism 
classes (Jordan-Zassenhaus theorem). Let p be 
a prime ideal of R and R, be the localization 
of R at p. The study of R,-representations is 
intimately related with modular representation 
theory. For any R[G]-module L there is an 
associated family of R,[G]-modules L, = 
R, @ L, where p ranges over all primes of R. 
G-lattices L and M in a K[G]-module V are 
said to be of the same genus if L, = M, for 
every p. The number of genera of G-lattices in 
V is given by [I yhp (g= order G), where h, 
denotes the number of R,[G ]-equivalence 
classes of R,[G ]-lattices in V. When V is ab- 
solutely irreducible, the number of R[G]- 
equivalence classes in a genus equals the (1deal) 
*class number of K (J. M. Maranda and $. 
Takahashi). 

The *Krull-Schmidt theorem, asserting the 
uniqueness of a direct sum decomposition into 
indecomposable R [G ]-modules, holds if R is a 
complete discrete valuation ring or if R isa 
discrete valuation ring and K is a splitting field 
of G. The condition for the finiteness of the 
number of nonisomorphic indecomposable G- 
lattices is known. In particular, for R= Z it 
reduces to the requirement that the Sylow p- 
subgroup of G be cyclic of order p or p? for 
every p|g. Regarding projective Z[ ]-modules 
— 200 Homological Algebra G. 

The isomorphism problem, i.e., the question 
of whether the isomorphism Z[G]z Z[H] of 
integral group algebras implies the tsomor- 
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phism G = H of groups, has been answered 
affirmatively for certain special cases such 
as tmeta-Abelian groups. 

R[G] is an R-torder in K [G], and in this 
context, a considerable portion of the integral 
representation theory has been extended to 
more general orders in separable algebras [14— 
16]. 


References 


[1] B. L. van der Waerden, Gruppen von 
linearen. Transformationen, Springer, 1935 
(Chelsea, 1948). 

[2] B. L. van der Waerden, Algebra II, 
Springer, fifth edition, 1967. 

[3] H. Boerner, Darstellungen von Gruppen, 
Springer, 1955. — 

[4] N. Bourbaki, Eléments de mathématique, 
Algèbre, ch. 8, Actualités Sci. Ind., 1261a, 
Hermann, 1958. 

[5] C. W. Curtis and I. Reiner, Representation 
theory of finite groups and associative alge- 
bras, Interscience, 1962. 

[6] R. Brauer and C. Nesbitt, On the modular 
characters of groups, Ann. Math., (2) 42 (1941), 
556—590. 

[7] R. Brauer, Zur Darstellungstheorie der 
Gruppen endlicher Ordnung I, II, Math Z., 63 
(1956), 406—444; 72 (1959—1960), 25—46. 

[8] M. Osima, Notes of blocks of group char- 
acters, Math. J. Okayama Univ., 4 (1955), 175- 
188. | 

[9] L. Schur, Über die Darstellung der endli- 
chen Gruppen durch gebrochene lineare Sub- 
stitutionen, J. Reine Angew. Math., 127 (1904), 
20—50. 

[10] I. Schur, Untersuchungen über die Dars- 
tellung der endlichen Gruppen durch gebro- 
chene lineare Substitutionen, J. Reine Angew. 
Math., 132 (1907), 85-137. 

[11] L Schur, Über die Darstellung der sym- 
metrischen und der alternierenden Gruppe 
durch gebrochene lineare Substitutionen, J. 
Reine Angew. Math., 139 (1911), 155—250. 
[12] R. Brauer, Representations of finite 
groups, Lectures on modern mathematics, 

T. L. Saaty (ed.), Wiley, 1963, vol. 1, 133-175. 
[13] W. Feit, Characters of finite groups, 
Benjamin, 1967. 

[14] I. Reiner, А survey of integral representa- 
tion theory, Bull. Amer. Math. Soc., 76 (1970), 
159—227. 

[15] R. Swan, K-theory of finite groups and 
orders, Lecture notes in math. 149, Springer, 
1970. 

[16] K. W. Roggenkamp (with V. Huber- 
Dyson), Lattices over orders I, II, Lecture 
notes in math. 115, 142, Springer, 1970. 


363 Ref. 
Riemann, Georg Friedrich Bernhard 


[17] L. Dornhoff, Group representation 
theory, Dekker, A, 1971; B, 1972. 

[18] J.-P. Serre, Représentations linéaires des 
groupes finis, second edition, Hermann, 1972. 
[19] T. Yamada, The Schur subgroup of the 
Brauer group, Lecture notes in math. 397, 
Springer, 1974. 


363 (XX1.40) 
Riemann, Georg Friedrich 
Bernhard 


Georg Friedrich Bernhard Riemann (Septem- 
ber 17, 1826-July 20, 1866) was born the son 
of a minister in Breselenz, Hanover, Germany. 
He attended the universities of Góttingen and 
Berlin. In 1851 he received his doctorate at the 
University of Góttingen and in 1854 became 
a lecturer there. In 1857 he rose to assistant 
professor, and in 1859 succeeded P. G. L. 
tDirichlet as full professor. In 1862 he con- 
tracted tuberculosis, and he died at age 40. 
Despite his short life, his contributions en- 
compassed all aspects of mathematics. 

His doctoral thesis (1851) stated the basic 
theorem on ‘conformal mapping and became 
the foundation for the geometric theory of 
functions. In his paper presented for the posi- 
tion of lecturer (1854), he defined the tRie- 
mann integral and gave the conditions for 
convergence of trigonometric series. In his 
inaugural lecture in the same year, he dis- 
cussed the foundations of geometry, intro- 
duced n-dimensional manifolds, formulated the 
concept of *Riemannian manifolds, and defined 
their curvature. In his paper of 1857 on tAbel- 
lan functions, he systematized the theory of 
tAbelian integrals and Abelian functions. In 
his paper of 1858 on the distribution of prime 
numbers, he considered the tRiemann zeta 
function as a function of a complex variable 
and stated *Riemann's hypothesis concerning 
the distribution of its zeros. It remains for 
modern mathematics to investigate whether 
this hypothesis is correct. In his later years, 
influenced by W. Weber, Riemann became 
interested in theoretical physics. He gave lec- 
tures on the uses of partial differential equa- 
tions in physics that were edited and published 
by H. Weber. 
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A. Riemannian Metrics 


Let M be a tdifferentiable manifold of class С" 
(1 &r&o), and g be a ‘Riemannian metric of 
class С”! on M. Then (M, д) or simply M is 
called a Riemannian manifold (or Riemannian 
space) of class C’ (— 105 Differentiable Mani- 
folds). The metric g is a їсоуагіапі tensor field 
of order 2 and of class C” !; it is called the 
fundamental tensor of M. Using the value g, of 
g at each point pe M, a positive definite inner 
product g,(X, Y), X, Ye T,, is introduced on 
the *tangent vector space T, to M at p, and 
hence T, can be considered as a tvector space 
over R with inner product that can be identi- 
fied with the Euclidean space E" of dimension 
n — dim M. Utilizing the properties of the space 
E", we can introduce various notions on T, 
and M. (For example, given a tangent vector 
LeT,, we define the length || L||=||L\|,,, of L 
to be the quantity g,(L, L)'?. A normal vector 
at a point p of a submanifold N of M is well 
defined as an element of the orthogonal com- 
plement of the subspace T,(N) of T,(M) with 
respect to g,; a differential form of degree 1 is 
identified with a tangent vector field.) A neces- 
sary and sufficient condition for a differenti- 
able manifold M of class C’ to have a Rie- 
mannian metric is that M be tparacompact. A 
Euclidean space E" has a Riemannian metric 
expressed by У" o dx: @ dx: in terms of an 
orthogonal coordinate system (x. 

We assume that M is connected and of class 
C^. A curve x:[a, b] M is called piecewise 
smooth or of class D °° if x is continuous and 
there exists a partition of [a,b] into finite 
subintervals [t;_,,t;] such that the restrictions 
x|(t;-1,t,] are timmersions of class C”. The 
length ||x|| of such a curve x is defined to be 
(2 lx'(t)| dt, where x'(t) is the tangent vector of 
x defined for almost all values of t. As in a 
Euclidean space, the length |х| is independent 
of the choice of parameter t, and the concepts 
of tcanonical parameter and orientation of x 
can be defined (— 111 Differential Geometry 
of Curves and Surfaces). A function d: M x M 
—[0, оо) is defined so that the value d(p, 4), p, 
qe M, is the infimum of the lengths of curves of 
class D° joining p and q. The function d is a 
*distance function on M, and the topology of 
M defined by d coincides with the original 
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topology of M. There exists an essentially 
unique structure of a Riemannian manifold on 
(real or complex) telliptic or thyperbolic space 
(— 285 Non-Euclidean Geometry), and d is 
the distance function of these spaces. 

If there exists an immersion ф of a differenti- 
able manifold N in a Riemannian manifold 
(M, g), then a Riemannian metric @*g is de- 
fined оп N by the tpullback process (||L||,+,= 
\|\dp(L)||,). (For example, a submanifold and 
a tcovering manifold of M have Riemannian 
manifold structures induced by the natural 
mappings (— 365 Riemannian Submanifolds).) 
If M — E? and N is a 2-dimensional submani- 
fold of M, then @*g is the tfirst fundamental 
form of N. Assume further that ¢ is a diffeo- 
morphism and N has a Riemannian metric 
h. If ф*а =h, then (№, А) is said to be isometric 
to (M, д), and q is called an isometry. The set 
ҚМ) of all isometries (isometric transforma- 
tions) of M onto M is a group. À necessary 
and sufficient condition for a mapping v: 
М-М to be an isometry is that dy(p, q) = 
dy (ih (p). W(q)), p. ae N. In particular, I(E") is 
the ‘congruent transformation group. 

If a differentiable manifold M is the product 
manifold of Riemannian manifolds (M,, g,) 
and (M;, д), then (M, xf д, + n19;) is called 
the Riemannian product of M, and M,, where 
Ta X= 1, 2, are projections from M to M,. 

Let F be the ttangent n-frame bundle over 
M and B= B,(M) be the subset of F consisting 
of all orthonormal frames with respect to g. 
Then B is an O(n)-subbundle of F of class С°, 
called the tangent orthogonal n-frame bundle 
(or orthogonal frame bundle). In this way we 
get a one-to-one correspondence between the 
set of all O(n)-subbundles of F and the set of 
all Riemannian metrics of M. 


B. Riemannian Connections 


There exists a unique *affine connection in the 
orthogonal frame bundle B whose ‘torsion 
tensor is zero. This connection is called the 
Riemannian connection (or Levi-Civita connec- 
tion; — 80 Connections K). Let V denote the 
*covariant differentia! operator defined by this 
connection (— 80 Connections, 417 Tensor 
Calculus). (For a vector field X, the covariant 
differential operator V, acts on any tensor field 
T defined on a submanifold having X as a 
tangent vector field.) The covariant differen- 
tial Vg of the fundamental tensor g vanishes 
identically. The tconnection form of the Rie- 
mannian connection is expressed by n? differ- 
ential {-forms (cj), <,;<, on B, and we have 

= оў = 0. Let (c), <i<n be the fcanonical 
1-forms on B. Then (o0), <i<j<n together with 
(w') give rise to an absolute parallelism on 

B (that is, they are linearly independent at 
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every point). Let (0°) and (0/) be the corre- 
sponding set of differential 1-forms on the 
orthogonal frame bundle B, over another 
Riemannian manifold N with dim N = dim M. 
If there exists an isometry y: M — N, then the 
differential dy is a diffeomorphism from B= 
By to By, and we get (d/)*(0*) = c, (d)*(07) = 
о}. Conversely, if there exists a diffeomorphism 
V: By — By satisfying V*(05) = c», V*(07) = 

œj and M is torientable, then there exists an 
isometry iy: MN such that dy = holds on 
a connected component B, of B. Moreover, y 
is uniquely determined if we choose one Bo. In 
this way the problem of the existence of an 
isometry from M may be reduced to one of the 
existence of a diffeomorphism from B preserv- 
ing absolute parallelism (as well as the order of 
the basis (c, w/)). 

According to the general theory of affine 
connections, the Riemannian connection on M 
determines a *Cartan connection uniquely 
with E" — I(E")/O(n) as tfiber, which is called 
the Euclidean connection. As a consequence, 
every tangent vector space T,(M) is regarded 
as a Euclidean space Е», and for a given curve 
x:[a, b] M of class D? and for te[a, b] there 
exists an isometry I, ,: Et > E, satisfying the 
following three conditions (we denote I, , by 
1): (1) If x is a composite of two curves y and 
z, then I. — I, I... (2) Differentiability: If x is of 
class C? at to, then tI, , is of class C? at to. 
(3) L, depends on the orientation of x but not 
on the choice of its parameter. The develop- 
ment x of x is the curve in E%,, defined by X(t) 
= I, ,(x(t)), and we get [xl = [|x|]. (T. is some- 
times called the development along x.) Utilizing 
the concept of development, the theory of 
curves in E" can be used to study curves on M 
(^ 111 Differential Geometry of Curves and 
Surfaces). For example, if x is a segment, then 
x or x([a, b]) is called the geodesic arc (— 80 
Connections L); the tFrenet formula is auto- 
matically formulated and proved. The rotation 
part IË of I, (the composite of I, and the paral- 
lel displacement of E, translating I,(x(b)) to 
x(a)) is regarded as an isomorphism of the 
inner product space T; to Ty). I7 is ex- 
tended to an isomorphism of the Непѕог alge- 
bra F (1,4) to F (Taa), which is denoted by 
the same symbol IË and called the parallel 
displacement or parallel translation along x. 
Given a tensor field К on M, we have VK 
= [dI (K(x(0)))/dt],-,. In particular, a neces- 
sary and sufficient condition for VK =0 is that 
I®(K(x(b))) = K (x(a)) for any x, in which case 
K 1s said to be parallel. 


C. Exponential Mapping (— 178 Geodesics) 


A curve x on M or the image of x is called a 
geodesic if any subarc х |[a, b] of x is a geo- 
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desic arc. Let N(S) be the normal bundle of a 
submanifold S of M, that is, the differentiable 
vector bundle over S consisting of all normal 
vectors at all points of S. Then Š is contained 
in N(S) as the set of zero vectors at all points 
of S. There exist a neighborhood U of S in 
N(S) and a mapping Ехр;: U— M of class C? 
with the following property: There exists a 
geodesic arcx with the initial tangent vec- 

tor Le U, length ||x|| = ||L||, and final point 
Exp,(L). Let U; be the largest U with this 
property. Then Exps: О; M is determined 
uniquely by S. The mapping Exp; is called 
the exponential mapping on S. If the rank of 
the Jacobian matrix of Exp; is less than n at 
Le Us, then L or Exps(L) is called the focal 
point of S on the geodesic s Exps(sL) (0 x s, 
sLe Us). If S is compact, then S has an open 
neighborhood V; in №5) satisfying the follow- 
ing three conditions: (i) И; Us; (ii) ||L|| = 
d(Exps(L), S) for Le Vs, where the right-hand 
member expresses the infimum of the distance 
between the point Exps(L) and points of S; (iii) 
the restriction Exp,| V; is an embedding. The 
image Ехр;(/;) is the tubular neighborhood of 
S. In the special case where S consists of only 
one point p, N({p}) coincides with the tangent 
vector space T, (M), and the focal point of p is 
called the conjugate point of p, given as the 
zero point of the fJacobi field (— 178 Geo- 
desics, 279 Morse Theory). In this case, Vç is 
denoted by V,. If T, is identified with R” (or 
E") by means of an orthonormal basis of T,, 
then (Exp)! defined on Exp, (V,) is a coordi- 
nate mapping, called the normal coordinate 
mapping. Furthermore, Exp,(V,) contains a 
neighborhood W, of p such that there exists a 
unique geodesic arc x joining any two points q 
and r of W, with |х| = 2(9, ғ) and contained in 
W,. W, is called a convex neighborhood of p. 


D. Curvature 


The set of differential 1-forms (c, oj), by 
means of which absolute parallelism is given in 
the orthogonal frame bundle B of M, satisfies 
the fstructure equation dc = — уо} ^ о), 

doi = —X,0j ^ of + Qi, and (Оў) is called the 
curvature form of the Riemannian connection 
of M. This form is expressed by a tensor field 


. R (— 80 Connections; 417 Tensor Calculus ) of 


type (1,3) on M, called the curvature tensor; if 
Ria are the components of R with respect to 
an orthonormal frame be B of the tangent 
vector space T, of M, then Qj —(1/2)2 Ria" ^ 
о! at b. Let (X, Y) be an orthonormal basis of 
a 2-dimensional subspace P of T,. Then the 
inner product K,(P) of X and R(X, Y)Y is 
determined by P independently of the choice 
of the basis (X, Y), where the i-component of 
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R(X, Y)Z with respect to the basis b of T, is 
given by X Ri, Z/X*Y'. K,(P) is the tGauss- 
ian curvature of the surface Exp,(V,M P) and 
is called the sectional curvature (or Riemannian 
curvature) of P. The curvature tensor R is 
uniquely determined by the function K,(P) 

of p and P. If dim M 2 3 and if at every point p 
of M, K,(P) has a constant value M, indepen- 
dent of the choice of P, then M, is a constant 
independent of the choice of p (F. Schur). If 

К (P) is constant, then M is called a space of 
constant curvature. If VR =0, then M is called 
a locally symmetric space (— 412 Symmetric 
Riemannian Spaces and Real Forms; 413 
Symmetric Spaces). In a local sense, Riemann- 
ian metrics of these spaces are uniquely deter- 
mined by the curvature tensor R up to a con- 
stant factor. If M is of constant curvature K, 
complete, and simply connected, then M is 
isometric to E", the sphere (which is the uni- 
versal covering Riemannian manifold of a real 
telliptic space), or a real thyperbolic space 
according as K is 0, positive, or negative. The 
compact spaces of positive constant curvature, 
that is, the Riemannian manifolds having the 
sphere as the universal covering Riemannian 
manifold, were completely classfied by J. A. 
Wolf [1]. А complete, simply connected, 

and locally symmetric space is a symmetric 
Riemannian space. The Ricci tensor (К) is 
defined by R= — X, Ri. Let Q be the qua- 
dratic form on T, given by (К,). Then the 
value Q(L) for a unit vector Le T, is the mean 
of K,(P) for all sections Р (2-dimensional 
subspaces of Т,) containing L and is called the 
Ricci curvature (or mean curvature) of the 
direction L at p. The mean R of Q(L) for all 
the unit vectors L at p is called the scalar 
curvature at p (— 417 Tensor Calculus). Q(L) 
and К are expressed by Q(L) = X; g,(R(X;, L)L, 
Xj) and К= У, О(Х,), up to positive constant 
factors, in terms of an orthonormal basis (X;) 
of Т,. If the Ricci tensor of M is a scalar mul- 
tiple of the fundamental tensor, then M is 
called an Einstein space. (When dim M > 3, this 
scalar is constant.) If M is a *Káhler manifold 
and P is restricted to a complex plane (in- 
variant under the almost complex structure), 
then K(P) is called the holomorphic sectional 
curvature. A Kahler manifold M of constant 
holomorphic sectional curvature is locally 
isometric to a complex Euclidean space, ellip- 
tic space, or hyperbolic space. 

The properties of the sectional curvature 
and the Ricci curvature are closely related to 
the behavior of geodesics of Riemannian mani- 
folds, and these properties reflect those of the 
topological structures of the manifolds (— 178 
Geodesics). The compact simply connected 
homogeneous Riemannian manifolds of strict- 
ly positive sectional curvature have been 
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classified [2—4]. Related to algebraic geome- 
try, as the solution of the Frankel conjecture, 
the following holds: If a compact Káhler mani- 
fold has strictly positive sectional curvature, 
then it is biholomorphic to the complex pro- 
jective space [5,6] (— 232 Kahler Manifolds). 
Furthermore, curvature tensors are related to 
*characteristic classes. For example, we have 
the Gauss-Bonnet formula: If M is an even- 
dimensional compact and oriented Riemann- 
ian manifold, the integral of a, Kc on M is 
equal to the *Euler-Poincaré characteristic, 
where 


a, =n!/(2" n"? (n/2)!), 


о is the volume element of M, and K,» is 
defined as follows: For a positive even num- 
ber s, Кү; is a real-valued function of the s- 
dimensional subspaces P of the tangent vector 
spaces T, of M, which is given by 


Keg (P)= b Ee, 16), S (SG XX; Xi, 


-LR (X, 


is-1? 


XQX, X 


in terms of an orthonormal basis (X;, ..., X) of 
P, where b, =(—1)*?/(2°?s!), © is summation 
over all pairs of s-tuples satisfying {i,,...,i,}, 
Ui Jee (1,2,....n),8, is the sign of 
(iisi) < ‚ > is the inner product in T, with 
respect to g,, R, is the value of the tensor R 

at p, and R,(X;, Xj) X, is as already defined 

at the beginning of this section. In particular, 
Kay = K. If Кү, of a compact and orientable 
M is constant for a certain s, then the kth 
TPontryagin class of M (with real coefficients) 
vanishes for all k > 8/2. 


E. Holonomy Groups 


Let p be a fixed point of M, and let Q, be the 
set of all closed oriented curves of class D^ 
with initial and final points p and with para- 
meters neglected. The set Н = (1,|xeQ,J, 
called the holonomy group of M, is a subgroup 
of I(T,) (Т, is identified with E") independent of 
the choice of p (— 80 Connections), and x1, 
is a homomorphism from Q, to H. The restric- 
tion H, of this homomorphism to all closed 
curves homotopic to zero is called the re- 
stricted holonomy group. The rotation part h of 
H, called the homogeneous holonomy group, is 
a subgroup of the orthogonal group O(n) of 
T,. The rotation part hy of Ho, called the re- 
stricted homogeneous holonomy group, is a 
connected component of h and a tcompact Lie 
group. The ?Lie algebra of h, is spanned by 
UG QC Y))Ix [a,b] > M is of class D>, 
x(a) = p, and X, Ye T.a}, where R, (X, Y) is 
the endomorphism of the linear space Ту, 
defined in Section D. 
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If M — E", then Н = {е}, where e is the iden- 
tity element. If h = {e} (ho = {e}), then M is 
called flat (locally flat) (— 80 Connections E). 
Local flatness is equivalent to M being locally 
isometric to E". If M is complete and H (re- 
garded as a transformation group of E") has a 
fixed point, then M is isometric to E". Any 
finite rotation group h is the homogeneous 
holonomy group of some locally flat and com- 
pact Riemannian manifold. 

With respect to the linear group h of T,, 
we get a unique decomposition T, = Vio) Ф 
Va, 9 ... Ф Vn of mutually orthogonal sub- 
spaces, where V.o (dim Ko, 2:0) consists of all 
h-invariant vectors and V, i— 1, ...,r, are 
irreducible h-invariant subspaces. If h or ho is 
irreducible (reducible) on Т,, then M is called 
irreducible (reducible). If M is complete and 
simply connected (hence h = Л), then M is the 
Riemannian product of closed submanifolds 
Mq, 4=0,1,...,7, satisfying Va = T(M,). 
This decomposition М = П M,, is determined 
uniquely by M and called the de Rham de- 
composition of M [7]. In this case h is the 
direct product of closed subgroups hi, where 
every hy acts on Vig), f зх as the identity, 
and can be regarded as the homogeneous 
holonomy group of M,,). If ho is irreducible 
and M is not locally symmetric, then h, acts 
'transitively on the unit sphere of T,. The 
classification of possible candidates for such 
ho has been made [8,9]. For example, if n 
is even and hy is the tunitary group U(n/2), 
then h acts transitively on the unit sphere. A 
necessary and sufficient condition for h to be 
contained in U(n/2) is that M have a tcom- 
plex structure and the structure of a Kahler 
manifold. 

The group h acts naturally on the ttensor 
algebra 7 (T,) of T,. If a tensor field A on M is 
parallel, then A, is invariant under h. Con- 
versely, if Ao € 7 (T,) is invariant under h, there 
exists a unique parallel tensor field A satisfying 
A,7 Ao. The orthogonal frame bundle B is 
treducible to the h-bundle. 


F. Transformation Groups 


The group I(M) consisting of all isometries of 
M with the tcompact-open topology is a tLie 
transformation group. The isotropy subgroup 
at any point is compact. In particular, if M is 
compact, so is (М). The differential do of 
фє ҚМ) is a transformation of the orthogonal 
frame bundle B. If b, is a fixed point of B, then 
the mapping f defined by o dqo(b,) embeds 
I(M) as a closed submanifold of B, and the 
differentiable structure of I(M) is thus deter- 
mined. If f is surjective, it follows from the 
structure equation that M is of constant curva- 
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ture and equals E", a real thyperbolic space, or 
a real felliptic space (or a sphere). À necessary 
and sufficient condition for the image of f to 
be a subbundle of B is that I(M) be transitive. 
If the image of f contains the h-bundle, then 
M is a symmetric space. If M is compact and 
I(M) is transitive, then the image of f is con- 
tained in the h-bundle (— 191 G-Structures). If 
I(M) is transitive on M, then M is complete 
and is the "homogeneous space of I(M). Con- 
versely, a homogeneous space M = G/K of 

a Lie group G by a compact subgroup K has 
a Riemannian metric invariant under G. In 
general, an element of /(M) preserves quan- 
tities uniquely determined by the Riemannian 
metric g, such as the Riemannian connection, 
its curvature, the set of all geodesics, etc. Fur- 
thermore, any element of I(M) commutes with 
V and the fLaplace-Beltrami operator. If M is 
compact and oriented, then the connected 
component Ь(М) of I(M) preserves any thar- 
monic differential form. If M is complete and 
simply connected, then L (M) is clearly decom- 
posed into a direct product by the de Rham 
decomposition of M. An element of the Lie 
algebra of I(M) is regarded as a vector field X 
on M, called the infinitesimal motion, which 
satisfies the equation Lyg=0; that is, Vj; + 
V,¢;=0, where Ly denotes ле derivation 

and the č; are tcovariant components of X 
with respect to a natural frame (0/0X)), i= 

1, ...,n (— 417 Tensor Calculus). This equa- 
tion is called Killing's differential equation, 
and a solution X of this equation is called a 
Killing vector field. The set of all Killing vec- 
tor fields is a Lie algebra of finite dimension 

( < dim B). If M is complete, then this Lie alge- 
bra coincides with that of I(M). If M is com- 
pact and the Ricci tensor is negative definite, 
then I(M) is discrete. If, furthermore, the sec- 
tional curvature is nonpositive, then an iso- 
metry of M homotopic to the identity trans- 
formation is the identity transformation itself. 

It is known that dim /(M) x n(n + 1)/2 if 
dim M =n, and the maximum dimension is 
attained only when M is a space of constant 
curvature. For Riemannian manifolds with 
large I(M), extensive work on the structures of 
M and I(M) has been done by I. P. Egorov, S. 
Ishihara, N. H. Kuiper, L. N. Mann, Y. Muto, 
T. Nagano, M. Obata, H. Wakakuwa, K. 
Yano, and others [10, 11]. 

The fixed point set of a family of isometries 
has interesting differential geometric properties 
[10]. For example, let G be any subset of I(M) 
and F the set of points of M which are left 
fixed by all the elements of G. Then each con- 
nected component of F is a closed ttotally 
geodesic submanifold of M. If M is compact 
and f is an isometry of M, then A, = x(F), 
where A, denotes the Lefschetz number and 
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Х(Е) the *Euler characteristic of the fixed point 
set F of f. As for the existence of fixed points 
of an isometry, the following are known: Let f 
be an isometry of a compact, orientable Rie- 
mannian manifold M with positive sectional 
curvature. If dim M is even and f is orientation 
preserving, or if dim M is odd and f is orienta- 
tion reversing, then f has a fixed point. In the 
case of nonpositive curvature, the following is 
basic: Every compact group of isometries of a 
complete, simply connected Riemannian mani- 
fold with nonpositive sectional curvature has a 
fixed point (E. Cartan). If a compact, orien- 
table Riemannian manifold admits a fixed- 
point-free 1-parameter group of isometries, 
then its tPontryagin numbers vanish. 

On a Riemannian manifold M, a transform- 
ation of M which preserves the Riemannian 
connection, or equivalently which commutes 
with covariant differentiation V is called an 
affine transformation. Let A(M) denote the 
group of all affine transformations of M. А 
transformation preserving the set of all geo- 
desics is called a projective transformation. Let 
P(M) denote the group of all projective trans- 
formations of M. A transformation preserv- 
ing the angle between tangent vectors is called 
a conformal transformation. Let C(M) de- 
note the group of all conformal transforma- 
tions. They are Lie transformation groups 
with respect to suitable topologies. Clearly, 
I(M)c A(M)c P(M), I(M) c C(M) (— 191 G- 
Structures). 

Ao(M), the connected component of A(M), is 
decomposed into a direct product according to 
the de Rham decomposition of M when M is 
complete and simply connected (J. Hano). If 
M is complete and irreducible, then A(M) = 
ҚМ) except when M is a 1-dimensional Euclid- 
ean space. If M is complete and its restricted 
homogeneous holonomy group ho leaves no 
nonzero vectors, then Aç (M)= (М). If M is 
compact, then 4,(М) = I, (M) always. 

If M is complete and has a parallel Ricci 
tensor, then the connected component Р,(М) 
= A,(M), unless M is a space of positive con- 
stant sectional curvature (n > 2) (Nagano, М. 
Tanaka, Y. Tashiro). If M is compact, simply 
connected, and has constant scalar curvature, 
then P, (M) = (М), unless M is a sphere (n> 2) 
(K. Yamauchi). 

Similarly to the case of P(M), it is known 
that if M is complete and has a parallel! Ricci 
tensor, then the connected component C,(M) 
= Ij (M), unless M is a sphere (n> 2) (Nagano). 
À conformal transformation remains con- 
formal if the Riemannian metric g is changed 
conformally, namely, to e?/g, f being any 
smooth function on M. A subset of C(M, g) is 
called essential if it cannot be reduced to a 
subset of (М, д) for any metric g conformal to 
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g. When M is compact, C(M) or Co (M) is 
essential if and only if it is not compact. If 
Co(M) is essential, then M is conformally 
diffeomorphic to a sphere or a Euclidean space 
(п> 2) [12-15]. When M is compact and has 
constant scalar curvature and Co (M) = 1(М), 
sufficient conditions for M to be isometric to a 
sphere have been obtained by S. I. Goldberg 
and S. Kobayashi, C. C. Hsiung, S. Ishihara, A. 
Lichnerowicz, Obata, S. Tanno, Tashiro, K. 
Yano, and others. For example, if Co (M) is 
essential, then M is a sphere [14]. In general, 
however, there are compact Riemannian mani- 
folds with constant scalar curvature for which 
Co (M) z 1(М) (N. Ејігі). 


G. Spheres as Riemannian Manifolds 


A Euclidean n-sphere S" (nz 2) has the prop- 
erties of a Riemannian manifold. It is a space 
of positive constant sectional curvature 1/r? 
(r = radius) with respect to the natural Riemann- 
lan metric as a hypersurface of the Euclidean 
(n+ 1)-space E"*!. A sphere is characterized by 
the existence of solutions of certain differential 
equations on a Riemannian manifold. On a 
unit sphere 5" in E"*!, the eigenvalues of the 
tLaplace-Beltrami operator А on smooth 
functions are given by 0€ 2, « ... « Aj « ..., A, 
=k(n+k— 1). It is known that eigenfunctions 
f corresponding to 4,, Af= 4, f, are the restric- 
tions to S" of harmonic homogeneous poly- 
nomial functions F of degree k оп E"*'. On a 
compact Riemannian manifold M, if the Ricci 
curvature of M is not less than that of S", then 
the first eigenvalue 4, of A on M satisfies 4, > 
A, =n [16]. Conversely, under the same as- 
sumption on the Ricci curvature, if 4, =n, 
then M is a sphere (Obata). On the other 
hand, if g is the standard metric on S", then 
Af =nf is equivalent to the system of differen- 
tial equations 


VV.f + fg, =0. (Е,) 


A complete Riemannian manifold M (n >2) 
admits a nontrivial solution of (E,) if and only 
if M 15 a sphere (Obata, Tashiro). In general, 
the restriction f to S" of a harmonic homogene- 
ous polynomial of degree k satisfies Af = 

k(n - k — 1)f as well as a certain system (E,) 

of differential equations of degree k + 1 involv- 
ing the Riemannian metric. For example, 


AAA + 29У, + gi V, f + g V, f =0. (E;) 


If a complete Riemannian manifold M admits 
a nontrivial solution of (Еу) for some integer 
k 22, then M is locally isometric to a sphere 
(Obata, Tanno, S. Gallot [17]). The gradient of 
a solution of (E,) is an infinitesimal conformal 
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transformation and that of (E;) is an infini- 
tesimal projective transformation. 

As the Káhler or quaternion Káhler version 
of (E,), there is a system of differential equa- 
tions characterizing the complex projective 
space or the quaternion projective space as a 
Kahler manifold (Obata, Tanno, D. E. Blair, 
Y. Maeda). 

On a sphere, a Riemannian metric which is 
conformal to the standard metric and has the 
same scalar curvature as the standard one is 
always standard, namely, it has a positive 
constant sectional curvature [14]. 


H. Scalar Curvature 


On a 2-dimensional Riemannian manifold M, 
the sectional curvature, the Ricci curvature, 
and the scalar curvature all coincide with the 
tGaussian curvature, which is a function on 
M. If M is compact, by the tGauss-Bonnet 
theorem the Gaussian curvature K of M must 
satisfy the following sign condition in terms of 
the fEuler characteristic (М): 

if y(M)> 0, then K is positive somewhere; 

if y(M)=0, then K changes sign unless it is 
identically zero; 

if y(M) «0, then К is negative somewhere. 
This sign condition is also sufficient for a given 
function K to be the Gaussian curvature of 
some metric on M. More precisely, starting 
with a Riemannian metric with constant Gaus- 
sian curvature, one can say that a smooth 
function K is the Gaussian curvature of some 
metric conformally equivalent to the original 
metric if and only if K satisfies the foregoing 
sign condition [18]. 

H. Yamabe [19] announced that on every 
compact Riemannian manifold (M, g) of di- 
mension n > 3, there exists a strictly positive 
function u such that the Riemannian metric 
д=и#”“ ?g has constant scalar curvature. N. 
S. Trudinger, however, pointed out that his 
original proof contains a gap in some cases. 
The problem reduces to the following non- 
linear partial differential equation on a com- 
pact manifold M: 


—1 
i Au+Ru, 


Еи 210—2) =4 
n—2 


where R is the scalar curvature of g and Ra 
constant which should be the scalar curva- 
ture of g= (0-2) (— 183 Global Analysis). 
Nevertheless, Yamabe’s original proof can be 
pushed to cover a large class of metrics with 
{м Кам <0. Furthermore, it has since been 
solved for a wider class: namely, if M is not 
conformally flat and n 2 6, or if it is conform- 
ally flat and its fundamental group is finite, 
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then the problem has been solved affirmatively 
[201. 

On the other hand, any smooth function on 
a compact manifold M of dimension п> 3 that 
is negative somewhere is the scalar curvature 
of some metric on M. In particular, on a com- 
pact manifold (n > 3) there always exists а 
Riemannian metric with constant negative 
scalar curvature [18]. Any smooth function 
can be the scalar curvature if and only if M 
admits a metric of constant positive scalar 
curvature. The foregoing results show that 
there is no topological obstruction to the 
existence of metrics with negative scalar curva- 
ture of a compact manifold of dimension n z 3. 

For positive scalar curvature, there is a 
topological obstruction. A compact їѕріп 
structure (spin manifold) having nonvanishing 
+4-genus cannot carry a Riemannian metric of 
positive scalar curvature. The existence of such 
a manifold has been shown. If a compact, 
simply connected manifold M of dimension 
n> 5 is not a spin manifold, then there exists а 
Riemannian metric of positive scalar curva- 
ture. Furthermore, if M is a spin manifold and 
spin tcobordant to M' with positive scalar 
curvature, then M carries a Riemannian metric 
of positive scalar curvature [22]. A torus T" 
cannot carry a metric of positive scalar curva- 
ture. In fact, any metric of nonnegative scalar 
curvature on Т" must be flat [22]. 

Let K, and R, denote the sectional curva- 
ture and the scalar curvature, respectively, of a 
Riemannian metric g. Then the following are 
known for a compact manifold M of dimen- 
sion 23: If M carries a metric g with K, < 
0, then it carries no metric with R > 0. If M 
carries a metric g with K, <0, then it carries 
no metric with R z 0. If M carries metrics g,, 
g2 with K, «0 and К„ 20, then both metrics 
are flat [22]. 

If the assignment of the scalar curvature to a 
Riemannian metric is viewed as a mapping of 
a space of Riemannian metrics into a space of 
functions on a manifold M, then locally it is 
almost always surjective when M is compact 
(A. E. Fischer and J. E. Marsden, O. Koba- 
yashi, J. Lafontaine). 


І. Ricci Curvature and Einstein Metrics 


In this paragraph the manifolds under con- 
sideration are assumed to be of dimension 
nz 3. The Ricci tensor (К,) is a symmetric 
tensor field of type (0, 2) on a Riemannian 
manifold. The problem of finding a Riemann- 
ian metric g which realizes a given Ricci 
tensor reduces to the one of solving a system 
of nonlinear second-order partial differential 
equations for g. The Bianchi identity (— 417 
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á 1 
g WR; — ViR =0 


must be satisfied. There is a symmetric (0, 2)- 
tensor on R" which cannot be the Ricci tensor 
for any Riemannian metric in a neighborhood 
of Oc R". However, if a C* (or C?) symmetric 
tensor field (Rjj) of type (0, 2) is invertible at a 
point p, then in a neighborhood of p there 
exists a C" (or C^) Riemannian metric g such 
that (К) is the Ricci tensor of g [24]. 

The positivity of the Ricci curvature on a 
Riemannian manifold puts rather strong re- 
strictions on the topology of the manifold 
(— 178 Geodesics). However, nonnegative 
Ricci curvature and positive Ricci curvature 
are not too far from each other. If, on a com- 
plete Riemannian manifold M with nonnega- 
tive Ricci curvature, there is a point at which 
the Ricci curvature is positive, then there 
exists a complete metric on M with positive 
Ricci curvature [25-27]. 

If a Riemannian manifold (M, g) is an Ein- 
stein space, then g is called an Einstein metric 
on the manifold M. Let v, denote the volume 
element determined by g. When M is compact, 
M denotes the space of Riemannian metrics 
on M with total volume 1. The integral of the 
scalar curvature 2(g) = m R,v, is a functional 
on M. The critical points of 4 are Einstein 
metrics (D. Hilbert). Let M, (€= M) denote the 
space of metrics with constant scalar curva- 
ture. Then if 4 is restricted to .@,, then the 
Tnullity and *coindex at the critical point are 
finite [28, 29]. 

An Einstein metric is always real analytic in 
some coordinate system. In particular, if two 
simply connected Einstein spaces have neigh- 
borhoods on which metrics are isometric, then 
they are isometric [30]. Though 5" with stan- 
dard Riemannian metric is a typical example 
of an Einstein space, $4**? (k > 1) carries ап 
Einstein metric that is not standard [31]. 
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365 (VII.13) 
Riemannian Submanifolds 


A. Introduction 


If an timmersion (or an tembedding) f of a 
tRiemannian manifold (M, g) into a Riemann- 
ian manifold (M, д) satisfies the condition f *ó 
=g, then f is called an isometric immersion 
(or embedding) and M is called a Riemannian 
submanifold of M. In this article, f(M) will be 
identified with M except where there is danger 
of confusion. Suppose dim M =n and dim M = 
n+p. Then the tbundle F(M) of orthonormal 
tangent frames of M, the bundle F,(M) of 
orthonormal normal frames of M, and their 
tWhitney sum F(M) Ф F,(M) are tprincipal 
fiber bundles over M with tstructure groups 
O(n), O(p), and O(n) x O(p), respectively. These 
are subbundles of the restriction to M of the 
bundle F(M) of orthonormal frames of M. The 
vector bundles associated with F(M), F,(M), 
and F(M) Ф F,(M) are, respectively, the ttan- 
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gent bundle T(M), the tnormal bundle v(M), 
and their Whitney sum T(M) Ф v(M). 


B. General Results for Immersibility 


An n-dimensional real analytic Riemannian 
manifold can be locally isometrically embed- 
ded into any real analytic Riemannian mani- 
fold of dimension n(n + 1)/2 (M. Janet (1926), 
E. Cartan (1927)). The generalization to the 
C? case is an open question even when the 
ambient space is Euclidean. 

An n-dimensional compact C' Riemannian 
manifold (3 <r < oo) can be isometrically em- 
bedded into an (n(3n + 11)/2)-dimensional 
Euclidean space (J. F. Nash (1956)). An n- 
dimensional noncompact C” Riemannian 
manifold (3 € r < oo) can be isometrically em- 
bedded into a 2(2n + 1) (n + 7)-dimensional 
Euclidean space (Nash (1956), R. E. Greene 
(1970)). 

Let M be an n-dimensional Riemannian 
manifold with tsectional curvature Ky and M 
an (n+ p)-dimensional Riemannian manifold 
with sectional curvature K 4. Then M cannot 
be isometrically immersed into M in the fol- 
lowing cases: 

(1) pn—2 and Ky < K (T. Otsuki (1954)); 
(2) p<n—1, Ky Kg «0, M is compact, 

and M is complete and simply connected 

(C. Tompkins (1939), S. S. Chern and N. H. 
Kuiper (1952), B. O'Neill (1960)); 

(3 p<n—1, Ky, «0, Kg is constant (<0), M is 
compact, and M is complete and simply con- 
nected [2]. 


C. Fundamental Equations 


Let f:(M, g) (М, д) be an isometric immer- 
sion. Let V and V denote the tcovariant differ- 
entiations with respect to the *Riemannian 
connections of M and M, respectively. For 
vector fields X and Y on M, the tangential 
component of V, Y is equal to V, Y. Put 


o(X, Y) 2 V, Y — V, Y. (1) 


Then o is a v(M)-valued symmetric (0, 2) tensor 
field on M, which is called the second funda- 
mental form of M (or of f). For a normal 
vector š at xe M, put g(A,X, Y)= (o (X, Y), à). 
Then A, defines a symmetric linear transfor- 
mation on T,(M), which is called the second 
fundamental form in the direction of £. The 
eigenvalues of А, are called the principal curva- 
tures in the direction of č. The connection on 
v(M) induced from the Riemannian connec- 
tion of M is called the normal connection of 

M (or of f). Let V+ denote the covariant differ- 
entiation with respect to the normal con- 
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nection. For a tangent vector field X and a 
normal vector field € on M, the tangential 
(resp. normal) component of V, č is equal to 
— A; X (resp. V; ë), that is to say, the relation 


Vy €= — AX + VC (2) 


holds. (1) is called the Gauss formula, and (2) is 
called the Weingarten formula. 

Let R, R, and R+ be the ‘curvature tensors 
of V, V. and Vt, respectively. Then the tinte- 
grability condition for (1) and (2) implies 


R(X, Ү)2= К(Х, Y)Z + Aca, z Y Ау. 
T(Vxa)(Y, Z) -(Vyo)(X, Z) (3) 


for vector fields X, Y, Z tangent to M, where 
V' denotes covariant differentiation with re- 
spect to the connection in T(M) Ф v(M). (3) is 
called the equation of Gauss and Codazzi. 
More precisely, the tangential component of 
(3) is given by the equation of Gauss and the 
normal component of (3) is given by the equa- 
tion of Codazzi. Similarly, for vector fields £ 
and у normal to M, the relation 


G(R(X, Ү)ё, 0) - (R^(X, Y) n) 
—g([A;. A,] X, Y) (4) 


holds, which is called the equation of Ricci. 
Formulas (1)-(4) are the fundamental equa- 
tions for the isometric immersion f: M M. 

As a particular case, suppose M is a tspace 
form of constant curvature c. Then the equa- 
tions of Gauss, Codazzi, and Ricci reduce 
respectively to 


R(X, Y)Z-c(g(Y, Z)X —g(X,Z) Y)+ Acq.z X 


mE Acix.z) Y, (39, 
(Уу о)(Ү, Z)—(Vyo)(X, Z)=0, 334 
g(R^ (X, Ү)ё, m=g(LAz, A,] X, Ү). (4) 


Conversely, let (M, g) be an n-dimensional 
simply connected Riemannian manifold, and 
suppose there is given a p-dimensional *Rie- 
mannian vector bundle v(M) over M with 
curvature tensor R+ and a v(M)-valued sym- 
metric (0, 2) tensor field c on M. For a tcross 
section с of v(M), define A; by g(4, X, Y)— 
<о(Х, Y), E>, where < , > is the fiber metric 
of v(M). If they satisfy (3,),, (3,),, and (4,), then 
M can be immersed isometrically into an (n + 
p)-dimensional complete and simply connected 
space form M"*?(c) of curvature c in such a 
way that v(M) is the normal bundle and o is 
the second fundamental form. Moreover, such 
an immersion is unique up to an tisometry of 
M" (c). 

Let (е), <л<п+р be a local cross section of 
F(M) such that its restriction to M gives a 
local cross section of F(M) Ф F,(M), and let 
(c^) be its dual. Then f*w*=0 for n--1«a« 
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n+p. Let (O3), «4, 5« 54, and (Фа), <A,B<ntp 

be the tconnection form and the tcurva- 

ture form of M with respect to (ел), and put 
ов = f *àg. Then (oj) <<» is the con- 
nection form of M with respect to (ej), <<». 
(00), cicn<a<ntp gives the second fundamental 
form, that is, 


alen e) — У о (eje,. (1) 


Put o —X hio. Then (hj) is the matrix repre- 
senting the symmetric linear transformation 
Ae, with respect to (e), that is, 


A, oy һе, 2) 


Moreover, (оор), +1 <a.ß<n+p 18 the connec- 
tion form of the normal connection with re- 
spect to (е), +1 <а<п+р- Let (D); <; jen and | 
(Ф), +1 <а,в<пзр be the curvature forms of (соу) 
and (ор), respectively. Then the equations of 
Gauss, Codazzi, and Ricci are given respec- 
tively by 


ЖЫ f n+p А : 

/Д*Ф=Ф+ Y oi^of (1<іј<и), (35, 
а=п+1 
5 n+p 

Д*Ф =аш + У oi^o^ (1<i<n<x<n+Pp), 
А=1 

(3), 

/*Ф=Ф%+ Y олок (n+l<x,B<n+p. 

k=1 
(4) 


D. Basic Notions 


Let M be a Riemannian submanifold of М. А 
point хє М is called a geodesic point if ç =0 at 
x. If every point of M is a geodesic point, then 
M is called a totally geodesic submanifold of 
М. М isa totally geodesic submanifold of M if 
and only if every geodesic of M is a geodesic of 
Ñ. | 

A mapping b: M v(M) defined by x— 
232 0(e;, ej) is independent of the choice of 
an orthonormal basis (e;). b is called the mean 
curvature vector and ||b|| is called the mean 
curvature. M is called a minimal submanifold 
of M if 520 (— 275 Minimal Submanifolds). 

A point хє M is called an umbilical point if 
o=g@bat x. xe M is an umbilical point if 
and only if A; is proportional to the identity 
transformation for all če v, (M). If every point 
of M is an umbilical point, then M is called a 
totally umbilical submanifold of M. 

À point xe M is called an isotropic point if 
|a (X, Xyi/I X ||? does not depend on X e 
Т.М). If every point of M is an isotropic 
point, then M 15 called an isotropic submani- 
fold of M. It is clear that an umbilical point is 
an isotropic point. 

w(x) = dim (^... cay ker A, is called the index 
of relative nullity at хє M. 
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E. Rigidity 


An isometric immersion f: M — Ñ is said to be 
rigid if it is unique up to an isometry of М, 
that is, if f’: M — М is another isometric im- 
mersion, then there exists an isometry q of M 
such that f'—9o f. If f: M — M is rigid, then 
every isometry of M can be extended to an 
isometry of M. 

An isometric immersion f: M — M"*!(c) of 
an n-dimensional Riemannian manifold into 
an (n+ 1)-dimensional complete and simply 
connected space form is rigid in each of the 
following cases: 

(1) n=2, c=0, and M is compact and of posi- 
tive curvature (S. Cohn- Vossen (1929)). 

(2) The index of relative nullity is <n—3 at 
each point (R. Beez (1876); — [8]). 

(3) n2 5, c>0, M is complete, and the index of 
relative nullity is <n—2 at each point (D. 
Ferus (1970)). 

(4) n24, c £0, and the tscalar curvature of M 
is constant (з n(n — 1)c) (C. Harle (1971)). 

A generalization of (2) for the case of higher 
codimension was obtained by C. Allendoerfer 
(1939). Various rigidity conditions have been 
studied by S. Dolbeault-Lemoine, R. Sack- 
steder, E. Kaneda and N. Tanaka, and others. 


F. Totally Geodesic and Totally Umbilical 
Submanifolds 


A totally geodesic submanifold of a space form 
is also a space form of the same curvature. 
Totally geodesic submanifolds of compact 
tsymmetric spaces of rank 1 were completely 
classified by J. A. Wolf (1963), and totally 
geodesic submanifolds of symmetric spaces of 
rank >2 were studied by Wolf and B. Y. Chen 
and T. Nagano [4]. 

Let f: M^ M"*"(c) be a totally umbilical 
immersion of an n-dimensional Riemannian 
manifold M into an (n+ p)-dimensional space 
form. Then M is a space form M"(c) with с> ë, 
and f(M) is contained in a certain (n+ 1)- 
dimensional totally geodesic submanifold 
M"*1(ë) of M"**(2). If ë> 0, then f(M) is local- 
ly a hypersphere; if ¢=0, then f(M) is locally 
a hyperplane or a hypersphere; if ë «0, then 
f(M)is locally a geodesic sphere, a horo- 
sphere, or a parallel hypersurface of a totally 
geodesic hypersurface [2]. 


G. Minimal Submanifolds 


For general properties of minimal submani- 
folds — 275 Minimal Submanifolds. 

There is no compact minimal submanifold 
in a simply connected Riemannian manifold 
with nonpositive sectional curvature (O'Neill 
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(1960)). On the contrary, a sphere has plenty 
of compact minimal submanifolds. 
For each positive integer s, an n-dimensional 


can be minimal- 


(5+0 — 2)! | 
за) S 
dimensional unit sphere апа the immersion 

is rigid if n=2 or s <3 (E. Calabi (1967), M. 

do Carmo and М. Wallach (1971)). 

Among all n-dimensional compact minimal 
submanifolds of an (n + p)-dimensional unit 
sphere, the totally geodesic submanifold is 
isolated in the sense that it is characterized by 
each of the following conditions: 


sphere of curvature 
S 


n 
(s4-n— 1) 


ly immersed into a fos +п—1) 


(1) sectional curvature > (T. Itoh 


n 
2(n+1) 
(1978)), 

(2) Ricci curvature >n—2 (N. Ejiri (1979)), 


(7. 


(3) scalar curvature > n(n— 1) -> = 7» 
Simons (1968)). 


H. Submanifolds of Constant Mean Curvature 


A manifold of constant mean curvature is a 
solution to a variational problem. In partic- 
ular, with respect to any volume-preserving 
variation of a domain D in a Euclidean space, 
the mean curvature of M = др is constant if 
and only if the volume of M is critical. 

The interesting question "If the mean curva- 
ture of an isometric immersion f: M  M"*(c) 
of an n-dimensional compact Riemannian 
manifold M into an (n+ 1)-dimensional space 
form М" (с) is constant, is M a sphere?” has 
not yet been completely solved, where M"*! (с) 
denotes a Euclidean space, a hyperbolic space, 
or an open hemisphere according as c —0, <0, 
or >0. The answer is affirmative in the follow- 
ing cases: (1) dim M = 2, and the tgenus of M is 
zero (H. Hopf (1951), Chern (1955)). (2) f is an 
embedding (A. D. Alexandrov (1958); — [8]). 

These results remain true even if the as- 
sumption “the mean curvature is constant" is 
replaced by the weaker condition "the prin- 
cipal curvatures k, >... > К, satisfy a relation 
o(k,,...,k,)=0 such that 0g/Ok; 0." 

Unlike an open hemisphere, a sphere $"*! 
admits many compact hypersurfaces of con- 
stant mean curvature, among which totally 
umbilical hypersurfaces and the product of 
two spheres are the only ones with nonnega- 
tive sectional curvature (B. Smyth and K. 
Nomizu (1969)). 

A nonnegatively or nonpositively curved 
complete surface of nonzero constant mean 
curvature in a 3-dimensional space form M°(c) 
is either a sphere or a !Clifford torus if c> 
0 and is either a sphere or a right circular 
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cylinder if c <0 (T. Klotz and R. Osserman 
(1966—1967), D. Hoffman (1973)). 


I. Isoparametric Hypersurfaces 


A hypersurface M of M is said to be isopara- 
metric if M is locally defined as the level set 
of a function f on (an open set of) M with 
property 


dí^d|df|*—0 and dfAd(Af)=0. 


A hypersurface M of a complete and simply 
connected space form M"*'(c) is isoparametric 
if and only if M has locally constant principal 
curvatures (Cartan). If c <0, M has at most 
two distinct principal curvatures (Cartan). If 
c 70, the number of distinct principal cur- 
vatures of M is 1, 2, 3, 4, or 6(H. Münzner 
(1980)). If c=0, then M is locally S* х E"^*, 
and if c «0, then M is locally E" or S* x H"^* 
(Cartan). Isoparametric hypersurfaces of S"*! 
having at most three distinct principal curva- 
tures were completely classified by Cartan. R. 
Takagi, T. Takahashi, and H. Ozeki and M. 
Takeuchi obtained several results for isopara- 
metric hypersurfaces of $"*! with four or six 
distinct principal curvatures [7]. 

If a subgroup of the isometry group of 
M"* (c) acts transitively on M, then M is 
isoparametric. The converse is true if c <0, or 
if c» 0 and M has at most three distinct prin- 
cipal curvatures (Cartan), but not true in gen- 
eral (Ozeki and Takeuchi [7]). 


J. Isometric Immersions between Space Forms 


Let f: M"(c)-» M"*"(&) be an isometric immer- 
sion of an n-dimensional space form into an 
(n+ p)-dimensional space form. 

(1) Ifn=2, p=1,c>0, cz 6, M?(c) is complete, 
and М?(2) is complete and simply connected, 
then f is totally umbilical (H. Liebmann 
(1901); + [2]. 

(2) Ifn=2, p=1, с<0, с<ё, M?(c) is complete, 
and M?(2) is complete and simply connected, 
then f does not exist (D. Hilbert (1901); — 
р}. 

(3) If nz2, р= 1, с=0 <, M? (0) is complete, 
and M?(č) is complete and simply connected, 
then there exist Infinitely many f (L. Bianchi 
(1896); — [2]). 

(4) f n22, р= 1, c20» 6, M?(0) is complete, 
and M?(?) is complete and simply connected, 
then f(M?(0)) is either a horosphere or a set of 
points at a fixed distance from a geodesic (J. 
Volkovand S. Vladimirova, S. Sasaki; — [2]). 
(5) If nz3, р= 1, and c> ë, then f is totally 
umbilical. 

(6) If p= 1, c2 6-0, M"(0), is complete, and 
M"*1(0) is complete and simply connected, 


1358 


then f is cylindrical (A. Pogorelov (1956), P. 
Hartman and L. Nirenberg (1959), and others). 
(7) If p<n—1, c=é>0, and both M"(c) and 
M": P(ë) are complete, then f is totally geodesic 
(D. Ferus (1975)). 

(8) If p xn— 1, 6 c» 0, M"(c) is complete, and 
M"*P*(C) is complete and simply connected, 
then f does not exist (J. Moore (1972)). 


K. Homogeneous Hypersurfaces 


Let M be an n-dimensional thomogeneous 
Riemannian manifold which is isometrically 
immersed into an (n+ 1)-dimensional complete 
and simply connected space form М"! (с). 

(1) If c=0, then M is isometric to S* x E" * (S. 
Kobayashi (1958), Nagano (1960), Takahashi 
[9]). 

(2) If e> 0, then M is isometric to E? or else is 
given as an orbit of a subgroup of the isometry 
group of М" (с) (W. Y. Hsiang, Н. B. Lawson, 
Takagi; — [7]). 

(3) If c «O0, then M is isometric to E", S* х Н", 
or a 3-dimensional group manifold 


e 0 x 
B= [o g” pisser} 
0 0 1 


with the metric ds? =e 2! dx? +e” dy? + dt? 
(Takahashi (1971)). Each of the hypersurfaces 
above except E? in (2) and B in (3) is given as 
an orbit of a certain subgroup of the isometry 
group of М" (с). 


L. КаШег Submanifolds 


A fcomplex submanifold of a *Káhler manifold 
is a Kahler manifold with respect to the in- 
duced Riemannian metric. A complex analytic 
and isometric immersion of a Kahler manifold 
(M, J, д) into a Kahler manifold (М, J, д) is 
called a Kühler immersion, and M is called a 
Kahler submanifold of M. A Kahler submani- 
fold is a minimal submanifold. А compact 
Káhler submanifold M of a Kahler manifold 
M can never be homologous to 0, that is, there 
exists no submanifold M' of M such that M — 
OM’. If [M] e H,(M, Z) denotes the thomology 
class represented by a Kahler submanifold M 
of M, then vol(M) x vol(M") holds for any 
submanifold M'e[ M] with equality if and 
only if M' is a Kahler submanifold (W. Wir- 
tinger (1936)). 

A Kahler manifold of constant fholomor- 
phic sectional curvature is called a complex 
space form. An n-dimensional complete and 
simply connected complex space form is either 
P(C), С", or D,. Every Kahler submanifold of 
a complex space form is rigid (Calabi [ 101). 

Kihler immersions of complex space forms 
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into complex space forms were completely 
determined by Calabi [10] and by H. Naka- 
gawa and K. Ogiue (1976). 

C" (resp. D,) is the only fHermitian sym- 
metric space that can be immersed in C" (resp. 
Dn) as a Kahler submanifold (Nakagawa and 
Takagi [11]), and Kahler immersions of Her- 
mitian symmetric spaces into P,,(C) were 
precisely studied by Nakagawa, Y. Sakane, 
Takagi, Takeuchi, and others. More generally, 
Kahler immersions of homogeneous Kahler 
manifolds into P,,(C) were determined by 
Takeuchi (1978). 

Q,- ([Iz]e P,.,(OI Ez? =0} in P,,,(O) is 
the only Einstein-Káhler hypersurface of a 
complex space form that is not totally geodesic 
(B. Smyth (1967), S. S. Chern (1967)). The 
result remains true even if “Einstein” is re- 
placed by "parallel Ricci tensor" (Takahashi 
(1967)). Besides linear subspaces, Q, is the only 
Einstein-Káhler submanifold of P, (C) that is а 
complete intersection (J. Hano (1975)). 

Integral theorems and pinching problems 
with respect to various curvatures for com- 
pact Káhler submanifolds of P, (C) have been 
studied by K. Ogiue, S. Tanno (1973), S. T. 
Yau (1975), and others [12]. For example, if 
the holomorphic sectional curvature of P,, ,(C) 
is 1, then each of the following is sufficient for 
an n-dimensional compact Káhler submani- 
fold to be totally geodesic: 

(1) holomorphic sectional curvature > 1/2 (A. 
Ros (1985)), 

(2) sectional curvature > 1/8 (A. Ros and L. 
Verstraelen (1984)), 

(3) Ricci curvature  n/2 [12], 

(4) embedded and scalar curvature >и? (J. Н. 
Cheng (1981)). 

The index of relative nullity u(x) of an n- 
dimensional complete Kahler submanifold M 
of P,(C) satisfies Min, u(x) 20 or 2n (K. Abe 
(1973)). 


M. Totally Real Submanifolds 


An isometric immersion of a Riemannian 
manifold (M, д) into a Kahler manifold 

(М, J, д) satisfying JT (M) c v,(M) at each 
point хє M is called a totally real immersion, 
and M is called a totally real submanifold of 
M. A totally geodesic submanifold P,(R) in 
P,(C), S! x S! in P,(C) and an immersion P,(C) 
— Prin+2)(C) defined by [z;] [ziz;] give typical 
examples of totally real submanifolds. 


N. Submanifolds with Planar Geodesics 


A surface in E? whose geodesics are all plane 
curves is (a part of) a plane or sphere. More 
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generally, let f: M > M"(c) be an isometric 
immersion of M into a complete and simply 
connected space form M"(c). If the image 

of each geodesic of M 1s contained in a 2- 
dimensional totally geodesic submanifold of 
M"'(c), then f is either a totally geodesic im- 
mersion, a totally umbilical immersion or a 
minimal immersion of a compact symmetric 
space of rank 1 by harmonic functions of de- 
gree 2; the last case occurs only when c> 0 
(S. L. Hong (1973), J. Little (1976), K. Saka- 
moto [14]). 

A Kahler submanifold of a complete and 
simply connected complex space form with 
the same property as above is either a totally 
geodesic submanifold or a Veronese sub- 
manifold (a Káhler immersion of P,(C) into 
Р,п+зу2(С) (K. Nomizu (1976)). 

Submanifolds with the above property are 
closely related to isotropic submanifolds with 
V'g Z0. Submanifolds with V'o = 0 in sym- 
metric spaces have been studied by Ferus, H. 
Naito, Takeuchi, K. Tsukada, and others. 


O. Total Curvature 


Let f: M — E" be an isometric immersion of an 
n-dimensional compact Riemannian manifold 
M into a Euclidean space. Let v, (M) be the 
unit normal bundle, $"^! the unit sphere cen- 
tered at Oc E", and let f, :v,(M)— S"! be the 
parallel translation. Let c and Q be the tvol- 
ume elements of v, (M) and S"'^!, respectively. 
Then for each ¿e v, (M), f *O— (det А,)о holds. 
As a generalization of the ttotal curvature for 
a space curve, the total curvature of the im- 
mersion f is defined as 


1 * 
cse | lf O| 


1 


=—— det А, |о. 
vol(S”-1) bus ica 


If B(M) is the least number of critical points of 
a tMorse function on M, then 


infe) - (M) 2 


holds (Chern and R. Lashof (1957, 1958), 
Kuiper (1958)). «(£) 22 if and only if f is an 
embedding and f(M) is a convex hypersurface 
of some E"*! in E" (Chern and Lashof (1958)). 
If t(f) «3, then M is homeomorphic to S" 
(Chern and Lashof (1958)). These results gen- 
eralize theorems for space curves by W. Fen- 
chel (1929), I. Fary (1949), J. Milnor (1950), 
and others. 

An isometric immersion f which attains 
inf( f) is called a minimum immersion or a 
tight immersion. tExotic spheres do not have 
minimum immersions (Kuiper (1958)). tR- 
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spaces have minimum immersions and, in 
particular, a minimum immersion of a sym- 
metric R-space is a ‘minimal immersion into a 
hypersphere (Kobayashi and Takeuchi (1968)). 

The total mean curvature of an isometric 
immersion f: ME, of an n-dimensional 
compact Riemannian manifold into a Euclid- 
ean space is, by definition, 


| |||" * 1. 
M 


It satisfies 


| |b)" * 1 > vol(S”), 
M 


where $" is the n-dimensional unit sphere. The 
equality holds if and only if f is totally umbil- 
ical (T. J. Willmore (1968), Chen [3]). 
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A. General Remarks 


The *Riemann-Roch theorem (abbreviation: 

R. R. theorem) is one of the most significant 
results in the classical theory of *algebraic 
functions of one variable. Let X be a compact 
*Riemann surface of tgenus g, and let D = 

У m, P, be a tdivisor on X. We denote by 

deg D the degree of D, which is defined to be 

У m,. The divisor D is said to be positive if 

D 0 and т; 20 for all i. A nonzero tmero- 
morphic function f on X determines a divisor 
(f) 2 Xa;Q; — X b Rj(a;, b; 0), where the О, are 
the zeros of order a; and the R; are the poles of 
order b;. The set of meromorphic functions f 
such that ( f) + D is positive, together with the 
constant f = 0, forms a finite-dimensional 
linear space L(D) over C. The R. R. theorem 
asserts that dim L(D) 2 deg D—g + 1 4- r(D), 
where r(D) is a nonnegative integer determined 
by D. If K is the *canonical divisor of X, then 
r(D) = dim L(K — D) (— 9 Algebraic Curves C; 
11 Algebraic Functions D). (For the R. R. 
theorem for algebraic surfaces — 15 Algebraic 
Surfaces D.) 

Generalizations of this important theorem 
to the case of higher-dimensional compact 
*complex manifolds were obtained by K. 
Kodaira, F. Hirzebruch, A. Grothendieck, M. 
Е. Atiyah and I. M. Singer, and others. Let X 
be a compact complex manifold, B be a tcom- 
plex line bundle over X, and @(B) be the *sheaf 
of germs of holomorphic cross sections of B. 
When B is determined by a divisor D of X, we 
have H°(X, (B))= L(D). Hence a desirable 
generalization of the R. R. theorem will pro- 
vide a description of dime H°(X, @(B)) in terms 
of quantities relating to the properties of X 
and B. Following this idea, various theorems 
of Riemann-Roch type have been obtained. 


B. Hirzebruch's Theorem of R. R. Type 


Keeping the notation given in Section A, we 
put z(X, &(B)) = X,( — 1 dim HX, @(B)). 
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Generally, if F is an arbitrary tcoherent ana- 
lytic sheaf on X, we can define (X, F) using 
the same formula (replacing @(B) by F). The 
quantity y(X, Z) has simple properties in 
various respects. For example, if the sequence 
02.'— 4 —4"—40 is exact, we have y(X, F) 
=%(X, F')+ x(X, F”). If an tanalytic vector 
bundle F depends continuously on auxiliary 
parameters, then y(X, @(F)) remains constant. 
Let X be a projective algebraic manifold of 
complex dimension n. We consider the tChern 
class c=1+c,+...+c¢, of X and express it 
formally as the product []7_, (1 + y;). Thus the 
ith Chern class c; is expressed as the ith ele- 
mentary symmetric function of y,, ..., Yn. CON- 
sider the formal expression Т(Х)= П”, y;/ 

(1 — e^? T(X) can be expanded as a formal 
power series in the y,, and each homogeneous 
term, being symmetric in the y;, can be ex- 
pressed as a polynomial in c4, ..., c,, and thus 
determines a cohomology class of X. Similarly, 
we consider the formal expression of the Chern 
class of the vector bundle as 1+d,+...+d, 
= [I], (1 +ó), where q is the dimension of the 
fiber of F. We put ch(F) = È}, её. The formal 
series ch(F) is also an element of the coho- 
mology ring of X whose (v + 1)st term consists 
of a 2v-dimensional cohomology class. We call 
ch(F) the tChern character of F (— 237 K- 
Theory B), and define T(X, F) to be the value 
of ch(F) T(X) at the tfundamental cycle X. 
(The multiplication ch(F)- T(X) is formal. 

T(X, F) is determined by the term of dimen- 
sion 2n alone.) T(X, F) is called the Todd char- 
acteristic with respect to F. Hirzebruch's theo- 
rem of R. R. type asserts that x(X, O(F))= 
T(X, F). In particular, when n=1, F-[D] 
(the line bundle determined by the divisor D), 
Hirzebruch's formula yields the classical R. R. 
theorem. If F satisfies the conditions for the 
vanishing theorem of cohomologies, the for- 
mula gives an estimate for dim H°(X, O(F)) 
[11]. 

In 1963, Atiyah and Singer developed a 
theory on indices of elliptic differential 
operators on a compact orientable differenti- 
able manifold and obtained a general result 
that includes the proof of Hirzebruch's 
theorem for an arbitrary compact complex 
manifold [4, 5] (— 237 K-Theory H). 


C. R. R. Theorem for Surfaces 


If X is a compact complex surface, i.e., a com- 
pact complex manifold of dimension 2, then 
for complex line bundles F, and F,, the inter- 
section number (F, F.) is defined to be c,(F,)U 
с (F3) [X]. The R. R. theorem for a line 

bundle F on X is stated as follows: y(X, @(F)) 
—(F2)/2 — (KFy/2 4- (K?) - с,(Х))/12, where 
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К is the canonical line bundle of X and с,(Х) 
denotes the value at X of the 2nd Chern class 
of X, that is, the Euler number of X. 

The Noether formula yy —((K?) + с,(Х))/12 
follows from the above identity. The R. R. 
theorem for surfaces is a powerful tool for the 
study of compact complex surfaces. 


D. Grothendieck's Theorem of R. R. Type 


Grothendieck took an entirely new point of 
view in generalizing Hirzebruch's theorem. 
The following is a description of his idea as 
reformulated by A. Borel and J.-P. Serre [8]. 
We consider a nonsingular quasiprojective 
algebraic variety X (— 16 Algebraic Varieties) 
over a ground field of arbitrary characteristic. 
Namely, X is a closed subvariety of an open 
set in a projective space (over an algebraically 
closed ground field). Consider the group K(X), 
which is the quotient of the free Abelian group 
generated by the equivalence classes of alge- 
braic vector bundles over X modulo the sub- 
group generated by the elements of the form 
F—F'— Е", where F, F', F” are classes of 
bundles such that there exists an exact se- 
quence 02 F' 2 F >F” 50. A similar construc- 
tion for the (equivalence classes of the) їсоһег- 
ent algebraic sheaves instead of the vector 
bundles yields another Abelian group K'(X). 
It can be shown that K(X) is isomorphic to 
K'(X) by the correspondence F + ((F) (=the 
sheaf of germs of regular cross sections of F). 
Addition in K(X) is induced by the tWhitney 
sum of the bundles, and K(X) has the struc- 
ture of a ring with multiplication induced by 
the tensor product. For a vector bundle F, its 
Chern class c(F)=1+c,(F)+...+c,(F) (a= 
the dimension of the fiber) is defined as an 
element of the (Chow ring A(X) with appro- 
priate properties. (A(X) is the ring of the 
rational equivalence classes of algebraic cycles 
on X, and c,(F) is the class of a cycles of co- 
dimension i.) We define ch(F) as before. It 

can be shown that c(F) and ch(F) are deter- 
mined by the image of F in K(X), and we have 
c(5 +n)= c(¿)c(n), ch(E +n)= ch(2) + ch(n), 
ch(¿n)=ch(¿)ch(n) (£, ne K(X)). If we have а 
tproper morphism f: YX between quasi- 
projective algebraic varieties Y and X, we 
have homomorphisms f': K(X) K(Y) and 

f: K(Y)5 K(X). The former is defined by 
taking the induced vector bundle and the 
latter by the correspondence 


# > (—1(#%f)Z, 
where Z 15 а coherent algebraic sheaf on Y 
апа (#4f)Z is the qth tdirect image of F 


under f. (Since f is proper, (Z4f).7 is coher- 
ent.) Between Chow rings we have homomor- 
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phisms f*: А(Х)— A(Y) and f,: A(Y)— A(X), 
defined by taking inverse and direct images of 
cycles. With this notation, the theorem asserts 
that if X and Y are quasiprojective and f: Yo 
X is a proper morphism, then f,(ch($) T(Y)) = 
ch( f(&)) T(X). This is called Grothendieck's 
theorem of R. R. type. If X consists of a single 
point, the theorem gives Hirzebruch's theorem 
for algebraic bundles. Since algebraic and 
analytic theories of coherent sheaves on a 
complex projective space are isomorphic, this 
result covers Hirzebruch's theorem (— 237 K- 
Theory). 

The subgroup R(Y) of A(Y) given by R(Y)— 
{ch(é)- T(Y)| Ce K(Y)] is called the Riemann- 
Roch group of Y. Thus, using the notions 
developed by Grothendieck, the R. R. theorem 
can be expressed as follows: R(Y) is mapped 
into R(X) by a proper morphism f: Y X. 
Generalizations to *almost complex manifolds 
and ‘differentiable manifolds were made by 
Atiyah and Hirzebruch in this latter form [1]. 
One of the remarkable results 1s that an ele- 
ment of R(Y) takes an integral value at the 
fundamental cycle. This theorem is obtained 
by taking X to be a single point. 


E. R. R. Theorem for Singular Varieties 


Let X be a projective variety over C and let 
HX) (resp. H(X)) denote the singular ho- 
mology (resp. cohomology) group with rational 
coefficients. Note that K(X) may not agree 
with K'(X) when X is singular. The R. R. 
theorem for X formulated by P. Baum, W. 
Fulton, and R. MacPherson [6] says that 
there exists a unique natural transformation 
1: K'( X) —À H(X) such that (1) if ¿e K(X) and 
qe K'(X), then ¿ G ge K'(X) and «(£69 n) = 
ch(&) (z (n)); (2) whenever X is nonsingular, 
t(@y)= T(X)(X). Note that the naturality of z 
means that for any f: X > Y and any qe K'(X), 


Jf. t (n) =1( fy n). 
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367 (ХІ.12) 
Riemann Surfaces 


A. General Remarks 


Riemann considered certain surfaces, now 
named after him, obtained by modifying in a 
suitable manner the domains of definition of 
multiple-valued *analytic functions on the 
complex plane in order to obtain single-valued 
functions defined on the surfaces. For example, 
consider the function z= f(w) = w?, where w 
varies in the complex plane, and its inverse 
function ъ= g(z) = 4/2. Then g(0)=0 and 
д(со)= оо, whereas if z # 0, oo, there exist two 
values of w satisfying g(z) = w. By setting z 

- re" (r» 0,060 < 2n), the corresponding 

two values of w are w, = /r eoi and w,= 
ret? twi. Now consider how we should 
modify the complex z-plane so that we can 
obtain a single-valued function on the modi- 
fied surface representing the same relationship 
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between z and w. Let z, and z, be two copies 
of the complex plane. Delete the nonnegative 
real axes from z, and z, and patch them 
crosswise along the slits (Fig. 1). The surface R 
thus obtained is locally homeomorphic to the 
complex plane except for the origin and the 
point at infinity, and situations at the origin 
and the point at infinity are as indicated in 
Fig. 1. For z £0, оо, there are two points z, 
and z, in л, and 7, respectively, with the 
same coordinate z. Let w, and w, correspond 
to z, and z;, respectively. Then the function 
w= КА becomes single-valued оп К, and w, 
and w, are holomorphic functions of z, and 
Z5, respectively. The surface R is called the 
Riemann surface determined by w= VA : 


Fig. 1 


Working from the idea illustrated by this 
example, H. Weyl and T. Radó gave rigorous 
definitions of Riemann surfaces. The usual de- 
finition nowadays is as follows: Let % be a set 
of pairs (U, yv) of open sets U in a tconnected 
tHausdorff space R and topological mappings 
аф of U onto plane regions satisfying the 
following two conditions: (i) К = ( Ju, „ее U; 
(ii) for each (U, , Vy), (U2, Yu EA with V = 
U, П0, + Ø, by, Su, gives an (orientation- 
preserving) tconformal mapping of each con- 
nected component of Yy (V) onto a corre- 
sponding one of y (V). Two such sets W, 
and W, are equivalent, by definition, if W, U 
91, also satisfies conditions (i) and (ii). The 
equivalence class (91) of such 9I is called a 
conformal structure (analytic structure or com- 
plex structure) on R (— 72 Complex Mani- 
folds). A pair (К, (9D) consisting of a connected 
Hausdorff space R and a conformal structure 
(91) is called a Riemann surface, with R its 
base space and (91) its conformal structure. (A 
Riemann surface in this sense is sometimes 
called an abstract Riemann surface.) It is a 
complex manifold of complex dimension 1. 
For (U, Yy) in We(W), (О, wy) (or sometimes U 
itself) is called an analytic neighborhood, and 
Wy is called a local uniformizing parameter (or 
simply a local parameter). In the remainder of 
this article we call R itself a Riemann surface. 

From condition (i) it follows that a Riemann 
surface R is a real 2-dimensional ftopological 
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manifold. Moreover, by condition (ii) it can be 
deduced that R satisfies the tsecond counta- 
bility axiom and consequently is a tsurface 
and admits a tsimplicial decomposition (T. 
Rado, 1925). It is also orientable (— 410 Sur- 
faces). Therefore R is a tlocally compact metric 
space. It is not possible to define curve lengths 
on R compatible with the conformal structure, 
but since angles can be defined, R is consid- 
ered to be a real 2-dimensional space with a 
tconformal connection. It is customary in the 
theory of functions to call R closed if it is 
compact and open otherwise. A plane region D 
is considered an open Riemann surface with 
the conformal structure 9I (D, 1: D D). A 
Riemann sphere is also considered to be a 
closed Riemann surface whose analytic neigh- 
borhoods are given by (U,, Фф} and (U,, 1/o}, 
where U,(U,) is the domain corresponding to 
{|z|<2}({|z|> 1/2) U (00]) under the stereo- 
graphic projection g. 

A function f on a Riemann surface is said to 
be meromorphic, holomorphic, or harmonic 
on R if f o yj! is tmeromorphic, tholomor- 
phic, or tharmonic in the usual sense on w,(U) 
for every analytic neighborhood (U, Wy). More 
generally, suppose that for mappings between 
plane regions we are given a property Ф that 
is invariant under conformal mappings. A 
mapping T of a Riemann surface R, onto 
another Riemann surface R, is said to have 
the property $ if the mapping yy, o To py! 
of yy, (U,) into yy, (U) has the property 5B 
for every pair of analytic neighborhoods 
(Ui, Vy) nd (U,, vy) in R, and R3, respec- 
tively. Thus such a mapping T' may be con- 
formal, analytic, tquasiconformal, harmonic, 
etc. If there exists a one-to-one conformal 
mapping of a Riemann surface R, onto an- 
other Riemann surface R,, then R, and R, are 
said to be conformally equivalent. Two such 
Riemann surfaces are sometimes identified 
with each other. 


B. Covering Surfaces 


One of the main themes of the theory of func- 
tions is the study of analytic mappings of a 
Riemann surface R into another Riemann 
surface Ro, i.e., the theory of covering surfaces 
of Riemann surfaces. 

Suppose, in general, that there are two 
surfaces R and R, and a continuous open 
mapping T of R into К, such that the inverse 
image of a point in R, under Т is an isolated 
set in R. Then T is called an inner transfor- 
mation in the sense of Stoilow and (R, Ry; T) a 
covering surface with Ro its basic surface and 
T its projection. Often R is called simply a 
covering surface of Ro. A point po with pe = 
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T(p) is called the projection of p, and p is said 
to lie above po. In this case, there exist sur- 
face coordinates (О, y) and (Up, Wo) at p and 
Po, respectively, such that y(U)= (z||z| < 1}, 
V(p) =0, V (Uo) = Qw] Iw] <1}, Vio(po) =0, and 
w (Ugo Tow 1)(2) = 2", with the positive 
integer n independent of the choice of coordi- 
nate neighborhoods. If n> 1, then p is called a 
branch point, n the multiplicity, and n — 1 the 
degree of ramification. The set of all branch 
points forms an at most countably infinite 

set of isolated points. If there is no branch 
point, then the covering surface (R, Ro; T) and 
the projection T are said to be unramified. For 
a given curve Co in R, and a point p in R lying 
above the initial point of Cç, a curve C in R 
with p its initial point satisfying T(C) = C, is 
called the prolongation along C, (or the lift of 
Co) starting from p. If any proper subarc of 
C, sharing the initial point with C, admits а 
prolongation along itself starting from p but 
Co does not admit a prolongation along itself 
starting from p, then R is said to have a rela- 
tive boundary above the endpoint of Cy. А 
covering surface without a relative boundary is 
called unbounded. A tsimply connected surface 
R° that is an unramified unbounded covering 
surface of Rọ is said to be a universal covering 
surface of Rọ. The universal covering surface 
exists for every R. 

Suppose that R is an unbounded covering 
surface of Ro. Then the number of points оп 
R that lie above each point of R, is always 
constant, say n ( < +00), where the branch 
points of R are counted with their multiplic- 
ities. n is called the number of sheets of R over 
Ro, or К is said to be n-sheeted over Ry. If R 
and R, are compact surfaces with tEuler char- 
acteristic y and yo, respectively, and if R is an 
n-sheeted covering surface of R ç, then we have 
the Riemann-Hurwitz relation: y = по — V, V 
being the sum of the degrees of ramification. A 
topological mapping S of an unramified un- 
bounded covering surface R of Ry onto itself 
such that To S= T is called a covering trans- 
formation. The group of all covering trans- 
formations of a universal covering surface of 
Rg is isomorphic to the tfundamental group 
(i.e., the 1-dimensional homotopy group) of 
Ro. 

In a covering surface (R, Ro; T) whose basic 
surface Ry is a Riemann surface, T can be 
regarded as an analytic mapping of R onto Ro 
by giving R a conformal structure in a natural 
manner. In particular, if К, is the sphere, then 
its covering surface is a Riemann surface. 
Conversely, any Riemann surface can be re- 
garded as a covering surface of the sphere. This 
fact had long been known for closed Riemann 
surfaces; for open Riemann surfaces, it can be 
deduced from the existence theorem of an- 
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alytic functions proved by H. Behnke and K. 
Stein, which states that an open Riemann 
surface is a Stein manifold. Historically, by a 
Riemann surface mathematicians meant either 
the abstract Riemann surface or a covering 
surface of the sphere, until the two notions 
were proved identical. 

Suppose that R is a covering surface of the 
z-sphere Ro with the projection T: R9 Ro, and 
denote by R, the region that lies above 0 < |2 — 
a| € rg. If there exists a topological mapping 
y of R, onto ((r,0)|0« r «ro, —oc «0« oo] 
such that a4- re? = Т(у ^! (r,0)), then R is said 
to have a logarithmic branch point above a; in 
contrast, a branch point of multiplicity n of the 
type defined previously is sometimes called an 
algebraic branch point. 

Ahlfors's theory of covering surfaces, which 
treats covering surfaces (R, Ro; T) not only 
from the topological viewpoint but also from 
the metrical one, is particularly important. 

Let R and R, be either compact surfaces with 
simplicial decompositions or their closed 
subregions with boundaries consisting of 1- 
simplexes and vertices such that T' preserves 
simplicial decompositions. Here we call the 
part of the boundary of R whose projection is 
in the interior of R, the relative boundary. 
With respect to a suitable metric on Ro, let S 
be the ratio of areas of R and R,, L the length 
of the relative boundary, and — p and — p, the 
tEuler characteristics of R and Ro, respec- 
tively. Then Ahlfors's principal theorem asserts 
that max(0, p) 2 py S — AL, where h> 0 is а 
constant determined only by Ry. This has been 
applied widely in various branches of mathe- 
matics, including the theory of distribution of 
values of analytic mappings between Riemann 
surfaces. 


C. Uniformization 


Suppose that we are given a correspondence 
between the z-plane and w-plane determined 
by а ffunction element ро = (zŠ, wë) (z = Po(t), 
wé = Qo(t)). This correspondence generally 
gives rise to a multiple-valued analytic func- 
tion w= f(z). We show how to construct a 
Riemann surface so that the function w= f(z) 
can be considered a single-valued function on 
it. We use f again to mean the connected 
component of the set of function elements 

p —(z*, w*) (z* = P(t), w* = Q(t)) in the wider 
sense containing po, where the analytic neigh- 
borhood of each point p is defined to be the set 
of elements that are direct analytic continua- 
tions of p. Then f is a Riemann surface. For a 
point p=(z*, w*) (z* = P(t), w* = Q(t)) in f, set 
z=F(p)=P(0), w=G(p)= Q(0). Then two 
meromorphic functions z = F(p) and w= G(p) 
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are defined on f; and f can be considered as a 
covering surface of the z-sphere and the w- 
sphere. We call f an fanalytic function in the 
wider sense. Thus we obtain a single-valued 
function w= G(p) on the Riemann surface f 
that can be regarded as a modification of the 
original function w= f(z). Suppose that there 
exist two meromorphic functions 2 = @(¢) and 
w=wW(0 on a region D in the (-plane, and let 
z— P(¢— čo) and w— Q(C — б) be tLaurent 
expansions of o and y at each point ќо in D. If 
the function element р; =(z*, w*) (z* = P(t), w* 
= Q(t)) belongs to the Riemann surface f, then 
the correspondence w = f(z) determined by the 
function element p; is said to be locally unifor- 
mized on D by z= o(C) and w= y/(C). In par- 
ticular, if (p.|Ç e D) = f, then f is said to be 
uniformized by z= ф(5) and w = (C). If an 
analytic function f in the wider sense, consid- 
ered as a Riemann surface, is conformally 
equivalent to a region D in the C-plane, then f 
can be uniformized by z — F(p) and w= G(p). 
In general, f is not conformally equivalent to a 
plane region, but if an unramified unbounded 
covering surface ( f f; T) of f is conformally 
equivalent to a region D in the C-plane, then f 
is uniformized by z= Fo T({) and w= Go T(9) 
(Schottky's uniformization). In particular, since 
the universal covering surface ( f^, f; T) of f is 
simply connected, it is conformally equivalent 
to the sphere || < оо, the finite plane |£| < oo, 
от the unit disk |£| < 1. Consequently, f is 
uniformized by z= F o T(¢) and w= Go T(C). 
Therefore analytic functions in the wider sense 
are always uniformizable. 

For example, an falgebraic function f consid- 
ered as a Riemann surface is always closed. If 
its tgenus g=0, then f is the sphere and is thus 
uniformized by rational functions z= F(£) and 
w=G(0. If g> 0, then ( f°, f; T) is conformally 
equivalent to |$] « 1 or [|< oo, and hence f is 
uniformized by z= Fo T(Q) and w= Go T(Q). 
When |¢|< 1, z and w are tautomorphic func- 
tions with respect to the group of linear trans- 
formations preserving |£ |< 1, while if |£ | < oo, 
they are telliptic functions. 


D. The Type Problem 


А simply connected Riemann surface R is 
conformally equivalent to the sphere, the finite 
plane, or the unit disk. Then R is said to be 
elliptic, parabolic, or hyperbolic, respectively. 
The problem of determining the types of sim- 
ply connected covering surfaces of the sphere 
by their structures, such as the distributions of 
their branch points, is called the type problem 
for Riemann surfaces. For example, if a simply 
connected covering surface does not cover 
three points on the sphere, it must be hyper- 
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bolic (Picard's theorem). The Nevanlinna 
theory of meromorphic functions stimulated 
this type problem. However, it is difficult to 
measure the ramifications of covering surfaces, 
and many detailed reuslts of the type problem 
obtained in the 1930s are limited mainly to 
the case where all branch points lie above a 
finite number of points on the sphere. A suffi- 
cient condition for R to be of parabolic type, 
given by Z. Kobayashi (using the so-called 
Kobayashi net, and a sufficient condition for 
R to be of hyperbolic type, given by S. Kaku- 
tani (using quasiconformal mappings), are 
significant results on the type problem. The 
type problem had by then been extensively 
generalized to the following classification 
theory. 


E. Classification Theory of Riemann Surfaces 


Riemann surfaces are, as pointed out by Weyl, 
*not merely devices for visualizing the many- 
valuedness of analytic functions, but rather an 
essential component of the theory ... the only 
soil in which the functions grow and thrive." 
So the problem naturally arises of how to 
extend various results in the theory of analytic 
functions of a complex variable to the theory 
of analytic mappings between Riemann sur- 
faces. In general, open Riemann surfaces can 
have infinite genus and are quite complicated. 
So to obtain fruitful results and systematic 
development, one usually sets certain restric- 
tions on the properties of the Riemann sur- 
faces. In connection with this, R. Nevanlinna, 
L. Sario, and others initiated the classification 
theory of Riemann surfaces, which classifies 
Riemann surfaces by the existence (or non- 
existence) of functions with certain properties. 
Denote by X(R) the totality of functions on 
a Riemann surface R with a certain property 
X. The set of all Riemann surfaces R for which 
X(R) does not contain any function other than 
constants is denoted by Oy. The family of 
analytic functions and the family of harmonic 
functions are denoted by A(R) and H(R), re- 
spectively. The family of positive functions, 
that of bounded functions; and that of func- 
tions with finite Dirichlet integrals are denoted 
by P(R), B(R), and D(R), respectively. From 
these families, various new families are created, 
e.g, ABD(R) = А(К)П В(К)П D(R). Usually 
Ous, Оно, Онво» Oas» Оль, Олвр, and also Og, 
the family of Віетапп surfaces оп which there 
are no Green's functions, are considered. P. J. 
Myrberg found an example of a Riemann 
surface of infinite genus which has a large 
boundary but belongs їо О, в. The idea behind 
Myberg's example is often used to construct 
examples in classification theory. From works 
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of Y. Tóki, L. Sario, K. I. Virtanen, H. L. 
Royden, M. Parreau, M. Sakai, and others, it 
can be seen that there are inclusion relations, 
as indicated in Fig. 2, among the classes just 
mentioned. There is no inclusion relation 
between О,» and Opp. For Riemann surfaces 
of finite genus, Og = Орь. Closed Riemann 
surfaces are all in Og. 

Open Riemann surfaces in Oç are also said 
to be parabolic (or of null boundary), and those 
not in Oç, hyperbolic (or of positive boundary). 
Several characterizations for parabolic 
Riemann surfaces are known. 


& Onn = Онвь с 
£ - 
Oc E One SE Ong o c Oan = Оавр 
= o, F 
AB 


Fig. 2 


From a similar point of view, the classifica- 
tion problem for subregions was studied in 
detail by Parreau, A. Mori, T. Kuroda, and 
others. We call a noncompact region Q which 
is the complement of a compact subset of a 
Riemann surface a Heins’s end. M. Heins 
called the minimal number ( < co) of gen- 
erators of the semigroup of the additive class 
of HP-functions that vanish continuously at 
the relative boundary of a Heins's end Q the 
harmonic dimension of О. Its properties were 
investigated by Z. Kuramochi, M. Ozawa, and 
others. Generally, a function f is said to be X- 
minimal if f is positive and contained in X(R) 
and there exists a constant C, for every g in 
X(R) with f >g2 0 such that g= C, f. The 
family of Riemann surfaces R not belonging to 
Ос and admitting X-minimal functions on R is 
denoted by Ux. С. Constantinescu and A. 
Cornea and others studied Riemann surfaces 
in Upg and Upp where HD is the class of posi- 
tive functions in HD or limits of monotone 
decreasing sequences of such functions. There 
are inclusion relations Uyg 2 Онв — Ос, Unp 
2 Onp — Oç, and Uyp S Uy. One of the inter- 
esting results in classification theory is the fact, 
discovered by Kuramochi, that Uyg U Oç z O45 
and Uj5 U Oc S O,,. 

Classification theory has a very deep con- 
nection with the theory of *ideal boundaries. 
A. Pfluger and Royden showed that the classes 
Oç and Орр are invariant under quasicon- 
formal mappings. However, it is still an open 
problem whether Og, is invariant in this sense. 


F. Prolongations of Riemann Surfaces 


As classification theory shows, pathological 
phenomena occur for Riemann surfaces from 
the viewpoint of function theory in the plane. 
These are caused by the complexity of ideal 
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boundaries of Riemann surfaces, and in par- 
ticular by the complexity of the set of ideal 
boundary points at which handles of Riemann 
surfaces (i.e., parts with cycles not homologous 
to 0) accumulate. Hence it is desirable to find 
larger Riemann surfaces so that ideal bound- 
ary points of original surfaces that are not 
accumulating points of handles become inte- 
rior points. Suppose that a Riemann surface 

R is conformally equivalent to a proper sub- 
region R' of another Riemann surface R,. 
Then R, is said to be a prolongation of R, and 
R is prolongable. A nonprolongable Riemann 
surface is said to be maximal. Closed Riemann 
surfaces are always maximal, but there also 
exist maximal open Riemann surfaces (Radó). 
However, every open Riemann surface is 
homeomorphic to a prolongable Riemann 
surface (S. Bochner). Characterizations of 
prolongable Riemann surfaces and relation- 
ships between the various null classes men- 
tioned in Section E and prolongations were 
investigated from several viewpoints by R. de 
Possel, J. Tamura, and others. 


G. Analytic Mappings of Riemann Surfaces 


Apart from the development of the classifica- 
tion theory of Riemann surfaces, efforts have 
been made to extend various results in the 
theory of analytic functions of a complex 
variable to the case of analytic mappings be- 
tween Riemann surfaces. L. Sario studied the 
method of normal operators, which is utilized 
to construct harmonic functions on Riemann 
surfaces with given singularities at their ideal 
boundaries; and he extended the main theo- 
rems of Nevanlinna to analytic mappings 
between arbitrary Riemann surfaces (— 124 
Distributions of Values of Functions of a 
Complex Variable). M. Heins introduced the 
notions of Lindelóf type, Blaschke type, and 
others which are special classes of analytic 
mappings. Utilizing these notions, Con- 
stantinescu and Cornea, Kuramochi, and 
others extended various results in the theory 
of cluster sets (— 62 Cluster Sets) by studying 
the behavior of analytic mappings at ideal 
boundaries. The theory of fcapacities on ideal 
boundaries has also been developed. 

On every open Riemann surface R there 
exists a nonconstant holomorphic function 
(Behnke and Stein). Furthermore, Gunning 
and Narasimhan proved that there exists a 
holomorphic function on R whose derivative 
never vanishes. In other words, R is conform- 
ally equivalent to an unramified covering 
surface of the sphere. Such a locally homeo- 
morphic analytic mapping is called the im- 
mersion of R. The proof is based on the fol- 
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lowing deep result (S. Mergelyan's theorem): 
Suppose that K is a compact set on R such 
that R — K has no relatively compact con- 
nected component. Then every continuous 
function which is holomorphic on the interior 
of K can be approximated uniformly on K by 
a holomorphic function on R [22]. 

A sutface of genus 0 is said to be planar (or 
of planar character or schlichtartig). A simply 
connected surface is planar. Using the Dirich- 
let principle, P. Koebe proved the following 
general uniformization theorem: Every planar 
Riemann surface R can be mapped conform- 
ally to the canonical slit regions on the ex- 
tended complex plane C. More precisely, given 
a point p on R, there exists the extremal hori- 
zontal (vertical) slit mapping F,(F;) such that 
(i) F,(F,) maps R conformally to a region on C 
whose boundary consists of horizontal (ver- 
tical) slits and possibly points; (ii) F, and F, 
have a simple pole at p with residue 1; (iii) the 
total area of the slits and points is zero. Sup- 
pose that Ё,= 1/z 4- a; 4- c;z +... (i2 1,2) in 
terms of local parameter z at p. Then s=(c, — 
c3)/2 is called the span of R. It is known that 
s (= |d(F, — F,)/2||2)> 0, where the equality 
holds if and only if R belongs to О, р. In the 
case of finite genus g, there also exist the con- 
formal mappings of R onto the parallel slit 
regions on the (g + 1)-sheeted covering surface 
of € (Z. Nehari, Y. Kusunoki, and others). 

L. Ahlfors proved that a Riemann surface 
of genus g bounded by m contours can be 
mapped conformally to an at most (2g + m)- 
sheeted unbounded covering surface of the 
unit disk. 

The structures of closed Riemann surfaces 
are determined by the algebraic structures of 
meromorphic function fields on them. H. Iss'sa 
obtained a noteworthy result which estab- 
lished that open Riemann surfaces are also 
determined by their meromorphic function 
fields [24]. It is known too that open Rie- 
mann surfaces are determined by their rings 
of holomorphic functions. 


H. Differential Forms on Riemann Surfaces 


Since Riemann surfaces are considered real 2- 
dimensional differentiable manifolds of class 
С°, differential 1-forms œ = ийх +vdy and 
differential 2-forms О = сіх ^ dy are defined on 
them, and operations such as the exterior 
derivative do = (00/0х — ди/ду)ӣх ^ dy and 
exterior product can be defined (— 105 Dif- 
ferentiable Manifolds). Since coordinate trans- 
formations satisfy the Cauchy-Riemann dif- 
ferential equation, the conjugate differential 
*@= —vdx+udy of o can be defined. A dif- 
ferential form o satisfying dc =d ж о —0 is 
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called a harmonic differential, and one with * со 
= — ic is said to be pure. A pure differential is 
expressed as o = f dz. Here, if f is a holomor- 
phic function, then c is called a holomorphic 
(or analytic) differential, and if f is a meromor- 
phic function, then о is called a meromor- 
phic (or Abelian) differential. The differential 
form c is a holomorphic differential if and 
only if it is closed (i.e., dco — 0) and pure. The 
differential о is called exact (or total) if о is 
written as dF = F,dx + F,dy with a globally 
single-valued function F. 

Next, the set of all measurable differentials 
o with ||c|? = (fac ^* @ < oo forms a tHil- 
bert space with respect to the norm ||. The 
method of orthogonal decomposition in the 
theory of Hilbert spaces is the main device to 
study this space and also its suitable subspaces 
and to obtain the existence theorem of har- 
monic and holomorphic differentials with 
various properties (— 194 Harmonic Inte- 
grals). However, in contrast to differentiable 
manifolds, it should be noted that finer or- 
thogonal decompositions into subspaces with 
specific properties hold for open Riemann 
surfaces. For instance, let Г,(Г,) be the Hilbert 
space of analytic (harmonic) differentials with 
finite norm, and set I,, = {оєгГ,|о is exact}, 
Гы, — (o eI, |o is tsemiexact}; then we have 
the orthogonal decompositions 


Г, = Tue + I. 
R= Er + Г» = Г, + Гым» etc., 


where *Г, stands for the space (o|*o e L) and 
Г„ and Tpm are known as the space of analytic 
Schottky differentials and the space of dif- 
ferentials of harmonic measures, respectively. 
Both spaces Г, and Ipm have remarkable 
properties [9]. 


I. Abelian Integrals on Open Riemann Surfaces 


The systematic effort to extend the theory of 
Abelian integrals on closed Riemann surfaces 
to open Riemann surfaces was initiated by 
Nevanlinna in 1940. At the first stage of the 
development, only those Riemann surfaces 
with small boundaries (i.e., ones in Oç or Oy) 
were treated; later a more general treatment 
was made possible by the discovery of the 
notion of semiexact differentials (K. Virtanen, 
Ahlfors). 

Let R be an arbitrary open Riemann sur- 
face. A 1-dimensional cycle C is called a divid- 
ing cycle if for any compact set in R there 
exists a cycle outside the compact set homol- 
ogous to C. A differential is said to be semi- 
exact if its period along every dividing cycle 
vanishes. 
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Ahifors defined the distinguished (com- 
plex harmonic) differentials with polar sin- 
gularities and obtained in terms of them a 
generalization of Abel’s theorem. Indepen- 
dently, Y. Kusunoki defined the semiexact 
canonical (meromorphic) differentials and 
gave in terms of them a formulation of Abel's 
theorem and the Riemann-Roch theorem on R 
[27]. It was proved that a meromorphic dif- 
ferential df = du + idv is semiexact canonical if 
and only if du is (real) distinguished, and then 
u is almost constant on every ideal boundary 
component of R (in appropriate tcompactifi- 
cation of R). Hence every meromorphic func- 
tion f for which df is distinguished is almost 
constant on every ideal boundary component, 
and therefore f reduces to a constant by the 
boundary theorem of Riesz type if R hasa 
large boundary. Whereas by the Riemann- 
Roch theorem above a nonconstant meromor- 
phic function f such that df is (exact) canon- 
ical exists on any open Riemann surface R 
with finite genus, and f gives a canonical par- 
allel slit mapping of R (— Section G). H. L. 
Royden [28] and B. Rodin also gave gener- 
alizations of the Riemann-Roch theorem. 

M. Yoshida, H. Mizumoto, M. Shiba, and 
others further generalized the Kusunoki type 
theorems. The Riemann-Roch theorem for a 
closed Riemann surface can be deduced from 
that for open Riemann surfaces by considering 
an open Riemann surface obtained from a 
closed surface by deleting a point. 

Riemann's period relation on R has been 
studied for various classes of differentials, but 
for the case of infinitely many nonvanishing 
periods, no definitive result has been obtained. 
The same is true for the theory of Abelian 
differentials with infinitely many singularities. 
On the other hand, the analogy to the classical 
theory is lost completely if no restriction is 
posed on the differentials on R. In this con- 
text the following results due to Behnke and 
Stein [26] are outstanding: (1) There exists an 
Abelian differential of the first kind on R with 
infinitely many given periods. (2) For two 
discrete sequences { р„} and {q,} of points in 
R, there exists a single-valued meromorphic 
function with zeros at p, and poles at qm. It is 
further proved that there exists an Abelian 
differential with prescribed divisor and peri- 
ods (Kusunoki and Sainouchi). This gener- 
alizes the results above and the Gunning- 
Narasimhan theorem. 
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A. Definition 


А nonempty set А is called a ring if the follow- 
ing conditions are satisfied. 

(1) Two toperations, called addition and 
multiplication (the ring operations), are defined, 
which send an arbitrary pair of elements a, b 
of A to elements a+ b and ab of A. 

(2) For arbitrary elements a, b, c of A, these 
operations satisfy the following four laws: (i) 
a+b=b+a (commutative law of addition); (ii) 
(a+ b)+c=a+(b+ c), (ab)c = a(bc) (associative 
laws); (iii) a(b + c) 2 ab 4- ac, (a+ b)c =ac + bc 
(distributive laws); and (iv) for every pair a, b of 
elements of A, there exists a unique element c 
of A such that a+ c — b. Thus a ring A is an 
tAbelian group under addition. Each element 
a of a ring A determines operations L, and R, 
defined by L,(x) 2 ax, R .(x)= xa (xe A). Thus a 
ring A has the structure of a tleft A-module 
and a tright A-module. Since the operations 
L, and К, commute for every pair a, b of ele- 
ments of A, the ring A is also an A-A-bimodule 
(— 277 Modules). 

The identity element of A under addition is 
called the zero element and is denoted by 0. It 
satisfies the equation a0 = 0а =0 (ae А). An 
element ec A is called a unity element (identity 
element or unit element) of A if it satisfies ae = 
ea — a (ae A). If A has such a unity element, it 
is unique and is often denoted by 1. A ring with 
unity element is called a unitary ring. Most of 
the important examples of rings are unitary. 
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Hence we often call a unitary ring simply a 
ring. If a ring has only one member (namely, 
0), then 0 is the unity element of the ring. Such 
a ring is called a zero ring. However, if a ring 
has more than one element, the unity element 
is distinct from the zero element. А ring is 
called a commutative ring if it satisfies (v) ab 

— ba (a, be A) (commutative law for multipli- 
cation) (— 67 Commutative Rings). 

In this article we shall discuss associative 
rings. Certain nonassociative rings are impor- 
tant; an example is tLie algebra. (An algebra is 
а ring having a tground ring.) 


B. Further Definitions 


An element a #0 of a ring А is called a zero 
divisor if there exists an element b #0 such that 
ab=0 or ba=0. A commutative unitary ring 
having more than one element is called an 
integral domain if it has no zero divisors (— 67 
Commutative Rings). Elements a and b of a 
ring are said to be orthogonal if ab — ba —0. An 
element a satisfying a" = 0 for some positive 
integer n is called a nilpotent element, and a 
nonzero element a satisfying a? =a is called an 
idempotent element. An idempotent element is 
said to be primitive if it cannot be represented 
as the sum of two orthogonal idempotent 
elements. For any subsets S and T of a ring A, 
let S+ T(ST) denote the set of elements s+ 
t(st) (seS, te T). In particular, SS is denoted 
by S? (similarly for S?, S^, etc.), and further- 
more, (aj + S((a) S) is denoted by a + S(aS). If 
ST — TS = {0}, then subsets S and T are said 
to be orthogonal. A subset S of a ring is said to 
be nilpotent if $" = 0 for some positive integer 
n, and idempotent if S2 = S. 

For an element a of a unitary ring A, an 
element a’ such that a'a = 1 (aa' = 1) is called a 
left (right) inverse element of a. There exists a 
left (right) inverse element of a if and only if A 
is generated by a as a left (right) A-module. If 
there exist both a right inverse and a left in- 
verse of a, then they coincide and are uniquely 
determined by a. This element is called the 
inverse element of a and is denoted by a !. An 
element that has an inverse element is called 
an invertible element (regular element or unit). 
The set of all invertible elements of a unitary 
ring forms a group under multiplication. A 
nonzero unitary ring is called a ‘skew field (or 
tdivision ring) if every nonzero element is inver- 
tible. Furthermore, a skew field that satisfies 
the commutative law is called a commutative 
field or simply a field (— 149 Fields). In a 
general ring A, if we define a new operation 
(a, b)-»ao b by setting aob—a-- b — ab, then 
A is a tsemigroup with the identity element 
0 with respect to this operation. The inverse 
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element under this operation is called the 
quasi-inverse element, and an element that has 
a quasi-inverse element is called a quasi- 
invertible element (or quasiregular element). An 
element a of a unitary ring is quasi-invertible if 
and only if the element 1 —a is invertible. 


C. Examples 


(1) Rings of numbers. The ring Z of rational 
integers, the rational number field Q, the real 
number field R, and the complex number field 
C are familiar examples (— 14 Algebraic 
Number Fields, 257 Local Fields). 

(2) Rings of functions. The set K! of func- 
tions defined on a set I and taking values in a 
ring K forms a commutative ring under point- 
wise addition and multiplication. In particular, 
let K =R, and let I be an interval of R. Then 
the set C?(I) of continuous functions, the set 
C'(I) of functions that are r-times continuously 
differentiable, and the set C°(J) of analytic 
functions on / are subrings (— Section E) of 
В!. 

(3) Rings of expressions. The set К[Х,,... 
X,] of polynomials and the set К[[Х,,..., 
X, ]] of tformal power series in indeterminates 
X,, ..., X, with coefficients in a commutative 
ring K are commutative rings (— 369 Rings of 
Polynomials, 370 Rings of Power Series). 

(4) Endomorphism rings of modules. The set 
&(М) of tendomorphisms of a module M 
over a ring K is in general a noncommutative 
ring. In particular, if M is a finite-dimensional 
tlinear space over a field K, then &,(M) can 
be identified with a *full matrix ring ( 256 
Linear Spaces, 277 Modules). 

(5) For other examples — 29 Associative 
Algebras, 36 Banach Algebras, 67 Commuta- 
tive Rings, 284 Noetherian Rings, and 439 
Valuations. 


> 


D. Homomorphisms 


A mapping f: A B of a ring A into a ring B 
satisfying PME (i) | (a + b) 2 f(a) + f(b) 
and (ii) f(ab) = f(a) f(b) (a, be A) is called a 
ee If a homomorphism f is 
*bijective, then the inverse mapping f! : B— А 
is also a homomorphism, and in this case f 

is called an isomorphism. More precisely, a 
homomorphism (isomorphism) of rings is 
often called a ring homomorphism (ring isomor- 
phism). There exists only one homomorphism 
of any ring onto the zero ring. For unitary 
rings A and B, a homomorphism f: A B is 
said to be unitary if it maps the unity element 
of A to the unity element of B. By a homomor- 
phism, a unitary homomorphism is usually 
meant. In this sense there exists a unique hom- 
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omorphism of the ring Z of rational integers 
into an arbitrary unitary ring. А composite of 
homomorphisms is also a homomorphism. The 
identity mapping 1, of a ring A is an isomor- 
phism. А homomorphism of a ring A into itself 
is called an endomorphism, and an isomor- 
phism of A onto itself is called an automor- 
phism of A. If a is an invertible element of a 
unitary ring A, then the mapping xaxa `! 
(хє A) is an automorphism of A, called an 
inner automorphism. 

When condition н fora к: is 
replaced by (11) f(ab) = f(b) f(a) (a, be A), 
mapping satisfying ) and (11) is called an 
antihomomorphism. In particular, if an anti- 
homomorphism f is bijective, then the inverse 
mapping f `! is also an antihomomorphism, 
and f is called an anti-isomorphism. Antiendo- 
morphisms and antiautomorphisms are defined 
similarly. 


E. Subrings, Factor Rings, and Direct Products 


A subset S of a ring A is called a subring of A if 
a ring structure is given on S and the canon- 
ical injection S A is a ring homomorphism. 
Thus the ring operations of S are the restric- 
tions of those of A. If we deal only with uni- 
tary rings and unitary homomorphisms, then a 
subring S necessarily contains the unity ele- 
ment of A. The smallest subring containing a 
subset T of a ring A is called the subring gen- 
erated by T. The set of elements that commute 
with every element of T forms a subring and is 
called the commutor (or centralizer) of T. In 
particular, the commutor of A itself is called 
the center of A. 

A 'quotient set A/R of a ring А by an equiv- 
alence relation R is called a factor ring (quo- 
tient ring) of A if a ring structure is given on 
А/К and the canonical surjection А > A/R 
is a ring homomorphism. This is the case if 
and only if the equivalence relation R is com- 
patible with the ring operations (i.e., aRa' and 
bRb' imply (a+ b) R(a' + b") and (ab) R(a’b’)). 
Let « and f be elements of the factor ring A/R, 
represented by a and b, respectively. Then the 
definition of factor ring implies that x+ B(«P) 
is the equivalence class represented by a+ 
b(ab). Every ring A has two trivial factor 
rings, namely, A itself and the zero ring O. If A 
has no nontrivial factor rings, then A is called 
a quasisimple ring (— Section С). If f: A— B is 
a ring homomorphism, then the image f(A) is 
a subring of B, and the equivalence relation R 
in A defined by f(aRb < f(a) = f(b)) is com- 
patible with the ring operations of A. Thus f 
induces an isomorphism А/К — f(A) (— Sec- 
tion F). 

If (4;];., is a family of rings, the Cartesian 
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product A — IT;., A; forms a ring under the 
componentwise operations (a;) + (bj) ^ (a; + bj) 
and (aj) (bj) = (аЬ). This ring is called the direct 
product of the family of rings { А;} у. The 
mapping р;: A— A, that assigns to each (aj) its 
ith component a; is called a canonical homo- 
morphism. For any set of homomorphisms 
f: B A, (ie D), there exists a unique homomor- 
phism f: В» А such that f; — p;o f for each i. 


F. Ideals 


A subset of a ring A is called a left (right) ideal 
of A if it is a submodule of the left (right) A- 
module of A (— 277 Modules). In other words, 
a left (right) ideal J of A is an additive sub- 
group of A such that AJ c J (JA c J). Under 
the operations induced from A, J is a ring 
(however, J is not necessarily unitary). À sub- 
set of A is called a two-sided ideal or simply 

an ideal of A if it is a left and right ideal. 

For an ideal J of a ring A, we define a rela- 
tion R in A by aRb«a—beJ. Then R is an 
equivalence relation that is compatible with 
the operations of A. Each equivalence class is 
called a residue class modulo J, and the quo- 
tient ring A/R is denoted by A/J and called the 
residue (class) ring (or factor ring) modulo J. If 
it is a field, it is called a residue (class) field. 
Conversely, given an equivalence relation R 
that is compatible with the operations of A, 
the equivalence class of 0 forms an ideal J of 
A, and the equivalence relation defined by J 
coincides with R. 

If f: A>B is a ring homomorphism, then 
the tkernel of f as a homomorphism of addi- 
tive groups forms an ideal J of A, and f in- 
duces an isomorphism A/J — f(A). It Sis a 
subring and J is an ideal of a ring A, then S + 
J is a subring of A and SNJ is an ideal of S. 
Furthermore, the natural homomorphism S— 
(S+J)/J induces an isomorphism S/SNJ—> 
(S + J)/J (isomorphism theorem). 

A left (right) ideal of a ring А is said to be 
maximal if it is not equal to А and is properly 
contained in no left (right) ideal of A other 
than A. Similarly, a left (right) ideal of A is said 
to be minimal if it is nonzero and properly 
contains no nonzero left (right) ideal of A. 

If e is an idempotent element of a unitary 
ring A, then 1 — e and e are orthogonal idem- 
potent elements, and А = Ae + A(1 — e) is the 
direct sum of left ideals. This is called Peirce's 
left decomposition. Peirce's right decomposition 
is defined similarly. A left ideal J of A can be 
expressed as J — Ae for some idempotent 
element e if and only if there exists a left ideal 
J’ such that A=J +J' is a direct sum decom- 
position. More generally, if e, ...,e, are ortho- 
gonal idempotent elements whose sum is equal 
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to 1, then A= Ae, +... + Ae, is the direct sum 
of left ideals. Conversely, if A=J,+...+J, is 
the direct sum of left ideals and 1 — e, +... + 
e, (e;€ Jj) is the corresponding decomposition 
of the unity element, then e,, ..., e, are ortho- 
gonal idempotent elements. In particular, if 
Jis ..., J, are two-sided ideals, then each J; is a 
ring with unity element e;, and by a natural 
correspondence, the ring А is isomorphic to 
the direct product П"_, J;. In this case, A is 
called the direct sum of ideals J,, ..., J, and is 
denoted by A= @7_, Jp or A= Ef Jj. 

À ring A is called a left (right) Artinian ring 
if it is fArtinian as a left (right) A-module (i.e., 
if A satisfies the tminimal condition for left 
(right) ideals of A). A ring A is called a left 
(right) Noetherian ring if it is Noetherian as a 
left (right) A-module (i.e., if A satisfies the 
tmaximal condition for left (right) ideals of A). 
If A is commutative, left and right are omitted 
in these definitions. The property of being 
Artinian or Noetherian is inherited by quo- 
tient rings and the direct product of a finite 
family of rings, but not necessarily by subrings. 
For general rings, the maximal and minimal 
conditions for left (right) ideals are indepen- 
dent, but for unitary rings, left (right) Artinian 
rings are necessarily left (right) Noetherian (Y. 
Akizuki, C. Hopkins). 


G. Semisimple Rings 


The statement that a unitary ring A is tsemi- 
simple as a left A-module is equivalent to the 
statement that A is semisimple as a right A- 
module; in this case A is called a semisimple 
ring (— Section H). Every module over a semi- 
simple ring is also semisimple. A semisimple 
ring is left (right) Artinian and Noetherian. A 
semisimple ring is called a simple ring if it is 
nonzero and has no proper ideals except {0}, 
that is, if A is a quasisimple ring. Thus A is a 
simple ring if and only if A is a nonzero, uni- 
tary, quasisimple, left (right) Artinian ring. If A 
is a semisimple ring, then it has only a finite 
number of minimal ideals A,,...,A,, and A is 
expressible as the direct sum A=A,+...+A,, 
where each 4; is a simple ring, called a simple 
component of А. Any ideal of A is the direct 
sum of a finite number of simple components 
of A. Quotient rings of a semisimple ring and 
the direct product of a finite number of semi- 
simple rings are also semisimple. 

Any left (right) ideal of a semisimple ring A 
is expressible as Ae (eA) for some idempotent 
element e, and Ae (eA) is minimal if and only if 
e is primitive. In particular, a minimal left 
(right) ideal is a simple left (right) A-module 
that is contained in a certain simple compo- 
nent. Two minimal left (right) ideals are iso- 
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morphic as A-modules if and only if they are 
contained in the same simple component. If A;, 
1 <i<n, аге the simple components of A, then 
for each simple left A-module M there exists 
a unique i such that A;M 5 {0}, and M is 
isomorphic to a minimal left ideal contained 
in A;. 

If M is a finite-dimensional linear space over 
a (skew) field D, then the endomorphism ring 
A — 65(M) of M over D is a simple ring. Con- 
versely, for any ring A, the endomorphism ring 
D=6,(M) of a simple A-module M is a (skew) 
field (Schur's lemma). If A is a simple ring, then 
any simple A-module M can be considered as 
a finite-dimensional linear space over D— 
& (M), and A is isomorphic to (М) (Wed- 
derburn's theorem). Furthermore, if r is the 
dimension of M over D, then &5(M) is isomor- 
phic to the full matrix ring M,(D^) of degree 
r over the field D^, which is anti-isomorphic 
to D. The dimension r is also equal to the 
"length of А as an A-module. The center of 
A — (М) is isomorphic to the center of D, 
which is a commutative field. Thus a simple 
ring is an associative algebra over a commuta- 
tive field (— 29 Associative Algebras). 


H. Radicals 


Let A be a ring. Then among ideals consisting 
only of quasi-invertible elements of A, there 
exists a largest one, which is called the radical 
of A and denoted by (A). The radical of the 
residue ring A/9R(A) is {0}. A ring A is called a 
semiprimitive ring if (А) is {0}. On the other 
hand, A is called a left (right) primitive ring if it 
has a ‘faithful simple left (right) A-module. The 
radical (А) is equal to the intersection of all 
ideals J such that A/J is a left (right) primitive 
ring. In a unitary ring A, (А) coincides with 
the intersection of all maximal left (right) 
ideals of A. Furthermore, in a left (right) Ar- 
tinian ring A, (A) is the largest nilpotent 
ideal of A, and the condition R(A) = {0} is 
equivalent to the condition that A is a semi- 
simple ring. 

Among ideals consisting only of nilpotent 
elements of A, there exists a largest one, which 
is called the nilradical (or simply the radical) 
and denoted by 9t(A) (— 67 Commutative 
Rings). The nilradical of A/9t(A) is {0}. In 
general, 9t(A) is contained іп R(A), and if A is 
left (right) Artinian, we have 9t(A) = (А). A 
ring А is called a semiprimary ring if A/9t(A) is 
left (right) Artinian and therefore semisimple. 
Furthermore, a ring A is called a primary ring 
(completely primary ring) if A/9t(A) is a simple 
ring (skew field). A primary ring is isomorphic 
to a full matrix ring over a completely primary 
ring. 
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A. General Remarks 


In this article, we mean by a ring a tcommuta- 
tive ring with *unity element. Let R be a ring, 
and let X,,..., X, be variables (letters, indeter- 
minates, or symbols). Then the set of tpoly- 
nomials in X,, ..., X, with coefficients in R is 
called the ring of polynomials (or polynomial 
ring) in n variables X,,..., X, over R and is 
denoted by R[X,,..., X,] (2 67 Commuta- 
tive Rings; 284 Noetherian Rings; 337 Poly- 
nomials; 368 Rings). On the other hand, when 
R and R' are rings with common unity element 
and R < К’, then for a subset S of R' we denote 
the subring of R', generated by S over R, by 
R[S]. When S= (x,,..., x,), then there is a 
homomorphism q of the polynomial ring 
R[X,,..., X,] onto R[S] defined by 


Ф(Х а; La XT e Хт)= Ха, E d 


(a € R). 


If ф is an isomorphism, then x,, ..., x, are said 
to be algebraically independent over R; and 
otherwise, algebraically dependent over R. 
Thus the ring of polynomials in n variables 
over R may be regarded as a ring А[х;,..., х,] 
generated by a finite system of algebraically 
independent elements x,, ..., x, over R. 
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B. Ideals, Homogeneous Rings, and Graded 
Rings 


Consider the polynomial ring R[X]= R[X,, 
<... X,] in n variables over a ring R. A poly- 
nomial fe R[ X] is a tzero divisor if and only if 
there is a nonzero member a of R for which af 
=Q. If a is an *ideal of R, then R[ X]/aR[ X] > 
(R/a) LX., ..., X,]. Therefore, if p is a tprime 
ideal of R, then pR[ X] is a prime ideal of 
R[ X]. If R is a *unique factorization domain 
(u.f.d.), then R[ X] is also a u.f.d. If R is a nor- 
mal ring, then so is R[ X]. By the tHilbert 
basis theorem, if R is *Noetherian, then R[ X] 
is also Noetherian. If m is the fKrull dimen- 
sion of R, then Krull dim R[ X] 2 n 4-m; the 
equality holds if R is Noetherian. If R is a 
field, then R[ X] is not only a u.f.d. but also a 
tMacaulay ring. 

A homogeneous ideal of R[ X] is an ideal 
generated by a set of thomogeneous poly- 
nomials f, (the degree of f, may depend on 4). 
When a is a homogeneous ideal, an element in 
R[X]/a is defined to be a homogeneous ele- 
ment of degree d if it is the class of a homoge- 
neous polynomial of degree d modulo a, and 
the quotient ring R[ X ]/a is called a homoge- 
neous ring. More generally, assume that a ring 
К is, as a module, the direct sum У R, 
of its submodules R; (i— 0, 1,2, ...) and that 
R;Rj C Rj,; for every pair (i,j). Then we call R 
a graded ring, and an element in R, a homo- 
geneous element of degree d. (In some literature 
the term graded ring is used in a wider sense; 
see below) In a graded ring R, if an ideal is 
generated by homogeneous elements, then the 
ideal is called a homogeneous ideal (or graded 
ideal). In a graded ring R = >° К,, if the ideal 
>>, R; has a finite basis, then R is generated 
(as a ring) by a finite number of elements over 
its subring Ry. Therefore, the graded ring 
R=> К, is Noetherian if and only if Ro is 
Noetherian and R is generated by a finite 
number of elements over R,. In this case, every 
homogeneous ideal is the intersection of a 
finite number of homogeneous tprimary ideals, 
and every prime divisor of a homogeneous 
ideal is a homogeneous prime ideal. 

The notion of a graded ring is generalized 
further as follows: A ring R is graded by an 
additive semigroup / (containing 0) if R is 
Lier К; (direct sum) and if RR; c Кү. 


C. Zero Points 


(1) Zero Points in an Affine Space. We consider 
the polynomial ring K[X]— K[X,, ..., X,] 

in n variables over a field K and a field Q 
containing K. A point (a,, ...,a,) of an n- 
dimensional taffine space О” = f(a,, ...,a,)|a;€ 
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Q} is called a zero point of a subset 5 of K[X] 
if f(a,,...,a,)=0 for every f(X,,..., X,)eS. 

A point (a,, ...,a,) is called algebraic over К 
(K-rational) if every a; is algebraic over K (is 
an element of K). In this way wc define alge- 
braic zero points and rational zero points. 
Zero points of S are zero points of the tideals 
generated by S. Therefore, in order to investi- 
gate the set of zero points of S, we may restrict 
ourselves to the case where $ is an ideal. De- 
note by V(S) the set of zero points of S. If a,, 
a, are ideals of K[X], then (i) V(a, Па,) = 
V(a,a;)- И(а;) О V(a;) (ii) V(a; - a?) = V(a;)' 
V(a5); and (ш) if a, and a, have a common 
tradical, then V(a,) = V(a,). 


(2) Zero Points in a Projective Space. A point 
(Aa,,...,Aa,) of an (n — 1)-dimensional їргојес- 
tive space over О (with a,e Q, some а; 50, ¿e Q, 
450) is called a zero point of a polynomial 
f(X,, ..., Xn) if, f being expressed as > f; with 
homogeneous polynomials f, of degree i, 
Silay, ...,a,) 20 for every i (this condition 
holds if and only if f(4a,, ..., 4a,) 2 0 for any 
element 4 in О, provided that Q contains in- 
finitely many elements). Therefore, zero points 
of a subset S of K[ X] are zero points of the 
smallest homogeneous ideal containing S. 
Thus, in order to study the sets of zero points, 
it is sufficient to consider sets of zero points of 
homogeneous ideals, and propositions similar 
to (1), (ii), and (iii) of part 1 of this section hold 
for homogeneous ideals a}, а,. 


D. The Normalization Theorem 


Let a be an ideal of theight h in the poly- 
nomial ring K[X]= K[X,,..., X,] in n vari- 
ables over a field K. Then there exist elements 
Yi, ..., Y, of K[X] such that (i) K[X] is tin- 
tegral over K[Y]=K[Y,, ..., Y,] and (ii) 
Ү,,..., Y, generate aN K [Y] (normalization 
theorem for polynomial rings). 

Using this theorem, we obtain the following 
important theorems on finitely generated 
rings. 

(1) Normalization theorem for finitely gen- 
erated rings. If a ring R is finitely generated 
over an integral domain 1, then there exist an 
element а (40) of I and algebraically indepen- 
dent elements z,, ...,z, of R over J such that 
the tring of quotients Rs (where S= (a"|n— 
1,2, ...]) is integral over I[a ,2,, ...,z,]. 

(2) If p is a prime ideal of an integral domain 
R that is finitely generated over a field K, then 
(height of p) + (*depth of p) = (ttranscendence 
degree of R over K), and the depth of p coin- 
cides with the transcendence degree of R/p 
over K. In particular, if m is a maximal ideal 
of R, then R/m is algebraic over K. 
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(3) Hilbert’s zero point theorem (Hilbert 
Nullstellensatz). Let a be an ideal of the poly- 
nomial ring K[X]— K[X, ..., X,] over the 
field K, and assume that the field О containing 
K is *algebraically closed. If fe K[ X] satisfies 
the condition that every algebraic zero point 
(— Section C) of a is a zero point of f, then 
some power of f is contained in a. 


E. Elimination Theory 


Let f,,..., fs be elements of the polynomial 
ring RS I[X,,..., Xm Yis- Yp] nm+n 
variables over an integral domain I. For each 
maximal ideal m of I, let o, be the canonical 
homomorphism with modulus m, and let Q, 
be an algebraically closed field containing I/m. 
Let W. be the set of points (а;,...,а,) of the n- 


dimensional affine space Q” over Q, such that 


m 


the system of equations o, (f) (X,,.... Xm 

4, ...,0,) 20 (i= 1,2, ..., №) has a solution in 
О". To eliminate X,,...,X,, from f,,..., fy is 
to obtain g(Y,, ..., Y)e I[ Y, ..., Y ] such that 
every point of W, is a zero point of o, (g) for 
every m; such a g (or an equation g = 0) is 
called a resultant of f, ..., fy. The set a of 
resultants forms an ideal of I [Y,, ..., ¥,], and 
(91... gui) is called a system of resultants if 
the radical of the ideal generated by it coin- 
cides with a. If J is finitely generated over a 
field, then, denoting by b the radical of the 
ideal generated by f;,..., fy, we have a=b 
I[Y,, ..., ҮД. In particular, let I be a field. It is 
obvious that Wo) is contained in the set V of 
zero points of a. However, it is not necessarily 
true that V= Wo. If every f; is homogeneous 
in Х,,..., X, and also in Ү,,..., Y,, then we 
have V= Wo). 

If we wish to write a system of resultants 
explicitly, we can proceed as follows: Regard 
the f; as polynomials in X, with coefficients in 
I[X,,..., X4, Y;,..., Y, ], and obtain resultants 
R(f,, f) by eliminating X, from the pairs f;, fj. 
Then eliminate Х, from these resultants, 
and so forth. To obtain R( f;, fi), we may use 
Sylvester's elimination method. Namely, let f 
and g be polynomials in x with coefficients 
in 1:f 2agx" ax"! +... + a,,g— box" + 
b,x" +... +b,. Let D( fg) be the following 
determinant of degree m + n: 


ao ау à, 0 ө 0 

O а-а, а, Ü `--: 0 
n ae 

0 0 A a, Am-1 aml- 

bo b, + ba- b. O + 0 

0 0 b b, by-1 b, 
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Then D(f, g)=0 if and only if either f and g 
have a common root or ао = by = 0. Therefore, 
if I is a u.£.d. and ао and by have no common 
factor, then D(f, д) is the required resultant 
R(f,g). (For other methods of elimination see 
B. L. van der Waerden, Algebra, vol. II. For 
criteria on whether a finitely generated ring 
over a field is *regular — 370 Rings of Power 
Series B.) 


F. Syzygy Theory 


(1) Classical Case. The notion of syzygy was 
introduced by Sylvester (Phil. Trans., 143 
(1853)), then generalized and clarified by Hil- 
bert [3], whose definition can be formulated 
as follows: Let R=k[X,,...,X,]} bea poly- 
nomial ring of n variables over a field k. R 

has the natural gradation (i.e., R is a graded 
ring in which each X; (1 <i<n) is of degree 1 
and elements of k are of degree 0). Let M 

be a finitely generated graded R-module. If 
fy s огт a minimal basis of M over 

R consisting of homogeneous elements, we 
introduce m indeterminates u,, ..., um and 

put F = X, „;«„ Ru; the free R-module gen- 
erated by u,, ...,u,. Set deg(u) = deg( f) (1 < 
j&m) and supply F with the structure of a 
graded R-module. Let ф be the graded К-. 
homomorphism of F onto M defined by ф(и,) 
= fi. Then № = Кег(ф) is a graded R-module 
uniquely determined by M up to isomorphism 
(of graded R-modules); N is called the first 
syzygy of M. For a positive integer r, the rth 
syzygy of M is inductively defined as the first 
syzygy of the (r — 1)st syzygy of M. The Hilbert 
Syzygy theorem states that for any finitely 
generated graded R-module M, the nth syzygy 
of M is free. In other words, M admits a free 
resolution of length <n, i.e., an exact sequence 
of the form 


09 FM 5... S FY) FO M0, 


where v <n and each F® (0x i< v) is a finitely 
generated free graded R-module. It follows 
that if M, denotes the homogeneous part of 
degree d in M, there exists a polynomial P(X) 
of degree <n—1 such that dim,(M,)— P(d) for 
sufficiently large d; P(X) is called the Hilbert 
polynomial (or characteristic function) of the 
graded R-module M. 


(2) Generalization by Serre. The syzygy theory 
was generalized by J.-P. Serre [2] as follows: 
Let R be a Noetherian ring and M a finitely 
generated R-module. Then we can find a fi- 
nitely generated free R-module F and an R- 
homomorphism q of F onto M. The kernel of 
@, called a first syzygy of M, is not uniquely 
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determined by M. However, if N, and N, are 
first syzygies of M, then there exist finitely 
generated tprojective R-modules P, and Р, 
such that N, © P, = N, © P, (— 277 Modules 
K). For a positive integer r, an rth syzygy is 
defined inductively as in (1) of this section. An 
important result of Serre is that R is a Tregular 
ring of tKrull dimension at most n if and only 
if an nth syzygy of every finitely generated R- 
module is tprojective. 


(3) Serre Conjecture. D. Quillen (Invertiones 
Math., 36 (1976)) and A. Suslin (Dokl. Akad. 
Nauk SSSR (26 Feb. 1976)) solved the Serre 
conjecture by proving that every projective 
module over a ring of polynomials over a field 
Is free. 


(4) Special Cases. In the following special 
cases, we can define the first syzygy of M 
uniquely up to isomorphism: (i) R is a Noe- 
therian tlocal ring and M is a finitely gen- 
erated R-module; and (ii) R is a graded Noe- 
therian ring X49 Ra, where Ro is a field and 

M is a finitely generated graded R-module [4]. 
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A. Rings of Formal Power Series (— 67 Com- 
mutative Rings; 284 Noetherian Rings; 368 
Rings) 


Let R be a commutative ring with unity ele- 
ment 1. Let F, be the module of thomogeneous 
polynomials of degree d in Х,,..., X, with 
coefficients іп R. A formal infinite sum Ў уа, 
=a +a,+..+a,+...+ of elements a,c F, is 
called a formal power series or simply power 
series in n variables X,,..., X, with coefficients 
in R, and a, is called the homogeneous part of 
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degree d of the power series. The homoge- 
neous part a, of degree zero is called the 
constant term. Addition and multiplication 
are defined by (> а) - (È ba) = (а, + bj), 

(È aa) (È by) = У (У; =aaibj). By these oper- 
ations, the set of power series forms a com- 
mutative ring, which is called the ring of 
(formal) power series (or (formal) power series 
ring) in X,, ..., X, over R and is denoted by 
R[[X,...., X,]] or RÍX,, ..., Xn} If there is a 
natural number N such that а, = 0 for every d 
> N, then the power series У а, is identified 
with the polynomial ao +a, +... Рак. Thus 
R[X;,..., X,] c RI[X,, ..., X,]]. Set X = 
X;X;R[EX,. .... X,]). Then R[[X;. ....X,]] 
is tcomplete under ће X-adic topology 

(— 284 Noetherian Rings B). 

Assume that R’ is a commutative ring con- 
taining R and having a unity element in com- 
mon with R, a’ is an ideal of R’ such that R’ is 
complete under the a’-adic topology, and 
X4, ..., X, are elements of a’. Then an infinite 
sum Ус; ...;,Xi! ... хул (each i; ranges over 
nonnegative rational integers and c;, ; € R) 
has a well-defined meaning in R' (namely, if S, 
is a finite sum of these terms such that Xi; < d, 
then the infinite sum is defined to be lim, ,,, Sa). 
This element У с, X ... xy" is also called a 
power series in x,, ..., x, With coefficients in 
R. The set of such power series in x,, ..., x, 
is a subring of R”, called the power series 
ring in x,, ..., x, over R and denoted by 
R[[x,, ..., x.]] or R{x,,...,x,}. Defining ф by 
p(X Ci. XY © Хун) = Ус Nt хт, WE 
obtain a ring homomorphism ç: R[[X;, ..., 
X,]]5 R[[x,, ..., x,]]. If іѕ an isomorphism, 
then we say that x,, ..., x, are analytically 
independent over R. 

If m is a tmaximal ideal of the formal power 
series ring R[[X;, ..., X,]], then m2 mf К is 
a maximal ideal of R and m is generated by m 
and X,,..., X,. An element f of the power 
series ring is tinvertible if and only if its con- 
stant term f, is an invertible element of R, and 
in this case / 1 = Dio fo“ (Jo — f). If R 
is one of the following, then R[[X;, ..., X,]] is 
also of the same kind: (i) *Noetherian ring, (ii) 
tlocal ring, (iii) tsemilocal ring, (iv) integral 
domain, (v) tregular local ring, (vi) Noetherian 
tnormal ring. But even if R is a tunique fac- 
torization domain (u.f.d.), R[[X,, .... X,,]] 
need not be a u.f.d. (If R is a field, or more 
generally, if R is a regular semilocal ring, then 
R[{[X,,..., X,]] is a u.f.d.). In particular, а 


formal power series ring k[[.X]] in one vari- 


able X over a field k is an integral domain 
whose field of quotients is called the field of 
(formal) power series (or (formal) power series 
field) in one variable X over k and is denoted 
by k((X)); an element of k((X)) is expressed 
uniquely in the form 35, a, X" (a,ek,reZ). 
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B. Rings of Convergent Power Series 


Let K be a field with multiplicative *valuation 
v (for instance, K = C, the complex number 
field, and (ж) = |a] for xe C). A formal power 
series f(X,,..., X,) X c, X... Xin is 

said to be a convergent power series if there 

are positive numbers r,, ...,r,, M such that 
v(e;, i rg + Tat « M for every (is, ..., i). 

In this case, if a;e К and v(aj) < rj, then 

У ci, ipai --. ap has its sum in the completion 
of K. The set of convergént power series is a 
subring of K[[X,, ..., X,]]. It is called the ring 
of convergent power series (or convergent power 
series ring) in n variables over K and is de- 
noted by K &X;,,..., X,»» or K(X,,.... X,l. 

It is a regular local ring of *Krull dimension 

n. Hence it is a u.f.d. and its completion is 
K[EX,, ..., X,]]. If v is a *trivial valuation, 
then K X,,..., X,» = K[[EX,, ..., X,]]. 


Weierstrass's Preparation Theorem. For an 
element f - У с. Xy... XMEK X ,,..., 
ХУУ, assume that со. о: =0 for і=0, 1,..., 

r — | and со. о, #0. Then for an arbitrary 
element g of K ((X,,..., X, >>, there exists a 
unique qe K X,,..., X,2> such that g — 

af eX ХАК X, X, уу. In partic- 
ular (considering the case where g = X7), there 
is an invertible element u of K ((X,,..., X Ð 
such that fu- f, + Хн... f XL 

X; Vie KCK, Xa»). 

By this theorem, we see easily that if a is an 
ideal of height h of K ((X,,..., X,5», then 
KX,,..., X»»/ais isomorphic to a ring that 
is a finite module over K (X,,..., Хр»). 

If p is a tprime ideal of K ((X,, ..., X,55, 
then pK[[X,,..., X,]] is a prime ideal. 


The Jacobian Criterion. Let K be a field, and 
let R be the ring of polynomials K[ X,, ..., X, ], 
the ring of formal power series K[[X,, ..., 
X,]], or the ring of convergent power series 
K(X,,..., X,»» inn variables X,,..., X, 

over K. Partial derivatives 0/0 X; are well 
defined in R. For f,,..., ,e R, a Jacobian 
matrix J(f,,..., f) is defined to be the t x n 
matrix whose (i, j)-entry is 6f,/0X;. Let p bea 
tprime divisor of the ideal X; f; R, and let q be 
a prime ideal containing p. If the trank of 

(J( fi: ..., f) modulo q) is equal to the height 
of p, then the ring R,/> f, R, is a regular local 
ring. The converse is also true if K is a tperfect 
field (if K is not a perfect field, then, modifying 
J(fi, .... f), we can have a similar criterion 


[1]. 


C. Hensel Rings 


A Hensel ring (or Henselian ring) is a com- 
mutative ring with unity element satisfying the 
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following two conditions: (i) R has only one 
maximal ideal m (Le., R is a *quasilocal ring); 
and (ii) if f, 90, Ро are monic polynomials in 
one variable x (here, a polynomial in x is 
called monic if the coefficient of the term of the 
highest degree is 1) such that f — goo e mR[x], 
go R[x] +h REx] 4+ mR[x] = R[x], then there 
are monic polynomials g, he R[x] such that 
f=gh and g=go, hz hg modulo m. 

Important examples of Hensel rings are 
complete local rings, rings of convergent 
power series, and ‘complete valuation rings. 
When R is a Hensel ring, a commutative ring 
R' with unity element such that R' is a finite R- 
module is the direct sum of a finite number of 
Hensel rings. For any quasilocal ring Q, there 
exists a Hensel ring @, called the Henseliza- 
tion of Q (for details — [1]), for which the 
following statements hold: (i) Ó is a ‘faithfully 
flat Q-module; (ii) if m is the maximal 1deal of 
Q, then the maximal ideal of Q is wQ, and 
д/тд = Q/mQ; (iii) if R is a Hensel ring that 
contains Q and has a maximal ideal n, and 
nNQ = т, then there is one and only one Q- 
homomorphism ç of Ó into R; (iv) if Q is a 
‘normal ring, then the Q-homomorphism o is 
an injection; (у) if Q is a local ring, then О is 
also a local ring, and Q is dense in О. 
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371 (XVIII.10) 
Robust and Nonparametric 
Methods 


А. General Remarks 


Robust and nonparametric or distribution-free 
methods are statistical procedures specifically 
devised to deal with broad families of proba- 
bility distributions. 

In the theory of statistical inference it is 
usual to assume that the probability distri- 
bution of the population from which the ob- 
served values arc chosen at random is specified 
exactly except for a small number of unknown 
parameters (— 401 Statistical Inference). In 
practical applications, however, it often hap- 
pens that the assumptions made for the model, 
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especially those about the shape of the distri- 
bution, may not hold for the actual data. In 
such cases robust and/or nonparametric pro- 
cedures that do not require exact knowledge of 
the shape of the distribution and yet prove to 
be relatively efficient or valid are required. The 
term nonparametric or distribution-free is used 
for problems of testing hypotheses, and the 
term robust is mainly used for problems of 
point estimation (— 396 Statistic; 399 Statis- 
tical Estimation; 400 Statistical Hypothesis 
Testing). 

Although the idea of the sign test appears in 
the work of J. Arbuthnot (1710), the theoret- 
ical foundation for nonparametric tests was 
first given in the proposals for the permutation 
test by R. A. Fisher (1935), the rank test by F. 
Wilcoxon (1945), and the test based on U- 
statistics by H. B. Mann and D. R. Whitney 
(1947). In the years that followed two impor- 
tant ideas appeared: the concept of asymptotic 
relative efficiency by E. J. G. Pitman (1948) 
and the development of the theory of U- 
statistics by W. Hoeffding (1948). H. Chernoff 
and L. R. Savage (1958) showed, in studying 
the asymptotic distribution of a class of rank 
statistics, that the asymptotic efficiencies of 
nonparametric tests are incredibly high. These 
findings accelerated the studies of nonpara- 
metric tests; recent progress is summarized in 
the books by J. Hájek and Z. Sidák [1], M. L. 
Puri and P. K. Sen [2], R. H. Randles and 
D. A. Wolfe [3], and P. J. Huber [6]. 

On the other hand, G. E. P. Box (1953) first 
coined the term robustness in his sensitivity 
studies, in which he investigated how the 
standard statistical procedures obtained under 
certain assumptions are influenced when such 
assumptions are violated. Two papers by J. W. 
Tukey (1960, 1962) provided the initial founda- 
tion for robust estimation. J. L. Hodges and 
E. L. Lehmann (1963) noticed that estimators 
of location could be derived from nonpara- 
metric tests and that these estimators have 
sometimes much higher efficiency than the 
sample mean. А similar study for scale was 
made by S. Kakeshita and T. Yanagawa 
(1967). Huber (1964) proposed an estimator of 
location by generalizing the method of least 
squares. Along with the idea of the influence 
curve introduced by F. R. Hampel (1974) the 
estimator proposed by Huber has become a 
core of subsequent studies of robust estimation. 
K. Takeuchi (1971) proposed an adaptive 
estimate that is asymptotically fully efficient 
for a wide class of underlying distribution 
functions. The developments of the theory of 
robust estimation are reviewed by Huber 
[4-6] and R. V. Hogg [71. Various proposed 
estimators are compared in the book by D. F. 
Andrews et al. [8]. 
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B. The One-Sample Problem 


Let F(x) be a tdistribution function of a tran- 
dom variable X, (X,, ..., Х„) be an indepen- 
dent trandom sample of size n from F(x), and 
(x4, ..., x,) be an observed sample value. The 
100p percentile of F is denoted by £,, i.e., 
F(£,) — p. For testing the thypothesis H: ¿, < 
¿9 against the talternative hypothesis A: 

ep 0 the following procedure is proposed. 
Let i(x,, ..., x,) be the number of x; that are 
greater than 20. A test procedure by the fol- 
lowing ftest function ¢ is tuniformly most 
powerful in some neighborhood of €,=€° for 
the double exponential distribution, where 
Q(x,, ..., Xn) is defined by the equations 


1 when i(x,,...,x,)> c, 


Ф(х1,...,х,)= 4a when i(x,....,x,)=c, 


О when i(x,,...,x,)«c 


(0«a«1,0xcxn). This procedure is called 
the sign test. 

Suppose that F(x) is symmetric about x — 
ёз. Let R} be the rank of | X, — ¿°| among 
|X, — £9, ...,| X, — £?|, and let ¥(t)= 1, 0 ac- 
cording as t>0, <0. Set 


5,(Х,, SX) a, (RE )W(X,— 29) 


for some weights a,(1), ..., a, (n). The following 
procedure g, called the signed rank test, is 
also used for testing the hypothesis H:£,;; < £? 
against the alternative hypothesis 4: Z, > c: 


1 when S,(x,, ...,x,) c, 


a when S,(x,,...,x,)= c, 


0 when S,(x,,...,x,) «c. 


The procedure with a,(i) = i is frequently used 
and is called the Wilcoxon signed rank test, 
which is the uniformly most powerful rank 
test in a neighborhood оѓ,» = ¿° for F(x)= 
1/1 +e7*), the logistic distribution. 


C. The Two-Sample Problem 


Let F and G be continuous distribution func- 
tions of random variables X and Y, respec- 
tively, (X,, ..., Xm and (Y,, ..., Y.) be the corre- 
sponding random samples, and (x,, ..., Xm) and 
(Yi; :.:› Yn) be the respective sample values. 
Consider the problem of testing the hypothesis 
Н:Е(х) = G(x) against the alternative hypoth- 
esis A, : F(x) £ G(x) or A;: F(x) 2 G(x) for all x 
and F(x)# G(x). When the alternative hypoth- 
esis A, is true, we say that the random vari- 
able Y is stochastically larger than X and write 
F> G. A frequently used example of such an 
alternative hypothesis A, is G(x) = F(x — 0), 0 
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> 0. Let X be the family of all strictly increas- 
ing continuous functions. Then the hypothesis 
H and the alternative hypothesis A, are in- 
variant under the group of transformations 

of the form х= h(xj), у; = h(yj) (i4 L ...,m; j 
=1,...,n,he X). The tmaximal invariant 
statistic in this case is the rank (R,,..., Rm) 

of (X,, ..., Xm) or the rank (S,,...,8,) of(Y,, 
... , Y.) when the combined sample (X, ..., 
Кы; Ү,,..., Yp) is ordered in an ascending order. 
If a test function q(x,, ..., Xm; Yi, .:., Yn) satis- 
fies P,(F, F)<a and P,(F, С) za for any F> G, 
then ф is considered a desirable test, where 


PAE, G)= |... | o. ia 


x [I dF(x)[] dG(yj. 


Lehmann’s Theorem. If ¢ satisfies the con- 
ditions stating that ух > y; (j=1,...,n) yield 
ф(х}, Рр ув) Z 905, Ху TA 
then P,(F, С) > P,(F, F). If in addition ¢ is a 
similar test, then o is unbiased (— 400 Statis- 
tical Hypothesis Testing C). 

The Wilcoxon test (or the Mann-Whitney U- 
test) is described by a test function ф = 1 when 
U >с and 9 =0 when U «c, where U is a tU- 
statistic defined by 


n 


1 m 
U = È рУ V x; уд 
with w(x, у) = 1 when x € y and у(х, y) -0 
when х> y. This test is similar and unbiased. 
Testing the hypothesis H: F = G against 
the alternative hypothesis A: F Z G= F(x/o), 
с> 1, is another two-sample problem, for 
which the following test was proposed by T. 
Tamura. The test function is given by ф = 
1 for U>c and ф=0 for U «c, where U = 
007 Xi Xy VG; Xis Уһ yy) with y(u, и"; 
v,v)=1 whenv «uc«v,v«u <v oru <u< 
v, v <u «v and y(u, и; v, v) =0 otherwise. 
The following statistic Ty is used frequently 
in nonparametric problems. Let x,,..., Xm; 
y,,---,y, be arranged in order of magni- 
tude. Set z, = +1 or 0 when the kth value (k= 
1,2, ...,n4- m) In the arrangement is an x; or 
уь respectively. For a given set of N=n+m 
reals {e,}, Ty is defined by Ty =m! ERa; e,z,. 
Set Hy(x)=Ay F(x) +(1 —Ay)G, (x), where 
F,,(x) and G,(x) are the їетрігіса! distribution 
functions based on (x,, ..., Xm} and (у, ..., Yn) 
respectively, and 0 < Ap & Ay 2 m/N <1— ¿o « l. 
Then Ту is represented by the integral 


[Avisar co 


with e, = JA (k/N). Chernoff and Savage [9] 
proved that under some regularity conditions 
the asymptotic distribution of Ty is normal 
and that the asymptotic mean и and the vari- 
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ance o? of Ty are given by 


u= IL (H(x) dF(x), 


No? 22(1— 4) [Гаваа — G(y)) 


х<у 


x Ј(Н(х)) (Н (у) dF (x) dF(y) 


TE 
+— | 60 


х<у 


x J'(H(x))J"(H(y)) dG(x) 46). 


where J(H)=limy.,, Jy(H), H(x) = AF(x) + 
(1—4)G(x), and д = іт åy. When e, = k/N, the 
statistic Ty is equivalent to the tU-statistic in 
the Wilcoxon test. When e, is the mean E(Z,) 
of the kth order statistic Z, in an independent 
sample of size N from N(0, 1), then the test by 
Ty is called the Fisher-Yates-Terry normal 
score test. When J is the inverse function of the 
distribution function of М(0, 1), then the test is 
called the van der Waerden test. 


D. The k-Sample Problem 


Let (X, j= 1, ...,n) bea random sample of 
size n; from the population with a distribu- 
tion function F,(x) for each i= 1, ..., к. The k- 
sample problem is concerned with testing the 
hypothesis H: Е(х) =... = F,(x) against an 
alternative hypothesis A,: not all the F,(x) 

are equal, 45: F,(x)= F(x — 6) with 6; 20, or 
A3: F(x) = F(x/o;) with o; c. Several tests have 
been proposed for this problem, using quadra- 
tic forms of the vector-valued U-statistic U = 
(U',..., U*) whose coordinates U: are defined 
by means of a function 


W(X p19 Xima Xk Xem P= bk 


When N =n; oo with п; = p,N, 0 « p; « 1, and 
Xp- 1, then 


V S (Q/N(U! — E(U!)), ..., / N (U*— E(U9)) 


has asymptotically a tmultivariate normal 
distribution N(0, 2). Let B be the projection 
matrix corresponding to the eigenspace for the 
zero eigenvalues of the matrix Z, and let A be 
a matrix such that AB=0, XA = I-— В. The 
statistic VA'V has asymptotically a tnoncen- 
tral chi-square distribution with degrees of 
freedom = rank Z. Several kinds of test repre- 
sented by a critical region of the form VAV’> 
c are proposed, among which the Kruskal- 
Wallis test is a particular one having 


1 


тп 


уо) Sem, i=1,...,k, 


z 
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as basic functions, where ó(x, y) 2 1 when x< y 
and ó(x, y) 2 0 otherwise. 


E. Asymptotic Relative Efficiency of Tests 


If there is more than one test procedure for a 
given testing problem, then one may wish to 
compare these procedures. Let {ф„} and {Yn} 
be two sequences of level х tests, where ф„ and 
y, are test functions based on a sample of 
size n. The tpower functions of q, and у, аге 
denoted by f(0| o,) and f(0|w,), respectively. 
Let 0 be a real parameter and {6,} be such that 
0, 0, as i oo. Consider a hypothesis 0 = 6; 
and a sequence (6;) of alternative hypotheses. 
If, for any increasing sequences {n;} and {пў} 
of positive integers satisfying x < lim В(0,|Ф,) = 
_ lim B(6;| Jap) < 1, limnt п, (=e((@,), {Un}, say) 
exists and is independent of х and lim B(6;| @,), 
then e is called Pitman’s asymptotic relative 
efficiency of (9,) against (y). Suppose further 
that the tests (9,) and {y,} are based on sta- 
tistics T, = t,(X) and T,* = t*(X), respectively, 
in the following manner: 


1 when t,(x) с, 


@,(x)=~ а when t,(x)=c, 
0 when t,(x) «c, 
1 when t?(x)»c*, 
у(х) = < b when t*(x)=c*, 


0 when t*(x)<c*, 


where X —(X,, ..., X,) and x 2(x,, ..., x,). Put 
0, 20 and 0,— k/ /n (k= constant) for simplic- 
ity. If T, and T,* are asymptotically normal, 
then under some conditions e is given by the 
formula 
o — lim GENTO 0-0) 8T) 

(4Е,(7,*)/40 |,-)2с%(7,) 


As ап example, consider а two-sample prob- 
lem on a location parameter. If the popula- 
tion distribution is normal and the Wilcoxon 
test is used to test the hypothesis of equality of 
means, then its asymptotic relative efficiency 
against Student's test is 3/z. For the same 
problem, the asymptotic relative efficiencies of 
the Fisher-Yates-Terry normal score test and 
the van der Waerden test against Student's test 
are both unity. For the hypothesis of equality 
of means in the k-sample problem, the asymp- 
totic relative efficiency of the Kruskal-Wallis 
test against the F-test is 3/z, provided that 

the sample is distributed normally. 


F. Kolmogorov-Smirnov Tests 


Let F,(x) be the empirical distribution function 
based on a random sample of size n from 
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Fo(x). Set 

d,=sup|F,(x) — Fo(x)l, 
D, —sup(F,(x) — Fo(x)), 
F(x) — Fo(x) 


$7 8 ; 
a<Fo(x) Е 0 (x) 
F.(x)— Е, 
s= sup PO FC) 
a<Fox)  Fo(x) 
Then 


lim Pd, <z/,/n) - L() 


= > (—1)ке 2*7. 
k-—o 


lim P(D, <z/,/n)=K(z)=1—e72, 


In(1-D)] / n 
P(D,<D)=1—D > (^) 
ј=0 NJ 


. n-j + 1-1 
x (1-2-2) (o+4) 
п п 


lim Ру, z/ fn) Y (—1) 


x (2k + ]) le (EH ESL ораја? 


А 2 z./a/(1—a) s 
lim ni est |? | e *? qt. 
n-oo T Jo 


The statistics d,, D,, s,, S, are frequently used 
to test the hypothesis F(x) = F(x). (This prob- 
lem is called testing goodness of fit.) 

In a two-sample problem, let F,,(x) and 
G, (x) be two empirical distribution functions 
based on samples of sizes m and n from F(x) 
and G(x), respectively. Set 


dm,n =sup | Fin(X) eL С„(х)|, 
Dm,n = sup(F,,(x) r= G,(x)). 


If the hypothesis F = G is true, we have 
lim P.(,, n « z/ / N) = LG), 


lim P(D,, , « z// N)— K(z), 


provided that m and n tend to oo so that N — 
mn/(m + n) oo and m/n is constant. Taking 
account of these facts, d,, , and D,, „ are used 
to test the hypothesis F = G. The tests using 
the statistics dp, Dn, d,, ,, Dm,» are called 
Kolmogorov-Smirnov tests. 


G. Interval Estimation 


Let (X, ..., X,) be an independent random 
sample from the population with a distri- 
bution function F(x — 0), where 0 is an un- 
known location parameter, and (x,, ..., x,) 
be its observed value. Suppose that F(x) is 
continuous and symmetric about the origin. 
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Using the statistic S, = S(x,, ..., x) for the 
one-sample nonparametric test for testing the 
hypothesis H:0=0, a tconfidence interval of 0 
is constructed as follows. For an appropriately 
given y (0 « y < 1), select constants d, and d, in 
the range of S(x,, ..., x,) that satisfy 


Pyld, «S(X,,..., X,) «d;] 21—7, 


where P, means the probability under the 
hypothesis Н: (= 0. If there exist statistics 

L (Xi, ..., x,) and U (xi, ..., x,) such that 
Lx, ..., Xn) &0 « Ui(x,, .... Xp) if and only if 
d, «S(x, —0, ..., x,—0) «d, for all 0, then the 
confidence interval of 0 with 100(1 —y)% con- 
fidence coefficient is given by (L,(x,, ..., x,), 


U.(x,, ..., x,)). This interval is distribution- 

free, i.e., it holds that 

PÍL(X,, ..., X) «8 U(X,,..., X,)) 31—y 
for all F. 


When S, is the statistic for the Wilcoxon 
signed rank test, L, and U, are given by L, = 
Им+1-а„) and С, = Wm-a, where M =n(n+ 
1/2 апа W S<... < Way are ordered values 
for M averages (x; + х)/2 (ij — 1,2, ...,n). 


H. Point Estimation 


Let (X,, ..., X,) be an independent random 
sample from the population with a distri- 
bution function F(x — 0), where 0 is an un- 
known location parameter, and let (x, ..., X,) 
be its observed value. 

There are four methods of constructing 
robust estimators of 0. Let X i, <... < X, be 
ordered values of X,, ..., X,. The first method is 
to use Т, —a, Xa 4... a, X, for some given 
constants a, ...,d, such that У" a;— 1. T, is 
called the L-estimator. An example is 


Т,(а) = (PX a+ 1) + X (any at 
- + PX in—fany)/n(1 — 29), 


where p= 1 + [xn] — «n. This estimator is called 
the a-trimmed mean. Let J be a real-valued 
function such that (3J(t)dt = 1, and set a, = 
(5 1, (t) dt; then as n> oo, T, converges to 
T(F)— f} J(t)F (е) а in probability. Suppose 
that F is a distribution function having an 
*absolutely continuous density function f. 
Denote the derivative of f by f’, and let I(F) 
be the tFisher information on 0. Set y(r) = 
—f'(tQ/f(t) and J(t) = YF (0)/ICF). Then 
Chernoff, J. L. Gastwirth, and M. V. Johns 
[10] proved that under some regularity con- 
ditions T, is an *asymptotically efficient es- 
timator of 0 for F. 
Let p be a real-valued (usually convex) 

function of a real parameter with derivative 
=p’. The second method is to estimate 0 by T, 
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by minimizing У", р(х; — T;) or by satisfying 


T, is called the M-estimator. When p(t) = t?, it 
agrees with the least squares estimator. Let 
Ф(х) be the distribution function of the stan- 
dard normal distribution, H(x) be an arbi- 
trary continuous distribution function which 
is symmetric about the origin, F be a class 
of distribution functions of the form F(x)= 

(1 — e) b(x) -- eH(x) for a given e (0 <£ « 1), 
and V(p, F) be the asymptotic variance of 

T,. Huber [11] proved that p minimizing 
Supr z V(p, F) is given by рк(0) = (2/2, K|t|— 
K?/2 defined for |t| < K, > K, respectively, for 
some constant K. Under quite general condi- 
tions, the M-estimator converges as n> oo 

to T(F) in probability, which is defined by 
jux ТОР) аЕ(х) =0. If Wit) = —f'(/f(t) is 
chosen for y(x), then T, is the *tnaximum likeli- 
hood estimator of 0 for F and is asymptoti- 
cally efficient under some regularity condi- 
tions. Generally, the M-estimator defined 
above is not scale invariant. А scale invariant 
version of the M-estimator is obtained by 
replacing the defining equation by 


i х= T, E 
pr ç Jes (1) 


n 


where S, is any robust estimate of scale, e.g., 
the median of (|x; — M|/0.6745],., >. where 
M is the sample median, or by solving the 
simultaneous equations (1) and 


n x;— T, 
8 1-0 
Że S, ) 


with respect to T, and S,. In the context of the 
maximum likelihood estimation, y is chosen to 
be y(t}=ty(t)— 1 (- 399 Statistical Estimation 
P). 

The third method employs nonparametric 
tests for testing the hypothesis Н:0 —O against 
the alternative hypothesis 4:07 0. Let J bea 
real-valued and nondecreasing function such 
that (5J(t)dt =0 and R¿ (0) be the rank of |X, 

— 0| among |X, — 0| ...,|X,—0|. Set P(Q=1,0 
according as t>0, <0 and S(X, —0, ..., X, — 0) 
= Xia JR, (A) п)/(2п + 1) (X, — 0). Let 


0* =sup{6; S(X, —0,..., X, 0) uj, 
0** =inf{0; S(X, —0,..., X, —0)« uj, 


where и is the expected value of S(X,,..., X,) 
under the hypothesis H:0 —0. Then an es- 
timator of 0 is defined by T, —(0* + 0**)/2. 
Hodges and Lehmann [12] first proposed this 
technique, and this estimator is called the R- 
estimator. When F(x) is symmetric about the 
origin and J(t)=t—4, S tends to be the statis- 
tic for the Wilcoxon signed rank test, and the 
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R-estimator reduces to the median of n(n + 1)/2 
averages (X,+ X;)/2 (1 <i<j<n). As n— oo, the 
R-estimator converges in probability to Т(Ё), 
defined by 


Í (te 1—FQT(F)- х) 
: 2 


Jarea-o 


For symmetric F, the R-estimator defined by 
the statistic S with J() = —f'(F '()/f(F (t) 
is asymptotically efficient under some regular- 
ity conditions. 

Although the above three methods provide 
robust estimators, which are seldom affected 
by outlying observations or contamination by 
gross errors, their behavior still depends on F. 
The last method of constructing robust es- 
timators consists of estimating 0 adaptively 
by utilizing information on the shape of F. 
Among these, a striking one is the asymptoti- 
cally fully efficient estimator for a wide class 
of F proposed by Takeuchi [13]. The es- 
timator is constructed by using subsamples 
of size K (K « n) drawn from the original 
sample, estimating the elements of the tco- 
variance matrix of the order statistics by U- 
statistics, and selecting the best weights of the 
L-estimator. L. A. Jaeckel [14] made an a- 
trimmed mean adaptive estimator by selecting 
an х that minimizes the estimated asymptotic 
variance. 


I. The Influence Curve 


Let T(F) be a functional of a distribution 
function F, and let an estimator T, of 0 cal- 
culated from an empirical distribution function 
F, converge to T(F) in probability as n— co. А 
real-valued function IC(x; F, T) defined by 


ІС(х; F, T) -li 


£2 


T((1—e)F + £ô,)— T(F) 
m 
0 E 


for all x 


is called the influence curve, where ô, is the 
distribution function of a point mass 1 at x. 
The curve was first introduced by Hampel 
[15] to study the stability aspect of estima- 
tors against a small change of F. As an exam- 
ple, when F is symmetric about the origin, 
the influence curve for the «-trimmed mean 
IC(x; F, T) is given by 


F '(o)/(1—22) 
x/(1 — 2a) 


when x«F (a), 

when F `1(a) < x 
<F-1(1—a), 

Е-11— (1—20) when x» F !(1—2). 


By substituting the empirical distribution 
function F, for F in T(F), we can represent the 
robust estimators discussed in Section H, at 
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least approximately, by T, = T(F,). Under some 
conditions, it can be proved that as n— oo, 


n (T(F)— T(f)-- Y IC(X;; F, T))>0 


in probability. Thus it follows that n!2 (T, — 
T(F)) is asymptotically normally distributed 
with asymptotic variance Í (IC(x; F, T)? dF(x). 


J. The Regression Problem 


Consider the linear regression problem (— 403 
Statistical Models D) 


р 
X,= У, Qayt en i=1,2,...,n, 
j=1 


where the X; are observable variables, the 6; 
are regression coefficients to be estimated, the 
a; are given constants, and e,, €2,...,&, are 
identically and independently distributed 
random errors whose distribution function is 
given by F(x). The idea of the M-estimator is a 
direct generalization of the method of least 
squares; namely, to adopt (@,,..., à) asan 
estimator for (0,,...,0.) that minimizes 

У, p(X; — >; 0a,) for some function p such as 
the one described above. 

R-estimators of the regression coefficients 
are obtained by minimizing Ўт, a,(R))A;, 
where А, = X; — 27,0,a;, R, is the rank of A; 
among A4, ..., A, and a,(-) is some monotone 
function satisfying У?_, a,(i) = 0. It has been 
proved that minimizing У", a,(R,)A; is asymp- 
totically equivalent to minimizing 


p 
> 
j=l 


the properties of which were first studied by J. 
Jureckova [16]. 


n 


> a,(Rj)a; 


i=1 


> 


K. Dependence 


Let (X,, Y1), ..., (X,, Y.) be random samples 
from a population with a bivariate distri- 
bution function, R; be the rank of X; among 
X,,..., X, when they are rearranged in an 
ascending order, and S; be the rank of Y, 
among Y,,..., Y, defined similarly as R;. Vari- 
ous quantities are devised to measure the 
degree of dependence between X and Y. 


(1) Spearman's Rank Correlation. Set d; = К, 

— 8;. Then r,= 1—6 £; d? /(n? — n) is called 
Spearman's rank correlation. If there is no 
dependence between X and Y, i.e., if the X; and 
Y; are independent random variables, then 
E(r,) =0 and V(rj) 2 (n— 1) !. 


(2) Kendall's Rank Correlation. Take pairs 
(R;, S) and (R;, Sj. If (R, — R)(S; — 5) > 0, set 
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i= l; otherwise, ф„= —1. The statistic r, = 
-1 
(2) X фі; is called Kendall's rank correla- 
tion, where > runs over all possible pairs 
chosen from (R,,58,), ..., (R,, S,). 
If there is no dependence between X and Y, 
then E(r,) «0 and V(r,) = 2n + 5)/(9n(n — 1)). 


(3) Rankit Correlation. К; and S,, i— 1, ...,n, 
are replaced by the corresponding normal 
Scores, i.e., the means of order statistics in an 
independent sample of size n from N(0, 1); then 
the usual sample correlation coefficient is cal- 
culated from these scores. This correlation co- 
efficient ry is called rankit correlation; and if 
there is no dependence between X and Y, then 
E(z)=0, V(z) = (n —3) !, asymptotically, where 


1 l+rkg o. і 
z= -log-—— (fFisher's z-transformation). 
2 1—rg 


These statistics are used to test the hypoth- 
esis of independence. 
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372 (ХХІ.3) 
Roman and Medieval 
Mathematics 


The Romans were interested in mathematics 
for everyday use; their arithmetic consisted of 
computation (by means of the abacus), weights 
and measures, and money. For their mone- 
tary system, they developed a computational 
method using duodecimal fractions. Julius 
Caesar (102?—44 в.с.), known for his calendar 
reform in 46 B.c., also undertook to measure 
his territory, which aroused a demand for 
land surveying techniques. Books on prac- 
tical geometry which provided this knowledge 
were called gromatics (a “groma” was a land 
surveying instrument). Toward the end of the 
Western Roman Empire (476), Greek mathe- 
matics was studied; during this period Boe- 
thius (c. 480—524) wrote his two books on 
arithmetic and geometry. The former was a 
summarized translation of Nichomachus' 
book, and the latter included propositions 
from the first three books of Euclid's Elements 
(without proof) and practical geometry. 
Music, astronomy, geometry, and arith- 
metic, which constituted the “mathemata” of 
Plato's Academy (closed in 529), were treated 
as the "quadrivium" (the four major subjects) 
in the Encyclopedia of Martianus Capella, 
Cassiodorus, Isidorus, Hispalensis, and others. 
After the establishment of the Roman Church 
in the 5th century, the quadrivium was to be 
studied for the glory of God. Books on mathe- 
matics from this period laid emphasis on the 
computation of an ecclesiastical calendar and 
mystical interpretations of integers, as seen 
in books by Bede Venerabilis, Alcuin, and 
Maurus from the 7th through 9th centuries. 
Arabian science was imported first through 
Spain—under Moorish influence beginning in 
711, the year of the fall of the Visigoths—and 
then through the Crusades (1096—1270). Com- 
putation with figures, originating in India, 
replaced the abacus in the 12th century, when 
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Arabian books on arithmetic and algebra, 
along with Greek books on geometry and 
astronomy (such as books by Euclid and 
Ptolemy), were translated into Latin. Italian 
merchants, whose occupation necessitated 
computation, rapidly adopted the new system. 
Representative books of this period are Liber 
abaci (1202) and Practica geometrica (1220) by 
Leonardo da Pisa (also known as Fibonacci, 
с. 1170—1250). The former includes the four 
arithmetic operations, showing Indian in- 
fluence, commercial arithmetic, and algebra. 
The new methods were not limited to mer- 
chants. The French bishop Nicole Oresme 

(c. 1323-1382), who influenced Leonardo da 
Vinci (1452-1519), introduced fractional expo- 
nents and conceived the graphic representa- 
tion of temperature, a precursor of coordi- 
nates and functions. 

From the 11th century, universities de- 
veloped from theological seminaries, first in 
Italian cities such as Bologna and Palermo, 
and later in Paris, Oxford, and Cambridge. 
Mathematics was taught in these universities, 
although no remarkable creative contributions 
were made. However, theologians such as 
Albertus Magnus (c. 1193-1280) and Thomas 
Aquinas (12252-1274) discussed infinity in a 
way that went beyond Greek thought and thus 
helped to lay a basis for the modern philo- 
sophy of mathematics. 
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A. General Remarks 


The sample survey is a means of getting sta- 
tistical information about a certain aggregate 
from the observation of some but not all of 
it. The aggregate concerned is usually called 
the finite population, and the observed part 

is called the sample. Introducing a random 
mechanism, J. Neyman established a method 
of ascertaining objectively the reliability of 
such information. This method is mainly ap- 
plied to demographic statistical surveys and 
opinion polls, but it is also applicable to ran- 
dom samples of physical materials. We briefly 
sketch the mathematical structure of this 
method without going into detail about tech- 
nical problems that arise in the practical sur- 
vey situation. 

Suppose that the population consists of N 
units, where N is called its size. Each unit has 
some characteristic x, which is an element of 
some set О. The set of all characteristics of the 
units in the population is designated by 0 = 
(o,,..., ay}, which we regard as a parameter. 
The set of all possible 0 is denoted by Өс О“. 

Suppose that one unit is chosen and ob- 
served according to some procedure, the index 
number of the unit in the population is J, and 
the observed characteristic is X. It is assumed 
that the observation is without error, hence 
X =q;. 

Denote the whole sample by (J, X) =(J,,... 
Ja Xis ..., Xn) where n is the sample size and 
Xj а. The sample size n may be a random 
variable, and among J,, ..., J,, duplication 
may be allowed. The probabilistic scheme 
for J is called the sampling procedure, and if 
it satisfies the condition 


, 


(c) Pr(J; =} is independent of a; and of X;,,, 
-.., X, (but may depend on X,,..., X, ,), 


it is called a random sampling procedure. More- 
over, if the tjoint distribution of J is indepen- 
dent of 0, it is called regular. Specifically, if n is 
constant and Pr{J} is symmetric in J, it is 
called uniform. 

The two main mathematical problems of 
sample surveys are to determine a random 
sampling procedure and to provide methods 
whereby statistical inferences can be made 
concerning 0 (— 401 Statistical Inference). 


B. The Problem of Inference 


Condition (c) is assumed. The probability of 
(J, X) is given by 
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Pr((J,X)=(j,, зл, Хр Tr О) 
= Рг{Л =j1} %o(X1) Pr{J, =jz| J1, X1} Xo(X2) 
Ses Pr(J, 2j,| J,, Xi, sss cest ge 1 y (X;), 


where y,(X;) is defined as 1 if X, = x J, and 0 
otherwise. This formula can be shortened to 
the form 


where 
x=}! if X;=a,,i=1,...,n, 
ДА, NG otherwise. 


Expression (1) is the fundamental model for 
the sample survey problem. Note that P(J, X) 
is independent of the parameter 0. Therefore 
if we let 1=(1,,...,1,) (I, <... < I,) be the set 
of numbers in (J,, ...,J,) after deleting dupli- 
cations, and let Y 2(Y,, ..., Y,) be the corre- 
sponding X values, then the joint distribution 
of I and Y can also be expressed as 


Pr((L Y)} = P(L Y)x (Y, 1), 
where 


1 if Yo-2,j— 1, ...,m, 


x (Y, D= n otherwise. 

Since y (Y, I) = x,(X, J) for all 0, the tcondi- 
tional probability distribution of (J, X) for 
given (I, Y) is independent of y,(X, J), and 
hence (J, X) is a tsufficient statistic. According 
to the general theory of sufficient statistics, we 
can restrict ourselves to the class of procedures 
depending only on (L Y). 


C. Estimation 


Suppose that g(0) — g(a,, ... , æy) is a real para- 
meter whose unbiased estimators are under 
discussion. 

Theorem. There exists an unbiased estimator 
of g(0) if and only if there exists a decomposition 


9(8)— 5. h (95 (vy, «++ у) 
Pr{T=(j,(v), ...,j,()j > 0, 


If the sampling procedure is regular, the 
second condition can be replaced by Pr{I> 
(j (v), ...,j,(v))} >0, v=1, 2, .... Hence, for 
example, if x; is real and the sampling proce- 
dure is regular, x = У x,/N is testimable if and 
only if Pr(I2i] >0 for all i, and c2 = Ў (о; — 
WAN — 1) X X (x; —2)?/N(N — 1) is esti- 
mable if and only if Pr{I3i,j} > 0 for all i and 
j. Also, TI, о; is not estimable unless Pr {I= 
(1, ..., N)}>0. The decomposition (2) is not 
unique, and corresponding to different decom- 
positions, different unbiased estimators are 
derived. Also, for the case of regular sampling 


у=1,2,.... (2) 
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procedures, for any 0 = 0, it is always possible 
to construct an unbiased estimator g(0) such 
that Pr(9(0) = g(05)| 0 — 05) =1 if g(0) is esti- 
mable. Hence the variance of the locally best 
unbiased estimator is always 0, and the tuni- 
formly minimum variance unbiased estimators 
exist only in the trival case. 

If some kind ef symmetry exists among the 
population units as well as the sampling pro- 
cedure and the parameter, it would be natural 
to require the same kind of symmetry for the 
estimators. Let G be a group of permutations 
among N numbers. Assume that for any 0e @ 
and ує С, we have убє Ө and g(y0) = g(0). If 
Pr{yJ} = Pr(J) for all y, then the sampling 
procedure is said to be invariant with respect 
to G. An estimator is also called invariant if its 
value does not change under any permutation 
y€G of the numbers of sample units. Thus if G 
is the set of all permutations (1.е., the tsym- 
metric group), then the invariant estimator is a 
function of Y (or X) only. Moreover, if the 
dimension m of Y is constant, Y is complete 
(under some mild conditions); hence there 
exists a unique minimum variance invariant 
unbiased estimator. 

When there is some additional information, 
it can be represented by auxiliary variables 
Pi» ---, By, Which are known and assumed to 
have some relation to a,,..., ху. Assume that 
the а; are real numbers and that the parameter 
to be estimated is 0 —à —(Xaj)/N. If we can 
assume that о; and fj; are approximately pro- 
portional, we can estimate the unknown popu- 
lation mean & by à* =(X/Z) x B where X is 
the sample mean of the a’s and Z the sample 
mean of the fs. Although 3* is not unbiased, 
we may expect that it has small error if the 
relation between two variables is close. @* is 
usually called the ratio estimator. 

In practical research, as an estimator of the 
population total А = У о,, we usually use A= 
Y X;/P,, where Р,= Pr(Jai]. Its variance is 
V(4)-X У(Р,Р,— Pj) (z /P, — o;/ P? and is 
estimated by (4) = XE {(Р,Р,— РГР (X /P,— 
ХУР)?, where P,,= Pr{J >(i,j)}. When N is 
unknown, it can be estimated by the same 
procedure as À (say A), and the population 
mean à can be estimated by @= A/N, which is 
called a ratio estimator. & is biased except 
when N is known. 


D. Asymptotic Confidence Intervals 


It is usually impossible to obtain any meaning- ' 
ful tconfidence interval based on exact small- 
sample theory. But when the х; are real and 
the sampling procedure is uniform and with- 
out replacement, the sample mean X is asymp- 
totically normal with mean « and variance 
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1 n 1 
-| 1—— 102, where o2 2 ——— Y (x; — 9)?, as 
(17g). where to 704-9 
N and n> оо, and limsup n/N <1, provided 
that 
max (a; —3)? 

lim зир c n =0 

Мә‹о Y (z, na ay 
Also, the sample variance converges to 02 as 
n— oo. From these results we can construct 
asymptotic confidence intervals for a. 


E. The Problem of Sampling Procedures 


In determining the sampling procedures, both 
the technical aspects of sampling and the 
accuracy of the estimators should be consid- 
ered. The most commonly used methods are 
multistage sampling and stratified sampling, or 
some combination of the two. For example, 
the population is partitioned into several 
clusters. First we select some of them accord- 
ing to a probability scheme and then choose 
units from the selected clusters. This procedure 
is called two-stage sampling. The probabilities 
for the selection of clusters may be uniform or 
proportional to the size of the clusters. Strati- 
fied sampling is the method of dividing the 
population into several subpopulations, called 
strata, and selecting the sample units within 
each stratum. If the size of the ith stratum is 
N,, the size of the sample chosen from this 
stratum is n;, and the probability is uniform 
within each stratum, then the most common 
estimator for the population mean à is given 
by 


a= N,X/N, 


where X, is the mean of the sample values in 
the ith stratum. The variance of @ is given by 


2 2 
v&- (s) Y ( -&)s. 


where o? is the population variance within the 
ith stratum. 

If the cost of drawing one sample unit in the 
ith stratum is equal to c;, then for fixed cost, 
the variance of the estimator is minimized 
when 


MELANIA 


which is called the condition of optimum 
allocation. 


F. Replicated Sampling Plan 


W. E. Deming proposed an effective method in 
practical sample surveys, called a replicated 
sampling plan, following J. W. Tukey’s hint. It 
enables us to easily evaluate variances of esti- 
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mates for any estimator and any sampling 
procedure. Let the sample be composed of k 
subordinate samples which are selected by the 
same random sampling procedure from the 
same population, and let 6,(J,, X;) be the esti- 
mate from the ith subordinate sample by the 
same estimator and Î be the estimate from the 
whole sample by the same estimator. Then, 
provided 0 — 0,/k approximately, the var- 
iance of 6 can be estimated by v(0) = X:(0,— 

y /k(k — 1). If the sample is selected by the 
simple random sampling procedure and is of 
large scale, 0, and Ê are approximately normal 
variates, and v(0) is evaluated by using the 
sample range of the 0,. In large-scale sample 
surveys, even when the random sampling 
procedure is not simple, the theory related to 
the normal distribution can be applied to the 
б, and б. It has been shown that v(6) evaluated 
by the above method includes not only the 
sampling error but also the random part of the 
nonsampling errors. 


G. Conceptual Problems 


Although it has been established that the 
sample survey method is useful in large-scale 
social or economic surveys, there are difficult 
conceptual problems about the foundations of 
the method (especially when auxiliary informa- 
tion exists) that are still far from being settled. 
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Sampling Distributions 


A. General Remarks 


To perform statistical inference, it is necessary 
to find the *probability distribution of a *sta- 
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tistic involved in the situation (— 396 Statistic, 
401 Statistical Inference). In general, the proba- 
bility distribution of a statistic is called the 
sampling distribution. A set ( X,, X2, ..., Х,) 

of trandom variables that are independently 
and identically distributed according to a 
distribution F is called a random sample 

from F. A common sampling distribution de- 
scribed in this article is that of the statistic Y — 
f (X4, ..., X,), where the set {X,,...,X,} isa 
random sample from a tnormal distribution. 
Examples of such a statistic Y of dimension 1 
are the tsample mean, tsample variance, linear 
or quadratic forms of ( X,, ..., Х,}, their ratios, 
and forder statistic, while examples of Y of 
higher dimensions are the sample mean vec- 
tor and the sample covariance matrix and 

its eigenvalues. The tnormal distribution 

with tmean и and tvariance o? is denoted by 
N(u, 2), while the tp-dimensional (p-variate) 
normal distribution with mean vector и and 
covariance matrix X is denoted by М(д, X) 

(— Appendix A, Table 22). 


B. Samples from Univariate Normal 
Distributions 


If random variables X,,..., X, are distributed 
independently according to N (u1, 0?) ..., 
N(u1,, 07), then a linear form Ya, X; has the 
distribution N(X;a,u;, P, a2 o). In particu- 
lar, if {X,,..., Х„} isa random sample from 
N(u, 07), then the sample mean X =>, X;/n 
has the distribution N (u, o?/n). 

Let (X,, ..., X,j bea random sample from 
the distribution N(0, 1). The sampling distri- 
bution of the statistic Y = >, X? is called the 
chi-square distribution with n degrees of free- 
dom and is denoted by y?(n). It has the tproba- 
bility density 


f(ys2"? (r (5). y! +п/2„-—у/2 


for 0« y « oo, f,(y)=0 elsewhere, where Г is 
the tgamma function. The distribution of Y= 
У" (X; uj depends only on n and 4 = 
Xu, and is called the noncentral chi-square 
distribution with n degrees of freedom and 
noncentrality 4 and denoted by y?(n, A). It has 
the probability density 


o — (AV 1 
һәў= У, g^ B i^ (24) 


Ж п лу 
=е a2 Ра (5:2) 500 


for Ü< y « oo, where f,,,,, and f, are the prob- 
ability densities of chi-square distributions 
and „Ё, is an extended hypergeometric func- 
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tion. Noncentral chi-square distributions 
have the following treproducing property: If 
Y, ..., Y, are distributed independently ac- 
cording to x?(n,, 44), ..., X? (ny, 4), then Y, Y; 
has the distribution 1?(X;n;, У; 4). Also, we 
have Cochran's theorem (Proc. Cambridge 
Philos. Soc., 30 (1934)): If X,, ..., X, are dis- 
tributed independently according to N(,, 1), 
..., N(u,, 1) and if for quadratic forms О„= 
Y, Xa? X; X; for m— 1, ..., k the matrices 

A, — (af?) with trank r, satisfy the condition 
A,+...+A,=I (unit matrix), then a necessary 
and sufficient condition for Q,, ..., Q, to have 
independent noncentral chi-square distri- 
butions with r,,...,7, degrees of freedom, 
respectively, is that r, +... + r, = n. In partic- 
ular, when yj —O for all i, they have (central) 
chi-square distributions, and the theorem 
implies their reproducing property. 

Let X and Y be independent random vari- 
ables having distributions N(6, 1) and y? (n), 
respectively. Then the sampling distribution 
of T= X / Ym is called the noncentral t- 
distribution with n degrees of freedom and 
noncentrality ó and is denoted by t(n, ó). Its 
probability density is given by 

29? T'((n 4- k+ 1/2) 


= = -57/2 5k _ 
f, (t) à k! znl(n/2) 


(tA ny 


A (1 + t? /n) "t+ D2 


for —oo <t < со. In particular, when ó =0, the 
distribution is called the t-distribution with n 
degrees of freedom and is denoted by t(n). Its 
probability density is simplified to 


Г((и + 1)/2) ( +2) 
nn T (n/2) 


n 
for —oo << oo. 

Let (X, ..., X,) bea random sample from 
N(u, 0°). Exact sampling distributions of the 
tsample variance 52 = У(Х, – X)?/(n— 1) and of 
the t-statistic T — Jn(X — Bol / S. , where p= 
Ho is a given number, were essentially obtained 
by Student [5]: (п— 1)S2/o2 and T are dis- 
tributed according to у2(и — 1) and t(n— 1), 
respectively. His proof was made rigorous by 
R. A. Fisher (Metron, 5 (1925)), who proved in 
particular that X and S? are independent. If 
BZ Uo, then T follows the distribution t(n— 

1, /n(u — uolo). 

Let X and Y be distributed independently 
according to х2(т, 4) and y? (n), respectively. 
The distribution of Z =(X/m)/(Y/n) is called 
the noncentral F-distribution with m and n 
degrees of freedom and noncentrality 4. In 
the special case when A =0 it is called the F- 
distribution with m and n degrees of freedom 
and is denoted by F(m, n). The probability 


—(n+1)/2 


f,()= 
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densities f,, , з and f, „ of these distributions 
are given by 


(m /п)"?. 20/2) 71 
Snn) Бгз, n/2) (1+ mz/ny"*»2 , 
o _ AM 1 (т/пу"?+® 
_ 22 
Án i) 2s á 9 k! В((т/2)+ К, n/2) 
z(m/2)+k—1 


* (1 + mz/ny(@+tn/2)+k 


m+n m Á mz/n 
ner ( rcc / 


2.509 irae) ale 


for 0« z < oo, where B and , F, аге the tbeta 
function and the confluent hypergeometric 
function (— 167 Functions of Confluent Type), 
respectively. 

Let X be a random variable having the 
distribution F(m, n). The distribution of Z — 
4log X is called the z-distribution with m and n 
degrees of freedom and is denoted by z(m, n). 
Its probability density is given by 


2(m/ny"? em 
B(m/2, п/2) (1 + me?*/ny"*»? 


for —oo <z < oo. If S2 - У" ,(X; — Xy!/(m— 1) 
and $2 = У" (У — YY?/(n— 1) are sample var- 
iances based on independent samples of sizes m 
and n taken from N(u, o?) and N (v, т2), respec- 
tively, then the statistic z —11og(S2/S2), which 
was introduced by Fisher (Proc. Int. Math. 
Congress, 1924), is distributed according to 
z(m — 1,n — 1) under the hypothesis т? =т?. 
Fisher [6] tabulated percent points of z(m, n). 


C. Samples from Multivariate Normal 
Distributions 


Let X be a p-dimensional random vector, 
namely, a vector having real random variables 
as its components. X has the p-variate normal 
distribution N (a, 27) if and only if for any real 
vector а= (a,, ...,а,), the random variable a'X 
has the normal distribution N (a'u, a' Za). If 
X,, ..., X, are independent and have p-variate 
normal distributions N (gi, 2), ..., N (Hn, Z), 
respectively, and if A,,...,A, arem x p real 
matrices, then the random vector A, X, +... + 
A, X, has the m-variate normal distribu- 

tion М(и, 2), where u= 35-, Aja, and X= 
2j4 42,A;. 

Suppose that {X,,...,X,} is a random 
sample from the p-variate normal distribution 
N(0, 2), and let X Z(X,,..., X,)beapxn ma- 
trix. Then the probability distribution of W = 
XX' is called the Wishart distribution with 
scale matrix Z and n degrees of freedom and 
is denoted by W,(2,n) or simply W(Z, n). If 
n7 p— 1, the joint probability density function 
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of p(p+ 1)/2 arguments of W=(W;) is 
fs W Cy n/2)2z P) * 
x etr(— 27! W/2)| WIP? 


for W>0, where W>0 means that W is tposi- 
tive definite, etr(A)=exp(tr А), and Г„, a multi- 
dimensional gamma function, is defined as 


i-1 


L (a) = л? 1^ П (2-0 D) 


for а>(р— 1)/2. When п<р—1 the distri- 
bution is singular and has no probability 
density. 

Suppose that X,, ..., X, are independent 
and obey normal distributions N(x, 2), 
..., N(u,, 2), and let X=(X,,...,X,), M= 
(4, -.., 445). Then the distribution of W= XX’ 
is called the p-dimensional noncentral Wis- 
hart distribution with scale matrix 2, n de- 
grees of freedom, and noncentrality matrix 
О= 5! ММ' and is denoted by У(Х, п, Q). If 
n2 p — 1, the probability density function is 


etr(—Q/2) oF (n/2; ОХ WJA) f; „(И/) 


for W > 0. „Ер is a hypergeometric function 
with matrix argument, which is defined by 
ak ply, ..., a4; Dy, +++ Dg; S) = Fi (ai, ... Aa 
b,,..., bg; S, I), where 


SP Cay saibi bi T) 


к= (k,, ..., kp) is an ordered set of integers such 
thatk,+...+k,=k and k, >... z k, 20, and 
where C, (S) is a zonal polynomial (— [8]) of a 
symmetric matrix S. The multivariate hyper- 
geometric coefficient (a), 1s given by 


(a) = ]] (в-%- »). 


(a), — a(a *- 1) ...(a- k — 1). 


The noncentral Wishart distribution is sin- 
gular when n € p — 1. Similarly to the noncen- 
tral chi-square distribution, the noncentral 
Wishart distribution has the reproducing 
property with respect to both the number of 
degrees of freedom and the noncentrality 
matrix. Also, Cochran's theorem can be ex- 
tended to the multivariate case: Let X,,..., X, 
be p-variate random vectors independently 
distributed according to N(gi, 27), ..., N (An, 2), 
respectively, and let A,, — (af), m= 1, ..., k, be 
px p real matrices of frank r,, and such that 
A, +A,  ...-F A, = I (unit matrix). A necessary 
and sufficient condition for random matrices 
Q, = X. a) X, Xj, m— 1, ..., К, to be indepen- 
dently distributed according to noncentral 
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Wishart distributions with г, ...,r, degrees of 
freedom, respectively, is that г, +... + r, = n. If, 
in particular, д; =... =д„=0 and if rm > p, then 
Q,, is distributed according to W(X, tm). 

If W has the distribution W(X, n} with n> 
p — і, then the eigenvalues 4,,...,4, (4, 2... 
2220) of W have the joint probability density 
function Cp „l Z| "^ F(P(— X 1/2, AAI? ^? 
IT,-;(4;— 4), where A is a diagonal matrix 
with diagonal elements 2,,...,4, and C, „= 
nRT (p/2)T (n/2) 1. If Z—1, then the 
joint probability density function becomes 
C, ,etr( — А/2)|А|" ? ] T(4; — A). 

i<j 

Suppose that S, and S; have independent 
Wishart distributions W(Z,n,) апа W(2,n,), 
respectively. The random matrix B=(S,+ 
S,) 12S (S, +S) ! is called the beta matrix, 
and its distribution is denoted by B(n,/2, n, /2). 
Its probability density function is 


+ 
(r (s U а RE ) r,( 2) 


x |} — B]27P- 02 


for Oc B« I. 

Suppose that S has the distribution W(Z, n) 
and B has B(n,/2, n, /2); then, for any non- 
singular symmetric matrix Q, 


-1|-n/2 p+1 
p(s<0}=4 250 | г,( Е ү 


п+р+1 n п+р+1 Кез. 
r Fic -;—- LQ 
| 2 )|. 16 2 | 2 


апа 


ny п, ptin,tptl 
F Ее Te EC AAT Q s 
jx (3 С: 


If (X,, ..., X,) is a random sample from 
N(u, X), then the sample mean X == 37., X,/n 
and the sample covariance matrix S=: , (X, 
X)(X, — Xy'/(n — 1) are distributed indepen- 
dently according to the respective distributions 
М(и, X/n) and W(E,n—1). If n2 p—1, Т? = 
n(X —ug)S (X — uo) is called the noncentral 
Hotelling T? statistic with n— 1 degrees of 
freedom and noncentrality 2 = п(д — uo) X (а 
— до). (n— p) T?/p(n — 1) has a fnoncentral F- 
distribution with p and п — p degrees of free- 
dom and noncentrality 4. 
Let X Z(X,, ..., X, and Yz(Y,,..., Y), 
p €q denote two random vectors, Z, , and 
£, their respective covariance matrices, and 
У, the p x q matrix of covariances between 


1391 


the components of X and Y. Each of the 
nonnegative roots p4, ..., p, of the equation 
124525123, — р? E, ,| =0 is called the canonical 
correlation coefficient. Let (X,, Y ,), ..., (Xn Y,) 
be a random sample from the (p + q)-variate 
normal distribution N(0, 2), and let S,, — 
232-, X, Xi/n, S12 2 $5, = Ўз X, Y;/n, 8: = 
35-1 Y, Y; /n, and S=(S,); j-,,;. The sample 
canonical correlation coefficients are the non- 
negative roots r,, ...,r of [S128234 S2; — 7 S,,| 
— O0 and for nz p +q the probability density 
function of rf, ...,r2 is 


C; я „11— P2[2| R2[670792|] — R? |07072702 


nnq 
а 102 - rp) FP (рр Ее, r), 


i<j 
where 


C, 


p,q,n 


=n?P, (5) | fr, (©) i: (5 r, (4) 


апа R? and Р? are diagonal matrices with 
elements r? and pj, respectively. If, in partic- 
ular, p — 1, then p, and r, are, respectively, 
the population and the sample multiple cor- 
relation coefficients, and (n — 9)r2/q(1— r2) 
follows the distribution F(q, n— q) whenever 
р, =0. 

Let {(X,, Ү,),...,(Х,, ¥,)} bea random 
sample from the 2-dimensional normal distri-: 
bution with tcorrelation coefficient p. Then the 
sample correlation coefficient 


> (X,—X)(Y,— Y) 


E (X, - XY (ү, - Y)? 


has probability density 


fir; p) 
=(2"3/л(п—3)!)(1— p?) »2(1 — 2)" 722 


k 
г? (бе+к- ye 


x 


> 
sMs 


for —1 <r <1. For the special case p =0, the 
probability density becomes 


1 
a rnv) 
Jt r (Ga) 
which implies that T=./n—2R/,/1—R? 


has the tt-distribution with n—2 degrees of 
freedom. 

Given a random sample from a p-variate 
normal distribution, the probability density of 
the tsample partial correlation coefficient 
К, ›.у...р between the first and the second 
components with the remaining components 
fixed is given by f,-p+2(73 P12-3...p), where f is 


(1 = pee 


f= 
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the density of R mentioned in the previous 
paragraph and р; ;.з... „із the population par- 
tial correlation. 


D. Large-Sample Theory 


So far we have dealt with random samples 
(X3. ..., Xn} composed of finitely many ran- 
dom variables (or vectors). The theory dealing 
with such finite cases is called small-sample 
theory, which is not always suitable for numer- 
ical applications. In comparison with this, in 
large-sample theory, where the sample size is 
assumed to be sufficiently large, an approxima- 
tion of the sampling distribution can often be 
obtained easily by means of the fcentral limit 
theorem. 

If for three sequences X,, Hn, and o,, n= 
1, 2, ..., of random variables, real numbers, 
and positive numbers, respectively, the se- 
quence (X, — д„)/в„ tconverges in distribution 
to N(0, 1) as n— oo, then the sequence X, is 
said to be asymptotically distributed according 
to N(u,, 02). The definition can be extended 
to higher dimensions. We write X, — o,(r,) for 
a sequence r, of positive numbers if and only 
if X,/r, tconverges in probability to zero as 
n oo. The following theorem is useful: If 
X,=a+0,(r,), where a is a constant and 
r, = 0(1), and if a real-valued function f(x) is 
of class С° in a neighborhood of x =a, then 


xd 
fX) > ul @(a)(X,— a)* +o,(r;). 
к=0 К: 


If X, is asymptotically distributed according 
to N(u,o2/n) and f(x) is differentiable at x= 
u with the derivative f (u) 40, then f(X,) is 
asymptotically distributed according to N( f(y), 
(/'(и))?в?/п). In higher-dimensional cases, if 
X, is asymptotically distributed according to 
N (4, Х/п) and f(x) is continuously differenti- ` 
able in a neighborhood of x = и with nonzero 
vector c= (0f/0x, , ... , Of/Ox р), then f(X,) 
is asymptotically distributed according to 
МУ), сХе /п). 

Let ( X,, ..., Xn} be a random sample from 
a univariate distribution with finite *tmoments 
у= E(X?) for i=1,...,k, and let a;= У, Xi/n 
be its ith sample moment. Then the random 
vector (a,, ...,a,) asymptotically follows the k- 
variate normal distribution as n> co with 
mean vector (v,,...,¥,) and covariance matrix 
n 1 (gj), where a= v, — wv. Let M,=>,(X,— 
X)i/nand p;= E(X — vy for i=2,...,k be the 
sample central moment of order i and popula- 
tion central moment of order i, respectively. 
Then the random vector (X, М,,..., М) obeys 
the k-variate normal distribution asymptoti- 
cally as n— oo with mean vector (v4, H2, ..., Hy) 
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and covariance matrix n^ 
Hay 03; Hii — lHaHi-is j= His j — lii ja — 
Ји ш — Hilt + PM for i, jz 2. 

A random variable y? that has a tchi-square 
distribution with n degrees of freedom obeys 
the distribution N (n, 2n) asymptotically as 
n— oo. Also, Um cs /2n — 1 obeys №(0, 1) 
asymptotically. The latter distribution approx- 
imates y? indirectly better than N (n, 2n) ap- 
proximates 7? directly. The t-distribution with 
n degrees of freedom obeys N(0, 1) asymptoti- 
cally as n— oo. If X, obeys an F-distribution 
with m and n degrees of freedom, then mX,, 
obeys asymptotically the distribution y?(m) as 
n оо. If X, obeys a *binomial distribution 
Bin(n, p), then X, obeys asymptotically the dis- 
tribution N(np, np(1 — p)), and Arcsin,/X,/n 
obeys asymptotically N(Arcsin p. 1/4n) as 
n oo. This transformation ts called the arcsin 
(or angular) transformation. If (X,, X,, ..., Ху) 
obeys the multinomial distribution Mu(n; p,, 
Da... Py), then it is asymptotically distributed 
according to the normal distribution N(zr,, ~,,), 
where д, — (пру, ..., npy), Za — (o), oP = 
npi(1 — pj), and of = — en (15), and the 
random variable THNX, —np,)*/np;, where 
XQ, =N—(X,+...4+X;) and р, =1— (p, + 

.. + py), obeys asymptotically the distribution 
x(k) [11]. 

If X, has the *Poisson distribution with 
mean 4,. where д, oo as n oo, then X, and 
x, X, obey the respective distributions N (ån, An) 
and NOA, 1/4) asymptotically. If R 15 the: 
sample correlation coefficient based on a ran- 
dom sample of size n from a 2-dimensional 
(bivariate) normal distribution with popula- 
tion correlation coefficient p, then R is asymp- 
totically distributed according to N(p,(1— 
р?)?/п) as n— со, and therefore z=4log((1+ 
R)/(1 — R)) obeys asymptotically the distri- 
bution N(3log((1 + p)/(1— p)), 1/n) asymptoti- 
cally. This transformation is called Fisher’s z- 
transformation. The distribution 


1 1 1 
N| -log ге Р ; 
2 1—р 2(n—1) n—3 


gives a better approximation. 


K where o, , = 


E. Empirical Distribution Function 


Let ( X,,..., X,] bea random sample from a 
distribution F. The random function 
1 af 

F,(x)=— (number of X’s that are <x} 

n 
is called the empirical distribution function. For 
any collection of fixed x's( -œ = xg «x, <... 
«x, < oo), the random vector (nF,(x,), n(F,(x;) 
e» F,(x1)), E n(F,(x,) ex Fx 4))) obeys the 
*multinomial distribution Mu(n; p, , ..., Pi), 
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where p;— F(xj)— F(x;_,), j — 1, .... k, provided 
that the p's are positive. In particular, the 
vector is asymptotically distributed according 
to the k-variate normal. The result is substan- 
tially strengthened as follows: the Glivenko- 
Cantelli theorem states that sup, |F,(x) — F(x)| 
converges to zero with probability 1 as n tends 
to infinity. If F(x) is continuous, then the ran- 
dom function J/n(F,(t)— F(t)) converges in 
distribution to a tGaussian process X(t) such 
that E(X(t))=0 and E(X(s)X(t)) = Е(5)(1— 
F(t)) for s<t. A Gaussian process X(t), 0 < 
t<1, with this moment condition is called a 
Brownian bridge if F(t)=t, for O<t<1. If F(x) 
is continuous, then the distributions of the ran- 
dom variables C, = , /nsup,(F,(x) — F(x)) and 
D, = ,/ пѕир| Ех) – F(x)| do not depend on F. 
Asymptotically, they have identical distribu- 
tions with sup, B(t) and sup, | B(t)|, respectively, 
where B(t) is a Brownian bridge. We have 


P(sup, B) &x)21—e ?*, 


кес 20202 


P(sup,|B(t)) &x) 21-2 У (—1 
k=1 


х> 0. 


Let {X,,...,X,,$ and {Y,,..., ¥,} be random 
samples from continuous distributions F and 
С, respectively, and let F,,(x) and G,(x) be their 
empirical distribution functions. Under the 
hypothesis Ho: F = G, the distribution of the 
Kolmogorov-Smirnov test statistic 


D,,,=sup|F,(x)—G,(9| 

does not depend on F (or G), and asymptoti- 
cally, as mco and m/n>/ <1, the random 
function J/m(F, m(t) — G,(t)) converges in distri- 
bution toa Gaussian process X (t) such that 
E(X(t))=0 and E(X(s)X (t) -(1-- A)F(s)(1— 
F(t), s <t. 


F. Edgeworth and Cornish-Fisher Expansions 


Let (X,,X,,..., X,] be a sample from a distri- 
bution with mean и and variance o?. The 
random variable (X, + X, +... + X,— пи)/ /na 
is called the normalized sum of the sample. 
The distribution function F,(x) of the normal- 
ized sum of a sample from an absolutely 
continuous distribution F with higher-order 
moments admits the Edgeworth expansion 


[15]: 


1 k 1 y-1 
=Ф(х) + 2 R,(x) Ge ф(х)+ B (5) 7 


where Ф апа ¢ are the tcumulative distribution 
and the *probability density functions, respec- 
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tively, of N (0, 1), and B is a quantity bounded 
by a constant depending on F and v. R,(x) is 
the polynomial given by 


k 1 j 
R,(x)= =H a0 [] mj (2 F 
where H,(x) is the tHermite polynomial of 
degree k, y, is the fcumulant (tsemi-invariant) 
of order k of the distribution of (X, — u)/o, the 
summation extends over all nonnegative m's 
such that m, + 2m; +... + km, = К, and I2 m, 
+m, +... +m,. In particular, we have R,(x)= 
—3(x? — 1)/6 and R,(x)= —y4(x? —3x)/24 
— y2 (x5 — 10x? + 15x)/72. For a lattice distri- 
bution F concentrated on 0, +1, +2,... but 
not on 0, +p, +2p,... for any р> 1, the fol- 
lowing expansion is valid for x «0, +1, 
+2,...: 


x—nu 
Е, 
(ш) 
" v— 2 l k ] wv 
- (JFL euo) «eva. 5 


where 2=(х—пи+ 1/2)/,/no and the Q’s are 
suitable polynomials; Q,(z)= R,(z) and Q,(z) 
=R,(z)+2/240?. | 

The Edgeworth expansion makes it possible 
to derive asymptotic formulas for the relation 
between those u and v such that F,(v) = Ф(и). If 
F is an absolutely continuous distribution with 
moments of order v (> 3), then we have the 
Cornish-Fisher expansions [16]: 


v-2 1 k 

и=0+ У aof) +0(n7 072) 
k=1 Jn 

and 


y-2 k 
v=u+ Y, B,(u) (^) -FO(n- 0799), 

k=1 Jn 
where the A’s and B’s are polynomials derived 
from the R’s of the Edgeworth expansion; 
A,(v) = —73(v? — 1)/6, Az(v) = —y4(v* — 30)/24 
+73(4v° — 70)/36, В, (и) =уз(и? — 1)/6, B,(u) = 
ya(u? — 3u)/24 — y2 Qu? — 5u)/36. 

The expansions imply, in particular, that the 
random variable p+ Уу? A,(v)n *? with v= 
(X,4- X... X,— пи, /na is asymptoti- 
cally distributed according to N(0, 1) and that 
the 100x% point v, of F, is approximated by u, 
+ XI B,(u )n "2 where u, is the 100x% point 
of N(0, 1). These approximations can be im- 
proved further in some cases by a suitable 
transformation of the sum X, + X, +... + X,. 
Thus, for example, if X is distributed accord- 
ing to y?(n), then the Cornish-Fisher expan- 
sions with v 23 are 


Mee о+о(2) 
зүп п 


= 
ll 
е 
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and 


1 |2 1 
sues fw -›+о(7), 
үп п 


where v=(X —ny/. / 2n. However, the distri- 
bution of the random variable 


FAG) -ea 


is much better approximated by N(0, 1), and 


gives a more accurate approximation to the 
10027; point of the distribution y?(n). These 
are called the Wilson-Hilferty approximations 
(Proc. Nat. Acad. Sci. US, 17 (1931)). 

The Edgeworth expansion was shown to be 
valid in more general situations by R. N. Bhat- 
tacharya and J. K. Ghosh [17]. In particular, 
they obtained the following: Let (X,, X,, 

..., X] be a random sample from a p-variate 
distribution with a nonzero fabsolutely con- 
tinuous component w.r.t. Lebesgue measure 
on R”. Let fo (= 1), fi, ..., f, be linearly in- 
dependent, real-valued, and continuously dif- 
ferentiable functions. For i— 1, ...,n, put Z;= 
(FG, 2X), ..., f (X2), and assume that 

the distribution of Z, has moments up to the 
order v (23). Let H be a real-valued function 
on R* such that the vth order derivatives are 
continuous in а tneighborhood of u= E(Z ,). 
Let V = (vj), i, j — 1, ..., К, be the covariance 
matrix of the random vector Z,, and put о? = 
X vlil, where lj 0H (z)/02;],-,, and >= 

(21, +--> Zk). Then I 


Pr(/n(H(Z)— Н(и))є B) -| V nlx) dx 
B 


sup 
B 
sop 0-22), 


where Z — 37 Z;/n, the supremum is taken 
over all Borel measurable sets B, 


y-2 1 k d 
V, nl) -(1 s > (5 P, (-&)) ó, (x), 


é, (x) is the probability density function of the 
normal distribution N (0, o°), and the Р” are 
polynomials whose coefficients are indepen- 
dent of n. 


G. Order Statistics 


Let ( X,, ..., Xa} bea random sample from a 
univariate distribution with continuous prob- 
ability density f(x) and distribution function 
F(x), and let X4, <... < X, be torder statistics. 
The joint probability density of Y, = X, Y; = 
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Xp... Yp-1 = Ху, and Y,= X, is given by 


n! 
(a—1)(f —a—1) ...(q—6— Dt(n — 3)! 
x (F(y)! (F(y3) - Ff * 2... 


x(F(y,)— F(y,-1))" * (1 —F(y9y" "t... 


x (у) (уз)... УЬ) 


for —oo < y, <... «y, «oo, where a< f <... < 
e<y. If for given constants 0€ 4, <... « 4, « 
1, each of the subscripts o, ...,4 tends to infin- 
ity as п oo under the conditions м; = nA; + 

o( /n), where a —r,, ...,— ry, then the ran- 
dom vector (Ү,,..., Y.) asymptotically obeys 
the p-dimensional normal distribution with 
mean vector (¢,,...,¢,) and covariance matrix 
n! (о), where O75 = 0 = 4,(1— АМС) for 
ixj and č; is the 4,-quantile of the population, 
defined by 4; — F(£)). 

Suppose that there exist two sequences a, 
and b, of real and positive numbers, respec- 
tively, such that as n oo the sequence (X,,, — 
a,)/b, converges in distribution to a nonde- 
generate distribution G. The underlying dis- 
tribution F is said to belong to the domain 
of attraction of the limiting distribution G 
(DA(G), for short). Except for the change of 
location and scale, only the following three 
distributions have nonempty domains of 
attraction: 


оа} | х<0 


ex” x >0’ 


-C2” xe 
G= e x 
1, x20 


G,(x)=e ° `. 


Writing F (х) = 1 — F(x), «(F)— inf(x| F(x) 0j 
and о(Е) = supíx| F(x) « 1}, we have the fol- 
lowing theorem (B. V. Gnedenko, Ann. Math., 
44 (1943)): 

FeDA(G,) iff o(F)- oo and there exists an a 
such that 


lim F(a+ux)/F(at+u)=x~’ for all x; 


FeDA(G;) iff a= o(F) < oo and 


lim F(a—uxyF(a—u)-x? for all x6; 


FeDA(G,) iff there exists a positive function 
R(t) such that 


lim, F(t--xR(t)/F(t) 2e" * for all x. 
to 


If F(x) is twice differentiable, f(x) — F'(x) 

is positive for sufficiently large x, and 
lim, ud {(1 — F(x))/f(x);/dx = 0, then 
FeDA(G;,). Noticing the relation X,,,= 
—max{—X,, —X),..., —X,}, we can also 
derive the possible limiting distributions for 
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the sequence (X, —a,)/b, and their domains of 
attraction. The statistics R, = X, — X, and 
M, —(X(,, + Х,„)/2 are called the range and the 
midrange of the sample, respectively. If, for 
some a,, а,, and b,, both sequences (X, — 
a,)/b, and (X, —a;)/b, converge to nondegene- 
rate distributions G and H, respectively, then 
they are asymptotically independent, and we 
have 


lim Pr ((R,—a, + a/b, <x} 
= | ` а@—н(у—х)уаб(у), 
итРг{(2М„—а„—а„)/5„< x) 


-| H(x — y)dG(y). 


H. Characterization of the Distribution by 
means of a Property of the Sampling 
Distribution 


A distribution or a family of distributions can 
be characterized by a property of the sam- 
pling distribution of a suitable statistic. Let 
(X4, X4, ..., Xn} be a random sample from a 
nondegenerate distribution F, and let X,,, < 

... € Xq, be the torder statistics. The tsample 
mean X is independent of the tsample var- 
iance $? = У(Х, X)?/(n— 1) iff F is normal 
Мр, с?) (Kawata and Sakamoto, J. Math. Soc. 
Japan, 1 (1949)). Let aj, i, j= 1, ..., n, be real 
numbers such that У, а; =0 and 2:aj70. If F 
has a finite second moment, then the condition 
E(XajX;X;| X) = const. implies that F is nor- 
mal. Two linear statistics L, =a, X, +... + 
a,X, and L,=b, X, +...+b,X, are inde- 
pendent only if F is normal, provided that 
а,Ь, +0 for some j. In fact, the X's need not be 
identically distributed: If L, and L, are inde- 
pendent and a,b; 50, then the distribution of 
X; is normal (Skitovich-Darmois theorem). Yu. 
V. Linnik [23] gave a necessary and sufficient 
condition for the normality of F to be equiv- 
alent to the identity of the distributions of L, 
and L,. The condition is stated in terms of the 
zeros of the entire function o(z)=|a,|7+...+ 
la, |’ —|b,F — ...—|b, I". The result contains as 
a special case the following characterization 
theorem for the normal distribution: If аў = 
1 and L, has a distribution identical to that of 
X,, then F is normal М(и, 0°) with u(2:a;— 1) 
— 0. R. Shimizu gave a complete description of 
the characteristic function of the distribution 
for which L, has the same distribution as Ху. 
In particular, it was proved that if log|a, |/ 
log|a,| is an irrational number, о is the posi- 
tive number given by У |a,;|*=1, and if L, has 
a distribution identical to that of X,, then F is 
the *stable distribution with *characteristic 
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exponent х. The result was extended in [24] 
to the cases where the a's are random variables 
independent of the X’s. If E(X;)=0 and E(X 

| Xy — X, X, — X, ..., X, — X)=0, then F is 
normal [26]. Let џ;, H2, ..., и, be a set of real 
numbers. If the sampling distribution of the 
statistic У(Х, + uj)? depends on the j/s only 
through X u2, then F is normal. If X; is posi- 
tive and has finite mean, then the condition 
E(X | X,/X,, X,/X,, ..., X,/X,) - const. implies 
that F is the gamma distribution. If the distri- 
bution F is not concentrated on a lattice 0, 

р, 2p, ..., then E(Xq,,, — Х| Хо) = const. 

for some k implies that F is the exponential 
distribution: F(x) 2 1 —e^^*, x 3 0. Xa, Хо 
has the identical distribution for some k with 
min(X,, X;, ..., X,.,] iff F is exponential. If 
d,, 05, ...,Q, are positive numbers such that 
a,+a,+...+a,=1 and such that loga; Лова, 
is irrational, then the sampling distribution of 
min ( X, /a,, X;/a;, ..., X,/a,) is the same as 
that of X, iff F is exponential. X, is indepen- 
dent of X,,,—X iff F is exponential. 

Suppose that the distribution F has a 
bounded density function and that the integral 
[54 e dF(x) is finite on a neighborhood of t= 
0. Let (X,, X2, ..., Xn} be a random sample 
from a distribution of the family P= (F((x— 
uy o)| —oo «u« 00,07 01. For nz: 9, the sam- 
pling distribution of the statistics 


x (X,—X,) (Xs— X4) (X, — X4) 
(X — X;)' (X, — X.) (Xs — X (X, Ху)’ 


sgn(X, — X), sgn(X; — X), 


sgn(Xs — X4), sgn(X; -хә} 


uniquely determines the family 2. If F is 
symmetric, then for nz 6 the distribution of 
X- ХЗ), — X) (X, — ХХ, — Xp) 
uniquely determines 2 [25]. 


I. U-Statistics 


Let (X,, ..., Xp} bea random sample from a 
certain distribution, and let q(x,, ...,x,) bea 
real-valued function that is symmetric with 
respect to the arguments x,, ..., Xm. The 
statistic 

n -1 
v-(") 3 Ф(Х„,,..., X, ), 
where the summation extends over all combi- 
nations (,,...,@,,) taken from (1,2,...,п), is 
called a U-statistic. Let 0 = E(o(X,, ..., X,)), 
and assume that E(g(X,, ..., X,,)”) is finite. 
Then the mean and variance of U are given by 


-1 т = 
E(U)- 6. vin-(") > (") =) ü 
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where С; is the covariance between (X,, 
ces Xm) and 9(X,, ..., Xi Xi. i, ..., Xm) with 
Xii, Xm an additional independent 
random sample of size m — i from the same 
distribution. If £, # 0, then U obeys the distri- 
bution N(8, m? C, /n) asymptotically as n oo 
(W. Hoeffding, Ann. Math. Statist., 19 (1948)). 
These results can be generalized to the case 
of several populations and samples. Let 
Xi... . Xii Хаз, Xen, be c independent 
random samples, each drawn from one of c 
populations. Assume that a real-valued func- 
tion Ф(ху1,...,Хуњ,;:::5 Xer +++ s Xon) 18 SYM- 
metric with respect to the arguments xj,, ..., 
Xim for each i— 1, ..., c. Then 


c ín 
U- : 


-1 
) У e(X 111» e Хат, 9 


? X, cita 


where the summation extends over all combi- 
nations (a(i1), ... , «(im;)) of m; numbers taken 
from (1,2, ...,n) for each i— 1, ...,c, is called a 
U-statistic. The mean and variance of U can 
be obtained as before, while U is asymptoti- 
cally normally distributed as the sample sizes 
n,,...,n, tend to infinity in fixed proportion. 
Furthermore, if there are given several U- 
statistics, their tjoint distribution is asymptoti- 
cally normal. 


Х.е ... 


J. Distributions Having Monotone Likelihood 
Ratio, and Pólya-Type Distributions 


Let (%, 8) be a sample space and 
P={p9(x)|OEQ} 


be a family of probability densities with re- 
spect to a fixed to-finite measure. The function 
ре(х) regarded as a function of 0 with a fixed 
observed value of x is called the likelihood 
function, and its value at a particular point 6 is 
called the likelihood of that point. The family 
P with Oc R is said to have monotone likeli- 
hood ratio with respect to a real-valued function 
T(x) if and only if for any 0 «6' such that 0 
and @ belong to Q the ratio р,.(х)/ре(х) is a 
nondecreasing function of T(x). Under the 
assumption that 2 < В and 67 log p (x)/0x00 
exists, a necessary and sufficient condition for 
£ to have monotone likelihood ratio with 
respect to Т(х) = х is that 0?log p,(x)/dxd0>0 
for any x and 0. If ( X,,..., X,) isa random 
sample from a distribution that has a mono- 
tone likelihood ratio and if a real-valued func- 
tion у(х, ..., x,) is nondecreasing in each of 
its arguments, then the expectation E,(W(X,, 
...,X,)) is a nondecreasing function of 0. 

The family 2 is said to be of Pólya type n 
if and only if for any m=1, 2, ...,n and any 
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real numbers x, <... < Xm and 0, <... < Om 
the determinant of the matrix ( po (xj). i j= 
1,...,m, is nonnegative, and 2 is said to be 
strictly of Pólya type n if the determinant is 
positive. Being of Pólya type 2 is equivalent to 
having a monotone likelihood ratio. If 2 is 
(strictly) of Pólya type n for any positive 1n- 
teger n, then it is said to be (strictly) of Pólya 
type. An texponential family of distributions 
with probability density p,(x) =exp(0x + a(0) 
+s(x)) for xe < В and 0€ Oc К is strictly 
of Pólya type. Each of the noncentral chi- 
square distribution, noncentral t-distribution, 
and noncentral F-distribution is strictly of 
Pólya type with respect to the noncentrality 
parameter. 
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A. General Remarks 


The path of a moving (incident) particle is 
distorted when it interacts with another (tar- 
get) particle, such as an atom or a molecule. 
Phenomena of this sort are generally called 
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scattering. Scattering is called elastic when the 
internal properties of the incident particle and 
the target remain unchanged after the colli- 
sion, and inelastic when the internal properties 
change, other particles are emitted, or the two 
particles form a bound state. 

The extent of scattering depends on the sizes 
of the incident and target particles. The scat- 
tering cross section is defined as the probability 
that the incident beam will be scattered per 
unit time (normalized to one particle per unit 
time crossing unit area perpendicular to the 
direction of incidence). In fclassical mechanics 
the scattering cross section is equal to the 
cross section of the target perpendicular to the 
incoming beam, hence the term "cross sec- 
tion." The probability of scattering into a unit 
solid angle in a particular direction is called 
the differential cross section. The probability 
that the incoming particle is absorbed by the 
target, called the absorption cross section, is 
intimately connected with the scattering cross 
section. Analyses of scattering give infor- 
mation on the structure and interactions of 
atoms, molecules, and elementary particles. 
One can also study the scattering of acoustic 
and electromagnetic waves by inhomogeneous 
media and obstacles, by considering notions 
similar to the above. 

Scattering theory may be dated back to 
Lord Rayleigh. Since the advent of quantum 
mechanics in the mid-1920s, scattering prob- 
lems, mainly for central (spherically sym- 
metric) potentials, have been investigated 
strenuously by physicists. It may be said, how- 
ever, that a scattering theory having mathe- 
matically rigorous foundations began around 
the 1950s, when the pioneering work of K. 
Friedrichs (Comm. Pure Appl. Math., 1 (1948)), 
A. Ya. Povzner (Mat. Sb., 32 (1953)), T. Kato 
(J. Math. Soc. Japan, 9 (1957)), J. M. Cook 
(J. Math. Phys., 36 (1957)), and J. M. Jauch 
(Helv. Phys. Acta, 31 (1958)), among others, 
appeared, and scattering theory has now grown 
into a branch of mathematical physics. 

General references for mathematical scatter- 
ing theory are, e.g, [1—5]. 


B. Wave and Scattering Operators 


In quantum mechanics the dynamics of 

an interacting system is given by a fone- 
parameter group of unitary operators e tH, 
where t denotes the time and H, called the 
Hamiltonian of the system, is a self-adjoint 
operator acting in a tHilbert space #. Ele- 
ments of J£ represent (pure) states of the sys- 
tem. Let H, be the "free" Hamiltonian of the 
corresponding “noninteracting” system. (There 
are at present no generally accepted definite 
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criteria for “free” and “noninteracting.”) H, is 
assumed to be tabsolutely continuous, which 
is the case in most practical situations. Then 
the outgoing and incoming wave operators 

W, = W. (H, Ho) are defined, if they exist, by 


W, =s-lim ене “Но 


(s-lim = fstrong limit). 
а" t2 to 


This means that given any free motion e “Нои 
there is an initial (t =0) state u, (= W. и) such 
that e ""u, and e “Ноџ are asymptotically 
equal at t= +оо. W, are tisometric, intertwine 
the two dynamics: e"! W, = W; e "Po and 
map # (which is nothing but the *abso- 
lutely continuous subspace #,.(Н,) for Ho) 
onto a closed subspace of Ж, (Н). The scatter- 
ing operator Š is defined as S = W*W. (A* is 
the Hilbert-space tadjoint of A). S commutes 
with H, and maps states in the remote past 
into states in the distant future. One of the 
most important problems in scattering theory 
is to prove the tunitarity of S, or equivalently, 
Ran W, = Кап W. (Кап =trange = timage). И, 
is called complete if Ran W, =.Ж (H). The i 
completeness of W; implies that Š is unitary. 
As a typical example we consider the 1-body 
problem. Note that the 2-body problem re- 
duces to the 1-body problem by separating out 
the center-of-mass motion, which is free. Then 
H, = — А (the negative tLaplacian in R°), H = 
А + V, the operator V being multiplication 
by a real-valued function V(x), called the po- 
tential, and 2 = L,(R°). If V is short range, i.e., 
if, roughly speaking, V(x) = O(Ix| 1”) (€> 0) at 
оо, the wave operators are known to exist and 
to be complete (S. Agmon, Ann. Scuola Norm. 
Sup. Pisa, (4) 2 (1975)). If the potential V(x) 
is long range, i.e., if, roughly speaking, V(x)= 
O(Ix| 5 (e> 0) at oo, then the foregoing defini- 
tion of the wave operators has to be modified. 
For the Coulomb potential V(x) = с/х, for 
instance, one can adopt the following defini- 
tion of modified wave operators: 


W, = s-lim e#Hexp(—itH;,—i(c/2) Hç; !? log t). 


It can be shown that the W, exist (which 
implies that the ordinary wave operators do 
not exist) and are complete: Ran W. = Ж (Н) 
(J. D. Dollard, in [6]). The same result obtains 
for more general long-range potentials (H. 
Kitada, J. Math. Soc. Japan, 30 (1978); T. 
Ikebe and H. Isozaki, Integral Equations and 
Operator Theory, 5 (1982)). 

If the wave operators exist and are com- 
plete, they give funitary equivalence between 
the fabsolutely continuous parts of H, and H 
(^ T. Kato [7]; 331 Perturbation of Linear 
Operators). 

In the foregoing discussion it was tacitly 
assumed that in dealing with scattering phe- 
nomena we adhere to states in #,,(H) and 
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JF, (H). А more physically intuitive definition 
in the case of potential scattering (Hy = — A, 

H = Ho + V) of scattering states 2, (H) is the 
following: fe 2, (H) if and only if for any r>0, 


jf | 
lim al Fe" f\2dt=0 


Toto T 0 
(| | 2 L,-norm), 


where F, is the (projection) operator of multi- 
plication by the characteristic function of 
(xeR? ||x| <). In general no inclusion rela- 
tions between X , (H) and #,,(H) are known. 

But for a wide class of potentials it is known 
that J£,.(H) as well as the tcontinuous sub- 
space of H coincides with 2 ,(H) (in this case 
there is no tsingular continuous spectrum) (W. 
O. Amrein and V. Georgescu, Helv. Phys. Acta, 
46 (1973); C. Wilcox, J. Functional Anal., 12 
(1973); Amrein, in [8]). 

A purely abstract result in scattering theory 
may be noted. Let H, and H be self-adjoint 
operators in an abstract Hilbert space # such 
that V= Н — Н, is a *trace-class (tnuclear) 
operator. Then the generalized wave operators 
W. (Н, Hj) = s-lim, , , ,, exp(it H)exp( —itHo) 

P, (Ho) exist, where P,.(Ho) is the *projection 
onto #,,(Ho). Since this statement is sym- 
metric in H, and Н, the "inverse" generalized 
wave operators W. (Ho, H) also exist, from 
which one can conclude that W, (H, Ho) are 
complete. Moreover, the invariance principle 
holds, which means roughly the following: 

If ó is a strictly increasing function on R, 
then W. ($(H), ó(Ho)) exists and is equal to 
W, (H, Ho). This result can be applied to poten- 
tial scattering when V(x)e L,(R2) L,(R?) 
(Kato [7]; D. B. Pearson, J. Functional Anal., 
28 (1978)). 


C. Stationary (Time-Independent) Approach 


We again consider the 1-body problem as in 
Section B. V(x) is assumed to verify certain 
appropriate decay conditions at oo as the 

case may be. Consider the tresolvents Ro(z) = 
(Hy —z) ! and R(z) «(H —z) ^! forzeC —R, 
which are well-defined bounded integral opera- 
tors on Ж = L,(R?). Here we note the follow- 
ing: [0, oo) is the *continuous spectrum of 

H, and Н, (—co,0) is contained in the tresol- 
vent set of Hy, and H has possibly ‘discrete 
feigenvalues in [ —a,0) with ( —co, —a) con- 
tained in the resolvent set, where a is a posi- 
tive number. When z approaches a positive 
real value, R,(z) and R(z) do not have limits as 
tbounded operators on #. But if we regard 
them as operators from L» , to L, ., (L, = 
{u|(1+|x|)*u(x)eL,(R*)}), y> 1/2, they can be 
shown to have boundary values Ro(A + i0) and 
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R(A + i0), 420 (limiting absorption principle; — 
Agmon, loc. cit., for short-range potentials; for 
long-range potentials — R. Lavine, J. Func- 
tional Anal., 12 (1973); T. Ikebe and Y. Saito, 
J. Math. K yoto Univ., 12 (1972); and Saito, 
Publ. Res. Inst. Math. Sci., 9 (1974). With these 
boundary values we can define "stationary" 
wave operators whose range is easily proved 
to coincide with #,,(H), and show their equal- 
ity to the time-dependent wave operators 
discussed in Section B, thus obtaining the 
completeness of the latter. 

H, is known to have generalized (improper) 
eigenfunctions фо(х, 2) = e'* > with generalized 
(improper) eigenvalues |£|?. The associated 
eigenfunction expansion is nothing but the 
Fourier integral expansion. An eigenfunction 
expansion, similar to the Fourier expansion, 
that diagonalizes H can be obtained by using 
generalized eigenfunctions 


9 +(х, č) 
= o(x, ё) —(R(| ¿|° + 10) Vos C. 2)) (x), 


which are the solutions to the Lippmann- 
Schwinger equation 


Ф+(х, č) = Фо(х, č) 


1 e t ilšllx—yl 

-5l Vives, 84у. 
z Jgs Ix— yl 

A rough statement of this is the following: 

Let ü, (ë) - (2л) ?? [| g. (x, )u(x)dx. Then 

[à] = lull, (Hu) (5) = IE a4), and u(x) = 

(2л) ?? f o, (x, E aE) dë (— e.g. [4, XL6] fora 

more precise statement). 

In view of the fact that S commutes with Но, 
we can show that S admits the following repre- 
sentation: Let à(£) = (2л) ?? [ g (x, ¿)u(x) dx be 
the tFourier transform of u. Then 


(Su) (2) = ($0) (5) 


-@-т!| В 1700, Šlo )a(181o) ао, 


where 
Т(&,&')= (2л) ? | Po(x, 6) V(x) p(x, č')dx 


is the kernel of the so-called T-operator, which 
is a tcompact operator on L,(S?) under suit- 
able conditions on V(x). T(£, £^) is related to 
the experimentally measurable total cross 
section (for incident momentum €) o (Š): 


по» | ІЛ; о, о)? ао" (o= Л), 
52 
Ао, 0) = —2x?T(Ào, Ao) (А> 0). 


The quantity f(A; о, o») is called the scattering 
amplitude and appears in the asymptotic 
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expansion of Q , (x, £) as 


x ilsllxl 


—a (l; x, &), 

|х| 
where á=a/la| for ae R?. 

An abstract version of the limiting absorp- 
tion principle and eigenfunction expansion 
is known as the Kato-Kuroda theory, for 
which the reader is referred to Kato and S. T. 
Kuroda in [6] and in Functional analysis and 
related fields, Springer, 1970, and to Kuroda 
(J. Math. Soc. Japan, 25 (1973)). 


Ф +(х, ©) ы Фо(х, č) + 


D. Time-Dependent Approach 


Consider the same situation as in Section C. 
Since scattering is a time-dependent phenom- 
enon, it seems natural to develop scattering 
theory in a time-dependent fashion. Indeed, 
there is an approach to the completeness of 
wave operators that does not resort to any 
eigenfunction expansion results, but instead 
follows the temporal development of the wave 
packet e^ "/ y. The completeness of W, will be 
established if one can show that any ue %,,(H) 
orthogonal to Ran W. is 0. A crucial step to 
prove this is to find a clever decomposition of 
a wave packet into an outgoing and an incom- 
ing one, or to find projections Р, such that 

Р. -- P. — 1 and P е “Но goes to 0 as t> Foo. 
Some compactness arguments are also needed. 

To construct such a decomposition or pro- 
jections one looks at the scalar product x: £, 

x and £ being the position and momentum 
(operators), respectively. The main idea is that 
if this is positive, the particle will be outgoing 
(to infinity), and if negative, incoming (from in- 
finity). But since we work in the framework of 
quantum mechanics, this classical-mechanical 
intuition should be properly modified. 

Besides the completeness of wave operators 
it can also be shown through the above ap- 
proach that the singular continuous spectrum 
of H is absent. For details — [4, XL17] and 
V. Enss, Comm. Math. Phys., 61 (1978). 


E. Partial Wave Expansion 


In this section we assume that the potential 
V(x) is central, i.e., V(x) is a function of |x| 
alone. Then the scattering operator Š turns out 
to commute not only with H, but also with the 
tangular momentum operator L= x x i ! V 
(vector product). The eigenvalues of L? =L- L 
(scalar product) are (I+ 1) (1—0, 1,2, ...), and 
those of L,, the third component of L, are m— 
—1, —(I—1),...,1—1, l if L? has eigenvalue 
I(I+ 1), while simultaneous eigenfunctions are 
given by suitably normalized tspherical har- 
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monics Y,,,(@), oe S7. Let E, be the projection 
onto the subspace spanned by functions of the 
form XL... u(r) (o) (r=|x|>0,o = x/r). 2€ 
becomes an orthogonal sum of ж = E,2#. The 
aforementioned commutation property claims 
that E,S=SE,=S,, and the operator Š, reduces 
to multiplication by a scalar function e? in 
Ж, (= Section С). 5,(A) is called the phase shift. 
Defining the partial wave scattering amplitude 
Á4(A) = Qi4) 1 (e?/^9 — 1), one obtains the 
partial wave expansion of the scattering 
amplitude: 


fo, or) Y, 21+ Df) P(cos0), 
1-0 


where 0 is the angle between o and w’, and P, 
is a tLegendre polynomial. The total cross 
section is o(4) = 4n4 ? X? „(21+ 1)| AA) 
[1-5,9]. 


Е. Many-Body Problem (Multichannel 
Scattering) 


We consider only the 3-body case, which is 
complicated enough compared with the 2- 
(essentially 1-) body case. The complications 
are both kinematical and dynamical. The 
configuration of a 3-body system is given by 
a point in R?. Once we choose the center-of- 
mass coordinates, there is no kinematically 
natural way to choose the remaining six co- 
ordinates. In the 2-body case a freely moving 
particle in the remote past will be freely mov- 
ing in the distant future. But in the 3-body 
case there come into play various other dy- 
namical processes, such as capture, breakup, 
rearrangement, and excitation. 

The 3-body Hamiltonian is a self-adjoint 
operator in oe of the form 


Vx — x) 

i«j 

where A, is the 3-dimensional Laplacian as- 
sociated with particle i, m; is the mass of par- 
ticle i, and each V,,(x) (= V(x)  Vj( —x)) is 

a real-valued function decaying at oo in R? 
(not in R?). If we remove the center-of-mass 
motion, Й can be written in the form 


H-Hy,G1-1GH (@=ttensor product), 


where H, is the center-of-mass Hamiltonian in 
L.,(R°) representing the uniform free motion 
of the center of mass, and H is the Hamiltonian 
of relative motion in L, (R°). One should note 
as mentioned above that there is no unique 
natural way of choosing coordinates in R° and 
representing H, but there are many equivalent 
representations. Suppose, for instance, that 
particles 1 and 2 and particles 1 and 3 form 
tbound states (12) and (13) and that there are 
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no bound states between 2 and 3. We partition 
the whole system into clusters: (1) (2) (3), (12) 
(3), and (13) (2) (( ) represents a cluster and 
figures in ( ) are the particles forming the 
cluster). A channel is a partition into clusters 
together with a specified bound-state eigen- 
function. Take, for instance, channel (12) (3), 
and suppose y € L, (R°) is the eigenfunction 

in question. If we take x 2x; —x, and y=x3— 
(т m5)! (m,x4 4 m5x5), then 


H= D" zp А+ i69 
mıx m. x 
+ з =y |+; +y) 
mim, mi +m. 
where m~! =m3'+(m, +m) n =тг + 


m5. Let us neglect the interactions between 
(12) and (3), i.e., set V;, = V3; 20 to define the 
cluster decomposition Hamiltonian 


1 1 


s аси ы V, (x). 


Hano = є 
Let A45, = L, (R°) (called the channel Hil- 
bert space consisting of functions of y), and 
define a mapping t: % 5,4, = L,(R°) 
(functions of x and y) by (1f) G y) 2 v (x)/t y). 
The channel wave operators Из). are de- 
fined by 


Wings =s-lim e" e Hana 
= тоо 


as isometries from Ж, 2з) into #. Their 
ranges are not expected to coincide as in the 
2-body case. Их, узу and Wy 3)2)4 are 
similarly defined. Note that Жуз) =. 

If x and fi are distinct channels, we have 

Ran W,, 1 Кап W;. and Ran W,- L RanW,_, 
but no such relations exist between Ran W,+ 
and Ran W,_ or Ran W,- and Ran W,,. De- 
fine, for channels а and P, Sag: Hg > 9€, by Sag 
—(W,.)*W,..Now the scattering operator 

S for the 3-body system 1s defined as the 
‘direct sum of S,, acting in the Hilbert space 
3,0 H: S= Èg © S,,. Naturally the ques- 
tion arises: Is S unitary? The first affirmative 
answer was made by L. D. Faddeev (Israel 
Program for Scientific Translations, 1965 (in 
English; original in Russian, 1963)), and later 
the work of J. Ginibre and M. Moulin (Ann. 
Inst. H Poincaré, A21 (1974)) and L. Thomas 
(Ann. Phys., 90 (1975)) came out. The method 
of these authors is stationary. There have also 
been some attempts using time-dependent 
methods. 


G. Inverse Problem 


The inverse problem in potential scattering 
may be formulated at least mathematically as 
follows: Given the scattering operator or scat- 
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tering amplitude, determine the potential(s) 
giving rise to the operator or amplitude. We 
consider here only the 2-body case (as to the 
many-body case, almost nothing is known). 
The central-potential case can be reduced to 
1-dimensional problems on (0, oo). In the 1- 
dimensional case the celebrated Gel'fand- 
Levitan theory (— 112 Differential Operators 
O) has long been known and has been success- 
fully applied even to nonlinear problems such 
as the "Korteweg-de Vries equation. In the 
3-dimensional case, however, the problem 
becomes difficult; so far there has not been 
any satisfactory theory comparable to that for 
the 1-dimensional case. The potential V(x) is a 
function В? К. The scattering amplitude 

f (4; о, e) is a function f: R x S? x S2— C. Let 
M be the mapping that takes V into f. The 
inverse problem deals with M `!. Several ques- 
tions may be posed (in order of increasing 
difficulty): (1) Is M one-to-one? (2) When it is 
known that M is one-to-one and f is in the 
image of M, how does one (re-)construct the 
V that yields f? (3) What conditions charac- 
terize the image of M? Question (1) has been 
rather satisfactorily answered insofar as short- 
range potentials are concerned. Concerning 
questions (2) and (3), attempts have been and 
are being made to generalize the Gel'fand- 
Levitan theory, but it may be said that we 

are still at the beginning stage. References are 
[2,9, 10] and R. G. Newton (J. Math. Phys., 
20 (1980); 21 (1981); 22 (1982)). 


H. Scattering for the Wave Equation 


Consider the twave equation u,,— Au —0 in R°. 


The solution u(t) = u(t, x) is uniquely deter- 
mined by the initial data í f, g} = {u(0), u,(0)}, 
and U,(t){ f. 0} = {u(t), u,(t)} defines the solu- 
tion operator U,(t). The set of data í fg) with 
finite energy: |(|Vf|? +|g|2)dx < oo forms a 
Hilbert space Ж. Uj(t) is a unitary group 

on Ж). A similar description is possible for 
solutions of the wave equation in an exte- 
rior domain О outside an obstacle with zero 
boundary condition. Denote the resulting 
Hilbert space and solution operator by # 
and U(t), respectively. Let J: Ho- be the 
identification operator defined by (J { f. g])(x) 
= { f.g) (x), xe Q. The wave operators are de- 
fined by И, —s-lim, , +% U(—t)J Uo(t). The 
existence of W, is shown rather easily by using 
tHuygens's principle. As in Section B, we 
define the scattering operator 5 = W*W апа 
say that W, is complete if Ran W, =.Ж (Н), 
where H is the self-adjoint tinfinitesimal gen- 
erator of U(t): U(t) =e iH The completeness 
of W, and the unitarity of S are proved on the 
basis of the abstract translation representation 
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theorem: Let U(t) be a unitary group on a 
Hilbert space #. Suppose there exist sub- 
spaces D, and D. , called outgoing and incom- 
ing subspaces, such that U(t)D, c D, for 
+120, (Jer Ор. = (0), and [J,4U(0D, 
is dense in J£. Then we have two unitary 
operators #, :2#—L,(R; N), where N is an 
auxiliary Hilbert space, such that 4? , U (t) 
A," is right translation by t, and D, (D_) is 
mapped onto L,(0, oo; N) (L;( —00,0; №) by 
2, (@_). 

Turning to the concrete situation, one can 
study the detailed properties of S. The unique- 
ness theorem in the inverse problem is also 
obtained, to the effect that S determines the 
obstacle uniquely. The foregoing treatment of 
scattering is known as the Lax-Phillips theory 
(P. D. Lax and R. S. Phillips, in [6,8, 11]. 
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376 (XIX.15) 
Scheduling and Production 
Planning 


Production planning emerges in many situ- 
ations. Models of economic planning can be 
classified as (1) fiscal policy-oriented, (2) final 
demand-oriented, (3) structure-oriented, (4) 
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expenditure-oriented, and (5) industrialization- 
oriented. Types (2), (3), and (5) belong to pro- 
duction planning in a broad sense, as emphasis 
is placed on production in these models. 

A typical production planning theory of 
primary importance is activity analysis, which 
has made remarkable progress since its initi- 
ation by T. C. Koopmans [1]. Its principal 
theoretical content consists of tlinear pro- 
gramming. Most applications of linear pro- 
gramming are more or less concerned with 
production activities. Because of the additivity 
and divisibility of production as well as the 
limitation of production intensities, problems 
of production planning can be formulated as 


_ problems of linear programming. The meth- 


ods of tlinear algebra are used to obtain an 
optimal production plan and are very impor- 
tant in modern economic analysis, because 
these methods not only provide practical 
algorithms but also clarify the role of price, 
especially in tdual linear programming 
problems. 

The originators of general equilibrium 
theory (— 128 Econometrics) failed to give an 
analytical demonstration of the existence of 
solutions of certain systems of equations of 
economic relevance. The existence of a deter- 
minate equilibrium was established first by 
A. Wald for a system of equations of the 
Walras-Cassel type. On the other hand, J. von 
Neumann [3] proved the existence of non- 
negative solutions o, B, x;, y; for a system of 
inequalities 


n n 
B > ayy;2 У Бу, “i=1,2,...,m, 
j= ј=1 


by reducing the problem to the proof of the 
existence of a tsaddle point (— 292 Nonlinear 
Programming A) of the function 


m n m n 
Ф(Х, Ү)= > > Буу. > Gi;X; yj 
i=1 j= i=1 j= 


by means of Brouwer's fixed-point theorem. In 
this result an equilibrium is defined in the 
broad sense that demand for goods does not 
exceed their supply, rather than requiring 
exact balance. 

А second important kind of production 
planning is related to both tinventory control 
(— 227 Inventory Control) and sales planning. 
An example is the minimization of 


А ; 
| (z(t) + Bmax(dz/dt, 0)) dt 
0 

subject to the condition z(t) > r(t), where z(t) 
and r(t) are the output and demand, respec- 

tively, at time t. Stabilization of employment 
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and production can also be classified as a 
production planning problem of this kind, in 
which inventory holding is considered as а 
means for lessening the change of employment 
level. This is related to the problem of smooth- 
ing production by inventory control. Dynamic 
programming (— 127 Dynamic Programming) 
is very useful in dealing with problems of 
smoothing production. 

Production planning as a production man- 
agement tool is often embodied in scheduling. 
Consider a project that consists of n indivi- 
sible tasks (jobs or activities) J;, i= 1,2, ..., n, 
each requiring p; units of time for processing, 
where р; is given either deterministically or 
probabilistically. A precedence constraint 
(generally a *partial ordering) partially specify- 
ing the order in which these tasks are to be 
processed is also imposed by technical con- 
siderations: One attempts to find a schedule 
(i.e., a specification of the time to process the 
tasks Jj) consistent with the given precedence 
constraint. 

Well-known techniques developed for this 
purpose are PERT (program evaluation and 
review technique) [4] and CPM (critical path 
method) [5], in which the precedence con- 
straint is represented by an acyclic tdirected 
graph, called an arrow diagram, a project 
network, or a PERT network, such that each 
task J; corresponds to an arc of length equal 
to p;. An arrow diagram is illustrated in Fig. 1. 
The longest path from the start node to the 
end node in the network is called the critical 
path, and gives the minimum time necessary to 
complete the project. Following computation 
of the critical path by means of dynamic pro- 
gramming, computations are also made for the 
earliest (latest) start time, the earliest (latest) 
finish time, and the floats (1.е., the allowances 
for such start and finish times) of each task to 
be satisfied in order to complete the project 
within the indicated minimum time. These are 
used to review and control the progress of the 
project. In PERT the processing time of each 
task 1s probabilistically treated on the basis of 
three estimates: most likely, optimistic, and 
pessimistic. From these data other parameters, 


Fig. 1 

A, B, ..., M denote tasks, while the associated in- 
tegers are their processing times. Bold arrows indi- 
cate the critical path. The start node is on the left, 
the end node is on the right. 
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such as the probability of completing the 
project before the specified due date, are com- 
puted. In CPM, on the other hand, a mini- 
mum cost schedule to attain the given due 
date is obtained by utilizing tnetwork flow 
algorithms (J. E. Kelley [6], D. R. Fulkerson 
[7]) in which the processing time of a task is 
determined by linear interpolation between the 
normal time (achieved with low cost) and the 
crash time (high cost). 

PERT and CPM are used in various areas 
of application, e.g., civil engineering and the 
construction industry, shipbuilding, produc- 
tion of automobiles, machines, and electric 
apparatus, and management of research and 
development programs. PERT was originally 
developed by the US Navy to monitor and 
control the development of the Polaris fleet 
ballistic missile program, while CPM was 
developed by the RAND Corporation and the 
Du Pont Corporation, both in the late 1950s. 
Computers have been essential from the begin- 
ning, to handle the large amount of associ- 
ated data. A number of application program 
packages, each with some additional features, 
are currently available, e.g., PERT/TIME, 
PERT/COST, CPM, and RAMPS. 

The machine sequencing (scheduling) prob- 
lem arises when the resources, instruments, 
workers, and so forth, required to process a 
task are abstractly formulated as machines 
and if the restriction on the number of avail- 
able machines is taken into consideration 
(1.е., the conflict between tasks competing for 
the same machine at the same time must be 
resolved). Usually one machine is assigned 
to each task. Such a machine is either (a) 
uniquely determined for each task or (b) chosen 
from a given set of machines; in the latter case, 
there might be (1) parallel machines with the 
same capability or (ii) machines with different 
capabilities. The precedence constraints are 
also ramified into independent (i.e., no con- 
straint), in-tree, out-tree, series-parallel, and 
general partial ordering constraints. Each task 
has a ready time (release time) r; such that J; 
cannot be processed before it, and a due time 
d;. One is asked to find a schedule satisfying 
the above machine constraints, precedence 
constraints, and ready time constraints, while 
considering an optimality criterion that is a 
function of the completion time C; of J; (i= 
1,2, ..., n). Typical criteria for minimization 
are: (1) maximum completion time (makespan) 
Cmax = max; C;; (2) flowtime (total completion 
time) F =È C; weighted flowtime È w;C;, 
where у; 20 are weights representing the rela- 
tive importance of J;; (3) maximum lateness 
Lmax = max; L;, L,= C;— d;; (4) total tardiness 
T=} T, T = max(0, Lj), and weighted total 
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tardiness У w, T;; (5) number of tardy tasks 
U=DU,, U,= 1 (if C; dj), 0 (otherwise), and 
weighted number of tardy tasks > w; О. 

Numerous problems can be defined by 
combining the above conditions. Typical ones 
might be: the job-shop scheduling problem, in 
which n tasks are scheduled on m machines of 
type (a), and where the maximum completion 
time is minimized; the flow-shop scheduling 
problem, which is the same as the job-shop 
scheduling problem except that n=n'm tasks 
are divided into n' groups of m tasks processed 
on machine 1, machine 2, ..., machine m, re- 
spectively, in this order; the multiprocessor 
scheduling problem, in which the maximum 
completion time of n independent tasks on 
m parallel machines is minimized; the one- 
machine sequencing problem, assuming only 
one machine (with various types of precedence 
constraints and optimality criteria), and others 
[8,9]. 

These machine sequencing problems are 
examples of the combinatorial optimization 
problem (— 281 Network Flow Problems E), 
as the processing time p; is usually considered 
to be a given constant. Their computational 
complexity (— 71 Complexity of Computa- 
tions) has been extensively studied with an 
emphasis on the classification between those 
problems solvable in polynomial time and 
those that are *NP-complete, as summarized 
in [10]. Table 1 lists representative results for 
one-machine sequencing problems with г, = 0 
(i—1,2, ..., n). The improvement of the algo- 
rithm efficiency is pursued for both polynomi- 
ally solvable problems and NP-complete prob- 
lems. tBranch and bound (— 215 Integral 
Programming D) is a common approach used 
to solve NP-complete problems such as the 
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job-shop and flow-shop scheduling problems 
[8,9]. Many approximation algorithms to 
obtain good suboptimal schedules in reason- 
able computation time are also known, and 
their worst-case and average accuracies have 
been analyzed [10], as these are important in 
practical applications. 

In more realistic scheduling situations, 
other factors, such as the set-up cost, balanc- 
ing of production lines, frequent modifications 
and updatings of project data, capacity of 
factories, manpower planning including the 
possibility of overtime and part-time employ- 
ment, should be taken into account. Both 
deterministic and probabilistic models have 
been proposed for these cases. Mathematical 
tools used to compute adequate schedules 
include *mathematical programming, tqueu- 
ing theory, and fsimulation techniques. 
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Table 1. One-Machine Sequencing Problems with r; — 0 

Optimality Precedence Other 

Criterion Constraint Constraints Complexity 

Cus Partial order None O(n?) 
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Ls Partial order None O(n?) 

XT; Independent None Not known? 
Partial order None NP-complete 

x w, T, Independent None NP-complete 

XU, Independent None O(nlogn) 
In-tree, out-tree p;=1 (i=1,2,...,n) NP-complete 

XwU, Independent pi <p;= W;Z w; O(nlogn) 
Independent None NP-complete? 


a. An algorithm with O(n? Pmax) running time is known, where р, — MaX; pi. 
b. An algorithm with O(n X p,) running time is known. 
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A. Fock Space 


For a complex Hilbert space К with dim K > 1, 
К®" denotes the n-fold tensor product of K 
with itself (where the vectors f, ©... & f, with 
fe K are total). Let E be the projection 
operators on totally symmetric and antisym- 
metric parts of K®": 


EM, @ ... @ f) 
-(n) ' Y e, (Р) Ја) Ә eO fear 


where the sum is over all permutations P, 
é,(P)=1 and e. (P) is the signature of P (+1 
for even permutations and —1 for odd permu- 
tations). The following orthogonal direct sum 
is called a Fock space (symmetric for E,, and 
antisymmetric for E. ): 


Z,(K)= Y9 EPK”, 
п=0 


Here the term for n=0 is the 1-dimensional 
space C, and a vector О represented by 1є ts 
called the vacuum vector in .Z, (K). The sub- 
space Z, (К), = E%) K" is called the n-particle 
subspace. The operator N = 297. „п, which 
takes the value n on Z, (K),, is called the num- 
ber operator. 

On the algebraic sum 


N 
D,— v P»  ,(K),c Z, (K), 


the creation operator at ( f) for fe K is defined 
as the unique linear operator with domain D, 
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satisfying 
a' (f)E f, & ... @ f, 
=(n+ 1) PEDS @ f, @ ... @ fy. 


For f € К, f denotes the element of the dual 
K* satisfying f(g)=(g, f) for дє K (the inner 
product is linear in the first entry). The annihi- 
lation operator a( f) is defined by 


a NEP & ... @ f, 


where the tensor product of fp, kj, appears in 
the jth term and £= +1 depending on which 
of + is taken in 2, (K). For n=0, a(f)Q is 
defined to be 0. The adjoint of a*( f) coincides 
with a( f) on D,. 

The creation and annihilation operators 
map D, into itself and satisfy the following 
commutation relations on D, : 


[a (fi. a! (f2) F =[a(f.),a( f.)]+ =0, 
[afiha * (f) + =(f,, f), 


where [A, B]; = AB BA and + is used de- 
pending on the choice of + in Z, (K). These 
relations are often called canonical commuta- 
tion relations for [ , ]_ (CCRs) and canonical 
anticommutation relations for [ , |, (CARs). 

On 2 (K), a*(f) and a( f) are bounded 
with [a *f)] = laC£)l = fl. On 4 (К), both 
a^ (f) and a(f) are not bounded, though 
a*(f)N ? and a(f)N `12 are bounded. 

On ¥,(K), 2^? (a*( f) J- a( f)) is essentially 
self-adjoint. Let /( f) be its closure. The oper- 
ator W(f) — e! is unitary and satisfies the 
identity 


W(f.)W(f,)= W(f, + f;)exp(— iIm( fi, f2)/2). 


It also satisfies (W( f)O, О) « exp( —4 ! | f |2). 

Let K, be a real subspace of K such that the 
inner product ( f, g) in K is real for any f and g 
in K, and K - K, iK, (K, is then a real 
Hilbert space.) The unitary operators U(f)— 
W(f) and V(f) = W(if) for f eK, satisfy the 
following Weyl form of the CCRs: 


U(fi))U(f;) 2 Ол hr), 
V(fi)VG2) 9 (СЛ f2). 
и ҮЛ» = VCFU(Cfi)expC — iC f. f>)). 


The infinitesimal generators of the continu- 
ous one-parameter groups of unitaries U(tf) 
and V(tg) (te R) are denoted by o( f) and z(g) 
and satisfy the following CCRs: 


[o Cfi PTY = En(g ). я(92)]% — 0, 


LoS) n(g) V — i( gP, 
where [4, B] = AB — BA and Pe p... 
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If Q is a linear operator on K, Г(О) denotes 
the linear operator on Z. (K) defined as the 
closure of 2/97. Q9"| D, . It is bounded if 
101<1. T'(Q))T (Q5) T (Q, 05) on D,. If H is 
a self-adjoint operator on K, then I (e!) = 
expit dT (H) defines a self-adjoint operator 
аг(н) on £, (K), usually called a bilinear 
Hamiltonian and denoted (a *, Ha). More 
explicitly, 


(MEPA @ ... @ f, 
=> ЕФ/, @ ....@ Hf, @ ... @ f,. 
j=1 


If U is a unitary operator on K, then 


T(U)W(f)T(U) !  W(Uf). 


B. Second Quantization 


A single (scalar) particle in quantum mechan- 
ics is described by а wave function "P(x), xe 
R°, considered as a unit vector in a Hilbert 
space K = L,(R?). The system consisting of n 
such identical particles is described by a totally 
symmetric function V(x,, ..., x,), x;e R?, con- 
sidered as a unit vector in the totally sym- 
metric part EP K®" of the n-fold tensor prod- 
uct of the one-particle Hilbert space K, where 
the restriction to totally symmetric wave func- 
tions is referred to as Bose statistics. In a non- 
relativistic system, the Hamiltonian operator 
on a 1-particle space is 


T= K (2m)! A,, 


called the kinetic energy (A, denotes the La- 
placian); on an n-particle space it is typically 
given by 
H,= —h^Qm) ! Y, A, Y V(x;-xj) 

ju i<j 
where V is a 2-body potential. 

The totality of multiparticle spaces EP KO” 
can be described in terms of the Fock space 
Z, (K), the vacuum vector Q (no-particle 
state), and the annihilation and creation oper- 
ators, denoted by 


а= | Yod’, 


a*(f)= [voy (x)d? x. 


Since the CCRs (for operator-valued 
distributions) 


CY (x), ¥(y)]- = [ГР * (x), Y *()]- =0, 
Г (x), Р *()]- = б3(х— y) 


are a continuous generalization of CCRs for 
canonical variables in quantum mechanics and 
since V (x) comes from the wave function by 
way of quantization, the above formalism is 
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called second quantization. The Hamiltonians 
H, for all n can now be combined into the 
expression 


H= | Ф + (х)Т\Ч(х)а?х 


1 
+5 [eren 


x (х) (у) х d*y, 


where the first term is dT (T). 

For particles such as electrons the system of 
n identical particles is described by a totally 
antisymmetric wave function, the total anti- 
symmetry being referred to as Fermi statistics. 
Then the antisymmetric Fock space Z (К) 
can be used in exactly the same manner as 
4, (K) in the preceding case. 

The method of second quantization was 
introduced by P. Dirac [2] for the case of 
bosons and extended by P. Jordan and E. 
Wigner [3] to fermions. Electromagnetic 
waves, when quantized in this way, represent 
a system of photons, and the quantization of 
electron waves leads to the particle picture of 
the electron. The method of second quantiza- 
tion is intimately connected with the notion 
of fields, as shown below for free fields, and is 
the basis of the perturbation approach in field 
theory (— 150 Field Theory). 


C. Free Fields 


Let o; (j= 1,2, 3) be tPauli spin matrices and 
0, —($ 1). Let P= 22-90, p" for a 4-vector p= 
(p°, p) with p — (p!, p’, p?) and p? — (m? + р?)!?. 
Let u,(a, A) be the irreducible unitary repre- 
sentation [m. , j] of A! on a Hilbert space 
K,= L, (R, C? (2p?) 1 (m/p)9?!d? p) (— 258 
Lorentz Group C (3)). 

Consider first the symmetric Fock space 
Z, (Kg). For any complex-valued rapidly 
decreasing C®-function f (fe (R^)), let 


Fiw)=(2n)- [enr 
(p=(p°,p), р°=(р?+т?)!?), 
A(f) »a*(f)-a(f) (| ало) 


where p: х= p?x? — У, pixi and the bar 
denotes the complex conjugate. Then A(x) as 
an operator-valued distribution satisfies the 
*Wightman axiom and is called the free scalar 
field of mass m. It satisfies the Klein-Gordon 
equation 


(0, + m?) A(x)'¥ 20 


c Y eyes. 
E 
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it has the 4-dimensional scalar commutator 
iLA(x), AQ] - Y = А„(х— у)\Р, 

and it has the two-point function 

i(A(x) A(y)Q, Q) = An (x у). 


Here V is any vector in D4; for example, О is 
the vacuum vector, and the invariant distri- 
butions A,, and A; are defined by 


An (x)= im) [ел satt. 


А„(х) = Qn) ? [еп `х)(р°) dp. 


If we define U(a, A(A))= Г(ие(а, A)), then 
U(a, A) A()U (a, A)* = A(Ax +a). 


If ge F(R?) and he Y(R°), j(p) and h(p) 
obtained by substituting g(x)ó(x?) and 
— h(x)ó'(x9) into f in the defining equation 
of f above are іп Kç. We then define 


o(g) -a* (d) - a(g) (- | оодо), 


n(h)=a*(h) +a(h) (- | нода), 


The operator-valued distributions ф(х) and 
n(x) are the canonical field and its conjugate 
field at time 0 for the free scalar field and 
satisfy the following canonical commutation 
relations: 


[o(x), e(y)] - V =[x(x), (y) ] = 0, 
[o(x), n(y)] - V — io? (x — у)\Р. 

If we set T(t) = U (teo, 1) for e —(1,0,0,0) 
and (z @ g)(x)  x(x?)g(x) for «e F(R) and 
ge 4(R?), then for Pe D. 


Ee 


A(a @ g)' = | T(t)p(g) T(t)* Pat) dt, 


—00 


o 


— A(x' @ g)'P = | T(t)n(g) T()*'Fa(t)dt, 


ог, equivalently, 

А(х)= Т(х°)ф(х) T(x°)*, 

дА(х)/дх° = T(x9yn(x) T(x9)*. 

If A(x) is a classical field, then ф(х) and л(х) 
are the value of A(x) and its time derivative at 


хо — 0, and they serve as initial data for the 
Klein-Gordon equation 


(D), +2) A(x) «0. 


Consider next the antisymmetric Fock space 
Z (К, @ Kp). For f, e (R4, C?) (C?-valued 
rapidly decreasing C?-functions), write f = 


(ft) fem s fe /- m fs Sa) define f, 
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as before, and let 
V(f) 2m"? (a(( f. - (p/m)f.) Ф 0) 
*a*(06 (o; f. —(P/m)o, f-))) 


where o; =(0 7) = — ic. Then w,(x) as an 
operator-valued distribution satisfies the 
*Wightman axiom and is called the free Dirac 
field of mass m. In the present formulation, 
(V4. 5] is a contravariant spinor of rank (1,0) 
and (V4, Y4} is a covariant spinor of rank 

(0, 1). This field satisfies the Dirac equation 


(s ?"(0/0x") in) V (x) =0, 

as well as the relations 

Су. (x) V ()] P =0, 

[Us (x), Vs Cy)* ] F 

= | b 7^ (0/0x") — т) Аа – у), 


н 


(V. GOV (у), О) 
= (z »"(0/0x^) — m) d As (x— у). 
H aß 


Here Ye D. , A,, and AZ are as described 
above, and the y's are Dirac matrices in the 
following form (somewhat different from but 
equivalent to the usual form; — 351 Quantum 
Mechanics): 


EIS EL ys Ec. 
1 0 с; 0 


and the o’s аге *Pauli spin matrices. 


D. Coherent Vectors and Exponential Hilbert 
Space 


In the symmetric Fock space Z, (K), a vector 
of the form 


ехр/=О@ H (n!) 12 £Ənc Z (К) 


for fe K is called a coherent vector. The set of 
exp f is linearly independent (in the algebraic 
sense) and total. The inner product ts given by 


(exp fi, exp f;) =exp( fi> fr). 


Conversely, we can define .Z (К) abstractly by 
introducing this inner product into the formal 
linear combinations of expf, fe К, and by 
completion. In this sense, Z, (K) is also de- 
noted as exp K and is called an exponential 
Hilbert space [5]. Then 


ехру® К;= @ exp K;,, 
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where exp 2 f is identified with @ exp f;. 

If the number of indices is infinite, the right- 
hand side is the incomplete infinite tensor 
product containing the product of the vacuum 
vector Q. 

If K= [3 K; du(4) and the measure y is 
nonatomic, then for any measurable set S in 
E, there corresponds a decomposition exp K — 
(exp K(S)) & (exp K(S*)), where K(S)— 

[s K ,du(À) and S° is the complement of S in 

E, and an associated von Neumann algebra 
R(S)= B(K(S)) & 1, where B(K(S)) is the set of 
all bounded linear operators on K(S). The 
system {R(S)} forms a complete Boolean lat- 
tice of type I factors on exp K. Coherent vec- 
tors are characterized by the property of being 
a product vector for ( R(S)) in the sense that 
for any S, Ae R(S) and A'e R(S?), the vector 

VP —exp f satisfies 


(AAP, V)|P ||? = (AP, P) (A"P, V). 


In this sense, we can interpret exp K as a con- 
tinuous tensor product of exp K , and also, if 
V = [P du(4), exp as a continuous tensor 
product of exp VP, [5]. 
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Semigroups of Operators 
and Evolution Equations 


A. Introduction 


The analytical theory of semigroups was 
inaugurated around 1948 in order to define 
exponential functions in infinite-dimensional 
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function spaces. Then it was generalized to the 
theory of evolution equations as ordinary 
differential equations in infinite-dimensional 
linear spaces. 


B. The Hille-Yosida Theorem 


Let X be a !locally convex topological linear - 
space, and denote by L(X) the totality of con- 
tinuous linear operators defined on X with 
values in X. A family (T;|t 20] of operators 
Tie L(X) is called a (one-parameter) semigroup 
of class (C?) or a strongly continuous semigroup 
if it satisfies the following two conditions: (i) 

Ti T; = Т, (the semigroup property), T; = I (the 
identity operator); and (ii) lim, „ T.x= T; x 
(Vxe X, Vto 2:0). When X is a Banach space, 
(ii) is implied by w-lim, о T;x = x (Vx e X), as 
proved by N. Dunford in 1938. In this case 
there exist constants M > 0 and £20 such that 
Gii’) || T;|| < Me: (Vt z:0). Hence, considering 

e ?' T in place of T, we can assume the equi- 
continuity: (iii) For any continuous seminorm 
p on X, there exists a continuous seminorm 

q on X such that р(Т,х) < q(x) (Vxe X, Vt 20). 
Such semigroups are called equicontinuous 
semigroups of class (C?) (abbreviated e.c.s.g. 
(C9). 


Example 1. X = L,(0, оо) with oo» pz 1. 
(T;x)(s) = x(t +s). 


Example 2. X = L,(—co, оо) with oo» pz 1. 


(5— и)? 
2t 


(Tao = |” exp( ) snd t>0, 


—x(s, t=0. 


Example 3. X = BC(—co, оо). 


© к 
(T,x)(s) -e Ў OT soa, 120. 


Here 4 and џ are positive constants. (For these 
examples, we have || T;|| < 1; hence (iii) is satis- 
fied.) For L, and BC — 168 Function Spaces. 

We assume in the remainder of the article 
that X is sequentially complete, that is, if a 
sequence {x,} of X satisfies lim, m~o р(х, — Xm) 
=0 for every continuous seminorm p on X, 
then there exists a unique xe X such that 
lim, ,, p(x — x,) = 0. 

The infinitesimal generator A of an e.c.s.g. 
(C°) {T,|t>0} is defined by 


Ax —lim t^! (T; х. (1) 
t|o 


(This is also called the generator of 7,.) Then 
we have the following results. 
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(1) Differentiability theorem. For every 
complex number 4 with Re 4> 0, the resolvent 
(AI — A) e L(X) exists and 


irat e "Txdt 
0 


(Vxe X), (2) 


where the integration is Riemannian. Hence 
the domain D(A) of A is dense in X and coin- 
cides with the range R((AI — A) !), and A isa 
closed linear operator such that the family 


(Q(I—A)1Y|]470,n20,1,2,...] (3) 


is equicontinuous. 

(II) Representation theorem. Let J, = 
(I—n7!A) ! and consider the approximations 
to Т: 


Tx=e™ Y (m!) !(ntJ,)"x, 
m=0 


fx =(J,-u)'x. 
Then 


T.x=lim T° x= lim Tx (5) 
uniformly on every compact set of t. 

(III) Converse theorem. Let a linear opera- 
tor A with both dense domain D(A) and range 
R(A) in X satisfy the condition (nl А) ! e 
L(X) for n=1,2,.... Then a necessary and 
sufficient condition for A to be the infinitesi- 
mal generator of an e.c.s.g. (C9) is that the 
family of operators 


(—n^ Ay "Inz L2, ...;mz0,1,...] (3) 


be equicontinuous. Since such a semigroup 
{T,|t>0} is uniquely determined by A, we can 
write T; 2 exp(tA). 

These three theorems together are called the 
Hille-Yosida theorem or the Hille-Yosida- 
Feller-Phillips-Miyadera theorem. 


Examples of Infinitesimal Generators. А = 
d/ds for example 1 above, A—2 ! d?/ds? for 
example 2, and (Ax)(s) = Z(x(s — и) — x(s)) for 
example 3. 


C. Groups 


An operator A in a Hilbert space X gener- 
ates a group (T;| —oo «t < оо} of tunitary 
operators of class (C?) satisfying T, T, = T;,, 
for —oo «t, s« oo if and only if A is equal 
to iH for some tself-adjoint operator H (M. 
H. Stone's theorem, 1932). In a locally con- 
vex space, a necessary and sufficient condi- 
tion for a given e.c.s.g. (C?) (T.|t 2 0) to be 
extended to an equicontinuous group of class 
(C9) {T,| —oo <t < oo] is that the family (3) 
be equicontinuous also for n= +1, 4-2, .... 
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D. Holomorphic Semigroups 


For an e.c.s.g. (C?) (1,|t 2:0], the following 
three conditions are equivalent (K. Yosida, 
1963; the equivalence between (ii) and (ш) for 
Banach spaces was proved earlier by E. Hille, 
1948): (1) When t> 0, 


T'x-limh (Тв T)x 


exists for all xe X and ((Ct1/)"|nz 1,2, ... 
and 0<t< 1j is equicontinuous for a certain 
constant C > 0. (ti) When t > 0, T; admits a 
convergent expansion T; given locally by T;x 
-YXSA-—iy T? x/n!. The extension exists 
for |argA| < arctan(Ce 1), and the family of 
operators {e~*T,} is equicontinuous in 4 for 
[arg 4| &«arctan(2 *Ce !) with some positive 
constant k. (iti) For the infinitesimal generator 
A of Т, there exists a positive constant C, such 
that ((C, A(4I — A) !)"] is equicontinuous in 
n=1,2,... and in 4 with Re(4)21 +e, £» 0. 
An e.c.s.g. (C?) {Т} satisfying the above condi- 
tions is called a holomorphic semigroup. 

For example, introduce 


atic 
fi.) = Олд" | r 
A20, t>0, о>0, 0<a<l, 
=0, 4<0, 6) 


where the branch of z* is taken so that Rez*> 
0 for Rez>0. Following S. Bochner (1949), 
we define 


(sqa | fas Txds 1>0, 
0 
=x, t=0, (7) 


from a given e.c.s.g. (C?) (7;|t 2: 0]. Then 
(f, ,|t2 0) is a holomorphic semigroup (Yo- 
sida, T. Kato, and A. V. Balakrishnan, 1960). 
Its infinitesimal generator À, can be consid- 
ered as the fractional power ( — A of — A, 
multiplied by —1. 

Fractional powers (— AF, z€ С, of operators 
have also been defined for operators A satisfy- 
ing the weaker condition than (3) that (4(4— 
A) ! |47 0] is equicontinuous (Balakrish- 
nan, H. Komatsu). If A is such an operator, 

— \/ —A generates a holomorphic semigroup 
and the unique uniformly bounded solution of 
the “elliptic” equation 


X=—Ax, t>0, lim x, = Хо (8) 
t— 


is the solution of 


X,-—4A/—Ax, t0, limx,— xe, 
10 


and therefore x,=exp(—t./ —A)x, (Balakrish- 
nan). Equation (8) has also been discussed by 
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M. Sova and H. O. Fattorini from a different 
point of view. 


E. Convergence of Semigroups 


Let a sequence {exp(tA,)|n=1,2,...} of e.c.s.g. 
(C°) be equicontinuous as a family of operators 
eL(X). Then a necessary and sufficient con- 
dition for there to exist an e.c.s.g. (С°) exp(tA) 
such that lim, , e (exp(tA,))x = (exp(tA))x uni- 
formly on every compact interval of t is that 
lim, 4, (491 — A,) ‘х= J, x exist (for some 4, 
with Red, >0 and for all xe X) and be such 
that R(J, ) is dense in X (H. F. Trotter, Kato). 


F. Miscellaneous Semigroups 


(i) Distribution semigroups. The semigroup 

of translations (T; x)(s) 2 x(t +s) in X = 

L ,( —00, oo) is not continuous and hence not 
measurable in t. However, Т,х is an X-valued 
distribution. For semigroups (7;) such that T,x 
is an X-valued distribution for xe X, an ana- 
log of the Hille-Yosida theorem is known 
(J.-L. Lions, 1960). It has been generalized to 
ultradistribution semigroups by J. Chazarain 
and to hyperfunction semigroups by S. Ouchi. 

(i) Dual semigroups. The above semigroup 
{T, of translations in L,,(—oo, oo) is obtained 
as T, = S* from the e.c.s.g. (C?) {S,} defined by 
(S.x)(s) = x(s — t) in L,(—oo, oo). Let B=d/ds be 
the infinitesimal generator of {S,}. The restric- 
tion of {5%} to the space of uniformly con- 
tinuous functions, which is the closure of the 
domain D(B*) of the dual B* in L,,(—00, oo), 
is an e.c.s.g. (C9). This fact holds for the semi- 
group {S*} of an e.c.s.g. (C?) {5,) in a Banach 
space X in general (R. Phillips, 1955) and also 
in a locally convex space. 

(iii) Locally equicontinuous semigroups. The 
infinitesimal generator A of the semigroup of 
translations (T,x)(s)=x(t+s) in X = C(—oo, оо) 
is d/ds. A has no resolvent since all complex 
numbers are eigenvalues of A. ( T) is not 
equicontinuous but locally equicontinuous, 
ie. {T,|O<t<t,} is equicontinuous for any 
t, >0. For locally equicontinuous (C?) semi- 
groups an analog of the Hille-Yosida theorem 
is obtained by using the notion of generalized 
resolvents (T. Kómura, 1968; Ouchi, 1973). 

(iv) Differentiable semigroups. The notion of 
the holomorphy of semigroups in Section D is 
weakened to the differentiability. A character- 
ization of a semigroup í T;) such that T;x is 
infinitely differentiable in t> 0 is given by 
using the resolvent of the infinitesimal gen- 
erator (A. Pazy, 1968). 

(v) Nonlinear semigroups. For a (C?) semi- 
group {Т;} of contractions (і.е., || Tx — yl < 
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|x — у|| for x, ye X) in a Hilbert space X, an 
analog of the Hille-Yosida theorem is known 
(Y. Kómura, 1969). This result has been par- 
tially extended to Banach spaces (— 286 Non- 
linear Functional Analysis X). 


G. The Evolution Equation 


Let T,=exp(tA) be an e.c.s.g. (C°). Then for 
xe D(A), 


T'x- АТх(= T, Ax). (9) 


Considered in suitable function spaces, the 
tequation of heat conduction (A=A=the 
tLaplacian), the tSchrédinger equation (A= 
J= (А — V(x))), and the twave equation 
given in matrix form 


7-69-64 0) 


аге all of the form (9). For a linear operator А, 
in X depending on t, the ordinary differential 
equation in X 


х= Ах, + f(t), 120, (10) 


Is called the evolution equation. А family оѓ 
operators (V(r,s)|r>s>01) in X which gives 
general solutions to the homogeneous evolu- 
tion equation 


х= AX, (11) 


(i.e., for any s>0, ae D(A), x,= V(t,s)a is а 
solution to (11) for x,= a) is called the evolu- 
tion operator associated with the generators 
(Aj). An evolution operator {V (r, s)) satisfies 
(1) V(r, r) = L, (ü) V(r, s)V (s, t) = V(r, t). The 
solution to (10) is formally expressed by 


x= V(t, oxo f V(t, s)f(s)ds. (12) 
0 


H. Integration of the Evolution Equation 


For equation (11) we have the following result 
(Kato, 1953; Yosida, 1966). Assume the follow- 
ing four conditions: (i) D(A,) is independent of 
t and dense in the Banach space X, and for all 
420, (I—2A)) ! eL(X) with the estimate |(1— 
2A)" | <1; (ii) B,, (I — A) — A) is uni- 
formly bounded in the norm for Ox s, t<J; 
(iii) Уто IB; tg — B, ll < N, where N is inde- 
pendent of the partition (02 to <t, <... «t, — 
ly (iv) В, o is weakly differentiable with respect 
to t such that the differentiated operator 

OB, Ú /0t is strongly continuous in t. Under 
these assumptions, we can prove that for x; € 
D(Ao), the limit V(t, 0) хо = s-lim, ,,, V(t, 0) xo, 
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with 


| [kN ктүү? 
e (- (41) 
т Ика - NV! 

(rE) 

1 Ике] түүт" 
M Ey 
«(1 к (E) 

k k 


(0x sxtxl), exists and gives the unique solu- 
tion of (11). If f(t) is continuously differenti- 
able, the right-hand side of (12) exists and 
gives a unique solution to the inhomogeneous 
equation (10). 


L The Evolution Equation of Parabolic Type 


Equation (10), for which every A, is the in- 
finitesimal generator of a holomorphic semi- 
group, is said to be of parabolic type by ana- 
logy to parabolic partial differential equations. 
Under weaker conditions, especially without 
the condition that D(A,) is independent of t, 
the existence of solutions of an equation of this 
type is obtained. Moreover, differentiability or 
analyticity of solutions follow from some 
natural assumptions. 

(i) Existence of weak solutions. Let X be a 
Hilbert space. For te[0,1], let V, be a subspace 
and at the same time a Hilbert space with 
respect to a norm |||: |||, stronger than ||: |l. 
Since the form (A,x, y) is 'sesquilinear (linear 
in x and antilinear in y), we get a sesquilinear 


functional a(t,-,-) on V, x V, such that 
a(t, x, y)— —(Aix, у), x, ye D(A,), 


if D(A,) is dense in V, with respect to ||| ||, and 
if 


104,х, YS СПХ, 


V, a(t,-,-) should be measurable in а certain 
sense. A solution x, of the equation (10) in 
[0, Д satisfies 


1 i 
| a(t,x,, p) dt -| (x,,u,) dt 


о 


x, ye D(A,). 


1 
-| (ДОО), 0) dt + (xo, vo) (13) 
0 

for any differentiable X-valued function v, such 
that v,e V, v, —0, [510,12 dt < oo, and f$ lloj]? dt 
< оо. А solution x, of (13) is called a weak 
solution of equation (10), though it does not 


necessarily satisfy (10). If the relation 
alt, х, x) 2lxl^zodlxill, xev, 


holds for some å, «7 0, a weak solution of (10) 
in the sense of (13) exists for a given xy € X 
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(Lions, 1961). In order to obtain the unique- 
ness or the differentiability of weak solutions, 
we need some additional conditions. 

(ii) Some properties of strong solutions. Let 
X be a Banach space. Let every semigroup 
(T^! generated by A, be holomorphic in a 
complex sector |arg 4| € 0, 0> 0, independent 
of t. Suppose one of the following conditions 
holds: (1) For some 2, 0 «a « 1, D(A?) is in- 
dependent of t and for 1 —« « B « 1, 


(42 — A9 Ag*|| & C']t—s|?, | t,se[0,1] 


(P. E. Sobolevskii, 1958—1961; Kato, 1961); 
(2) А, ! is differentiable in t, 


dA, !/dt — dA; !/ds| < C'|t 5)? 


for some C'-0,0« f <1, and 


^ 


[^ n 
—(A,— 4)! 


ct 


< _ 
Bi T 


for every 4:|arg4| 2 x/2— 0 for some N, 0« 
a< 1 (Kato and H. Tanabe, 1962). Then a 
differentiable evolution operator { V(t,s)) as- 
sociated with (11) exists. 

The most interesting property of evolution 
equations of parabolic type is the analyticity 
of solutions. If A, is holomorphic in ¢ in a cer- 
tain sense, then the solutions are holomorphic 
(Tanabe, 1967; first noted by Komatsu, 1961). 
Furthermore, a characterization of evolution 
operators (V(t, s)} holomorphic in some com- 
plex neighborhood of [0,7] (called holomorphic 
evolution operators) is obtained by using the 
resolvent of A, (Kato and Tanabe, 1967; K. 
Masuda, 1972; — [8]). 


J. Application to Semilinear Evolution 
Equations 


The evolution equation with a nonlinear addi- 
tive term f(t, xj): x, — A,x, + f(t, x,) can be writ- 
ten as an inhomogeneous integral equation x, 
= V(t,0)xo + fó Vit, 5) f(s, x.) ds in the Banach 
space X, by means of the evolution operator 
{V(t,s)} introduced in Section G. The exis- 
tence, differentiability (Kato, H. Fujita, and 
Sobolevskii, 1963—1966), and analyticity 
(Masuda, 1967) of solutions of the Navier- 
Stokes equation has been obtained by reduc- 
ing it to an integral equation of this type. 

Concerning quasilinear equations in which 
A, depends on x,, the existence, differentia- 
bility, and analyticity of their solutions have 
been discussed. 
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A. Convergence and Divergence of Infinite 
Series 


Let {a,} (n2 1,2,3,...) bea sequence of real or 
complex numbers. Then the formal infinite 
sum а, Ра, +... is called an infinite series (or 
series) and is denoted by £; a, or Уа,. The 
number a, is the nth term of the series > a,, 
and s,— a, - a5 +... a, is the nth partial sum 
of > a,. Also, for a finite sequence a,,4;, ..., âp, 
the sum а, +a, +... + a, is called a series. To 
distinguish these two series, the latter is called 
a finite series. In this article, series means an 
infinite series. If the sequence of partial sums 
{s,} tconverges to s, we say that the series > a, 
converges or is convergent to the sum s and 
write У ,a,—s or Xa, = 5. If the sequence 
{s,} is not convergent, we say that the series 
diverges or is divergent. In particular, if (5,) is 
divergent to +оо (—оо) or toscillating, we say 
that the series is properly divergent to +00 

(— со) or oscillating, respectively. 

The notation È a, is customarily used for 
both the sum s of the convergent series and the 
formal series, which may or may not be con- 
vergent. When the series is convergent, the 
sum is sometimes called the Cauchy sum in 
contrast to the “summations” of series, which 
are not necessarily convergent (— Sections K 
ff). 
Applying the tCauchy criterion for the 
convergence of a sequence, we see that a neces- 
sary and sufficient condition for > a, to be 
convergent is that for any given > 0, we can 
take N sufficiently large so that 


[Sm — Sal = |ant + est +а„|<& 


for all m, n such that т> n> N. Hence if >a, 
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converges, the a,—0 as поо, but the converse 
is not always true. 

Elementary properties of the convergence of 
series are: (1) If Ха, and > b, converge to а, b, 
respectively, then У (a, + b,) converges to a +b. 
(2) If Уа, converges to a, then > са, converges 
to ca for any constant c. (3) Suppose that {bm} 
is a subsequence of {a,} obtained by deleting a 
finite number of terms a, from {a,}. Then È bm 
is convergent if and only if > а, is convergent. 
(4) When a series È a, converges to a and {bm} 
is a sequence such that b, =a; +a,+...+a,, 
b,—8, 41 tO, o +4,,,b3=4, уү+...+ 
a,,,---, then УЬ, also converges to a. The 
converse, however, is not always true. For 
example, 1 — 1 -- 1 — 1+... is oscillating, but 
(1—1)+(1—1)+...=0. 


B. Series of Positive Terms 


Suppose that > a, is a series of positive (or 
nonnegative) terms. Since its partial sums s, 
form a tmonotonically increasing sequence, 
the series is convergent if and only if {s,} is 
bounded. For example, the series $55 I n ? 
(p> 0) converges if p> 1 because s, « 2? !/ 
(22-1 — 1), whereas it diverges if p< 1 because 
$3542» 1 + (m + 1)/2. The geometric series 

$ 10" ! (a>0) converges for a «1 because 
s, — (1 — a")/(1 — a), and diverges for az 1 be- 
cause s, 2 n. 

Some criteria for the convergence of a series 
Уа, of nonnegative terms are: (1) If {a,} is 
monotone decreasing, then the series У a, and 
У 2’a,. have the same convergence behavior 
(Cauchy's condensation test). (2) Suppose that 
f(x) is a positive monotone decreasing func- 
tion defined for x 2 1 such that f(n) — a, (n= 
1,2,...). Then the series Уа, and the inte- 
gral | ° f(x) dx have the same convergence 
behavior (Cauchy's integral test), for example, 
Уп? (p70) and f? x ах. (3) If for any posi- 
tive constant k we have a, « kb, except for a 
finite number of n, then the convergence of 
È b, implies the convergence of > a,. If kb, < 
a, and > b, diverges, then È а, also diverges 
(comparison test). (4) Let a,> 0 and b, > 0. If 
8, 1/0, € b,,,/b, except for a finite number of 
values of n and > b, converges, then > a, also 
converges; if a,.,/a,25,+,/b, and > b, di- 
verges, then > a, also diverges (— Appendix A, 
Table 10). 


C. Absolute Convergence and Conditional 
Convergence 


A series > a, (with real or complex terms а„) is 
called absolutely convergent if the series У |а, | 
is convergent. If a convergent series is not 
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absolutely convergent, then it is called con- 
ditionally convergent. An absolutely convergent 
series is convergent. A real series 2; a, whose 
terms have alternating signs is called an alter- 
nating series. An alternating series > a, is 
convergent if the absolute values of terms |а„| 
form a monotone decreasing sequence which 
converges to zero (Leibniz's test). An abso- 
lutely convergent series remains absolutely 
convergent under every rearrangement of 
terms and retains its sum under the rearrange- 
ment (Dirichlet's theorem). If a series with real 
terms is conditionally convergent, then it is 
possible to rearrange its terms so that the 
rearranged series converges to any given num- 
ber, diverges to +оо (or —оо), or is oscillating 
(Riemann’s theorem). A convergent series 
whose convergence behavior is unaffected by 
rearrangement and whose sum remains un- 
changed is called unconditionally convergent 
(or commutatively convergent). A real or com- 
plex series is unconditionally convergent if and 
only if it is absolutely convergent. The notion 
of infinite series can be extended to any com- 
plete tnormed linear space, and absolute con- 
vergence can be defined by replacing the ab- 
solute values of the terms by the norm of the 
terms. However, in general, unconditional 
convergence is not always equivalent to ab- 
solute convergence. 


D. Abel’s Partial Summation 


Let (a9,4,,5, ...] and (bo, b,, b,,...] be 
arbitrary sequences, and put A,— ag a, + 
... +a, for n>0. Then the following formula 
of Abel's partial summation holds: 


ntk ntk 


У; а,Ь, = > A,(b,—b,.i)— А,Б, 


v=n+1 у=п+1 
EE An+k n+k-1 


for any п>0 and any k 2 1; this formula also 
holds for n= —1 if we put A_, =0. 

Abel's partial summation enables us to 
deduce a number of tests of convergence for 
series of the form X a,b,. In particular, the 
following criteria are easy to apply: 
(1) Da, Б, is convergent if >a, is convergent 
and if the sequence (5,] is monotone and 
bounded (Abel's test). 
(2) Xa,b, is convergent if the sequence {s„} of 
partial sums of Xa, is bounded and if {b,} is 
monotone and converges to zero (Dirichlet's 
test). 
(3) Xa,b, is convergent if X (b, — b+) is ab- 
solutely convergent and if > a, is (at least 
conditionally) convergent (test of du Bois- 
Reymond and Dedekind). 

For example, criterion (2) implies that if (5,] 
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is monotone and converges to zero, then the 
power series È b,z" of a complex variable z is 
convergent on the unit circle |z| 2 1 except at 
most for z= ; the case z= —1 gives Leibniz's 
test for alternating series (— Section C). 


E. Double Series 


A sequence with two indices, i.e., a mapping 
from the Cartesian product N x N of two 
copies of the set of natural numbers N to a 
subset of the real or complex numbers, is 
called a double sequence and is denoted by 
{Amn} OF {аһ}. If there exists a number / such 
that for any positive c there is a natural num- 
ber N (e) satisfying |а, — 1| « £ for all т> №) 
and n> N(e), then we say that the sequence 
{аы} has a limit | and write lim, ,4 , o Gan = | 
This limit should not be confused with re- 
peated limits such as lim, iM). a,,,). If 
lim, +00 Gun = % uniformly in n and lim, ,, Xn 

= 1, then lim, п.о am =l. For a given 
double sequence {amn}, the formal series 

У n=1 4m 15 called a double series and is some- 
times denoted by X amn. In contrast with 
double series, the ordinary series discussed 
previously is called a simple series. 

Given a double series У amn, when the double 
sequence of partial sums Smn = Ў, 2-1 Ga 
is convergent to s, then © amn is said to be 
convergent to the sum s. On the other hand, 
if Sn is not convergent, > dmn is said to be 
divergent. If 3:2 , dmn converges to b, for 
each m, then X5, b, = У, (Er amn) 18 called 
the repeated (or iterated) series by rows. If 
3-10, converges to c, for each n, then 

$a Cn = nei (205-1 Amn) is called the re- 
peated (or iterated) series by columns. Even if 
two repeated series by rows and columns are 
convergent, the two sums are not always iden- 
tical, and È dmn is not always convergent. 
However, if the double series У amn is conver- 
gent and X, a,,, is convergent for each m, then 
the repeated series by rows 18 convergent to 
the same sum. А similar statement is valid for 
the repeated series by columns. 

Suppose that we are given a double series 
È amn Of nonnegative terms. If any one of 
У n.n amns 22m Zon dg; and 22, Zm Amn Is COnver- 
gent, the other two converge to the same sum. 
If the diagonal partial sum s,,,, = У 2-1 ay 
converges to a, then the double series X amn 
also converges to a. : 

If X |аы| converges, the double series > amn 
is called absolutely convergent, whereas if > amn 
converges but not absolutely, then > amn is 
called conditionally convergent. If 2 amn iS 
absolutely convergent, then any series ob- 
tained from У а,„„ by arranging the terms in an 
arbitrary order is convergent to the same sum. 
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F. Multiplication of Series 


The series EZ; c,, where cç, =a,b,+ a,b,_, 
+...+a,b,, is called the Cauchy product of 
two series E a, and X, b,. (1) Let X a, and 
Lb, be two convergent series and A, B be the 
sums of these series. If their Cauchy product 

У с, is also convergent, then it has the sum C= 
AB (Abel’s theorem). (2) If at least one of the 
two convergent series X a, and > b, with the 
sums A, B, respectively, is absolutely conver- 
gent, then their Cauchy product > c, is also 
convergent and has the sum C — AB (Mertens's 
theorem). (3) If Xa, and X b, are absolutely 
convergent, then their Cauchy product X с, is 
absolutely convergent (Cauchy's theorem). (4) 
Let Xa, and >b, be two convergent series 
with the sums A, B, respectively. If {na,} and 
{nb,} are bounded from below, then X> c, is 
convergent and has the sum C — AB (Hardy's 
theorem). 


G. Infinite Product 


Let {a,} be a given sequence with terms а, Z 
0 (n21,2, ...). The formal infinite product 

а, ааз... is denoted by [IE a, We call 
р, =а,`4,·...`а, its nth partial product. If the 
sequence {p,} is convergent to a nonzero limit 
р, then this infinite product is said to converge 
to p, and p is called the value of the infinite 
product. We write Па, =p. If {p,} is not con- 
vergent or is convergent to 0, then the infinite 
product is called divergent. Sometimes we 
consider the infinite product Па, with a,=0 
for a finite number of n’s; and then by conver- 
gence or divergence of [IT a, we mean that of 
the infinite product П а,, where the sequence 
{а„} is obtained by deleting zero terms from 
{а„}. Usually we do not treat an infinite prod- 
uct with a, — 0 for an infinite number of n’s. 

À necessary and sufficient condition for 
П, a, to be convergent is that for any posi- 
tive e there is a number N such that |p,,/p, — 
1| «e for all n, т> N. If Па, converges, then 
а, 1, but the converse is not always true. 

It is often convenient to write an infinite 
product as П(1 +а,). Then П(1 +а,) and 
Xlog(1+a,) have the same convergence be- 
havior, where the imaginary part i0 of the 
logarithm is assumed to satisfy 0 < |0| <r. If 
a, 20, convergence of П(1 + a,) implies con- 
vergence of > a,, and vice versa. 

If П(1 +|а„|) converges, then П(1+а,) is 
said to be absolutely convergent. An absolutely 
convergent infinite product is also convergent, 
and the value of the infinite product is un- 
changed by the alteration of the order of 
terms. 
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H. Termwise Differentiation of Infinite Series 
with Function Terms 


Uniform convergence of an infinite series 

У f(x) is defined by uniform convergence of 
the sequence of the partial sums Èz- f,(x) 

(— 435 Uniform Convergence). If the infinite 
series > f, (x) defined on an interval I of the 
real line is convergent at least at one point of I 
and X f, (x) is convergent uniformly in J when 
the derivatives f, (x) exist, then > f,(x) is con- 
vergent to f(x) uniformly in I, and X f,(x) is 
termwise differentiable, that is, f'(x) => f, (x). 
If the @,(z) are holomorphic in a complex 
domain D and У ф,(2) converges to ф(х) uni- 
formly on every compact subset of D, then 

È o, (z) also converges to ф'(2) uniformly on 
every compact subset of D (Weierstrass's 
theorem of double series). (For termwise inte- 
gration — 216 Integral Calculus.) 


I. Numerical Evaluation of Series 


In some special cases, we can express the nth 
partial sum s, of a series У а, as a well-known 
function of n. Specifically, if У, а, is an arith- 
metic progression Уу, (a -- (k — 1)d) or a geo- 
metric progression У? _, aq* 1, we have 


. a(g^ — 1) 
—1 3 


5,=52a+(n— Dd, s, 


respectively. If |q| < 1, then У ад" converges 
to a/(1 — 4). If B,,, (x) is the (r + 1)st tBer- 
noulli polynomial, then s, — 1" - 2" - ...-- n" = 
LB, 0) ]] /(r + 1). This sum was studied by 
J. Bernoulli, who gave formulas up to r — 10 in 
his Ars conjectandi. 

In the series > u,, if we can find another 
sequence (v,) such that и, — v, — v, ,, then s, 
=u, +и +... u,—v,— 00. For example, if u, 
— n(n  1)(n + 2), then v, — n(n + 1) (n - 2)(n + 
3)/4 and s, =v, because vo 20 (— 104 Dif- 
ference Equations). Series with trigonometric 
function terms are calculated analogously. 

There are cases where the sum X a, itself can 
be expressed in a satisfactory form although 
we cannot find an appropriately simple ex- 
pression for each partial sum s,. For example, 
C(r) = У, 1/m' can be represented by tBer- 
noulli numbers if r is even. In particular, ¿(2) = 
12/6, ((4) =z*/90 (— Appendix A, Table 10). 

If an infinite series converges rapidly, we can 
get a good approximation by taking a suitable 
partial sum. On the other hand, if the series 
converges less rapidly, an effective means for 
evaluating series is afforded by transformation 
of series. If the kth tdifference is exactly zero, 
then 
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Since the absolute value of finite differences 
often decreases rapidly, it is sometimes con- 
venient to consider the series whose terms are 
the differences of the original series. One finite 
difference method is Euler's transformation of 
infinite series. In particular, the formula 

20 "EV 
Y Ia = Y o 
k=0 n=0 
is useful for numerical calculation of sums of 
slowly converging alternating series. In numer- 
ical calculation of the series, we usually start 
calculating the numerical values of the first few 
terms; we then apply such transformations as 
Euler's to the remainder, and calculate the 
partial sums of the transformed series. 

When we calculate the sum of an infinite 
series approximately, we must estimate the 
error, i.e., the remainder that must be added to 
yield the sum of the series itself. We can esti- 
mate the maximum error by derivatives or 
differences of higher orders. We also have the 
transformations of Markov and Kummer. In 
the former, every term of the series is repre- 
sented by convergent series, and in the latter, 
the given series is reduced by subtracting an- 
other convergent series, which has a known 
sum and similar terms [1]. 


J. Infinite Series and Integrals 


In numerical calculation of functions, we 
sometimes use the Euler-Maclaurin formula 


[5]: 


1 xto 
fecto) | f(z)dz 
o x 


+ 


r 


(oar) +, 


т 
=1 


1 5 
К„= of BulS —2) (emt + oz) dz, 


o ml 
where 
= _§ByE—z+1),  E«z 
2 A ¿>z. 


The speed of the convergence for this formula 
is greater than that for Taylor's expansion 
when £o is large, since the terms of the for- 
mula are *Bernoulli polynomials B,(Z) in 
0<2< 1. We also have Boole's formula, with 
tEuler polynomials as its terms [4]. The for- 
mulas discussed in this section are also used to 
calculated approximately the partial sums of 
infinite series. 

Another method of evaluating sums of 
infinite series analytically entails transforming 
infinite series to definite integrals using the 
residue theorem. If an analytic function f(z) is 
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holomorphic except at poles a, (n= 1,2, ..., k) 
in a domain bounded by the closed curve C 
and containing the points z 2m (m = 1,2, ..., 
N), then 


N 


Тт) = sl n(cot nz)f(z)dz 
1 2ni c 


— j Res[x(cot nz)/(z) ]..,,. 
n=1 


When the left-hand side of this equation is 
replaced by 


N 
> (-1)"F(m), 


m=1 


we replace cotzz by cosec nz. Res[ F(z) ],<, is 
the tresidue of F(z) at z=a. The line integral 
along C is often calculated easily by choosing 
a suitable deformation of C. Sometimes it 

can be shown immediately that the integral 
along C is zero, or its asymptotic value can be 
evaluated by the tmethod of steepest descent. 


K. History of the Study of Divergent Series 


Mathematicians in the 18th century did not 
concern themselves with the question of 
whether tseries were tconvergent or !divergent. 
This indiscriminateness led to various con- 
tradictions. In 1821 an exact definition of the 
notion of convergence of series (Section A) was 
given by A. L. Cauchy; since then, mathema- 
ticians have mostly concerned themselves with 
convergent series. However, since divergent 
series appeared in many problems in analysis, 
the study of such series could not be neglected, 
and it became desirable to give a suitable 
definition of their sum. Although some results 
were given by L. Euler, N. Abel, and others, it 
was during the latter part of the 19th century 
that methods of summation of divergent series 
were studied systematically. This study consti- 
tuted a new branch of mathematics. 

In the following sections, some important 
methods of summation of divergent series 
are mentioned. Cesaro’s method (-— Section 
M) was the forerunner of the theory whose 
general foundation is now the theory of linear 
transformations. 


L. Linear Transformations 


For a sequence {5„} (n=0, 1,2, ...) of real or 
complex numbers, assume that o, = 259,5; 
converges for n —0, 1,2, ..., where (aj) is a 
given matrix (i, К —0, 1,2,...). The mapping 

T: {s,}— {o,} is called a linear transformation, 
and {в„} is called the transform of {s,} under 
T. If the matrix satisfies aj, =0 (k >i), then T is 
defined for any sequence {,} and T is said to 
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be triangular. If the transform {o,} under T is 
defined and convergent whenever (s,) con- 
verges, then T is called a semiregular transfor- 
mation. If in addition {o,} has the same limit 
as {s,}, then T is called a regular transforma- 
tion. If for any bounded sequence {s,} the 
transform {o,} is defined and convergent, then 
T is called a normal transformation. If T is tri- 
angular and the transform {o,} of {s,} under 
T is divergent to oo whenever s,— oo, then Т 
is called a totally regular transformation. 

Let T be a regular transformation. If for at 
least one divergent sequence {s,} the transform 
(o,) of {s,} under T converges, then T is called 
a method of summation. The limit s of fo, is 
called the sum of {s,} under the method T of 
summation, and {s,} is said to be T-summable 
to s. For a given method of summation Т,, let 
D(T,) be the set of sequences that are T,- 
summable. If D(T,)= D(T,), then the methods 
Т, and T, are called equivalent. If D(T,) = D(T,), 
then we say that Т, is weaker than Т, and 
Т, is stronger than Т,. If D(T,)¢ D(T,) and 
D(T,) > D(T,), then T, and Т, are called mutu- 
ally noncomparable. The following theorems 
on linear transformations of sequences are 
important: 

(1) Kojima-Schur theorem. In order that T 
be semiregular it is necessary and sufficient 
that (1) lim, , „а, exist for each k; (ii) t, = 
Ecolan] exist and {t,} be bounded; and (iii) 
іт, 22.9 a, exist. In that case, we have 


oo 


У llim aui] co 
2 8 


and 


oo 
lim c, — lim У а, 
noo no к< 


= (im s) (im > an) 
noo n+ кту 
+ (im aa) (s — lim 3! 
k=0 \л 9% n>% 


In particular, in order that {a,} converge 
whenever s,—0 it is necessary and sufficient 
that conditions (i) and (ii) be satisfied. In that 
case, 


oo 
lim c, — lim Y ays, 
noo n-oo k=0 


£y (im - 
k=0 V 

(I. Schur, J. Reine Angew, Math., 151 (1921); T. 
Kojima, Tóhoku Math. J., 12 (1917)). 

(2) Toeplitz's theorem. In order that T 
be regular it is necessary and sufficient that 
(1) lim, ,,, an = 0 for each k; (it); and (№) 
lim, ,4, 2592, = 1 (O. Toeplitz, Prace Mat.- 
Fiz., 22 (1914)). In particular, (ii) and (1") 
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lim, ка, = 1 for each K imply that T is 
regular (Perron's theorem). 

(3) Schur's theorem. In order that T be 
normal it is necessary and sufficient that (i); (ii); 
(iii); and (iv) for any e£» 0 there exist a K > 0 
such that Ур к. |а, | «€ for each n. 

(4) In order that the regular triangular trans- 
formation T be totally regular, it is necessary 
and sufficient that а, > 0 except for a finite 
number of k. 


M. Cesaro’s Method of Summation 


We write 


-x= Ў Аах", 


п=0 
a 
кер lent M, 
n T(a+1) 
(1—х) *! Y'u,x"=(1—x) * Y sx" 
n=0 n=0 


oo 
= У sux" 
п=0 


п 


where s, = 27-9 u;. Thus the series > u; is as- 
sociated with the sequence (s2]. If of = s2/A2 
converges to s as n> oo, then we say that Уи, 
is summable by Cesàro's method of order « (or 
simply (C, «)-summable) to s and write У уи, 
=s (С, о). This method of summation is called 
Cesaro’s method of summation of order « (or 
simply (C, a)-summation). 

It is natural to consider (C, «)-summa- 
tion for «> —1. We say that Xu, is (C, —1)- 
summable if У и, converges and nu, = o(1). 
Here Ў уи, = s (С, 0) means lim, ,, s, = s, and 
Ère u, =s (C, 1) means s=lim,_ (so +s, + 
e +S,-)/n. Generally, we have the following 
results: 

(1) A} is increasing if «>0 and decreasing if 
07a —1. A9—1and A220 if a» —1. 

(2) ANE = Lk=0 Af psk, Ai Ап-1 == Art. 
Sa ——5п-1=5һ 1 

(3) (С, æ) (x 20) is regular, and D(C,x) > 
D(C, В ifa>B> —1. 

(4) If Du, = s (С, о), then и, = o(n*). More- 
over, if Diu’, = 5 (С, a), then X(u, +u)=s+ 
s' (C, о) and È Au, =As (C, а) for any number 4. 

(5) If Уи, = 5 (С, а) and Du) = s (С, f), 
then their fCauchy product 3v, = ss' (C, x+ 
B + 1) (Chapman’s theorem). Moreover, if 
Уо А506 (и, -_)|/An = O(L), then Dv, = 
ss’ (C, В) (T. Kojima). If a', f' > —1, s@?(u,)= 
O(n”), and s? (ui) = О(п?), then X v, = 
ss’ (C, a’ + ' +2) (G. Doetsch). 

(6) For any integer «>0, in order that Du, 
=s (C, a) it is necessary and sufficient that 
there exist {v,} such that и, — (n + 1) (v, — 0,1) 
and X v,— s (C, a — 1) (G. H. Hardy, Proc. 
London Math. Soc., (2) 8 (1910)). This condi- 
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tion is equivalent to (1)- (iii) together: (1) the 
series У st 2 /(k J- 1)... (k +a) converges to 
the limit b,; (ii) b, = o(1) as n— oo; and (iii) 
(5271/4271) - (n+) (a)b +1 >S as n oo. 

(7) If Du, = s (C, х) (х2 0), one of the follow- 
ing five conditions is sufficient for the conver- 
gence of Xu, (this is a kind of "Tauberian 
theorem): (i) nu, = o(1); (ii) t, = У, vu, = o(n); 
(ш) X n^|u,|?*! < oo (pz 0); (iv) nu,» — K (K is 
independent of n); (v) liminf(s,, — $,) 20 as т> 
n oo, m/n 1 (R. Schmidt’s condition). 

(8) If à a7 —1 and Уи, = (С, х), then Du, 
—5$ (C, a £) for any e£» 0. 

For a given series X u,, we write Н for s,, 
Н} for the arithmetic mean of {H?}, and Н? 
for the arithmetic mean of {H} }. Similarly, we 
can define (H7) for any integer p. If H? >s 
as п oo, then Уи, is said to be summable 
by Hólder's method of order p (or (H, p)- 
summable) to s, and we write У и, = s(H, p). 
For any integer p 20, (Н, p)-summability is 
equivalent to (C, p)-summability (Knopp- 
Schnee theorem). 


N. Abel’s Method of Summation 


If the radius of convergence of the power series 
У ои," і >1 and Zo u,r"—s as r—1, then 
Xu, is said to be summable by Abel’s method 
(or A-summable) to s, and we write У и, = 5 (A). 
The transformation matrix is denoted by A, 
and the transformation is called Abel’s method 
of summation. 

(1) If Du, = 5 (A), then lim sup, ,,, |u,|" « 1. 
(2) If Du, = 5 (A) and Уи = s (A), then D(u, + 
u,)s +s’ (A) and È Au, = 45 (A) for any constant 
А. Moreover, Ў, Uy =S— Ug — Uy — ... — Uy 
(A). (3) If Хи, =s (A) and Уи, = 5 (A), then 
the Cauchy product is Ў и, = 55' (A). (4) If Du, 
=$ (A) and one of the following five conditions 
is satisfied, then Уи, = s: (1) nu, 2 o(1y; (ii) t, = 
Ly=1 vu, = o(n); (Ш) nu, = O(1); (iv) nu, > — M; 
(v) lim inf(s, —s,) 2 0 as m» noo and m/n 1. 
These theorems are tTauberian, in the original 
form proved by Tauber (Monatsh. Math., 8 
(1897)). (5) The matrix A is regular, and D(C, a) 
c D(A) for any a> —1.(6) If Du, = s (A) and 
5,20, then Du, = 5 (C, 1). Moreover, if с = 
O(1), then Уи, =5 (C, x +£) for x> —1 and 
&> 0. 


О. Borel's Method of Summation 


If for a given series > u,, 


n 


S,X 
! 


n 


u(x)- 2 


is convergent for all x, and u(x)/e*—s as x 
ә со, then È u, is said to be summable by 
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Borel's exponential method to the sum s, and 
we write Уи, = $ (B). The transformation thus 
determined is denoted by B and is called 
Borel's method of summation. If 


| u(x)e *dx-s, 
0 
then > и, is said to be summable by Borel's 
integral method (or 8-summable) to s, and we 
write Уи, = s (93). Then we have: (1) B is regu- 
lar and D(C,a) c D(B) (x> —1), while D(C, а) 
and D(%) are noncomparable. (2) If the radius 
of convergence of o u,x" is 21 and Хи, = 
s (B), then Уи, = 5 (A). (3) If :2,.,u,— s (B) 
(resp. (B)), then Xu, — s-Fug +u, +... +u,(B) 
(resp. ($8)), but the converse is not always true. 
(4) Du, = s (B) implies |u,]!" = o(n). (5) If È и, = 
s (В) and Уи, = 5 (В), then У(и, +10) =s + s (B), 
and È Ли, = 4s (B) for any constant 4. The 
same is true for summation (B). (6) If 22u,—s 
(B) and if one of the following two conditions 
is satisfied, then Уи, = s: (i) n u, == o(1); 
(ii) lim inf(s,, —s,) 2 0 as m» n— oo and (m— 
n) / n0. (7) if Xu, =5 (B) and sz-1=o(n" 12), 
then Xu, =s (C, a) (x20). (8) If X u,— s (A) and 
u(t)> — Mt lexpt, then Du, = (B). (9) If the 
sequences {n,} and (n, } satisfy п, > ny, 
ny/ny > 1+ (к= 1, 2,...; > 0), u, 0 (n, &«v& 
ny), and Уи, =s (B), then s, —s as k> oo. 

If Su, = s (8) and 


[ 


converges for all 4—0, 1,2, ..., then >u, is 
said to be absolute Borel summable (or |98|- 
summable). Concerning this we have: (1) If 

Y |u,| converges, then Уи, is |98|-summable, 
but even if Du, converges, >u, is not always 
|B|-summable. If È u, is |{B|-summable, then 
Xu, is B-summable to s. In this case, we 
write Уи, = s (|93). (2) Lou, = 5 (13|) implies 
Mack Un 5 (Uo ++... +u) (||). (3) IF 
Lu, =s (В), уи, = 5 (В), and if at least one of 
them is |8|-summable, then their Cauchy 
product is Xp, = ss' (||). 


d^u(x) 


EET e *dx 


P. Euler's Method of Summation 


In the series Xu, if 


k+1 k+1 
i Sot > Sit... 
k+1 
2-«*0 
Asl 


(s, = 32.9) converges to s as k— oo, then > u, 
is said to be summable by Euler's method, and 
we write У и, = s (E). The transformation thus 
obtained is called Euler's method of sum- 
mation. A necessary and sufficient condition 
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for Lu, =s (E) is that X v, = 5, where v, = 
2 ey" 9 (5 u,. This summation method 


is regular. We have Lu, =s if Du, = 5 (E) and 
if one of the following two conditions is satis- 
fied: (i) Jn u,, = O(1); (ii) lim inf(s,, — s,) > 0 for 
m> n— co, (m— n)/./n— 1. Cesáro and Euler 
summations are noncomparable. As an ex- 
tension of Euler’s method, the Euler method 
of summation of pth order is also defined 


(e.g. — [6]). 


Q. Nórlund's Method of Summation 


For a positive sequence {p,}, let P,— Х"_ p, 
oo as п» oo and р,/Р,-»0 as n> oo. If 


(ko) a- nn) 


converges to s as n— oo, then È u, is said to be 
summable by Nórlund's method of type {p,}, 
and we write 2 u, = s (N, ( p,]). The transfor- 
mation thus obtained is also regular and is 
called Nérlund’s method of summation. If 

Lu, =s (C, 1) and 0<po<p,<..., then Xu, = 
s (N, {p,}). Cesaro’s method is actually a 
special case of this method. 


R. M. Riesz’s Method of Summation 


Let (4,) be a sequence with increasing terms 
and tending to +оо as n— oo. If 


R(¿,,k,z) = ( Y «Au Je 
2, <t 


converges to s as z— oo, then È u, is said to be 
summable by Riesz's method of order k and 
type А„ and we write Уи, = 5 (К, A,, К). The 
transformation thus obtained is regular and is 
called Riesz's method of summation of the kth 
order. In particular, if 4,— n, then D(R, 4,, к) = 
D(C, k). 


S. Riemann's Method of Summation 


If 


Žu {= my. ios. 


converges for h> 0 and tends to s as h50, then 
Xu, is said to be (R, k)-summable to s. When 
k=1, this method, often called Lebesgue's 
method of summation, is not regular. When k = 
2, it is ordinarily called Riemann's method of 
summation and is regular. Corresponding to 
these cases, if 


h 2 innh 2 
iym, a (аии) А 


п 
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as h—0, then È u, is called (R ,)-summable or 
(R,)-summable to s, respectively. The summa- 
tion method (R,) is not regular, while (R ,) is 
regular. If È и, is (R,)-summable, then it is 
also (R;)-summable, but (R, 2) and (R ,) are 
noncomparable. 

Other methods of summation were devel- 
oped by G. H. Hardy and J. E. Littlewood, E. 
Le Roy, C. J. de La Vallée Poussin, and others 
(e.g., — [6]). 

For related topics — 121 Dirichlet Series, 
159 Fourier Series, 339 Power Series. 
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A. General Remarks 


A tfunction whose domain is a ffamily of sets 
is called a set function. Usually we consider 
set functions that take real values or +оо. 
For example, if f(x) is a real-valued function 
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defined on a set X, and if we assign to each 
subset А of X values such as sup, f, inf, f, ог 
sup, f — inf, f, then we obtain a corresponding 
set function. In particular, a set function whose 
domain is the family of left open intervals in 
R" is called an interval function. To distinguish 
between set functions and ordinary functions 
defined at each point of a set, we call the latter 
point functions. For example, if f(x) is an tinte- 
grable (point) function with R (= R!) as its 
domain and we put F(I)— f? f(x)dx for I= 

(a, b], then we obtain an interval function F 
on R. 


B. Finitely Additive Set Functions 


Let P(E) be a real-valued set function defined 
on a ‘finitely additive class $8 in a space X. If 
Ф satisfies the finite additivity condition: 


E, E Ee, E,QE,=@ imply 


Ф(Е, U Е,) =Ф(Е,) +Ф(Е,), 


then Ф(Е) 15 called a finitely additive set 
function on 38. For each Ee% we denote 
sup{®(A)|A c E, Ae 8j (inf{@(A)|A cE, Ae 
$81) by И(Ф; E) (И(Ф; E)), the upper (lower) vari- 
ation of ®. Since ®(@)=0, we have V(®; E) < 
0 « V(O; E). V(O; Е) = V(O; E) + | V(@; E)| is 
called the total variation of b on E. When 

we deal with a fixed Ф, instead of V(d; E), 
Ү(Ф; E), V(®; E) we write simply V(E), V(E), 
V(E). If V(O; E) is bounded, then Ф is said to 
be of bounded variation. If (E) 20 (<0) for 
every FEB, i.e., ECE’ implies Ф(Е) < Ф(Е) 
(P(E) > (E), then Ф is said to be monotone 
increasing (decreasing). Every finitely addi- 
tive set function of bounded variation can be 
represented as the difference of two monotone 
increasing finitely additive set functions. 

Let Jp be a fixed interval in R” and F(D be 
an interval function defined for left open inter- 
vals 1 c lọ, where @ is considered as a degener- 
ate left open interval. If, for any two left open 
intervals I,, L, such that I, U L, is an interval 
and I, ПІ, =Ø, we have FU, U D) S F(I,) - 
F(L), then we call F(I) an additive interval 
function in J). Specifically, if f(x) is a real- 
valued bounded function on R and D is an 
interval function determined by D(I) = f(b) 
— f(a), where I — [a, b) (i.e., D(I) is the incre- 
ment of f(x)), then D is an additive interval 
function on R, called the increment function 
of f. For a given f the increment function is 
determined uniquely. Conversely, for a given 
D, a function f such that D is its increment 
function is determined uniquely up to an addi- 
tive constant. In this sense an additive interval 
function in R may be identified with the corre- 
sponding point function on R. 

Let 9R(I;) be the finitely additive class of all 
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finite unions R of left open intervals in Ij. 
Then any additive interval function F(I) can 
be extended to a finitely additive set function 
F(R) defined on #(1,). For the rest of this 
article, it is understood that an additive inter- 
val function means this extended set function. 
If for any £2 0 there exists a ô>0 such that 
|Z| «ó implies F(I) <£ (where |Д is the vol- 
ume of the interval J), then we say that F is 
continuous. 


C. Completely Additive Set Functions 


Let (E) be a real-valued set function defined 
on a tcompletely additive class 8 in a space X. 
If ® satisfies the complete additivity condition: 


E, EEB, EnE=@ (jsk 


imply oS 2 = У OE), 
ju j=1 


then Ф(Е) is called a completely additive set 
function (or simply additive set function) on $8. 
In this case the corresponding upper variation 
V(E), lower variation V(E), and total variation 
V(E) are all completely additive set functions, 
and for every Ee% we have Ф(Е)= V(E)+ V(E) 
(Jordan decomposition). Furthermore, V(E) — 
sup У, |O(Ej)|, where the supremum is taken 
over all decompositions of E such that Е = 
(1. E; (E,e%, E, E, = Ø, j= k). The com- 
pletely additive nonnegative set functions are 
the samc as thc finite measures. Hence the 
Jordan decomposition implies that every com- 
pletely additive set function is represented as 
the difference of two finite measures. А com- 
pletely additive set function is also called a 
signed measure. 

Any continuous additive interval function 
of bounded variation can be extended to a 
completely additive set function. The notion 
of additive interval function of bounded 
variation is a generalization of that of function 
of bounded variation (— 166 Functions of 
Bounded Variation). 

Let Ф be a completely additive set func- 
tion and и a finite or o-finite measure, both 
defined on 3B. If u(E)=0 implies D(E)—0, then 
Ф is said to be absolutely continuous with 
respect to u or p-absolutely continuous. Then Ф 
is u-absolutely continuous if and only if for 
any £2 0, there exists a ó 0 such that u(E) < ó 
implies |Ф(Е)| < г. If for given Ф and и there 
exists an Eye such that p(E))=0 and (E) 
= Ф(ЕПЕ,) for every Ee, then Ф is said to 
be singular with respect to и or u-singular. 

In a to-finite measure space (X, 8, u), every 
completely additive set function Ф(Е) defined 
on % can be represented uniquely as the sum 
of a u-absolutely continuous set function and a 
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-singular set function (Lebesgue decompo- 
sition theorem). Also, Ф(Е) is u-absolutely 
continuous if and only if (E) can be repre- 
sented as the indefinite integral f; f(x)du of a 
function f that is integrable on X with respect 
to и (Radon-Nikodym theorem). This function 
f(x) is called the Radon-Nikodym derivative, 
dó/dy, of b with respect to и (— 270 Measure 
Theory L (iii)). 


D. Differentiation of Set Functions 


Let m be the Lebesgue measure in R" and 
E a Lebesgue measurable set. We denote 
sup(m(E)/m(Q)) for all cubes Q such that Ec Q 
by r(E) and call it the parameter of regularity 
of E. If for a sequence of sets {E,} there exists 
an x such that r(E,)>a>0, then {E,} is called 
a regular sequence. If all the E, contain a point 
P and the tdiameter of E, tends to 0 as n> oo, 
then we say that (E,) converges to the point P. 
Let Ф be a set function in R”. For a regular 
sequence (E,] of closed sets converging to а 
point P, we put /!=limsup(®(E,)/m(E,)) and 
define the general upper derivative of b at P to 
be the least upper bound of l for all such se- 
quences (E,), denoted by D®(P). Similarly, the 
general lower derivative D®(P) of Ф at P is 
defined to be the greatest lower bound of 
lim inf(®(E,,)/m(E,,)) for all regular sequences 
{Е„} of closed sets converging to P. The or- 
dinary upper (lower) derivative, denoted by 
Ф(Е)(Ф(Е)), is defined in the same way by taking 
regular sequences of closed intervals instead 
of closed sets. ОФ, РФ, Ф, Ф аге point func- 
tions derived from Ф. Clearly, Db(P) « (P) « 
Ф(Р)< D®(P). If DO(P) = D®(P), then we write 
it simply as D®(P). If D®(P) is finite, then we 
call it the general derivative of b at P and say 
that Ф is derivable in the general sense at P. If 
®(P)=(P), then we write it as (P). If (P) is 
finite, then we call it the ordinary derivative of 
Ф at P and say that Ó is derivable in the ordi- 
nary sense. We have the following theorems: 
(1) A completely additive set function is deriv- 
able in the general sense *almost everywhere 
(Lebesgue). The Radon-Nikodym derivative of 
a set function absolutely continuous with 
respect to the Lebesgue measure is equal 
almost everywhere to the generalized deriva- 
tive of the set function. (2) An additive interval 
function of bounded variation is derivable in 
the ordinary sense almost everywhere (Lebes- 
gue). (3) An additive interval function ® is 
derivable in the ordinary sense at almost all 
points such that Ф(Р) < +00 or Ф(Р)> —oc. 
For the proof of these theorems, Vitali's 
covering theorem is essential: Let 4 be a given 
set and @ a family of measurable sets in Eu- 
clidean space. If for each xe A there is a 
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regular sequence of sets belonging to $ that 
converges to x, then there exists a finite or 
countable set of disjoint E, e $$ such that 


m(A V J£, Е)=0. 
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A. Definitions and Symbols 


G. Cantor defined a set as a collection of ob- 
jects of our intuition or thought, within a 
certain realm, taken as a whole. Each object in 
the collection is called an element (or member) 
of the set. The notation ae A (Аза) means 
that a is an element of the set A. In this case 
we say that a is a member of A or a belongs to 
A. The negation of ae A (A2a) is written a£ A 
огає A (Аза or Аза). The set having no 
element, namely the set A such that a£ A for 
every object a, is called the empty set (or null 
set) and is usually denoted by @. Two sets A 
and B are identical, i.e., 4 — B, if every ele- 
ment of A belongs to B, and vice versa. The 
set containing а, b, c, ... as its elements is 

said to consist of a, b, c, ... and is denoted by 
(a, b, c, ... ). The symbol {x|C(x)} (or (x; C(x)}, 
sometimes E,[C(x)]) denotes the set of all 
objects that have the property C(x). Thus {а} 
is the set whose only element is a, and (a, b] is 
the set with two elements a and b, provided 
that a zb. A set is called a finite set or an 


- infinite set according as the number of its 


elements is finite or infinite. 

A set A is a subset of a set B if each element 
of A is an element of B. In this case we also say 
that A is contained in B or that B contains A, 
and we write Ас B and В> A. The negation 
of Ac B (B> A)is Ac B (B$ A). For every 
set А, @< A. Ac Band Bc C imply Ac C. 
If Ac B and Bc A, then A— B. Ais a proper 
subset of B (in symbols: AZ B, B2 A) if Ac 
B and A z B. Some authors use € (2) for c 
(>), and с (>) for S (2). 
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B. Algebra of Sets 


The union ( join or sum) of sets A and B, 
written AU B, is the set of all elements which 
belong either to A or to B or to both. The 
intersection (meet or product) of sets А and B, 
written АПВ, is the set of all elements which 
belong to both A and B. In other words, xe 
AU B if and only if xe A or xe B or both, and 
xeAnB if and only if xe А and xe B. Given 
sets A, B, апа C, AUB« BUA, ANB=BNA 
(commutative law); (4U B)JU C= AU(BU C), 
(An B) C 2 AD (Bf C) (associative law); 
AU(BNC)=(AUB)N(AUC), AN(BUC)= 
(AN B)U(ANC) (distributive law); AU(AN B) 
A, АП(АО В) = А (absorption law). 

Two sets А and В are disjoint if АПВ = Z. 
In this case the set C 2 AU B is said to be the 
disjoint union (or sum) of A and B, and is 
written sometimes as C = A + B. The set of 
elements of A which are not members of B is 
denoted by A — B, and is called the difference 
of A and B (or relative complement of B in A). 
If A> B, A— B is called the complement (or 
complementary set) of B with respect to A. 

We often consider a theory in which we 
restrict our attention to elements and subsets 
of a certain fixed set О, and call it the universal 
set of the theory. In geometic terms, Q is also 
called the space or the abstract space, elements 
of Q are called points, and subsets of О point 
sets. If A is a subset of Q, Q — A is simply 
called the complement of A and is denoted 4°. 
For AcQ and Bc OQ, А > B and Ас B° are 
equivalent. Furthermore, we have AU A* = Q, 
ANA 2 Qj, A“ = A; and (AN В) = A*U В, 
(AU BY = А°П B° (de Morgan's law). 

The power set of a set X, written *B(X), is 
the set of all subsets of X. A set whose ele- 
ments are sets is often called a family of sets. 

The pair consisting of objects a and b is 
denoted by (a, b). Two pairs (a, b), (c, d) are 
defined to be equal if and only if a=c and 
b — d. A pair (а, Б) is called an ordered pair, 
while the set {a,b} is sometimes called an 
unordered pair. Generally the n-tuple 
(a, b, c, ..., d) of n given objects a, Б, c, ..., d 
is defined to be ((...((а, b), c), ...), 4), so that 
(a, b, c, ..., d) 2 (a, Б, с, ...,d') if and only if a= 
a’, b — b',...,d =d". The Cartesian product (or 
direct product) of sets А and B, written A x B, 
is the set of all pairs (a, b) such that ae A and 
beB. Ax B= @ if and only if either A= Ø or 
B=; Ax B<C x р if and only if Ac C and 
Bc D, provided that neither А nor B is empty. 
Furthermore, 


(A x BJU(A' x B)- (AU A") x B, 
(A x B) (C x D) -(40. C) x (BND). 


The subset 1(a,a)|ae A} of Ax A is called 
the diagonal of A x A and is denoted by A ,. 
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Generally the Cartesian product (or direct 
product) of sets А, B, ..., D, written Ax Bx 
... X D, is defined as the set { (а, b, ...,d)|ae A, 
bc B, ..., de Dl. 


C. Mappings 


If there exists a rule which assigns to each 
element of a set À an element of a set B, this 
rule is said to define a mapping (or simply 
map), function, or transformation from A into 
B. The term transformation is sometimes re- 
stricted to the case where A — B. Usually 
letters f, g, Ф, V, ... stand for mappings. The 
expression f: Ao B (A £B) means that f is a 
function which maps A into B. If f: A— B and 
ae A, then f(a) denotes the element of B which 
is assigned to a by f. We call f(a) the image of 
a under f. The notation f:a >b (or f:a — b) 
is often used to mean f(a)=b (but not in the 
present volumes). The domain of a mapping 
/:А— В is the set A, and its range (or codo- 
main), written f(A), is the subset { f(a)|ae A} 
of B. Two functions f and g are equal ( f =g) 
if their domains coincide and f(a)= g(a) for 
each a in the common domain. 

For a mapping f: A B and a set Ce P(A), 
f(C) is defined to be the set { f(x)| xe C]. This 
definition induces the mapping from (4A) to 
P(B) which is usually also denoted by f. If 
A; B(A) (i= 1,2), then f(A, U 45) = f(A)U 
ЛА) and (А, N Aj) c f(4,) f(A;). The 
inverse image of D e P(B), denoted by у `! (D), 
is defined to be the set (x|xe A, f(x)e Р}; thus 
the mapping f! :B(B)— B(A) is defined. If 
B,c P(B) (1= 1,2), then f (B,UB;)— f. '(B)U 
f By f (B, B) = f (B) N f ЧВ,); 

f (B—B,)-2A-—f !(B,) Furthermore, А, c 
f 'of(A) and fof ?(B)c B,. 

A mapping g is an extension of a mapping f 
to a set A’ if A’ is the domain of g and contains 
the domain A of f, and if g(a) = f(a) for each a 
in A. In this case f is called a contraction (or 
restriction) of g to A or simply a partial map- 
ping of g, and is denoted by g| 4. A mapping f 
is the constant mapping (or constant function) 
with the value b, if f(a) = bo for every a in the 
domain of f. The identity mapping (or identity 
function) on A, often denoted by 14, is the 
mapping with the domain A such that f(a)=a 
for every a in A. Given two mappings f: АУ» В 
and g: B5 C, the mapping from A to C which 
assigns g( f(a)) to each ає А is called the com- 
posite of f and g and is denoted by go f. If f: 
А-В, g: ВС, апай: CoD, then (hog)o f= 
ho(go f) (associative law for composition of 
mappings). 

A mapping f: A— B is from A onto B if 
/(А) = B. In this case f is also called a surjection 
(or a surjective mapping). A mapping f: А» B 
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is one-to-one (1-1, or injective) if a a' implies 
Да) + f(a’) for every pair of elements a and a’ in 
A, that is, if for each b in the range of A, there 
exists only one element a of A such that f(a) =b. 
Such an f is also called an injection. In par- 
ticular, given a subset B of a set A, the injec- 
tion f: В+ А defined by the condition f(b)= 

b for each be B is called the inclusion map- 

ping (inclusion or canonical injection). À neces- 
sary and sufficient condition for f: A— B to be 
a surjection is that go f=ho f imply g =h for 
every pair of mappings 9: BO C and h: BC. 
For f: AA B to be an injection it is necessary 
and sufficient that fog — f oh imply g =h for 
every pair of mappings g: C2 A and h:C A. 
A mapping which is both a surjection and an 
injection is called a bijection (or bijective map- 
ping). If f: A B is a bijection, then the mapping 
from B to A which assigns to each element b of 
B the unique element a of A such that f(a) =b 
is called the inverse mapping (inverse function 
or simply inverse) of f, and is denoted by f `!. 
We have fof ! = 15 and f! o f—1, for every 
bijection f: A— В. 

If the domain A of a mapping f: AB is the 
Cartesian product of A, and A,, f(a) =b 
(where a —(a,,a5)) is written as f(a,,a;) — b. 
Given A = A, x A,, B= B, x B,, and f;: А, B, 
(i2 1, 2), the mapping f: A— B defined by the 
condition f(a,, a5) - ( f (a4), f2(a2)) is called the 
Cartesian product (or direct product) of the map- 
pings of f, and f}, and is denoted by f, x fy. 

For a mapping f: A— B, the subset G= 
{(a, f(a)) | ae A} of A x B is called the graph 
of f. The basic properties of the graph G of f 
аге: (1) For every ae A there exists a be B such 
that (а, b)e G. (2) (а, b)e G and (a, b')e G imply 
b — b'. Conversely, a subset G of A x B with 
these two properties determines a mapping 
f: AB such that (a, b)e G if and only if f(a) = 
b. All notions concerning a mapping f: A—B 
can be transferred by means of its graph to 
those concerning a subset of a Cartesian prod- 
uct A x B. 

Given sets A and B, we denote by B^ the set 
of mappings from A to B. If a mapping is 
identified with its graph, B^ is considered to 
be a subset of P(A x B). For X e P(A), the 
mapping cy: A— (0,1) such that cy(x) — 1 if 
xe X and cy(x)=0 if xé X is called the charac- 
teristic function (or representing function) of X. 
By assigning to each X e P(A) its characteristic 
function cy € (0, 1}4, we obtain a one-to-one 
correspondence between P(A) and (0, 114; 
hence (А) is sometimes denoted by 24. 


D. Families of Sets 


A mapping from a set A to a set A is also 
called a family of elements of A indexed by A. 
A is its index set (or indexing set). In this case, 
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the image f(A) of Ae is denoted by a;, and 
the mapping itself is denoted by {a,},-, ({a,} 
(¿e А), or simply {a,}). In particular, if the set 
A is the power set of a set, the family {а,} „сл is 
called a family of sets indexed by A, or simply 
a family of sets. (Moreover, if A is chosen to be 
a subset of the power set P(X) of a set X and 
f to be the identity mapping on A, then the 
family of sets resulting from f can be identified 
with the set of subsets A itself.) 

The union | J;., A, of a family of sets 
{А} „сл is the set of all elements a such that 
ae A, for at least one A in A. Their intersection 
(4e А, is the set of all elements a such that 
ae A for all Ain A. A family of sets { А,)} „сд is 
mutually disjoint if 2# и implies A, A, = Ø. 
In this case А = | J;., A, is called the disjoint 
union (or direct sum) of the sets of the family, 
and {41} сл is called a partition (or decompo- 
sition) of A. For families of sets, the following 
hold: [J Aza = UU, A), (YA, (О, 
(¿e A, ue M,) (associative law); (Jaca 4) П 
(( Јем В,) = ек х M (A, n В,), (Maea A,)U 
(Quem By) = Па. зел хм(45У В,) (distributive 
law); (aea Ал)? = [лел 4$, (aea А, = 
UA A§ (de Morgan’s law). 

A family {А} „д of sets is a covering of a set 
A, or covers A, if Ас (Јел А4. 

Given f: Хэ Y, {А,},.лапа {В,) „сл (where 
A;c X and В, c Y), then f(U J, A 4) = 
aca f(A) f En (aca 7043); and 
f NU B,)= reat (B,), f (iea B,) = 
(зел 1G) 


E. Direct Sum and Direct Product of Families 
of Sets 


Given a family {A,},., of sets indexed by A, a 
set S, and a family of injections (i;: 4; $);.4, 
then the pair (S, {1,} ед) is called the direct sum 
of {Аел if {i,(A,)} ед is a partition of S. In 
this case, S is written E, 4, (or У, A; or 
П, А3). Each A, is called a direct summand of 
S, and each i; is called a canonical injection. 
The Cartesian product (or direct product) 
IL. A; (IT, A) of {А, е, (where A; c X) is 
the set of all mappings from A to X such that 
f(4)e A; for every 4e A. The sets A, are the 
direct factors of Пл A;. Each element f of 
IL;.4 A; is denoted by {хл} ед or (..., X, ...) 
(where х, = f(A)). The element x, is the Ath 
component (or coordinate) of f. The mapping 
pra: Ilica A; A; which assigns x; to each 
{x hien€ Пед 41 is called the projection of 
IL;.4 A; onto its Ath component. If A={1, 2}, 
Ia 4, can be identified with A, x A). 


F. Set Theory 


It was G. tCantor who introduced the concept 
of the set as an object of mathematical study. 
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Cantor stated: “А set Is a collection of definite, 
well-distinguished objects of our intuition or 
thought. These objects are called the elements 
of the set” (G. Cantor, Math. Ann., 46 (1895)). 
Cantor introduced the notions of tcardinal 
number and tordinal number and developed 
what is now known as set theory. He proved 
that the cardinal number of the set of tran- 
scendental numbers is greater than that of 
algebraic numbers, and that all Euclidean 
spaces have the same cardinal number regard- 
less of their dimension. He stated the їсоп- 
tinuum hypothesis and also conjectured thc 
twell-ordering theorem (G. Cantor, Math. 
Ann., 21 (1883)), which was proved by E. Zer- 
melo [2]. In this proof Zermelo stated the 
*axiom of choice explicitly for the first time, 
and used it in an essential way. 

Meanwhile it was pointed out that Cantor's 
naive set concept leads to various logical 
*paradoxes (— 319 Paradoxes). Since the set 
concept plays a fundamental role in every 
branch of mathematics, the discovery of the 
paradoxes had a serious impact upon math- 
ematics, and led to a systematic investigation 
of the ffoundations of mathematics. In the 
course of attempts to avoid paradoxes, set 
theory was reconstructed as taxiomatic set 
theory (— 33 Axiomatic Set Theory), in which 
Cantor's theory of cardinal numbers and 
ordinal numbers was restored. Also, the theory 
of the algebra of sets, which forms a basis for 
various branches of mathematics, was re- 
constructed. Axiomatic set theory is consid- 
ered to be free from paradoxes. 


G. Classes 


A set in the naive sense is a collection 
{x|C(x)} of all x which satisfy a certain con- 
dition C(x). The only principle for generating 
sets in naive set theory is the axiom of compre- 
hension, which asserts the existence of the set 
{x|C(x)} for any condition C(x). However, this 
principle leads to paradoxes if the notion of an 
arbitrary set is considered to be well defined; 
for example, the *Russell paradox is caused by 
the set {x|x¢x}. This situation necessitates 
some restrictions on the axiom of comprehen- 
sion. The simplest way to overcome the para- 
doxes is to adopt Zermelo's axiom of subsets: 
Given a set M and a condition C(x), there 
exists a set (x | xe M, C(x)]. But this axiom 
cannot produce any sets other than subsets of 
sets whose existence is preassumed. Hence 
further generating principles of sets had to be 
introduced. The following axioms are usually 
chosen as generating principles. 

Axiom of pairing: For any two objects (pos- 
sibly sets) a and b, there exists a set а, b]. 
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Axiom of power set: Given a set A, its power 
set (A) exists. 

Axiom of union: For any familv of sets the 
union exists. 

Axiom of substitution (or replacement): For 
any set A and any mapping f from A, there 
exists a set of all images f(x) with xe A. 

In ordinary theories of mathematics the set 
of natural numbers, the set of real numbers, 
etc., are assumed to exist, in addition to sets 
generated by the axioms in this section. In 
pure set theory the axiom of infinity is needed 
to secure the existence of infinite sets. 

The concept of the “set” {x|x¢x} does not 
automatically lead to Russell's paradox. The 
trouble arises when this "set" is regarded as a 
member of a collection represented by x. This 
leads to a narrower concept of sets. Consider a 
fixed collection V consisting of sets in the naive 
sense and closed under the set-theoretic oper- 
ations mentioned in the axioms. Call a mem- 
ber of V a set in the narrow sense. Then set 
theory becomes free from the known para- 
doxes if the qualification for being a set is 
restricted in this narrow sense. When sets in 
the narrow sense are called simply sets, sets in 
the naive sense are called classes. The object 
{x|x€x} (where x ranges over sets in the nar- 
row sense) is a class which is not a set. Those 
classes which are not sets are called proper 
classes; for example, the class V of all sets and 
the class of all ordinal numbers are both pro- 
per classes. For classes, unrestricted use of the 
comprehension axiom again leads to para- 
doxes, but other set-theoretic operations are 
justifiably applicable to classes. 

The notion of classes was first introduced 
in connection with the construction of an 
axiomatic set theory. The term class was used 
originally to denote certain subclasses of the 
class V of all sets. In these volumes the term 
set is mostly used to mean a set in the naive 
sense, and most of the notions defined for sets 
are applicable to classes. 


References 


[11 G. Cantor, Gesammelte Abhandlungen, 
Springer, 1932. 

[2] E. Zermelo, Beweis, dass jede Menge wohl- 
geordnet werden kann, Math. Ann., 59 (1904), 
511—516. 

[3] A. Schoenflies, Entwicklung der Mengen- 
lehre und ihrer Anwendungen, Teubner, 1913. 
[4] F. Hausdorff, Grundzüge der Mengen- 
lehre, Veit, 1914 (Chelsea, 1949). 

[5] A. Fraenkel, Einleitung in die Mengen- 
lehre, Springer, third edition, 1928. 

[6] F. Hausdorff, Mengenlehre, Teubner, 1927; 
English translation, Set theory, Chelsea 1962. 


1423 


[7] A. Fraenkel, Abstract set theory, North- 
Holland, 1953. 

[8] J. L. Kelley, General topology, Van 
Nostrand, 1955, appendix. 

[9] N. Bourbaki, Eléments de mathématique, 
I. Théorie des ensembles, ch. 2, Actualités Sci. 
Ind., 1212c, Hermann, second edition, 1960; 
English translation, Theory of sets, Addison- 
Wesley, 1968. 

[10] P. R. Halmos, Naive set theory, Van 
Nostrand, 1960. 


382 (IX.23) 
Shape Theory . 


A. General Remarks 


In 1968 K. Borsuk introduced the notion 

of shape as a modification of the notion of 
thomotopy type. His idea was to take into 
account the global properties of topological 
spaces and neglect the local ones. It is a classi- 
fication of spaces that is coarser than the 
homotopy type but that coincides with it on 
tANR-spaces. 

Let 2 be the category whose objects are all 
tpolyhedra and whose morphisms are homo- 
topy classes of continuous mappings between 
them. For spaces X and Y, denote the set of all 
thomotopy classes of continuous mappings of 
X to Y by [X, Y] and the homotopy class of a 
mapping f by [f]. For a space X, let IT, be 
the functor from 2 to the tcategory of sets 
and functions that assigns to a polyhedron P 
the set 17,(P)=[X, P]. A morphism g: P SQ 
of 2 induces the function g, :[X, P] [X. Q] 
defined by o,([f]) =o: [f£] for[ f]: X P. A 
tnatural transformation from 17, to IT, is a 
shape morphism from X to Y. A continuous 
mapping f: X — Y defines the shape morphism 
f* of X to Y as follows: For [g]: Y P in 
IT,(P), the composition [ g: f] is an element of 
Пу(Р). The correspondence: [g] Ə[ g: f] de- 
fines a natural transformation from 71, to IT, 
and hence determines the shape morphism 
f* :X 5 Y. The identity mapping 1, on X 
defines the identity shape morphism 1# on 
X. Given spaces X and Y, X shape dominates 
Y if there are shape morphisms £: Y — X and 
9: X >Y such that ёу= 1£, and we write 
Sh(X)« Sh(Y). If, in addition, у= 17, then 
X and Y are of the same shape, and we write 
Sh(X) = Sh(Y). A shape category Z is the 
category whose objects are all topological 
spaces and whose morphisms are shape mor- 
phisms between them. If we replace topo- 
logical spaces by pointed ones, the pointed 
shape category is obtained. In what follows, 
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for simplicity, we assume that all spaces are 
metrizable and the mappings are continous. 
General references are Borsuk [1], J. Dydak 
and J. Segal [3], R. H. Fox [4], S. Mardesic 
[7]. 


B. Chapman s Complement Theorem 


Let X be a compactum. А closed set А of X is 
a Z-set in X if for any £> 0 there is a mapping 
f: XX — А such that d(x, f(x)) «s for xe X, 
where d is a metric on X. The Hilbert cube Q is 
the countable product П? , J;, where I, is the 
closed interval [0, 1]. The subset s= TI, IP 
(1? =(0, 1)) is called the pseudointerior of Q. The 
following facts are known: (1) If a compact 
metric space X is contained in s or Q— s, then 
X is a Z-set in Q. (2) For any continuous 
mapping f of a compact metric space X into 
Q, there exists an embedding g of X into Q 
such that g is arbitrarily close to f and the 
image g(X) in Q is a Z-set. The complement 
theorem (T. A. Chapman [2]) states: Let X 
and Y be Z-sets іп Q. Then Sh(X) - Sh(Y) iff 
Q— X and Q— Y are homeomorphic. 


C. FAR, FANR, Movability, and Shape 
Group: Shape Invariants 


A closed set А of a compactum X is a funda- 
mental retract of X if there is a shape mor- 
phism r: X >A such that r-i* 217, where i is 
the inclusion of A into X. A compactum X is 
a fundamental absolute retract (FAR) (resp. 
fundamental absolute neighborhood retract 
(FANR)) if for any compactum Y containing 
X, X is a fundamental retract of Y (resp. of 
some closed neighborhood of X in Y). A com- 
pactum X is movable if for any embedding 

X c Q and for any neighborhood U of X in Q 
there is a neighborhood V of X satisfying the 
following condition: For any mapping f of a 
compactum Y to V and for any neighborhood 
W of X, there is a homotopy H: Y x I> U 
such that H(y,0)= f(y) and H(y, 1)e W for 

ye Y. In this definition, if Y is replaced by a 
compactum with dimension < k, then X is said 
to be k-movable. Pointed FAR, FANR, mova- 
bility, and k-movability are defined similarly 
in the pointed shape category. The follow- 

ing facts are known (Borsuk [1], Dydak and 
Segal [3], J. Keeslings [5], J. Krasinkiewicz 
[8]). A compactum X is a FAR if and only 

if X is a pointed FAR iff Sh(X)=Sh(point), i.e., 
X has the same shape as a one-point space. A 
pointed compactum (X, x) is a pointed FANR 
iff Sh(X, x) < Sh(K, k) for some pointed poly- 
hedron (K, k). An FANR is movable. A com- 
pact connected Abelian topological group is 
movable if and only if it is locally connected. 
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A continuous image of a pointed 1-movable 
compactum is pointed 1-movable. It is un- 
known whether (i) an FANR is a pointed 
FANR and (ii) movability means pointed 
movability. For a pointed compactum (X, x), 
let {(K,,k) |i=1,2,...} be a countable tin- 
verse system consisting of pointed finite poly- 
hedra whose limit is (X, x). The limit group 
lim 7,(K;, К) is the kth shape group of (X, x), 
where z,(K, К) is the kth homotopy group of 
(К, К). It is known that the shape groups for 
movable compacta behave like homotopy 
groups for ANR. À property P of spaces is 

a shape invariant if whenever X has P and 
Sh(X)=Sh(Y), then Y has P. FAR, КАМЕ, 
movability, k-movability, and shape groups 
are shape invariants. 


D. CE Mappings 


À mapping f of a space X onto a space Y is 

a cell-like (CE) mapping if it is proper and 

Sh( f~*(y))=Sh(point) for each point y of Y. It 
is known (R. B. Sher [9], Y. Kodama [6]) that 
if there is a CE mapping of X to Y with finite 
dimension, then Sh(X)=Sh(Y). Here the finite- 
dimensionality of Y is essential. A Q-manifold 
is a space, each point of which has a closed 
neighborhood homeomorphic to Q. The fol- 
lowing are known (Chapman [2], J. E. West 
[10] (1) If f isa CE mapping of a Q-manifold 
M to an АМК X, then the mapping g:M x Qo 
X x Q defined by g(m, x) Z ( f (m), x) for (m, x)e 
M x Q is approximated by homeomorphisms. 
As a consequence, if X is a locally compact 
ANR, then X x Q is a Q-manifold. (2) Every 
compact ANR is a CE image of a compact Q- 
manifold. (3) Every compact ANR has the 
same homotopy type as that of a compact 
polyhedron. The following problem raised by 
R. H. Bing is open: Is a CE image of a finite- 
dimensional compactum finite-dimensional? 
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A. Presheaves 


Let X be a *topological space. Suppose that 
the following conditions are satisfied: (i) There 
exists an (additive) Abelian group Z(U) for 
each open set U of X, and ¥(@)= {0}; and 
(ii) there exists a homomorphism гру: (V) 
F(U) for each pair U c V, such that ryy = 1 
(identity) and ryw — ry, огу» for U < Ис W. 
We call F, consisting of a family {F (U)] of 
Abelian groups and a family of mappings 
{гру}, a presheaf (of Abelian groups) on X. If 
ає £(V) and U cV, we write ry,(a) = a| апа 
call it the restriction of a to U. A homomor- 
phism ф between two presheaves F and 4 on X 
is a family (9(U)] of group homomorphisms 
g@(U):Z(U)—%(U) satisfying ry, o o(V)— 
g@(U)orvy whenever U c V. The presheaves 

on X and their homomorphisms form a 
їса(ерогу. 


В. Axioms for Sheaves 


А presheaf 2 is called а sheaf (of Abelian 
groups) if it satisfies the following condition: If 
U is open in X and (U));-; is an topen covering 
of U, and if for each ie I an element s; of F (U;) 
is given such that s;| U;N U; s;| U, YU; for all i 
and j, then there exists a unique se F(U) such 
that s| О, = s; for all i. By definition, a homo- 
morphism between two sheaves is a homomor- 
phism of the presheaves. The sheaves on X 
also form a category. 

Let ¥ be a presheaf, x a point of X, and 9t, 
the fdirected set of open neighborhoods of x, 
with the order opposite to that of inclusion. 
Then {F (U)| U €91,) is an inductive system of 
groups. The tinductive limit ит F(U) of 
groups {F (U)) is denoted by Z, and called 
the stalk of .Z over x. The image of se Z(U) in 
Z is called the germ of s at x and is written s,. 
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A homomorphism 9: ¥ > of presheaves 


induces a homomorphism 9, : 2, 2, of stalks. 


C. Sheaf Spaces 


We introduce a topology on the tdirect sum 
F' = [L a rZ, in the following way: For each 
open set U of X and each se F(U}; consider 
the set My ,={s,|xeU} of the germs defined 
by s at the points of U, and take the set of all 
such My, as a tbase of open sets of the to- 
pology. If p:Z”— X is the mapping that maps 
the points of F, to x, then p is continuous, and 
each p !(x) (= Z,) has the structure of an 
Abelian group. Moreover, the following con- 
ditions are satisfied: (i) p is a tlocal homeo- 
morphism, and (ii) the group operations on 

p (х) are continuous in the sense that (а, b) 
a+b isa continuous mapping from the 

fiber product F’ x, F’ (i.e., the subspace 

{(a, b) | p(a) = p(b)} of the product space F’ x 
¥') to F’ and a —a is a continuous map- 
ping from F’ to itself. In general, a topological 
space F’ with a structure satisfying these 
conditions is called a sheaf space over X. 

When @' is a sheaf space, a continuous 
mapping s from a subspace A of X to Z” such 
that pos=1, is called a section of Z’ over 
A. The set of sections over А, denoted by 
Г(А, F’), is an Abelian group in the obvious 
way. If we associate [(U, F’) with each open 
set U and define ry, by the restriction of sec- 
tions (ry, (s) = s| U), then we get a sheaf Z” on 
X. If we start from a presheaf Z and get Z” 
via F’, the correspondence 4 -— 4" is a tcovar- 
iant functor from the category of presheaves 
to the category of sheaves, and F” is called the 
sheaf associated with the presheaf F. If Z isa 
sheaf, we can prove 4": ¥. Conversely, if we 
start from a sheaf space F’ and construct the 
sheaf Z” and then the sheaf space 7", then 
F” is canonically isomorphic to .Z”. Since we 
can identify a sheaf and the corresponding 
sheaf space, both are usually denoted by the 
same letter. In particular, when F is a sheaf, 
F(U) is usually written T (U, F). 

Given a section sel (X, F) of a sheaf, the 
points xe X for which s, #0 in F, from a 
closed set (the sheaf space F is not necessarily 
Hausdorff even if X is so). This set is called the 
support of s and is denoted by supps. 

In the theory of this and the previous two 
sections, we can replace Abelian groups by 
groups, rings, etc. Then Z(U) is a group or 
ring accordingly, and F(Z) the group consist- 
ing of the identity element or the ring consist- 
ing of the zero element, respectively. We thus 
obtain the theories of sheaves of groups, 
sheaves of rings, etc. In general, a presheaf Z 
on X with values in a category € is a tcon- 


383D 
Sheaves 


travariant functor from the category of open 
sets of X to €, and a homomorphism between 
presheaves ¥ and 4 on X is a tnatural trans- 
formation between the functors Z and 4. 
The presheaves (sheaves) of Abelian groups 
on a space X form an tAbelian category, de- 
noted by 2* (¢*). For a homomorphism f: 
4 — of presheaves, the image, coimage, 
kernel, and cokernel of f in 2X are given by 


(Im f)(U)— Im f(U), 

(Coim f (U) = Coim f(U), 
(Ker f (U) = Ker f(U), 
(Coker f (U) = Coker f(U). 


When F and 4 are sheaves, the kernel of f in 
€* coincides with the kernel in 2X, while the 
image and cokernel of f in €* are the as- 
sociated sheaves of the image and the cokernel 
in 2X respectively. Thus, f: Z —% induces 

Fe: FG, at each xe X, (Ker f), = Ker fy, 

(Im f), 2 Im f,, (Coker f), = Coker fy, and a 
sequence of sheaves 05 F ^4 — —0 is exact 
if and only if 022,5, 5 ж, 50 is exact at 
each xe X. 


D. Examples 


(1) Let G be an Abelian group (or some other 
talgebraic system) with tdiscrete topology. 
The Cartesian product X x G gives rise to a 
sheaf on X, called a constant sheaf (or trivial 
sheaf ). 

(2) Let X be a topological space and Y be a 
topological Abelian group (e.g., the real or 
complex numbers). We obtain a sheaf 2 on X 
by putting A(U) =the set of all continuous 
mappings U — Y and ry, =the natural restric- 
tion. The stalk over xe X is the set of germs at 
x of continuous functions into Y. This sheaf is 
called the sheaf of germs of continuous func- 
tions with values in Y. 

(3) When X is an tanalytic manifold and Y is 
a commutative tLie group, we define the sheaf 
of germs of analytic mappings with values in Y 
in the same way. If Y is the complex number 
field C, this sheaf is the sheaf © of germs of 
analytic (or holomorphic) functions. A fcon- 
nected component of the sheaf space @ can be 
identified with the fanalytic function deter- 
mined by the function element corresponding 
to a point on that component. The sheaf of 
germs of functions of class С” on a C*-manifold 
(r < 5) is similarly defined. 

(4) Given a tvector bundle B over a topolog- 
ical space X, we define a sheaf on X by F(U) 
=I (U) (=the module of sections of B over U) 
and ry, =the natural restriction. Here the stalk 
over xe X consists of the germs at x of sections 
of B, and is called the sheaf of germs of sec- 
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tions of the vector bundle B. We have similar 
definition for the sheaf of germs of differenti- 
able (analytic) sections when X is a tdifferenti- 
able (complex) manifold. The case where B is a 
*tensor bundle (e.g., the *cotangent bundle 
X*(X)) is important. The sheaf W(X) of germs 
of C*-sections of the r-fold texterior power of 
X*(X)is called the sheaf of germs of differen- 
tial forms of degree r (0 <r dim X). 


E. Sheaf Cohomology 


The category @* of sheaves of Abelian groups 
on X has sufficiently many tinjective objects. A 
sheaf F with the property that r x: Г(Х, F) 
>I (U, 2) is surjective for any open set U is 
said to be flabby (or scattered). An a 
sheaf is flabby. 

Fix a nonempty family ® of closed subsets 
of X satisfying the following two conditions: (1) 
A, Beo = AUBe 6; (п) any closed set con- 
tained in an element of ® belongs to Ф. Put- 
ting Г.(2)= (s|se (X, F), suppse} for 
each F є, we obtain a 'left-exact tcovariant 
functor Гь from @* to the category (Ab) of 
Abelian groups. Therefore, by the general 
theory of homological algebra, we can define 
the tright derived functors R^I3:«* (Ab) 
(q—0,1,2, ...). We put КГ,(2) = Н(Х, Z) 
and call the H$(X, F) (q=0, 1, ...) the coho- 
mology groups with coefficient sheaf 2 and 
family of supports  (— 200 Homological 
Algebra I). When Ф is the family of all closed 
subsets of X, we write H(X, F) instead of 
H(X, Z). 

Thus the cohomology group Hà(X, Z) 
is the qth cohomology of the complex 
Le (9 5r, (2) S T,(92)5... induced by an 
"injective resolution 05.75 2° 2! 5 
of the sheaf F : H3(X, 2) = Kerd*/Imd*^! 
(4=0,1,...;47! 20). 

H$(X, £) = Vo. 7), and from an exact se- 
quence of sheaves 05.7 4 5 XX 0 we get an 
exact sequence 05 H3(X, 4) HLX, 4) 
НХ, ж)» НЫХ, F)> НЫХ, Ao HUX, ж) 
ЭНХ, 2)... 

Similarly, the cohomology groups H§(X, F) 
can also be calculated with an exact sequence 
02 7 — Q9 5 91_, .. where each 2! is as- 
sumed to be Ly-acyclic (1е., H2(X, 9) 20 for 
q> 0) instead of injective. The flabby sheaves, 
for instance, are I3-acyclic, so we can compute 
H4(X,.Z) by a flabby resolution of F (R. 
Godement). For example, let X be an n- 
dimensional *paracompact C*-manifold and 
4 =R. Then OS RS 9f9(X) 530! X)... is 
exact, where W(X) is the tsheaf of germs of 
C? -differential forms of degree q, d? is tex- 
terior differentiation (Poincaré's theorem), and 
we have Н?(Х, 14) 0 for p> O0. Therefore 
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H*(X,R) is the xm Ponomolopy of the com- 
plex 0-+D°(X)5D!(X)45..., where D'(X) 
=T(X,%W:(X))=the group oat C*-differential 
forms of degree i on X. This proves the de 
Rham theorem, which says that the tde Rham 
cohomology group is isomorphic to the '(sin- 
gular) cohomology group of X with real coeffi- 
cients (— 105 Differentiable Manifolds R). For 
a sheaf .Z of noncommutative groups, we can 
define the first cohomology H!(X ,.Z) [2]. 


F. The Cech Cohomology Group 


Let U={U,} be an open covering of X, and 
write U;N U;= U;; etc. Put 


ір 


S I(U,.,,7) р=0, 1, 2,.... 
Ап element M С?(:2) is called a cochain of 
degree p. Define d: C"(7)—C?*'(7) by 

(df) ism ЖИК Y (isa lU uya), 
and denote the gth cohomology of the com- 
plex (С?(2), d) thus obtained by HIU, F). 
When an open covering 8 is a refinement 

of U, there is a canonical homomorphism 
HIU, 4) H*(38, F). So we can take the 
inductive limit of the groups H*(1L, F) with 
respect to the refinement of open coverings. 
This limit group is denoted by H*(X,.7) and is 
called the Cech cohomology group with coeffi- 
cient sheaf F. It coincides with H(X, F) for 
q<1, and if X is paracompact, for all q. 


G. Relation to Continuous Mappings 


Let X and Y be topological spaces and f: X 

— Y be a continuous mapping. If Z is a sheaf 
on Y, the fiber product X x ,Z (where F is 
viewed as a sheaf space over Y) is a sheaf on 
X. It is denoted by f *() or f HF) and is 
called the inverse image of 7. The correspon- 
dence Z— f *(7) is an exact functor from €! 
to ЄХ. Next, let Z be a sheaf on X. Associating 
Г( !(U),4) with each open set U of Y, we 
obtain a sheaf on Y, which we denote by f,(Y) 
and call the direct image of Z. The corre- 
spondence f, is a left-exact functor 6* 5€", 
and we can consider its right derived functors 
Кау. The sheaf Ку, (4) is the sheaf associated 
with the presheaf that associates H4( f !(U), Z) 
with each open set U. 

A homomorphism y from F to /, (4) is also 
called an f-homomorphism from 2 to 4. To 
give such a y is equivalent to giving a family 
of homomorphisms of the stalks Wy: r,, Z, 
(хє X) satisfying the continuity condition: For 
any open set U of Y and any section sel (U, Р) 
over U, the peat ọ from / (U) to % 
defined by ф(х) = V, (s(f(x)) is continuous. 

The fd f* and f, are related by 
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Hom(f*(Z),#)= Hom(£, f,(Y)). The Leray 
*spectral sequence 


E?! — H'(Y, R*f,(9)) > A(X, 9) 


exists and connects the cohomologies of X and 
of Y. 


H. Ringed Spaces 


Let X be a topological space and @ be a sheaf 
on X of commutative rings with unity element 
such that ©, (0) for any xe X. Then the pair 
(X, €) is called a ringed space, and @ is called 
its structure sheaf. A morphism (X, 6) (X', €") 
is by definition a pair ( f. 0) consisting of a 
continuous mapping f: X — X' and an f- 
homomorphism 0: 0—0’. When each @, is a 
Носа! ring, (X, ©) is called a local ringed space. 
À morphism of local ringed spaces is defined 
to be a pair (f,0):(X, 6) —(X', 0) as before, 
satisfying the additional condition that 0 is 
local (i.e., 0,: Oo — 0, maps the maximal ideal 
into the maximal ideal for each xe X). These 
concepts are important in algebraic geometry 
and the theory of functions of several complex 
variables. 


I. Direct Products and Tensor Products 


Let Z, (À € A) be sheaves of Abelian groups on 
a topological space X. The sheaf 2 on X 
defined by 2(0)= П, F,(U) and ry, = П, ғ, 
is denoted by Z = IT, 7, and called the direct 
product of sheaves {¥,}. For each xe X there 
is a natural mapping 2, П,(2,),, which is in 
general neither injective nor surjective. When 
А is a finite set, П Z; is also written Z = Z, 
+...+ £, and is called the direct sum of the 
sheaves. The inductive limit Z —indlim Z, of 
an inductive system of sheaves on X also 
exists, and ¥,=indlimF, ,. 

Let (X, €) be a ringed space. A sheaf of 
Abelian groups 2 on X is called a sheaf of @- 
modules (or simply an 0-module) if F(U) is an 
O(U)-module for each U and ryy: (V) >F (U) 
is a module homomorphism compatible with 
€(V)-»€(U) for each U < V. Then ZF, is an O- 
module for each xe X. For a fixed (X, ©), the 
@-modules form an Abelian category. When 
F and 4 are Ó-modules, the tensor product 
Ж =F Q ,% of F and 4 as sheaves over 0 is 
defined as follows: Define a presheaf by U > 
4 (U) & «uj, (U) and ry, =rgy @ roy, and let 
Ж be the associated sheaf of this presheaf. 
Then we have 2€, = Z, @ е 

The notion of coherent sheaves is important 
in the theory of Ó-modules (— 16 Algebraic 
Varieties E). 
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J. History 


About 1945, J. Leray established the theory of 
sheaf coefficient cohomology groups (in a form 
slightly different from that in Sections E and 
F) and the theory of spectral sequences to 
study the relation between the local properties 
of a continuous mapping and the global coho- 
mologies. In the theory of functions of several 
complex variables, K. Oka conceived the idea 
of “ideals of indefinite domain." These two 
ideas were unified by H. Cartan into the pre- 
sent form of sheaf theory. As a link between 
local properties and global properties, sheaf 
theory has been applied in many branches 

of mathematics (— 16 Algebraic Varieties; 

21 Analytic Functions of Several Complex 
Variables; 23 Analytic Spaces; 72 Complex 
Manifolds). 
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A. Siegel Domains 


Let D be a bounded domain in С" and G,(D) 
the full tholomorphic automorphism group of 
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D, which is a *Lie transformation group with 
respect to the tcompact-open topology. If 
G,(D) acts transitively on D, then D is called a 
*homogeneous bounded domain. The study of 
homogeneous bounded domains was initiated 
systematically by E. Cartan in 1936, while the 
notion of Siegel domains, which was intro- 
duced by I. I. Pyatetskii-Shapiro, has made 
remarkable contributions to the study of 
homogeneous bounded domains. 

Let V be a convex domain in an n- 
dimensional real vector space R. V is called a 
regular cone if for every xe V and 4-0, Axe V 
and if V contains no entirely straight lines. Let 
W be a complex vector space. А mapping F: 
Wx W> ВС (the tcomplexification of R) is a V- 
Hermitian form if the following conditions are 
satisfied: (Fi) F(u, v) is C-linear in u, (Fii) F(u, v) 
= F(v, и), where the bar denotes the tconjuga- 
tion with respect to R, (Fiii) F(u, u)e V (the 


closure of V), and (Fiv) F(u, и) = 0 implies u=0. 


Given a regular cone Vc R and a V-Hermitian 
form F on W, one can define a Siegel domain 
D(V, F) (of the second kind) by putting D(V, F) 
={(x+iy,u)e RC x W|y— F(u,u)e V), which is 
holomorphically equivalent to a bounded 
domain in АС x W. When W= (0), D(V, F) is 
reduced to р(И) = (x-F ipe RC| ye V}, which 

is called a Siegel domain of the first kind. A 
mapping L: W x W— RC is a nondegenerate 
semi-Hermitian form if L can be written as L 
=L,+L,, where L, and L, are RC-valued 
functions satisfying the conditions: (Li) L, 
satisfies (Fi) and (Fii); (Lii) L, is a symmetric 
C-bilinear form; (Liii) L(u, v) =0 for all ue W 
implies г=0. Let B be a bounded domain in a 
complex vector space X and L, (pe B) an RE- 
valued nondegenerate semi-Hermitian form on 
W depending differentiably on pe B. Consider 
a domain D(V, L, B) in RE x W x X defined by 
putting D(V, L, B)={(x +iy,u, ppe R€ x Wx Х| 
y—ReL,(u, ue V, pe Bj. The domain D(V, L, B) 
is called a Siegel domain of the third kind over 
B if it is holomorphically equivalent to a 
bounded domain. D(V, L, B) is a fiber space 
over B. 

By the affine automorphism group G, of a 
Siegel domain D(V, Е) с R€ x W we mean the 
group consisting of all elements in the complex 
affine transformation group of КС x W leaving 
D(V, F) stable. The full holomorphic automor- 
phism group G, of D(V, F) contains G, as a 
closed subgroup. If G, acts transitively on 
D(V, F), then D(V, F) is said to be homogene- 
ous. А homogeneous Siegel domain is 
necessarily affinely homogeneous, i.e., G, acts 
transitively on D(V, F) [2]. The 'Bergman 
metric of D(V, F) which is a G,-invariant tKäh- 
ler metric, is complete [3], and so D(V, F) is a 
*domain of holomorphy. 
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Examples. H (n, R) denotes the vector space 
of all real symmetric matrices of degree n, and 
Н (n, R) the regular cone consisting of all 
positive definite matrices in H(n, R). 

(i) The Siegel domain of the first kind 
D(H*(n,R))={X +iY| Xe H(n,R), Ye 
H*(n,R)} is called the Siegel upper half- 
plane, which is holomorphically equivalent to 
the classical symmetric domain of type III. 

(ii) Let u,veC and F(u,v) be the 2 x 2 diag- 
onal matrix diag(uv, 0), which is an H * (2, R)- 
Hermitian form on C. The resulting Siegel 
domain is 


D(H * (2, R), F) 


= [ence tec 


Imz,—|ul Imz, 
Imz; Imz; 
eno gl 


(iti) Let B= (teC ||t| « 1j, and let u, ve C. 
Put L,(u,v) 2 (1 — |t|2) (u0 + tuv). Then L,(u, v) 
is a nondegenerate semi-Hermitian form, and 
we have D(H * Q, R), L, В) = {(z, u, t)e C? |Imz 
—(1—]|t2) ! Re(u? +tu?)>0, [|< 1), which 
is a Siegel domain of the third kind and is 
holomorphically equivalent to the Siegel upper 
half-plane of dimension 3. 

The domains in (i) and (ii) are both affinely 
homogeneous; the latter was originally found 
by Pyateteskii-Shapiro in 1959 [1] and pro- 
vides the least-dimensional example of non- 
symmetric homogeneous bounded domains, 
which answered affirmatively Cartan's con- 
jecture (1936): Are there non-fsymmetric 
homogeneous bounded domains in С” (nz 4)? 


B. Infinitesimal Automorphisms of Siegel 
Domains 


For a Siegel domain D(V, F) c R* x W, the Lie 
algebra g, of G, can be identified with the Lie 
algebra of infinitesimal automorphisms, i.e., all 
complete holomorphic vector fields on D(V, F). 
Let G(V) be the group consisting of all the 
linear automorphisms of R leaving V stable. 
Let us fix a base in R, and let (2,,2›,...,2,) be 
the complex linear coordinate system іп КС 
corresponding to it. Choose a complex linear 
coordinate system (u4, Uz, ...,u,) in W. We 
write F(u, v) as F(u, v) =(Е, (и, v), ..., F.(u, v)). 
Consider the following two vector fields in the 
Lie algebra a, of G,: 


Е 


д д 
P= DL 


and put gå = (X eg,|[E, X] 2 4X], 4€ Z. Then 
ga can be written as a *graded Lie algebra in 
the following way: 9,—9; ? +q, | +98. Here 


д 
1= Y, iu, з; 
г 
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we have 


e 0 
да 2= b faz 


eR]. 
0 


0 
-1 = . F. 
Sa D k к(и, a, + > a Са ди, 


с=(с,),  c€ c}, 


and g? consists of all vector fields X,4,» of the 
form 


д д 
Уа 249 зия ° 


where the matrices A =(a,,), B —(b,,) satisfy 
the conditions: exptAe G(V), teR; AF(u, v)= 
F(Bu, v) - F(u, Bv). For X(4,5,€a9 we define 

tr Х\ p to be the sum of the trace of A and 
that of B. Let o^ be the A-eigenspace of ad E in 
д, (¿e Z). Then g, can be written also in the 
form of a graded Lie algebra: g, =g 2+g ! + 
a? +g! -- g?, and g^ = g? is valid for ¿= —2, 
—1, 0. Furthermore g, can be nicely deter- 
mined by g, in the following manner. p,, de- 
notes a polynomial on R x W homogeneous 
of degree ріп z,, ..., z,, and homogeneous of 
degree in u,, ...,u,. Let 8! (resp. à?) be the 
set of all polynomial vector fields of the form 


д д 
У, Piin Ур? о + Pode 


a д 
(resp. Le P3,05-+ > Haa) 
k a 


Then we have g! = (X eá! |[X,g !] c 9°}, and 
g” ={Xe§G7|[X,9 ?]c a, [X.g '1<g', 

Im Tr[X, Y] 20 for Yeg 21. Another descrip- 
tion of g! and g? has been given in terms of 
Jordan triple systems [4]. The explicit descrip- 
tions of q! and g? have been given for most 
homogeneous Siegel domains D(V, F) over 
irreducible self-dual cones V (— Section D; T. 
Tsuji, Nagoya Math. J., 55 (1974)). a, = 9, is 
valid for the Siegel domains which are irreduc- 
ible quasisymmetric but not symmetric (— 
Section D). Main references for this section are 
[2-6]. 


C. j-Algebras and Homogeneous Bounded 
Domains 


The notion of j-algebra was introduced by 
Pyatetskii-Shapiro [1], which reduces the 
study of homogeneous bounded domains to 
purely algebraic problems. Let g be a Lie 

. algebra over R, and f a subalgebra of g, (j) a 
collection of linear endomorphisms of g, and o 
be a linear form on g. Then the quadruple 


384 C 
Siegel Domains 


{g, £ (j), о) (sometimes abbreviated g) is called 
a j-algebra if the following conditions are 
satisfied: (i) jf < f for je(j) and j=j'(mod t) for j, 
J'e(j); (i) j? = —id(mod f); (iii) j[k, x] = [jx] 
(mod f) for ket, xeg; (iv) [jx,jy]=j[jx,y] + 
j[x,jy] + Ex. y] (mod?) for x, yeg; (v) o([k, х]) 
=0 for ke£ (vi) o([ jx,jy]) =o([x, y]); (vii) 
w([jx,x])>0 for xét. Let g' be a subalgebra 
of g such that jg’ сс +t. Then, putting f = 

a ПЕ, one can naturally induce a j-algebra 
structure on the pair (ag , t}. The j-algebra 
thus obtained is called a j-subalgebra of {g, f, 
(j), œ}. A j-algebra {g, f, (j), о} is called proper 
(resp. effective), if, for any j-subalgebra {9/, t] 
with g' compact semisimple, g' is contained in 
t (resp. if {g, Í} is an effective pair). 

Now let D be a homogeneous bounded 
domain in C", G a connected tLie subgroup 
of G,(D) acting ttransitively on D, and K the 
tisotropy subgroup at a point in D. The Lie 
algebras of G and K are denoted by g and t, 
respectively. Then the pair {g, t) becomes an 
effective proper j-algebra. Conversely, to every 
effective proper j-algebra there corresponds a 
homogeneous bounded domain. The identity 
component of G,(D) is isomorphic to the iden- 
tity component of a treal algebraic group via 
the tadjoint representation. Let (9,5, (j), œ} 
be a j-algebra. Suppose that g satisfies the 
following conditions: (i) g=g-7 +g ! -- g^ asa 
graded Lie algebra; (ii) g? =f+ jg 2; (iii) there 
exists a je(j) such that jg! =g"; and (iv) 
there exists an reg ? such that [ jx, = х 
for xeg ?. Such a decomposition is called 
a Siegel decomposition of g. To an effective j- 
algebra admitting a Siegel decomposition 
there corresponds a unique Siegel domain up 
to affine equivalence. Vinberg, Gindikin, and 
Pyatetskii-Shapiro (Appendix in [1] or Trans. 
Moscow Math. Soc., 12 (1963)) proved that 
the Lie algebra g,(D) of G,(D) contains a j- 
subalgebra admitting a Siegel docomposition 
and corresponding to the same domain D, 
and obtained the realization theorem: Every 
homogeneous bounded domain D is holomor- 
phically equivalent to a Siegel domain. In con- 
sequence, D is diffeomorphic to a Euclidean 
space, and the isotropy subgroup K,(D) is a 
maximal compact subgroup of G,(D). We have 
the decomposition G,(D) = K,(D): T (semi- 
direct), where T is an R-splittable solvable 
subgroup of G,(D) acting simply transitively 
on D. T is uniquely determined up to conju- 
gacy in G?(D) (=the identity component of 
G,(D)), and is called the Iwasawa group of D. 

The j-algebra structure of the Lie algebra t 
of the Iwasawa group T is characterized by 
the following properties: (i) for every tet, the 
eigenvalues of ad t are all real; (ii) there exists 
a tcomplex structure j such that [ јх, jy] = 
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jUx Y] +j[x,jy]1 + Сх, y] for x, yet; and (ii) 
there exists a linear form o on t such that 
o(Ljx,jy]) = o(Lx, y]) and that o([ jx, x]) > 0 
for x Z0. A Lie algebra satisfying (i)- (iii) is 
called a normal j-algebra. There exists a one- 
to-one correspondence between the set of 
holomorphic equivalence classes of homog- 
eneous bounded domains and the set of j- 
isomorphism classes of normal j-algebras; by a 
j-isomorphism here we mean an isomorphism 
which commutes with j. Let {g,j,@} bea 
normal j-algebra and define an inner product 
<, >ong by <x, уу -o([jx, y]). The ortho- 
gonal complement þh with respect to < , > of 
the commutator subalgebra g; of g is an 
Abelian subalgebra of a, and the adjoint repre- 
sentation of b on o, is fully reducible. One has 
а= „1„, b-f,, and a, = X,, ot, where f, = 
{xeg|[h, x] 2 a(h)x, heb}. The linear form х 
on b is called a root of g. There exist / roots 
04, ..., % (1= дит) such that D can be written 
in the form h=jf, +...+jt,, 1 being the rank 
of а. Then, after a suitable change of the num- 
bering of the «,’s, any root х will be seen to 

be of the form (a; + x,)/2, (z, —0,)/2 or a;/2, 
where 1 €i xk«l. A normal j-algebra admits 
a unique Siegel decomposition which can be 
constructed by using root spaces. 


D. Equivariant Holomorphic Embedding 


We retai: the notation of Section B. Let 

D(V, F)c КС x W be a Siegel domain and дс be 
the tcomplexification of the Lie algebra g,. ç `! 
has the complex structure defined by the endo- 
morphism ad J. Let g+! be the + i-eigenspaces 
in the complexification gc! of g ^! under ad I. 
Let us consider the complex subalgebras b — 
g-  gé- ac ac and n — ac? +93" of ac, 
where the subscripts C denote the complexi- 
fication of the respective space. Let Gc be the 
connected *complex Lie group generated by 
ac and containing G? (=the identity com- 
ponent of G,) as a subgroup. The Lie algebra 
of the normalizer B of b in Gc coincides with 

b. Identifying КС x W with n as a complex 
vector space, and denoting by z the natural 
projection of Gc onto the complex coset space 
Gc/B, the composite mapping т = лехр is a 
holomorphic embedding of n into Сс/В, 

which induces a holomorphic G?-tequivariant 
embedding of D(V, F) into Gc/B as an open 
submanifold. This embedding is called the 
Tanaka embedding. By the (Shilov) boundary S 
of D(V, F) we mean the real submanifold S — 
f(x iy uje RC x W|y= F(u,u)) of RE x W, 
which is a subset of the boundary of D(V, F). S 
has the natural *CR-structure induced from the 
complex structure of RC x W. Every element 
of a, can be extended to a unique holomorphic 
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vector field on КС x W which is tangent to 5, 
and its restriction to Š is an infinitesimal їСК- 
automorphism on $, i.e., a complete vector 
field generating a 1-parameter group of tCR- 
equivalences of S onto itself. Conversely, every 
infinitesimal CR-automorphism on $ can 

be extended uniquely to a holomorphic vector 
field on R© x W, and an element of g, is char- 
acterized as an infinitesimal CR-automorphism 
on Š whose extension leaves the TBergman 
kernel form of D(V, F) invariant [6]. Let n= 
dime gc, m= dimcD, and let k=(#) — 1. Then 
Gc/B, and consequently D(V, F), is embedded 
holomorphically into the complex tGrass- 
mann manifold of m-dimensional subspaces in 
gc and so into the tcomplex projective space 
P,(C). Any element of G? is induced from a 
projective transformation and hence is a bi- 
rational transformation on D(V, F). 

Let D be a homogeneous bounded domain 
in C", g, the Lie algebra of G,(D), and f, the 
isotropy subalgebra of g,; and let ac be the 
complexification of g}. q, is a j-algebra. Let us 
define the complex subalgebra q_ of gc by 
putting g- — (xt ijx|xeg,,je(j)]. Then we 
have дс= 8, +98, 9. 09 =t,. Let Gc be the 
connected Lie group generated by ac and 
containing G?(D) as a subgroup. Let G_ be the 
connected (closed) Lie subgroup of Gc gen- 
erated by g_. Then D can be holomorphically 
embedded in Gc/G_ as the open G? (D)-orbit of 
the origin of Gc/G- [8]. This embedding is 
called the generalized Borel embedding. Gc/G . 
is compact if and only if D is symmetric, and in 
this case Gc/G.. coincides with the compact 
dual [9]. 

Let (t5, j, c) be a normal j-algebra of rank l 
corresponding to a homogeneous bounded 
domain Dp, and define the Hermitian inner 
product h by h(x, у)  o(Ljx, y]) + io([x, y]) for 
x, yeto. ty has |— 1 (normal) nontrivial j-ideals 
(i.e., j-invariant ideals) up to j-isomorphisms. 
Take a j-ideal t; of tj. Then we have to —t, + 
t,, t, being a (normal) j-subalgebra of t, de- 
fined as the orthogonal complement of t, in 
to with respect to h. The geometric version of 
this is that D, is represented as a holomorphic 
fiber space over the homogeneous bounded 
domain D, corresponding to t,, with fibers 
holomorphically equivalent to the homog- 
eneous bounded domain D, corresponding to 
t,. For this fibering there exists a universal 
fiber space D over the product D, of certain 
classical symmetric domains, with the same 
fibers, which plays the same role as that of a 
tuniversal fiber bundle in topology. Here, D is 
again a homogeneous bounded domain. The 
fiber space D, D, is induced from the fiber 
space D— Ó, by the classifying mapping / of 
D, to D,. Let В be the generalized Borel em- 
bedding of D into Gc/G_. Then there exists a 
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complex Abelian subalgebra m of gc satisfying 
Gc —9- +m (semidirect), and one can con- 
struct a biholomorphic mapping f of B(D) onto 
a certain Siegel domain of the third kind over 
D; in the vector space m [8]. The fiber space 
D, D, coincides with the one induced from 
the aforementioned Siegel domain of the third 
kind by the composite mapping of 4 and f f. 
Every realization of a homogeneous bounded 
domain as a Siegel domain of the third kind is 
obtained by this method. 


E. Classification of Homogeneous Bounded 
Domains 


The main concern is to classify all homoge- 
neous bounded domains in C" up to holomor- 
phic equivalence. Since the realization as 
Siegel domains has been set up, the second 
step is to get the uniqueness theorem: The 
holomorphic equivalence of two homogeneous 
Siegel domains implies that they are linearly 
equivalent, that is, there exists a (complex) 
linear isomorphism between the ambient vec- 
tor spaces which carries the one domain to the 
other. The uniqueness theorem was first stated 
in 1963 (Appendix in [1]), rigorously proved 
in 1967 [10], and in 1970 the homogeneity 
assumption was removed [2]. A homogeneous 
Siegel domain is called irreducible if it is not 
holomorphically equivalent to a product of 
two homogeneous Siegel domains. Every 
homogeneous Siegel domain is linearly equiva- 
lent to a product of irreducible homogeneous 
Siegel domains [3, 10]. A homogeneous Siegel 
domain D(V, F) is irreducible if and only if the 
regular cone V is irreducible, i.e., if V cannot 
be written as a direct sum of two regular 
cones. So the problem is to classify irreducible 
homogeneous Siegel domains up to linear 
equivalence. This reduces to classifying two 
kinds of nonassociative algebras with bigrada- 
tion, called T-algebras and S-algebras [11]. 
Nonsymmetric homogeneous Siegel domains 
appear in dimension 4. The numbers of such 
domains are finite up to dimension 6, but in 
every dimension z 7 there is at least one con- 
tinuous family of nonsymmetric irreducible 
homogeneous Siegel domains, which are not 
mutually holomorphically equivalent. 

There is a remarkable class of homogene- 
ous Siegel domains, called quasisymmetric 
[12], which contains the class of symmetric 
bounded domains. A regular cone Vc R is 
called self-dual if there exists an inner product 
( , )on R such that V={xeR|(x, y)>0 for 
ye V —(0)), V denoting the closure of V. V is 
called homogeneous if the group G(V) is tran- 
sitive on V. Suppose that V is homogeneous 
self-dual. Then the group G(V) is tself-adjoint 
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with respect to the inner product ( , ) on R. 
Let g(V) be the Lie algebra of G(V). Then the 
totality f(V) of skew-symmetric operators in 
8(У) with respect to ( , ) is a tmaximal com- 
pact subalgebra of a(V) and is the isotropy 
subalgebra of g(V) at a point ee V. Consider 
the associated tCartan decomposition g(V) = 
t(V)43- p(V). For each xe R there exists a 
unique element T(x)ep(V) such that Т(х)е= x. 
Let F be a V-Hermitian form on a complex 
vector space W. Define a Hermitian inner 
product < , > on W by <u, vò —(e, F(u,v)) 

for u, ve W, and let H(W) be the set of Her- 
mitian operators оп W with respect to < , >. 
A (homogeneous) Siegel domain D(V, F)c 

КС x W is called quasisymmetric if V is homo- 
geneous self-dual and if for each xeR there 
exists R(x)e H(W) such that F(R(x)u, v) 4- F(u, 
R(x)v) = T(x)F(u, v) for u, ve W. The normal j- 
algebra t of an irreducible quasisymmetric 
Siegel domain is characterized by the following 
conditions: dim fe +42 =a (1 <i<k<l; and 
dim k, о =b (1<i<l), where a, b are some 
constants and / is the rank of t (D'Atri and de 
Miatello). Quasisymmetric Siegel domains 
have been completely classified (M. Takeuchi, 
Nagoya Math. J., 59 (1975), also [12]). 


F. Generalized Siegel Domains and Further 
Results 


Let Q be a domain in C" x C" (n, mz 0) which 


. is holomorphically equivalent to a bounded 


domain and contains a point of the form (z, 0), 
ze С". О is called a generalized Siegel domain 
with exponent c (ce R), if Q is invariant under 
holomorphic transformations of C" x C" of the 
types 


(zu) (z--a,u) forall aeR", 


(zu)—(ze"u) forall teR, 


(zu) (e'z ,e“u) forall teR. 


Let D be a bounded domain in C", and Га 
subgroup of G,(D). Г is said to sweep D if there 
exists a compact set K c D such that ГК = D. 
T is said to divide D if Г, provided with dis- 
crete topology, acts properly on D and sweeps 
D. D is called sweepable (resp. divisible) if there 
exists a subgroup Г of G,(D) which sweeps 
(resp. divides) D. A divisible generalized Siegel 
domain is symmetric. А sweepable generalized 
Siegel domain with exponent с #0 (resp. c=0) 
is a Siegel domain (resp. a product of a Siegel 
domain of the first kind and of a homogene- 
ous bounded circular domain) ([13]; also A. 
Kodama, J. Math. Soc. Japan, 33 (1981)). 
Some results have been obtained concerning 
geometry of bounded domains, homogeneous 
bounded domains, and Siegel domains in 
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complex Banach spaces [14], and also con- 
cerning the unitary representations of the 
generalized Heisenberg group on the square- 
integrable cohomology spaces of @,-complexes 
on the Shilov boundary of a Siegel domain 


[15]. 
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A. General Remarks 


Simulation, in its widest sense, is a method of 
utilizing models to study the nature of certain 
phenomena. This method is employed when 
experimentation with the actual phenomena in 
question is difficult because of high cost in 
time or money. Also, it is sometimes almost 
impossible to carry out observations when the 
behavior of the objects can be influenced by 
their surroundings. 

We can classify simulation techniques into 
the following four types, although simulations 
in practical use are usually a mixture of them. 

The first type is model experimentation, 
which includes model basins and wind tun- 
nels in hydrodynamics and pilot plants in the 
chemical industry. In advance of construction 
in a real situation, we perform experiments 
on a small scale and verify or modify those 
theories upon which the construction is based. 

The second type is analog simulation or 
experimental analysis. We investigate the 
properties of real objects by experiments on 
alternative phenomena satisfying the same 
differential equations as those known for or 
assumed to be satisfied by the real objects. For 
example, we use an equivalent electric network 
to study dynamic vibration, and dynamic 
systems to study heat conduction problems. 
When theoretical analysis of the actual phe- 
nomenon is difficult, we look for other phenom- 
ena with similar properties and study them 
in order to construct mathematical models for 
them. This type of simulation has come into 
practical use mainly in engineering problems, 
but recently it has been utilized for the study 
of economic phenomena, nervous systems, the 
circulating system of an artificial heart, etc. 
Analog simulation was in the past often per- 
formed by means of tanalog computers. Now- 
adays, analog simulation is more frequently 
performed by digital computers than by ana- 
log ones. And with the progress of electronics 
it has become easier to make special-purpose 
simulators. 

The third method of simulation, simulation 
in the narrow sense, has become more impor- 
tant as *digital computers have been developed. 
In general this method is applied to problems 
that are more complicated and of larger scale 
than problems treated by analog simulation. 
When the mathematical expressions of the 
phenomenon and the algorithms of its dy- 
namic structure are known, it is easy to simu- 
late it by means of a computer program. In 
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particular, when these techniques are used to 
study systems such as sets of machines, equip- 
ment at factories, or management organiza- 
tion, we call them system simulations. Major 
fields where system simulation techniques have 
been used are traffic control on highways or at 
airports, arrangement or operation of ma- 
chines at factories, balancing problems in 
chemical processes, production scheduling in 
connection with demands and stocks, overall 
management problems, and design of informa- 
tion systems. The method has also been ap- 
plied in designing plants and highways and in 
the study of social or biological phenomena. 
Also, when we investigate instruction systems 
of computers that are yet to be completed 

or develop programming systems for such 
computers, existing computers can be used to 
simulate the new ones. *Random numbers play 
an important role where the simulation must 
include random fluctuations (— 354 Ran- 
dom Numbers). In such instances, the method 
is often called the Monte Carlo method (— 
Section C). 

The fourth method of simulation deals with 
systems containing human beings. Among 
them are war games for training in military- 
operation planning, business games for train- 
ing in business enterprises, and simulators for 
training pilots and operators of atomic power 
plants. The contribution of human decision to 
simulation processes is characteristic of these 
cases. For example, the participants in a busi- 
ness game are divided into several enterprise 
groups. Each group discusses and decides how 
to invest in plants, equipment, research, and 
advertising and how to schedule production 
for each quarter. On the basis of the deci- 
sions, a computer outputs the records of sales, 
stocks, and cash for each quarter, according 
to hidden rules. From the results, each group 
decides on the next steps. In this way, the 
groups compete for development. This type 
of simulation is important not only for train- 
ing but also for investigating the mechanism 
of human decision. Slightly different from 
this type of simulation, the “perceptron” and 
EPAM (Elementary Perceiver and Memorizer) 
are related to artificial intelligence and have 
been used extensively in the cognitive sciences 
and in research into the structure and function 
of the human brain. 

The third type of simulation has attracted 
attention in particular and has been used both 
in theoretical problems, such as the explication 
of various phenomena, and in practical prob- 
lems, such as design or optimum operation of 
systems or prediction of their behavior. For 
school education and training of technicians, 
this is put to use together with simulations of 
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the fourth type. But their use has also induced 
heated discussions and controversies on the 
validity of results. 


B. Programming Languages for Simulation 


We usually describe models by using general 
purpose language: such as FORTRAN, or list 
processing languages such as LISP to simulate 
situations on computers. For system simula- 
tion, a number of programming languages 
have been developed and put to practical use. 
They can be divided roughly into two cate- 
gories: those for which systems change continu- 
ously and those describing discrete changes. 
CSMP (Continuous System Modeling Pro- 
gram), CSSI (Continuous System Simulation 
Language), and DDS (Digital Dynamics 
Simulator) belong to the former, and hence all 
involve integration mechanisms; but each 

has a different way of describing a model. 
DYNAMO, which has been implemented, or J. 
W. Forrester's Industrial Dynamics and World 
Dynamics, are used extensively. To control 
simulation time, one may use GPSS (General 
Purpose Simulation System), SIMULA 
(Simulation Language), or SIMSCRIPT 
(Simulation Scriptor), each employing a differ- 
ent method to describe state transitions. 


C. The Monte Carlo Method 


The Monte Carlo method was introduced by J. 
von Neumann and S. M. Ulam around 1945. 
They defined this as a method of solving deter- 
ministic mathematical problems using tran- 
dom numbers. L. de Buffon's needle experi- 
ment, in which the approximate value of z is 
obtained by dropping needles at random many 
times, is a classical example of this method. 
Another example is the problem of evaluat- 
ing a definite integral I — (^ f(x)dx (B> f(x) > 
AZ 0). First we generate many pairs of (uni- 
form) random numbers (x, у), where a&x«b . 
and A < y <B. The proportion (p) of pairs 
satisfying y « f(x) gives an estimate of the inte- 
gral, i.e., I = p(B— A)(b — a). The techniques 
for inverting matrices, solving tboundary value 
problems of partial differential equations, and 
So on, are also examples of the Monte Carlo 
method in this sense. However, direct numer- 
ical calculation seems to be more useful in 
dealing with this sort of problem. At present, 
Monte Carlo methods are usually used when it 
is difficult to construct (or solve) mathematical 
equations describing the phenomena in ques- 
tion, for example, when the phenomena in- 
volve tstochastic processes such as trandom 
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walks. Some methods have been devised so as 
to get prectse results efficiently. 
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A. Basic Notion 


It is often useful to focus attention on the 
relation between a physical system’s input and 
output, without worrying about intermediate 
processes (the black box), which may be in- 
sufficiently understood or too complicated to 
analyze. For the scattering of particles, this 
leads to the notion of an S-matrix that directly 
relates the state of incoming particles (before 
scattering processes take place) to that of 
outgoing (scattered) particles. 

In typical cases, the incoming and outgoing 
particles are described as mutually noninter- 
acting (these are called free particles). This 
implies particle motions along straight lines at 
constant speeds (asymptotic to the actual 
motion at infinite past for incoming particles 
and at infinite future for outgoing particles) in 
classical mechanics, and wave functions (or 
vectors in a Hilbert space) obeying the Schró- 
dinger equation with a free Hamiltonian H, in 
quantum mechanics and more or less the same 
in quantum field theory. 

A wave function for n particles is an L,- 
function of their momenta p,, ..., p, (each p; 
being a 3-dimensional vector) with respect to 
an appropriate measure (normally the Le- 
besgue measure du(p)— П Фр; іп quantum 
mechanics and the Lorentz-invariant measure 
du(p) — ET((m? + p?) "^ d? pj in quantum field 
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theory, where m is the mass of the particle), 
and the S-matrix S is described in terms of the 
S-matrix elements (p,, .... p,lS|pi. .... p.) 
(which is a distribution) as 


(2,5) = OPPII PYP dudul, 


where Ф and V are wave functions for n and n' 
particles, p —(p,, ..., p,), and similarly for р’. 
(p|S|p’) gives quantities measured in scattering 
experiments, as will be explained in Section B 
(2). 

In quantum mechanics, the free and actual 
(interacting) motion of particles is described in 
the same Hilbert space with free and interact- 
ing Hamiltonians Hy and Н. À vector ® in 
interacting motion behaves like a vector q in 
free motion at infinite past if 


l(exp[ —iHt])0 — (exp —iHor])oi 0 


and hence 
Ф= W (Н; Ho)o, 


№ (Н; Но) = lim ee~ ito, 
і» — a 
Such а Ф is often written as 


о=о'о)- | opoldan 


and is called an in-state. А definition for an 
out-state Ф“! is obtained by changing t —oo 
to t2 +оо and W_ to W,. The S-matrix ele- 
ment is defined (as a distribution) by 


(p|S|p^) = (Фр), (p!) 


The existence and properties of W, (called 
twave operators) are central subjects in scat- 
tering theory (— 375 Scattering Theory). 

In quantum field theory, the asymptotic 
description is given in terms of vectors in 
*Fock space, and the in- and out-states are 
constructed in terms of *asymptotic fields 
(— 150 Field Theory). 

The foregoing description actually applies 
only to a system of one-component particles 
of the same kind. More generally. additional 
(discrete) variables, say x, are needed to dis- 
tinguish different kinds of particles and differ- 
ent spin components of each kind of particle, 
and the p's appearing in the above formulas 
should be replaced by (р, x)'s, along with re- 
lated changes in the measure. 

Even in a quantum mechanics of many 
identical particles a bound state, if it exists, ts 
to be treated as another particle (different from 
the original one) and should be distinguished 
by x's in the asymptotic description g. 

If the interaction is of long range (e.g., 
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Coulomb interaction), the classical path of a 
particle does not have an asymptote in gen- 
eral, and correspondingly the wave operators 
W, do not exist for the usual free Hamil- 
tonian. Still, an asymptotic description of 
scattering is possible in some cases. 

In the presence of massless particles, such 
as photons in quantum field theory, another 
difficulty, called the infrared problem, can arise 
in the asymptotic description of scattering 
because the scattered particle may be accom- 
panied by an infinite number of massless par- 
ticles (with very small energy). In such a situ- 
ation, a representation of a free massless field 
not equivalent to the standard Fock represen- 
tation is believed to be a possible candidate 
for the asymptotic description of scattering. 


B. Basic Properties 


(1) Invariance. Let 2% be the Hilbert space for 
the asymptotic description of scattering, such 
as the space of L;-functions o(p,, ..., p,) rela- 
tive to the measure du(p). The S-matrix is an 
operator on J£, whose matrix element is as 
described above. (The corresponding operator 
S in the Hilbert space # describing the inter- 
acting states is defined by Sd?" (o) = Фі"() 
and is sometimes called an S-operator.) 

Š is said to be invariant under a group G of 
transformations of the p's (and possibly the o's) 
1(0(9)Ф)(р) = @(g ! p) defines a continuous 
unitary representation U(g) and if U(g)S= 
SU (д) for all ge G. First, S is usually invari- 
ant under time translation. In the quantum 
mechanics of a particle scattered by a rotation- 
ally invariant potential, Š is invariant under 
the group of rotations of 3-dimensional vec- 
tors p; in the quantum mechanics of many 
particles (mutually interacting through central 
potentials), S is invariant under the 3-dimen- 
sional Euclidean group of transformations 
p>Rp +a with rotation R; in relativistic field 
theory, S is assumed to be invariant under the 
tinhomogeneous Lorentz group of transfor- 
mations p>Ap-+a with p —(p?, p) and homo- 
geneous Lorentz transformation A. 

In all these examples, G is of type I, i.e., 
there is a direct integral decomposition 


Hy = |+ (k) & Z(k)dy(k), 


U(g)= [uc @ 1 gay dv(k), 


into irreducible representations U, on #(k), 
which are mutually inequivalent, where Z(k) is 
some Hilbert space for each k. The S-matrix is 
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invariant under G if and only if 


s= | tem @ S(k)dv(k). 


When a (scalar) particle is scattered by a 
central potential, irreducible representations 
are labeled by the energy E(p)=p?/(2m) (for 
time translation) and the angular momentum / 
(for rotations) with dim Y(E(p), I) = 1. There- 
fore each S(k)=S,(|p|) is a number. For any 
given energy, 1—0, 1,2, ... are referred to as the 
S-wave, P-wave, D-wave, ... or generally as 
partial waves. 

For relativistic scalar particles, irreducible 
representations (with positive energy and 
nonzero real mass) are labeled by the center- 
of-mass energy squared s (=(X(m? + p?)'?)? — 
(X pj?) and the total angular momentum I. If s 
is below the threshold (3m)? of 3-particle 
scattering, dim #(k)=1 and S(k)=S,(s) is a 
number. 


(2) Unitarity. $ф is supposed to represent the 
t= --oo asymptotic (free) behavior of the state 
that initially (i.e., at t= —oo) behaves like a 
free state ф. If there is no loss of probability in 
the description of scattering, the S-matrix is 
isometric. If all asymptotic configurations 
are realized as a result of scattering, the S- 
matrix must also be unitary. The mappings 
Q^ : 96H) 0 (g)e J (W, in quantum 
mechanics) are proved to be isometric under 
a general assumption. The unitarity is then 
proved in potential scattering (under some 
conditions on the potential) by showing that 
the two wave operators W, have the same 
range. In fact, a somewhat stronger result — 
that this range is the same as the absolutely 
continuous spectral subspace for the interact- 
ing Hamiltonian H—is usually proved and is 
called completeness (of scattering states in the 
absolutely continuous spectral subspace of H). 
If the mappings ®™' and © (or И, ) are iso- 
metric and have the same range, then Ф!'(ф)= 
q?"'(Sq), which shows that the state behaving 
like ф at t= —oo behaves like Sọ at t = +оо. 
In the simple multiplicity cases such as 
S,({p|) and S,(s) above (which correspond to 
the physical situation of purely elastic scatter- 
ing without any production or change of par- 
ticles), these numbers must be of the form e? 
due to unitarity, where the real number ó, is 
called the phase shift. In terms of the phase 
shift, the differential cross section 20/40, which 
is the average number of particles scattered per 
unit time per unit solid angle around the direc- 
tion forming an angle 0 with the incident 
uniform parallel beam of unit intensity (one 
particle per unit time per unit area) when 
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viewed in the center-of-mass system, and the 
total elastic cross section с, = [(do/dQ)dQ are 
given by the following formulas, called the 
partial wave expansion: 


dc/dQ = | f(s, 0)?, 


/(8, б)= К^! Yo I+ DfiP,(cos0), — f, —sinóje??, 


=0 


647 nk? (21+ Hsin? д, 
1 


where dO. = sin 040 dg (invariant measure on а 
2-dimensional sphere 52) and k is the wave 
number of the particle in the center-of-mass 
system (k -h !|p| - h ' [(s/4) -m?]'?). The 
function f is called the scattering amplitude. 
The forward scattering amplitude f(s, 0) is 
related to the total cross section o,, by the 
optical theorem: 


G = 4Ank ! Im f(s, 0), 


which follows from the unitarity of the S- 
matrix. Here the total cross section is expressed 
as the area of the transverse cross section 

of a classical (impenetrable) scatterer that 
would scatter the same amount of particles. 

In a purely elastic region, Go = G. and the 
optical theorem is the same as the assertion 
Im = |. 

Even for values of s above the threshold of 
inelastic scattering, the restriction of S, to the 
subspace of two particles is again described by 
numbers е2“, where ó, is now complex, and 
the same formulas for the differential and total 
elastic cross sections hold, except that uni- 
{агу of Sy now implies Im f, >| l^. 


(3) TCP Symmetry. In the framework of either 
*axiomatic quantum field theory or the ttheory 
of local observables, the TCP theorem (or 
PCT theorem) shows [1] that to every particle 
there corresponds another particle with the 
same mass and spin, which is called the anti- 
particle and can be the original particle itself, 
such that any particle is the antiparticle of its 
antiparticle, and the following relation, called 
TCP invariance (or PCT invariance [2]) holds 
for S-matrix elements: 


(p, 2151р, 2) 
= (о) (о) Р р", 002 15|р, 052). 


Here F(a) and F(a’) are the number of particles 
with half odd integer spin amongst the incom- 
ing and outgoing particles (i.e., in х and о), 
n(x) and (о) are the product of +1 assigned 
to each particle in x and о, respectively, with 
the assignment to a particle and its antiparticle 
the same for bosons and opposite for fermions, 
(р, ж) is an abbreviation for an ordered n-tuple 
of energy-momentum 4-vectors p, and other 
indices х, (for spin components and particle 
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species), i= 1, ..., n, and similarly for (p^, х), and 
0, is the mapping from particles to their anti- 
particles (without changing spin indices). We 
may view the mapping |р, x) n(x)i* ?| p, 09%) 
as an antiunitary operator Ө on Ж, satisfying 
0,50,! =S* so that 


(1,892) 5 (50;. $,969,). 


This is related to the "ТСР operator © in 
quantum field theory by ӨЧ) = "(Ө оф) 
and ӨЧ“ (о) =\Ч°" (Өө). The name TCP 
comes from the combination of T for time 
reversal (incoming = outgoing, = p/m —v), 
C for charge conjugation (particle = anti- 
particle), and P for parity, which is a quan- 
tum number for space inversion (p — p). 

TCP symmetry was suggested to G. Lüders 
(Dansk. Mat. Fys. Medd., 1954) by B. Zumino 
in the form that P-invariance implies TC sym- 
metry. W. Pauli (Niels Bohr and the develop- 
ment of physics, Pergamon 1955, 30) realized 
that TCP is a symmetry. R. Jost (Helv. Phys. 
Acta, 1957) gave its proof in the framework of 
axiomatic quantum field theory. 


(4) Crossing Symmetry. In the framework of 
either axiomatic quantum field theory or the 
theory of local observables, it has been shown 
by J. Bros, H. Epstein, and V. Glaser (Comm. 
Math. Phys., 1 (1965); also [3]) that there exist 
analytic functions H(k, x) of complex variables 
k —(k,, ..., kj) in a certain domain D such that 
each k; is a complex 4-vector, the variables are 
on the mass-shell manifold defined by k? =m? 
(k? is in the Minkowski metric) and У k,=0, 
and the boundary value of H(k, x) as k; ap- 
proaches sp; from Im s 0 (s being the square 
of the sum of two K's for incoming particles) in 
D is the scattering amplitude for the following 
processes involving the particles 4; and their 
antiparticles А; (j= 1, ..., 4) with 4-momenta 
pj, &= 1 for Aj; and —1 for A; (some of the A's 
and A's may coincide): 


(i) _ A,+A;,— As; + A4, 
() ААА, +43, 
(ü) _А,+А,—>А„+ Aà, 
Gi) A,+ A,A, + A;, 
(i) A, 442454 A5, 
(1) А,+А,—А,+А„. 


Any pair of relations taken from (1)- (iii) con- 
stitutes a crossing symmetry. 


(5) High Energy Theorems. M. Froissart (Phys. 
Rev., 123 (1961)) obtained from the Mandel- 
stam representation the following bound for 
the forward scattering amplitude (called the 
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Froissart bound) at large s: 
|F(s,0)| <(const)s(log s)’, 
F(st)-kf(s0, t= 2k? (cos 8 — 1). 


A. Martin has obtained such a bound in the 
axiomatic framework. As a consequence we 
have the Froissart-Martin bound: 


бы « 4nR 7 (1- c)? (log(s/so))°, 


where 220 is arbitrary, R can be taken to be 
4m (m, is the mass of a pion) for many cases, 
such as лл, nK, xN, and zA scattering, and so 
is an unknown constant. 

Many other upper and lower bounds for 
scattering amplitudes have been obtained 
under other assumptions [4, 5]. 

I. Ya. Pomeranchuk (Sov. Phys. JETP, 7 
(1958)) suggested the asymptotic coin- 
cidence of total cross sections at high energy 
for scattering of AB and AB, where B is the 
antiparticle of B. This Pomeranchuk theo- 
rem has been shown to hold by Martin 
(Nuovo Cimento, 39 (1965)) by using the ana- 
lyticity derived in the axiomatic framework 
under the following sufficient condition: 

The existence of lim, „„ [c(4B) — c(AB)] and 
lim, ,,,(slog s) + f(s, 0) = 0. 


C. S-Matrix Approach 


(1) History. All the information needed to 
understand the experimental elementary- 
particle scattering data seems to be expressible 
by S-matrix elements. It was therefore natural 
to try to develop a foundation (and practical 
methods of calculation) for the theory of ele- 
mentary particles on the basis of some gen- 
eral properties of the S-matrix, especially 

when other approaches, such as quantum field 
theory, faced difficulties. W. Heisenberg (Z. 
Phys., 120 (1943)) first pointed out the possi- 
bility of such an approach soon after the intro- 
duction of the S-matrix by J. A. Wheeler (Phys. 
Rev., 52 (1937)). Unfortunately, in the early 
1940s not much dynamical content could be 
given to such an S-matrix-theoretic approach 
because only unitarity and some invariance 
properties, such as tLorentz invariance, were 
used to characterize the S-matrix. In the late 
1950s, through the study of the analyticity of 
the S-matrix in connection with dispersion 
relations in quantum field theory, it became 
evident that causality is another important 
determinant of S-matrix structure. In practice, 
causality in position space is used in the form 
of the analyticity of the S-matrix elements in 
the energy-momentum space (variables dual to 
space-time positions in the Fourier transform). 
Subsequently it was realized that analyticity 
combined with unitarity gives surprisingly 
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strong control over the structure of the S- 
matrix (G. F. Chew [6]; H. P. Stapp, Phys. 
Rev., 125 (1962); J. C. Polkinghorne, Nuovo 
Cimento, 23 and 25 (1962); J. Gunson, J. Math. 
Phys., 6 (1965); D. I. Olive, Phys. Rev., 135B 
(1964); Chew [7]; R. J. Eden et al. [8]). The 
study of the S-matrix based on its general 
properties, such as invariance, unitarity, and 
analyticity, is called S-matrix theory. In the 
present form, it is adapted only to massive 
particles with short-range interactions, and 
its applicability is believed to be limited to 
strongly interacting systems. 


(2) Landau-Nakanishi Variety. C. Chandler 
and Stapp (J. Math. Phys., 10 (1969)) and D. 
Iagolnitzer and Stapp (Comm. Math. Phys., 14 
(1969)) clarified the analytic structure of the S- 
matrix in terms of Landau equations (— 146 
Feynman Integrals) based on the important 
physical idea of macroscopic causality, which 
gives much more precise information in the 
physical region than a superficial application 
of tlocality (also called microcausality) in 
axiomatic quantum field theory, though it is 
possible that a detailed study starting from 
microcausality and incorporating tasymptotic 
completeness (the so-called nonlinear program 
in axiomatic quantum field theory) might 
eventually entail the macroscopic causality 
condition (e.g., J. Bros, in [9]; lagolnitzer 

[10, ch. IV]; also K. Symanzik, J. Math. Phys., 
1 (1960)). 


(3) Microlocal Analysis. An important fact is 
that the normal analytic structure of the S- 
matrix discussed by Iagolnitzer and Stapp 
essentially coincides with the notion of analy- 
ticity in microlocal analysis, i.e., with micro- 
analyticity (— 274 Microlocal Analysis; F. 
Pham and Iagolnitzer, Lecture notes in math. 
449, Springer, 1975; M. Sato, Lecture notes 

in phys. 39, Springer, 1975)). In a word, the 
tLandau equations have acquired a new inter- 
pretation in the description of the micro- 
analytic structure of the S-matrix. In the new 
developments, the Landau equations define a 
variety in the cotangent bundle (over the mass- 
shell manifold in momentum space), and the 
*singularity spectrum of S-matrix elements is 
assumed to be confined to | Jc Z * (G) (except 
for the so-called .4,-роіпіѕ), where G ranges 
over all possible Feynman graphs and .Z *(G) 
denotes the positive-x Landau-Nakanishi 
variety associated with G (— 146 Feynman 
Integrals). The union | Jg. * (G) is known to 
be locally finite and hence makes sense (Stapp, 
J. Math. Phys., 8 (1967)). The old interpre- 
tation of Landau equations, as defining a 
variety in energy-momentum space, corre- 
sponds now to considering the variety L*(G) 
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obtained by projecting 2 * (G) from the co- 
tangent bundle to the base manifold (1.e., the 
mass shell manifold). The new interpretation of 
Landau equations led Sato (Lecture notes in 
phys. 39, Springer, 1975) to make a further 
intriguing conjecture that the S-matrix would 
satisfy a special toverdetermined system (a 
tholonomic system) of *(micro-) differential 
equations whose 'characteristic variety is given 
by the complexification of Landau-Nakanishi 
varieties. This conjecture is closely related to 
the monodromy-theoretic approach by T. 
Regge (Publ. Res. Inst. Math. Sci., 12 suppl. 
(1977) and the references cited therein) and his 
co-workers. 


(4) Discontinuity Formula. It has turned out 
that the above approach is closely related to 
the so-called discontinuity formula obtained by 
combining the unitarity and the analyticity of 
the S-matrix. Actually T. Kawai and Stapp 
(Publ. Res. Inst. Math. Sci., 12 suppl. (1977)) 
have shown that Sato's conjecture can be 
verified at several physically important points 
on the basis of the discontinuity formula. The 
discontinuity formula was first found by R. E. 
Cutkosky (J. Math. Phys., 1 (1960)) for Feyn- 
man integrals. It describes the ramification 
property of the integral around its singularities 
(— 146 Feynman Integrals). An analogous 
formula has been shown to be valid also for 
the S-matrix, and it demonstrates how strict 
are the constraints derived from unitarity and 
analyticity (Eden et al. [8, ch. 4]; M. J. D. 
Bloxham et al., J. Math. Phys., 10 (1969); J. 
Coster and Stapp, J. Math. Phys., 10 (1969); 
also Stapp in [11] and Iagolnitzer [10]). Note, 
however, that the derivation of the hitherto- 
known discontinuity uses either some ad hoc 
assumptions or some heuristic reasoning 
which is not rigorous or sometimes is even 
erroneous from the mathematical viewpoint. 
Efforts to give a rigorous proof are still being 
made, and these present several mathemati- 
cally interesting problems (e.g., Iagolnitzer in 
[9] and M. Kashiwara and Kawai in [9]). 


(5) Regge Poles. The results stated so far con- 
cerning the analyticity of the S-matrix have 
been primarily derived in the low-energy 
region. It is commonly hoped that these results 
can be related to its high-energy behavior 
through the inner consistency of S-matrix 
theory, even though it is still unclear to what 
extent such a relationship can be developed. 
Such a hope was advocated by Chew, who had 
been inspired by the results of Regge (Nuovo 
Cimento, 14 (1959); 18 (1960)) for potential 
scattering. After being adapted to the relativ- 
istic case, Regge’s idea took the following 
form: Consider the scattering of two incoming 
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and two outgoing scalar particles with equal 
mass т> 0. Let f,(s) be the partial scattering 
amplitude defined earlier. Regge introduced 
the idea of extending the function /,(s) to an 
analytic function f(l, s) (le C) and of applying 
the Sommerfeld-Watson transformation in 
order to replace the partial wave expansion by 
the integral 


XJ =| (21+ 1)f(I, s)P,(—cos 0) dl/sin лі 
c 


= F(s, t) 


for a certain contour C in the complex /-plane 
which encircles (0, 1,2, ... ). If (1, s) is mero- 
morphic in Re/> —1/2 and if it tends to zero 
sufficiently rapidly at infinity, then one can 
change the contour C so that, with the help of 
Cauchy’s integral formula, F ~ constant: £“), 
a(s)=max Rel(s), where the maximum is taken 
over all the poles of f(l, s). Thus the poles of 
the extended function f(l, s) determine the 
asymptotic behavior of F as t eo (Regge 
behavior) under the assumption that /(/, s) can 
be chosen to satisfy suitable analyticity and 
growth order conditions. These poles are 
called Regge poles. Even though meromorphy 
conditions are found to be satisfied for scatter- 
ing by a (Yukawa) potential, they do not seem 
to be satisfied for the full S-matrix in the relati- 
vistic case. More general cases than those 
discussed here, i.e., the cases where more vari- 
ables are considered, are also being studied 
but without full success at the moment. For 
details and references — [7, 12, 13]. 


(6) Veneziano Model. In connection with 
Regge-pole theory, we note an interesting 
observation by G. Veneziano (Nuovo Cimento, 
57А (1968)) to the effect that I (1 —a(s))E(1— 
a(t))/T (1 —a(s)—«(t)), with a(s) being linear 

in s, satisfies a crossing symmetry (in s and t) 
and shows an exact Regge-pole behavior. 
Although the many results that have been 
obtained give risc to a hope of constructing a 
realistic model of the S-matrix starting from 
the aforementioned function, no one has yet 
succeeded [14]. А more promising approach is 
the topological expansion procedure in which 
the first term of the expansion apparently 
shares with the potential-scattering functions 
the property of having only poles in the com- 
plex /-plane, along with several other physi- 
cally important properties of Veneziano's 
function. 
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A. General Remarks 


Solitons are nonlinear waves that preserve 
their shape under interaction. Mathematically, 
the theory of solitons continues to develop as 
a theory of completely integrable mechanical 
systems. Typical examples are the Korteweg— 
de Vries equation (— Section B), the Toda 
lattice (— 287 Nonlinear Lattice Dynamics), 
and the Sine-Gordon equation 


Uy — Муху = sinu, 


studied classically in connection with trans- 
formations of surfaces of constant negative 
curvature. 


B. The KdV Equation 


In the late 19th century J. Boussinesq and then 
D. Korteweg and G. de Vries obtained equa- 
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tions describing water waves having traveling- 
wave solutions. The equation 


и,—бии„+и„„=0, u=u(x,t), (1) 


derived by de Vries is called the KdV equation 
for short. Putting u(x, t) = s(x — ct — ó), we find 
that s is an telliptic function, and we obtain 


s= —©зесһ? (°) 
2 2 


as its degenerate form. This solution is called а 
solitary wave. 

Around 1965, M. Kruskal and N. Zabusky 
solved the KdV equation numerically, taking 
several separated solitary waves as the initial 
data. They found that the waves interact in a 
complicated way but that eventually the initial 
solitary waves reappear. Noting the particle- 
like character of the waves, they called each of 
these waves a soliton. Subsequently, the KdV 
equation was found to have an infinite number 
of constants of motion. 

C. Gardner, J. Greene, Kruskal, and R. 
Miura associated the 1-dimensional *Schrédin- 
ger operator —d?/dx? + u(x, t) to each solution 
u(x, t) of the KdV equation and showed that 
its teigenvalues are preserved in time. More- 
over, they applied inverse scattering theory 
(— Section D) and obtained explicit formulas 
for the solutions. 


C. Lax Representation 


Let 


L=—D?+u(x), D=d/dx. 


For 
М = —4D? + бий + 3u,, 


the commutator [ M, L] - ML —LM is the 
operator of multiplication by the function 
бии, —U,,,. So u=u(x, t) is a solution of the 
KdV equation if and only if 


L,=[M, L]. (2) 


Equation (2) is also the condition that all L = 
L(t) are tunitarily equivalent to each other 
and the tspectrum of L is preserved through 
time. 

Most equations having soliton solutions can 
be represented in the form of (2) for a suitable 
pair of L and M. This representation is called 
the Lax representation. One sometimes says 
that an isospectral deformation of L is given 
by (2). 

On the other hand, isomonodromic defor- 
mations (— 253 Linear Ordinary Differential 
Equations (Global Theory)) have been studied 
extensively by M. Sato and his co-workers, 
and relations to soliton theory have been 
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discovered (Sato, T. Miwa, and M. Jimbo, Publ. 
Res. [nst. Math. Sci., 14 (1978), 15 (1979)). 

In the present case, the requirement that the 
commutator [ M, L] be a multiplication by a 
function determines an essentially unique 
(2n + f)th-order ordinary differential operator 
M = A,,, the differential operator part of the 
"fractional power L"*'?, [A,, L] is a poly- 
nomial in u and its derivatives, denoted by 
K,[u]. The equation и, = K,[u] is called the 
nth KdV equation. The transformation taking 
the initial data u(x) to the solution u,(x, t) of 
the nth KdV equation is denoted by T; (t). 
Then T;(0 T, (s) = T, (s) T; (t), te., the flows de- 
fined by these higher-order KdV equations 
commute. This property and the existence of 
infinite number of invariant integrals are con- 
sequences of the complete integrability of the 
higher-order KdV equations considered as 
infinite-dimensional Hamiltonian systems. 
The KdV equations can be studied group- 
theoretically as Hamiltonian systems on à 
certain coadjoint orbit in the *dual space of 
the tLie algebra of a certain class of *pseudo- 
differential operators (M. Adler, Inventiones 
Math., 50 (1979); also — B. Kostant, Advances 
in Math., 34 (1979) for the analogous facts for 
the Toda lattice). 

The ordinary differential equation K,[u] — 0 
is called a stationary KdV equation. By the 
commutativity of the flows T.(t), each KdV 
flow leaves invariant the space of solutions of 
K,,[u]=0. The flows restricted to this space 
form a completely integrable Hamiltonian 
system with finitely many degrees of free- 
dom (S. P. Novikov, Functional Anal. Appl., 8 
(1974)). 

K,[u] =0 is also the condition that there 
exist an ordinary differential operator M 
which commutes with L. J. Burchnal and T. 
Chaundy (Proc. London Math. Soc., (2) 21 
(1922)) studied this problem and showed that 
such L and M are connected by the relation 
М? = P(L), where P is a certain polynomial of 
degree 2n+ 1 and that the potential u is ex- 
pressed by the *theta function associated with 
the thyperelliptic curve w? = P(z). 


D. Inverse Scattering Method 


Let u(x) be a potential such that u(x)-0 as 
x +оо. The equation Lf =£2f (Im >0) has 
solutions f, (х, C) that can be represented as 


бх, Om eS + E K , (x, pet?) ar). 


Putting ¿= + in and noting that f, (х, ё) and 
Jf (x, — č) are independent solutions of Lf = 
& f, one can express f_ as 


F(x, = a( f (x, — E) - PG f (x, Š). 
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The coefficient a(£) can be continued analyti- 
cally to the upper half-plane, where it has only 
a finite number of zeros, all of which are sim- 
ple and lie on the imaginary axis. Denote 
them by ig; (j= 1, ..., n). The *point spectrum 
of the operator L consists of the numbers 

— 1}, and the associated eigenfunctions аге 

f. (x, inj, which are real-valued. Put 


c; fx in)? dx), 


and call t(£) = a(£) 1 and r(£) = b(Z)/a(£) the 
transmission coefficient and the reflection 
coefficient, respectively. The triplet r(č), nj, c; 
(j=1,...,) is called the scattering data. It is 
connected with the kernel K = К, by the 
Gel’fand-Levitan-Marchenko equation 


© 


Ken Fecen | F(x 4 t- S)K (x, s)ds 


0 


(t> 0), 
Foe | r(čje dx +2 у, gern, 
= % j=1 


The potential is given by 
u(x)= — (OK/0x)(x, 0). 


When the reflection coefficient r(é) vanishes 
identically, the potential is called a reflection- 
less potential. The kernel K then becomes a 
tdegenerate kernel and the potential is ex- 
pressed by 


2 


d 
u(x)= —2 43108 D(x), 


where D(x) is the determinant of the n x n 
matrix whose j, k entry is ô +c;expí —(n; + 
m)xj (+). 

The authors of [1] showed that if u(x, t) is а 
solution of the KdV equation and if u(x, t) 50 
(x +00), then the time development of the 
scattering data of the potential u(x, t) is as 
follows: n and y; do not depend on t, and 


c(t) cem, (ё, 0) (0) еа", 


The solution associated with the reflectionless 
potentials are obtained by replacing c; by cj(t) 
in the formula for D(x). These are soliton 
solutions of the KdV equation. 

R. Hirota developed a method of treating 
functions like D(x) directly for most of the 
equations in the soliton theory (Lecture notes 
in math. 515, Springer, 1976). 

A certain geometric method that enables 
one to obtain solutions of the Sine-Gordon 
equation from a known solution has been 
studied in the transformation theory of sur- 
faces of constant negative curvature (G. Dar- 
boux, Leçons sur la théorie générale des sur- 


faces, Chelsea, 1972, vol. 3, ch. 12), and its 


generalizations are called Bácklund transfor- 
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mations. Soliton solutions of the KdV equa- 
tion can also be constructed by this method. 
Relations to the inverse scattering method, 
differential systems, and transformation groups 
have also been studied (Lecture notes in math. 
515, Springer. 1976). 


E. Periodic Problem 


Let the potential u(x) be of period /, and con- 
sider Hill's equation (— 268 Mathieu Func- 
tions E) Lf = Af. The real (A-) axis is divided 
into intervals of unstable solutions (u-intervals) 
alternating with intervals of stable solutions. 
One of the u-intervals is of the form ( —co, 40] 
and the others are finite, possibly degenerating 
to points. The special potentials that have only 
a finite number of nondegenerate u-intervals 
are the periodic analog of the reflectionless 
potentials, and are called the finite-gap (or 
-band) potentials. 

Consider the eigenvalue problem Lf = Af, 
Г) = f(x + D) 20 for a fixed real parameter т. 
Exactly one of its eigenvalues belongs to each 
finite u-interval. These eigenvalues move with 
t, but those in degenerate intervals cannot 
move. 

Let u be a finite-gap potential, =[4,,-,, 
À3;] ( 5 1, ..., g) be the nondegenerate (finite) 
u-intervals, and u;(z) be the associated eigen- 
values in I;. The potential is recovered by the 
formula 


Put Р(4) = 17254 — 2j), realize the *Riemann 
surface S of the hyperelliptic curve w? = P(z) as 
a two-sheeted cover of the *Riemann sphere, 
and consider the u;(z) as points on S. Let o; 
(j=1,...,g) bea basis for the space of the 
*differentials of the first kind on S. Fix a point 
P, in S and put 


[7102] 


w(t) = У | Dj 
к=] 


Po 


(/=1,...,9) 


(— 3 Abelian Varieties L). Then the locus 

(м (т), ..., W,(t))(—90 <т < оо) on the *Jacobian 
variety turns out to be a straight line, the 
direction v, being determined by the *periods 
of certain ‘differentials of the second kind on 

S. Employing the solution of *Jacobr's inverse 
problem, we can write the potential in terms of 
the Riemann theta function as 


4? 
и(х) = =25 alog0(xo, + e)+ C, (3) 
xA 


where c is a certain constant vector and C isa 
constant. 

Suppose now that u(x, t) is a solution of the 
KdV equation which is a finite-gap potential 
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for each t. Then g and 7; are preserved in time. 
The determination of the direction v, on the 
Jacobian variety is similar to that of v,, and 
the solutions of the KdV equation are ob- 
tained by replacing the vector с by tv, + c' in 
(3). The case g — 1 1s the elliptic traveling wave 
solution (— Section B). Most of these results 
have been extended to the general periodic 
problem (H. P. McKean and E. Trubowitz, 
Comm. Pure Appl. Math., 29 (1976)). 


F. Two-Dimensional KdV Equation 


Let S be a compact *Riemann surface of tgenus 
g, and let p, be a fixed point on S. Put (к) = 
a,K" +... Карапа G(k) bpk" +... +bo. А 
function w(x, y, t, p of pe S and of x, y, t is 
uniquely determined by the following con- 
ditions: (a) it is meromorphic on 5 — {pœ}, and 
its pole *divisor is a general divisor of degree g 
and does not depend on x, y, t; (b) for a flocal 
parameter z at p. (z(p,) 20) and k2z ', o= 
y exp( — кх — F(k)y — G(k)t) is holomorphic 
near pap, and Wo(p,,)=1. 

Moreover, there is a differential operator 
L—a,D" c a, 4D" ! +E} u(x, у, t) Di such 
that y, = Li. Expanding Yo at p. as 1 + 
У, Š (x, y, t)z’, one can express the coeffi- 
cients u; by €,,¢,,.... Analogously, there is an 
M = bp D" b, ,D"^! + XE vD’ such that 
V, = My. The operators L and M satisfy the 
relation 


L,— M,-[L. M], (4) 


which is a generalization of the Lax represen- 
tation. The coefficients of L and M satisfy a 
certain system of nonlinear differential equa- 
tions (V. E. Zakharov and A. B. Shabat, Func- 
tional Anal. Appl., 8 (1974); I. M. Krichever, 
Functional Anal. Appl., 11 (1977)). 

Example. Let F(x) = x? and С(к) = k? + ck. 
Then one finds 


L=D? +u, M=D?4(3u/2+c)D+2, 


where u= — 26, and v= 36, či — 361 — 35. 
Fliminating v from (4), one has 


3uy, + (— 4и, + Acu, u, + 6uu,), = 0, 


the so-called two-dimensional KdV equation 
(Kadomtsev-Petvyashvili equation). If u(x, y, t) 
does not depend on y, the equation reduces to 
the KdV equation, and if u does not depend 
on t, to the Boussinesq equation. 

The condition for reduction to these spe- 
cial cases can be described in terms of the 
meromorphic functions admitted by S. Sup- 
pose that there is a meromorphic function 
E,(p) holomorphic for p £ p,. and of *prin- 
cipal part F(x) at p= p, . Then y is writ- 
ten as ф(х, t, р)ехр{Е„(р)у!, and the coeffi- 
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cients of L and M do not depend on y. 9 
satisfies Lọ = Eq, and (4) reduces to the Lax 
representation. 

If such an Ep exists, S is hyperelliptic, and 
Pa is one of its *branch points over the Rie- 
mann sphere. Thus the result of the previous 
section is recovered. 


G. Solvable Models in Field Theory 


The Sine-Gordon equation has been studied 
extensively as a solvable model in *field theory. 
It is a special case of a field in two space-time 
dimensions with values in a *symmetric space; 
this can also bc trcated by a variant of thc 
inverse scattering method (V. E. Zakharov and 
A. V. Mikhailov, Sov. Phys. JETP, 47 (1978)). 

Much work has been done on the semiclass- 
ical tquantization of equations encountered in 
soliton theory. Recently, a method of exact 
quantization (called quantum inverse scatter- 
ing) was developed (see, for example, L. A. 
Takhtadzhyan and L. D. Faddeev, Russian 
Math. Surveys, 34 (5) (1979)). 
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А. General Remarks 


The term special functional equations usually 
means functional equations that do not in- 

volve limit operations. Such functional equa- 
tions appear in various fields, but there is no 
systematic method for solving them. Usually 
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they are solved by reduction to functional 
equations of some standard type. In this article 
functions are all real-valued functions of real 
variables unless otherwise specified. 


B. Additive Functional Equations and Related 
Equations 


Suppose that we are given an equation 


f(x y)o f(x)+ (у). (1) 


Clearly, f(x) — cx (c a constant) is a solution. If 
f(x) is continuous, (1) has no other solution 
(Cauchy). The same conclusion holds under 
any one of the following weaker conditions: 

(1) f(x) is continuous at a point; (11) f(x) is 
bounded in a neighborhood of a point; (iii) 
f(x) is tmeasurable in a neighborhood of a 
point. However, it was shown by G. Hamel 
and H. Lebesgue by means of *transfinite in- 
duction that equation (1) has infinitely many 
nonmeasurable solutions. On the other hand, 
it was proved by A. Ostrowski [2] that if a 
solution f(x) of equation (1) does not take any 
value between two distinct numbers for x on 
a set of positive measure, then f(x) is con- 
tinuous. This result can be extended to the 
case where x is a point (x), ..., x,) of an n- 
dimensional Euclidean space. In this case, any 
continuous solution is of the form 


(C; constant). 
Next, we consider the equation 


f х+у\ f(x)+f(y) 
EN Im 2 і 


(2) 


Апу solution of equation (1) satisfies this equa- 
tion. When x is a point (x,,...,x,) of an n- 
dimensional Euclidean space, any continuous 
solution of (2) is of the form f(x) = У, Cjx;-- 
Co (C; constant). If a solution f(x) of (2) de- 
fined on a convex set K does not take any 
value between two distinct numbers for x on a 
set of positive measure, then f(x) is continuous 
(M. Hukuhara). 

Consider the equation 


g(x + y)=g(x)g(y). (3) 


If a solution g(x) vanishes at some point ё, 
then g(x)= 0. Excluding this trivial case, we 
assume that g(x) never vanishes. Then, putting 
у= x, we see that g(x)> 0 for all x. The substi- 
tution f(x) -logg(x) then reduces equation (3) 
to equation (1). Thus we see that any continu- 
ous solution of (3) is of the form g(x) =ехр(сх). 
Next, we consider the equation 


g(uv) = g(u)g(v). (4) 
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If a solution g(u) vanishes at some č 40, then 
g(u) & 0. Excluding this case, we assume that 
g(u) £0 for u # 0. For u, v0, by the substi- 
tution x=logu, y zlogv, we have an equation 
of the form (3). On the other hand, putting v — 
—1, we have g(—u)=g(—1)g(u). Since g?(—1) 
=g(1)=1, we see that any continuous solution 
of (4) is of the form |u|° or (sgn u)|ul* according 
as g(—1)=1 or —1. 


C. The General Addition Theorem and Related 
Functional Equations 


The general addition theorem is: If the equation 


f(x + y)= Е(Д(х), f(y)) (5) 


has a continuous nonconstant solution f(x) on 
—00 «x < +оо, then f(x) is strictly monotone, 
and F(u, v) is strictly monotone increasing and 
continuous with respect to u and v fora <и, 

v « В and satisfies х < F(u,v) < p for «<u, u < 

В. There is also a constant c satisfying F(c,c) = 
c, and the identity F(F(u, v), w) = F(u, F(v, w)) 
holds for any u, v, w in the interval (х, f). Con- 
versely, if F(u,v) 1s such a function, then (5) has 
a continuous nonconstant solution on —oo < 
x< +оо. Let f(x) be such a solution. Then any 
other continuous solution is given by f(cx). 
When F(u, v) is continuously differentiable, а 
continuous solution f(x) of (5) can be obtained 
as a solution of the differential equation 


Г()= Е), а)с,  c-f'(0), 


satisfying the initial condition f(0) = a. 
Consider the equation 


F( f(x), f(y), f(x + y)) = 0. 


Suppose that F(u, v, м) is a polynomial in u, v, 
and w. If this equation has a tmeromorphic 
solution f(x), then f(x) must be a rational 
function, a rational function of expcx, or an 
elliptic function [1, p. 64]. 

Next, consider the equation 


Д(х y) fix у) = 2Cf(x) + f(y)). (6) 


Any solution continuous on —oo «x « oo is of 
the form f(x) = сх2. When x is a point (x,, 
...,X,) of an n-dimensional! Euclidean space, 
any continuous solution of (6) is given by a 
quadratic form f(x) = ;cix;x;. 

Consider the equation 


J(ix+y)+ fix y) =2f(x)f(y). (7) 


Any solution continuous on — oo < x < oo is 
of the form f(x) 2coshcx =(e*+e “)/2 or 
f(x) = cos cx. If f(x) is allowed to take com- 
plex values, then any continuous solution can 
be written in the form f(x) 2 (e -- e °*)/2 in 
terms of a complex number b. À special case 
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is cos x, since b may take purely imaginary 
values. 


D. Schréder’s Functional Equation 


Schróder's functional equation is 
f(8(x)) = cf (x), (8) 


where 0(х) is a given function and c is a con- 
stant. A general solution of (8) can be written 
as f(x) = ў, (х)ф(х), where f, (x) Z 0 is a particu- 
lar solution of (8) and ф(х) is a gencral solu- 
tion of the equation o(8(x)) = ф(х). Suppose 
that there is a point a such that 0(a) = a, and 
Ө(х) and f(x) are both differentiable in a neigh- 
borhood of x =a. Then we have f (a) —0 or 
0'(a) = c. Consider the case where 0'(a) = c, and 
suppose that 0(x) is twice differentiable at 

х= а. When |c| —10'(a)| < 1, define 6,(x) (и = 
0,1,2,...) by 0, (x) =x and 0,(x) = 0(0,. ,(x)). 
Then the sequence {(6,(x—a)c~"} (n=0, 1, 

2, ...) converges uniformly in a neighborhood 
of x =a, and its limit function f(x) is a solu- 
tion of (8). When |с -10'(a)| > 1, put 0(x) — и. 
Then we have the equation f(0 !(u)) -c !f(u), 
and the problem reduces to the previous case. 
The results obtained for equation (8) can be 
extended to the following system of equations: 


ЈК, (x), 05€), ..., б„(х)) 
x Aj f(x) T Ó fi- (x) + g (x), 
where the 6,(x) are given functions holomor- 
phic in a neighborhood of x =0, 0,(0) — 0, 
the coefficients of f in the right-hand side of 


(9) are numbers such that the matrix А =(a,) 
(aj —0 except for aj — 4; aj- =ô) is the tJor- 


j=1,2,...,n, (9) 


1.) 
dan canonical form of the matrix formed by 


1(00,/0x,),.9], and the gx) are polynomials 
consisting of terms of the form constant x 
xt x52... xm with exponents m,, m», ...,m, 
for which 4;— Ар... Ap. If 0 «|2)| <1 (j= 1,2, 
... n), then we can always choose the coeffi- 
cients of the polynomials g,(x) so that equa- 
tion (9) has a solution ( f(x); holomorphic in 
a neighborhood of x =0. The same conclusion 
can be obtained for |4,|>1 (j2 1, ...,n). 
Consider Abel's functional equation 


f(0(x)) — f(x) * 1. (10) 


If we put exp f(x) 2 ф(х), then we have Schró- 
der's functional equation 


Ф(0(х)) — eo(x). 
Consider the equation 
f(x 1)= A(x)f(x). (11) 


If we put ф(х) «log f(x), then we have a *linear 
difference equation of the form 


p(x + 1)— @(x)=log A(x). 
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A. Special Functions 


The term special functions usually refers to 
the classes of functions listed in (1)-(4) (other 
terms, such as higher transcendental functions, 
are sometimes used). (1) The tgamma function 
and related functions (^ 174 Gamma Func- 
tion); (2) *Fresnel's integral, the terror function, 
the "logarithmic integral, and other functions 
that can be expressed as indefinite integrals of 
elementary functions (— 167 Functions of 
Confluent Type D); (3) telliptic functions (— 
134 Elliptic Functions); (4) solutions of ‘linear 
ordinary differential equations of the second 
order derived by the method of separation of 
variables in certain partial differential equa- 
tions, e.g., *Laplace's equation, in various 
*curvilinear coordinates. Recently, new types 
of special functions, such as t Painlevé's, have 
been introduced as the solutions of special 
differential equations. 

In this article we discuss class (4); for the 
other classes, see the articles quoted. Class 
(4) is further divided into the following three 
types, according to the character of the tsin- 
gular points of the differential equations of 
which the functions are solutions. Equations 
with a smaller number of singular points than 
those indicated in (1)-(3) below can be in- 
tegrated in terms of elementary functions. 

(1) Special functions of hypergeometric type 
are solutions of differential equations with 
three tregular singular points on the Riemann 
sphere. Examples are the thypergeometric 
function and the tLegendre function. Any 
function of this type reduces to a hypergeo- 
metric function through a simple transforma- 
tion (— 206 Hypergeometric Functions; 393 
Spherical Functions). 
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(2) Special functions of confluent type are 
solutions of differential equations that are 
derived from thypergeometric differential 
equations by the confluence of two regular 
singular points, that is, by making one of the 
regular singular points tend to the other one 
so that the resulting singularity is an "irregular 
singular point of class 1 (— 167 Functions of 
Confluent Type). Any function of this type can 
be expressed by means of Whittaker func- 
tions, of which many important special func- 
tions, such as !Bessel functions, are special 
cases (— 39 Bessel Functions). Also, one can 
reduce to this type the tparabolic cylindrical 
functions, that is, the solutions of differential 
equations with only one singular point which 
is at infinity and is irregular of class 2. 

(3) Special functions of ellipsoidal type are 
solutions of differential equations with four or 
five regular singular points, some of which 
may be confluent to become irregular singular 
points. Examples are tLamé functions, tMath- 
ieu functions, and tspheroidal wave functions 
(— 133 Ellipsoidal Harmonics; 268 Mathieu 
Functions). In contrast to types (1) and (2), 
functions of type (3) are difficult to charac- 
terize by means of tdifference-differential 
equations and have not been fully explored. 
Sometimes the term special function in the 
strict sense is not applied to them. To specify 
the special functions of types (1) and (2). 
the term classical special functions has been 
proposed. 


B. Unified Theories of Special Functions 


Though many special functions were intro- 
duced separately to solve practical problems, 
several unified theories have been proposed. 
The classification in Section A based on dif- 
ferential equations may be regarded also as a 
kind of unified theory. Other examples are: 

(1) Expression by tBarnes’s extended hyper- 
geometric function or its extension to the case 
of several variables by means of a definite inte- 
gral of the form 


fe —-a) (5 — a^ ...(£— a, (C — zy dc 


(— 206 Hypergeometric Functions). 

(2) A unified theory [14] that includes the 
gamma function and is based upon Truesdell's 
difference-differential equation 


CF (z, «)/6z = F(z, «+ 1). 


(3) Unification from the standpoint of ex- 
pansions in terms of tzonal spherical functions 
of a differential operator (the Laplacian) in- 
variant under a transitive group of motions 
on a ‘symmetric Riemannian manifold (— 437 
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Unitary Representations). With this approach 
a great variety of formulas can be derived in a 
unified way [3,4]. 
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A. General Remarks 


Throughout this article, X stands for a *com- 
plex linear space and A for a ‘linear operator 
in X. Except when X is finite-dimensional, 

A need not be defined over all X. A linear 
operator A in X is by definition a linear map- 
ping whose *domain D(A) and *range R(A) are 
linear subspaces of X. A complex number 7 is 
said to be an eigenvalue (proper value or char- 
acteristic value) of A if there exists an xe D(A) 
such that Ax = Ax, x 0. Any such x is called 
an eigenvector (eigenelement, proper vector, 
characteristic vector) associated with 7. When 
X is a ffunction space, the word eigenfunction 
is also used. For an eigenvalue ¿ of A, the 
subspace М(4) of X given by 


М(д= Ml; А) = (x| Ax Ax], 


i.c., the subspace consisting of 0 and all eigen- 
vectors associated with A, is called the eigen- 
space associated with 4, and the number т(4) 
= dim M(Z) is called the geometric multiplicity 
of 4. The eigenvalue 4 is said to be (geometri- 
cally) simple or degenerate according as m(A) 
= і or m(A)>2. The problem of seeking eigen- 
values and eigenvectors is referred to as the 
eigenvalue problem. 

When X is a *topological linear space, the 
notion of eigenvalues leads to a more general 
object called the spectrum of A. Let 4 be a 
complex number and put 4, — 21 — A, where | 
is the *identity operator in X. Furthermore, 
put К,=(4,) ! « (4I — А)7!, if the inverse 
exists. Then the resolvent set p(A) of A is de- 
fined to be the set of all å such that К, exists, 
has domain *dense in X, and is continuous. 
The spectrum c(A) of A is, by definition, the 
complement of p(A) in the complex plane, and 
it is divided into three mutually disjoint sets: 
the point spectrum o,(A), the continuous spec- 
trum oc (A), and the residual spectrum o,(A). 
These are defined as follows: о„(4) = (2| R; 
does not exist] = (4|4 is an eigenvalue of A}; 
o, (A) - (4| R; exists and has domain dense in 
X, but is not continuous}; ср(4) = (7| К, exists, 
but its domain is not dense in X}. 

Let X be a *Banach space and B(X) the set 
of all *bounded linear operators with domain 
X. If A is a *closed operator in X, then ¿€ 
p(A) if and only if R eB(X). Moreover, o(A) 
is a closed set. In particular, if Ae B(X), then 
c(A) is a nonempty compact set. In this case 
the spectral radius r,(A) is defined as r,(A)= 
Sup;ec 4l. Then гт„(А)< || А"|!”, n=1,2,..., 
and || A"|!" >r (A), n> >. 
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In many problems of analysis crucial roles 
have been played by methods involving the 
spectrum and other related concepts. This 
branch of analysis 15 called spectral analysis. 
For an infinite-dimensional X the theory is 
well developed when X is a *Hilbert space and 
A is *self-adjoint or tnormal. 


B. Eigenvalue Problems for Matrices 


Throughout this section let X be an N- 
dimensional complex linear space (N < оо) and 
A a linear operator in X. (We assume that A 
is defined over all X.) With respect to a fixed 
basis (V,, ... Yy) of X, the operator A is repre- 
sented by an N x N matrix, also denoted by A. 
Then the eigenvalues of A coincide with the 
roots of the characteristic equation det(AI — 
A) «0. There are no points of the spectrum 
other than eigenvalues, that is (A) =ap(A). 
Let 4€6(A). The multiplicity (4) of 2 as a 
root of the characteristic equation is called 
the (algebraic) multiplicity of the eigenvalue 4. 
The sum of m(A) over all the eigenvalues of A 
is equal to N. The cigenvalue 4 is said to be 
(algebraically) simple or degenerate according 
as m(A)=1 or m(4) z2. Let v- 1,2, ..., and 
№) = {х|(А1— A)’x =0}. Then (N,(4)] forms 
a nondecreasing chain of subspaces M (4) = 
№) с N5(4)c ..., which ceases to increase 
after a finite number of steps. When v > m(A), 
the space N,(4) is equal to a fixed subspace 

M (4), sometimes called the root subspace (or 
generalized eigenspace or principal subspace) of 
A associated with 2. A vector in the root sub- 
space is called a root vector (or a generalized 
eigenvector). Then dim M(4) = (A) and hence 
m(4) < m(4). When A is a *normal matrix, 
М(2)= M (4) and m(4) = (4). 

If two matrices А and B are tsimilar, i.e., if 
there exists an invertible matrix P such that 
B= P7! AP, then A and B have the same eigen- 
values with the same algebraic (and geometric) 
multiplicities. The same conclusion holds for 
A and A’, where A’ is the ttranspose of A. 

For the adjoint matrix A* we have c(A*)— 
с(4) = (4| 4eo(A)]. For an arbitrary poly- 
nomial f the relation c(f(A))  f(c(A)) = 

{ f()|2eo(A)) holds (Frobenius's theorem). 
These relations can be extended to operators 
in a Banach space. In particular, o( f(4)) = 
f(a(A)) if A is a bounded operator and f is a 
function holomorphic in a neighborhood of 
o(A) (for the tspectral mapping theorem 

— 251 Linear Operators). 

In the next four paragraphs, in which the 
spectral properties of tnormal or *Hermitian 
matrices is discussed, we introduce into X the 
Euclidean *inner product ( , ), regarding X 
as a space of N-tuples of scalars. Let A be an 
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N x N normal matrix. Then the eigenspaces 
associated with different eigenvalues of A are 
mutually orthogonal. Moreover, the eigen- 
spaces of A as a whole span the entire space 
X. One can therefore choose а tbasis of X 
formed by a tcomplete orthonormal set of 
eigenvectors of A. Specifically, there exists a 
basis {ф;|/= 1,..., N} of X such that Аф,= 
шщФ; and (oj, фу) = д, where à is the *Kro- 
necker delta. Moreover, 44, ..., uy exhaust 
all the eigenvalues of A. In terms of the basis 
(65), an arbitrary xe X can be expanded as 


N 

Ах= У L(x, A) Ф; = > АР,х, (1) 
j=1 Аєо(А) 

where P, is the orthogonal fprojection on the 

eigenspace associated with the eigenvalue 2. 

Of particular importance among normal 
matrices are Hermitian matrices and *unitary 
matrices. The eigenvalues of a Hermitian 
matrix are real, and those of a unitary matrix 
have the absolute value 1. 

Solving the eigenvalue problem of a normal 
matrix A leads immediately to the diagonali- 
zation of A. For instance, let U be the N x N 
matrix whose jth column is equal to ф;. Here 
the basis {@;} is as before, and each g; is re- 
garded as a column vector. Then U is unitary, 
and the transform U* AU of A by U is the 
diagonal matrix whose diagonal entries are 
the 4j. The problem of transforming a *Hermi- 
tian form to its canonical form can also be 
solved by means of U. In fact, a Hermitian 
form Q = Q(x) on X is expressed as Q(x)— 
(Ax, x) with a Hermitian matrix A. For this 
A, construct U as before. Then by the trans- 
formation x= Uy of the coordinates of X, the 
form Q is converted to its canonical form 
Q= ly l? +... + usl yup. When X is a real 
linear space and A is a real symmetric matrix, 
U is an orthogonal matrix. By means of the 
orthogonal transformation x — U y, the sur- 
face of the second order Q(x) — 1 in R" is con- 
verted to the form u, y? +... + uy yg = 1. The 
orthogonal transformation x — U y is called 
the transformation to principal axes of the sur- 
face Q(x)= 1. 

When A is not normal, it can be transformed 
into tJordan’s canonical form by a basis 9; 
taken from the root subspaces M(4). However, 
@; need not be orthonormal even when A is 
diagonalizable. 


C. Spectral Analysis in Hilbert Spaces 


Throughout the rest of this article except for 
the last section, X is assumed to be a Hilbert 
space with inner product ( , ). Furthermore, 
the most complete discussions will be confined 
to *normal or 'self-adjoint operators. A funda- 
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mental theorem in spectral analysis for such 
operators is the spectral theorem, which as- 
serts that a representation such as (1) holds 

in a generalized form. When the operator is 
*compact, we have only to replace the sum by 
an infinite sum (— 68 Compact and Nuclear 
Operators). In the general case we need a kind 
of integral. This is discussed in detail in Sec- 
tions D and E. The general theory of spectral 
analysis for nonnormal operators, however, is 
rather involved even in Hilbert spaces, but two 
important developments can be noted. One is 
the theory of Volterra operators, and the other 
is the theory of essentially normal operators. 
The former is discussed in Section H and the 
latter and its related results in Sections I and J. 


D. Spectral Measure 


Let Z be a tcompletely additive class of sub- 
sets of a set Q, that is, (О, 2) is a *tmeasurable 
space. Ап operator-valued set function Е = 
E(:) defined оп 2 is said to be a (self-adjoint) 
spectral measure if (i) E(M), M e 2, is an 
*orthogonal projection in X; (ii) E(Q) = I; and 
(iii) E is tcountably additive, that is, 


«(Ü DE Y E(M,) 
n-i n=l 


(‘strong convergence) for a disjoint sequence 
{Mn} of subsets in 2. A spectral measure E 
satisfies E(M П N)= E(M)E(N)=E(N)E(M), 
M, Ne&. Spectral measures which are fre- 
quently used in spectral analysis are those de- 
fined on the family 4, (4) of all tBorel sets in 
the field of real (complex) numbers R (C). A 
spectral measure on 4, (@ is sometimes re- 
ferred to as a real (complex) spectral measure. 
For such a spectral measure E the support (or 
the spectrum) of E, denoted by A(E), is defined 
to be the complement of the largest open set G 
for which E(G)=0. A complex spectral mea- 
sure such that A(E)c R can be identified with 
a real spectral measure. 


Let E be a spectral measure on 2,, and put 
E,=E((—0,A}), —oco << co. (2) 


Then E, satisfies the relations 


Е.Е, = Emina. иу» slim E,=E,, 
s-lim E; =0, s-lim E, — I, (3) 
Аэ = œ Asta 


where s-lim stands for strong convergence. A 
family {E;} 1er of orthogonal projections satis- 
fying the relation (3) is called a resolution of the 
identity. Relation (2) gives a one-to-one cor- 
respondence between the resolutions of the 
identity and the spectral measures on 44. 

Let E be a spectral measure on &,, and let x, 
ye X. Then the set function M S(E(M)x, x)= 
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|| E(M)x||? is a bounded regular tmeasure in 
the ordinary sense, and the set function M > 
(E(M)x, y) is a complex-valued regular їсот- 
pletely additive set function. For every com- 
plex Borel *measurable function f on R, the 
operator S( f) in X is defined by the relations 


ови) 4х 


| I OPI e 


— 90 


© 


J(Q)(E(d2)x, y), (4) 


sus | 
xeD(S(f), ye X. 


S(f)is a densely defined closed operator and 
is denoted by S(f) = {®„ f(4) E(d4). The corre- 
spondence f> S( f) satisfies formulas of the 
so-called operational calculus (— 251 Linear 
Operators). In particular, S( f) = S( f)*, and 
hence S( f) is self-adjoint if f is real-valued. If f 
is bounded on the support of E, then S( f) is 
everywhere defined in X and is bounded. S( f) 
is sometimes called the spectral integral of f 
with respect to E. The operator S( f) can be 
defined in a similar way for a spectral mea- 
sure on 4, (and for a more general spectral 
measure). 


E. Spectral Theorems 


For every self-adjoint operator H in a Hilbert 
space X, there exists a unique real spectral 
measure E such that 


H= | i AE(d4). (5) 


In other words, H and E correspond to each 
other by the relations 


бн)={х | A*(E(dÀ)x, x) < =}, 


(Hx,y)= | A(E(d2)x, у), (6) 


xeD(H) yeX. 


This is the spectral theorem for self-adjoint 
operators. The support of E is equal to the 
spectrum c(H), so that we can write 


H= | AE(4))= | i Adan (A) E (d2), 
o(H) – 0 


where ум stands for the tcharacteristic func- 
tion of M. Formulas (5) and (6) are called the 
spectral resolution (or spectral representation) 
of the self-adjoint operator H. We call E the 
spectral measure for H, and the (E;) corre- 
sponding to E by formula (2) (or sometimes 

E itself) the resolution of the identity for H. 
Let л be a real number. Then ¿e o, (H) if and 
only if E((41) #0. Also, ¿e oc (H) if and only if 
E((4)) 20 and E(V) #0 for any neighborhood 
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V of 4. The spectral measure E can be repre- 
sented in terms of the resolvent R(a; Н) = 
(а1— Н) ! of H by the formula 


b-ó 


Flama ees {R(u— ci; Н) 


610 10 2zi Jato 
— R(u ei; H)! du 


(strong convergence). 

For every normal operator A in X, there 
exists a unique spectral measure E on the 
family of all complex Borel sets 2, such that 


A -| zE(dz). 
c 


This 18 called the complex spectral resolution 
(or complex spectral representation) of the 
normal operator А. The support A(E) is equal 
to o (A). There are characterizations of point 
and continuous spectra similar to the case of 
self-adjoint operators. Normal operators have 
no residual spectra. For a unitary operator U, 
the support of the associated spectral measure 
Is contained in the unit circle T, so that U can 
be represented as 


v- e? F(d0) (7) 
r 


with a spectral measure F defined on Г. For- 
mula (7) is the spectral resolution of the unitary 
operator U. 

For a self-adjoint operator Н = (*, AE(d/) 
the following two types of classification of 
o(H) are often useful. 

(1) The essential spectrum c,(H) is by defini- 
tion the set c(H) minus all the isolated eigen- 
values of H with finite multiplicity. When H is 
bounded this definition of the essential spec- 
trum coincides with that to be given in Section 
I for a general Ae B(X). o(H)>o,(H) is called 
the discrete spectrum of H. 

(it) The set X,.(H) (resp. X,(H)) (called the 
space of absolute continuity (resp. singularity) 
with respect to H) of all ue X such that the 
measure (E(dA)u, и) is absolutely continuous 
(resp. singular) with respect to the TLebesgue 
measure is a closed subspace of X that reduces 
H. The restriction of H to X,, (resp. X,(H)) is 
called the absolutely continuous (resp. sin- 
gular) part of H, and its spectrum, denoted by 
o, (H) (resp. o,(H)), is called the absolutely 
continuous (resp. singulzr) spectrum of H. Note 
that o,,(H) and o,(H) may not be disjoint. 


F. Functions of a Self-Adjoint Operator 


Let H = |” „ AE(dA) be a self-adjoint operator 
in X. For a complex-valued Borel measurable 
function f on R, we define f(H) to be the oper- 
ator S( f) determined by (4) in reference to the 
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resolution of the identity E associated with H: 
дш= | fü) E(d4). 


For an arbitrary ae X, let L,(a) be the L,- 
space over the measure u, = u4(-) = (E(*)a, а). 
In other words, f € L,(a) if and only if ae 
D(f(H)). The correspondence f f(H)a gives 
an isometric isomorphism between L,(a) and 
the subspace М(а) = í f(H)a| f e L,(a)) of X. 
(In particular, M(a) is closed.) H is reduced by 
M(a), and the part of H in M(a) corresponds 
to the multiplication f(4) f(A) in L,(a). 

For a given self-adjoint operator H there 
exists a (not necessarily countable) family 
{ав}вее Of elements a, of X such that 
X=} М(аз), (8) 

[i] 
where > stands for the їйігесї sum of mutually 
orthogonal closed subspaces. Consequently, X 
is represented by the direct sum „е L;(a,) of 
L,-spaces. If xe D(H) is represented by { folo. 
in this representation, Hx is represented by 


Afeloce: 


G. Unitary Equivalence and Spectral 
Multiplicity 


In this section X is assumed to be a tseparable 
Hilbert space. Then (8) can be made more 
precise. Namely, for a self-adjoint operator H, 
we can find a countable family {а,:2., of ele- 
ments of X such that 


X= Y маје У Lala) ©) 


Ha,,, 1$ absolutely continuous 


with respect to Ha, n=1,2,.... (10) 


Furthermore, if {aj} is another family satisfy- 
ing (9) and (10), then u, and Ha; are absolutely 
continuous with respect to each other 
(Hellinger-Hahn theorem). u, is said to be the 
maximum spectral measure. 

Two operators H, and H, are said to be 
unitarily equivalent if there exists a unitary 
operator U such that Н, = U*H,U. A crite- 
rion for unitary eqvivalence of self-adjoint 
operators can be given in terms of the spectral 
representation given previously. Namely, let 
(at? ), i— 1, 2, be a sequence satisfying (9) and 
(10) with respect to H;. Then H, and H, are 
unitarily equivalent if and only if pan and дл» 
are absolutely continuous with respect to each 
other for all n= 1,2, .... 

A self-adjoint operator H is said to have a 
simple spectrum if there exists an ace X such 
that М(а) = X. Such an ae X is called a gen- 
erating element of X with respect to H. 
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Self-adjoint operators with simple spectra 
are closely related to Jacobi matrices. Let H 
be such an operator with a generating ele- 
ment ae X. Take a complete orthonormal set 
{Ga} in L,(a) such that б, = G,(4) is a poly- 
nomial of degree n— 1 and ^G,(^)e L,(a). Then 
19,121, ga = G,(H)a, is a complete orthonor- 
mal set in X. The matrix representation {amn}, 
amn =(Hgns gm) Of H with respect to the basis 
{gn} has the following properties: (i) a,,, = if 
|m—n| > 2; (ii) а, „+ =@„+л.„ 7 0; (ili) a, is real. 
Any infinite matrix {amn} satisfying (1), (ii), and 
(iii) is called a Jacobi matrix. A Jacobi matrix 
determines a ‘symmetric operator whose tde- 
ficiency index is either (0, 0) or (1, 1). Any self- 
adjoint extension has a simple spectrum. (For 
more details about Jacobi matrices and their 
applications — [8].) 


H. Triangular Representation of Volterra 
Operators 


A linear operator A in a Hilbert space X is 
called a *Volterra operator if it is ‘compact 
and 'quasinilpotent (i.e., 0 is the only spec- 
trum). The name is justified becausc under 
very general assumptions such an operator is 
unitarily equivalent to the integral operator 
of Volterra type in the vector-valued L, space 
on [0, 1]. Let 3B be a maximal ‘totally ordered 
family of orthogonal projections in X such 
that PX is an "invariant subspace of a Volterra 
operator A for every Pe $. Such a family PB 
always exists and is called a maximal eigen- 
chain of A. Then generalizing the triangular 
representation of nilpotent matrices, we have 
the integral representation 


а= PA,dP, 
RU 


where A, =(A — A*)/(2i) is the imaginary part 
of A and the integral is the limit in norm of 
approximating sums of the form 232Q; A(P;— 
P, 4) for finite partitions 02 P, < P, <...< P, = 
I of B in which О, is an arbitrary projection 
in $B such that P,_, < Q; <Р, (M. S. Brodskii). 
Conversely, let $š be a totally ordered family of 
orthogonal projections that contains 0 and 
the identity. If the integral A = fy PBdP con- 
verges in norm for a compact linear operator 
B, then A is a Volterra operator and š is an 
eigenchain of A. If, moreover, B is self-adjoint, 
we have B— A, (L C. Gokhberg and M. G. 
Krein; Brodskii). Furthermore, assume for 
simplicity that 35 is continuous in the sense 
that for every P, < P, in Ẹ there exists an 
element P in $ such that P, < P < P,. If Bisa 
*Hilbert-Schmidt operator, then the integral 

A = fy PBdP converges in the *Hilbert-Schmidt 
norm and the mapping Br А is an orthogonal 
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projection to the set of all Volterra operators 
of Hilbert-Schmidt class possessing * as an 
eigenchain (Gokhberg and Krein). Volterra 
operators with the imaginary part of the *trace 
class are especially important for applications. 
In this case we have the following fundamen- 
tal theorem on the density of the spectrum of 
the real part Ар of the Volterra operator А: 
Let n, (r; Ар) and n. (ғ; Ag) be the numbers of 
eigenvalues of Ар in the intervals [1/r, oo) and 
(—co, —1/r], respectively. 


Then lim n,(r; Ag)/r = lim n .(r; Ag) = h/x. 
The number й is given by 
| Јар A, dP], 

bu 


zinfy СР; = Р, 1)А (Р; Р; 1), 


where the norm is the ttrace norm and the 
infimum is taken over all finite partitions P; of 
a maximal eigenchain 3B for A. We refer for 
further details and applications to the books 
by Gokhberg and Krein [9, 10]. 


I. Fredholm Operators and Essential Spectra 
of Operators 


Throughout Sections I and J we assume that 
X is a separable infinite-dimensional complex 
Hilbert space, and we consider only bounded 
linear operators in X. The set B“(X) of all 
*compact linear operators in X is a *maximal 
two-sided ideal of the tC*-algebra B(X) of all 
bounded linear operators. The simple quotient 
C*-algebra A(X) = B(X)/B(X) is called the 
Calkin algebra. We denote the quotient map- 
ping by z: B(X)-A(X). Then an operator 
A€B(X) is a *Fredholm operator if and only if 
its image r(A) is an invertible element of A(X). 
Let F(X) be the set of all Fredholm operators 
in X, and let F,(X), ne Z, be its subset of all 
operators of index n. F(X) is a connected 

set in B(X), and in particular, Fo (X) is the 
inverse image of the connected component of 
the identity in the multiplicative topological 
group x(F(X)! of all invertible elements in 
A(X). The index gives the group tsomor- 
phisms F(X)/F9(X)  z(F(X))/n(Fo(X)) = Z. 
More generally, we have for any compact 
topological space Y the group isomorphisms 
LY. F(X)] z LY, 2(F(X))] = K(Y) of the groups 
of *homotopy classes of continuous mappings 
and the K-group in the *K-theory (M. F. 
Atiyah [121). 

If N is a tnormal operator, its essential 
spectrum c,(N) is defined to be the set of all 
¿ec(N) that is not an isolated eigenvalue of 
finite multiplicity. Let H, and H, be self- 
adjoint operators. Then o,(H,)=0,(H,) if and 
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only if U*H, U = Н, + K for a unitary opera- 
tor U and a compact operator K (Weyl-von 
Neumann theorem). 

I. D. Berg and W. Sikonia (1971) extended 
this result to normal operators N, and №,. 
Moreover, for any compact subset Y of € 
there exists a normal operator N such that 
с.(№) = Y. Hence it follows that the essential 
spectrum o,(N) of a normal operator N coin- 
cides with the *spectrum о(л(№)) of the image 
in A(X). Thus we define the essential spec- 
trum o. (A) of an arbitrary operator A to be 
the spectrum o(z(A)) in A(X). An operator 
АєВ(Х) is said to be essentially normal (resp. 
essentially self-adjoint, essentially unitary) if 
1(A) is normal (resp. self-adjoint, unitary) in 
A(X). (Note that this definition of essentially 
self-adjoint operators is completely different 
from that in 251 Linear Operators E.) Since an 
essentially self-adjoint operator is the sum of a 
self-adjoint operator and a compact operator, 
the Weyl-von Neumann theorem classifies 
essentially self-adjoint operators up to *unitary 
equivalence modulo B“(X). An operator A is 
essentially normal if and only if the commu- 
tator [ А, A*] is compact, but it need not be 
the sum of a normal operator and a compact 
operator. For example, let V be the unilateral 
shift operator that maps the orthonormal basis 
e; of X into e;,, for every i2 1, 2,.... Then V is 
essentially unitary, but it cannot be written as 
the sum of a normal operator and a compact 
operator. The essential spectrum o,(V) is 
the unit circle, whereas the spectrum o(V) 
is the unit disk and ind(V — 4) = —1 for |4| « 1. 


J. The Brown-Douglas-Fillmore (BDF) Theory 


The following is the main theorem for essen- 
tially normal operators, due to L. G. Brown, 
R. G. Douglas, and P. A. Fillmore [14]. Let А, 
and A, be essentially normal operators. There 
are a unitary operator U and a compact oper- 
ator K such that U*A,U = A; +K if and only 
if o,(A,) — 0, (A5) and ind(A, — 4) 2 ind(A; — 4) 
for every д in the complement of the essential 
spectrum. An essentially normal operator 

A is the sum of a normal operator and a 
compact operator if and only if ind(4 —4) 20 
for every 4 in the complement оѓо, (А). 

To prove this and many other facts, they 
developed the theory of extension of B?(X) by 
the C*-algebra C(Y) of continuous complex- 
valued functions on a compact metrizable 
space Y [14-16]. This revealed deep relations 
between the theory of operator algebras on 
Hilbert spaces (— 36 Banach Algebras, 308 
Operator Algebras) and algebraic topology (in 
particular, K-theory; — 237 K-Theory). Exten- 
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sion theory also gives a natural setting for the 
index theory of elliptic differential operators 
due to Atiyah and I. M. Singer [13,16]. 

An extension of B(X) by C(Y) is a tshort 
exact sequence 


02 B*(X)5 ESC(Y)20 (11) 


of a C*-subalgebra E of B(X) and t*-homo- 
morphisms, i.e., E is а C*-subalgebra of B(X) 
containing the identity / and including BO(X) 
as a C*-subalgebra, and ф is a «-homomor- 
phism onto C(Y) whose kernel is equal to 
В©(Х). Or equivalently, an extension is а uni- 
tal (identity preserving) x-monomorphism т: 
C(Y) A(X) defined by z=zog !. (For general 
extension of C*-algebras — 36 Banach Alge- 
bras.) Two extensions (E, ,) and (E5, ф,) 

(or т, and т,) are said to be equivalent if there 
exists a *-isomorphism y: E, >E, such that 

95 OV = @, (or equivalently there exists a uni- 
tary operator U such that 2(U*) z, ( f)z(U)= 
t4( f) for every fe C(Y)). We denote by Ext(Y) 
the set of all equivalence classes of extensions 
of B?(X) by C(Y). 

Let A be an essentially normal operator in 
X with the essential spectrum o,(A)= Y. Then 
the C*-algebra E, generated by ВО(Х), A and 
the identity J, and the «-homomorphism gç, of 
E, onto C(Y) which sends A to the function 
y(z)=z define an extension (E,, фл). It is easy 
to see that two essentially normal operators A, 
and A, are unitarily equivalent modulo B?(X) 
if and only if o,(A,)=o,(A,) and the extensions 
(E1, 94,) and (E,,, @4,) are equivalent. Con- 
versely, if Y is a compact subset of C and (11) 
is an extension, then (E, ф) is equivalent to 
(E1, Фа), where А is an essentially normal 
operator in E such that ф(А) y. 

Extensions of B?(X) by C(Y) appear also 
in different parts of analysis. Let X be the Hil- 
bert space L (M) on a compact differentiable 
manifold M relative to a fixed smooth measure 
and let E be the C*-subalgebra of B(X) gener- 
ated by all zeroth-order tpseudodifferential 
operators together with B(X). Then E and 
the symbol mapping o: E>C(S*(M)) define 
an extension of B“(X) by C(S*(M)), where 
S*(M) is the tcosphere bundle of M. This 
extension is closely related to the *Atiyah- 
Singer index theorem. Let О be a *strongly 
pseudoconvex domain in C". Then the C*- 
algebra generated by *Toeplitz operators with 
continuous symbol gives rise to an extension 
of B?(H,(0Q)) by C(0Q). 

Let z, and т, be «-monomorphisms from 
C(Y) into A(X) and a, 2[1,] and а, =[1,] 
be corresponding elements in Ext(Y). Then 
the sum a, - a; € Ext(Y) is defined to be the 
equivalence class of z: C(Y)5 A(X) which 
sends f to (f) т›(/)е A(X) ® A(X)c 
A(X @ X)z A(X). It does not depend on the 
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choice of t,, t; and the unitary X @ X = X. 
An extension t: C(Y)— A(X) is said to be triv- 
ial if there exists a unital «-monomorphism 
с: С(Ү) > B(X) such that :—z0c. For each 
compact metrizable space Y there exists a 
unique equivalence class of trivial extensions 
in Ext(Y). Ext(Y) is an Abelian group in 
which the class of trivial extensions is the 
identity element. The extension (E,, фл) for 
an essentially normal operator A is trivial 

if and only if А= N + K with N normal and 
K compact. Hence follows the Weyl-von 
Neumann-Berg-Sikonia theorem. The BDF 
theorem for essentially normal operators is 
proved by the pairing Ext(Y) x K'(Y)+Z 
defined by the index, where K'(Y)=K(SY*)= 
lim, LY, GL(n, C)] (— 237 K-Theory; [13]). 
The induced homomorphism y, : Ext(Y)— 
Hom(K'(Y), Z) is always surjective, and it 

is an isomorphism for Y c R? or Y= 5" but 
not for Y c R*. 

Ext is a tcovariant functor from thc cate- 
gory of compact metrizable spaces to the 
category of Abelian groups. It is thomotopy 
invariant. Define for п=0, 1, ... the group 
Ext, _,(Y) by Ext(S" Y), where 5" Y is the n-fold 
tsuspension. Then we have the periodicity 
Ext, ;(Y) z Ext, (Y). Moreover, for each pair 
of compact metrizable spaces Y 2 Z we have 
the long exact sequence 


Ext (Z) S Ext (Y) S Ext(Y/Z) $ Ext (Z) ..., 
n n n n-—1 


where Y/Z is the space obtained from Y by 
collapsing Z to a point and is q,r, ! : 
Ext,(¥/Z)— Ext,(SZ) defined by q: YU CZ> 
(YUCZJY- SZ апа r: YUCZS(YUCZJCZ = 
Y/Z, CZ being the tcone over Z. Ext, satisfies 
the *Eilenberg-Steenrod axioms for homology 
theory except for the dimension axiom, which 
is replaced by Ext,(S9)= Ext(S" !) 2 Z for n 
even and =0 for n odd. 

The von Neumann algebra B(X) is classified 
as a ‘factor of type 1„. In the case of a factor 
M of type II, another index theory has been 
developed by H. Breuer [17] and others re- 
placing B?(X) by the closed ideal of M gen- 
erated by finite projections and using the 
tsemifinite trace on M for the dimensions of 
kernels and cokernels of operators in M. 


K. Spectral Analysis in Banach Spaces 


Spectral analysis becomes rather involved for 
general operators in a Banach space as well as 
for nonnormal operators in Hilbert space. 

For a tcompact operator A, the nature of 
the spectrum o(A) and the structure of A in the 
root subspace associated with a nonzero eigen- 
value are well known (— 68 Compact and 
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Nuclear Operators). However, a full spectral 
analysis may not be possible without further 
assumptions. 

For a tclosed operator with nonempty re- 
solvent set p(A), an foperational calculus can 
be developed by means of a function-theoretic 
method based on the fact that the resolvent 
R. =(AI— А)! is a B(X)-valued holomorphic 
function of 4 in p(A). In particular, the tspec- 
tral mapping theorem holds (— 251 Linear 
Operators G). 

A general class of operators having asso- 
ciated spectral resolution was introduced by 
N. Dunford. Let X be a Banach space. An 
operator E e B(X) is called a projection if E? = 
E. As before we can define a (projection- 
valued countably additive) spectral measure on 
%,. An operator Ae B(X) is said to be a spec- 
tral operator if there exists a spectral measure 
E on 2, satisfying the following properties: (1) 
Е(М)А = AE(M), M € 4; (it) o(Alga X) = M, 
Me&,, where Aly is the restriction of A to Y 
and M is the closure of M; (iii) there exists a 
k>0 such that | E(M)|| <k for all Me. E is 
unique. À spectral operator A is expressed as 
A=S+N, where 5 = [czE(dz) and N is 'quasi- 
nilpotent. A is said to be a scalar operator if N 
— 0. Unbounded spectral operators are defined 
similarly, with (1) E(M)A c AE(M) in place of 
(i). However, for unbounded spectral opera- 
tors A we no longer have the decomposition 
A=S+N. (For more details about spectral 
operators — [3]. For other topics related to 
the material discussed in this section — 68 
Compact and Nuclear Operators; 251 Linear 
Operators; and 287 Numerical Computation 
of Eigenvalues.) 
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A. General Remarks 


Let E? be a Euclidean 3-space with a standard 
coordinate system (x,, x5, x4) and E? be the 
x x5-plane. Consider a domain D in E^ asa 
vibrating membrane with the fixed boundary 
OD. Then the height хз = Р(х, x5, t) obeys 

the differential equation of hyperbolic type, 

C F(x,, x5, )/0t? =c AF(x,, x5, t), where А = 
02/0x2 + 0?/0x3 denotes the *Laplacian in E? 
and c is a constant (we put e= 1 in the follow- 
ing). For solutions of the form F(x,,x5,t)— 
U(x,, x;)V(t), U is a solution of the *Dirichlet 
problem in Dc E*; AU + AU = 0, where 2 

is a positive constant called an 'eigenvalue 

of A. Solutions of the form F(x,,x5,t) = 

U(x;, xy)sin/At represent the pure tones that 
the membrane produces as normal modes. 
That is, the shape of D is related to the possi- 
ble sounds or vibrations (i.e., to the eigen- 
values of A) through the Dirichlet problem. 
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The set of eigenvalues of A is called the spec- 
trum of D and is denoted by Spec(D). There 
arises the question of how much information 
Spec(D) can impart about the geometric prop- 
erties (1.е., the shape, extent, and connected- 
ness) of D. Generally, spectral geometry is the 
study of the relations between the spectrum 

of domains D of tRiemannian manifolds or 
compact Riemannian manifolds (M, g) and the 
geometric properties of D or (M, g). 


B. Spectra 


Let Z?(M) denote the space of smooth +p- 
forms on a compact m-dimensional С° ~ 
Riemannian manifold (M, g). Then eigenvalues 
of the *Laplacian (Laplace-Beltrami operator) 
A acting on @Р(М) are discretely distributed in 
[0, oo), and each multiplicity is finite (— 68 
Compact and Nuclear Operators, 323 Partial 
Differential Equations of Elliptic Type). The 
spectrum for p-forms Ѕрес?(М, g) is (4, < 
4p,2 ©... }, where each eigenvalue is repeated 
as many times as its multiplicity indicates. 
If 0 is an eigenvalue, its multiplicity 15 equal 
to the pth *Betti number of M. 

In the following, mainly the case p 20 
is explained. Spec?(M, g) is denoted by 
Spec(M, д). 0 is always in Spec(M, д) and its 
multiplicity is 1. So we put 49 = 0, and 4, is 
the first nonzero eigenvalue. А geometric 
meaning of Af at x for a function f is as fol- 
lows: If (5,]5-, are m geodesics mutually or- 
thogonal at x and parametrized bv arc length, 
then (Af) (x) = E(f o 7, (0). 

Let {;) 2.0 be an orthonormal basis of 
S? (M) consisting of eigenfunctions: Aq; + 4;9; 
=0, «фі, фу) = |мФФ = ду. Then the *funda- 
mental solution E(x, y, t) of the heat equation 
A—6/t=0 is given by E(x, y, t)  X;e ф(х) & 
@,(y) as a function on M x M х (0, зо). We 
put Z(t) = {м E(x, x, t) - X;e ^". Z(t) and 
Spec(M, g) are equivalent. The Minakshisun- 
daram-Pleijel asymptotic expansion of Z(t), 


Z(t) ~ (1/Ant)"P (ag ta,t+a,t7?+...), 0, 


is the bridge connecting Spec(M, g) and geo- 
metric properties of (M, g), because ae, a). ... 
can be expressed as the integrals of functions 
over M defined by g =(9:), the components 
Ria of the *Riemannian curvature tensor, and 
their derivatives of finite order [1]. ao is the 
volume of (M, д) and a, —(1/6) | S, where S is 
the *scalar curvature. a, was calculated by H. 
P. Mckean, I. M. Singer, and M. Berger, and 
аз by T. Sakai. 

Let D be a bounded domain in E? or, more 
generally, a bounded domain in a Riemannian 
manifold, and assume that the boundary OD is 
piecewise smooth. For smooth functions which 
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take the value 0 on 6D, eigenvalues of the 
Laplacian A are discretely distributed in (0, оо), 
and each multiplicity is finite. We denote the 
spectrum of D by Spec(D) = (4, € 4; <... }. The 
multiplicity of 4, is 1, and an eigenfunction 
f corresponding to 4, takes the same sign in 
D. The behavior of Z(t)= X;e ^' for D is dif- 
ferent from that for (M, g) since Z(t) reflects the 
geometric situation of 0D in this case. 

(M, д) and (№, h), or D, and D, are called 
isospectral if they have the same spectra. 

Examples for which the spectrum is explic- 
Шу calculable are as follows: spheres (S", g; = 
canonical), real projective spaces (RP", go), 
complex projective spaces (CP", Jo, go), (S?"*!, 
g, = suitably deformed from g,), flat tori, (and 
for domains D) unit disks, rectangles, equi- 
lateral triangles, etc. 


C. Congruence and Characterization 


Let D, and D, be bounded domains in E?. An 
open question is whether isospectral D,, D, are 
congruent. Concerning this, there is M. Kac’s 
paper with the famous title “Can one hear the 
shape of a drum?” Let D be a bounded domain 
in E? with smooth boundary ôD. If D has r 
holes, then 


Z(t)~ A(D)/4nt — L(0DyA., / Ant + (1 — т)/12, 
0, 


holds (А. Pleijel, Кас, P. Mckean, I. M. Singer; 
— [7]), where A(D) denotes the area of D and 
1402р) denotes the length of ôD. This theorem 
implies that the area, the length of ôD, and the 
number of holes are determined by Spec(D). 

In particular, if D, is a unit disk, Spec(D,) = 
Spec(D;) implies that D, and D, are congruent. 
There are some other results on Z(t) for do- 
mains D of surfaces in E" or for domains D in 
Riemannian manifolds (M, g). 

Two isometric (M, g), (N, h) are isospectral. 
Concerning the question of whether isospec- 
tral (M, g), (N, h) are isometric, there are some 
counterexamples. The first is the case of two 
flat tori T'!9, given by J. Milnor. Examples 
with nonflat metrics were given by N. Ejiri 
using warped products and by M. F. Vigneras 
for surfaces of constant negative curvature. 

In those examples, M and N are homeo- 
morphic. A. Ikeda showed that there are flens 
spaces that are isospectral but not homotopy 
equivalent. 

Examples of affirmative cases are as follows: 
Spec(M, g) = Spec(S", go), m < 6, implies that 
(M, д) is isometric to (S", go) (M. Berger, S. 
Tanno). The result is the same for (R P”, go), 
т<6. For n«6, (CP", Jo, go) is characterized 
by a spectrum among *Káhlerian manifolds 
(M, J, д). 
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The number of nonisometric flat tori (or 
more generally, compact flat Riemannian 
manifolds) with the same spectrum is finite (M. 
Kneser, T. Sunada). 

If one considers spectra for two types of 
forms, then the situation turns out to be sim- 
pler. For example, if Spec" (M, д) =Spec?(N, h) 
for p=0, 1, then (M, д) is of constant curvature 
K if and only if (N, А) is also and K'= К (V. K. 
Patodi [9]). 


D. The First Figenvalue 


The first eigenvalue 2, for (М, д) or for a 
domain D in (M, 9) reflects the geometric situ- 
ation of (M, g) or D. A lower bound of 4, given 
by J. Cheeger is 4, > А(М)2/4, where h(M) is 
the isoperimetric constant, defined by 


h(M) = inf( vol(S)/min[vol(M,), vol(M,)]}, 


where the inf is taken over all smoothly em- 
bedded hypersurfaces S dividing M into two 
open submanifolds M;, M,, 0M, 20M; = S, 
and vol means the volume. 1/4 is the best 
possible estimate. 

Let p denote the maximum radius of a disk 
included in a simply connected D c E?. Then 
2, = 1/(4p7) (W. K. Hayman, R. Osserman). 

If (M, д) has tRicci curvature > k 0, then 
2, 2 mk/(m — 1) holds, and the equality holds if 
and only if (M, g) is isometric to ($", (1/k)go) 
(A. Lichnerowicz, M. Obata). 4, can also be 
estimated from k and the diameter d(M) of M 
(P. Li, S. T. Yau). 

To obtain upper bounds of 1, the minimum 
principle of 4, is useful. We state it only for 
(M, д): 


zi vevo | n 


where inf is taken over all piecewise smooth 
functions f satisfying fu f=0, f 40, and ( , ) 
denotes the local inner product with respect to 
g. An upper bound of 4, for (M, g) of nonnega- 
tive curvature is 4, <c(m)/d(M)*, where c(m) is 
some constant depending on m (Cheeger). 

For (M, g) or D a submanifold of another 
Riemannian manifold, there exist some esti- 
mates of 4, in terms of second fundamental 
forms, etc. 

A,Z j^ (A(D)) holds for D c E?, and the 
equality holds if and only if ðD is a circle (C. 
Faber, E. Krahn), where j denotes the first zero 
of the *Bessel function Jy. This estimate is 
generalized in many directions; for example, 
for D c (M?, g) in terms of the integral of the 
Gauss curvature, etc. It is very useful to note 
that the estimate of 4, for D is deeply related 
to the isoperimetric inequality (— 228 Isoperi- 
metric Problems). 
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E. Hersch Type Theorem 


With respect to the first eigenvalue 1, (g) 

and the volume Vol(M, g) of (M, 9), A4,(g): 
vol(M, д)?” is invariant under a change of 
metric g—c?g (c is a constant). Hersch’s prob- 
lem is stated as follows: Is there a constant 
k(M) depending on M so that for any Rie- 
mannian metric g on М, 4,(g): vol(M, д)?" < 
k(M)? J. Hersch proved this for a 2-sphere M 
= S? with k(S2)= 8л, and in this case the 
equality holds if and only if g is proportional 
to the canonical metric go. 

The Hersch type theorem holds for an 
oriented Riemann surface M of genus q with 
k(M) =8n(q+ 1) (P. C. Yang, S. T. Yau). There 
is no such constant k(S”) for an m-sphere S”, 
mz3(H. Urakawa, Н. Muto, S. Tanno). 


F. The Multiplicity of 4; 


By a theorem of K. Uhlenbeck each eigenvalue 
for a Riemannian manifold (M, g) is simple. 
However, for (S”, go) the first eigenvalue /, is 
m and its multiplicity is m + 1. Furthermore, for 
some g, deformed from gg, 4,(g,) of (S?"*!, g) 
has multiplicity n? + 4n + 2, which is larger 
than m+ 1 (22n + 2). 

The multiplicity т(4,) of the ith eigenvalue 
4; for a Riemann surface of genus q satisfies 
m(A,;)<4q 4+ 2i - 1 (S. Y. Cheng, G. Besson). 


G. kth Eigenvalue 


The minimum principle for 4, of Spec(M, g) is 
stated as follows: Let f; be an eigenfunction 
corresponding to /,, 0<i<k—1. Define H,_, 
to be the set of piecewise smooth functions 

f #0 orthogonal to each f,, i.e., fu ff; =0. Then 


i-i] | (Vf, Vf) | | d 


where inf is taken over fe H,_,. We have the 
minimax principle for 4, of the first and second 
type. We state the second type only: 


|| evo] | rt. 
ъл OF еа (JM M 


A= inf sup 


where L, denotes a k-dimensional linear sub- 
space of 29(M). From this, for 1-parameter 
metrics g, (a « u < b) on M, the continuity of 
A,(g,) with respect to u follows. 


H. Courant-Cheng Nodal Domain Theorem 


Let f be an eigenfunction on (M, g) or D. The 
set of all zero points of f is called the nodal set 
of f (or the nodal curve of f if m —2). Each 
connected component of the complement of 
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the nodal set in (M, g) or D is called a nodal 
domain of f. The nodal set of f is a smooth 
submanifold of (M, g) or D except for a set 

of lower dimension. The number of nodal 
domains of an eigenfunction corresponding to 
the ith eigenvalue is <i+1 for (M,g) and <i 
for D (Courant-Cheng nodal domain theorem). 


I. Estimate of N(A) 


N (A) is defined as the number of eigenvalues of 
(M, д) or D which are less than or equal to A. 
For Dc E?, H. A. Lorentz conjectured that the 
behavior of N(4) for 4— oo does not depend on 
the shape of D but only on the area A(D) of D, 
i.e., lim,..,, N(A)/A= A(D)/4n. This was proved 
by H. Weyl. Generally, for D or (M, g), the 
behavior of N(A) for д oo is vol(D)A"?/ 
(4n)"? T (m/2 + 1), and this is related to the 

first term vol(D)/(4xt)"? of the asymptotic 
expansion of Z(t) by tTauberian and tAbelian 
theorems. 


J. Spec(M, g) and Geodesics 


Let T" — E"/T be a flat torus, I' being the 
lattice for T". Let Г* be the lattice dual to Г. 
Then Poisson's formula, 

y e oe Sworn) y e me 
yer* xer 

gives a clear relation between Spec(T") = 
(41? |y?, ye Г*} and the set (Ixl, xer} of 
lengths of closed geodesics on T". 

If (M, g) satisfies some conditions, then 
Spec(M, g) determines the set of lengths of 
periodic geodesics (Y. Colin de Verdiere), and 
the spectrum characterizes those Riemannian 
manifolds whose geodesics are all periodic (J. 
J. Duistermaat, V. W. Guillemin). 


K. Spec"(M, g) and the Euler-Poincaré 
Characteristic 


Let (M, g) be oriented and even dimensional. 
Let E?(x, у, t) be the fundamental solution of 
the theat equation for p-forms. Corresponding 
to Z(t) for Spec(M, g), we get Z"(n— fy EP = 
Ye ^», Then 


У (12%) = y cf tr E" = y(M), 
p=0 p=0 M 


where у(М) denotes the tEuler-Poincaré char- 
acteristic of M (Mckean, Singer). On the other 
hand, the *Gauss-Bonnet theorem is y(M)— 
{м С, where C is a function on M expressed 

as a homogeneous polynomial of components 
of the Riemannian curvature tensor. Then 
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Patodi proved 


(—D'trEP=C+O(), 10. 


З 
ums 


L. 4-Function 


Let (X,g) be a compact oriented 4k-dimen- 
sional Riemannian manifold with boundary 
OX = Y and assume that some neighborhood 
of Y in (X, g) is isometric to a Riemannian 
product Y x [0, в). Define an operator B 
acting on forms of even degree on Y by 


Bw-(—1)**'(«d—d«)w, | weg"(Y), 


where * denotes the tHodge star operator and 
d denotes exterior differentiation on Y. Then 
В? = А holds. Using the spectrum í) of B, we 
define the -function by 

n(s)= > (sgnu)|ul °. 


ато 


n(s) is а spectral invariant, and 
ан) | Lí(pi, +++» p) п) 
X 


holds (Atiyah, Patodi, and Singer [2]), where 
sgn(X) is the tsignature of the quadratic form 
defined by the їсир product on the image of 
H?*(X, Y) in H?*(X), L, is the kth tHirzebruch 
L-polynomial, and p,, .... p, are the Pon- 
tryagin forms of (X, g). 


M. Analytic Torsion 


Let y be a representation of the fundamental 
group z,(M) of (M, д) by the orthogonal group 
and E, be the associated vector bundle. Let A* 
be the Laplacian acting on E,-valued p-forms 
on М and {4х ,) be its spectrum. Then 


log T(M, y= У (рова (У вә) 

р=0 Бу s=0 
is independent of the choice of g. T(M, y) is 
called the analytic torsion of M. T(M, y) is 
equal to the *R-torsion «(M, y) (W. Müller, 
Cheeger). 


N. Concluding Remarks 


An tisometry ij of (M, д) commutes with the 
Laplacian and induces a linear transformation 
W£ of each eigenspace V,. Using the asymp- 
totic expansion of X tr(V/7)e ^, the Atiyah- 
Singer *G-signature theorem has been proved 
(H. Donnelly, Patodi). 

The Atiyah-Singer *index theorem has been 
proved by using Gilkey's theory and the heat 
equation (Atiyah, R. Bott, Patodi). 

Let (№, h) be a complete Riemannian mani- 
fold of negative curvature. Then A is extended 
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to an unbounded self-adjoint operator for 
L,(N). Generally A has a continuous spec- 
trum. Some conditions for (№, h) to have pure 
point spectrum were given in terms of curva- 
ture (Donnelly, P. Li). 

If D is a minimal submanifold of another 
Riemannian manifold, estimates of 4, are 
related to the stability of D (— 275 Minimal 
Submanifolds). 

On the nonexistence of the 1-parameter 
isospectral deformation (M, до) (M, g,), there 
are results for (i) m —2 and gy of negative 
curvature, m z 3 and negatively pinched g, (V. 
Guillemin, D. Kazhdan); (ii) flat metrics go (R. 
Kuwabara); and (iii) go of constant positive 
curvature (Tanno). 

As for spectral geometry for complex La- 
placian on Hermitian manifolds, there are 
results by P. Gilkey, Tsukada, and others. 
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Spherical astronomy is concerned with the 
apparent positions of celestial bodies and their 
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motions on a celestial sphere with center at an 
observer on the Earth, while tcelestial mechan- 
ics is concerned with computing heliocentric 
true positions of planets and comets and geo- 
centric true positions of satellites. The purpose 
of spherical astronomy is to find all possible 
causes of displacement of the apparent posi- 
tions of celestial bodies on the celestial sphere 
from their geocentric positions and to study 
their effects. Atmospheric refraction, geo- 
centric parallax, aberration, annual parallax, 
precession, nutation, and proper motion are 
examples of these causes. 

When light from a celestial body passes 
through the Earth's atmosphere, it is refracted 
since air densities at different heights are differ- 
ent. This phenomenon is called atmospheric 
refraction. The effect of refraction on the 
apparent direction of the celestial body is a 
minimum when the body is at its culmination, 
and vanishes when this coincides with the ob- 
server's zenith, while the maximum refraction 
of 34:5 occurs when the body is at the horizon. 

Topocentric positions differ appreciably 
from geocentric positions for the Moon and 
planets, since their geocentric distances are not 
large compared with the radius of the Earth. 
The difference is largest when the observer is 
on the equator and the celestial body is at the 
horizon, and this largest value is called the 
geocentric parallax. The geocentric parallax of 
the Moon is between 53:9 and 60:2; those of 
the Sun, Mercury, Venus, Mars, Jupiter, and 
Saturn are, respectively, 8764—8794, 6"—16"5, 
5"-32", 375-2375, 174-271, and 078-1"1. For 
fixed stars geocentric parallaxes can be re- 
garded as zero since the stars are far from the 
Earth. 

The Earth moves in an orbit around the Sun 
with period of one year (365.2564 days) and 
rotates around the polar axis, which is inclined 
at 6675 to the orbital plane (the ecliptic), with 
period of one day (23 hours, 56 minutes, 4.091 
seconds). Therefore the observer on the Earth 
moves with a speed depending on the latitude 
(0.465 km/sec on the equator) due to the rota- 
tion and moves with an average speed of 
29.785 km/sec on the ecliptic. Due to these 
motions of the observer, apparent directions of 
celestial bodies are displaced from their geo- 
metric directions. Displacement due to the 
rotation is called diurnal aberration, and that 
due to the orbital motion, annual aberration. 
The effect of diurnal aberration is between 0" 
and 0732 and varies with a period of one day, 
while that of the annual aberration is between 
0” and 207496 and varies with a period of one 
year. Moreover, to compute the positions of 
celestial bodies, the travel time of light to the 
observer should be taken into account. 
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Annual parallax for a fixed star is half the 
difference of its apparent directions, which are 
measured at the ends of a diameter perpendic- 
ular to the direction of the star from the orbit 
of the Earth. The effect of the annual paral- 
lax varies with a period of one year. However, 
except for nearby stars, it is not necessary to 
take this effect into account when computing 
apparent positions. 

The pole of the Earth on the celestial sphere 
moves on a circle around the pole of the eclip- 
tic due to the gravitational attraction of the 
Moon, Sun, and planets, and therefore the 
equinox moves clockwise on the ecliptic. 
Because the resultant of the attractive force of 
the Moon, Sun, and planets changes periodi- 
cally, the motion of the equinox is not uni- 
form. Therefore the motion is expressed as the 
sum of secular motion, called precession, and 
periodic motion, called nutation. Since the 
positons of fixed stars on the celestial sphere 
are measured with respect to the equator and 
the equinox, their right ascensions and decli- 
nations are continuously changing because 
of precession and nutation. 

Since the stars are not fixed in space but 
themselves have proper motions, their posi- 
tions on the celestial sphere are continuously 
changing. 

Spherical astronomy also includes predic- 
tions of solar and lunar eclipses, the theory 
of *orbit determination to compute apparent 
positions of celestial bodies in the solar system 
by use of orbital elements, and the compu- 
tation of ephemerides for the Sun, Moon, 
planets, and fixed stars. Practical astronomy, 
which develops theories and methods of ob- 
servation by use of meridian circles, transit 
instruments, zenith telescopes, sextants, the- 
odolites, telescopes with equatorial mountings, 
and astronomical clocks, and navigational 
astronomy, which deals with methods for 
determining the positions of ships and aircraft, 
are closely connected to spherical astronomy. 

It should be noted that recently radar has 
been used to measure distances to the Moon 
and planets accurately, a contribution to de- 
termining the size of the solar system with 
precision. 
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A. Spherical Functions 


The term spherical functions in modern termi- 
nology means a certain family of functions on 
*symmetric Riemannian spaces obtained as 
simultaneous 'eigenfunctions of certain inte- 
gral operations (— 437 Unitary Representa- 
tions). In this article, however, we explain 
only the classical theory of Laplace's spherical 
functions with respect to the rotation group in 
3-dimensional space. 

Solutions of tLaplace’s equation AV=0 that 
are homogeneous polynomials of degree n 
with respect to the orthogonal coordinates x, 
y, z are called solid harmonics of degree n. If n 
is a positive integer, there are 2n + 1 linearly 
independent solid harmonics of degree n. In 
*polar coordinates (r, 0, ф) they are of the form 
r" Y,(0, o), where Y,(0, o), the surface harmonic 
of degree n, satisfies the differential equation 


y 9f 45571 0X 
in 
sin8 20452 00 J" sin2 0 дф? 


+n(n+1)¥,=0. 


Here, if we apply tseparation of variables to 0 
and ф and put z=cos0, then the component in 
ф is represented by trigonometric functions, 
and the other component in 0 reduces to a 
solution of Legendre’s associated differential 
equation 


е cam 
2 


В. Legendre Functions 


With m=0 in (1) and n replaced by an arbi- 
trary complex number v, the equation is re- 
duced to Legendre's differential equation 


2 


d d 
(1-2?) qudm ++ w=, (2) 


whose fundamental solutions are represented 
by 


1 (1+,2+) (2 —1y А 
маф урт (3) 


К 1 (1+, -1+) ((7—1)" F 7 
QW) үт 2%(;—Д*1 Š 4) 
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where the contour of integration in (3) is a 
closed curve with positive direction on the 
C-plane, avoiding the half-line ( —oo, —1), 

and admitting 1 and z as inner points of the 
domain it bounds, whereas the contour in 

(4) is a closed oc-shaped curve encircling the 
point 1 once in the negative direction and 
the point —1 once in the positive direction. 
The functions P,(z) and Q,(z) are called Le- 
gendre functions of the first and second kind, 
respectively. The integral representation (3) is 
Schláfli's integral representation. If Re(v + 1) > 
0, we can deform the contour of integration 
and obtain 


1 1 (1 a cy 
Q7 | r. (8) 
If v is an integer, it is convenient to use the 
representation (5). 

From (3)-(5), we can obtain the recurrence 
formulas for Legendre functions of distinct 
degrees. The recurrence formulas for P,(z) and 
Q,(z) have exactly the same form (— Appendix 
A, Table 18.1). Expanding the integrand in (3) 
and (4) with respect to z — 1 and £/z, the fol- 
lowing identities are obtained: 


is 
re r(v- 1, —v, 152). H —z|<2, 


n Г(у+1) 


Qz) T(v4-3/2) 


F v+] v+2 "m. 1 
2” 2 Ua E 


|z|> 1, |argz|< z, 


Q,(z)—- 


where F(a, fl, y, 2) is the *hypergeometric func- 
tion. These expansions are the solutions in 
series of Legendre's differential equation in the 
neighborhood of the tregular singular points 
z — | and oo, respectively (— Appendix A, 
Table 18.11). 

If v is a positive integer, since £= 1 is not a 
tbranch point in (3), Р,(2) is represented by 
Rodrigues's formula 


l (— 1)" 
P(z)= 4 
ДШ deus : 

NN 
2"! dz" 


(z? —1y. (6) 


In this case, P,(z) is a polynomial of degree n 
such that 


[n/2] (2n —2r)! 


m 4v ` O a 
= $t D Prin) | 
Po(z)= 1, 


which is called the Legendre polynomial (Le- 
gendre, 1784). The ‘generating function for the 
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Legendre polynomials is (1 —2pcos0+ p?) 12, 
whose expansion with respect to p is of the 
form 39 P,(z)p", z 2cos0. Here the tgenerat- 
ing function (1 — 2p cos0 + p?) !? is the inverse 
of the distance between two points (p, 0) and 
(1,0) in polar coordinates. Hence P,(z) is also 
called the Legendre coefficient. If z is real, (((2n 
+ 1)/2) ? P.(z)) 2 o constitutes an orthonormal 
system on [ —1, 1] (— 317 Orthogonal Func- 
tions). The n zeros of P,(z) are all real, simple, 
and lie in (—1, 1). For sufficiently large n, we 
have 


P,(cos 0) 


= sul [жк јоз yana 
= Aso an, ТЯ Ж 


О„(со 0) 


Е | n 1 a in 


as n oo. 


C. Associated Legendre Functions 


For any positive integer m, the functions 
Pr(z) =(I — z?y"? d"P,(zydz", 
Qv(z) - (1 2"? a"Q,(z)/dz" 


are called the associated Legendre functions of 
the first and second kind, respectively. This 
definition, due to N. M. Ferrers, is convenient 
for the case —1 <z « 1. For arbitrary com- 
plex z in a domain G obtained by deleting the 
segment [ —1, 1] from the complex plane, the 
following definition, due to H. E. Heine and 
E. W. Hobson, is used: 


Pr(z) = (z^ — 1"? q" P,(z)/dz", 
Qr(z) = (2? — D"? a"Q,(z)/dz". 


The associated Legendre functions satisfy the 
. associated Legendre differential equation (1). 
In particular, for у= п (a positive integer) and 
z — x (real), 


{(2n+ 1)(n—m)!/2(n+m)!}*? Р(х), 
n —0, 1, ... m=constant, 


constitute an orthonormal system on [ —1,1]. 
The addition theorem for the Legendre func- 
tions is 


в(аа+/+020 Мако) 


п = ! 
= Beh) 2 ў, me 


x Pi"(z,)cosm@, 


where the equality with the plus sign was 
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obtained by Ferrers and that with the minus 
sign by Heine and Hobson. 


D. Surface Harmonics 


From the considerations so far for the sur- 
face harmonics Y,(0, o), 2п + 1 independent 
solutions 


Р.(соѕ 0), | P"(cosO0)sinmq, 


qP;(cosÜ)coomp, I=<m<n, 


are obtained. Since P,(cos 0) vanishes on n 
latitudes of the unit sphere, and P7'(cos0)- 
cosmo and P™(cos@)sinm@ vanish on n —m 
latitudes and m longitudes of the unit sphere, 
respectively, the former functions are called 
zonal harmonics and the latter, tesseral har- 
monics. The general form of surface harmonics 
Y, of order n is given by a linear combination 
of zonal and tesseral harmonics: 


Y,(0, o) = A, oP,(cos0) 
+ У (4, mcosm@ + B, „ѕіптф)Р"(соѕ 0). (7) 
т=1 


Expressing two surface harmonics Yt) and 
Y? in linear combinations such as (7), the 
following orthogonality relations hold: 


| | Y0, o) Y??(0, ф)ѕіп 040 do 
EV" 


4n 
=ó AQ) AQ 
nn + ( n,O^*n,O 


(п+ m)! 
(АН „А, + ВИ) BO) |. 


Since the family of all zonal and tesseral har- 
monics constitutes a tcomplete orthogonal 
system, it is possible to expand a function 

ГӨ, ф) on the sphere into an orthogonal series: 


Ө, ф)= Y. Y,(0,o) 


=Y (stie 0)+ Y. (А, , cosmo 


m-i 


+ B, ,, Sin тф) Р" (cos о) ; 


To obtain surface harmonics, the following 
method is effective. Let v be a direction pro- 
portional to the direction cosines /, m, n. Then 
a function 


А д Р д " 0M ôf 
=a 
Ox "бу "azr дуц)” 
х= /P +m° +n 
is a solution of Laplace's equation. Physically, 


this corresponds to а tpotential of double pole 
with moment « and direction v. А more gen- 
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eral multipole potential 


v(a, 


also satisfies Laplace's equation. If we put V = 
U(x, y, z)r ?" !, О, is a spherical function of 
order n (Maxwell's theorem). Various spherical 
functions correspond to particular directions 
v. For example, if every v, is equal to z, we 
have zonal harmonics; and if n—m of the v; are 
equal to z and m of the v; are symmetric on the 
xy-plane, we obtain tesseral harmonics. Let y 
be an angle between two segments connecting 
the origin to the points (r, 0, ф) and (7’, 0, q^) in 
polar coordinates. Then cos = cos 0 cos 0' + 
sin Osin 0' cos(q — q^), and if we choose the 

line connecting the origin to a point (r',0', 9’) 
as the axis defining P,, we have 


"(хд yo 
а S 
n! Vr ôx r ду 


pee ^[1 
r oz} Nr]. 


These are called biaxial spherical harmonics, 
which can also be represented (by the addition 
theorem) by means of spherical harmonics 
with respect to each axis. 


P,(cosy)=(—1)" 


E. Extension of the Legendre Functions 
We extend the associated functions with posi- 
tive integer m to any number m. First, if m is a 


negative integer, we put 


z Un 
P, m(z)=(1 —z?) "°> | di, | di, -+ 
1 1 


з 2 
x | di, | Р,(С,)4б,, 
1 1 


Q,"(z-2(1—z?) "? ү dt, [аз P 


©з $2 
«| & | Q,(5,)d5,, 


a definition due to Ferrers. Then 


2n. So 7m) 
(2) =(—1)" Toim4l)" (z), 
RR „Г(у—т+ 1) e 
Q,"(z) =(—1) To tm)?" 9. 


When we use the definition due to Heine and 
Hobson, the factor ( —1)" in these formulas is 
excluded. Two fundamental solutions, called 
hypergeometric functions of the hyperspherical 
differential equation 


(1 —z*)d? w/dz? —2( u+ 1)z dw/dz 


+(v—)(v + ut 1)wz 0, 


394 A 
Stability 
are 
pe p(z )= e" 
2" ""Ansinvz 
ЖОО ОЕ e m) rud 
«ф АХ 5 T уни d, 
e * nni (62 —1)» 
(д.н) оу eg 

бл @)= клып? ((— (CZT Š 


where the contour of Integration for the latter 
integral is a curve encircling the point —1 once 
in the positive direction and the point 1 once 
in the negative direction. Then the associated 
Legendre functions for an arbitrary number и 
are defined as follows: 


u Г(у+и+1) ui2 pip, u 
PY(2)= Ps 1) (2? — 12 Р (2), 

" Г(у+и+) > as a 
05(2) = Torn) - y^ QU). 


If v— u is a positive integer, P^? is called 

the Gegenbauer polynomial, also denoted by 
С,_„(2). The C,_,(z) are obtained as coeffi- 
cients of the expansion of the generating func- 
tion (1 —2hz + z2) @#*)? (— Appendix A, 
Table 20.1). 

For spherical functions of several variables 
there is an investigation by P. Appell and J. 
Kempé de Fériet [2] (— 206 Hypergeometric 
Functions D). 
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A. General Remarks 


Stability was originally a concept concerned 
with stationary physical states. When a state 
is affected by a small disturbance, this state 

is said to be stable if the disturbance subse- 
quently remains small, and unstable if the dis- 
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turbance gradually increases. For instance, 
consider а rod placed in the Earth's gravi- 
tational field with one end fixed at a point 
around which the rod can rotate freely. When 
the rod is placed vertically, this state 1s station- 
ary. It is stable if the rod is hanging down from 
the fixed end, and unstable if it is standing on 
the fixed end. In physical systems only the 
stable state 15 practically realizable, so this dis- 
tinction is important. 

The concept of stability is used not only in 
relation to physical states but also in many 
other fields of science. We shall restrict our- 
selves to stability of solutions of differential 
equations. There, the term stability is used in 
the sense that a small change in the initial 
values results in a small change in the solution. 
As long as the solution is considered within a 
finite interval of the independent variable, this 
stability is naturally guaranteed by the con- 
tinuity of the solution with respect to its initial 
values (— 316 Ordinary Differential Equations 
(Initial Value Problems)). The problem arises 
when an independent variable moves over an 
unbounded interval. 

Let (х, .... Xp} 9 X. (x1 (0, ..., x,(t)) = x(t), 

(x (t), ..., x,(t)) 2 x (t) (the symbol ' means 
differentiation by t), and |x| = 275-,|x;|. Con- 
sider the differential equation 


x' —f(t, x), (1) 


for which the existence and uniqueness of the 
solution of the initial value problem is as- 
sumed for |t| < оо, |х| < oo. Let x 2 e(t) bea 
solution of (1). If for any £20 and tọ, a 00 
can be chosen so that |x(to)— (to)| < ó implies 
|x(t)— e(t)| <£ for ty <t < oo (—co «t&to), 
where x(t) is any solution of (1), then x = 9(t) is 
said to be (Lyapunov) stable in the positive 
(negative) direction. If it is stable both in the 
positive and negative directions, it is said to be 
stable in both directions. In the remainder of 
this article we will consider stability in the 
positive direction only. Corresponding asser- 
tions for stability in the negative direction can 
be obtained by reversing the sign of t. 


B. Classification 


We denote by x= x(t, to, Xo) a solution of (1) 
such that x 2 X, at t — to. 

Suppose a solution x = g(t) ts stable. If for 
any to there exists a ¿> 0 such that |x(t, tp, Xo) 
— e(t)| 30 as t co for any x(t, to, xo) with |x, 
—@(to)| < C, @(t) is said to be asymptotically 
stable. 

If a constant ó in the definition of stability 
can be chosen independently of t, p(t) is said 
to be uniformly stable. When equation (1) 
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1s 'autonomous, stability implies uniform 
siability. 

If (1) g(t) is uniformly stable and (2) for any 
tọ and n> 0, there exist a ¿> 0 independent 
of ty and a T> 0 independent of t, such that 
[Xo — 9(t9)| <Ç and t>t y+ T imply |x(t, to, Xo) 
— e(t)| <n, then g(t) is said to be uniformly 
asymptotically stable. 

Suppose that there exists a positive number 
À with the following property: For any to 
and £2 0 one can take a ó(g) > 0 such that 
Ixo — ó(to)| < (c) implies Ix(t, to, хо) —ф()| < 
ge ^" !9 for tz to. Then ¢(t) is said to bc 
exponentially stable. Exponential stability 
implies uniform asymptotic stability. 


C. Criteria 


To deal with the stability of x = e(t), we need 
consider only the case e(t) = 0, since the trans- 
formation x = y + e(t) reduces equation (1) to 


y —f(t. y t o())—f(t o(0)— F(t у), 
F(t,0)=0, (2) 


and thus x — g(t) is transformed into y=0. If F 
is continuously differentiable with respect to y, 
(2) can be written in the form 


y-E(6,0)y-g(tLy) | g(ty)—o(lyl). 


The linear part of this equation, 


y = Fy(t.0)y, 


is called the variational equation for (1). So, 
in this section, we can state several criteria 
for stability of the null solution y =0 of the 
equation 


Ig(t. y)| = o(1y D- (3) 


(1) If (3) is linear (Le. g(t, y)=0), then y =0 is 
stable if and only if every solution of (3) is 
bounded as t> oo. 

(II) If (3) is linear, uniform asymptotic sta- 
bility implies exponential stabilitv. 

Let f(t, y) be a function defined for |y| < p, t 
> я. If there exists a continuous function w(y) 
such that w(0) 20, w(y) 0 (y Z0), f(t, y) > w(y) 
(lyl € o, t» о), then f(t, y) is said to be positive 
definite. If — f (t, y) is positive definite, then 


y = P(t)y + g(t у), 


f (t, y) is said to be negative definite. 


(III) The existence of a Lyapunov function 
V(t, y) with the following properties implies the 
stability of y=0: (i) V(t, y) is positive definite 
and differentiable, (ii) V(t, 0)=0, (iii) V(t, у) = 
V V: (Pty +g(t, y) <0. 

The existence of V(t, y) with the following 
properties implies the uniform asymptotic 
stability of y 20: (i) same as (i) above, (ii) there 
exists a continuous function v(y) such that 
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&(0)=0, v(y) > 0 (y #0), V(t,y) < v(y), (iii) V(t, y) 
Is negative definite. 

Hereafter we shall assume that |g(t, y)] = 
o(ly|) as y—0 uniformly with respect to t. 

(TV) If P(t) is a constant matrix all of whose 
*eigenvalues have negative real parts, then 
y «0 is asymptotically stable [3, 4]. 

(V) Let P(t) be continuous and periodic with 
period T and Z be a *fundamental system of 
solutions of the variational equation 


7 = P(t)z. (4) 


Then there exists а constant matrix С such 
that Z(t + Т)= Z(t)C. Let А,,...,4, be the 
eigenvalues of C. Then the numbers u, = 

(log 4/T (к= 1, ...,n) are called the charac- 
teristic exponents of (4). Obviously they are 
determined up to integral multiples of 2zi/T. If 
the real parts of the characteristic exponents 
are all negative, then y «0 is asymptotically 
stable [3, 4]. 

(VI) If f(t, x) in (1) is periodic in t with period 
T and (1) admits a periodic solution x = g(t) 
with period T, then (1) can be reduced to (3) by 
putting x — y + e(t), and P(t), g(t, y) are both 
periodic in t with period T. Thus criterion (V) 
can be applied as a stability criterion for the 
periodic solution of (1). There are many other 
criteria for various particular forms of the 
equation (— 290 Nonlinear Oscillation). For 
the tautonomous case where f(t, x) is of the 
form р(х) or р(х) + q(t) with q(t + T) = q(t), 
many results have been found. 

(VIT) If the solution z=0 of 


z = P(t)z 


is uniformly asymptotically stable, then the 
solution y=0 of (3) is also uniformly asymp- 
totically stable [4]. 


D. Conditional Stability 


Let g(t) be a solution and @ a family of solu- 
tions of (1). If for any £20, a д> 0 can be 
determined so that |x(to)— e(t9)| < ó implies 
Ix(t) — e(t)| <£ for ty <t < oo for any solution 
x(t) in &, then g(t) is said to be stable with 
respect to the family . If a family $ can be 
found so that a solution is stable with respect 
to $, the solution is said to be conditionally 
stable. For instance, in equation (3), if P(t) is a 
constant matrix some of whose eigenvalues 
have negative real parts, g(t, y) is differentiable 
with respect to y, and g,(t, y) = o(1) uniformly 
in t as y 20, then y =0 is conditionally stable. 

We now mention a weaker kind of stabil- 
ity called orbital stability. Let g(t) be a solu- 
tion and e any positive number. If there can 
be found a positive number ó such that for 
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any solution x(t) with [x(t;) — 9(to)] < ó for 
some t, and ty, | J,, <<» x(t) belongs to the s- 
neighborhood of | J, «г< Ф(0), then g(t) is said 
to have orbital stability. 

When f(t, x) in equation (1) is independent of 
t, (1) is often called a *dynamical system. In the 
theory of dynamical systems, not merely the 
stability of a solution itself but also the sta- 
bility of a closed invariant set is of importance 
(— 126 Dynamical Systems). 

It is also of importance to investigate the 
change in solution caused by a small change in 
the right-hand member of the equation. Sup- 
pose, for instance, that the right-hand member 
of the equation depends continuously on a 
parameter ғ. Then the question arises as to 
how the solution changes if £ changes. The 
theory of such problems is called tperturbation 
theory. Suppose that the equation 


x' =f(t, x, c) 


admits a periodic solution g(t) for £=0. Then 
g(t) is said to be stable under perturbation if 
for £z£0 the same equation admits a periodic 
solution lying near g(t). In celestial mechanics 
and *nonlinear oscillation theory this concept 
plays an important role. 
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A. Definitions 


Stationary process is a general name given to 
all tstochastic processes (— 407 Stochastic 
Processes) that have the property of being 
stationary (to be defined in the next para- 
graph) under a shift of a time parameter t that 
extends over T, which is either the set of all 
real numbers R (a continuous parameter) or 
the set of all integers Z (a discrete parameter). 
Let (О, B, P) be a tprobability space and 
{X,(w)} (te T, €Q) a complex-valued tsto- 
chastic process. If for every n, every t,,t,,..., 
t,€ T, and every tBorel subset E, of complex 
n-dimensional space C", the equality 


P((X, +o «0 Xat) E,) 


= P((X, ,..., X,)e Ej) (1) 


holds, then í X,) is called a strongly (or strictly) 
stationary process; while if E(| X,|?) is finite for 
every t, and if the fmoments up to the second 
order are stationary, i.e., if 


E(X,,,) = E(X,), 
E(X,., 2) = E(X,X,), (2) 


then {X,} is called a weakly stationary process 
or a Stationary process in the wider sense. The 
“stationary” in the latter sense obviously in- 
cludes the former if E(| X,|2) < oo. Condition 
(2) is equivalent to 


Е(Х)=т (а constant independent of t), 


E((X,—m)(X,—m))= p(t —s) 
(a function of t—s). (3) 


We call m and p(t) the mean and the covari- 
ance function of í X,]. 

In the continuous parameter case, we as- 
sume fcontinuity in probability, 


lim Р(Х... Х>)=0, £70, 


for a strongly stationary process, and continu- 
ity in mean square, 


EN 
lim ЕХ. X,1)—0, 


for a weakly stationary process. The latter 
assumption is equivalent to continuity of the 
covariance function p(t). 

A tGaussian process is strongly stationary if 
and only if it Is weakly stationary; and so it 1s 
simply called a tstationary Gaussian process. 
Such processes constitute a typical class of 
stationary processes (— 176 Gaussian Pro- 
cesses C). 
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B. Spectral Decomposition of Weakly 
Stationary Processes 


The covariance function p(t) is obviously 
tpositive definite and continuous. Therefore, 
by *Bochner's theorem, we have the tspectral 
decomposition of p(t): 


p(t)= | e" F(d4), (4) 
А 


where T” is either R (when T=R) or [—7,z] 
(when T= Z) and F is a bounded measure on 
T". The decomposition (4) is called the Khin- 
chin decomposition of p(t), and F(d4) is called 
the spectral measure. If the process {X;,} is real- 
valued, then the spectral measure F(d4) is 
symmetric with respect to the origin. 

To obtain the spectral decomposition of a 
weakly stationary process X, itself, we intro- 
duce the tHilbert space L,(Q) (where О = 
Q(B, P) is the basic probability space on 
which each X, is regarded as a tsquare inte- 
grable function). Let M(X) be the subspace of 
L,(Q) spanned by the X, (te T) and the con- 
stant function 1. Since í X,) is weakly station- 
ary, we can define a one-parameter group of 
*unitary operators U, (te T) determined by 
U, X, — X,,, and U,1=1. By tStone’s theorem 
we have the spectral decomposition of U;: 


U,= | e" E(d4). (5) 


Setting M(A) = Е(Л) (Хо — m), we obtain the 
spectral decomposition of Х,: 


Х,= 0,Ху=т -f e"! M (dA). (6) 


m 
We also have 
(M(A), 1)=0, 
(M(A,), M(A2))= F(A; N A3). (7) 


The study of weakly stationary processes is 
based on the decomposition (6). For example, 
the weak law of large numbers for {X,}, 


А 1 f” 
tim a | X,dt=m+ M(10]), (8) 


is an immediate consequence of (6). In the 
discrete parameter case a similar result is 
obtained by replacing the integral sign in 
expression (8) by the summation sign. In partic- 
ular, if F is continuous at the origin, we have 
M({0})=0, and only the constant m remains 
in the right-hand side of (8) [1, 2]. 


C. Weakly Stationary Random Distributions 


Just as we introduce fdistributions as gen- 
eralizations of ordinary functions, we define 
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weakly stationary random distributions as 
generalizations of weakly stationary processes. 
Let 2 be the space of all functions of class С° 
on T=R with compact support. We introduce 
the same topology on Z as in the theory of 
distributions. If a random variable X,e L,(Q) 
is defined for every ge 2 and the mapping o 
>X, is continuous in the L,-sense and linear, 
then the family {X,} of random variables is 
called a random distribution in the wider sense 
(— 407 Stochastic Processes). Furthermore, if 


(Xano 1) - (X, 1), 
(X, o, X.) - Xo Xy) (9) 


for every he R!, where ( , ) stands for the inner 
product in L,(Q) and 


1,001) = p(t — h), 


then (X) is said to be a weakly stationary 
random distribution. With a weakly stationary 
process we can associate a weakly stationary 
random distribution by the relation 


x-[ X odt. (10) 
T 


This correspondence is one-to-one, and there- 
fore we can identify {X,} with {X,} as we 
identify an ordinary function with a distri- 
bution. From equations (9) it follows that 
there exist a constant m and a distribution 

p such that E(X,) — m o(t)dt and E(X,, — 

E(X X, — E(X,)) =p(@* ij), where * de- 
notes convolution, and (t) = 0(— t). We call m 
and p the mean value and covariance distri- 
bution of { Х„}, respectively. By the generalized 
Bochner theorem p can be expressed in the 
form 


"o= | оу, p= | ona. 
where F(dA) is a slowly increasing measure, i.e., 
Гадаа оо (11) 


for some positive integer k. F(d4) is called the 
spectral measure. This expression is the gen- 
eralization of the Khinchin decomposition. 
The spectral decomposition corresponding to 
(6) and the *law of large numbers for X, can 
be discussed in a manner similar to that for 
weakly stationary processes (K. Itó [3]). 


D. Prediction Theory 


Let {X,} be a weakly stationary process. Sup- 
pose that its values X, (s <t) up to time t are 
Observed. Prediction theory deals with the 
problem of forecasting the future value X,,, 
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(т >0) from the known values X, (s < t). If the 
domain of the admissible predictors is limited 
to linear functions of X, (s < t), the theory is 
called linear prediction theory. We can assume 
without loss of generality that the mean value 
m of X, is zero and that the spectral measure 
F(d4) of {X,} is not a zero measure. 

Let MX) be the subspace of L,(Q) spanned 
by the X, (s <t), then .£(X)= V, Jl, (X). A linear 
predictor for X,,, from X, (s<t) is an element 
Y of M(X). If a linear predictor minimizes 
the prediction error o2(z) = E(|X,,,— Y|?) in 
M(X), it is called an optimum linear predictor, 
which turns out to be the f(orthogonal) projec- 
tion of X,+, on .&(X) and which is denoted by 
X, ,. Since {X,} is stationary, the error o2(z) 
does not depend on t for such a predictor. 
Corresponding to the spectral decomposition 
(6) of X,, the optimum linear predictor is ex- 
pressed in the form 


f= f e? 942)M (4), (12) 


where @,(-) is square integrable with respect to 
the spectral measure F(d4). 

The subspace .&(X) is nondecreasing in t. If 
M(X) is independent of t, i.e., 4 (X)= M(X) 
for every t, then {X,} is said to be determinis- 
tic. In this case we have A = X,+ for every t 
and t >Q, since X,,,€.4,(X). This means that 
the linear predictor enables us to determine 
the unknown quantities without error, and 
therefore such a process is of no probabilistic 
interest. On the other hand, if (),.Z#(X)= {0}, 
then {X;,} is said to be purely nondeterministic. 
A general { X,) is expressed as the sum of the 
deterministic part ( X7) and the purely nonde- 
terministic part í Ху) (Wold decomposition). 
Furthermore, we have .@(X%)=(),.@(X), and 
AX) = MC) + M(X”) (direct sum). Thus 
{Ха and í X7] can be dealt with separately. 

A weakly stationary process í X,) is purely 
nondeterministic if and only if the spectral 
measure F(dA) is absolutely continuous with 
respect to the Lebesgue measure, and the 
density f(A) is positive almost everywhere and 
satisfies 


|. log f(A)di > —oo 


=r 


(discrete parameter case), 


di> —co 


? log f(A) 
-» 1+4? 


(continuous parameter case). 


By using f(A) the optimum linear predictor can 
be obtained. 

First, we explain the discrete parameter 
case. There exists a function y(z)=>2,4,z' in 
the *Hardy class H, relative to the unit disk 
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such that tts boundary value satisfies 
J(2)=(1/2m)|y(e A. 


Then we can find a sequence of mutually or- 
thogonal random variables {¢,} (te Z) such 
that ( X,) admits a backward moving average 
representation 


t 
X- £u (13) 
There are many pairs {a,} and (£,] which give 
the representation (13), but if y(z) is maximal 
(optimal), namely, if y(z) is expressed as 


1 x —iÀ 
y(z)= /2л ew | log fas an) 
Tj e ^—z 


then the representation (13) is canonical in the 
sense that .@,(X)=.@,(é) for every t. Hence the 
optimum predictor €, , for X,,, is given by 


X. = Y Ga ë= | e" $)M(dA, (15) 


5= — 20 -r 


The prediction error o?(:) of this predictor is 
given by 


т-1 
o*(t)= > Jas’. 
s=0 


Example. Let the covariance function of a 
weakly stationary process {X,} be е7" (z > 0). 
Then we have 


f) = (1/22) — B?)|1 — Be ?|7?, 
В =е°. 


The maximal y(z) is expressed as 4/1 — fi^(1— 
Bz) ', and 


п іт ao 
X | et 5 Y, Pe" M(di) 


_, 1-де s 
= ВХ, 
o2(z)= 1 —2fre "4 p= ] —e 2 


We now come to the continuous parameter 
case. By replacing the holomorphic function 
y(z) on the unit disk with the one on the half- 
plane, we see that almost all results obtained 
in the discrete parameter case hold similarly in 
this case. The maximal y(z) Is expressed as 


Las 9 „1+42 da 
io ew | _ log 0—22 | 


z—A 144? 


Using the *Fourier transform a, of the bound- 
ary function of y(z) and a process {é,} with 
orthogonal increments, we have the canonical 
backward moving average representation for 
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the process í X,): 


t 
x-[ a,- dé,, 


which enables us to obtain the optimum pre- 
dictor and the prediction error in a manner 
similar to the discrete parameter case [4]. In 
particular, if the optimal y(z) is of the form у(х) 
=c/P(iz), where c is a constant and P(z) isa 
polynomial of degree p, then X, is p — 1 times 
differentiable and P(d/dt) X, — (d/dt)Z, up to a 
multiplicative constant; therefore X, , is ob- 
tained explicitly. To obtain the optimum linear 
predictor for Y e M(X), we first establish the 
expression 


Y= > f(sé or | f(s) dé, 
and then take X$- _„ f(s)&, or (9, f(s)d£, for 
the optimum linear predictor. 

The results stated above can be generalized 
to multivariate (n-dimensional) stationary 
processes [6, 7] and to the case where the 
parameter space T' is multidimensional. 

N. Wiener observed the individual sample 
process X (t, о) and discussed a method of 
finding the optimum predictor for X (t + z, о) 
by using a linear functional 


| X (t —s, co dK (s) 
0 

(K is of tbounded variation) of the values X, 

(s t) [8]. The spectral measure played an 
important role in his observation. Calculations 
in this case are analogous to those mentioned 
above. 

For a weakly stationary random distribu- 
tion {X(¢)} (p e Z), the prediction theory is 
reduced to that for ordinary stationary pro- 
cesses. Assume that the spectral measure F(d4) 
of {X(@)} satisfies (11). Set e(t) - exp(t) (t < 0), 
= 0 (t 0), and let e,(t) be the k-times convo- 
lution of e(t) with itself. Set Ү(ф) =: X (e, * p). 
Then {Y(¢)} is equivalent to a weakly station- 
ary process. It is obvious that JZ(X) — .Z(Y) 
for every t, where .&(X) is the linear subspace 
spanned by {X (o)|support of o c (—oo.t]]. 
This consideration allows us to reduce the 
prediction problem for {X (9)) to that for the 
stationary process corresponding to { Y(q)j. 

Nonlinear prediction theory ts formulated 
as follows. Let B, be the smallest c-algebra 
with respect to which every X, (s < t) is mea- 
surable and H,(X) be the subspace of L;(€2) 
consisting of all 8,- measurable elements. The 
problem is to forecast X,+, (z > 0) by using 
an element of H,(X). The optimum predictor is 
obviously equal to E(X,,,]38,). For a station- 
ary Gaussian process it has been proved that 
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the optimum predictor found in R,(X) belongs 
to M(X). Therefore the optimum nonlinear 
predictor coincides with the optimum linear 
predictor. However, except for stationary 
Gaussian processes, no systematic approach 
for nonlinear prediction theory has been es- 
tablished so far. (For a typical case that arises 
from a stationary Gaussian process — 176 
Gaussian Processes H.) 


E. Interpolation and Filtering 


Interpolation and filtering of stationary pro- 
cesses have many similarities with prediction 
theory, both in the formulation of the prob- 
lems and in their method of solution. 

Let ( X,) be a weakly stationary process, all 
of whose values í X,|t€ T]. Т, some interval, 


are known with the exception of those at te Tj. 


The problem of linear interpolation of the 
unknown value X, (te T,) is to find the best 
approximation of this random variable by the 
limit of linear combinations of the known 
values. The following example illustrates the 
problem in the discrete parameter case. 

Example. Let T; = {tọ} and f(4)d4 be the 
spectral measure of { X,). The interpolation of 
X,, has an error if and only if 

a d, < 

ал oo. 

-x f) 
Expressing X, in the form (6) with m=0, the 
best (linear) interpolation X, of X, is given by 


л ; п 1 Ex | 
шо] 1 —2 А ——d M (dA), 
[` ( «(no _ fu n) ) i 


and the error of the interpolation 1s expressed 
by 


К =] Е 
E(|X, — X, |2) 2 4x? — dà) . 
(Xn = Х, 17) 2 4x IE ) 


The problem of interpolation for multivariate 
stationary processes has also been discussed 
[7]. 

The filtering problem originated in com- 
munication theory as a technique to extract 
the relevant component from a received signal 
with noise [8, 13]. Suppose that a complex- 
valued stationary process {X,} with continu- 
ous parameter is expressed in the form 


— 00 


X,= | e"'M(dà) =5,+ N,, 


where (S,, N,) is a (2-dimensional) weakly 
stationary process with mean vector 0. Here, S, 
and N, indicate the signal and noise, respec- 
tively. The filtering problem is to find the 
clement of .&(X) that approximates S,,, as 
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closely (relative to the .@(X)-norm) as possible. 
The best approximation is the projection of 
S,+, on M(X), but its expression in terms of 
the spectral measure becomes extremely com- 
plicated (8]. This problem is usually discussed 
under the assumption that $, and N, are ortho- 
gonal. Let us further assume that their spectral 
measures are absolutely continuous. The den- 
sity functions are denoted by f;(4) and f,(A), 
respectively. If í X,|te T} is observed, then the 
best (linear) approximation $, of S, is given by 


$ = ]- elo (A) M (dd), 


where фо(4) = Js(A)(fs(2) + f,(A)). The mean 
square error E(|S, — $,|?) of this filtering is 


| Isl QC) + fx (4)) 44. 


F. Strongly Stationary Processes and Flows 


Let {X,(@)} (te T, oe О(%, P)) be a strongly 
stationary process. To study it we take the 
coordinate representation of (.X,) as follows. 
Let О be the complex vector space C7, $ the о- 
algebra generated by the Borel tcylinder sets, 
X,(o) the tth coordinate of the function we 
СТ, and P the probability distribution of the 
process í X,) defined on (О, 8). Define the 
shift transformation S, of Q onto itself by 
(S,@) (s) =o (s + t). Then {S,} forms a group 
of tmeasure-preserving transformations 

on Q(B, P) (— 136 Ergodic Theory) since 
{X,} is strongly stationary. Thus we are given 
a (measure-preserving) ‘flow {S,} (te T) 

on Q(B, P). Conversely, if (Sj) (te T) is а 
(measure-preserving) flow on a probability 
space Q(B, P), then {X,}, given by X,(w)= 
f(S,c), is a strongly stationary process, pro- 
vided that f is measurable. Many properties 
of a strongly stationary process are closely 
related to those of the corresponding flow. 
For example, the fstrong law of large num- 
bers for a strongly stationary process follows 
from *Birkhoff’s individual ergodic theorem 
for flows. tErgodicity, several kinds of tmixing 
properties, and the spectral properties of a 
strongly stationary process are defined in 
accordance with the respective notions for 
the corresponding flow. Now we give some 
examples of flows corresponding to strongly 
stationary processes. 

(1) If X, (te Z) are mutually independent and 
have the same probability distribution, then 
the process {X,} (te Z) is strongly stationary 
and í \,%, is trivial (the definition of @,— D). 
Hence the corresponding flow is a *Kolmo- 
gorov flow. 
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(2) Similarly to (1), the flow corresponding 
to *Gaussian white noise ( 176 Gaussian 
Process) is also a Kolmogorov flow. 

(3) The mixing properties of the flow corre- 
sponding to a stationary Gaussian process is 
determined by the smoothness of its spectral 
measure F(dA). The flow is ergodic if and only 
if F is continuous (1.е., F has no point mass). In 
this case, the flow is also tweakly mixing. For 
the flow to be *strongly mixing, it is necessary 
and sufficient that the covariance function p(t) 
of the process tend to zero as |t|— oo. In this 
case the flow is *mixing of all orders (— 136 
Ergodic Theory) [14—16]. 


G. Analytic Properties of Sample Functions of 
Stationary Processes 


In the continuous parameter case, we always 
assume that fcontinuity in probability holds 
for strongly stationary processes and ‘mean 
square continuity holds for weakly stationary 
processes. Hence the processes discussed here 
are all continuous in probability, and without 
loss of generality we can assume that the sta- 
tionary processes are tseparable and tmea- 
surable (— 407 Stochastic Processes). 

Let {X,} be a weakly stationary process. 
Assume that the moments up to order 2n of 
the spectral measure F (dA) are all finite. Then 
almost all fsample functions of {X,} are n—1 
times continuously differentiable, and almost 
all sample functions of í X" Р} are absolutely 
continuous. Define the spectral distribution 
function F(4) = F(( —oo, 4]) for the spectral 
measure F(d4) of ( X,). If F satisfies 


Y, Inl'((n4 1)— F(n))'? < oo (16) 
for a nonnegative integer r, then almost all 
sample functions of {X,} have continuous 
rth derivatives. In particular, if the condition 
(16) is satisfied for r=0, then almost all sam- 
ple functions are continuous. Conditions for 
Hólder continuity of almost all sample func- 
tions of a weakly stationary process have also 
been obtained [17, 18]. (For sample functions 
of stationary Gaussian processes — 176 
Gaussian Processes F.) 

For a strongly stationary process {X,} with 
E(X,) = 0 and finite E(X2), the sample covari- 
ance function 


1 T 
R()= lim zl X, (o) X,(0) ds 
— a 


is determined with probability 1. We can 
therefore apply the theory of tgeneralized 
harmonic analysis, due to Wiener [9]. (Further 
results on sample function properties are 
found in [19].) 
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H. Strongly Stationary Random Distributions 


Let Z be the space of all C^-functions with 
compact support and @' be the space of tdistri- 
butions. If X (c) is defined for we Q(B, P) and 
pe, and if for almost all w, X (w) belongs to 
2' as a linear functional of o, then {X,} is 
called a random distribution. Suppose that the 
joint distribution of the random variables 

Х op Хоруз coo Sty, (T(t) = Q(t — h)) is inde- 
pendent of h. Then we call í X, (c); a strongly 
(or strictly) stationary random distribution. If 
we identify random distributions that have the 
same probability law, then {X,,} is determined 
by the characteristic functional 


С(ф)= E(e'*»). 


For {X,,} to be strictly stationary it is neces- 
sary and sufficient that the equality С(т,ф) 

= С(ф) hold. The simplest example of a strictly 
stationary random distribution is the Gaussian 
white noise (— 176 Gaussian Processes, 341 
Probability Measures) [20]. 


I. Generalizations of Stationary Processes 


The concept of stationary processes is gen- 
eralized in many directions. 

(1) Let T be a set different from R or Z, and 
suppose that there is given a group G of trans- 
formations that map T onto itself. If a family 
{X,} of random variables with parameter te T 
has the property that for every choice of ran- 
dom variables X, , X, ,..., X, , the joint distri- 
bution of (X,, , ..., Xg) is always independent 
of ge G, then {X,} (te T) is said to be a strictly 
G-stationary system of random variables. 
Similarly, a weakly G-stationary system of 
random variables can be defined [21, 22]. 

(2) Let T be a Riemannian space, and let G 
be the group of all isometric transformations 
on T or one of its subgroups. Suppose that a 
ttensor field X,(«) of constant rank is asso- 
ciated with any we Q(B, P) at every point t. 
Then X(o) = (X,(o)|te T} is called a random 
tensor field over the Riemannian space T. Any 
дє б induces an isometric transformation of 
the tangent vector space at t to that at gt. 
Hence g maps a tensor field X(o) to another 
tensor field gX(w) for every o. If X(@) and 
9Х (о) have the same probability law, then 
X(q) is said to be strictly G-stationary. X (a) is 
defined to be weakly G-stationary in a similar 
way [21, 22]. 

(3) In the same way as we extended stochas- 
tic processes to random distributions, we can 
generalize random tensor fields to random 
currents and discuss stationary random cur- 
rents [21]. 

(4) Stochastic process with stationary incre- 
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ments of order n. Assume that í X, (te R) is not 
necessarily a stationary process but that the 
nth-order increment of X, is stationary. Then 
by taking the nth derivative D" X, in the sense 
of random distributions, we obtain a station- 
ary random distribution. From the properties 
of D"X, we can investigate the original process 
itself. Brownian motion is an example of a 
stochastic process with stationary increments 
of order 1. 

(5) Weakly stationary processes of degree k. 
A weakly stationary process is a process whose 
moments up to order 2 are stationary. Gen- 
eralizing this, we can define a weakly station- 
ary process of degree k by requiring the mo- 
ments up to order k to be stationary. We can 
obtain more detailed properties of such pro- 
cesses than those of weakly stationary pro- 
cesses [23]. 
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А. General Remarks 


A statistic is a function of a value (i.e., a 
sample value) observed in the process of sta- 
tistical inference (— 401 Statistical Inference). 
A statistic is used for two purposes: (a) to 
characterize the set of observed values or 
sample values, and (b) to summarize the in- 
formation contained in the sample about the 
unknown parameters of the population from 
which it is assumed to have been drawn. 


B. Samples and Statistics 


The basic concepts in statistical inference are 
*population and *sample. Let (О, 2, P) bea 
*probability space, where P is a *probability 
measure on 2. A 'random variable X defines а 
1-dimensional probability distribution (A) 
= Р{о | Х(о)є A}, where A is a 1-dimensional 
*Borel set, which gives rise to a 1-dimensional 
probability space (R, 2! , Ф). Here #! is the 
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family of all 1-dimensional tBorel sets. Let 
Xis X5, ..., X, be independent random vari- 
ables with identical 1-dimensional distribu- 
tions. The tn-dimensional random variable 

X —(X,, X2, ..., Xn) is called a random sample 
of size n from the population (Q, Z, P). In 
particular, when each of Х,,..., X, takes only 
two values (usually 0 and 1), the sample is 
called a Bernoulli sample or a sequence of 
Bernoulli trials. Generally, if Ф, is the tn- 
dimensional probability distribution deter- 
mined by X (i.e., the direct product of n copies 
of the 1-dimensional probability distribu- 

tion Ф), then the n-dimensional probability 
space (R", 2", Ф,), where 2" is the family 

of n-dimensional Borel sets, is called an n- 
dimensional sample space. A point belonging 
to the set of actually observed values of the 
sample X, which is a random variable by 
definition, is called a sample value and 15 de- 
noted by x. Thus the sample value can be 
expressed as x= X (w) (o € О) and regarded as 
a point in the sample space (sample point). The 
basic underlying structure which determines 
the probability distribution is the set O, which 
we can view as describing the physical struc- 
ture of the observed phenomena, but statistical 
procedures are always carried out through the 
Observations of samples, and Q itself is often 
disregarded. The 1-dimensional probability 
distribution ® (the n-dimensional probability 
distribution ®, determined by X) is called the 
population distribution in the 1-dimensional (n- 
dimensional) sample space, since it is induced 
from the probability measure on (О, 2). 

A statistic Y is a random variable expressed 
as Y= f(X), where f is a tmeasurable func- 
tion from the sample space (R", 2", ®,) into a 
measurable space (R, #'). The value of the 
statistic Y corresponding to a sample value x 
of the sample X is denoted by y= f(x). 

When we deal with a statistical problem we 
often have no exact knowledge of the popula- 
tion distribution Ф(Ф,) except that it belongs 
to a family ? = {Р,|0єӨ} of probability mea- 
sures on @!(4"). We call 0 the parameter of 
the probability distribution and © the para- 
meter space. The typical cases described in this 
section can be extended as follows: (1) The 
distribution ® may be an r-dimensional proba- 
bility distribution. In this case a sample of size 
n induces an nr-dimensional sample space. (2) 
Random variables X,,..., X,, being mutually 
independent, may not have identical distri- 
butions. (3) Random variables X,,..., X, may 
not be mutually independent. In both cases 
(2) and (3) the sample space is of the form 
(R", 2", ®,), but n may not be the sample size 
itself, nor Ф, be the direct product of п copies 
of identical 1-dimensional components. (4) The 
most general sample space is expressed as a 
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certain measurable space (Ж, .«7) and a family 
2={Р,|0єӨ} of probability measures on X. 
A statistic, in general, is a random variable 
expressed as Y — f(X) by a measurable func- 
tion f defined on a sample space (X, £) taking 
values in another meaurable space (4, €). 
When (Y, €) is (R, 4!) or (R", 2"), Y= f(X) 
is accordingly called a 1-dimensional or n- 
dimensional statistic. 


C. Population and Sample Characteristics in 
the 1-Dimensional Case 


In a 1-dimensional probability space (R, 

48, P) the following quantities, called popu- 
lation characteristics, are used to characterize 
the population distribution Py: Letting F(z) = 
РЬ((— оо, z]) be the fdistribution function of 
Po, we use the population mean „= f z dF (z); 
the population variance c? = { (z — д)? dF(z); the 
population standard deviation o( > 0); the popu- 
lation moment of order k jj = f z^ dF (z) (uj = и); 
the kurtosis u, /o*; the coefficient of excess 
(u4/0^*) — 3; the skewness u;/o2; the a-quantile 
or 100«°%-point m satisfying F(m—0) < x < 
Е(т +0); the median, which is the 507;-point; 
the first and third quartiles, which are the 
25%-point and 757;-point, respectively; the 
range, which is the third quartile minus the 
first quartile; and the mode, which is the value 
or values of z for which dF (z)/dz attains its 
maximum. 

Sometimes the kurtosis and others are 
called population kurtosis, etc. Here the word 
“population” is used when it is desirable to 
distinguish population characteristics from the 
sample characteristics defined in 341 Proba- 
bility Measures. 

Let x =(x,,...,X,) be a point of an n- 
dimensional sample space (a sample value). 
Corresponding to each 1-dimensional Borel 
set A, the number of components of x that 
belong to А is called the frequency of A in the 
sample value x =(x,,...,X,), and (frequency)/n 
is called the relative frequency of A. If we take 
А=(—оо,2] and regard its relative frequency 
F,(z) as a function of z, it becomes a tdistri- 
bution function for every x eR", called the 
empirical distribution function based on x. 

Various characteristics can be defined from 
the empirical distribution function in exactly 
the same way as population characteristics are 
derived from a population distribution func- 
tion. These are called sample characteristic 
values and can be expressed as functions of 
X12272 Xa 

Assuming that x «(x,,...,x,)is a sample 
value of a sample X —(X,, ..., X,), the statistic 
obtained by substituting X for x in the func- 
tion denoting a sample characteristic value is 
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called a sample characteristic and given the 
same name as the corresponding population 
characteristic, except that the word “popula- 
tion” is replaced by the word “sample.” A 
sample characteristic is a function of random 
variables. Hence it is also a random variable, 
and the problem of deriving its probability 
distribution from the assumed population 
distribution is called that of sampling distri- 
bution (— 374 Sampling Distributions). Thus 
we define the sample mean X = 7 , X;/n; the 
sample variance X7. (X, — X)?/n (sometimes 
XLaQQXG— Х)?/(п— 1) is taken as the sample 
variance); the sample standard deviation 


|$ Q5 — Xn, 


which is the positive square root of the sample 

variance; the sample mode, which is the value 

taken by the largest number of X;; and the 

sample moment of order k 277 .,(X;— X)*/n. 
Among other statistics of frequent use are 

the order statistic, i.e., the set of values of 

X;,, ..., X, arranged in order of magnitude and 

usually denoted by X, < X, <... < Xo. 

Various other statistics are defined in terms 

of order statistics: the sample median X,,.4= 

X («15 for odd n and =(X m2) + X«,5,.1)/2 

for even n, the sample range R = max X;— 

min X;= X, Хеу, and so on. The empir- 

ical distribution function F,(z) or its standard- 

ized form S,(z)=./n (F.(z)— F(z)} can also be 

considered to be a function of the order sta- 

tistics, and hence is a statistic taking values in 

the space of functions of a real variable. So is 

the empirical characteristic function 


é. (t) = [ориз dF,(z) = > exp(itx,))/n. 


In a sequence of Bernoulli trials, a set of 
successive components with an identical value 
is called a run. For example, (01100010) has a 
run of 0 of the length 3 and a run of 1 of the 
length 2. 

Among the statistics listed in the previ- 
ous paragraphs, the order statistic is an n- 
dimensional statistic and all others are 1- 
dimensional. 


D. Other Cases 


Let (R?, 22, P.) be a 2-dimensional probability 
space with a 2-dimensional population distri- 
bution P, and let (X,,..., X,) (X;=(U;, И)) be 
a random sample of size n from P}. In this 
case also, the population characteristics for 
the tmarginal distributions of U; and V; and 
sample characteristics for (U,,..., U,) and 
(V,,..., И) are defined as in Section C. 

As an index for association between U; and 
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V; the population covariance f(u — 14) (v — 
оу) dF(u, v) of U, and V; and the population 
correlation coefficient, which is equal to (popu- 
lation covariance)/o,,,0(2), are defined. Here 
F(u, v) is the joint distribution function of U; 
and И, u(,; and Hz are the respective popula- 
tion means of U, and И, and o,,) and o; are 
the respective standard deviations. As corre- 
sponding sample characteristics, we have the 
sample covariance У", (U, — U)(V, — V)/n of 
(Ui, ..., Un) and (V,, ..., V) and the sample 
correlation coefficient 


Yu -U-v) 


n 1/2 п 2? 
ш-®”) | р (Y= "y 
i- i=1 


where Ü = У", U,/n and V 2 У" И/п. 
Similarly, statistics of the samples from a 
population of k-dimensional distribution 
(К > 3) can be defined (— 280 Multivariate 
Analysis). More generally, in statistical in- 
ference we encounter samples where observed 
values may not be mutually independent or 
identically distributed, but have more com- 
plicated probability structures. Statistics as 
functions of such samples are also considered. 


E. General Properties of Statistics 


The general theory of statistics has been 
studied in a measure-theoretic framework. 

(2, 4, Ф) is called a statistical structure, where 
(X, 7) is a measurable space and 2 is a family 
of probability measures on (Z, £). A o- 
subfield # of £ (hereafter abbreviated c-field) 
is called sufficient for 2 if for any Ae. there 
exists a -measurable conditional proba- 
bility of A independent of P, e 2, that is, a 2- 
measurable function @,(x) satisfying 


РХАПВ)= | Фа(х)Ра(х) 


for all PE? and Be. 

For any two o-fields 2, and 2,, the nota- 
tion 2, c A, [Z] means that to each set А, 
in 2, there corresponds an A, in 2, satisfy- 
ing P((A, — А5) А, — A4,)) = for all P,e 2. 
When the reverse relation 2, — 2, [Z] also 
holds, we write 2, = 2,[ Z]. 

For a statistic t which is a measurable func- 
tion from (2, x) to (Y, €), (t) = (B| Bex, 
t(B)e €) is a o-field and is called the c-field 
induced by t. If A(t) is sufficient for 2, t is said 
to be sufficient for 2. Since sufficiency of a 
statistic means that of a o-field, we consider 
only sufficiency of a o-field. 

B is called necessary if for any sufficient 2, 
we have 2 c 2 [Z]. A necessary and sufficient 
o-field is called a minimal sufficient c-field. А 
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necessary and sufficient statistic is also called 
a minimal sufficient statistic. Such a statistic 
does not always exist; Z, containing a suffi- 
cient 2, is not always sufficient. 

B is said to be complete if for every 2- 
measurable integrable function o, fy o(x)dPj(x) 
=0 for all Pe? implies P,({x| p(x) z0])— 

О for all P,e 2. Z is said to be boundedly com- 
plete if for every bounded -measurable дф, 

f, p(x) dPo(x) =0 for all P,e 2 implies P,(íx| 
ф(х)50})=0 for all Phe. When A(t) is 
(boundedly) complete, t is called (boundedly) 
complete. If 2, <4, and &, is (boundedly) 
complete, 4, is also (boundedly) complete. If 
B, is (boundedly) complete and sufficient and 
2, is minimal sufficient, we have 4, = 2, [ 7]. 


F. Dominated Statistical Structure 


When all P,e 2 are absolutely continuous with 
respect to а o-finite measure 4 on £, then 

(2, A, Ӯ) is said to be a dominated statistical 
structure and 2 is said to be a dominated 
family of probability distributions. In this case, 
P, has the density f,(x)=dP,/dA with respect to 
д by the Radon-Nikodym theorem. If . is 
separable, 2 is a separable metric space with 
respect to the metric o(P, , P.) - sup, | Ps, (B) 
— Р, (В)|. There exists a countable subset @' = 
{Pa > Po,- } of P such that Py(N)=0 for all 
Pe 2' implies P,(N)=0 for all P,e 2. If we put 
до = 1c; Ps, c; 7 0, >, с; = 1, 49 dominates Z, 
and if Z is sufficient for 2 we can choose a 2- 
measurable version of dP,/dA,. Conversely, if 
there exists a o-finite measure 4 such that we 
can choose a Z-measurable version of d P4/dA 
for all Pye 2, then 2 is sufficient. 

If 15 dominated by a o-finite 2, 2 is suffi- 
cient if and only if there exist a Z-measurable 
gg and an -measurable h independent of 0 
satisfying 
Саи а.е. (57, 4) forall Р,є2. 
dA 
This is called Neyman's factorization theorem. 

With a dominated statistical structure, there 
exists a minimal sufficient c-field, and a o-field 
containing a sufficient c-field is also sufficient. 

We say that a c-field 2 is pairwise sufficient 
for 2 if it is sufficient for every pair (P, , Ро} 
of measures in Z. A necessary and sufficient 
condition for # to be sufficient for a domi- 
nated set 2 is that # be pairwise sufficient for 

Recently, a more general statistical struc- 
ture has been studied. Put .,(и) = (A| AEA, 
ЩА) < oo]. A measure и on . is said to be a 
localizable measure if there exists ess-sup F (и) 
for any subfamily F c s (y), that is, if there 
exists a set Ee. such that u(A — E) —-0 holds 
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for all Ae F, and u(A— S) 20 for all Ae F 
implies u(E — S) 20. A o-finite measure is 
localizable. A measure jt is said to have the 
finite subset property if for any A satisfying 0 < 
H(A), there exists a BCA satisfying 0 < (В) < 
оо. A statistical structure (X, .«Z, P) is said to 
be weakly dominated if is dominated by a 
localizable measure и with the finite subset 
property and a density dP,/du exists for all 
P€ 2. In this case a minimal sufficient o-field 
exists, and a pairwise sufficient o-field is suffi- 
cient. For example, let .«/ = 2^ and 2 be the 
set of all discrete probability measures on .Z. 
2 is weakly dominated by the counting mea- 
sure u which is localizable on „7. 

The order statistic 15 sufficient if 2 is domi- 
nated, X,,..., X, are mutually independent 
and identically distributed random variables 
with 2 =R", and each P,€ is invariant under 
every permutation of the components of the 
points x =(x,,... 
order statistic is complete if 2 is large enough. 
For example, we have the following theorem: 
The order statistic is complete if every P? (the 
component of P, on Z, c 2!, 0e 9) is ab- 
solutely continuous with respect to the Lebes- 
gue measure l on R and (P? |0€ O) contains 
all P? for which g(z) = dPj/dl is constant on 
some finite disjoint intervals in = К. A 
similar result holds for discrete distributions. 

We call 0 a selection parameter when f(x) 
= c(0)yg, (x)h(x), where h(x) is a positive B- 
measurable function, y; (x) is the indicator 
function of a set E,e Z, and c(0) is a constant 
depending on 0. Here 0 determines the carrier 
E, of f(x) but does not essentially affect the 
functional form of f,(x). A necessary and suffi- 
cient statistic is given by t*(x) = () (Ey| E,ə x, 
P,e P}. Here the class of sets of the form given 
in the right-hand side of this expression is 
taken as Y, and we set € 2 (C|C c W,t* ! (C)e 
B}. We call t*(x) the selection statistic. Two 
examples follow. 

(I) FUniform distributions. Let Ө = {(a, B)| 
—oo <a « [i < оо}, Za =R, Рр be the uniform 
distribution on (a, f), and X 2(X,...., X,) bea 
random sample of size n having P? as its popu- 
lation distribution. Then E, — (x |x < min; x; < 
max; x, € 8} and f(x) 2 (f — a) "xy (x). If we 
put (х) ^ (min, x; max, x), # = R?, and € = 
the set of all Borel sets of R?, it follows that 
t(x) = t*(x) [Z2], where t*(x) is the selection 
statistic. Hence t(x) itself is necessary and 
sufficient. 

(П) Exponential distributions. Put Ө = 
(—00, oo), 2, =R, and 


(2) ue 77-9 zm, 
Уа = 
x: 0, z « 0, 


,x,) in 2. Moreover, the 


where « is a known constant, and let X — 
(X,,..., X,) be a random sample of size п 
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having a population distribution with density 
function g,(z). Then 


ЕТИ 


Дх) = she ирдек аў х i) 


If we put (х) 2 тіп, x; and let t*(x) be the selec- 
tion statistic, it follows that t(x) = t*(x) [2], 
and t(x) is necessary and sufficient. If @ = 
1(2,0)0 << oo, —oo < 0 < oo), then t(x) = 
(min; x; УХ} is a necessary and sufficient 
statistic. 


G. Exponential Families of Distributions 


A dominated 2 is called an exponential family 
of distributions if and only if f, (x) - dP,/d4 can 
be expressed in the form 


Лх) s exp (X у 5у(х)®(0) + xo(0) + м), 


у= 
xeZ, 0eQ, (1) 


where the s,(x) (j=0,1,...,k) are real-valued 
Z-measurable functions and the x;(0) (= 0, 
.,k) are constants depending on Ө. If there 
exists a sufficient statistic for 2? that is not 
equivalent to but is in a certain sense simpler 
than the sample itself or the order statistics, 
then it can be shown under some regularity 
conditions that 2 must be an exponential 
family. The following theorem provides an 
instance of the hypotheses that guarantee 
such a conclusion: Let X be a sample from 
a t-dimensional probability space (45, Bo, Pp) 
with P? the population distribution, where Z, 
is a finite or infinite interval in R and Z, is 
the class of all Borel sets. Let | denote the 
Lebesgue measure. Assume that ( P?! is domi- 
nated by l and g,(z)=dP?/dl is greater than a 
positive constant and continuously differenti- 
able in z on Z. Assume further that there 
exists a sufficient statistic t(x) with the prop- 
erty that for each open subset B of Ж (c R") 
and 4-null set N there are two points x £ x’ 
in B— № such that t(x) Z t(x). Then 2 is an 
exponential family, and the k given in (1) is 
less than n. Similar results are known also 
for cases where Х,,... X, are not identically 
distributed. 

It is evident from the construction of a 
necessary and sufficient statistic that the 
statistic t(x) = (s, (x), ... 5, (x), where the s(x) 
are those appearing in (1), is sufficient for an 
exponential family and necessary if o, (0), ... , 
(0) arc linearly independent. If {(«, (6), ..., 
o4(0))|Üe Ө} contains a k-dimensional interval, 
t(x} is complete. The distribution of t(x) is of 
exponential type. When X,,..., X, are mutu- 
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ally independent with a common distribu- 
tion of exponential type, the distribution of 
X =(X,,..., X,) is of exponential type, and 
vice versa. The family (1) of distributions is a 
special form of *Pólya-type distributions, and 
various distributions given in (IID-(VIT) below 
are written in this form. In the following exam- 
ples, for a sample of size n from the specified 
distribution, f;(x) is the density with respect 
to Lebesgue measure in (HI), (IV), and (V) 
and to counting measure in (VI) and (VIT) 
(— Appendix A, Table 22). 

(II) *Normal distributions N (u, 02), Xo = 
(— 20, co). 


п 1 п 
ince (E) EE 


2 n 
=" мово loge) 


(IV) 'T-distributions Г(р, o), 4, = (0, оо). 


п 1^ 
folx) =exp (о- 1) 2, logxi—— pa X 


—nplogo —nlog rin). 


(V) Exponential distributions e(u, о), Жу = 
(и, со). 


е (5 xz toga ens. 
i=1 g G 


(УТ) *Binomial distributions Bin(N, p), Zo = 
10, 1,..., NT. 


f(x) ех. ее” +nN log({—p) 


d 


(УП) *Poisson distributions P(A), Xo = 
(0,1,2, 3,... }. 


КЕР 2 Y юшкан). 
ici i 


H. Ancillary Statistics 


A statistic t(x) is called an ancillary statistic 
when for every element А in .%(t), P(A) is 
independent of 0, or in other words, when the 
distribution of t(x) is independent of 0. А suffi- 
cient condition for a statistic to be ancillary is 
that it is independent of some sufficient statis- 
tic. Conversely, an ancillary statistic is inde- 
pendent of all boundedly complete sufficient 


statistics. 


I. Invariant Statistics 


Suppose that we are given groups of one-to- 
one measurable transformations G and G on 


396 J 
Statistic 


Ж and Ө, respectively. Suppose also that we 
are given a thomomorphism gg from G to G 
satisfying P,(g ! B) - P, (B). In this case P= 
{P,|@€@} is called G-invariant. If G is transi- 
tive, there exists a fixed element 0, of © that is 
sent to an arbitrary 0 by an element g of G. In 
this case, 0 is called a transformation para- 
meter. In particular, if O =R, X is a random 
sample from a population distribution, and 
P,(B)= Р, (В — 0), where В – 0= (x|(x, + 

0, ..., x, + 0)e В), then 0 is called a location 
parameter. When Ө = (0, оо) and P,(B)= 
P,(B/0), where B/0 = (x|(0x,, ...,0x,)e B}, 0 

is called a scale parameter. Now assume that 0 
is a combination of these two kinds of param- 
eters such that 0 = (0, B) (—oo «a < оо, 0 < 

B « oo) and P,(B)= P, ((B —x)/B), where 0, = 
(0, 1). Then if 2 is an exponential family, (1) 

of Section G can be written as 


| dP) d m (z-uy 
so cy Es) 


where the k, (j —0, 1, ..., m) are constants. 

We call t(x) an invariant statistic with re- 
spect to a general transformation group G 
when t(gx)=t(x) for all ge G and xe Z. An 
invariant statistic is said to be maximal invar- 
iant with respect to G if, for t(x) = t(x’), there 
exists a ge G such that x —gx'. If ty is maximal 
invariant with respect to G, a statistic t is 
invariant under G if and only if (х) 2 t(x’) 
implies t(x) = t(x’). 

When 2 is G-invariant, a set A (e.«7) is called 
G-invariant if gA = A for all ge G. We denote 
by .2/° the set of all G-invariant sets іп „7. 
27° is clearly a o-field. A set A (є.27) is called 
almost G-invariant if gA = A (7, P) for all ge G. 
We denote by .2/* the c-field consisting of all 
almost G-invariant sets. If 2 is G-invariant, # 
is sufficient for 2, g2 = @ for all ge G, and 
moreover, B° = B* (A, 2), then 29 is a suffi- 
cient o-subfield of 7°, where 29 2 1.4? and 
@* = 0s *. 


J. Various Definitions of Sufficiency 


There are many different definitions of suffi- 
ciency, and the relations among them have 
been investigated. A o-field # is called decision- 
theoretically sufficient or D-sufficient if for a 
given .»/-measurable decision function ó there 
exists a 2-measurable decision function ó' 
such that 


| ó(x, bani- | ó'(x, E)dP,(x) 
+£ £ 


for all Ee 2, P,e 2, where a decision space 

(D, 2) is quite arbitrary. @ is called test suffi- 
cient if for any given ./-measurable test func- 
tion @, there exists a Z-measurable test func- 
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tion g’ satisfying Е,(ф) = E,(@’) for all P,e 2. 
Let (©, @) be a measurable space of parameter 
0 and Ó be the set of all probability measures 
on @. Moreover we assume that P,(B) is @- 
measurable as a function of 0 for any fixed 
Bef. For апу ¿e Ó, we define Ae by 


АКА x o-[ P AdE), AeA, Ce. 


We denote by "m the extension of 4, to . x €. 
B is said to be Bayes sufficient if 


Е Чу <cl# a @)= E; (Ig. cl x €) 


for all ¿e Ó, Ce, that is, thea posteriori 
distribution on © given . coincides with that 
given 2 for any a priori ё. When 2 is domi- 
nated, these definitions coincide with the class- 
ical definition of sufficiency. Generally, a D- 
sufficient c-field contains at least one sufficient 
o-field. A c-field containing a sufficient o-field 
is Bayes sufficient. Hence Bayes sufficiency 
follows from D-sufficiency and from classical 
sufficiency. If a D-sufficient o-field is separable 
it is sufficient. 

The notion of prediction sufficiency or ade- 
quacy was defined by Skibinsky [10]. Let 
(X, Y) be a pair of random variables defined 
over the probability space (4^ x Y, A x B, A). 
We suppose that X is the sample to be ob- 
served, and Y is (are) the value(s) of future 
observation(s) about which we are to make 
prediction(s) based on X. X and Y have joint 
probability distribution with an unknown 
parameter. À statistic T= T(X) or a subfield 
€ of æ is said to be prediction sufficient or 
adequate if (a) given T, X and Y are condition- 
ally independent (or given €, £ and 2 are 
conditionally independent or Markov) and (b) 
Т is sufficient for X (€ is sufficient for .2). It 
was proved that in any form of prediction on 
Y, we may restrict ourselves to the class of 
procedures that are functions of T (or are @- 
measurable). 
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А. Statistical Data 


Statistical data analysis is comprised of a col- 
lection of mathematical methods whereby 
we сап deal with numerical data obtained 
through observations, measurements, surveys, 
or experiments on the “objective” world. The 
purpose of statistical analysis is to extract the 
relevant information from that numerical data 
pertinent to the subject under consideration. 
The nature and the properties of the subject 
and also the purpose of the analysis may vary 
greatly. The subject may be physical, biolog- 
ical, chemical, sociological, psychological, 
economic, etc. in nature, and the purpose of 
the analysis can be purely scientific, as well as 
technological, medical, or managerial. Because 
of the great diversity of statistical data, the 
methods of statistical data analysis and the 
manner of application should differ greatly 
from situation to situation; we cannot expect 
a single unified system of methods to be ap- 
plicable to all cases. Nevertheless, we have 
several formal methods of statistical analysis 
that are more or less mutually related and 
have been successfully applied to most, if not 
all, statistical data. 

Statistical data can be classified into several 
types according to a few criteria: according 
to the property of each observation or mea- 
surement, they can be either quantitative or 
qualitative; according to whether only one 
Observation is made on each object under 
investigation or many observations on the 
same object, they can be either univariate or 
multivariate; and according to whether the 
Observations are made at one time or consecu- 
tively in the course of time, they may be either 
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cross sectional or time series. Each different 
type of statistical data requires a different 
type of procedure (— 280 Multivariate Anal- 
ysis, 421 Time Series Analysis). 


B. Frequency Distributions and Histograms 


Statistical data have the simplest structure 
when they consist of a collection of observa- 
tions made on an aggregate of objects sup- 
posedly of the same kind. Such an aggregate ts 
usually called a population, and the number of 
its members (its size) is denoted by N. When 
the data are qualitative or categorical, each 
member of the population is classified into 
several types according to some criteria, the 
data consist of the numbers of the members 
of the population classified into each of the 
categories. Such numbers are usually called 
frequencies, and the set of frequencies is called 
the frequency distribution. 

When the data are quantitative and univari- 
ate, one quantitative attribute of each member 
of the population is observed, and the results 
are given as a set of N real numbers (x,, X3, 
... Xy). When N is large, as is usually ex- 
pected, it is necessary to summarize these 
results in some manner. One common method 
is to tabulate the frequency distribution: We 
define a certain number of intervals (a;. ,, aj], 
i-1,...,K, ag «a, €... «ag, ay min xi, 
max x; € ay; and we count the numbers of 
those x's falling within each of the intervals 
and tabulate those numbers or frequencies f, 
i— 1,2, ..., K. Frequency distribution is often 
represented in the form of a histogram, where 
the endpoints of the intervals are marked on 
the horizontal axis, and above each interval a 
rectangle of area proportional to the frequency 
for the interval is drawn. It is usually recom- 
mended that the widths of the intervals in the 
frequency distribution be equal, especially 
when it is to be represented by a histogram. It 
is, however, often impossible or impractical to 
do so, and sometimes a logarithmic or other 
functional scale is used in the abscissa of the 
histogram; then it is desirable that the inter- 
vals of the transformed values are approxi- 
mately of equal lengths. The number K of the 
intervals should also be of an appropriate 
magnitude, neither too large nor too small; K 
is often constrained by the size N of the popu- 
lation, the shape of the distribution, or other 
factors. Usually, K is chosen to be between 6 
and 20. 

From the frequency distribution, we obtain 
the cumulative distribution by associating with 
each endpoint a; of the intervals the number F, 
of x's not greater than a;, namely, F, = >< f;. 
The curve obtained by connecting K + 1 points 
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of coordinates (a;, F), i=0,1,..., K, by linear 
segments is called the cumulative distribution 
curve (or polygon). 


C. Characteristics of the Distribution 


In order to summarize univariate quatitative 
data, various values are calculated from the 
values x,, ..., xy. Such values are called statis- 
tics (singular, tstatistic) and are used to char- 
acterize the distribution of the values. Various 
types of statistics characterize different aspects 
of the distribution: 

(a) Representative value or measure of loca- 
tion: a value which is supposed to give the 
"representative," “typical,” or “most common” 
value in the population. By far the most com- 
monly used measure is the mean х= X" , x,/N. 
X is sometimes called the arithmetic mean, and 
some other “means” are also calculated: es- 
pecially when all the values are positive, the 
geometrical mean xç = (IT; x; ^) or harmonic 
mean Xj —(X(1/xj/N) ! may be calculated; 
more generally, for some monotone function 
f(x) we can calculate the f-mean by x, = 
f (S; f(x)/N), of which the geometric and 
the harmonic means are special cases. Another 
measure of location is the median, which is the 
value in the population located exactly in the 
middle of the ordering of the magnitudes; more 
precisely, if x < x5, « ... « xq are the values 
in the population arranged according to their 
magnitudes, the median хел = Xqy+1y2) for odd 
N, and =4(x~wj)+Xqwj2)+1)) for even N. The 
mode is also sometimes used; this is defined as 
the value (usually the center) corresponding to 
the highest frequency. 

(b) The measure of variability or dispersion 
shows how widely the values in the popula- 
tion vary. The most common measure is the 
standard deviation, which is defined by s, = 
Ух — X!/N, and its square is called the 
variance V2. A similar measure is the mean 
absolute deviation D, = У; | х; — xi/N. Another 
type of a measure of dispersion is the range R, 
= max x; — min x; and the interquartile range 
О. = Xana) Xina and more generally the 
interquantile range Xian) Хе аум) for some a. 
The ratio of the standard deviation to the 
mean is called the coefficient of variation (C. V. 
for short) and is used as a measure of relative 
variability when all the values in the popula- 
tion are positive. 

(c) Characteristics often used to characterize 
the "shape" of distributions are the moments 
(around the origin) m, = N ^! X, x* and the 
central moments (moments around the mean) 
M,=N "! Xj(x;— XY for a positive integer k; for 
a specific k these are called the kth moments. 
Central kth moments with odd k are equal to 
zero when the distribution is symmetric, i.e. 
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when the histogram is symmetrically shaped. 
Hence the third moment or its ratio to the third 
power of the standard deviation s? is used as a 
measure of the asymmetry of a distribution; 
this is called the skewness. The fourth moment 
is large if there are some values which are far 
off from others and small when all values are 
concentrated; hence it tends to be large when 
the histogram has a rather sharp peak in the 
center and has a long tail in either direction 
or both, and tends to be small when the histo- 
gram is flat in the center and drops off sharply 
at both ends. Accordingly, the ratio M,/V is 
used as a measure of long-tailedness of the 
distribution; this ratio minus 3 is called the 
kurtosis. 


D. Theoretical Frequency Distribution 


When the observed values can be any real 
number (sometimes in an interval), the size of 
the population N is increased indefinitely, and 
the widths of the intervals are decreased to 

0, the histogram is expected to approach a 
smooth curve. And in the limit when N is 
infinity, we can assume that the distribution is 
represented by a mathematically well-behaved 
function f(x) and that the ratio of the numbers 
of those values in the population within the 
interval (a, b) to the size of the population 
approaches fê f(x)dx. Such a function f(x) is 
called the frequency function or density func- 
tion. Various types of functions have been 
proposed and used as "theoretical" frequency 
functions to approximate the actually ob- 
served frequency distributions. The most im- 
portant is the normal density function 


A. "E 
ЕА 3:2 н) | 


The following density functions most com- 
monly appear in applications: the gamma 
density, f(x) = x^^! exp( — x/aJ/a" T (p) for x> 0 
and =0 for x <0; the beta density, f(x) = 

x? !(1— xy! /B(p,q) for 0x «1 and =0 
otherwise. 

We can conceive of a population of infinite 
size with some density function; the term 
theoretical distribution is used to mean such 
a population with its density function, and 
more specifically the *normai distribution, etc. 
Such a population and associated density is 
often called a continuous distribution. For a 
theoretical distribution, the mean, variance, 
and moments are naturally defined by 


u= [tends == [xu б\д 


H = [e —uyf(x)dx, m= [xs (x)dx. 
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It should, however, be noted that the mean, 
the variance, or the moments may not exist for 
particular distributions. 

K. Pearson introduced a system of density 
functions defined as solutions of the differen- 
tial equation 


din f(x)/dx =(А + Bx)(C + Dx + Ex’), 


where A, B, ..., E are constants. A distribution 
thus obtained is called a Pearson distribution. 
The normal, gamma, and beta distributions 
together with some other commonly used dis- 
tributions, such as the t- and F-distributions, 
are Pearson distributions. 


E. Measure of Concentration 


When all the observed values are nonnegative 
in nature, we may sometimes require some 
measure of inequality or concentration of the 
distribution. For such a purpose we order the 
Observed values according to their magnitudes 
and obtain x, € xo, €... € Xy; we define S; — 
Lj<iX for iz 1,..., №, апа 5, =0, plot N+ 

1 points (S;/Sy, i/ N), i=0, 1, ..., N, and con- 
nect them by line segments. The graph thus 
obtained is called the Lorentz curve or the 
curve of concentration, and it connects the 
origin and the point (1,1). It lies below the 45° 
line, and if all the values are nearly equal the 
curve comes close to the 45? line, but if values 
are widely unequal, the curve comes close to 
the horizontal axis and suddenly jumps to the 
point (1,1). The area between the curve and the 
45° line is called the area of concentration, and 
it is equal to one-fourth of the mean difference 
6 divided by the mean, where ó is defined by 


1 
bs exi 
oL Ј 


G = б/х is called the Gini coefficient of con- 
centration and is used as a measure of con- 
centration or inequality of distribution. Other 
measures, including the coefficient of variation, 
are also used to represent the concentration. 


F. Discrete Distributions 


There are cases where the observed values 
are taken only from the nonnegative integers, 
e.g., the number of individual animals of a 
specific species in an area, of accidents during 
a specified time, etc. In such cases, when we 
increase the number of observations, the distri- 
bution does not approach one with a contin- 
uous density function but rather one with 

a certain theoretical discrete distribution. 
Among theoretical discrete distributions, the 
most commonly used are the binomial distri- 
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bution: f,—,C;p/(1 — р)" for 0 jn, and 
the Poisson distribution: f, — e ^4//j! for j= 
0, 1, .... The hypergeometric distribution: f; = 
MG; u - M C,- j/ XC, for max(0, M --n— N)« 
j<min(n, M), and the negative binomial distri- 
bution: /, = iC, 4 p'(1 — py, j—0, 1, ..., are 
also often used. 

For discrete distributions we can define 
moments by u= апа u, Xj — uy f and 
Hi, = Xj fp k-2,3, .... 


G. Generating Functions and Cumulants 


For a theoretical distribution with the density 
function f(x), the moment generating function 
M(0) is defined by M(0) = [e** f(x)dx. When 

М (0) is well defined in an open interval includ- 
ing the origin, the distribution has all kth 
moments, and it can be expanded as 


1 1 
М(0)=1+и,8+ 0° + +6", 


from which the term “moment generating 
function” is derived. When 0 is replaced by it 
with real t, we have the characteristic function 
ge(t)= M (it), which can be expanded as 


1 1 
ó()-1 + Hi (it) + iD? + wi + py (iy 
+o(|t|*) 


if the distribution has moments up to the 
kth. The function K(0) —-In M(0) is called the 
cumulant generating function, and the coeffi- 
cients x; in the expansion 


K(0)- 04 20? +... 


are called the cumulants. The kth cumulant x, 
is expressed as a polynomial of the moments of 
order not exceeding k; thus 


C = ко= 0 — uy. Ky = My Зр +200, 
etc. 


For the normal distribution, 


202 
мөр | 


һепсе 
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K(0)- n8 — 


and the kth cumulant for k >3 is equal to 0. 
Cumulants are used as measures indicating 
whether the distribution is close to or different 
from the normal. 

For discrete distributions, the moment 
generating function is defined as M(0)— 
X e" f, but the probability generating func- 
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tion P(t)= X ft? = M(In t), the factorial 
moment generating function M (0) — P(0 + 1), 
and the factorial cumulant generating functions 
K (t) «1n M (t) are also of use. The coefficient of 
t in the Maclaurin expansion of M(t) is ex- 
pressed as щу and called the kth factorial 
moment, it is equal to y=}; j(j — 1) ...(j— 
k+1)f,. That in the expansion of R(t) is the 
factorial cumulant. The factorial cumulant кі 
is expressed by the same polynomial in py, as 
ку is expressed in uj. For the Poisson distri- 
bution, M(0) — exp A(e® — 1); hence K(t) = At 
and it follows that the factorial cumulants xj 
for К 22 are all equal to zero if and only if the 
distribution is Poisson. 


H. Bivariate Distribution 


When two quantitative observations are ob- 
tained for each member of a population of 
size N, the results are given as N pairs of real 
numbers (x;, y), i= 1,2, ..., №. Such data are 
called bivariate data and the distribution, 
bivariate distribution. Those data can be illus- 
trated as N points in a plane with coordinates 
(x; y), and such an illustration is called a 
scatter diagram. In order to characterize a 
bivariate distribution, we often use bivariate 
moments | 

1 
Мы= У(Х) 00:9), 
where x and y аге the means of х and у, re- 
spectively; especially, the (1,1) moment M, , 
is called the covariance and is denoted as 
Cov(x, y). The most often used measure of 
the strength of the relation between x and 
y values is the correlation coefficient r, , — 
Cov(x, y)/s,s,, where s, and s, are the stan- 
dard deviations of x and y. It is easily shown 
that —1 <r, , «1, and when there exists a 
nearly linear relationship between x and y 
values, r, , is close to either +1 or —1 accord- 
ing to whether the x and y values change in 
the same direction or in opposite directions. 
When there is no clear relationship between x 
and y, the correlation coefficient is close to 
zero, but it may not be a good measure of the 
relationship when x and y values are related 
nonlinearly. 

A linear function y=a + bx is called the 
linear regression function of y on x, for which 
the sum of the square distances У; (у; —a— 
bx,)* is minimized. For the linear regression 
function the coefficients a and b are deter- 
mined by b= Cov(x, y)/s? and a2 y — bx, and b 
is called the regression coefficient. We have 
that У (уа Бх) ГУ (у: У) = 1— гуу, ie., 
that the square of the correlation coefficient is 
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equal to 1 minus the ratio of the variance of 
the residual y; — a — bx; to that of y; hence it is 
sometimes called the coefficient of determina- 
tion. Similarly, the linear regression function 
of x on y is defined by x «c-r dy, where d= 
Cov(x, у)/52 and c= x — dy. We have bd —r2,, 
and |1/d| =|b/rš,|2 |bl. 

We can tabulate the bivariate frequency 
distribution by splitting the range of x values 
into K intervals (a; ,,a;], i= 1, .... К, and the 
range of y values into L intervals (b; _,, bj], j= 
1, ..., L, and counting the number f; of cases 
for which aj, «x <a, and b, < y <b;. In 
contrast to the bivariate frequency distribu- 
tion, the distributions of x and y values are 
called the marginal distributions. 


І. Bivariate Density Function 


As we did for the univariate distribution, we 
can consider the limiting shape of the bivariate 
frequency distribution when the size N of the 
population tends to infinity and define a con- 
tinuous bivariate distribution with density 
function f(x, y), with which the ratio of those 
members in the population with values (x, y) in 
a set S in a plane is given by ffs f(x, y) dx dy. 
The bivariate density function is also called 
the joint density, and then the density functions 
of x and y are called the marginal density 
functions and are given by f, (х) = f(x, y)dy 
and f,(y)= f f(x, y) dx. The joint moments of a 
continuous bivariate distribution are defined 
by = [О Y Qi — uay f(x. y) dx dy, where 
ш, and p, are the means of x and y, respec- 
tively. The joint moment generating function is 
defined by M(t;, t;) = ffet? f(x, y) dx dy, and 
the cumulant generating function by K(t,, t>) 
=log M(t,.t;), from which the joint cumulants 
k+l 


Ky 1a K(.t2)],-0,,-0 
at* Ot) рн 


are derived. 

The conditional density of y given x is de- 
fined by f(y| x) = f(x, y)/f, (x), and the distri- 
bution with this density function is the con- 
ditional distribution of y given x; this latter can 
be interpreted as the distribution of y of those 
members in the population with x values in 
the interval (x, x + dx], where dx is small. The 
conditional density and the conditional distri- 
bution of x given y are similarly defined. The 
mean and the moments of the conditional 
distribution are called the conditional mean 
and the conditional moments. The conditional 
mean of y given x, considered as a function of 
x, is called the regression function of y on x. 

By far the most important theoretical bivari- 
ate density is the bivariate normal density, 
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which is given by 


f(x, y) = Qno, o4 1—-p^! 
| 1 ES (у=)? 
X exp4— + 


2(1—р?)| о? 0j 
Š — s|: 
—2р | 
0105 


for which the mean of x is u, and that of y is 
и», the variances of x and y are o? and o2, 
respectively, and the covariance of x and y is 
equal to рс, с,. The bivariate normal distri- 
bution has several remarkable properties: All 
the k, I joint cumulants are equal to zero for 
k +123, the marginal distributions of x and 
y are normal; the regression functions of y on 
x and x on y are both linear; the conditional 
distribution of y given x (and x given y) is 
normal and the conditional variance is con- 
stant; and the contours f(x, y) = c for different 
values of c are equicentric ellipsoids. 


J. Higher-Dimensional Data 


When the data are of more than two dimen- 
sions, 1.е., more than two observations are 
made on each of the objects, we designate the 
data by Nk-tuples of real numbers (x, Хә, 
eO Xy) i=1,..., N (k>3). Then we can calcu- 
late the moments of each of the variates and 
the joint moments, which are defined by 


1 
= (а х1) (х)... (x4 — X^. 


Also, we can arrange the variances and covar- 
iances in a symmetric matrix of order k, and 
we call it the (variance-) covariance matrix. А 
covariance matrix is easily shown to be non- 
negative definite. The determinant of the covar- 
iance matrix is called the generalized variance. 
The matrix with the (i, j) element equal to the 
correlation coefficient of the ith and the jth 
variates rj; (rj; is set equal to 1) is called the 
correlation matrix and is denoted by R. R is 
also nonnegative definite. If we denote the 
(i,j) cofactor of R by К,, the quantity defined 
by 


is called the multiple correlation coefficient of 
the ith variate and all other variates; and 


ij| 1s OS s оК — Ry/A/ RaR; 


is called the partial correlation coefficient of 
the ith and the jth variates given all other 
variates. The meaning of these coefficients will 
be elucidated below. A linear function a; + 
ауху+а›х›+...+ак- ху. 18 called the linear 
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regression function of x, on x,, ..., x, ,, when 
the coefficients a,,...,a, , are so determined 
that the sum Q = У (х — ao 
à, 1 Xi 1)? is minimized. They are determined 
from the equation 


X; 


Cia, + Са, +... + Ci 1044 = Cu, (*) 
i=1,...,k— 1, 


with ay — X, —a4X, —...—4, 4,X,-,, where Cj 
are the covariances. a,,...,@,_, thus deter- 
mined are called the regression coefficients of 
.+)X,-1, and such a procedure is 
called the method of least squares. The equa- 
tion (*) is called the normal equation. If we 
write £4 =4o +4; X; +... Fd, Хр, We have 
Q-X(xa— X4)! 2 У(ха — x —X(*4— xy- 
YX(xa—X x (1 = Ry. aai?) where Ri 
is the multiple correlation coefficient of x, and 
ху, Xy-,, Which is also equal to the correla- 
tion coefficient of x, and €,. The square of the 
multiple correlation coefficient is also called 
the coefficient of determination. The quantities 
Xj — Xj, are called the residuals. Let X;,-, and 
£j be the values of regression functions of x, , 
and ху, respectively, on x,, ..., x, 2, and let 
Yik-1 = Xii — Xin and yi = xi — a be the 
residuals; then the correlation coefficient of y,_, 
and y, is equal to the partial correlation co- 
efficient of x, _, and x, given x,, ..., Xk 2. 

We have the following relation between the 
multiple and the partial correlation coefficients: 


x, ON X,,. 


=(1 К; ss к-2)(1 уа рея k-2). 

Multiple and partial correlation coefficients 
are also expressed in terms of the correlation 
coefficients of the variates. For example, it can 
be shown that 

Rios ris — 212% 13%23)(1 — түз) 

and that 


EJE =(r23 — rari Irt —ri). 


For higher dimensions, we can also define 
the (joint) density function f(x, , x5, ..., ху) and 
the ( joint) moment generating function 


M(t,, to, ...,t) 


= |. [estis иҗ +. ны 


х ху, X5, ..., Xy) dx, ... dX,. 


The most important multivariate joint den- 
sity is that of the multivariate normal distri- 
bution, which is expressed by 


1 А 
færden EE Ets 


Е) 
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where 2715 the covariance matrix with ele- 
ments бү, 2! — (c), and u, is the mean of the 
ith variate. For the multivariate normal dis- 
tribution the moment generating function is 


given by 


] 
M(t..... ид=ехр(Хап+уЎ 20] 


K. Contingency Tables 


When several qualitative observations are 
made on N objects, each object is classified 
according to the combination of the cate- 
gories, and the data are summarized by the 
numbers N(i,,i5, ..., ią) of the objects that 

fall in the i, th category according to the first 
observation, i,th category in the second obser- 
vation, etc. A table that shows the results 

of such observations is called a (k-way) contin- 
gency table. If there are m, categories 1n the 
first criterion, m; categories in the second, 

etc., the contingency table is also called an m, 
by m, by... by m, table. The numbers Ñ (j, ij) of 
the objects which are classified into the i;th 
category according to the jth criterion are 
called marginal frequencies. If we have 


N(i,, i5, ..., iN = Ñ (1, i) Ñ (2, i2)... Ñ (k, i)/N* 
for all i,,i5, ..., i, 


then the k observations or criteria are 
independent. 

The simplest contingency table is a 2 by 2 
table, where several measures for the relation 
of two observations or criteria have been 
proposed, among which the most commonly 
used are the measure of association defined by 


_N(1,1)N(2,2)— N(1,2)N(2, 1) 
~ N(1, 1)N(2,2)+ N(1,2)N (2, 1) 


and the odds ratio 
_ N(1,1)N(2,2) 
N(1,2)N(2, 1) 
and also 
N(1,DNQ,2)- N(1,2)NQ. 1) 


zx: 


JNO, DAA, DNO, NQ,2) 


where N (i, j) are marginal frequencies. The 
two observations are independent if and only 
if Q=0 ого=1 and V—0. V is equal to the 
correlation coefficient of the variables x, and 
X5, for which x; —0 if the object is classified 
into the first category according to the ith 
criterion and x;— 1 if it is classified into the 
second category. In a two-way m, by m, table 
a measure of association 15 defined by 


x? N(i, i))N z 
N "XY gu ) | 
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it can be shown that X?/N —0 if and only if 
the two criteria are independent, and that 

0x X?/N <min(m, — 1, m, — 1). When we take 
x;= 1 if the object is classified into the ith 
category according to the first criterion and 
x;=0 otherwise and take у; = 1 if it belongs to 
the jth category in the second criterion and 

у; = 0 otherwise, it is shown that the sum of 
squares of the multiple correlation coefficients 
of x, and y,, ..., у„,_ is equal to X?/N. 


L. Decomposition of the Variance 


When one observation is qualitative while 
another is quantitative the objects are classi- 
fied into several categories according to the 
first observation, while for each object the 
value of the second observation is also given. 
Let xj; be the observed value of the jth object 
in the group of the ith category; then for each i 
we can obtain frequency distributions of x;;, 
and compare these distributions. Let N; be the 
number of objects in the ith category, and 

X; — X xj/ № be the mean in the ith category. 
Then the weighted variance of the x; defined 
by ов = X N(x; — X/N, where x is the mean of 
all the observations, i.e., х= У N;x;/N, is called 
the between-group variance, and the weighted 
mean of the variances of each of the groups 
defined by vw = Ў, Х (x; — X; /N is called the 
within-group variance. It can be shown that V, 
-HW-V-XEXG;-XY)/N,ie.the variance of 
all the observations is decomposed as a sum of 
the between-group and the within-group var- 
iances. The ratio V,/V is called the correlation 
ratio, which is equal to the square of the multi- 
ple correlation coefficient of x and y,,..., Yms 
where у; = 1 if the object is in the ith category 
and у; =0 otherwise. 


M. Ordinal Data 


When the observation is not quantitative but 
there exists a natural ordering among the 
categories into which the objects are classified, 
the observation 1s said to be in an ordinal 
scale, or simply ordinal. 

When two ordinal observations are made 
on the same set of N objects, we can define 
several measures of association between the 
two ordinal scales. For each pair of objects we 
define a variable c,, i, j=1,...,N, ij; as c;=1 
if the ith object ts classified as "better" (or 
“superior” than the jth object according to 
both of the measurements, c= —1 if the order- 
ings are different in the two scales, or c;;= 0 if 
they are in the same category according to 
either or both of the scales. A measure of asso- 
ciation is then given by SZ У Xcj/N(N —1), 
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which takes a value between —1 and +1 but 
usually cannot attain +1. Other ways of nor- 
malizing the sum У > c;; have been proposed. 

Another method of calculating the associ- 
ation is the scoring method, i.e., giving a set of 
ordered real numbers to the categories of each 
of the scales and calculating the correlation 
coefficient between the scores. The simplest 
scores аге 0), 1, ...,m— 1 when there are m 
categories, but other methods of scoring are 
also used. Scores that give the largest pos- 
sible correlation are called canonical scores, 
which are obtained as the characteristic vec- 
tors of the matrices NN' and N'N, where N is 
the matrix of the contingency table. 


N. Time Series Data 


Time series data can be recorded in a con- 
tinuous time scale, but usually measurements 
are made at discrete times, which are most 
commonly equally spaced. Hence we here 
denote them as x(t), t= 1,2, ..., T. First we 
consider the quantitative univariate case. The 
intertemporal change of x(t) is often decom- 
posed into three parts: 


x(t) = m(t) 4- c(t) + e(t), 


where m(t) is called the trend, and represents 
the secular, systematic change of x; c(t) is 
called the cycle, and represents the recurrent 
pattern of the change; and e(t) is called the 
error or random fluctuation, and represents 
the irregular changes. Such a decomposition 
cannot be defined rigorously without assuming 
some probabilistic or stochastic model for x(t), 
but it is intuitively clear and practically useful 
in many applications. 

There are two ways to estimate the trend. 
One is to calculate the moving average X(t) — 
(x(t — к) - x(t - k - D)... x(t)- ... + x(t + 
k))/k + 1) and use it as an estimate of the 
trend of x(t); here k should be chosen to sub- 
stantially eliminate the cyclic and random 
parts. More generally we can use the weighted 
moving average defined as x(t) =Ë ., w(j)x 
(t+j), where w(—j) = w(j) and 2:2w(j) = 1. The 
second method is to assume some functional 
form, usually a polynomial in t, for the trend: 
m(t) — ag o a t4 ...- a,t*, and to determine the 
coefficient by least squares, i.e., to calculate the 
values of ag, а, ..., a, which minimize X, (x(t) 
—aAj—a,t—...—a,t*). 

There are two cases of cyclical changes. Onc 
is the case when there is a clearly defined rele- 
vant external time period, such as the seasons 
of the year or the days of the week. In such 
cases the effects of such external periodical 
cycles must be eliminated, and the process 
which does that is called seasonal adjustment 
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of the time series data. Various methods of 
seasonal adjustment have been proposed and 
applied, but none is definitive. The other case 
is where the cyclical changes are produced 
from the observed process itself; here, the 
length of the period and the pattern of the 
cyclical change must be estimated. 

Now assume that the data do not contain 
any trend, or that the trend has been effec- 
tively eliminated. First we calculate the cor- 
relation coefficient between x(t) and x(t + s) by 


Y (x(t) — x) (x(t + 5) — x) 
JS x(0) XY Y Olt +5)— x 


where 


T-s T 


х= Y x(T—s), х= Y, x(T—s) 


t=1 t=s+1 


or more simply by 
r(s)= T» (x(t) —X) (x(t + s) — x)/ 


(T — s). >. (x(t) —x)2), 


where х= X x(t)/T. r(s) is called the serial 
correlation coefficient or the autocorrelation 
coefficient of lags. When there exists a clear 
and definite cyclical change of period s in the 
data, r(s) is close to 1. The diagram in which 
the serial correlation coefficient r(s) is plotted 
against s is called the correlogram. In order to 
see the cyclical properties of the data more 
clearly, we calculate the power spectral density 


w(4)— 1 +2 r(s)cos As. 


The graph of w(A) is called the power spectrum, 
or simply the spectrum. w(A) represents the 
square of the width of the sine curve of fre- 
quency 2/27 or of period 27/7 contained in the 
data. The spectral density is closely related to 
the intensity, defined by 


2 
(Р чосоз) + p x(t)sin it) ) 


which is proportional to the square of the 
multiple correlation coefficient of x(t) and the 
functions cos At and sin At and is large if the 
data contains a sine curve of frequency 4/2z. It 
can be shown that /(4) is approximately equal 
to w(2)V(x)/n. The spectral density thus ob- 
tained usually oscillates irregularly and far 
from smoothly; hence smoothing by use of a 
"spectral window" is often applied (— 421 
Times Series Analysis). 

When several observations are made in time 
series data, we speak of multivariate time 
series. Let x,(t) be the ith observation in the 
tth period. The correlation coefficient between 
x (t) and x (t + s) is called the serial cross- 
correlation coefficient and is denoted by г, (5) 
(5=0, +1, +2,...). Analogously to the univari- 
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ate case we define 


wy(4) = У ri(s)cos As + i ri()sin 45 
5 5 


= pA) + 14:0), 


and we call p,(A) the cospectral density be- 
tween the ith and the jth variables, and q;(A) 
the quadrature spectral density. p; + qj, is called 
the amplitude, and 


_ P(A) + 40%) 
V w;(å)w;(ż) 
where w; and w, are the spectral densities of 


the ith and the jth variables, is called the 
coherence. 


Cyl) 


O. Events in Time Scale 


Some data give us the time points at which a 
specific event occurs. Let T: be the time when 
the event occurs for the ith time. Then usually 
the most important information we want to 
obtain is about the time intervals d;= 7;,, — Ti- 
If there is a periodicity in the occurrences of 
the event, the d; will be approximately equal. 
On the other hand, if the event tends to occur 
repeatedly after its first appearance, some 4; 
will be small while others will be large. When 
there is no periodicity, no tendency to repeti- 
tion, and no increasing or decreasing trend 

in the occurrences, we can suppose that the 
event occurs simply by chance, and this is 
good reason to suppose that the density func- 
tion of the distribution of the intervals is 
exponential, i.e., it can be expressed by /(4) = 
(exp( — d/o))/a for d> 0. Also in such a case 
the number of occurrences in fixed time in- . 
tervals are distributed according to the Pois- 
son distribution. Such a sequence of occur- 
rences of an event is called a Poisson process. 
More generally, let f(d) be the density function 
of the time intervals; then 


f(d) 
1— Í а f(c)dc 
is called the hazard rate or hazard function. 


The hazard function is constant if and only if 
the process is Poisson. 


h(d)= 


P. Probabilistic Models 


In many applications of statistical data anal- 
ysis, the data exhibit variabilities and fluctu- 
ations that are due to fortuitous or hazardous 
causes or chance effects and that obscure the 
information contained in the data. In such 
cases we assume that the chance variabilities 
and fluctuations are random variables distri- 
buted according to some probability distribu- 
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tion, and the information we require is repre- 
sented by a set of unknown constants that 
characterize the probability distribution of the 
data as unknown parameters. Suppose, to take 
the simplest case, that we have repeated obser- 
vations of results of some experiment under a 
fixed condition and that we obtain the values 
X4, X5, ..., X4. Since the experimental condition 
is fixed, the variations among the x; values can 
be considered to be due to chance causes, 

such as variations in materials, uncontrolled 
small fluctuations in experimental conditions 
or instruments, and various other variations 
usually called the errors. Whatever the true 
causes of the variations, we can consider them 
to be random, and we can regard the values 
X,, X3, ..., X, as the results of random experi- 
ments or the realizations of random variables 
X,, X2, ..., X, independently and identically 
distributed according to some probability dis- 
tribution. Or we may think of a hypothetical 
infinite population of the results of supposedly 
infinite replications of the experiment under 
the same fixed condition, and regard the actual 
observations as n values chosen from this 
population at random. We may also consider 
that in this hypothetical infinite population, 
the frequency distribution is represented by a 
density function f, which in turn determines 
the probability distribution of each observa- 
tion. We may be interested in the "average" 
values of the result of the experiment as well as 
the magnitude of the variability; then those 
values are represented by the mean and the 
variance of the population distribution. If the 
form of the population distribution is assumed 
to be completely specified except for the mean 
и and the variance o2, the density function f is 
determined without these two parameters, and 
is expressed as f(x; и, o). The joint density for n 
repeated observations is П, f(x; u, с). The set 
of assumptions that determines the probability 
distributions of the observations in terms of 
the unknown parameters is called the probabi- 
listic model, and its determination is called the 
problem of specification. 

Once the probabilistic model is given, the 
purpose of statistical data analysis can be 
formulated as making judgments on the values 
of the parameters, which may sometimes go 
wrong but can be relied on with some margin 
of probability of error that can be mathemati- 
cally rigorously ascertained. The formal proce- 
dure of making such judgments is called sta- 
tistical inference, and its mathematical theory 
has been well established over the last hundred 
years (— 401 Statistical Inference). 

]n most cases of statistical inference, the 
joint density function of the data plays an 
important role, and when it is regarded as a 
function of the unknown parameters for given 
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values of observations it is called the tlikeli- 
hood function. 


Q. Exploratory Procedures 


In many applications of statistical data anal- 
ysis, we are not quite sure of the validity of the 
probabilistic model assumed, or we admit that 
the models are, at best, approximations to 
reality and hence cannot be exactly correct; 
the approximation may not be precise enough 
for the conclusions drawn from the assump- 
tions to be practically reliable. Therefore we 
have to check whether the model assumed is at 
least approximately valid for the data, and 
if not, we have to look for a better model that 
reflects more accurately the structure of the 
actual data. Thus in many practical appli- 
cations of data analysis, we have to scruti- 
nize the structure of the data and try various 
models before settling on a model and draw- 
ing final conclusions (which are still suscep- 
tible to further revisions when more data are 
obtained). Methods used in such a process 
are called exploratory procedures, which de- 
pend partly on the formal procedure of testing 
hypotheses and partly on intuitive reasoning 
sometimes combined with graphical presen- 
tations of the data, and also on scientific and 
empirical understanding of the subject matter. 
Suppose in the simplest case that n obser- 
vations X,,..., X, are assumed to be indepen- 
dently and identically distributed. Under the 
condition that all those values are observed 
under the same well-controlled situation, this 
assumption is reasonable. But in reality some 
of the observations may be subject to some 
unexpected effect due to either a fortuitous 
outside cause or some “gross error” in the 
measurement procedure, the process of re- 
porting, etc., and may show much greater 
variation than others. Such observations can 
be detected by certain outlier tests or simply 
by looking at the data carefully, and if it is 
established that some observations are de- 
finitely outside of the possible random varia- 
bility or are subject to some hazardous ex- 
ternal effect, those data could be omitted from 
consideration. Further, the assumed proba- 
bility density f(x, 0) may not well approximate 
the distribution of the actual data even after 
the “outliers” are omitted. Some test for good- 
ness of fit should be applied, and if the hy- 
pothesis is rejected, we have to modify our 
model. Also, if we are provided with several 
candidates for the model to be adopted, we 
have to apply some procedure of model selec- 
tion (— 400 Statistical Hypothesis Testing, 
403 Statistical Models). It could also happen 
that the supposedly uniform conditions of 
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observation, measurement, or experimentation 
did not actually prevail but that there has been 
some heterogeneity among the observations. 
Bimodality or multimodality of the histogram, 
i.e., existence of two or more peaks in the 
histogram, usually strongly suggests such 
heterogeneity. In such cases, grouping or stra- 
tification of the observations is required to 
make the conditions of observation within 
each group nearly uniform. 
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398 (XVIII.G) 
Statistical Decision 
Functions 


A. General Remarks 


The theory of statistical decision functions was 
established by A. Wald as a mathematically 
unified theory of statistics (= 401 Statistical 
Inference). In this theory, the problems of 
mathematical statistics, for example, statistical 
hypothesis testing and statistical estimation, 
are formulated in a unified way [1]. 

A *measurable space (X, 8) with a fixed 
tprobability measure is called a sample space, 
and an element xe Z is called a sample point. 
Suppose that we are given a family 2 = í P,| 
OEN? of probability measures on (Z, 8), 
where © is called the parameter space, and a 
trandom variable X takes values in Z accord- 
ing to a true probability distribution P as- 
sumed to belong to 2. This article deals with 
the problems involved in making a decision 
about the parameter 6, called determining the 
true value of the parameter, such that P = Р,. 
To describe the procedure for such a decision 
based on the observation of the behavior of X, 
we need a triple (57, €; D) consisting of a set .Z, 
а to-algebra & of subsets of «7, and a set D of 
mappings ó from Z into the set of probability 
measures on (£, ©), 6: x 2ó(- | x), such that 
for a fixed C eG, the function ó(C | x) is B- 
measurable. We call .27 an action space or 
decision space, ó a statistical decision function 
(or simply a decision function) or statistical deci- 
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Sion procedure, and D a space of decision func- 
tions. In actual decision procedures, ó(C | x) is 
the probability that an action belonging to C 
is taken, based on the observation of sample 
point x. We further consider a nonnegative 
function w:Q x 27 >R, called а loss function, 
such that for a fixed 0, w(0, a) is &-measurable. 
By averaging the loss, we obtain the risk 
function: 


"a- | | w(0, a)ó(da | x) P(dx). 
КАР; 


Two decision functions ó and ó' are identified 
if d(C | x) 2 (С | x) for almost every x with 
respect to Py, for all бє and all Ce&€. When 
to each xe Z there corresponds a unique ac- 
tion a, such that ó((a,] |х) = 1, the decision 
function ó is said to be nonrandomized; other- 
wise, randomized. The system (2, 8, 2, О, A, 
€, W. D) is called a statistical decision problem. 

From the point of view of this theory, tpoint 
estimation, "interval estimation, and statistical 
hypothesis testing (— 400 Statistical Hypoth- 
esis Testing) are described as follows. 

(1) In point estimation we assume that the 
action space .% is a subset of R and that we 
are given functions ф:2 >. and |: 2 5R. 
The problem is to estimate the value of /(P) 
by using the real value ф(х) at an observed 
sample point xe Z. As the loss function, we 
often set w(0, a) = C(0)(a — 1(P)?, where C(0) is 
a function of 0, and call it a quadratic loss 
function (— 399 Statistical Estimation). 

(2) In interval estimation we assume that 
each action is represented as an interval in 
R. Each interval [u, v] can be represented 
by a point (u,v) of the half-space R” = {z= 
(2\,2›)|2, & 2}, which may be taken as the 
action space. A weighted sum aw, (0, z) + 
Ви, (0, z) (x, B> 0) of two functions, 


КОЛ, (0¢[z1,z2]), 
os 0 (0€[z,,22]), 


w2(0,z)=Z2—24, 


often supplies the loss function (— 399 Statis- 
tical Estimation). 

(3) In testing a hypothesis H: @€ a, versus 
an talternative А :0єо, (ooo, = @,@ Uo, 
=Q), the action space can be expressed by the 
set consisting of two points a,, a, where a, 
denotes the decision to reject H and a, the 
decision to accept H. The loss function is 
defined as follows: 


1 (0 
мба) |а 10800 
JO (Pea), 
MOT t (0€). 


This is called a simple loss function. Whatever 
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testing procedure ó is adopted, the proba- 
bilities of the *errors of the first or second kind 
coincide with the values of r(0, ô) for 0&« or 
бє оу, respectively (— 400 Statistical Hypoth- 
esis Testing). 

When Q is the union of mutually disjoint 
nonempty sets (01, €», ..., Op, S = (04,5, 
-<-> An}, and м(0,а) — cj; (бє о) with c; z 0 
(iZ j), cj; — 0, the decision problem is called 
an n-decision problem. 


B. Optimality of Statistical Decision Functions 


Consider the problem of choosing the best 
decision function ó. When r(0, 0,)  r(0, 63) for 
all 0 and there exists at least one 6, such that 
r(05,0,) « r(05, 53), the decision function ó, is 
said to be uniformly better than ô,. If there 
exists a decision function ó, in D that is uni- 
formly better than any other ó in D, it is the 
best decision function. However, such a func- 
tion д, does not always exist. A decision func- 
tion à in D is said to be admissible if there 
exists no other decision function ó in D that is 
uniformly better than 6. In other words, 6 is 
admissible if and only if the validity of the 
inequality r(0, ó) < r(0, ô) for some óe D and all 
0€cQ implies r(0, 0) = r(0, ó) for all 0e Q. When 
there is no information about P except that it 
is a member of Z, we follow the minimax 
principle and choose a function ó* for which 
we have inf; supa, a r(0, д) = зире, r(0, 9*). 
This decision function ó* is called a minimax 
decision function or minimax solution. 

Let $ be a c-algebra of subsets of О, and 
suppose that r(0, д) is -measurable for any 
fixed 6. If, furthermore, we are given a proba- 
bility measure €, called an a priori distribution, 
on (О, $), we choose a ó that satisfies 


inf | r(0, 5) dé(0) = | r(0, 5) d&(0). 
óeD Jo Q 

Such a ó and the integral of r(0, б) are called a 
Bayes solution and the Bayes risk relative to c, 
respectively. Let F be a family of a priori dis- 
tributions on (О, v). If 6 satisfies 


zu r(0, 6)d£(8)— int | r(0, sn) =0, 
éeF Q ócD JQ 

ó is called a Bayes solution in the wider sense 
relative to F. If 2 is dominated by 4 witha 
B x %-measurable f(x, 8)=dP,/di, w(0, a) is 
+ç x €-measurable, and 


A= faes 


| w(0, à) f (x, 0)4е(0) 
о 


aed 


= inf | и(0, a) f (x, pazo} 


is nonempty and &-measurable for 2-almost 
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every x, then a Bayes solution ó with respect 
to £ satisfies д(А „| х) = 1 for 4-almost every x. 
For a sample point x with fo f(x, 0)d£(0) 50, a 
probability measure n(-| x, €) on (О, $) defined 
by 


f(x. 04800) 
B 


(В |х, e) - 5 
| f(x, 0) 4£(0) 
о 


is called an a posteriori distribution. To get a 
Bayes solution it is enough to minimize the 
value of [o w(6, a)dn(0{ x, ё) for every observed 
x: 

If С in the definition of A, defined above is a 
o-finite measure on (Q, %), a decision function 
ô satisfying 6(A,|x)=1 for A-almost every x is 
called a generalized Bayes solution with respect 
to č. 

Let D' be a subset of the space D. If for any 
óe D— D' there exists a ðe D' that is uniformly 
better than 6, then D’ is called a complete class. 
If for any дєр there exists a 6’€ D’ that is 
either uniformly better than 6 or has the same 
risk function as ó, then D' is called an essen- 
tially complete class. If D' is complete and any 
proper subset of D' is not complete, then D' is 
called a minimal complete class. If a minimal 
complete class exists, it is unique and coin- 
cides with the set of all admissible decision 
functions. 


C. n-Decision Problems 


In an n-decision problem where .2 = (a,, 
ла, }, We set ó,(x)= ó(a;| x) for a decision 
function ó, where ó;(x) is 8-measurable and 
satisfies (x) > 0, ó, (x) - ...--0, (x) = 1. We 
consider the set Z of vector-valued functions 
A(x) = (0, (x), ..., 6,(x)) whose components ёх) 
satisfy the conditions just given. Such a vector- 
valued function A(x) can be identified with 
0(х); we write ó(x) instead of A(x) also. If in 
addition the parameter space Q is a finite set 
10,,0,, ...,0,], we can consider a mapping 
y: 9 —R* defined by (ó) — (r(0, , ô), ... , (0, ô), 
and then 5 «y(2)-— (v(0)|óe 2) is convex and 
closed in R*. If ó is nonrandomized, then for 
each x, one and only one of the ó,(x) is 1, and 
all others are 0. Hence, in this case, Z is the 
disjoint union of B-measurable subsets В, 

(i 1, ..., n) such that ó(a;] x) = 1 if and only 

if xe B;. A probability measure m on (X, B) is 
said to be atomless if for any set Ae% with 
m(A)> 0 and any b with 0 < b < m(A), there 
exists a subset Be*B of A such that m(B) — b. If 
О is finite and every member of 2 is atomless, 
the image v(2?) of the set 2° of all nonrandom- 
ized decision functions coincides with  (%). 
This shows that 9° is an essentially complete 
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class in 2. However, when some members of 
Ф are not atomless, (2) is not always equal 
to (9), but (Z9) is a closed subset of К“. In 
particular, when n=2 for given probability 
measures P, ..., P, over (Z, B), the set S of all 
points (P, (B), ..., P,(B)) (Be 8) in R* is a closed 
set. If in addition P,,..., P, are all atomless, S 
is convex. These results are known as the 
Lyapunov theorem. 

A two-decision problem with c, = (1], 
€ = {2}, and cj 1 (ij), =0 (ij) is called a 
dichotomy. We discuss this problem in some 
detail in order to explain the concept of opti- 
mality of decision functions. For a dichotomy, 
S=w(Q) is a set in R? that (i) is convex, (ii) is 
closed, (iii) is symmetric about (1/2, 1/2), (iv) 
contains the points (0, 1), (1,0), and (v) is a 
subset of interval [0, 1] x [0, 1] (Fig. 1). The set 
of decision functions ó that is mapped under y 
onto the curve ACDB in Fig. ! constitutes the 
minimal complete class, and a decision func- 
tion ó mapped onto the point D is a minimax 
solution. Let č be an a priori distribution such 
that 


¿(D)=a, ¢(2)=B 


(x+ B= 1,x>0, ñ > 0). 


ах+ Зу = constant 


Fig. 1 


Then a Bayes solution relative to Z is mapped 
under уу onto a supporting point c with direc- 
tion ratio —a/f and is obtained as the char- 
acteristic function of the set E= [x |af(x) < 
Bg(x)}, where f and g are tRadon-Nikodym 
derivatives dP,/d4 and dP,/dd with respect to 
¿= P, + P, that is, f, g are measurable func- 
tions on Ж such that for any measurable set 
E, we have 


мю- | ЈА, r=] 942. 
Е Е 


This fact implies that (ће most powerful test 
constructed in the Neyman-Pearson funda- 
mental lemma (— 400 Statistical Hypothesis 
Testing B) is precisely a Bayes solution. 


D. Complete Class Theorems 


Suppose that 2 is tdominated by a o-finite 
measure 4, and let f(x, 0) be the Radon- 
Nikodym derivative of P, with respect to 4. 
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Consider a subspace L of L, (Z, 4) containing 
{ f(x, 0)|0€Q1, and the following equivalence 
relation between bounded 8-measurable func- 
tions on 2: фу and o, are defined to be equiv- 
alent if and only if f p, Jdi = f p, fda holds 

for every fe L. We further assume that the 
dual space of L is the linear space W of the 
equivalence classes of bounded measurable 
functions just defined. Let Со(.2) be the set of 
all continuous functions on «7 with compact 
support, ло х the integral of xe Co(.S/) with 
respect to a probability measure z over 2%, 
and goó the integral 


E ‘| x)g{x)dA 


for ge L, дєр. As a base for neighborhoods of 
the space of decision functions around ó; € D, 
we consider V(óo:o,, ...,9,, 91, .... In 6) = 
15||g,06,0%,—g,0604%,|<e,i=1,...,n}, 
where a,€ Co(.7), gie L, £> 0. 

Let F be the set of all a priori distributions č 
on (О, $) each of which assigns the total mass 
1 to a finite subset of Q, B the set of all Bayes 
solutions relative to some ¿(e F), and W the set 
of all Bayes solutions in the wide sense relative 
to F. Suppose that .« is a tlocally compact, 
separable metric space and w(0, a) is lower 
semicontinuous with respect to a for every 
fixed 0. Then if D is compact and convex, 
the intersection of W and the closure B of B 
constitutes an essentially complete class [2]. 
Moreover, if Q is compact with respect to the 
metric d(0,. 0) =supgew| Б» (B) — Р, (В) and 
iwC,a)|ae s/] is a uniformly bounded and 
tequicontinuous family on Q, then the class of 
Bayes solutions relative to some a priori distri- 
bution is a complete class [1]. These propo- 
sitions are called complete class theorems (for 
complete classes in specified problems and 
admissibility of individual procedures — 399 
Statistical Estimation; 400 Statistical Hypoth- 
esis Testing; and Appendix A, Table 23). 

Two measurable spaces (S, S) and (К, 2) are 
said to be isomorphic if there exists a corre- 
spondence p of S and R (Ee F implies p(E)e 2 
and, conversely, р(Е)є 2 implies Ee ^) where 
p is one-to-one onto. Let 2 be the set of all 
decision functions associated with a sample 
space (2, 8) and an action space (£, €&), T be a 
‘statistic on (2, B) taking values in a measur- 
able space (Z, ©), and 2* be the set of all 
decision functions having sample space (Z, €) 
and action space (.27, ©). The set of all дє 2 for 
which there exists a ó* e Z* satisfying ó(C | x) 
—Ó*(C| T(x)) (Ce &) is denoted by Фу. If (i) 

Т is a ‘sufficient statistic and if (ii) (2, ©) is iso- 
morphic to the measurable space R* associated 
with the c-algebra of its Borel subsets, then 9, 
is essentially complete in 2. Conversely, if (1) 2 
is a dominated family, (ii) f(x, 0) » 0 always 
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holds on Z, and (iii) for any pair 0,, 0,(e О), 
there exists а 0,(e Q) such that no element a in 
J makes two of the w(6,, a) (i= 1, 2, 3) attain 
their minimum simultaneously, then essential 
completeness of Z4 in 2 implies that T is 
sufficient [3] (— 399 Statistical Estimation). 


E. Invariance 


Suppose that there exist one-to-one transfor- 
mation groups G, G, and G of X, О, and æ, 
respectively, onto themselves (transformations 
belonging to G, G, and G are *measurable with 
respect to 3B, $, and C, respectively) and that 
there exist homomorphisms gg, g 4 of G to 
G and G, respectively, such that for BEB we 
have P(g ! B)— P(B) and (90, ja) = w(0, a). 
Then a decision problem (2, B, 2, О, Z, €, 
w, D) is said to be invariant under (G, G, G). In 
a decision problem invariant under (G, G, G), a 
decision function satisfying 6(gC | gx) 2 (C | x) 
Is called an invariant decision function. 
Suppose that the transformation group G is 
locally compact and is the union of a count- 
able family {K,} of compact subsets. Let Г be 
the c-algebra of Borel subsets of G such that 
the mapping (g, х) (9, gx) is measurable in 
the sense that the inverse image of any set in 
T x 88 is also a set in x. For such a Г the 
*orbit G(x) of G through x is Г-теаѕигаЫе. 
We assume that following conditions: (1) 2 is 
dominated; (2) С operates 'effectively on Z; (3) 
G operates 'transitively on О; (4) for any com- 
pact subset J of G, 


lim (WKK, 7)) =1, 


where u” is a right-invariant Haar measure 
(— 225 Invariant Measures C) on G and 
K,J' «(gh !|geK, heJ}; (5) there 

is a *conditional probability distribution 
P,(-:z), given ze G(x), on Z; (6) the integral 
{соз w(8, da) P(dgx:z) attains its minimum 
value b(0, z) for any 0 and ze G(x); and (7) 


noo 


lim li w(0, ja) P,(dgx: z) — b(0, al 20 
K,x 


uniformly in a, where K,x={gx|geK,}. Then 
the best invariant decision function exists 
which is also minimax in 2 [4] (— 400 Statis- 
tical Hypothesis Testing). It is shown in [9] 
that some invariant minimax decision func- 
tions are not admissible. 


F. Sequential Decision Problems 
In the general framework of statistical deci- 


sion theory, not only the decisions to be taken 
but the number of samples to be observed 
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may be determined based on the previous 
observations. 

A simple formulation is illustrated for the 
sequential decision problem given below. 
Suppose that X,, X,,..., X, are independently 
and identically distributed random variables 
with probability measure P. We assume that 
the X's are to be observed one by one, and 
at the ith stage, when we have observed X,, 

., X;, we are to decide whether to continue 
sampling and observe X;., or to stop obser- 
vation and choose an action or decision in Z, 
utilizing all the observations thus far obtained. 
Then a decision rule is defined by a sequence 
of pairs (д„, s,), п= 0, 1, ..., where ó, is a map- 
ping from the space X" to Z (for the sake of 
simplicity we here exclude randomized deci- 
sions), and s, — s,(x,, ..., x,) is a measurable 
function from X" to the interval (0, 1]. s, gives 
the probability of stopping the sampling when 
the first n of the Xs are observed, and д, de- 
fines the decision taken when the observations 
are stopped. We include sọ and ô, to denote 
the probability of taking a decision without 
making any observation and the decision to be 
taken then. We call ó, the terminal decision 
rule and s, the stopping rule. Then for such a 
decision rule ó the total expected loss or the 
risk is given by 


eus 


x,)w(0, ó,(x,, ...,x,)) 


n 

+ oe(x,|X, за); lI dP,(x;), 
j= 

where c,(x,|X i, ..., x, ,) is the cost of observa- 
tion of X, — x, when X,—x,,..., 
The rule Ó is called a sequential decision гше 
or a sequential decision function, and the whole 
setup a sequential decision problem. In most of 
the sequential decision problems the cost of 
Observation is assumed to be equal to a con- 
stant c per observation, and then the Bayes 
risk r*(é,) for the prior distribution čą satisfies 
the relation 


r*(,) = min fir [vas 


П ‚ Se) APo(x 1) dey + e}, 


where z,(x,, & denotes the posterior distri- 
bution when X, — x, is observed under the 
prior distribution č; and the Bayes decision 
rule satisfies the condition 


x,)=1 if r*(no(x,,... 


X,-1i=X,-1: 


SrYT sus > Xn; &)) 


=int но ddnélx,, ..., Xn Čo) 


=0 otherwise, 
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and ó,(x,, ..., x,)—d* if | w(0,d*)dmo(x,, ..., 
x4: Čo) = inf, | w(0, d) dnud(x, , ... „х„; Čo), where 
Tg(X,, ..., Xn; бо) is the posterior distribution 
given X, —x,,..., X,— x, under the prior &. 

For the dichotomy problem with the simple 
loss function discussed above, the Bayes deci- 
sion rule has the form 


S4(X4,..., X) 9 1 if ng(x4,..., x,) &m, or 275, 
=0 otherwise, 

and 

Ó,(x,,..., x,) d, if ng(x4,...,x,) &m,, 


=s if to(x,, ..., x,) 27), 


where zo(x,, ..., Xa) is the posterior prob- 
ability that 0 = 05, given X, =x,, X, = x,. This 
amounts to the following rule: Continue sam- 
pling as long as 


93i x46, ... ,x,)=]1 P, Gy] ] Py (x) € 2; 
and decide on d, as soon as A(x,, ..., Xp) 2 y; 
and on d, as soon as A(x,, ..., x,) & y,, which 
is actually equivalent to a tsequential proba- 
bility ratio test (— 400 Statistical Hypothesis 
Testing). 


G. Information in Statistical Experiments 


The part & = (4,98, 2, О) of a decision problem 
—(4,88, P,Q, oA, &, у, D) is called a statistical 
experiment. In this section, we consider n- 
decision problems, i.e., those wherein Q con- 
sists of a finite number {1, 2, ..., n] of states, 


and we denote the set S = {r(1, ô), r(2, ó), ..., 


r(n,ó)|óe 2} by L(A). Let £, and & be two 
experiments having a common parameter 
space Q, and let A, and A, be two decision 
problems composed of &, and &,, respectively, 
and a common (.27, ©, w). We say that the 
experiment @, is more informative than the 
experiment é, if L(A,)> L(A,) for any action 
space (.27, ©) and any loss function w [6]; 

that is, whatever the actions proposed and the 
loss incurred, the experiment é, can offer a 
decision procedure at least as efficient as the 
experiment &,. Thus the set L(A) with A= 

(&, 7, C, w, D) represents some feature of infor- 
mation that Ф can provide about the states О. 
However, comparison of L(A) is not easy to 
carry out. S. Kullback and R. A. Leibler de- 
fined the concept of information for the case of 
a dichotomy A [5]. If the probability distri- 
bution induced by a random variable X has a 
Radon-Nikodym derivative f,(x) (70) or f(x) 
(> 0) with respect to A, we define 


(x)d4, 


Jf.) 
1,2)= ҚЛ, р) = І 1 
I(X:1,2)=I(/..f;) | келе, 
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calling this the Kullback-Leibler information 
number (or K-L information number). This 
number is uniquely determined by the set 5 = 
L(A) in Fig. 1, and the larger 5 becomes, the 
larger I( f,, f;) becomes. If x, B (+= 1) area 
priori probabilities and (1 | х) and n(2|x) area 
posteriori probabilities of 1 and 2, respectively, 
we have, from the Bayes theorem, 


ко 
fx (x) 


Qu |x) ieee 
n(2|x) p 
Here the right-hand side stands for the change 
in the probability of the occurrence of the state 
after an observation of x, and the texpectation 
of the left-hand side under f, is I( f, , f;). The K- 
L information number has the following prop- 
erties: (i) £(X :1,2) 20, апа I(X:1,2) 20 
f =g; (1) independence of X and Y implies 
I(X:1,2)- I(Y:1,2) 3 I(X, Y:1,2); (ш) fora 
statistic T=t(x), I(X:1,2) x I(T:1,2), where 
the equality holds if and only if T is sufficient 
for P={P,, Pj, in which dP, /d2= f, and dP,/ 
d4À — },; and, as a result of (it), (iv) if X,,..., X, 
are distributed independently with the same 
distribution, I(X,,..., X,:1,2) 2 nI(X,:1,2). 
Suppose next that О is the real line and that 
the Radon-Nikodym derivative g(t:0) of the 
distribution of a statistic T with respect to a 
measure А has the following properties: (1) the 
set of all t at which g(t:0) > 0 is independent of 
0; (ii) g(t:0) is continuously twice differentiable; 
and (iii) the order of differentiation with re- 
spect to 0 and integration with respect to t 
can be interchanged. Then I(T:0,0 -- d0) = 
1(T:0)d0? for an infinitesimal displacement 40 
of 0, where 


A » 2 
o=] [sn g(t:0)da. 
x 


lo 


0 


Here I(T:0) coincides with the Fisher infor- 
mation (— 399 Statistical Estimation). 
Suppose that we are given a sequence (X,, 
X», ...) of independent random variables 
whose distributions have as their density either 
Gs fos) or (gi. go. ...), that is, f; and g; are 
candidates for the density of distribution of X; 
(i— 1,2, ...). A method to determine which of 
the sequences ( f), (gj) actually corresponds to 
(Xj) is given by the Kakutani theorem. Let F be 
the distribution of (X,, X,,...) when each X; is 
distributed according to f;, and let G be that of 
(X4, X>,...) when each X; ts distributed accord- 
ing to g;. To see how X,, X,,... are actually dis- 
tributed, we assumc that the loss incurred by an 
incorrect decision is 1 and the loss incurred 
by a correct decision is 0. Denote such a deci- 
sion problem (dichotomy) by A. Then we gen- 
erally have L(A)c I, where 1 ={(x, y)|O& x, 
у< 1}. A necessary and sufficient condition for 
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L(A)=1 is that TIZ; p( f,,g,) = 0, where 


nna | V In) Gul) dx. 


Consequently, if the X, (n=1,2,...) have the 
same distribution, we have L(A)= I, and the 
correct decision can be made with no error 
based on infinitely many independent obser- 
vations of X,, X,,.... 


H. Relation to Game Theory 


The theory of statistical decision functions 

is closely related to game theory. From the 
game-theoretic viewpoint, a statistical decision 
problem is considered to be a zero-sum two- 
person game played by the statistician against 
nature. A strategy of nature is the true distri- 
bution P of the variable X or the true value of 
0, and a strategy of the statistician is a decision 
д. In this setup, the risk function r(0, ô) can be 
regarded as a *payoff function paid by the 
statistician to nature. An a priori distribution 
č is a tmixed strategy of nature. A randomized 
decision function is a mixed strategy of the 
statistician. A minimax decision function cor- 
responds to a minimax strategy of the statis- 
tician. A minimax strategy of nature is called a 
least favorable a priori distribution. If a deci- 
sion problem is strictly determined as a game, 
a minimax solution is a Bayes solution in the 
wide sense. 

If д, is a Bayes solution with respect to čo 
and r(0, ду) < R(£o, до) for all 0, the decision 
problem is strictly determined, and ó, is mini- 
max and & is a least favorable a priori distri- 
bution, where К(&, 5p) = fo r(0, б) 4& (0). If 
бу is a Bayes solution in the wide sense and 
r(0, бу) is constant as a function of 0, the deci- 
sion problem is strictly determined, and &, 
is minimax. If ó, is admissible and r(0, бу) = 
c< oo, dp 1s minimax. If Q is a finite set and 
inf; supgr(9, д) < oc, the decision problem is 
strictly determined and there exists a least 
favorable a priori distribution. We have few 
general results about generalized Bayes solu- 
tions (= 173 Game Theory; [6]). 
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A. General Remarks 


Statistical estimation is one of the most im- 
portant methods of statistical inference (— 401 
Statistical Inference). Its purpose is to estimate 
the values of *parameters (or their functions) 
involved in a distribution of a statistical *popu- 
latton by using observations on the popula- 
tion (— 396 Statistic). Let ? —1P,|0€ Ө! bea 
family of *probability distributions, indexed by 
a parameter 0 and defined over a *measurable 
space (i.e., sample space) (2, 8). Let X bea 
*random variable taking values in Z and dis- 
tributed according to a probability distribu- 
tion P that is a member of 2. Statistical esti- 
mation is a method of estimating the *true 
value of the parameter 0 (i.e., the parameter 0 
such that P = P) or the (true) value g(0) of a 
given parametric function g (1.е., a function 
defined over 9) or both, at 0, based on the 
Observed value x of the random variable X. 
The function g maps the parameter values into 
R, R*, or some function space. Statistical esti- 
mation methods are classified into two types: 
point estimation, which deals with individual 
values of g(0), and interval (or region) estima- 
tion, by means of which regions that may con- 
tain the value g(0) are considered. We can also 
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include in statistical estimation the problem 
of predicting the tolerance region in which the 
value of a yet unobserved random variable 
may come out. 


B. Point Estimation 


In the method of point estimation for a given 
parametric function g, we choose a measurable 
mapping q from the sample space (2,38) into a 
measurable space (.-7, ©) and state that “the 
value of g(0) is ф(х)” for an observed value х, 
where .*7 is a set containing the range of g and 
€ is a *Àcomplete additive class of subsets in „7. 
The mapping o, or the random variable ф(Х) 
taking values in the space ., is called an 
estimator of g(0), while the value ф(х) deter- 
mined by the observed value x is called an 
estimate of g(0). This estimate Is sometimes 
termed a nonrandomized estimate in contrast 
to the following generalized notion of esti- 
mator. A mapping from Z to a set of proba- 
bility distributions defined over (.7, ©) is called 
a randomized estimator, which reduces to à 
nonrandomized estimator when each image 
distribution degenerates to a single point. We 
assume that .Z = R and & = the class 38 of all 
*Borel sets in R, unless stated otherwise. We 
denote the *expectation and tvariance with 
respect to P, by E, and И, respectively. 


C. Unbiasedness 


An estimator Ф(Х) of g(0) may not be exactly 
equal to g(0) for any 0€ Ө except for trivial 
cases, but could instead be stochastically 
distributed around it. An estimator q( X) is 
said to have unbiasedness if it is stochastically 
balanced around g(0) in some sense, such as 
mean, median, or mode. A statistic p(X) is 
called a (mean) unbiased estimator of g(0) if 


Е,(ф(Х))= 900) 


for any бє ©. A parametric function g is said 
to be estimable if it has an unbiased estimator. 
For example, the sample mean is unbiased for 
the population mean: E,(X)= E,(X) for any 
бє Ө. Unbtasedness usually implies mean un- 
biasedness, and we assume this unless stated 
otherwise. The function 


b(0) = E,(0(X)) — (0) 


is called the bias of the estimator (X). If we 
restrict ourselves to unbiased estimators ф(Х) 
only, it is best to choose, if possible, a p(X) 
whose variance И(ф(Х)) is minimum uni- 
formly for every 0€ Ө. 

Theorem (Rao-Black well). If T — (X) ts a 
*sufficient statistic, then for any unbiased 
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estimator @(X) of g the tconditional expecta- 
tion w(t)= E(q(X)| Т = t) yields another un- 
biased estimator o*(X) = v (t(X)) of g, which 
satisfies V,(q*) < V,(@) for all 90€ Ө, with the 
equality holding if and only if ф(х) = @*(x) 
(а.е. 2). The notation a.e.Y means that the 
statement concerned holds with probability 1 
with respect to P, for each 0€ Ө. An estimator 
ф of g(0) is called a uniformly minimum var- 
iance (or ОМУ) unbiased estimator if ф is 
unbiased for g(0) and has a minimum variance 
uniformly in @ among the class of unbiased 
estimators for g(0). 

Theorem (Lehmann-Scheffé). If T is a suffi- 
cient and tcomplete statistic, then for any 
estimable parametric function g(0), there 
exists a unique UMV unbiased estimator 
of g(0) that 1s a function of T. For exam- 
ple, suppose that X =(X,, X,, ..., X,) is a ran- 
dom sample from a population with exponen- 
tial type distribution P, with density p (x) = 
B(O)u(x)exp(X:., o,(0)t;(x)) with respect to 
Lebesgue measure and that the set {(«,(0), ..., 
2,(0))| 0€ Ө} contains some open set of R*. In 
this case, T = (t (X), ..., t,(X)) is a sufficient 
and complete statistic, and hence every real- 
valued measurable function (T) 15 the unique 
ОМУ unbiased estimator of the parametric 
function E,(V(T)). If for any 0€ @ the tmedian 
of the distribution of an estimator @(X) equals 
a real parametric function g(0) when X is dis- 
tributed as P}, i.e., if 


Pj1o(X) «g(0)] << Р,{ф(Х)< (0) }, 


then ф(Х) is called a median unbiased esti- 
mator. For example, a sample median (suitably 
defined for the case of an even number of 
samples) is median unbiased for the popula- 
tion median. If @(X) 1s a median unbiased 
estimator of g, then for any real-valued mono- 
tone function h, an estimator h(g(X)) for 
h(g(0)) is median unbiased, that is, median 
unbiasedness is preserved under monotone 
transformations, which is not the case with 
mean unbiasedness. 

Restricting our consideration to the class of 
all median unbiased estimators, we can use the 
function 


Р,{ф(Х)<и) foru«0 


Py Q(X) eu} 


as an indicator of the behavior pattern of an 
estimator ф. The estimator ф that minimizes 
a(u, 0, ф) for all values of u and 0 (u Z 0) is said 
to be uniformly best. This property is also 
preserved under monotone transformations. 
Theorem (Birnbaum). If a family of distri- 

butions (P,|0e O c Rj has a monotone flike- 
lihood ratio with respect to a statistic t(x) and 
the distribution function F(t,0) of T —t(X) is 
continuous both in t for any 0 and in 0 for any 


a(u, 0, ф) = | 


for u> б 
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t, then there exists a uniformly best median 
unbiased estimator of 0. Actually, if 0 —Ó(t) is a 
solution of F(t,0)— 1/2, then p(X) = Ó(t(X)) is 
such an estimator. 

If for any 0€ Ө the tmode of the density 
function or the probability mass function of an 
estimator o (X) is equal to g(0), then @(X) is 
called a modal unbiased estimator of g(0). 


D. Lower Bounded of the Variance of an 
Unbiased Estimator 


When there does not exist a sufficient and 
complete statistic, we can still seek to minimize 
the variance of the (mean) unbiased estimator 
at every fixed point 0 = bọ. In the remainder 
of this section, 2 is assumed to be dominated 
by a measure u, and p,(x) denotes the density 
function of P, with respect to р and z,(x)= 
pa(x)/pə (x). The following theorem guaran- 
tees the existence of the locally best unbiased 
estimator. 

Theorem (Barankin). Let .£ be the set of all 
unbiased estimators of a parametric function 
g(0) with finite variance at 0 — 0. Assume that 
M is not empty and E, ((z (X))2) < co. Then 
there exists an estimator фо in Æ that mini- 
mizes the variance at 0, within Æ. Actually, 
{Qo} = MNP, where A is the linear space 
generated by (1,(x)|0€ Ө}. The minimum 
variance is given as follows: 


Vo (9) 
—-inf(V, (P(X ee.) 


= Sup; (E ама) е, (5 алу) | 
i-i iz 


E Y ОШ 
i=1 j=1 
where h(0)=g(0)—g(0) and A is the (i, j)- 
component of the inverse of the x n matrix 
(А) with 4;;= E, (m  (X)z (Х)) and where the 
supremum sup, is taken over all positive in- 
tegers n, 0,,...,0,€9 and a,,...,a,ER, and 
becomes sup, when the supremum 15 taken 
over n and the 6;. This theorem leads to the 
following three theorems with respect to the 
lower bound of the variance of an unbiased 
estimator. The first is immediate and the last 
two are obtained by replacing some order 
differences of л, with the corresponding 
differentials. 

Theorem. For any unbiased estimator p(X) 
of g and 605€ Ө, we have 


VS (p(X) >вир [(g(0) — 9(00))?/Е, (z (X) 


= 1  (X))2) 


(Chapman-Robbins-Kiefer inequality). 
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Theorem. Suppose @ < R. For any unbiased 
estimator @( X) of g and under certain regular- 
ity conditions, we have 


(g'(8)) 
E, ((Qlogp (X)/001,- ө)” ) 


(Cramér-Rao inequality), where the equality 
holds only for the exponential type distri- 
bution p,(x)= f()u(x)exp(a(8) p(x)). An ex- 
ample of such regularity conditions is (1) - (111): 
(1) E, ((z (X))2) < co for all 0€ 6; (ii) pg(x) has 
а partial derivative р(х) at 0 = 0, (а.е. Py); 
and (iii) 


i С — Po (X) 5) | = 
im E, =0. 
A60 60 po (X)A0 Pe (X) 


Vo (0(X)2 


Corollary. Let X =(Х,,..., X,) bea random 
sample from a distribution with density f(x, 0) 
and let 


I(0)= Е„((д1ов f(X,,0)/00)). 


Since E,((0log p,(X)/00)2)= nl(0), the Cramér- 
Rao inequality implies 


Vo 0(X))>(g'(0.))° /n1(0o). 


The number /(0,) is called the Fisher infor- 
mation of the distribution f(x,0). When the 
equality holds for an unbiased estimator (X), 
@(X) is called an efficient estimator of g(0). In 
general, the efficiency of an unbiased estimator 
ф at 0 — 0, 1 defined by 


Eff(o) = (9 (65) AnI (89) Vo (9)). 


Theorem. For any unbiased estimator @(X) 
of g(0) and under certain regularity conditions, 
we have 


Vs (o(X >Y У gO 


ici j=1 


og? (09) K j 


(Bhattacharyya inequality), where g?(0,) = 
d'g(0)/d0"|g=», and К? is the (i,j)-component 
of the inverse of the matrix (К) with 


T у TE " 
° “OÓ (X) (07 7??? 


An example of such regularity conditions is 
(1)- (iii): (i) E, ((n4(X)?) < co; (ii) p (x) is k-times 
differentiable with respect to 0 at 0 = 0,; (iii) 
the ith partial derivative рб (x), i<k, satisfies 


lim E, [Geer 85 n es 
4070 °| ро (X)(A0) Po (X) 
where AP,(X) lee, = P, +. 6 (X)— P, (X) and 
A:P,(X)=A(A' 1p,(X)) for iz2. For k= 1 the 
Bhattacharyya lower bound is the same as the 
Cramér-Rao lower bound. In general, the 
former gives a sharper lower bound than the 
latter. 

If the parameter is multidimensional, 0 — 
(0,, ..., 6,Y, then for any unbiased estimator 
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Ф(Х) of g(0) and under similar conditions to 
those for the 1-dimensional case, we have 


k k 

>) > 91 (б) 9 (Oo) J Jt, 

i=1 j=l 

where (б) = 0g(0)/00,| = , and J” is the (i, j)- 
component of the inverse of the matrix (J;) 
with 


J= Eo, (€ log po(X)/08,| 9=9,0 log ps( X )/00)| | =a). 


If 0*(X) = (OF(X), ..., 0f (X)y is an unbiased 


estimator of 0 —(0,, ...,0,) (i.e., E(0*(X)) = 
for i- 1,2, ..., К), then the fcovariance matrix 
V, (0*(X)) of 0*(X) at 0, satisfies V, (0*(X)) > 
J 1, that is, the difference V,(0*(X)) —J ! isa 
nonnegative definite matrix. If X =(X,,..., X,) 
is a random sample from a distribution having 


density f(x,,0), then by setting 


Vs (0(X)) 


E 


„= Es (log f(X,, 0)/00,| 9-5, 
x ĉlog f(X,,0)/00,| ө=ө„), 


we have Ј,; = п1,,. The matrix Г —(1;j is called 
the Fisher information matrix of the distri- 
bution f(x,, 0). 


E. Decision-Theoretic Formulation 
(— 398 Statistical Decision Functions) 


Let W(0, a) (> 0) be the loss incurred from an 
estimate (or action) a of the parameter when 
the true value of the parameter is 0. The risk 
function of an estimator o (X) of the para- 
metric function g(0) is then defíned as 


Statistical decision theory deals with the prob- 
lem of minimizing, in an appropriate manner, 
the risk function by a suitable choice of o. The 
notions of complete class, Bayes estimator, 
admissibility, minimax estimator, and invar- 
iant estimator, explained here and in Sections 
F-I, are the most important of the theory. The 
unbiased estimator explained in Section C 
may also be considered an important concept 
of the theory. 

A class C of estimators is said to be essen- 
tially complete if for any estimator @ there 
exists an estimator o in C such that 


r(0, Фо) < r(0, p) 


for any бє Ө. The following two theorems 
hold, provided that the action space .% is R 
and the loss function W (0, a) is convex with 
respect to ає.2 for any 0€. 

Theorem (Hodges-Lehmann). If W(0, a)— oo 
as |а| оо, then the class of all nonrandomized 
estimators is essentially complete. 

Theorem. If T = t(X) is a sufficient statistic, 
then the class of all functions of T is essentially 
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complete. Actually, given any estimator ф(Х) 
of g(0), the conditional expectation (t) = 
E(o(X)| T =t) yields an estimator p (X)= 
V (t(X)) satisfying r(0, po) € r(0, o) for any 0, 
where the equality holds when and only when 
Фф = фо, provided that W is convex in the strict 
sense. 

A loss function of the form 


W(0,a)— A(0)((a—g(0), — 2(0)- 0, 


is called a quadratic loss functions. If, in partic- 
ular, 2(0) = 1, then 


r(0, ф) = E,((0(X)—g(0))) 


is called the mean square error of the estimator 
g@(X) of g(0). This error coincides with the 
variance when the estimator is unbiased. 


F. Bayes Estimators 


Let ¢ be an a priori distribution over the 
parameter space O associated with a certain 
*g-algebra $, and assume that r(0, ф) is {ў- 
measurable for every ф. Denote by Eš the 
average operator relative to č. The infimum 
of the average risk r(£, o) = E*(r(0, ф)) = 

E* E,(W(0, o(X))) for o running over its range 
is called the *Bayes risk relative to с, while an 
estimator @(X) of g(0) at which the average 
risk r(£, ф) attains the infimum is called a 
Bayes estimator relative to С. A Bayes esti- 
mator is obtained as follows: Assume that 2 
is dominated by a measure и with B x &- 
measurable density p,(x), the loss function 
W(0, a) is & x &-measurable, and 


| pe(x)d¿ (0) < co. 
[2] 


For each observed value of x, the Bayes езїї- 
mator ф(х) takes the value a that minimizes 


r(a| x)= ES(W(0, a)| x) 
-| W(0, a)p(0| x) dš (0), 
e 


where p(01x) is the probability density, with 
given x, of 0. We call r(a| x) the posterior risk. 
Theorem (Girshick-Savage). Suppose that 
the loss function is quadratic. For any x the 
value of the posterior risk is either oo (for 
every value of a) or finite (for all or only one 
value of a). If the Bayes risk relative to č is 
finite, then a Bayes estimator @*(X) relative to 
č is determined uniquely as follows: ф(х) = ag 
if r(ag| x) < oo for only one value ag, whereas 
ф®(х) = E*(g(0)4(0)| x E*(4(0)] x) if r(a| x) < оо 
for every a. If E*(4(0)) « oo, then a Bayes esti- 
mator is either biased or has average risk zero. 
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G. Admissibility of Estimators 


An estimator @9(X) of a parametric function 
g(0) is said to be admissible if and only if for 
any estimator (X) of g(0) the inequality 
r(0, o) € r(0, фо) for all 0€ © implies that 


r(0, o) — r(0, фо) 


for all бє @. If an estimator is the unique 
Bayes estimator relative to some a priori 
distribution, then it is admissible. For exam- 
ple, let X,,..., X, bea random sample from 
N(0, 1), and let W(0,a) = (a 0)”. Then ф(Х) 
— (c 4- no? X)/(1 + no?) is the unique Bayes 
estimator relative to the prior distribution 
N(c, o?) of 0, where X is the sample mean. 
Hence any estimator of the form ọ(X)=aX +b 
is admissible when 0 «a «1 and --oo «b < œ. 
In the rest of this section and the next sec- 
tion, we restrict ourselves to quadratic loss 
functions. If a statistic of the form сф(Х) with 
real c is an admissible estimator of g(0), then 


(uo =u) sessu azn) 
0 E,(@2) 0 Еф?) 

Theorem (Karlin). Let X be a random vari- 
able having a 1-dimensional exponential type 
distribution dP,(x) = f(0)e** du(x) with a param- 
eter space Ө —1(0,0) — (0| [2n e^* du(x) < co) 

a closed or open interval, and let g(0) = E, (X) = 
— p'(0)/B(0) be a parametric function to be 
estimated. Then the estimator ф,(Х)= Х/ 

(A+ 1) for real 4 is admissible provided that 
f4(8(0)) ^ d0— oo as b—0 and (2(5(0)) ^ d0— oc 
as a for any ce(0,0). 

Corollary. When © =(— oo, oo) the estimator 
@o(X)=X is admissible. 

Corollary. Let Ө =( —co, оо), and assume 
that both intervals (—00,0] and [0, со) have 
positive measure with respect to x. Then every 
estimator of the form ф(Х)=аХ withO<a<1 
is admissible. This theorem can be applied to a 
random sample X;,..., X, drawn from an 
exponential type distribution because the 
sufficient statistic X = У X;/n has an exponen- 
tial type distribution and E,(X)= Е,(Х,). 

Theorem (Karlin). Let X be a random 
variable having a distribution dP,(x)=q(0)- 
r(x)dx for O € x x0 and =0 otherwise, with the 
parameter space Ө = (0, оо), where [5 r(x) dx < 
--oo and f$ r(x)dx 2 oo. Among the estima- 
tors of the type ф.(Х) = c(q(X)) * for g(0) = 
(q(0)) * with à 0, only one estimator with the 
value c — (2a + 1)/(« + 1) is admissible. This 
theorem is applicable also when the size of the 
random sample is larger than 1. 

Theorem (Stein). Let X,,..., X, bea random 
sample from a univariate distribution dP,(x) = 
f(x —0)dx with a location parameter 0. Define 


A Asp | (TL ts. aao 
x i=1 
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for k=0, 1, 2. If 


D с А, А, 23 32 n 
Да —-—|— х; 
И |. = Е (2) ) H ^ д 
x | ах, < оо, 
i=1 
then the Pitman estimator oo(X,, ... 
Ai(X;, ..., XY Ao(X,, ... 
0 is admissible. 


. Xa) 7 
, X,,) of the parameter 


Inadmissibility of the Usual Estimator for 
Three or More Location Parameters. Let X — 
(X4, ..., Х,) be a k-variate normal random 
variable with mean 0 —(0,, ...,0,) and covar- 
iance matrix 1, the identity. Then the Pitman 
estimator of 0 is Ü= X. However, Stein showed 
that X is inadmissible. It is strictly dominated 
by the estimator 0*(X)— (I — (k —2)/ X|?) X, 
where |:| denotes the Euclidean norm |X |? = 

* (X2. That is, if Kk 23, EJ0*(X) — 0|? < 
E|X — 0| for any 0. 

An estimator such as 0*( X) is called Stein's 
shrinkage estimator (James and Stein, Proc. 4th 
Berkeley Symp., 1 (1960)). 


H. Minimax Estimation 


Ап estimator ф*(Х) is said to be minimax if 
and only if 


sup r(0, p*)=infsup r(0, q). 
8 Ф Өө 


If an estimator ф* is admissible and the risk 
r(0, ф*) is constant with respect to 0, then ф* is 
minimax. 

Theorem (Hodges-Lehmann). А Bayes esti- 
mator @* relative to an a priori distribution 
č is minimax if £ assigns the whole proba- 
bility to a subset ос Ө, r(0, ф*) is constant 
(say, с) for dew, and r(0, ф*) с for 0e ©. 
Let X have a binomial distribution B(n, 0), 0 < 
0 «1; 0is unknown. If the prior distribution 
of Ü is a beta distribution BG np, n2), then 
the Bayes estimator is T*(X)=(X + J npn + 
n), which has constant risk E,(T*(X)—0) = 
(201+ 4/8) 2 for all 0, 0 «0 « 1. Thus, ac- 
cording to this theorem, T*(X) is minimax. It 
is interesting to compare the mean square 
error of T*(X) to that of minimum variance 
unbiased estimator 0= X /n, 0(1 — 0)/n. 

Theorem (Wald). If there exists a sequence 
of prior distributions {&„} such that 


lim мүн on-i r(0, p) ass) <0 
na; [4 ө 


for any 0e Ө, then ф* is minimax. For exam- 
ple, the last theorem led to the proof of the 
fact that the Pitman estimator of a location 
parameter is minimax [4]. In the discussion of 
robust estimation, Huber (Ann. Math. Statist., 
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35 (1964)) proved that Huber's minimax robust 
location estimator minimizes the maximum 
asymptotic variance over some family of sym- 
metric distributions in a neighborhood of the 
normal distribution (— 371 Robust and Non- 
parametric Methods). 


I. Invariant Estimator 


For simplicity, assume that the range A of a 
parametric function g(0) coincides with the 
parameter space, and consider the point esti- 
mation of g(0)= 0 (0 is not necessarily real). 
Suppose that there exist two groups G= {т} 
and G = {т} of one-to-one measurable trans- 
formations of Z and Ө, respectively, onto 
themselves such that (i) there exists a homeo- 
morphic mapping тт from G to G; (ii) if X 
has a distribution P,, then zX has the distri- 
bution P-,; and (iii) W(t0, та) = W(0, a) for 
any 0, a, and т. An estimator ф is said to be 
invariant if it satisfies (тх) — to (x) for any 
тєС, а.е. P. An estimator ф is called a best 
invariant estimator if the risk function r(0, q^), 
where @ is an invariant estimator, takes 115 
minimum value when Q' =. 

If the group G is ‘transitive on ©, then the 
risk function of any invariant estimator is 
independent of the value of 0, and hence any 
admissible invariant estimator is best invar- 
iant. For example, in the point estimation of a 
location parameter with a quadratic loss func- 
tion, the Pitman estimator is best invariant. 

Theorem. If O is a compact topological 
space, G is a group of homeomorphisms of @ 
onto itself, and G is homeomorphic to @ 
under ge G j0, € Ө with a fixed 05€ Ө, then 
any Bayes estimator relative to the *right- 
invariant Haar measure over G is best in- 
variant. This result can be generalized to a 
locally compact @ (— 398 Statistical Decision 
Functions). 


J. Sequential Estimation 


Estimation methods based on sequential sam- 
pling are not as popular as tsequential tests, 
because their efficiency is not very large com- 
pared to that of nonsequential estimation. A 
generalization of the Cramér-Rao inequality to 
any sequential unbiased estimator ф(Х) of a 
parametric function g(0) is the Wolfowitz 
inequality, 


Vol o(X))> (400)? KE (N)1(0)) 


for every 0€ Ө, under regularity conditions 
similar to those for the fixed-size sample prob- 
lem, where N is the sample size and /(@) the 
Fisher information. 
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K. Asymptotic Theory 


In practical problems of statistical inference 
the sample size n is often large enough to give 
sharp estimates of the parameters involved; 
then the sample distributions of estimators can 
be approximated closely by their asymptotic 
distributions, which are of a simpler nature. 
Assume that X =(X,, X, ...) is a sequence of 
independent and identically distributed (i.i.d.) 
random variables with the common distri- 
bution P}, бє Ө. For each n, let g, =9,(X,, 
-<-> X,) be an estimator of g(0) that is a func- 
tion of 0 to x (c R”). Thus д, is a measurable 
mapping from (Z", 8") to (£, €). Let us de- 
note the distribution of ф, by L(¢,), (o, 10) 
or Z'(o, | Po), the last two emphasizing that the 
underlying probability distribution is Pj. For 
example, if the mean vector Ej4(o,) = m,(0) and 
the covariance matrix v,(0) = V,(@,) exist for 
every n, and if Z([v,(0) !? (p, (X) —m,(0))|0]— 
N,(0, I) as n> oo, then Y(¢,| 0) is approxi- 
mated by a p-variate normal distribution 
N,(m,(0), v,(0)) (= 341 Probability Measures 
D). o, is said to be asymptotically (mean) 
unbiased for g(0) if m,(0)— g(0) for any бє Ө as 
n— oo. But we often calculate the asymptotic 
distribution without obtaining the exact mean 
and covariance matrix of the estimator q, for 
each n. In the asymptotic theory it may be 
reasonable to regard the sequence of estima- 
tors (9, rather than each estimator ф, as an 
"estimator," but we do not bother with the 
difference between these definitions of an 
estimator. 


Consistency. { ф„} is called a consistent esti- 
mator of g(0) if o, converges to g(0) in proba- 
bility as n> co: 


lim P,1|9,— g(0)] >в}=0 for any £» 0 and 


every 0€ Ө. 


If the convergence is almost sure, it is called 
a.s. consistent. For example, if o, is asymptoti- 
cally unbiased with the covariance matrix v, (0) 
such that |v,(0)| ^0 as n> oo, then p, is a 
consistent estimator of g(0). A sufficient con- 
dition for existence of a consistent estimator is 
given by the following result. 

Theorem (LeCam). Let Z be a Euclidean 
space and $8 the c-algebra of all Borel sets in 
X. If the parameter space Ө is a locally com- 
pact subset of В“, P, Р, for any 0  0' (identi- 
fiability condition), and P, — Р, whenever 0, 
0, then there exists a consistent estimator of 0. 
Ф, = g(T;) is a consistent estimator of g(0) if 
{T,} is a consistent estimator of 0 and g(0) is a 
continuous function of 0. 


Asymptotic Normality. The class of estimators 
Is restricted to what are called consistent esti- 
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mators. An estimator {ф„} is said to be asymp- 
totically normally distributed if the asymptotic 
distribution of п!2(ф, —g(@)) is normal: 


Lin"? o, — g(6))|0] 5 N,(u(0), v(0)) as n— oo. 


(0) and v(0) are called the asymptotic bias and 
asymptotic covariance matrix, respectively. 
They are not always equal to the limits, if any, 
of the mean and covariance matrix of п!?(ф, — 
g(0)). {@,} is usually called a consistent and 
asymptotically normal (CAN) estimator if the 
asymptotic distribution of n!2(q, — g(0)) is 
normal with the asymptotic bias zero. Then 
the distribution Z(@,|0) is approximated 
by N,(0, v(0)/n). For example, the "moment 
method estimator is a CAN estimator. 
Theorem. Let {¢,} be a CAN estimator of 
g(0)c R! with asymptotic variance v(0). Then 


lim inf E, (n| o, —g(0)|?} 2 v(0) for every 08 @. 


Theorem. Suppose that g(0) is a continu- 
ously differentiable function from O (c R*) to 
К” (p&k). Let G(0) = (09:(0)/00), the !Jaco- 
bian matrix. If {T,} is a CAN estimator of 0 
with asymptotic covariance matrix v(0), then 
{g(T,)} is a CAN estimator of g(0): 


Ln"? (G(T,)—9(8))| 0] + №0, 0(0)2(0)0(0)) 


An estimator {T,,} is said to be a best asymp- 
totically normal (BAN) estimator of 0 if (T,] 

is a CAN estimator of 0 with asymptotic 
variance I! (0), where I(0) is the tFisher in- 
formation matrix on 0 in a single observation. 
We can see that the maximum likelihood (ML) 
estimator (— Section M) is a BAN estimator. 


Functional on Distribution Functions. Let (F) 
be a functional on distribution functions to R!. 
Let us consider the class of estimators that 
are defined by o, = o(£,), where F, is the tem- 
pirical distribution function of n samples X,, 
... Xp: An estimator {@,} with o, = Ф(Ё,) 
for each n is said to be Fisher consistent for 
g(0) if Ф(Е,) = g(0) for every бє Ө when Ё, is 
the true distribution function. {@,} is also a.s. 
consistent for g(0) if (o,! is a Fisher consistent 
estimator of g(0) and if ф is a continuous func- 
tional. Furthermore, if q is differentiable, we 
can see that {¢,} is also а CAN estimator by 
using the fact that n!2(F (Fj!(r))— t), 0< t <1, 
converges weakly to the tBrownian bridge. 
Let Š be a set of distribution functions. S is 
said to be a star-shaped set of F if HeS 
implies F? (1 — t)F -- tH €S for any te[0,1]. 
Theorem (Von Mises). Assume that 
(F1) there exists a star-shaped set 5, at F such 
that lim, P,{F,,¢S,} = 1; 
(F2) for any te[0, 1] and Нє $, there exist 
derivatives (d'/dt') p[(1— t)F + tH], i=1, 2; 
(ЕЗ) there exists у,(у) from R! to R! such that 
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d [se] 
адына | iW (y)d(H(y) 
(F4) lim P, UR 7? sup [F9] 


—F,(y)) for all H € $5; and 
-d- 0 
te[0, 1] = 
for any 6 and £> 0, where Е =(1—t)F,+tË;. 


Then if o, with o, = Ф(Ё,) is Fisher consistent 
for g(0), we have 


d? 
de? 


[и Pn —9(0))10] N(0, ь(Ө)), 


where 


v(0)= j: j (y)? d Foy) ЕИ Wel y) d Fol oh 


{c,}-Consistency. For a sequence of positive 
numbers c, tending to infinity as n— co, an 
estimator T, is called consistent for бє © with 
order c, (ог {c,}-consistent for short) if for 
every £> 0 and every 0є @ there exist a suffi- 
ciently small positive number 6 and a suffi- 
ciently large number K satisfying 


lim sup sup[P, {c,| 7; -—t|=K};|t—0|<d] « e. 
no 


Let {с„} be a maximal order of consistency. 
This notion was introduced by Takeuchi and 
Akahira. They studied consistent estimators of 
location parameters with various orders. Let 
#'=@=R'!. Suppose that for every 0€ G, P, 
has a density function f(x — 8) with respect to 
the Lebesgue measure. 

Theorem. Assume that 
(ОСІ) f(x) »0 ifa«x «band f(x)-0 if x xa 
or xx b; 
(OC2) there exist positive numbers 0 «ox p< 
co and 0 < A’, В < оо such that 


lim (x—a) *f()- A 
tim (b — x)! f= В; 


(OC3) f(x) is twice continuously differentiable 
in the interval (a, b) and there exist positive 
numbers 0 < A”, B" < co such that 


lim (x—a)2 О) А”, 
хәа+О 
lim (b—x) P| f'001= B”. 


Assume further that f”(x) is bounded if x > 2. 
Then for each « there exists a consistent esti- 
mator with the order given in Table 1. 


Table 1 
{c, }-consistent 
а order c, estimator 
O<a<2 и! {min X, + max X, — 
(a+b)}/2 
o = 2 (nlogn)!? ML estimator 
12 nl? ML estimator 
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L. Moment Method 


The moment method is also utilized to obtain 
estimators. Suppose that Z c В! and OcR*. 
Denote the tpopulation distribution function 
by F, and the fempirical distribution function 
of n samples X,, ..., X, by Ё,. The following 
system of simultaneous equations is derived 
from letting the jth *population moment 


u; (0) = E ,(X)= [ 


be equal to the jth fsample moment 


тп! > X]= | s/s 
i-1 
For example, for j — 1, ..., К, 


u(0) — (Q0), ... 


A moment method estimator is determined as a 
solution 0 —0,(x)e Ө of k numbers of simulta- 
neous equations. 

Theorem. Assume that the function u(0) 
from Ө to R* is continuously differentiable and 
that the Jacobian matrix M(0) = 04(0)/00 = 
(0u,(0)/00;, i, j= 1,..., К, is nonsingular in a 
neighborhood of the true parameter. Then the 
moment method estimator exists and is a 
CAN estimator: 


S [n'^ (0, —0)10]— N,(0, M (0)! v(0) M (0y 7"), 


where v(0) = (соу, (X, X/)), i, j= 1, ..., k. In 
general, a moment method estimator is not 

a BAN estimator. However, in view of its 
simple form, a moment method estimator is 
important and often utilized as a first-step 
estimator in order to determine the maximum 
likelihood estimator by the iteration method. 


= 


E i (0) = (n, ter т.) = mi. 


M. Maximum Likelihood Method 


Suppose that a distribution P, has the density 
function f(x, 0), бє Ө C Rk, with respect to a to- 
finite measure p, and let x;,..., x, be observed 
values of random samples X,,..., X, from the 
population f(x, 0). Then the function L, of 0 
defined by 
L,(0; x, ex) 70) 
is called the likelihood function. If 0 —Ó,(x,, 
.., X) Maximizes the value of L, (0) for fixed 
X, ...,X, and if it is a measurable mapping 
from (%", B") to (Ө, €) with € a *c-algebra 
of subsets of ©, then б (X) - 0,(X,, - Xa) IS 
called the maximum likelihood (ML) estimator 
of 0. This method of finding estimators is 
called the maximum likelihood method. If the 
parameter is transformed into a new para- 
meter у =h(0) by means of a known one-to- 
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one bimeasurable transformation h and if 
there exists a unique ML estimator Ó, of 0, 
then ñ,(X)= h(0,(X)) is a unique ML estimator 
of y. In other words, the ML estimator is in- 
variant for every one-to-one transformation. 

Many statisticians have investigated and 
improved known adequate regularity con- 
ditions under which the ML estimator exists 
and is a BAN estimator. 

Theorem (Wald). Assume that 
(C1) O is a closed subset of R* with nonempty 
interior Ө; 
(C2) for any xe Ж, f(x, 0) is continuous with 
respect to 0 and lim, f(x, 0) =0 if © is not 
bounded; 
(C3) if 0, #0,, then P, # P, and [| f(x,0,) — 
f(x. 0,) du(x) > 0; 
(C4) E, (Пов f(X, 05)]) < o0; and 
(C5) E, (log * f(X, 0, p)) < oo and E, (log* ф(Х, r)) 
< oo, where f(x, 0, p) - sup f(x, 0); 10 —0|« pj 
and ф(х, r) = sup f(x, 0); |0| > rj. (The last 
two functions are measurable according to 
assumption (C2). 
Then if a sequence of measurable functions, 


(0,(x,, ..., Xn} satisfies 


DICERET 


lim inf 
pue L,(05; x4, 2 Xp) 


noo 


P C>0 (a.s. Py) 


then as n со, 0,(Х,,..., X,) converges a.s. to 
the true value 0, of the parameter. Hence if 
the ML estimator exists, it is a.s. consistent. 
Pfanzagl (Metrika, 14 (1969)) and Fu and 
Gleser (Ann. Inst. Statist. Math., 27 (1975)) 
gave rigorous proofs for the existence of the 
ML estimator. 

Theorem. Under assumptions (C1) and (C2), 
there exists a maximum likelihood estimator 
б for any positive integer n. That is, б = 
6,(x,,...,X,) is a measurable function from 
(4^, В") to (Ө, €) and satisfies BOR ek) 
= sup, L(0; x,, ..., x,). 

In the remainder of this section we suppose 
that assumptions (C1)-(C5) are satisfied. We 
use the notation 


af 


00^ (лк о), a k-column vector, 


А ee f(x,0)), a k> k matri 
—— 1 —üs a K X K matrix, 
00 X60060 С} 


log f ( log f(x, 0) 


? dessen: 
00 20,00,20, ) I 


Theorem (Cramér). Assume that 

(AN1) for a.s. [u]x, f(x, 0) is three-times con- 
tinuously differentiable with respect to each 
component of 0 —(0,, ..., 0, € O°; 


у(х, 0 
(AN2) for ө" ед 
z ĉ0 
0? f(x, 0) 
and |, E du — 0; 
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д 3 
(AN3) &( = ов f(x, 0) )- co for 0e 9^; 
(AN4) the Fisher information matrix 1(0) = 


E, [E fx. n) (Sree fx, 0) j| exists and 


is positive definite for 0€ 9; and 
(ANS) there exists an H(x) such that 


< A(x) and E,(H(X)) «C, a 


д3 
ap eg f(x, 0) 


constant for 0 € 9. 

Then the maximum likelihood estimator is 

a BAN estimator: Z[n'7(8, —0)|0]^ 
N(0,1(@)~!) as п» со for 0€ ©°. Note that 
under assumption (AN1) the likelihood func- 
tion attains the maximum in Ө? with proba- 
bility tending to 1 as n— oo if the true value 
of the parameter exists in ©°. Hence the ML 
estimator is determined as a root Ө=б(ху,... 
x,) of the likelihood equation with the same 
probability as above: 


д Л n д 

50198100 = p ag ЁЛ es D) : =0. 
We also call n^! 0log L,(0)/00 the likelihood 
estimating function. The essential fact used in 
the proof of the above theorem is the asymp- 
totic equivalence of the ML estimator and 
the likelihood estimating function: 


A,(0) — I(0)n!^ (Q, —0)—0 іп P, as n— co, 


where A,(0) 2n log L,(0)/00. Note the fact 
that 


LTA, (0)| 1 N, (0, 1(0)) as n oo 


holds according to the central limit theorem 
(— 250 Limit Theorems in Probability Theory 


B (D). 


Contiguity. We now turn to the situation 
where we need asymptotic distributions under 
the alternative distribution P,,,-1.2, with 0 + 

n ^ heO in estimation as we do in testing 
hypotheses (— 400 Statistical Hypothesis 
Testing). The notion of contiguity, due to 
LeCam (1960), is basic for the asymptotic 
methods of estimation theory. We consider 
sequences (P,j and (P; of probability mea- 
sures on (Z", 8") with the *Radon-Nikodym 
derivatives p, and p, with respect to a c-finite 
measure, such as P, + P;. Denote by y, = 
A[P,; P,] a generalized log-likelihood ratio 
that is defined by log p;/p, on the set { р„р„ 

> 0! and is an arbitrary measurable function 
on the set { р„р„=0}. Let {B,} be any sequence 
of {8"}-measurable sets, and let | p} be any 
sequence of {4 -теаѕигаЫе functions. А 
sequence of distributions (.7[ T, | P,]} is said to 
be relatively compact if every subsequence 

{n} с (nj contains a further subsequence 

{m} c {n'} along which it converges to a prob- 
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ability distribution. In the Euclidean space 
relative compactness is equivalent to tight- 
ness: that is, for every > 0 there is a b(e) such 
that P,{|T,| > b(e)} <e for every n. 

Theorem. The following statements are all 
equivalent. 

(1) For any {T,}, T, 0 in P, if and only if T, ^ 
O in Р). 

(2) For any {T,}, (. ZLT,| P,] | is relatively 
compact if and only if (.Z[T,| Р] | is relatively 
compact. 

(3) For any {B,}, P,(B,] 50 if and only if 
Р.В, 0. 

(4) Whatever the choice of y,, {L [ynl P,1] and 
{Гу АРЛ! are relatively compact. 

(5) Whatever the choice of y,, {2 [y,| P, |) is 
relatively compact. Furthermore, if {m} c {n} 
is a subsequence of {n} such that Z[», | Pa] 
converges to [y], then Ef{e*} = 1. 

Two sequences {Р,! and {Р} satisfying 
requirements (1)-(5) of the above theorem are 
said to be contiguous. 

Theorem. Suppose that {P,} and {P;} аге 
contiguous. Let {m} c {п} be a subsequence 
such that #[7,,, Т„| Pn) converges to a limit 
Lix, T]. Then Z[x,, Tn) Ph] converges to 
e* Z[y, T], where v2 e* Z[y, T] is given by 
(4) = (е4. [х, T]. 

Now, set Р, == P; and P; = Ру, „12, for each 
п. Under suttable regularity conditions, such 
as assumptions (C1)-(C5) and (AN1)-(ANS), it 
is easy to see that {PP} and {Phn u2} are 
contiguous. At the same time, we can see that 
the asymptotic linearity of A,(0 -- n !? h; 0) = 
A[P#,,- 124; Ру] holds (say) in the vicinity of 
the true parameter as follows: 


1 
A,(0+n "èh; 0) A (0) SH 1(O)h0 in Py 


The asymptotic equivalence of the ML es- 
timator and A, (0), and the asymptotic linearity 
of the log-likelihood function and A,(0), leads 
to the regularity (— Section N) of the ML 
estimator. 

Theorem. Under suitable regularity con- 
ditions as above, the ML estimator is regular: 


4 [n (Â, — 0) — h|0 +n"? h] +N, (0, 10) '), 


for any heR* with 0--n Y he. 


N. Asymptotic Efficiency 


In Section D we discussed lower bounds of 
variances of unbiased estimators for finite 
sample size and defined the efficiency of an 
unbiased estimator with variance v,(0) by 
(v,(0)nI(0)) !. In this section we first discuss 
the asymptotic efficiency of a CAN estimator 
in the same vein as in the case of finite sample 
size. Second, we see a specific approach to the 
large-sample theory of estimation. Throughout 
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this section we assume (C1)-(C5) and (AN 1)- 
(ANS) stated in Section M. 


BAN Estimators. We suppose that the para- 
meter space O is a subset of R! in this para- 
graph. We restrict our attention to the class 
of CAN estimators {T,} of the real-valued 
parameter 0 for which #[n"?(T,—6)|@]> 
N(0,v(0)) as n oo. Fisher's conjecture con- 
cerning the lower bound to asymptotic var- 
iance v(0) of any CAN estimator is 


»(0) > 18)", 


where I(0) is the Fisher information on 0 in a 
single observation. The asymptotic efficiency 
of a CAN estimator with asymptotic var- 
iance v(0) is defined by (0(0)1(0)) 1. А CAN 
estimator with asymptotic variance I(6) ! is 
called a BAN estimator or an asymptotically 
efficient estimator. Note that under suitable 
regularity conditions there always exists an 
asymptotic efficient estimator, for example a 
ML estimator, although for a sample of finite 
size there exists an efficient estimator if and 
only if the family of density functions is of the 
exponential type. 

Unfortunately, Fisher's conjecture is not 
true without further conditions on the compet- 
ing estimators. À counterexample was pro- 
vided by Hodges and reported by LeCam 
(1953). Let {T,} be any CAN estimator with 
the asymptotic variance v(0). Consider the 
estimator 


es 
T= 
T, 


n 


if |T,| «n "^, 
if |T;| zn "^, 


where 0 «a < l is a constant. {77} is also a 
CAN estimator with asymptotic variance v'(0) 
such that 


2 1 a, 
TE v(0) if 0—0, 


v(8) otherwise. 


Let (T) be a BAN estimator; then T; is an 
estimator with asymptotic variance less than 
100)! and is called a superefficient estimator. 

Theorem (LeCam). The set of points 0 for 
which the inequality due to Fisher fails is of 
Lebesgue measure zero. А condition due to 
Bahadur lcads to the continuity of asymptotic 
variance which implies the validity of the 
above inequality. 

Theorem (Bahadur). Suppose that {7,) is а 
CAN estimator with asymptotic variance v(0) 
satisfying the condition 


1 
lim inf Ру en io (T, <0 +n 12) =, 


or 


1 


lim inf P, ennf, > 85 +n 121 x-. 
пэ 0 9 2 
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Then the following inequality, due to Fisher, 
holds at 0 — 6: 


v(0o) > 0) `. 


Regular Estimators. Wolfowitz and Kaufman 
considered an operationally more justifiable 
restriction on competing estimators, called 
the uniformity property, stating that, for an 
estimator {T,} of 0, Z[n'?(T, —0)|0](y) con- 
verges to any limit L,(y) uniformly in (y, Ae 
R* x C, where C is any compact subset of the 
interior Ө? of Өс К“ The ML estimator (0,! 
also has this uniformity property under suit- 
able regularity conditions, such as (C1)-(C5) 
and (AN1)-(ANS5) to which some uniform- 
ity properties are added [29]. We note that 
asymptotic variance is not a good measure- 
ment of asymptotic efficiency unless an estima- 
tor is a CAN estimator, and that asymptotic 
concentration is in general a more pertinent 
measurement. 

Theorem. For an estimator {T,} with uni- 
formity property above, it holds that the limit 
L,(y) is a probability distribution function and 
continuous for either one of the variables y or 0 
if the other is fixed and furthermore that the 
probability measure L, is absolutely contin- 
uous with respect to the Lebesgue measure on 
R*. 

Theorem. The asymptotic concentration of 
the ML estimator {0,} about 0 is not less than 
that of any estimator {Т,} with uniformity 
property: For any convex and symmetric set 
S c R* about the origin, 


lim P,(n'?(0, — 0)e S1 > lim P,(n'?(T, — 0)e S). 


Schmetterer (Research papers in statistics, F. 
N. David (ed.), 1966) provided the notion of 
the continuous convergence of distributions of 
estimators of 0 which is weaker than uniform 
convergence. An estimator {T,} is said to be 
regular if 


Ln (T, — 0) —h|0--n^? h] 2 L, as noo, 


where L, is a probability distribution inde- 
pendent of h with 0--n 1⁄2he Ө. It was shown 
that the ML estimator í0,) is regular under 
ordinary regularity conditions. Hájek obtained 
the following characterization of the asymp- 
totic distribution of any regular estimator and, 
independently Inagaki (Ann. Inst. Statist. 
Math., 22 (1970); 25 (1973)) obtained a similar 
result. 

Theorem. The asymptotic distribution L, of 
any regular estimator { Т, is represented as 
the *convolution of a normal distribution №, 
and some residual distribution G,: 


La =N; бу, 
where № = N,(0, 1(0) !), the asymptotic distri- 
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bution of the ML estimator {ĝ,} in the ordinary 
regular case. It follows from the characteriza- 
tion L, = Nọ * Go, that the first two theorems 

in this section hold also for regular estimators. 
(— LeCam, Proc. 6th Berkeley Symp., 1972, 
and Roussas and Soms, Ann. Inst. Statist. 
Math., 25 (1973).) 


O. Higher-Order Asymptotic Efficiency 


In Section N it was shown that the ML esti- 
mator is a BAN estimator. In general, how- 
ever, there exist many BAN estimators. For 
example, consider the case of a *multinomial 
distribution where probabilities of events are 
parametrized. That is, let X —(n,,...,n,), N= 
n,+...+n,,, be distributed as a multinomial 
distribution M(n;7,,..., Am) zt, +... +Z, = 1, 
and let Me be a subset of m-vectors, IT, = 
In(0) = (1,(0), ...,1,(6));0€ 0], OCR". De- 
fine f —(f,, .... D, — (n, /n, ..., n, /nf. Then 

we consider (i) the ML estimator, (ii) the 
minimum-chi-square estimator, (ti!) the mini- 
mum modified chi-square estimator, (iv) the 
minimum Haldane discrepancy (D,) estima- 
tor, (v) the minimum Hellinger distance (HD) 
estimator, and (vi) the minimum Kullback- 
Leibler (K-L) information estimator. These are 
defined as the values of the parameter 0 that 
minimize the following quantities, respectively: 
(i) МІ. = —logL,= —n37., f,logr(0); (ii) 
= У" (np; —n7,(0)) (пт: (0)); (01) mod x? = 
У" (nf; —n7,(0))? np; (iv) D, = Ei, n,(0)*!/ 
fi; (v) HD=cos `! У. (D;r(0))'^; and (vi) 
K-L-»7., z,(0)log(z,(0)/p;). Rao [32] showed 
that under suitable regularity conditions these 
estimators are Fisher consistent and BAN 
estimators. 


Fisher-Rao Approach to Second-Order Asymp- 
totic Efficiency. For бє @ c R!, let p,, be the 
density for n 11.4. observations x —(x,,..., X), 
and let qç, be the density of estimator T,. The 
tFisher information contained in X and in T, 
are defined by nI(0) = E(dlog p4,/40)? and 

nlr (0)— E(dlog q,,/d0)^, respectively. Rao 
defined the first-order (asymptotic) efficient 
estimator T, satisfying one of the following 
conditions: (1) n!? |dlog p,,/d0 — dlog q,,/d0| — 0 
in probability; (2) (0) — 17, (0) 0 as n> 

oo; (3) the asymptotic correlation between 

n? (T, — 0) and n'? dlog p,, /d0 is unity; (4) 

jn"? dlog p,,/d0 —a — [jn ^ (T, — 0)| 50 in prob- 
ability. We note that the larger the condition 
number ( j), the stronger the condition. A first- 
order efficient estimator is a BAN estimator. 
Fisher proposed 


Ез = lim (nl (0) — n1; (6) = lim W(dlogp,,/40 


—dlogqo,/d0) 
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as a measure of second-order (asymptotic) 
efficiency to distinguish different BAN es- 
timators. Fisher stated without any sort of 
proof that the maximum likelihood estimator 
minimizes E}, i.e., maximizes second-order 
efficiency. Rao proposed 


Е, = тіп V,(dlog pp,/d0 —an'? — fin( T, — 0) 
4 


—An(T, —0y)) 


as a measure of second-order efficiency for 
first-order efficient estimators {T,} satisfying 
condition (4). He showed that the estimators 
mentioned above for multinomial distribution 
are first-order efficient estimators satisfying 
condition (4) and furthermore calculated 
second-order efficiencies of these estima- 

tors measured in terms of E,: (i) E,(ML)= 
72(0)1(0); (it) Б(у?)= A(0) + E, (ML); (iii) 

E (mod у?) =4A(0) + E,(ML); (iv) E,(D,) = 

(К+ 1)?A(0)+ E,(ML); (v) E,(HD) = А(0)/4 
+E,(ML); (vi) E,(K-L)=A(0)+ E;(ML) with 


7200) = (uo — 


— (ui + uło- 


2j; ua o)/ D (0) 1 
2411 so) (0), 


A(0)— У (0m, (0)/2 — пао) 


+ 130/0212(0)), 
where 
Hrs = Hys(O) = Eg ((df(X,0/40y/f(X,0y 
x ((d2f(X.0)/402)/f(X.0))"1 


z (0)(mi(0)/z,(0)) (z; (0)/z,(0))°. 


i-1 


Rao [33] gave another definition of second- 
order efficiency based on the expansion of the 
variance of T, after correcting for bias: V,(T;) 
— (n1(0)) ! + w(0)n ? + o(n 2). The quantity 
w(Q) is considered to be a measure of second- 
order efficiency. The results of Fisher and Rao 
were confined to multinomial distributions. 
Efron (Ann. Statist., 3 (1975)) and Ghosh and 
Subramanyan (Sankhya, sec. A, 36 (1974)) 
extended the results to the so-called curved 
exponential family of distributions. Efron gave 
a geometric interpretation to the effect that 
second-order efficiency is related to the curva- 
ture of a statistical problem corresponding 

to 7(0) above, and S. Amari recently extended 
this differential-geometric approach to the 
discussion of higher-order efficiency of esti- 
mators. Rao suggested that E; is equal to E. 
Ghosh and Subramanyan gave a sufficient 
condition for the equality to hold, whereas 
Efron provided a counterexample to show that 
E, # E, in general. 


Pfanzagl and Takeuchi-Akahira Approaches to 
Higher-Order Asymptotic Efficiency. For each 
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k — 1, 2, ...,a *{c,}-consistent estimator {T,} is 
said to be the kth-order asymptotically median 
unbiased (AMU) estimator if for any 0c © 

(< R!) there exists a positive number ó such 
that 


1 
lim sup ck!|P{T,<t}—~/=0 
n> x: |[t —0| <ó 2 
or 
; к-1 І 
lim sup ск РТ 2:1] |= 
n— о |т—0|<д 2 


This notion, which is ап extension of (ће соп- 
dition due to Bahadur for the asymptotic 
efficiency, was introduced by Takeuchi and 
Akahira. For a kth-order AMU estimator 
UL Go(t, 0) + с.с, (6,0) +... 0, G, (60) 
is called the kth-order asymptotic distribution 
of c,(T, — 0) if 


lim ck" |Pjfc,(T, — 0) & t] — Go(t, 0) 


—¢,'G,(t,0)— с, 4 (t, 0)| = 0. 


Pfanzagl and Takeuchi and Akahira obtained 
the concrete form of the second- or third-order 
asymptotic distribution of the ML estimator. 
A kth-order AMU estimator is said to be 
kth-order asymptotic efficient if the kth-order 
asymptotic distribution of it attains uniformly 
the bound for the kth-order asymptotic distri- 
butions of the kth-order AMU estimators. 
Takeuchi and Akahira showed that under 
suitable regularity conditions, 7, is second- 
order asymptotic efficient if 


P,((n1 (0)! ^ (T, —0) «tj =O) + (3p; (8) 


+ 2430(0))/(61(0)3?) 
x g(0+o(n '”), 


where (ft) is the standard normal distribution 
function and o(t) is its density function, and 
further that the modified ML estimator 


= 0, +n uso (0,/(61(,) 


for the ML estimator б, Is second-order asymp- 
totic efficient. Pfanzagl (Ann. Statist., | (1973)) 
obtained a similar result. The formulation due 
to Takeuchi and Akahira is more extensive 
since it can be applied to the so-called non- 
regular cases. 


P. Estimating Equations 


We often determine an estimator as a solution 
0= T,(x, ..., x,) of an equation V,(x,,...,x,; 0) 
= 0; for example, the ML estimator as a solu- 
tion of the likelihood equation. In such case, 
such an equation is called an estimating equa- 
tion and ,(0) = P,(X,,..., Xn; 0), a random 
function, is called an estimating function [3]. 
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Call T, an estimator based on an estimating 
function \Р (0). The following result is a modifi- 
cation of a theorem due to Hodges and Leh- 
mann (Ann. Math. Statist., 34 (1963)). 
Theorem. Let O be an interval of R!. Sup- 
pose that a real-valued estimating function 
V, (0) satisfies the following three conditions: 
(M1) ,(0) is a nonincreasing function of the 
real parameter 0; 
(M2) for any real number h, n? P (0, 4- n! h) 
— n? (0,) + yh—0 in probability, where y is a 
positive constant; and 
(M3) .Z[n? P, (05) ]( y) ^ (y/o), where Ф is a 
continuous distribution function with zero 
mean and unit variance. 
Define an estimator based on VP, by T, =(0* + 
O**)/2, where 67 = sup(0| V,(8)7 0| and 0** 
= inf (0|V,(8) 01, Then we have Z[n'?(T, — 
09) ] (y) ^ 6( yy/o) as n> oo. Huber consid- 
ered a formulation that guarantees the asymp- 
totic normality of an M-estimator. An M- 
estimator T, is defined by a minimum problem 
of the form 27, p(X;, T) =min,2>-, p(X; 0) 
or by an implicit equation У V(X;, T.) = 0, 
where p is an arbitrary function and w(x, 0) = 
др(х, 0/00. Note that р(х, 0)  —log f(x, 0) 
gives the ordinary ML estimator. Let Ө be a 
closed subset of R*, let (4^, B, P) be a proba- 
bility space, and let w(x, 0) be some function 
on Z x © with value in R*. Assume that X,, 
X,,... are independent random variables with 
values in Z having the common probability 
distribution P that need not be a member of 
the parametric family. Consider an estimating 
function 


v0. > Y(X; 0). 
Assume that 

(N1) for each fixed бє Ө, (x, 0) is B- 
measurable and w(x, 0) is tseparable; 

(N2) the expected value 4(0)= E (V (X,0)] 
exists for all 0€ Ө, and has a unique zero at 
0-0,€99; 

(N3) there exists a continuous function that 

is bounded away from zero, b(0) z b, 0, 
such that E(sups (lv (X, 0)|/b(0))) < oo, 

lim infoj» (|2(0)]/b(0); > 1, and 
E(lim Sup jcc {1Y (X; 0) — A(0)/b(0))) < 1; 
(N4) for u(x, 0, d)=sup{ ly (x, т) — Gs Ol| 
|It-6|«d), 

(i) as d 50, E(u(X,0, d)) 0, 

(ii) there exist positive numbers dọ, b,, and b, 
such that E(u(X,0,d)) «b,d and Е(и(Х, 0, 4)2) 
<b,d for 0 and d satisfying 0 « |0 —0,| + d < do; 
(N5) in some neighborhood of 05, 2(8) is con- 
tinuously differentiable and the Jacobian ma- 
trix at 0 — 00, A —(04,(05)/00j), is nonsingular; 
and 

(N6) the covariance matrix Z= E(v(X, 09): 

V (X, 05)') exists and is positive definite. 
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Theorem. Suppose that an estimator í T; 
satisfies V,(T;) 0 a.s. (or in probability) as 
n оо. Then, under (N1)-(N4) (i), T, — 0, a.s. 
(or in probability) as n oo. 

Lemma. Under (N1)-(N5), 


sup {|¥,(t) — 9,000) — А0) 22 - 40]: 
|т--%|<4у—0 


In probability as n— oo. 

Suppose that {L [n ,(T,)]! is ttight. It 
implies that Ф,(Т,) 0 in probability, and 
hence from the above theorem Т, 0, in prob- 
ability. Thus letting т = Т, we have 


#„(Т)—'#„ (б) - 2071/0 ! HAAT) 


in probability. That is, for any £> 0 there 
exists an no such that for nz ng, P(n!?|2(T,)| 
«e [n^ W,(T,) ^n^ (0.)|] > 1 — c. This 
and the tightness of f #[n'?¥,(T,)]} and 

LP [nP Y (65)]] lead to the tightness of 

{L [n'^(T, — 05)]), and the converse is also 
true. At the same time we have n!?W,(T,) — 
n!? (09) — An!? (T, — 05)0 in probability. 
The following theorem is a straightforward 
consequence. 

Theorem. Suppose that an estimator Ó, satis- 
fies n^ V, (0) 50 as п оо. Then, under (N1)- 
(N6), #[n!2 (0, — 0| P] N(0, A! X A) as 
п— co. 


Q. Interval Estimation 


Interval estimation or region estimation is a 
method of statistical inference utilized to esti- 
mate the true value g(0) of the given para- 
metric function by stating that g(U) belongs to 
a subset S(x) of «7, based on the observed 
value x of the random variable X. If 


P,(g(0€S(X))21—a  forany0eG 


for a constant х (0 < ж < 1), then the random 
region S(X) is called a confidence region of g(0) 
of confidence level 1 — х, and the infimum of 
the left-hand side with respect to 9€ Ө is called 
the confidence coefficient. In particular, if © < 
R and a confidence region is an interval, as 

is often the case, then the region is called a 
confidence interval, and two boundaries of the 
interval are called confidence limits. If a partic- 
ular subset S(X) among the set of confidence 
regions of g(0) of confidence level 1 — х mini- 
mizes P,íg(0')e S(X)] for all pairs 9 and 0' (2:6), 
S(X) is said to be uniformly most power- 

ful. If a confidence region S(X) of g(0) of confi- 
dence level 1 — х satisfies P,(g(0)e S(X)) < 1 — 
х for all pairs дапа 0' (50), then it is said to 
be unbiased. The notion of invariance of a con- 
fidence region can be defined similarly, and 

the definition for S(X) being uniformly most 
powerful unbiased (UMPU) or uniformly most 
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powerful invariant (UMPI) can be formulated 
in an obvious manner. 

For each 05€O let А(0,) be an tacceptance 
region of a ttest of level x of the Thypothesis 
0 =b. For each xe Z let S(x) = (0| xe A(0), 
0€). Then S(X) is a confidence region of 0 
of confidence level 1 — х. If A(0,) is an accep- 
tance region of a UMP test of the hypothesis 
0 — 0, for each 65, then S(X) is à UMP con- 
fidence region of 0 of confidence level 1 — o. 
Furthermore, corresponding to an acceptance 
region A(05) of a UMP unbiased (invariant) 
test, а UMP unbiased (invariant) confidence 
region can be constructed in a similar manner. 


R. Tolerance Regions 


Let X and Y be distributed according to prob- 
ability distributions PZ and PY labeled by a 
common бє © over measurable spaces (2, $3) 
and (2, 6), respectively, and consider the prob- 
lem of predicting a future value of the ran- 
dom variable Y using the observed value x of 
the random variablé X. If a mapping S(x) 
sending a point x to a set belonging to @ is 
used to predict that the value of Y will lie in 
the set S(x), then the random region is called a 
tolerance region of Y. In particular, if a toler- 
ance region of a real random variable is an 
interval, it is called a tolerance interval and its 
boundaries tolerance limits. 

For simplicity, suppose that X and Y are 
independent. There are several kinds of toler- 
ance regions. First, if PX (P; (YeS(X)] 2 f) 2 y 
for any бє ©, then S(X) is called a tolerance 
region of Y of content fj and level y. Second, if 
Ej (P} (Y eS(X)]) 2 f for any 0&6, then S(X) 
is called a tolerance region of Y of mean con- 
tent fj. Suppose that the random variable X = 
(Xis ..., Х,) is a trandom sample and that 
both X, and Y obey the same distribution. 

If further the set (Pj |0€ ©} forms the totality 
of 1-dimensional tcontinuous distributions 
and the distribution of Pj (YeS(X)] does 

not depend on the choice of 0, then S(X) is 
called a distribution-free tolerance region. 

For example, if X, € X, S ... < Xin is an 
torder statistic, then the interval [X,,,, Xœ] (for 
r « s) is a distribution-free tolerance interval 
for a random variable Y, independent of X;, 
...,X,, which has the same distribution as X,. 
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A. General Remarks 


A statistical hypothesis is a proposition about 
the *probability distribution of a tsample X. If 
it is known that the ‘distribution of X belongs 
to a family of distributions A = { P,|0EQ} with 
a parameter space О, the hypothesis can be 
stated as follows: The value of the parameter 0 
belongs to wy, where wy is a nonempty subset 
of the parameter space Q. This hypothesis is 
also written simply as H:6€wy. When wy, 
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consists of one point, it is called a simple hy- 
pothesis, otherwise a composite hypothesis. 

Let Z be a tsample space associated with а 
*c-algebra B of subsets of Z. To test a hypoth- 
esis H is to decide whether H is false, based on 
the observation of a sample X (e 4). The asser- 
tion that H is not false does not necessarily 
imply the validity of H. Such an assertion is 
called the acceptance of H, while the opposite 
assertion, that H is false, is called the rejection 
of H. In this framework for the testing prob- 
lem, H ts often called a null hypothesis (— 401 
Statistical Inference). 

Consider a testing procedure in which H is 
rejected with probability ф(х) (0 € o(x) « 1) 
and accepted with probability 1 — ф(х), when 
хє Ж is observed. This testing procedure is 
characterized by the function ф on X with 
range in [0, 1]. Here ф(х) is taken as B- 
measurable on Z, and is called a test function 
or test. If ф(х) is the indicator function ys (x) of 
a set B (eB), then the test is rejecting H when 
x belongs to B and accepting H otherwise. The 
set B is called a critical region, and its comple- 
mentary set an acceptance region. Á test 15 
called a nonrandomized test if it is the indicator 
function of a set. Other tests are called random- 
ized tests. 

Suppose that the tdistribution of the sample 
X is a probability measure Р, on (Z^, 8). The 
probability of rejecting H when 0 is the true 
value of the parameter is calculated from 


io | (p(x) Py(dx). 
+ 


Let x be a given constant in (0, 1). If a test 
ф(х) satisfies Е,(ф) x x for all 0€ wy, or, in 
other words, if the probability of rejecting H 
when Н is true is not greater than x, x is called 
the level of ф and such a test is called a level х 
test. We denote the set of all level x tests by 
(x), and supy..,,, E,(@) is called the size of o. 
To judge the merit of tests, we introduce a 
different hypothesis A: The true value of 0 
belongs to о, c Q — wy. This is called an alter- 
native hypothesis, or, for simplicity, an alterna- 
tive. The errors of a test are divided into two 
kinds: errors owing to the rejection of the 
hypothesis H when it is true, and errors owing 
to the acceptance of H when it is false. The 
former are called errors of the first kind, and 
the latter, errors of the second kind. The proba- 
bility E,(@) of rejecting H when 0€o,, that 
is, the probability of the correct decision being 
made for дє, is called the power of a test or 
the power function. The probability of com- 
mitting an error of the second kind is 1 — E,(@) 
for 0ew,. A testing problem is indicated by 
the notation (X, B, 2, wy, @,). A test pina 
class (a) of tests is said to be uniformly most 
powerful in (x) (or UMP in Ф(2)) if for any 
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уеФ(о), E,(0)2> Elh) for all Oewm,. When o, 
consist of a single point, it 1s said to be most 
powerful. 


B. The Neyman-Pearson Fundamental Lemma 


Let и be a ta-finite measure over (4,98) and 
Jiss f. be -integrable real-valued func- 
tions. If c,, ..., c, are constants such that the 
set M(c,,...,¢,) of test functions q satisfying 


joie, P= 1, 2, igh, 


is not empty, then there exists at least one test 
Po in P(c,,...,¢,) that maximizes | 9f, | du 
among all g in M(c,....,c,). A test @ is one 

of these tests if it satisfies the following two 
conditions: 

(1) For appropriate constants k,,...,k, 2:0, 


L when fu) Y ЫЛ), 
B(x)= a 


0 when f, (x) < 
{=1 


k; fix) 


almost everywhere with respect to u, and 
(2) the equation 


С і=1,2,...,п, 


holds. 
If(c,.... 


of forte fou 


of the n-space R" and @ satisfies (2) and maxi- 
mizes | p f, i du among all g in M(c,,...,c,), 
then @ satisfies (1). These statements are called 
the Neyman-Pearson lemma. 

As an illustration, suppose that O —(1,2, ..., 
n,n4 1) and that {Р„]0є Q) is dominated by a 
o-finite measure u. Let f(x) be the density of 
P, with respect to д. When c, is a finite set 
{1,...,n} and w, consists of a single point 
n+ 1, then @ satisfying (1) and (2) with c, = 
...—c,-a is a uniformly most powerful level 
x test. 

If B is generated by a countable number of 
sets, then there exists a most powerful level x 
test for any hypothesis against a simple alter- 
native A:0— 0. A method of obtaining such a 
most powerful test is given in the Lehman- 
Stein theorem: Denote by f, the density func- 
tion of P, with respect to a o-finite measure и, 
and define 


,C,) is an interior point of the subset 


фіѕа tes} 


h,(x)= | Jolx) d(8) 


for a probability measure А on c. Consider 
testing the simple hypotheses H;: The density 
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of distribution of the sample is h,, against 

the alternative A:0 =й, and let p, be a most 
powerful level a test for this problem (Н, : A). If 
SUpoco,, Ea[@;) < ®, 9; is a most powerful level « 
test for testing H:0&€o, against A:0 — 0. The 
measure 4 satisfies Ej(q;.) > E,(@,) for any 
probability measure /' on c, and is called a 
least favorable distribution. 

When the alternative hypothesis w, consists 
of more than one point, a uniformly most 
powerful test does not generally exist. How- 
ever, if Q=R, wy —(—00, бу], о, — (00, со), and 
fa(x) is a density function with monotone 
likelihood ratio with respect to a statistic T(x), 
then a UMP level x test ф(х) exists and is 
defined by o(x)— 1 if T(x)>c; = a constant 
if T(x) 2 c; and =0 if T(x) «c. For a one- 
parameter exponential family of distributions, 
there exists a UMP level a test for testing 
H:og =(— оо, 0,]0[0,, co) against A:w,= 
(0,,02) (0, < 0,). However, a UMP test does 
not exist for the problem obtained by inter- 
changing the positions of wy and w4. 

Since hypothesis-testing problems admitting 
UMP tests are rather rare, alternative ways for 
judging the merit of tests are needed, and two 
have been devised. The first is to restrict the 
class Ф of tests and to find a UMP test in this 
restricted class. The second is to introduce an 
alternative criterion of optimality and to select 
a test accordingly. The first is discussed in 
detail in Sections C, D, and E, and the second 
in Section F. 


C. Unbiased Tests 


The unbiasedness criterion is based on the 
idea that the probability of rejecting the hy- 
pothesis H when it is true (the probability of an 
error of the first kind) should preferably be no 
larger than that of rejecting H when it is false 
(the power). If a level x test @ satisfies Elp) > a 
for 0€a@,, then ф is called an unbiased level х 
test. Let Ф, (2) be the set of all unbiased level х 
tests. A UMP test in Ф (a) is called a uni- 
formly most powerful (or UMP) unbiased level 
х test. 

If P, is of the *exponential family whose 
parameter space О is a finite or an infinite 
open interval of R*, then there exists a UMP 
unbiased level « test for the following two 
problems: (1) H:0, <a, A:0, >a, where 0, is 
the first coordinate of 0 = (0;,...,0,); and (2) 
H:0, =a, A:0, ға. For example, when the 
sample is normally distributed with unknown 
mean и and unknown variance о?, the Student 
test (defined in Section G) for a hypothesis 
H: f= uo against an alternative A: u ро is а 
UMP unbiased test. 
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D. Similar Tests and Neyman Structure 


If Ej(«) is constant for all дєо (c Q), p is 
called a similar test with respect to o. If Ej(q) 
is a continuous function of 0, an unbiased 

test o is similar with respect to the common 
boundary @ of wy and wy, provided that О 

is a topological space and the density function 
is continuous in c. Therefore, in this case, 
unbiased tests are found in the class of all 

tests similar with respect to @. Let a statistic 
у= T(x) be tsufficient for Z, = (P,|0€c]. А 
test @ is said to have Neyman structure with 
respect to T if the conditional expectation 
Е(ф|Т(х) = y) of o equals a constant [ Z, ]. 
(For the notation [2,] — 396 Statistic.) A test 
ф having Neyman structure with respect to the 
statistic T(x) is similar with respect to w. A test 
9 similar with respect to c has Neyman struc- 
ture with respect to T(x) if and only if the 
family 2— (Q4 — PT !|0€c] of marginal 
distributions of Т is *boundedly complete. 


E. Invariant Tests 


Consider groups G and G of one-to-one trans- 
formations on Z and Q, respectively. Suppose 
that each element of G is a measurable trans- 
formation of Z onto itself (1.е., gBe*8 for any 
Вє%) and that a homomorphism gg of G 
into G is defined so that P,(g ! B) — P, (B). 
The hypothesis Н:Өєоһ and the alternative А: 
дє, are said to be invariant under G if go, = 
ор and go, 0, for all ge G, and in this case 
the testing problem (Z, B, P, cg, оа) 15 said 
to be invariant under G. A test is called an 
invariant test if @(gx)= ф(х) for every g€ G, 
and E; (@)= E,(@) holds for any invariant o. 
Accordingly, if G is ttransitive on og, and 
invariant test Is similar with respect to cog. If 
the sample space Z is a subset of R" that is 
invariant under the translation (x,,..., x,)— 
(x, a, ..., X,-F a) with a real a and if there 
exists a 0' 2a: 0€Q such that P4(B) — P,(í(x, 
—4, ..., X4— d)| (x4, -X pE B]) for any 08 Q, 
then à is a transformation on Q. In this case 
the real number a is called a location para- 
meter. Furthermore, if the sample space Z is a 
subset invariant under the similarity trans- 
formation (x,, ..., x,)(ax;, ..., ax,) (a > 0) and 
if there exists a @=a:0e Q such that P,(B)— 
Py( (x/a, ..., x,/a)| (xi, ..., x,) e Bj) for any 
0€Q, then the real number a is called a scale 
parameter. The invariance principle states that 
a test for a testing problem invariant under G 
should preferably be invariant under G. À test 
ф(х) is called an almost invariant test if (gx) 
= ф(х) [P] for all geG. 

Suppose that the testing problem of a hypoth- 
esis under consideration is invariant under a 
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transformation group G on the sample space 
4. Denote the set of all invariant level « tests 
by Ф (о). A test that is uniformly most power- 
ful in Ф (о) is called a uniformly most powerful 
(in short, UMP) invariant level x test. If there 
exists a unique UMP unbiased level х test ф*, 
then a UMP invariant level a test (if it exists) 
coincides with ф*[2]. When T(x) is tmaximal 
invariant under G, a necessary and sufficient 
condition for р(х) to be invariant is that @ be 
a function of T(x). 

For example, suppose that the sample X 
—(X,,..., X,) is taken from N (u, с?) with 
unknown u and o2. In this situation, Y 2(X, S) 
is a sufficient statistic, where X = >), X;/n and S 
— JJ X(X;— X? . Let G be the group of trans- 
formations (х, 5) (сх, cs) (c > 0) on the range 
W of Y and G be the group of transformations 
(и, 0?) (си, co?) (c > 0) on the parameter space. 
Both the hypotheses Н, :u/o? <0 and H,: 
u/c? =0 are invariant under G. Since t = n 
X/(s/. / n — 1) is maximal invariant, any invari- 
ant level a test is in the class of functions of 
t. The Student test, defined in Section С, is 
UMP invariant under G. 


F. Minimax Tests and Most Stringent Tests 


Minimax tests and most stringent tests are 
sometimes used as alternatives to UMP tests. 
Suppose that 2 = { P,| 08 Q) is a tdominated 
family and $ is generated by a countable 
number of sets. A level х test @* is called a 
minimax level « test if for any level « test ф, 


inf E,(@*)2 inf Е.ф). 
Өєод Gea, 


Such a test exists for any хє(0, 1). If a group G 
of measurable transformations on € leaves a 
testing problem invariant, then an intimate 
relation exists between the minimax property 
and invariance. Concerning this relation, we 
have the following theorem: For each «e(0, 1) 
there is an almost invariant level « test that is 
minimax if there exists a o-field 2 of subsets 
of G and a sequence (v,) of probability mea- 
sures on (С, 9I) such that (i) Be% implies 

[(х, д)|ахє B] eB x M; (ii) AeA, ge G implies 
Age; and (ili) lim, ,,|v,(Ag) — v,(4)| 20 for 
any 4є% and ge G. Fundamental in the invar- 
iant testing problem is the Hunt-Stein lemma: 
Under the condition just stated, for any o 
there exists an almost invariant test i such 


` that 


inf E (9) < Еф) <sup Ego(9). 

geG geG 

The following six types of transformation 
groups satisfy the condition of the theorem: (1) 
the group of translations on R", (2) the group 
of similarity transformations on R", (3) the 
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group of transformations g =(a,b):(x,,...,x,)€ 
R"—(ax, +b, ...,ax,-b)eR" (0 <a < oc, —oo < 
b < оо), (4) finite groups, (5) the group of ortho- 
gonal transformations on R", and (6) the direct 
product of a finite number of the groups men- 

tioned in (1)--(5). 

We call B*(0) = sup, aya) Ёө(ф) an envelope 
power function, and ф* (єФ(х)) is called a most 
stringent level « test if 
sup (B3(0)— E,(9*))< sup (f) — Eo) 

07] Ewa 

for any pe (zx). There exists a most strin- 
gent level x test for each xe (0, 1). If a testing 
problem is invariant under a transformation 
group G on X and G satisfies the condition 
in the Hunt-Stein lemma, then a uniformly 
most powerful invariant level x test is most 
stringent among the level a tests (— 398 Sta- 
tistical Decision Functions). 

Admissibility of a test and completeness of a 
class of tests are defined with respect to the 
probability of an error of the second kind (— 
398 Statistical Decision Functions). The uni- 
formly most powerful level « test and the 
uniformly most powerful unbiased level « test 
are admissible. 


G. Useful Tests Concerning Normal 
Distributions (— Appendix A, Table 23) 


In this section, we treat the rejection regions S 
that are commonly used in testing problems 
related to normal distributions. Let « be the 
level of S, and let c(x) and d(x) be positive 
numbers determined by «. In (1)-(5) below, the 
sample consists of n mutually independent 
random variables Х,,..., X, each of which 

is assumed to be normally distributed with 
mean и and variance o2. For any sample point 
x z (x, ..., x,), denote Èf- x;/n by X and 
Xa (x; — X)? by s?. (1) To test the hypothesis 

и< Mp against an alternative p> до, we can 
use as a critical region $ = (x|t(x)» c(a)j, 
where the test statistic t(x) is given by Jna 

— ug) / s? /(n — 1). (2) To test the hypothesis и 
= по against an alternative u 4 jig, We can use 
S={x||t(x)|>c(a)} with the same test statistic 
t(x) as in (1). These tests based on the statistic 
t(x) are generally called Student tests or t-tests. 
(3) To test the hypothesis a? = o2 against the 
alternative o? > o2 with o2 > 0, we can use S= 
{ху (х) 2 с(а)), where у? = 52/00. (4) To test 
the hypothesis c? > oó against the alternative 
o? « с, we can use S= (x|y?(x) < c(a)], where 
y? is the same as in (3). (5) To test the hy- 
pothesis o? = o4 against с? Z oé, we can use 
S={x|y7(x)<c(a) or 2 d(a)], where y? is the 
same as in (3). Each of these tests based on the 
statistic y? is called a chi-square test. Among 
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these tests, (3) is UMP and (1) is UMP when 
xz 1/2. All tests (1)-(5) are UMP unbiased, 
and (3)-(5) are UMP invariant under the 
translations (x,, ..., x,) (x, +4, ..., Xp +a) 
(—co « a « oo). Since (1) and (2) are also UMP 
invariant under the transformations (x,, ..., x,) 
—(ax;, ...,ax,) (0 «a < oo), they are most 
stringent tests. 

Suppose that X,, ..., Xm are independently 
distributed according to N(4,, 07) and that 
Y,,..., Y, are independently distributed ac- 
cording to N(11, 02), where j,, 115, 0,, and o; 
are assumed unknown unless otherwise stated. 
Here we give the important tests for u,, и), 07, 
62. Let x 2 (x4, ..., Xm) and y=(y,,..., Yn) be 
sample points in R” and К”, respectively, and 
denote Уу, х/т, LP, y,/n, X (x; — X^, and 
Xa Qi— У)? by x, y, 52, and 52, respectively. (6) 
Assume that c, and o; are known, and con- 
sider a hypothesis u, = u5. When an alterna- 
tive ду > u> (ду Æ H2) is taken, we can use as a 
critical region S= {(x, y)| T(x, y) 2 c(a)] (S = 
(х, y) TG y) > с(9))), where T(x, y) = (x — 

в{/т-+ o2/n. These tests are both UMP 
unbiased and invariant under the translations 
(X,,..., X. Yrs X) (1 4, Xm a, Y4 + 
a, ..., Y. + a). (7) Assume that с, =o,, and 
consider a hypothesis u, = u3. When py Z u; 
(u, > 5) is the alternative, S = ((x, y)]| T(x, y)] 
> c(a)) (S = {(х, y)| T(x, y) > c(2)]) can be 
used as a critical region, where T(x, y) = 
(x — y) / m 4- n — 2/ A [m Vn s2 +52). 
Both tests are UMP unbiased and are in- 
variant under (x,, ..., X4, У... Yn) > (ax, + 
b, ..., ax, b, ay, b, ..., ay, +b) ( eo «b « 
00,0 «a « оо). (8) Testing the hypothesis Н: 
jt, = н» is called the Behrens-Fisher problem. 
Note that nothing is assumed about the rela- 
tion of the variances o? and of of the two 
samples X and Y, in contrast to (7). It is dif- 
ficult to construct a statistic whose distribu- 
tion is independent of a? and 02 when H is 
true. Compare this with (1)-(7), where the 
proposed statistics have this property and are 
used to construct similar critical regions S. 
The critical region 


{(x, y) (Gc — y, s2/m(m— 1) + s2/n( — 1) 
> f(s2/52)), 


with an appropriately chosen f, is similar to 
such a region S. This test is called Welch's test. 
(9) For a hypothesis с, =;, we can use as a 
critical region S = ((x, у) F(x, y) < c(a) 1, S= 
{(х, y) F(x, y) 2 c(2)). or S= (65 y)| F(x, y) 2 d(a) 
or «c(x)], when о; <9, 0; <01, ОГ 01 #03, 
respectively, is taken as alternative, where 

F(x, y) (n— 1)s2/(m — 1)52. All these tests are 
UMP unbiased and are invariant under the 
transformations (x,, ..., X4, Y4, .-. У) 9 

(ах, t b, ..., ax, +b,ay  +b,...,ay,+ b) (— 0 < 
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b«o0,0«a« ос). A test based on F(x, y) is 
called an F-test. 


H. Linear Hypotheses 


Let X,,..., X, be independent and distributed 
according to N(y,, 6?) (i= 1,2, ..., n), where u), 
H3; --., I, (5 < n), с are assumed to be unknown 
and u,=0 (s «i n). The hypothesis is H: u; = 
H=... =u, —0 (r <s), and the alternative 
hypothesis is that at least one и, 1 & i & r, does 
not vanish. The critical region S= {(x,,...,X,)| 
Е(х\,. ао) = Уе XF Dares XE 2 
c(a)} is a UMP unbiased test for this prob- 
lem, and S is invariant under the group g, of 
translations 


(Xie Xu Xp e Жу, Xa a Xa) 


(X4, ..., Xp Xp41 0, -003 Xg HA, Хур X3), 


the group g, of iy transformations 
(x4, ..., x,) 9(cx,, ..., cx,), the group g, = O(r) 
of orthogonal i in R’={(x1, 
,x,)}, the group g4— O(n— s) of orthogonal 
transformations іп R” *= ((x,,,,..., x,)], and 
finite products of elements of the groups g,, 
92, 9з, and g4. This test is also a kind of F- 
test. More generally, let us denote X —(X,, 
X5, ..., X,J and assume that it ts expressed as 


X=AE+W, W= 


where é —(6,,55, ..., ©), s&n is a vector of un- 
known parameters and A a matrix of known 
constants, and W,, W,,..., W, are distributed 
independently according to the normal distri- 
bution with mean 0 and variance о2. Then a 
general linear hypothesis is a hypothesis stating 
that the vector č lies within a linear subspace 
M of R°. The set of points Аё with č satisfying 
a linear hypothesis H is the linear subspace 
L(B) of L(A) spanned by the column vectors 
of an n x k, matrix B. Assume, for example, 
that the dimension of L(B) (=the rank of B) is 
s—r. Let C bean nx k, matrix whose column 
vectors span the orthocomplement L1(B) of 
the space L(B) with respect to the space L(A). 
Then the model (1) can be written as 


(Ил, И), ..., Wy, (1) 


X=By+CO+W, E(W)=0, (2) 


with a k,-vector g and a k,-vector Z, and hence 
the hypothesis H is represented by €=0'. We 
denote by Y = P,X the projection of X onto 

the space L(A) and by Z the projection PX of 
X onto the space L(B). The quantity Qj, = X(P, 
— P,)X equals the square of the length of the 
vector Y — Z and represents the sum of squares 
of residuals for the hypothesis H. The error 
mean square 6? X'(I — P)X/(n— s)- Q,/(n— s) 
and also ó# = Quir under H are unbiased 
estimators of о2. 
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Assume that B'C 20. Let U be an orthogo- 
nal transformation in R" such that the first, 

. rth, (s+ 1)st, ..., nth rows of UB and the 
(s+ D)st, ..., nth rows of UC are all equal to 
zero vectors. Using the notation X = UX, #= 
U By, ë= UCC, and W = UW, we obtain the 
canonical form X — +Š + W of the model (2). 
W is also a vector of independently and identi- 
cally distributed normal random variables. 
The hypothesis H is expressed as ё —0. In this 
model, we have E(X;) —0 for i—s-- 1, ..., n, and 
moreover, E(X;) 0 for i=1,. SET o rl 
and only if H is true. 

The least squares estimator Y of A£ is the 
tmaximum likelihood estimator, and X — Y, 

Y — Z, Z are distributed independently ac- 
cording to the n-variate normal distributions 
N(0, c? (I — P). NU Pp) C6, в? (P, — P3)), 
and N(Bg + Р.С, o? P), respectively. Hence 
Q/c?, Qu /o?, and X'P4X/o? are distributed 
independently according to the tnoncentral y?- 
distributions with n—s, r, and s—r degrees of 
freedom and *noncentrality parameters 0, 
ССР, — P5) CC/o?, and (By + Ps CC (By + 
P&CÓ)y/o?, respectively. The tlikelihood ratio 
test of the hypothesis H has a critical region 
62/62 > c, is a tuniformly most powerful invar- 
lant test with respect to the group of linear 
transformations leaving the hypothesis H 
invariant, and is the *most stringent test. This 
test is also uniformly most powerful among the 
tests whose tpower function has a single vari- 
able ZC'(P, — P5) CC/o?. Furthermore, for s— 
r — 1, this test is a tuniformly most powerful 
unbiased test. In the decomposition X'X — 
X'(P, РЫХ + X' P, X+X'(I— P,)X=Q, + 
Q,+Q, the terms Qy, and О, are called the 
sum of squares due to the hypothesis and due 
to the error, respectively. Such a process of 
decomposition is called the analysis of var- 
lance and its result is summarized in the anal- 
ysis of variance table (Table 1). 


I. The Likelihood Ratio Test 


The likelihood ratio test is comparatively easy 
to construct. Let L(x,,.. ; 0) be the *likeli- 
hood function. Then 


Xs 


SUpaco, L (x, Жыр. Xn 0) 


SUPeeo Uo, L(x;, ZR 0) 


A(x......x,)= 


Is called the likelihood ratio, and the test corre- 
sponding to the critical region S= f(x,, ..., x) 
A(x;, ..., x,) € c,] is called the likelihood ratio 
test, where c, is a positive constant deter- 
mined by the level «. Let 0 tx,, ...,X,) and 
бн A(X1.....x,) be the fmaximum likelihood 
estimators for 0 in o and in o4 U c, respec- 
tively; that is, L(x; Ü,,(x x)) 7 supec,,, L(x; 0) and 
L(x; бн „А(х))= SUPoeoyu w, LOG 0). Then 
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Table 1 
Degrees of Ratio of 
Factor Sum of Squares Freedom Mean Square Variances 
H Q,—X'(P,— РХ r ёй= Quir 2/92 
В Q,- X PX sr és —r) 
Error Q.=X'(I — P,)X n—s 6? — Q,/(n — s) 
Total X'X n 
nEn L(x; ён) called a test. For example, a likelihood ratio 
L(x; Âa va) test is frequently understood as a sequence 


The F-test for a linear hypothesis is a likeli- 
hood ratio test, and other examples of the like- 
lihood ratio test are shown in Appendix A, 
Table 23. However, the likelihood ratio test 
does not necessarily have the desirable prop- 
erties stated in the preceding sections. 


J. Complete Classes 


The set of critical regions of the type {x] T(x)> 
cj for the problems H: 0 x 0, and А:0>0,, 
where the distribution family 2 of the statistic 
T is of *Pólya type 2 in the strict sense, and the 
set of regions of the type (x|c < T(x) <d) for 
the problem Н:0, x 0 € 0, and A:0 «6, or 0, 
<0, where the distribution family 2 of the 
statistic T is of *Pólya type 3 in the strict 
sense, are examples of minimal complete 
classes [6]. It has been proved under a mild 
condition that the set of all tests with convex 
critical regions is essentially complete when 
the underlying distributions are of exponential 
type and the null hypothesis is simple. 

Let P4,€ (1=0, 1) and let Bo be a g- 
subalgebra of B. B, is sufficient for B w.r.t. 
LPs, Pa.) if and only if the class of all Bo- 
measurable test functions is essentially com- 
plete, i.e. iff for every critical region Be% there 
exists a By-measurable test function фо such 
that E, (P0) < E, (xg) and Ey (Po) > Е (x). 
Assume that 7 = (P,|0€ | is dominated; if for 
every 93-measurable test function q there 
exists а Sy-measurable test function v such 
that E,(/)= Ealo) for all 0є Ө, then $8, is 
sufficient for B w.r.t. 2 [9, 10] (— 398 Statis- 
tical Decision Functions D, 399 Statistical 
Estimation E). 


K. Asymptotic Theory 


Let (%,, B,, Р) (у= 1,2, ..., n) be a sequence of 
probability spaces, where the parameter space 
О is common to all v. Let (2, B”, P?) be the 
direct product probability space of (25, 8,, P.) 
for v2 1,2, ..., n. For each sample space (4, 
BR”, Pj. denote a test function for H:0e 

My( CQ) and A:0€6o,(cQ—«og) by @,(x,, 

..., Xy. A sequence {ф„} (n— 1,2, ...) is often 


of tests $, 2 ((x4, ..., XJ A Gn Xn) &A, 
where (4, is a sequence of constants and 
Aí(X4, ..., x,) is the likelihood ratio defined by 
(4, B”, Р) and wy. If a test {p} satisfies 
E(9,j 0 (бє оң) and E,(@,)— 1 (0€c,) as 
n— co, {Pn} is said to be a consistent test. If 
these convergences are uniform with respect to 
0, {Pn} is said to be a uniformly consistent test. 
When a uniformly consistent test exists, Он 
and o, are said to be finitely distinguishable. 
Suppose that the observed values are identi- 
cally distributed (that is, (Z, 9,, P,e) is a copy 
of a probability space (2, 8, P,)) and wy and 
w4 are both compact with respect to the met- 
ric p(0, 0") - supg.s| P(B) — Р,.(В)|. In this 
case, cy and c, are finitely distinguishable if 
E,(@) is a continuous function of 0 for any p 
[4]. Kakutani’s theorem (— 398 Statistical 
Decision Functions) is regarded as a proposi- 
tion concerning distinguishability when the 
null hypothesis and the alternative are both 
simple. 

The following result about the flimit distri- 
bution of a likelihood ratio is due to H. Cher- 
noff [3]: Let 2 be an n-space and О be an 
open subset of R* containing the origin 0. 
Suppose that the observed random variables 
are independent and distributed according to a 
density f(x, 0); that is, the likelihood function 
L(x;0) is П, f(x;, 0). Moreover, assume the 
following regularity conditions: 

(1) log f(x, 0) is three-times differentiable with 
respect to 0 at every point of the closure of 
some neighborhood N of 0 —0. 

(2) There exist an integrable function F and a 
measurable function H such that (1) |6f/00;| < 
F(x) for every (е N; (ii) |0? f/00,00,| < F(x) for 
every 0e №; (iii) [2° log f/00,00,00,,| < H (x); and 
(1v) sup, Ё,(Н(х)) < oc. 

(3) For every i, j= 1,2, ..., k, we have Jj = 
E,[(ĉ log //80,) (log f/00)] < оо, and the 
matrix J, — (78) is positive definite for all 0e N. 
Let P(x,, ...,x,;0)— supecg L(x,, ...,x,:0) for 
a subset œw of О. Consider testing a hypothesis 
Jew, against an alternative @€w,, where 0 is 
an accumulation point of wy. If 2*(x,, ..., x,) 
= P(x,,..., x: 0 g)/P(x,, ..., Xn 04), A* plays 
essentially the same role as the likelihood ratio 
л and hence can be used in its place. We call a 
subset C of Q a cone if 0c C implies a0 € C for 
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any a>0. A subset c of О is said to be appro- 
ximated by C if c satisfies inf, c] x — yll = 
o(||yll) for all yew and inf, lx — yl = o(lixll) 
for all xe C around the origin, where ||x||? = 
X4 x2. Suppose that ор and c, are appro- 
ximated by two cones Cy, and C,, respectively. 


Then, setting z, = /n Jg A(x) with 
1 ôl ‚0 
а=] ¿log f(x,.0) 


Пут] 60, 5 


I д Y een 


H ,=1 ША 


the limit distribution of —21og 4*, when 0 

=0, coincides with that of inf¿¿c (z, — 0) Jo(z, 
— 0) — ілі с, (z, — 0) Jo(z, — 0). In particular, 
when О = R* and o = {(09,...,09, O43, ...,0,)] 
—00 <(), < oo, i— s - 1, ..., К) and some regular- 
ity conditions are assumed, the limit distri- 
bution of —2log 2* is the *y?-distribution 

with s degrees of freedom if the hypothesis is 
true. 

The asymptotic behavior of the chi-square 
test of goodness of fit is also very important. 
Suppose that (X,, ..., X,) has a multinomial 
distribution n!(x,!...x,!) рх... р(х, 
=n, x; 2 0), and consider testing H:p, = p, 

Py = Pp. The chi-square test of goodness of 
fit has a critical region of the type (x| x/(x,. 
X) с}, where x?(x,, ..., xj) is XE, ((x;— 
пр?)2/пр?), i.e., the weighted sum of the squares 
of the differences between the value p? of p; 
and the maximum likelihood estimator x;/n of 
pi- The limit distribution of y?(x,, ..., x.) 
when p;=p?, i— 1,2, ..., К, is the chi-square 
distribution with k — 1 degrees of freedom. 

Suppose moreover that k functions p,(6) 
(i—1, ..., s <k) of 0 (e R°) are given and that 
the hypothesis to be tested is that the sample 
has been drawn from a population having a 
distribution determined by H: p; = p,(0) (i= 
1, ..., s <А) for some value of 0. In this 
case the chi-square test of goodness of fit could 
be applied after replacing the parameter 0 
in p; — p,(0) (i= 1,2, ..., n) by the solutions 
@ (x,, ..., x,) of the system of equations of the 
modified minimum chi-square method, 


š X;— Np; OP; _ 


0 
i=1 bi 00, 


(j 21, ...,s). Suppose that (1) p,(0) c? > 0 
(i=1,...,k) and X, p,(0)= 1; (2) p,(0) is twice 
continuously differentiable with respect to the 
coordinates of 0; and (3) the rank of the matrix 
(0p;/00)) is k. Then the system of equations 
above has a unique solution 0 — 0, (x, , ..., x,), 
and б, converges in probability to 0) when 0= 
85. The asymptotic distribution of 77(x)= 

Ут. (x; np(6))" /np,(6,)) is the chi-square 


distribution with n—s—1 degrees of freedom 
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[5]. For the test of goodness of fit, the em- 
pirical distribution function may also be used 
(— 371 Robust and Nonparametric Methods). 

A test of independence by contingency 
tables is one application of the chi-square test 
of goodness of fit. We suppose that n individ- 
uals are classified according to two categories 
A and B, where A has r ranks A,, А,,..., A, 
and B has s ranks В,, B,..., B,. Let pj, p.p Pij 
be the probabilities that the observed value 
of an individual belongs to A;, В, A;N B;, re- 
spectively. Let x;.,x.;, х,; be the numbers of 
individuals belonging to A;, Bj, and A;N Bj, 
respectively. Table 2 is called a contingency 
table. To test the null hypothesis H that the 
divisions of A and B into their ranks are inde- 
pendent, that is, H: p; = p;.p.;, the statistic 
х= У У xg — хех. jn) (xix. n) is ap- 
plied. When H is true, 7? is asymptotically 
distributed according to the chi-square distri- 
bution with (r — 1)(s — 1) degrees of freedom as 
noo. 

Likelihood ratio tests and chi-square tests of 
goodness of fit are consistent tests under con- 
ditions stated in their respective descriptions. 
In general, there are many consistent tests for 
a problem. Therefore it is necessary to con- 
sider another criterion that has to be satisfied 
by the best test among consistent tests. Pit- 
man's asymptotic relative efficiency is such a 
criterion. Other notions of efficiency have also 
been introduced. 

A completely specified form of distribution 
is rather exceptional in applications. More 
often we encounter cases where distribution of 
the sample belongs in a large domain. Various 
tests independent of the functional form of 
distribution have been proposed, and the 
asymptotic theory plays an important role in 
those cases (— 371 Robust and Nonparamet- 
ric Methods). 

The following concept of asymptotic effi- 
ciency is due to R. R. Bahadur [11]: Let {7,} 
be a sequence of real-valued statistics defined 
on 27. {Т,) is said to be a standard sequence 
(for testing H) if the following three conditions 
are satisfied. 

(I) There exists a continuous probability 
distribution function F such that for each 
0€ cg, lim, ,,, P? (T, <t} = F(t) for every 
teR!. 


Table 2. Contingency Table 
B, B, es B, Total 
A, Хү Х12 e Xis Xi. 
Az X21 X22 me X2s X3. 
A, Xn Xp Р х, Xy. 
Total x, х. er X4 n 
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(II) There exists a constant a, 0 <a< oo, 
such that log(1— F(t)) = —(at?/2){1+o0(1)} as 
1 20. 

(ПІ) There exists a function (0) on Q – ор 
with 0 <b(0)< oo such that for each бє О-— оу, 


lim Pf? (I(T;/n'2) —b(6)] t] —0 


for every t > 0. 

Suppose that {Т,} is a standard sequence. 
Then T, has the asymptotic distribution F if H 
is satisfied, but otherwise T, oo in proba- 
bility. Consequently, large values of T, are 
significant when T, is regarded as a test statis- 
tic for H. Accordingly, for any given xe Z”, 

1 — F(T;(x)) is called the critical level in terms 
of T;, and is regarded as a random variable 
defined on 2 [1]. It is convenient to describe 
the behavior of this random variable as n> oo 
in terms of K,, where K,(x) = —2log[1— 
F(T,(x))]. Then for each бє, K, is asymp- 
totically distributed as a chi-square vari- 

able y2 with 2 degrees of freedom and for бє 

Q — oy, K,/n—ab? (0) in probability as n> co. 
The asymptotic slope of the test based on í T) 
(or simply the slope of (7,1) is defined to be 
c(0) = ab? (0). Note that the statistic K1⁄2 is 
equivalent to T, in the following technical 
sense: (i) (K1?! is a standard sequence; (ii) for 
each 0€Q, the slope of (KJ?) equals that of 
{T,}; and (iii) for any given n and x, the critical 
level in terms of K} equals the critical level in 
terms of Т,. Since the critical level of K^? is 
found by substituting Kl? into the function 
representing the upper tail of a fixed distribu- 
tion independent of F, {K}/*} is a normalized 
version of {Т,). Suppose that {ТУ} and (T), 
are two standard sequences defined on 2, 
and let F(x), a;, and b;(0) be the functions and 
constants prescribed by conditions (I)- (III) for 
i— 1, 2. Consider an arbitrary but fixed 0 in 

Q — og, and suppose that x is distributed 
according to Р,. The asymptotic efficiency 

of {ТЭ} relative to {TP} is defined to be 
ф\»(0)= c,(8)/c, (0), where c,(0) = a;b? (0) is the 
slope of {Т9}, i=1, 2. The asymptotic effi- 
ciency is called Bahadur efficiency. 

Several comparisons of standard sequences 
are given in [11]. The relationship between 
Bahadur efficiency and Pitman efficiency for 
hypothesis-testing problems has also been 
studied. Under suitable conditions the two 
efficiencies coincide. 


L. Sequential Tests 


Let X,, X,,... be a given sequence of random 
variables. To test a hypothesis concerning the 
distributions of these variables (sample sizes 
are not predetermined), we observe first X,, 
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then X5, etc. At each stage a decision is made 
on the basis of the previously obtained data 
whether the observation should be stopped 
and a judgment made on the acceptability of 
the hypothesis. Such a test is called a sequen- 
tial test. Let X,, X,,... be independent and 
identically distributed by f(x). For testing a 
simple hypothesis H:0 —0 against a simple 
alternative A:0— 1, we have the sequential 
probability ratio test: Let G,(x,, X2, ..., Xn) 

= Пі, fi I= (х), and preassign two 
constants ао « a,. After the observations of 
Ху, ..., X, are performed, the next random 
variable X,,, is observed if aj < G,(x,, ..., Xp) 
« a,. Otherwise the experiment is stopped, 
and we accept H when G, <a, or accept А 
when a, < G,. The constants ao and a, are 
determined by the desired probabilities x, and 
a, of errors of the first and second kind, re- 
spectively. It is known that, among the class of 
sequential tests in which the probability of 
error of the first (second) kind is not greater 
than a («,), the sequential probability ratio 
test minimizes the expected number of obser- 
vations when either H or A is true (— 398 Sta- 
tistical Decision Functions; 404 Statistical 
Quality Control). 
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A. The Statistical Model 


Broadly and loosely speaking, the term "statis- 
tical inference" may imply any procedure for 
drawing conclusions from statistical data. But 
now it is usually understood more rigorously to 
mean those procedures based upon а їргоба- 
bilistic model of the data to obtain conclusions 
concerning the unknown parameters of the 
population that represents the probabilistic 
model by viewing the observed data as a tran- 
dom sample extracted from the population. 

As the simplest example, suppose that, for 
some system, we have a number of observa- 
tions from repeated measurements or experi- 
ments under a supposedly uniform condition. 
И we can assume that there are no systematic 
trends or tendencies involved, we can suppose 
that the variations among repeated observa- 
tions are due to random causes and assume 
that the observed values X,, Х,,... are inde- 
pendently and identically distributed random 
variables. Our purpose in making observations 
is to draw some information from the data, that 
is, to make some judgment on an unknown 
system quantity 0, which together with some 
other quantity (quantities) 7 characterizing the 
measurement or the experiment, determines 
the distribution of the X;. We assume that the 
distribution has a density function f(x; б, n). 
This amounts to assuming that the observed 
values X,, X,,... are a sample randomly 
drawn from a hypothetical population of the 
results of the measurements or experiments 
supposedly continued indefinitely. Then the 
problem of statistical inference is one of mak- 
ing some judgment based on the random 
sample. The set of hypotheses postulating the 
distribution of the observed values is called the 
probabilistic model of the observations, and 
the problem of determining a model in a spe- 
cific situation is called that of specification. 


B. Bayesian and Non-Bayesian Approaches 


There are two different ways to make infer- 
ences on the population parameters: the Baye- 
sian approach and the non-Bayesian approach. 
In the Bayesian approach it is assumed that 
we have some probability density л(0, n) for 
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the parameters 0 and у. Then, given the ob- 
servations X, —x,, X; —x;, ..., the conditional 
probability density for Ө and у is given by 


)= I fe 0, n)z(0, р) 
ТҮП Л: 0, n)x(0, n) адат 


л is called the prior density and p the posterior 
density for the parameters. Then all the in- 
formation obtained from the sample is consid- 
ered to be contained in the posterior distri- 
bution with the density P(0, n), and conclusions 
on the parameters can be drawn from it. 

The prior density л(0, у) does not necessarily 
represent a frequency function of a population 
of which the parameters are a random sample, 
but in most cases treated by the Bayesian 
approach it is considered to be a summary of 
the statistician's judgment over relative possi- 
bilities of the different values of the parameters 
based on all the information obtained before 
the observations are made. Bayesians claim 
that it is always possible to determine such a 
prior distribution in a coherent way, specifying 
the subjective probability, representing a per- 
son's judgment under uncertainty, as opposed 
to the objective probability, representing the re- 
lative frequencies in a population. L. J. Savage 
[7] succeeded in developing a formal mathe- 
matical theory of the subjective probability 
from a set of postulates about the consistent 
behavior of a person under uncertainty. 

The non-Bayesian statisticians, however, do 
not accept the Bayesians' viewpoint and insist 
that statistical inference should be free from 
any subjective judgment and be based solely 
on the objective properties of the sample de- 
rived from the assumed model. The theory 
developed by R. A. Fisher, J. Neyman, and E. 
S. Pearson, and others is based on the non- 
Bayesian approach. 


РӨ, 


C. Problems of Non-Bayesian Inference 


The most commonly used forms of statistical 
inference are point estimation, used when we 
want to get a value as the estimate for the 
parameter; interval estimation, when we want 
to get an interval that contains the true 
value of the parameter with a probability not 
smaller than the preassigned level; and hypoth- 
esis testing, when it is required to determine 
whether or not some hypothesis about the 
parameter values is wrong (— 399 Statis- 
tical Estimation, 400 Statistical Hypothesis 
Testing). 

In any type of statistical inference, the prob- 
lem can be abstractly formulated by deter- 
mining a procedure that defines a rule, based 
on the sample observed, for choosing an ele- 
ment from the set of possible conclusions. 
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Such a procedure is evaluated by the probabil- 
istic properties derived under different values 
of the parameter from the distribution of the 
sample, and it is usually required to satisfy 
some type of validity criteria (such as un- 
biasedness of an estimator, size of a test, etc.), 
and among those satisfying them, one which 

is considered to be best according to some 
optimality criterion (such as minimum var- 
lance or most-powerfulness) is looked for. But 
in the sense of objective probability, the prob- 
abilistic property of a procedure is relevant 
only for the frequencies in repeated trials when 
the same procedure is applied to a sequence of 
samples obtained from the population and has 
no direct implications for the conclusion ob- 
tained by applying the procedure to a spe- 
cific sample we have in hand. For this reason 
Neyman argued that in statistical inference 
there is really no such thing as inductive in- 
ference but only inductive behavior. Fisher 
disagreed strongly with this argument and 
emphasized that statistical analysis is induc- 
tion and that its purpose is to allow us to 
draw the proper conclusions from a particular 
sample and that the probabilistic properties 

of the procedure should and could have rele- 
vance for a particular conclusion obtained 
from a specific sample, provided that all the in- 
formation contained in the sample is used. The 
arguments between Fisher and Neyman led to 
a heated controversy between their followers 
that is still not completely settled. Fisher's 
arguments lead to the principle of sufficiency 
and the principle of conditionality. The prin- 
ciple of sufficiency dictates that all inferences 
should be based on a sufficient statistic if there 
is one, and the principle of conditionality re- 
quires that any inference should be based on 
the conditional distribution given the ancillary 
statistic, i.e., a statistic whose distribution is 
independent of the parameter, if there is such a 
statistic. These two principles are accepted by 
many statisticians who do not follow all of 
Fisher's arguments, though the principle of 
conditionality sometimes leads to difficulties 
due to nonuniqueness of the ancillary. 


D. Specification Problem 


It is often difficult and sometimes impossible 
to have an exactly correct model for the data, 
and we must be satisfied with a model that 
gives a sufficiently close approximation and is 
mathematically tractable as well. It may also 
happen, however, that a model first specified 
may be far from reality and could lead to 
erroneous conclusions if relied on blindly. 
Here, the problem of model selection arises (— 
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403 Statistical Models), i.e., choosing the best 
of various possible models. 

We may also seek procedures that are little 
affected by the departure of the distribu- 
tion of the data from the assumed or some 
other model that satisfies the condition of 
validity without any assumption about the 
exact shape of the distributions (^ 371 Robust 
and Nonparametric Methods). Generally, the 
problem of determining the model or specifi- 
cation should not be dealt with by mathemat- 
ical methods alone, and it should be consid- 
ered by taking into account the properties 
and nature of the subject under considera- 
tion and also the process of measurement or 
experimentation. 


E. History 


The first appearance of statistical inference as 
a method of grasping numerical characteris- 
tics of a collective was seen in the study by J. 
Graunt (1662) of the number of people who 
died in London. W. Petty applied Graunt's 
method further to the comparison of commu- 
nities in his Political arithmetic (1690). J. P. 
Süssmilch, a member of the Graunt school, 
perceived the regularity in mass observations 
and stressed the statistical importance of this 
regularity. The development of the theory of 
probability inevitably affected the theory of 
statistical inference. The method of T. Bayes 
was the first procedure of statistical inference 
in the current meaning of this expression. We 
now have a theorem bearing his name (the 
Bayes theorem), which is stated in current 
language as follows: If we know the proba- 
bility P.(E) that a cause C produces an effect E 
and if the prior (or ta priori) probability P(C) 
of the existence of the cause C is also known, 
then the posterior (or ta posteriori) probability 
of C, given an effect E, is equal to 

ко POPE) 

SM YeP(C)Pc-(E) 

(— 342 Probability Theory F). This theorem, 
easily extendable to the continuous case, sug- 
gests the following inference procedure: If we 
are Informed that an effect E has taken place, 
then we calculate the probabilities P,.(C) for 
every cause C, compare them, and infer that 
the C* with Р„(С*) = тах, P£(C) is the most 
probable cause of E. 

Both P. S. Laplace and C. F. Gauss dis- 
cussed the theory of estimation of parameters 
(— 399 Statistical Estimation) as an application 
of the Bayes theorem. In his research, Laplace 
considered a monotone function W(|t — 0|), 
and W- |t — 0| in particular, of the distance 
|t — 0| between a parameter value 0 and its 
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estimate t as a measure of significance of the 
error of the estimate t. Gauss, following La- 
place, used this weight function W(|t — 0|) of 
error, and going beyond Laplace, realized that 
It would be mathematically fruitful to put 
W(|t —6|) =(t —0)2. Such considerations led 
him to the study of the tleast squares method, 
in which the terminology and notation he de- 
vised are still in use. He also developed the 
theory of errors and recognized the impor- 
tance of the normal distribution and found 
that the least square estimate is equal to the 
most probable value if the errors are normally 
distributed. 

F. Galton, a biologist, revealed the useful- 
ness of statistical methods in biological re- 
search and explored what we call tregression 
analysis (— 403 Statistical Models) by intro- 
ducing the concepts of regression line and 
*correlation coefficient. His research on re- 
gression analysis originated from the study of 
the correlation between characteristics of 
parents and children, but he failed to realize 
the difference between tpopulation character- 
istics and *sample characteristics. 

Following Galton, K. Pearson developed 
the theory of regression and correlation, with 
which he succeeded in establishing the basis of 
biometrics (— 40 Biometrics). He arrived at 
the concept of population in statistics: A sta- 
tistical population is a collective consisting of 
observable individuals, while a sample is a set 
of individuals drawn out of the population and 
containing something telling us about charac- 
teristics of the population. Thus statistical 
research is regarded as investigation that 
focuses not on a sample as such but on a 
population from which the sample has been 
drawn. This consideration raised the problem 
of the goodness-of-fit test (— 400 Statistical 
Hypothesis Testing), that is, the problem of 
knowing whether a sample is likely to have 
been drawn from a population whose distri- 
bution was determined by theoretical con- 
siderations. K. Pearson characterized some 
population distributions occurring in practice 
by a differential equation, and classified them 
into several types. Using this classification, he 
discussed goodness-of-fit tests and developed 
the y?-distribution (tchi-squarc distribution) in 
relation to the problem of testing hypotheses. 

Statisticians in the time of K. Pearson 
thought of a population as a collective having 
infinitely many individuals (i.e., an infinite 
population), which led to the idea that the 
larger the size of a sample (1.е., the number of 
individuals in the sample), the more precisely 
could the sample give information about the 
population. They carried out inferences, in- 
cluding the testing of hypotheses (— 400 Sta- 
tistical Hypothesis Testing), by approximate 
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methods, which later came to be termed large 
sample theory. Suppose, for instance, that 
{X,,...,X,} is an "independent sample of size 
п from a normal population N (u, o°). The 
random variable Z= /n(X — uo with X — 
У, Х,/п is distributed according to N (0, 1) 
when u= ро. Therefore, if the size n is suffi- 
ciently large (n-» оо), we estimate с by ó = 
У(Х, Х)?/(п— 1))? and deal with the 
random variable T— (X — Ho)/ĉ obtained 
by inserting ó in place of o in the expression 
for Z, as if T itself were distributed according 
to N(0, 1). 


F. Development in the 20th Century 


W. S. Gosset, writing under the pen name 
"Student," reported in 1908 the discovery of 
the exact distribution of T and thereby opened 
the new epoch of exact sampling theory (— 374 
Sampling Distributions). This work of Student 
made it possible to perform statistical in- 
ference by means of small samples and conse- 
quently changed statistical research from the 
study of collectives to that of uncertain phe- 
nomena; in other words, the concept of popula- 
tion was once again related to a *probability 
space with а tprobability distribution (1.е., a 
population distribution) containing unknown 
parameters. Thus it began to be emphasized 
that a sample has to be drawn at random (i.e., 
a random sample) from the population if we 
are to make an inference about a parameter 
based on the sample. 

Fisher presented a complete derivation, . 
using the multiple integration method, of 
the *t-distribution (the sampling distribution 
of T). In addition, Fisher introduced the con- 
cepts of tnull hypothesis and significance test, 
which were the starting points for later pro- 
gress in the theory of hypothesis testing. He 
also added the concepts of tconsistency, teffi- 
ciency, and tsufficiency to the list of possible 
properties of testimators, and he studied the 
connection between the information contained 
in a sample and the accuracy of an estimator, 
which led to the idea of amount of informa- 
tion. Fisher also proposed the *naximum 
likelihood estimator, which 1s formally equi- 
valent to the most probable value, but he 
renamed it and gave it a foundation com- 
pletely independent of any prior information 
and showed that it leads to the at least asymp- 
totically efficient estimator. 

Fisher made efforts to obtain a distribution 
of the parameter directly from the sample 
observation, hence independently of the con- 
cept of prior probability. He sought in this 
way to be released from the weakness of the 
Bayes method. For this purpose he introduced 


1511 


the concept of fiducial distribution, which was 
the subject of bitter controversy in the period 
that followed. As an example of a fiducial 
distribution, we consider here the їВеһгепѕ- 
Fisher problem: Let X,,..., Xm and Ү,,..., Y, 
be samples drawn independently from the 
populations N(u,,02) and N(u,, 02), respec- 
tively, where the parameters u,, H2, 0,, and o; 
are all unknown. The problem raised is to test 
the hypothesis u, =p, or to estimate ó =u, — 
и» by an interval. To solve this problem, we 
put 


X=> X,/m, y=) Y;/n, 
Si = У(Х, XY m- 1), 


Si =) (Ү,— YY'/n— 1), 


$ 


and learn that T, = /m(X —uyS, and T, 

= Jn(Y— и»)/$» are mutually independent 
and distributed according to the t-distribution 
with degrees of freedom m — 1 and n— 1, re- 
spectively. From this fact Fisher reasoned as 
follows: Given observed values x, y, s,, s; of 
the variables X, Y, S,, S,, the distributions of 
the parameters u, and u, are induced from 
the distributions of T, and T, by means of 
transformations 


a=. рау 2A. 

vm Jn 
Consequently the distribution of ó 2 x —y — 
(T; s /A/ m — T,s,/./n) is obtained. These 
distributions are called the fiducial distribu- 
tions of the parameters 4, H2, and ó. The 
interval |ó — (X — y)| « c of ó deduced from the 
fiducial distribution of ó is called a fiducial 
interval of ó. 

Neyman and E. S. Pearson developed a 
mathematical theory of testing hypotheses, in 
which they deliberately defined a family of 
population distributions admissible for formal 
treatment and considered alternative hypoth- 
eses within the family. They proposed to 
relate a test to its power function, on the basis 
of which the test would be judged. Their ideas 
brought mathematical clarity to the theory of 
inference. Furthermore, concerning interval 
estimation, Neyman devised an alternative to 
the fiducial interval, the tconfidence interval, 
which has full mathematical justification. 
Unfortunately it was later found that the 
confidence interval, fiducial interval, and the 
Bayes posterior interval based on the posterior 
distribution often gave distinctly different 
results to the same problem, which became a 
source of controversy among different schools 
of thought. 

Since the publication of A. Wald's theory of 
statistical decision functions (— 398 Statistical 
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Decision Functions) in 1939, there has been 

a steady increase in its importance. In this 
theory the totality 2 of available statistical 
procedures, which is considered implicitly in 
the Neyman-Pearson theory, is put forth ex- 
plicitly as a set and defined as the space of 
decision functions. Wald also defined the *risk 
function of a statistical decision procedure and 
used it as a basis for judging procedures. In 
addition, he employed the concept of prior 
probability and the Bayes procedure for the 
purpose of proving the tcomplete class theo- 
rem. Wald’s idea of bringing the concept of 
prior probability back into statistical theory 
carried a great deal of weight, and much litera- 
ture has now been accumulated on this sub- 
ject. Prior probability as a technique in statis- 
tics was abandoned after Fisher’s introduction 
of the maximum likelihood method indepen- 
dent of prior probability and Neyman’s 
assertion that a probability distribution on the 
*parameter space made no sense. In addition, 
Wald linked statistical inference to games (— 
173 Game Theory) and introduced the tmini- 
max principle into statistics. The decision- 
theoretic setup also enabled him to develop a 
theory of sequential analysis by comparing 
the cost of sampling with the risk of erro- 
neous decisions (— 400 Statistical Hypothesis 
Testing). 

After the publication of Savage’s book in 
1954, there was a revival of the Bayesian ap- 
proach, i.e., one based on the concept of sub- 
jective probability, and now the group of those 
statisticians who accept the Bayesian approach 
are called Bayesians or neo-Bayesians. 


G. Applications 


Methods of statistical inference are applied in 
many fields where statistical data are used for 
scientific, engineering, medical, or managerial 
purposes. Methods of producing data that 
are appropriate for statistical inference have 
also been developed. R. A. Fisher developed 
the method of statistical tdesign of experi- 
ments (— 102 Design of Experiments) that 
when it is impossible or impractical to elimi- 
nate completely experimental errors or vari- 
abilities, provides the procedures to obtain 
such data. These data, though subject to ran- 
dom errors, are susceptible to rigorous statis- 
tical inference. For this purpose Fisher intro- 
duced the principles of trandomization, tlocal 
control, and treplication in the design of experi- 
ments. W. A. Shewhart defined the fstate of 
statistical control in mass-production pro- 
cesses, where the variabilities of the products 
can be considered to be due to chance causes 
alone and hence are statistically analyzable. 
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Applying the idea of statistical inference to this 
situation, Shewhart established the method of 
statistical quality control (— 404 Statistical 
Quality Control). Neyman introduced the 
method of trandom sampling into statistical 
surveys and developed the theory of estima- 
tion and allocation based on the theory of 
statistical inference (— 373 Sample Survey). 

In many applied fields there exist systems 
of statistical methods which have been devel- 
oped specifically for the respective fields, and 
although all of them are based essentially on 
the same general principles of statistical in- 
ference, each has its own special techniques 
and procedures. Specific names have been 
invented, such as biometrics (— 40 Biometrics) 
econometrics (— 128 Econometrics), psycho- 
metrics (= 346 Psychometrics), technometrics, 
sociometrics, etc. 
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A. General Remarks 


One cubic centimeter of water contains about 
3 x 1022 water molecules. A macroscopic sys- 
tem of matter thus consists of an enormous 
number of particles incessantly moving in 
accordance with the laws of dynamics (— 271 
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Mechanics; 351 Quantum Mechanics). Dy- 
namical description of such microscopic mo- 
tion in full detail is impossible and even mean- 
ingless. A physical process in thermodynamics 
or thydrodynamics is described in terms of a 
relatively small number of macroscopic vari- 
ables, such as temperature, pressure, and a 
velocity field. Such a process shows a remark- 
able simplicity which is a statistical result of 
the molecular chaos. This is the reason why 
statistical mechanics ts needed as a theoretical 
model to unify microscopic dynamics and 
*probability theory. Thus statistical mechanics 
aims at deriving physical laws in the macro- 
scopic world from the atomistic structures of 
the microscopic world on the basis of micro- 
scopic dynamical laws and probabilistic laws. 
Its function is twofold. First, statistical me- 
chanics should give microscopic proofs of the 
macroscopic laws of physics, such as those of 
thermodynamics or the laws of macroscopic 
electromagnetism. Second, it should also pro- 
vide us with detailed knowledge of physical 
properties of a given material system once its 
microscopic structure is known. In this sense, 
statistical mechanics is an essential! basis of the 
modern science of materials. 

Strictly speaking, the dynamics of the 
microscopic world obeys ‘quantum mechanics. 
However, even before the birth of quantum 
mechanics, statistical mechanics had pro- 
gressed on the basis of classical mechanics. 
This stage of statistical mechanics is often called 
classical statistical mechanics, in contrast to 
quantum statistical mechanics based on quan- 
tum mechanics. Statistical mechanics has a 
fully developed formalism to apply to physical 
systems in thermal equilibrium. This is some- 
times called statistical thermodynamics or 
equilibrium statistical mechanics. Until the 
1950s the term “statistical mechanics” had often 
been used in this narrow sense. In a wider 
sense it is concerned with systems in more 
general states, for instance, in nonequilibrium 
states. In the modern literature, a general 
statistical mechanical theory of nonequilib- 
rium systems is often referred to as the statis- 
tical mechanics of irreversible processes. 


B. History 


The early stage of statistical mechanics can 

be traced back to the kinetic theory of gases, 
which started in the 18th century. In dilute 
gases, gas molecules fly freely through the 
whole volume of the vessel and collide only 
from time to time. In thermal equilibrium, the 
average energy of each molecule is determined 
by the temperature of the gas; namely 


m v;/2—m 02/2 = т v2/2=kT/2, 
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where (Vy, y, b.) is the velocity, an overbar 
means the average, m is the mass of a mole- 
cule, Т is the absolute temperature, and k is 
the Boltzmann constant (= 1.38 x 10^! erg: 
аер !). The velocity of each molecule is only 
probabilistic, and a ‘distribution function 

f (v, Vy» vz) is defined as the tprobability den- 
sity that the velocity of a given molecule is 
found to be in the neighborhood of (vx, vy, v2). 
In a dilute gas, this is given by 


fies nt) Сер Seed ester]. m 


the Maxwell-Boltzmann distribution law. 

L. Boltzmann viewed the velocity distri- 
bution function as changing in time as a result 
of molecular collisions and gave an equation 
of the form 


7 = AUST LI ©) 


where A[ f] is the change of the distribution 
function f by acceleration due to the presence 
of external forces and T [ f] is the change 
caused by molecular collisions. Г[ f] is an 
integral which is nonlinear in f. This type of 
equation is called a Boltzmann equation [ !, 2]. 

Boltzmann introduced the H-function by the 
definition 


H= [| лова, (3) 


and proved on the basis of equation (2) that 
dH / dt <0. This theorem is known as the H- 
theorem [1—4]. The equilibrium distribution 
(1) is therefore obtained from equation (2) as 
the solution that makes H a minimum. In fact 
the H-function is related to the entropy S by 


S= —kH. (4) 


Boltzmann further showed (1877) that the 
distribution function of a system in thermal 
equilibrium can be obtained on more general 
grounds without relying on a kinetic equa- 
tion of the type (2) and that the statistical 
mechanics of systems in equilibrium can thus 
be constructed on a basis much more general 
than that given by a kinetic theory. It was W. 
Gibbs, however, who clearly established (1902) 
the complete framework of statistical thermo- 
dynamics, although he had to confine himself 
to classical statistical mechanics [5]. 


C. The Ergodic Hypothesis 


For a given dynamical system with n *degrees 
of freedom, the phase space is defined as a 2n- 
dimensional space with *generalized coordi- 
nates 4,,...,q, and ‘generalized momenta 
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P1>+++»Pn» Dynamical states of the system 
constitute a set of points in this space. At a 
given time, the state of the system is repre- 
sented by a point P in the phase space, and 
hence the motion of the system is represented 
by the motion of P. If the system is conserva- 
tive, its energy function is constant. Let J£ be 
the *Hamiltonian function. Then the motion 
of P is confined to an energy surface defined 
by the condition # = E = constant. Measure 
on an energy surface is defined as the limit of 
the volume element lying between two neigh- 
boring energy surfaces corresponding to the 
energies E and E+dE. The motions of P form 
a *topological group that makes this measure 
invariant (*Liouville's theorem). 

A dynamical quantity A(p, q) of the system 
changes its value as the phase point P moves 
on the energy surface. The time average A of 
A is identified with the value of A observed in 
the equilibrium state of the system, namely, 
the average of A with respect to the invariant 
measure. Boltzmann justified this assumption 
by the following reasoning. If the energy sur- 
face has a finite measure and the trajectory of 
P does not make a closed curve on the energy 
surface, it can be assumed that the trajectory 
will move around practically everywhere on 
the surface. Mathematically formulated, the 
only measurable subset of the surface that has 
a nonzero measure and is invariant under the 
motion is the whole surface. This assumption 
is the ergodic hypothesis [6—9]. The long-time 
average of A will then equal the average of A 
over the entire energy surface with weight 
function equal to the measure previously in- 
troduced. The latter average is called the phase 
average and is denoted by (A5. Boltzmann 
thus asserted that 


A = (A). (5) 


Efforts of mathematicians to study the ergodic 
hypothesis created an important branch of 
mathematics called ergodic theory (— 136 
Ergodic Theory). 


D. Ensembles in Classical Statistical 
Mechanics 


Once we admit the ergodic hypothesis, or 
more specifically the assumption (5), the cal- 
culation of the observed value of a physical 
quantity A for a system in equilibrium is re- 
duced to finding the phase average of A on 
an energy surface. The task of statistical me- 
chanics of systems in equilibrium is thus re- 
duced essentially to calculating phase averages 
and establishing relationships between them 
[10—13]. 

For а set (called an ensemble in this case) of 
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identical systems with the same energy, we 
consider the phase average for the *probability 
space with the measure mentioned in Section 
C on the energy surface corresponding to the 
given energy value. Gibbs called a probability 
space of this kind a microcanonical ensemble. 
An average in this probability space is defined 
by 


Cs AdS | | dS 6) 
w=e (grad Æ| J ,-g|grad #|’ 


where # is the Hamiltonian function, grad J£ 
is its gradient in the 2n-dimensional phase 
space, and the integration is carried over the 
energy surface with dS as surface element. 

When the observed system is in mechanical 
contact with a heat reservoir, the composite 
system consisting of the system and the heat 
reservoir is regarded as an isolated system 
with constant energy. Then an ensemble of the 
composite systems is treated as a microcanon- 
ical ensemble. It is more convenient and more 
physical, however, to consider the heat re- 
servoir simply as providing an environment 
characterized by its temperature T, and to 
concentrate only on the system in which we 
are interested. Then the system is no longer 
isolated and exchanges energy with its en- 
vironment. Since the energy of the system is 
no longer constant, the system will be found 
in any part of the phase space with a certain 
probability. To find the probability distri- 
bution for an ensemble of this system is a 
problem of asymptotic evaluation which is 
solved on the basis of the ergodic hypothesis 
and the fact that a heat reservoir has an ex- 
tremely large number of degrees of freedom. 
This asymptotic evaluation is traditionally 
done with the help of *Stirling’s formula or by 
using the Fowler-Darwin method [10], but 
it is essentially based on the ‘central limit 
theorem [11]. 

The probability space of this kind of en- 
semble of systems in contact with heat re- 
servoirs was called a canonical ensemble by 
Gibbs [5]. If dP is a volume element of the 
phase space of the system, the probability of 
finding a system arbitrarily chosen from the 
ensemble in a volume element dF is given by 


Pr(dT ) = Cexp( — € /kT)dl. (7) 


Accordingly, the average of a dynamical quan- 
tity A is given by 


cays [| ae nmn] [nar (8) 
For example, the average energy is 


oos [one nnmar] ferrar. (9) 
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By a traditional convention we introduce the 
parameter 


B=1/kT 
and write (9) as 
Е = —0logZ(f)/0f, 


where Z(f)) is called the partition function or 
the sum over states and is given for a system 
composed of N identical particles by 


zip [er aryr! (10) 


If an exchange of particles with the environ- 
ment takes place in addition to an exchange of 
energy, the probability of finding a system 
with particle number N in the volume element 
4Г is given by 


Cexp(— PH + BuN)dT/N'!, 


where u is a real parameter called the chemical 
potential: this characterizes the environment 
with regard to the exchange of particles. This 
ensemble is called the grand canonical en- 
semble. The average of a dynamical quantity А 
is then given by 


(AY-Y NI! Тале кнн аги p), 
N 
(11) 


where the dependence of A and . on N is 
now explicitly written, and where 


&(f, u) - Y; nr [ermmemmar (12) 
N 


is called the grand partition function. 


E. Ensembles in Quantum Statistical 
Mechanics 


The quantum counterpart of the classical 
ergodic hypothesis is that to each of these 
quantum states an equal probability weight 
should be assigned [10]. A microcanonical 
ensemble is then defined by this principle of 
equal weight, which yields in turn 


азе 22. (13) 


instead of (6). Here the index / refers to the 
quantum states lying in the interval AE, and 
A, is the quantum-mechanical expectation of 
a dynamical variable A in the quantum state 
L. A canonical ensemble is now defined by 
assigning 


P= e yep (14) 
j 


to the jth quantum state as the probability 
that the system will be found in that state. The 
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expectation value of A must be given by 


(A= Y Aj PEY e Ptr Ae Pe P 
j j 


(15) 
where H is the Hamiltonian. The partition 
function is defined by 
Zu е Pie fH (16) 


Jj 


corresponding to (10). 

For a system consisting of identical parti- 
cles, quantum mechanics requires a particular 
symmetry of its fwave function; namely, the 
wave function must be even or odd with re- 
spect to permutation of any two particles 
according as the particles are bosons or fer- 
mions. This symmetry requirement is peculiar 
to quantum mechanics. Thus, even for an ideal 
gas consisting of noninteracting particles, 
quantum statistics leads to results characteris- 
tically different from those of classical statis- 
tical mechanics. This difference becoraes more 
significant when the particle mass is smaller, 
the density is larger, and the temperature is 
lower. Quantum effects of this kind are seen in 
metallic electrons, in liquid helium, in an as- 
sembly of photons or phonons, and in high- 
density stars. The statistical laws obeyed by 
bosons are called Bose statistics, and those 
obeyed by fermions, Fermi statistics. 

The expectation value of A in the grand 
canonical ensemble is given in quantum sta- 
tistics by 


(A> = E(f, и) ! tr(Ae BH+puN) (17) 


where H is the tsecond-quantized Hamil- 
tonian, N is the number operator, the tracetr 
is taken on the (nonrelativistic) *Fock space 
(symmetric or antisymmetric according to 
Bose or Fermi statistics), and E(fi, uu) is the 
grand partition function given by 


E(B, н) «tre Ph than, (18) 


F. Many-Body Problems in Statistical 
Mechanics 


Since statistical mechanics is primarily con- 
cerned with systems with large numbers of 
particles, problems in statistical mechanics 

are essentially many-body problems. In prac- 
tice, however, there are some cases where 
extreme idealization is possible, as in ideal 
gases, where the interaction between gas mole- 
cules is ignored. In some cases we can proceed 
by successive approximation, taking the par- 
ticle interactions as perturbations. Such per- 
turbational treatments are, however, entirely 
useless for some problems, such as phase tran- 
sitions, of which an example is the conden- 
sation of gases into liquid states, where the 
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Interaction of particles plays a critical role. 
Such problems are clearly many-body prob- 
lems. There are a number of important and 
interesting problems in this category, for 
example, transitions between ferromagnetic 
and paramagnetic states and those between 
the superconducting and normal states of 
metals. Transition from a high-temperature 
phase to a low-temperature phase is generally 
regarded as a consequence of the appearance 
of a certain type of order in thermal motion. 
This kind of phase change is called an order- 
disorder transition [14—16]. 


G. Thermodynamic Limit and Characterization 
of Equilibrium States 


Although an actual system is finitely extended, 
the enormous sizes of the usual macroscopic 
systems in comparison to the sizes of their 
constituent particles justifies the idealization to 
infinitely extended systems. At the same time, 
there are several mathematical advantages in 
considering infinitely extended systems, such 
as the absence of walls (replaced by the bound- 
ary condition at infinity, should it be relevant), 
appearance of phase transitions as mathemat- 
ical discontinuities rather than mathematically 
smooth though quantitatively sudden changes, 
and mathematically clear-cut occurrence of 
broken symmetries. 

Equilibrium states of infinitely extended 
systems are usually obtained by taking thc 
limit of the equilibrium states of systems in a 
finite volume V as both V and the number of 
particles N tend to oo with the density р= N/V 
fixed; this is called the thermodynamic limit. 

It is sometimes possible to formulate the 
dynamics of infinitely extended systems direct- 
ly and to characterize their equilibrium states, 
which more or less coincide with the thermo- 
dynamic limit of equilibrium states of finitely 
extended systems [17—21]. The simplest and 
most fully investigated case of lattice spin 
systems is explained below in detail [17]. Since 
classical systems can be viewed as special cases 
of quantum systems, we start with the latter. 
To be definite, we take a v-dimensional cubic 
lattice Z" with a lattice site n —(n,, ...,n,) 
specified by its integer coordinates n;. (In the 
lattice case, the thermodynamic limit is simply 
the limit as V— oo.) 

The C*-algebra 9I of observables is gen- 
erated by the subalgebra 9f, at each lattice site 
n, which is assumed to be the algebra of all d x 
d matrices (for example, linear combinations 
of tPauli spin matrices 6” = (of?, с”, of”) and 
the identity for d = 2) and to commute with 
operators at other lattice sites. The group of 
lattice translations n>n +a is represented by 
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automorphisms y, of M, satisfying y, W, = Appa 
(7,0 =o"), For any subset A of 7”, 9I(A) 
denotes the C*-subalgebra of 9[ generated by 
Ap ne A. 

A model is specified by giving a potential Ф 
which assigns to each finite nonempty subset 
I of Z' an operator (I) = @(1)* € Al). The 
Hamiltonian for a finite subset A of Z” is given 
by U(A) X; - Ф([). In order to control long- 
range interactions, various assumptions are 
introduced. Examples are finiteness of either of 
the following: 


||| =sup у, ND IOD, (19) 
n Ion 

[Ф| - sup > |Ф(1)\. (20) 
n Ion 


Here N(I) is the number of points in I. 

Let AM! be a maximal Abelian *-subalgebra 
of 3I, (such as (c, +c,0""}) satisfying y, U! = 
3L, and 9° be the Abelian C*-subalgebra 
of 3I generated by Ў, ne Z". If (I) is in W”! 
for all 7, we call the potential Ф Abelian or 
classical. There exists a conditional expecta- 
tion л“ which is a positive mapping of norm 
1 from A onto W” satisfying л (ABC)— 

An^ (B)C for A and C in W” апа x°(1)= 1. If 
a state ф on Ў satisfies ф(А) = ф(л“(А)), we 
call the state @ classical. Classical states are in 
one-to-one correspondence with the restriction 
on 9[°!, which can be viewed as a probability 
measure on the spectrum (also called configu- 
ration space) of the C*-algebra NW“! of obser- 
vables for classical spin lattice systems. This 
correspondence makes it possible to view 
classical spin lattice systems as quantum spin 
lattice systems with Abelian interactions. 

For a given potential ®, the time evolution 
of the infinitely extended system is described 
by the one-parameter group 2,, (cR, of *- 
automorphisms of X defined as the following 
limit: 
a,(A)= lim e""^4e "UN — (A4e9p, (21) 

^22 
The limit exists if Ф(/) - 0 for N(I) > N 
and [[[]]| < oo, or if for some ¿> 0 
E, e^" (sup, X, {IOD Ix, N()=n))< 
oo, or if у= 1 (1-dimensional lattice) and 
sup, E, (Ib(D] | оо, х)& Ø, IN[x, 0) A 
@) < oc. An alternative way is first to de- 
fine бы(А)= X, i[ (1), A] for Ae( JA9t(A) 
(A is a finite subset of Z°), which exists if 
|||Ф|||< oo, and to prove that the closure dg 
of à, is a generator of a one-parameter sub- 
group o, ( exp tõe). In the above cases, dg is a 
generator. 

A general canonical ensemble for a system 
in a finite subset A of the lattice Z", with 
some boundary condition in the outside A° = 
Z' AA, is given by qA(A)— (t4 Q y)(e "P9 x 
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Ае PH) where z, @ y is the product of 
the unique tracial state z, on 9I(A) and a state 
y on 9I(A*) (the boundary condition), H(A)— 
U(A)+ W(A) and W(A)2 X,(6(I) IDA x Qj, 
INAS z @) (the surface energy). The follow- 
ing conditions on a state @ of 9I are mutually 
equivalent under the condition that óç is a 
generator (which holds under any one of the 
conditions described above) and is satisfied 
by any limit state of the above o, as Л л Z^ 
(Le. a state in (4. {pa | A! C A, Y}, with the 
bar denoting weak closure). 

1. KMS condition: g( Ax; (B))= @(BA) for 
any A, Be W such that x,(B) is an entire func- 
tion of t. (q is called a B-KMS state.) 

2. Local thermodynamic stability: For any 
finite subset A of Z" and for any state y having 
the same restriction to 9I(A) as the state p 
under consideration, Ë, ,(@)< F, „(ф) (the 
minimality of the free energy multiplied by fj), 
where Ё 4(Q) = Bo(H(A)) — Salo), SA (p) 
lim1S,.(9) — S4«A(9)] as A’ 7 Z” (the open 
system entropy), S4(9) = — p(log р„(ф)) (the 
closed system entropy) and the density matrix 
pa(9)e 9I(A) is defined by o(A4) — z4(pA(9)4) 
for all A E %(A). 

3. Gibbs condition: For every finite subset A 
of Z’, the perturbed state 97"? (not neces- 
sarily normalized) is the product o£ x y of 
the Gibbs state of (A) = tr(e 7"? A)/tr e BUM 
on Ae (A) and some (unknown) state y on 
3I(A*), where the representative vector Ф for ф 
for the GNS representation z, is assumed to 
be separating for 2,(20)", and then o7" (4) = 
(О, л„(А)О) for 


1/2 ЕЙ Sn-1 
Q= У p" ds, iss f ds, AGT, 
n=0 0 0 0 
x (W(A))AS-i 7... А5 л, (W(A))O, 


Q2) 


where A, is the modular operator for Ф and 
the series converges. 

For a classical potential, this condition re- 
duces to the conditions that ¢ is classical and 
that the restriction of @ to 9[°! as a measure on 
the configuration space (1... d^ satisfies the 
following DLR equation due to R. L. Do- 
brushin, O. E. Lanford, and D. Ruelle: The 
conditional probability for E(A)e{1...d}* 
knowing £(A*)e (1... d17^^ is proportional 
to exp( — BH(A)), where H(A) = U(A) + W(A) is 
a function of €(U(A) depending only on £(A)). 

4. Roepstorff-Araki-Sewell inequality: For 
any Ae JA9I(A), ip(A*5q(A)) is real and 


—iflg(A*óg(A)) 2 5(Ф(А * А), o(AA*)), (23) 
where S(u, v) = ulog(u/v) if u 0, v — 0, S(0, v) = 


0 for v 2 0 and S(u,0)= +00 for u> 0. 
5. Roepstorff-Fannes-Verbeure inequality: 
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For a-entire A c 9t, 


В a 
p^ | q(A*o,,(A)) dà < F(9(A* A), o(A A*)), 
0 
Q4) 


where F(u, v) =(u—v)/log(u/v) for u> 0, > 0, 
uz: v, F(uu) =u for u>0, F(u,0)— Е(0, о) 20. 

If the interaction is translationally invariant 
(i.e., y, (I) = (I +a) for all ae Z" and J) and if 
we restrict our attention to translationally 
invariant states (1.е., @(y,(A)) = (A) for all 
Ae and ae Z^), then the following conditions 
are also equivalent to the above. 

6. Variational principle: fe(«q)— s(q) < Ве(џ) 
— s(y)) for all translationally invariant y (the 
minimality of the mean free energy), where 
е(ф) —lim N(A) ! e(U(A)) lim N(A) ! Q(H(A)) 
(the mean energy), s(9) = lim N(A) 15, (ф) (the 
mean entropy), the infimum value fle(q) — s(q) is 
— Р(ВФ) with P( B®) lim N(A) орт (е ^") 
(the pressure), and the limits exist if A 7 Z” is 
taken in the following van Hove sense: For 
any given cube C of lattice points, the mini- 
mal number nį (C) of translations of C that 
cover A and the maximal number n4 (C) of 
mutually disjoint translations of C in A satisfy 
na (Суп (C) 1 as A 7 Z’. 

7. Tangent to the pressure function: P(®) 
is a continuous convex function on the Ba- 
nach space of translationally invariant Ф with 
l| < >o. A continuous linear functional х on 
this Banach space is a tangent to P at © if 
P(O+ P) > P(®)+ «(V^ for all Y. For a trans- 
Jationally invariant state y, we define а, (V) = 
(У: о NO)  W(I)) The condition is that 
—9, is a tangent to P at ВФ. (Conversely, апу 
tangent « to P at ВФ arises in this manner.) 

The set K; of all (normalized) f-K MS states 
is nonempty, compact, and convex. A fj-K MS 
state ф is an extremal point of K, if and only if 
it is factorial (1.е., the associated von Neumann 
algebra n, (90)" has a trivial center). It then has 
the clustering property lim, „ 19(4y,(B)) — 
9(A)o(y,(B))] =0 and is interpreted as a pure 
phase. Any fj-K MS state has a unique integral 
decomposition into extremal -KMS states. 

For any ®, K, is a one-point set for suffi- 
ciently small [fj]. For a 1-dimensional system 
(v 1), K, consists of only one point (unique- 
ness of equilibrium states usually interpreted 
as indication of no phase transition) if the sur- 
face energy W([ — N, N]) is uniformly bounded 
(H. Araki, Comm. Math. Phys., 44 (1975); A. 
Kishimoto, Comm. Math. Phys., 47 (1976)). For 
the two-body interaction ®({m, п}) = —J|m— 
n| *of? f". this condition is satisfied if «> 2 
while ||®|| < со and х, defined if «> 1. There is 
more than one KMS state (with spontaneous 
magnetization) for 22 x 1 and large [jJ > 0, 
and hence a phase transition exists (F. J. 
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Dyson, Comm. Math. Phys., 12 (1969); J. Fróh- 
lich and T. Spencer, Comm. Math. Phys., 83 
(1982)). Ifa 1-dimensional interaction has a 
finite range (Le., Ф(1) 20 if the diameter of 7 
exceeds some number rj) or if it is classical 
and X, №) ! (diam + DIO I< oo for 

d 22, then q(A) for pe K; and Ae9I(A) for 
a finite A ts real analytic in f and any other 
analytic parameter in the potential (Araki, 
Comm. Math. Phys., 14 (1969); [22]; M. Cas- 
sandro and E. Olivieri, Comm. Math. Phys., 
80 (1981)). 

For a 2-dimensional Ising model with the 
nearest-neighbor ferromagnetic interaction 
[23], К, consists of only one point for 0 x fi < 
В. while K, for B> f, has exactly two extremal 
points corresponding to positive and negative 
magnetizations (M. Aizenman, Comm. Math. 
Phys., 73 (1980); Y. Higuchi, Colloquia Math. 
Soc. János Bolyai, 27 (1979)). In this case, all 
KMS states are translationally invariant, 
while there exist (infinitely many) translation- 
ally noninvariant KMS states for sufficiently 
large fj if v=3 (Dobrushin, Theory Prob. Appl., 
17 (1972); H. van Beijeren, Comm. Math. Phys., 
40 (1975)). 

The accumulation points of f-KMS states 
as fj +оо (or —oc) provide examples of 
ground (or ceiling) states defined by any one of 
the following mutually equivalent conditions 
l, 2, (or 1.,2.) (О. Bratteli, A. Kishimoto, 
and D. W. Robinson, Comm. Math. Phys., 64 
(1978)): 

1, (1_). Positivity (negativity) of energy: For 
any Ael Ja WHA), —ip(A*5,(A)) is real and 
positive (negative). 

2, (2). Local minimality (maximality) of 
energy: For any finite subset A of Z" and for 
any state iy with the same restriction to W(A‘) 
as the state o under consideration, o(H(A)) < 
W(H(A)) ((H(A)) > VH CA). 

For translationally invariant potentials and 
states, the following condition is also equiva- 
lent to the above: 

3, (3_). Global minimality (maximality) of 
energy: е(ф) <e(W) (e(q) > e(W)) for all trans- 
lationally invariant states w. 

The totality of KMS, ground, and ceiling 
states can be characterized by the follow- 
ing formulation of the impossibility of per- 
petual motion: Let Р, = P* ЄЎ be a norm- 
differentiable function of the time te R with a 
compact support, representing (external) time- 
dependent perturbations. Then there exists a 
unique perturbed time evolution х? as a one- 
parameter family of *-automorphisms of Ў 
satisfying (d/dt)aP (A) = a (65A) - LP, А]) 
for all AeA in the domain of dg. A state ф 
changes with time t as ф(А)= ф(т?(А)) under 
the perturbed dynamics a7, and the total 


402 H 
Statistical Mechanics 


energy given to the system (mechanical work 
performed by the external forces) is given by 
L'(o) 2 [5, @(dP,/dt)dt. For KMS states at 
any В, as well as ground and ceiling states, 

1? (ф)20 for any P,. If ф is a factor state, the 
converse holds, i.e., LP (@)> 0 for all P, implies 
that o is either a KMS, ground, or ceiling 
state. The condition L”(@)> 0 for all P, is 
equivalent to —ig(U*69(U)) >0 for all unitary 
U in the domain of ó, and in the identity 
component of the group of all unitaries of 9I. 
A state @ satisfying this condition is called 
passive, and a state œ whose n-fold product 
with itself as a state on 99" is passive relative 
to aj?" for all n is called completely passive. 
The last property holds if and only if g isa 
KMS, ground, or ceiling state (W. Pusz and 
S. L. Woronowicz, Comm. Math. Phys., 16 
(1970)). 

The totality of KMS, ground, and ceiling 
states can be characterized by a certain sta- 
bility under perturbations (P, considered 
above) under some additional condition on 
х, (R. Haag, D. Kastler, and E. B. Trych- 
Pohlmeyer, Comm. Math. Phys., 38 (1974); O. 
Bratteli, A. Kishimoto, and D. W. Robinson, 
Comm. Math. Phys., 61 (1978)). 

When a lattice spin system is interpreted as 
a lattice gas, an operator N e WS’ (such as (cf? 
+ 1)/2) is interpreted as the particle number 
at the lattice site n and N(A)- X,.4 N, is the 
particle number in A. It defines a representa- 
tion of a unit circle T by automorphisms т, 
of 9[ defined as z,( A) = lim eM? Ae TiN 
(A 7 Z°), called gauge transformations (of the 
first kind). The grand canonical ensemble can 
be formulated as a fj-K MS state with respect 
to @,т„ (instead of x,), where the real constant 
i is called the chemical potential. It can be 
interpreted as an equilibrium state when the 
gauge-invariant elements {A €Q|t_(A)= A} 
instead of % are taken to be the algebra of 
observables or as a state stable under those 
perturbations that do not change the particle 
number. 


H. The Boltzmann Equation 


Statistical mechanics of irreversible processes 
originated from the kinetic theory of gases. 
Long ago, Maxwell and Boltzmann tried to 
calculate viscosity and other physical quanti- 
ties characterizing gaseous flow in nonequilib- 
rium. The *Boltzmann equation is generally a 
nonlinear *integrodifferential equation. On the 
basis of this equation mathematical theories 
were developed by D. Enskog, S. Chapman, 
and D. Hilbert [2]. 

Free electrons in a metal can be regarded 
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as forming an electron gas, in which electron 
scattering by lattice vibrations or by impurities 
is more important than electron-electron scat- 
tering. Following the example of gas theories 
H. A. Lorentz set forth a simple theory of 
irreversible processes of metallic electrons. 
His theory was, however, not quite correct, 
since metallic electrons are highly quantum- 
mechanical and classical theories cannot 

be applied to them. Quantum-mechanical 
theories of metal electrons were developed by 
A. Sommerfeld and F. Bloch. 


1. Master Equations 


The Boltzmann equation gives the velocity 
distribution function of a single particle in the 
system. This line of approach can be extended 
in two directions. The first is the so-called 
master equation. For example, consider a 
gaseous system consisting of N particles, and 
ask for the probability distribution of all the 
momenta, namely, the distribution function 
FS Dis s Pui t), where p,,..., py are the mo- 
menta of the N particles. The equations of 
motion are deterministic with respect to the 
complete set of dynamical variables (x,, p,, ..., 
Xy; Py). The equation for f(p,,..., py, t) may 
not be deterministic, but it may be stochastic 
because we are concerned only with the vari- 
ables p,, ..., py, with all information about 
the space coordinates x4, ..., xy disregarded. 
This situation is essentially the same in both 
classical and quantum statistical mechanics. 
If the duration of the observation process is 
limited to a finite length of time and the preci- 
sion of the observation to a certain degree of 
crudeness, the time evolution of the momen- 
tum distribution function fy can be regarded 
as a ' Markov process. In general. an equation 
describing a Markov process of a certain dis- 
tribution function is called a master equation. 
Typically it takes the following form for a 
suitable choice of variables x: 


(0/0t)f (x, t) 
= | dx'(W(x,x)f(, 0) — W(x, х')](х„)), (25) 


where W(x, x’) is the transition probability 
from x to x'. By expanding the first integrand 
into a power series in x — x’, with x’ fixed and 
by retaining the first few terms, we obtain the 
Fokker-Planck equation: 


(0/0t)f (x, t) - —(6/0x)(a (x) f(x, 1)) 
+(67/0x)(a2(x)f(x.0)/2, (26) 


a | охх (27) 
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J. The Hierarchy of Particle Distribution 
Functions 


Another way of extending the Boltzmann 
equation 15 to consider a set of distribution 
functions of one particle, of two particles, and 
generally of n ( < N) particles selected from the 
whole system of N particles. For example, a 
two-particle distribution function is the func- 
tion f;(x,, V1, X5, v5, t) for positions and veloc- 
ities of two particles at time t. The complete 
dynamics of the entire system of particles 
can be projected to the time evolution of this 
hierarchy of distribution functions. The equa- 
tion of motion for f, then contains the func- 
tion f, if the interaction of particles if pairwise, 
the equation for f, contains fi, and so on. 
Thus the equations of motion for the set of 
distribution functions make a chain of equa- 
tions. The whole chain is equivalent to the 
deterministic equations of motion for the 
dynamics of N particles. However, if the parti- 
cle number N is made indefinitely large, with 
the time scale of observation always finite, the 
chain of equations for the distribution func- 
tions asymptotically approaches a stochastic 
process if certain conditions are satisfied. 
Approximate methods of solving the hierarchy 
equations in classical cases have been devel- 
oped by J. Yvon, J. G. Kirkwood, M. Born, 
H. S. Green, and others. 

In quantum statistics, similar hierarchy 
equations can be considered. A typical exam- 
ple is the so-called Green's function method 


[27]. 


K. Irreversible Processes and Stochastic 
Processes 


The statistical mechanics of physical processes 
evolving in time is a hybrid of dynamics and 
the mathematical theory of stochastic pro- 
cesses. A typical example is the theory of 


Brownian motion. A colloidal particle floating ` 


in a liquid moves incessantly and irregularly 
because of thermal agitation from surrounding 
liquid molecules. For simplicity, an example of 
1-dimensional Brownian motion is considered 
here. Phenomenologically we assume that a 
colloid particle follows an equation of motion 
of the form 


тй = —myu+ f(t), (28) 


called the Langevin equation, where m is the 
mass of the colloid particle and u is the veloc- 
ity. The first term on the right-hand side is the 
friction force due to viscous resistance, and the 
second term represents a random force acting 
on the particle from surrounding molecules. 

If (28) describes the Brownian motion in 
thermal equilibrium, the friction constant my 
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and the random force cannot be independent, 
but are related by a theorem asserting that 


m=] C funfü,+ D> dt. (29) 


In an electric conductor, the thermal motion of 
charge carriers necessarily induces irregular- 
ities of charge distribution, and so an electro- 
motive force that varies in time in a random 
manner is created. This random electromotive 
force is similar to the random motion of a 
Brownian particle and is called the thermal 
noise. For such a thermal noise there exists a 
relation similar to (29) between the resistance 
and the random electromotive force. This 
relation is known as the Nyquist theorem. 
These theorems are contained in a more gen- 
eral theorem called the fluctuation-dissipation 
theorem. 

When an external force is applied to a 
system in thermal equilibrium, some kind 
of irreversible flow, an electric current, for 
example, is induced in the system. The rela- 
tionship between the flow and the external 
force is generally represented by an admit- 
tance. If the external force is periodic, the 
admittance is a function of frequency w and 
is given by 


x(o)— | "e" y(o)dt, (30) 
0 


where w(t) is equal to the correlation function 
of the flow that appears spontaneously as the 
fluctuation in thermal equilibrium when no 
external force is applied. This general ex- 
pression for an admittance, often called the 
Kubo formula, gives a unified viewpoint from 
which responses of physical systems to weak 
external disturbances can be treated without 
recourse to the traditional kinetic approach. 

The static limit (c —0) of the admittance is 
the transport coefficient. The reversibility of 
dynamics leads to relations among transport 
coefficients, called Onsager's reciprocity rela- 
tions in the thermodynamics of irreversible 
processes. 

When external disturbances are so large that 
the system deviates considerably from thermal 
equilibrium, the responses may show character- 
istic nonlinearities. Such nonlinear phenomena 
are important from both experimental and 
theoretical points of view, and constitute a 
central subject of modern research (— 433 
Turbulence and Chaos). 


References 


[1] L. Boltzmann, Lectures on gas theory, 
Univ. of California Press, 1964. (Original in 
German, 1912.) 


403 À 
Statistical Models 


[2] S. Chapman and T. G. Cowling, The 
mathematical theory of non-uniform gases, 
Cambridge Univ. Press, third edition, 1970. 
[3] R. C. Tolman, The principles of statistical 
mechanics, Oxford Univ. Press, 1938. 

[4] D. ter Haar, Elements of statistical me- 
chanics, Holt, Rinehart and Winston, 1961. 
[5] J. W. Gibbs, Elementary principles in 
statistical mechanics, Yale Univ. Press, 1902 
(Dover, 1960). 

[6] P. and T. Ehrenfest, The conceptual foun- 
dations of the statistical approach in mechan- 
ics, Cornell Univ. Press, 1959. (Original in 
German, 1911.) 

[7] I. E. Farquhar, Ergodic theory in statis- 
tical mechanics, Interscience, 1964. 

[8] V. I. Arnold and A. Avez, Ergodic prob- 
lems of classical mechanics, Benjamin, 1968. 
[9] R. Jancel, Foundations of classical and 
statistical mechanics, Pergamon, 1963. 

[10] R. H. Fowler, Statistical mechanics, Cam- 
bridge Univ. Press, second edition, 1936. 

[11] A. Ya. Khinchin, Mathematical founda- 
tion of statistical mechanics, Dover, 1949. 
(Original in Russian, 1943.) 

[12] L. D. Landau and E. M. Lifshits, Statis- 
tical physics, Pergamon, 1969. (Original in 
Russian, 1964.) 

[13] R. Kubo, Statistical mechanics, North- 
Holland, 1965. 

[14] H. S. Green and C. A. Hurst, Order- 
disorder phenomena, Interscience, 1964. 

[15] H. E. Stanley, Introduction to critical 
phenomena, Oxford Univ. Press, 1971. 

[16] C. Domb and M. S. Green, Phase tran- 
sitions and critical phenomena, Academic 
Press, 1972. 

[17] O. Bratteli and D. W. Robinson, Opera- 
tor algebras and quantum statistical mechan- 
ics П, Springer, 1981. 

[18] D. Ruelle, Statistical mechanics: Rigorous 
results, Benjamin, 1969. 

[19] D. Ruelle, Thermodynamic formalism, 
Addison-Wesley, 1978. 

[20] D. W. Robinson, The thermodynamic 
pressure in quantum statistical mechanics, 
Springer, 1971. 

[21] R. B. Israel, Convexity in the theory of 
lattice gas, Princeton Univ. Press, 1979. 

[22] D. H. Mayer, The Ruelle-Araki transfer 
operator in classical statistical mechanics, 
Springer, 1980. 

[23] B. M. McCoy and T. T. Wu, The two- 
dimensional Ising model, Harvard Univ. Press, 
1973. 

[24] N. S. Krylov, Works on the foundation of 
statistical physics, Princeton Univ. Press, 1979. 
[25] K. Huang, Statistical mechanics, Wilcy, 
1963. 

[26] F. Reif, Fundamentals of statistical and 
thermal physics, McGraw-Hill, 1965. 


1520 


[27] A. A. Abrikosov, L. P. Gor'kov, and I. E. 
Dzyaloshinskii, Methods of quantum field 
theory in statistical physics, Prentice-Hall, 
1963. (Original in Russian, 1962.) 

[28]E. H. Lieb and D. C. Mattis, Mathemat- 
ical physics in one dimension, Academic Press, 
1966. 


403 (XVIII.5) 
Statistical Models 


A. General Remarks 


A statistical model is defined by specifying the 
structure of the probability distributions of the 
relevant quantities. When a statistical model is 
used for the analysis of a set of data, its role is 
to measure the characteristics of a certain con- 
figuration of the data points. R. A. Fisher [1] 
advanced a systematic procedure for the appli- 
cation of statistical models. The process of 
statistical inference contemplated by Fisher 
may be characterized by the following three 
phases: (1) specification of the model, (2) esti- 
mation of the unknown parameters, and (3) 
testing the goodness of fit. The last phase is 
followed by the first when the result of the 
testing is negative. Thus the statistical in- 
ference contemplated by Fisher is realized 
through the process of introduction and selec- 
tion of statistical models. 

We always assume that the true distribution 
of an observation exists in each particular 
application of statistical inference, even though 
it may not be precisely known to us. Our par- 
tial knowledge of the generating mechanism of 
the observation suggests various possible con- 
straints on the form of the true distribution. 
The basic problem of statistical inference is 
then to generate an approximation to the true 
distribution by using the available obser- 
vational data and a model defined by a set 
of probability distributions satisfying the 
constraints. 


B. The Criterion of Fit 


The use of statistical models can best be ex- 
plained by adopting the predictive point of 
view, which defines the objective of statistical 
inference as the determination of the predictive 
distribution, the probability distribution of a 
future observation defined as a function of the 
information available at present. The perfor- 
mance of a statistical inference procedure is 
then evaluated in terms of the expected dis- 
crepancy of the predictive distribution from 
the true distribution of the future observation. 
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The probabilistic interpretation of thermo- 
dynamic entropy developed by L. Boltzmann 
[2] provides a natural measure of the discre- 
pancy between two probability distributions. 
The entropy of a distribution specified by the 
density f(y D respect to the distribution 
specified by g(y) is defined by 


B(f;9) -- |2 fo) LE > [ronds 


where, as in what follows, the integral is taken 
with respect to some appropriate measure dy. 
This definition of entropy is a faithful repro- 
duction of the original probabilistic interpre- 
tation of the thermodynamic entropy by Boltz- 
mann and allows the interpretation that the 
entropy B( f; g) is proportional to the logar- 
ithm of the probability of getting a statistical 
distribution of observations closely approxi- 
mating f(y) by taking a large number of inde- 
pendent observations from the distribution 
g(y). (For a detailed discussion — [3].) 
Obviously we have 


B(f zn (y)logg(y)dy— | J(y)log f(y) dy 


The second term on the right-hand side is a 
constant depending only on f(y). The first 
term is the expected log likelihood of the dis- 
tribution g(y) with respect to the true distri- 
bution f(y). Thus a distribution with a larger 
value of the expected log likelihood provides a 
better approximation to the true distribution. 
Even when f(y) is unknown, Іор (у) provides 
an unbiased estimate of the expected log like- 
lihood. This fact constitutes the basis of the 
objectivity of the tlikelihood as a criterion for 
judging the goodness of a distribution as an 
approximation to the true distribution. 


C. Parametrization of Probability 
Distributions 


When we construct a statistical model it is a 
common practice to represent the uncertain 
aspect of the true distribution by a family of 
probability distributions with unknown para- 
meters. This type of family is called a para- 
metric family; the model is called a parametric 
model. The parameters in a parametric model 
are the keys to the realization of the infor- 
mation extraction from data by statistical 
methods. Accordingly, the introduction of 
mathematically manageable parametric 
models forms the basis for the advance of 
statistical methods. 


(1) Pearson’s System of Distributions. A wide 
family of distributions can be generated by 
assuming a rational-function representation of 
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the sensitivity of the density function f(y) 
given by 


d ay - d, y... ay y? 
—] MOLAR "о Pe р 
1; Д агнета by" 


Pearson's system of distributions is defined by 
putting p — 1 and q—2 and by assuming vari- 
ous constraints on the parameters a; and b; 
and the support of f(y) [4]. 

E. Wong [5] discussed the construction of 
continuous-time stationary Markov processes 
with the distributions of Pearson's system as 
their stationary distributions. This allows a 
structural interpretation of the parameters of a 
distribution of the system. 


(2) Maximum Entropy Principle and the Ex- 
ponential Family. To develop a formal theory 
of statistical mechanics E. T. Janes [6] intro- 
duced the concept of the maximum entropy 
estimate of a probability distribution. This 
concept leads to a natural introduction of the 
exponential family. Following Kullback [7], 
we start with a distribution g( y) and try to find 
f(y) with prescribed expectations of statistics 
T,(y), ..., T, (y) and with maximum entropy 
B(f;g). Such a distribution f(y) is given by the 
relation 


Ti(y)+...+4 T,(y)]g(y), 


where it is assumed that the right-hand side is 
integrable. By varying the parameters 1,,..., t, 
over the allowable range we get the exponen- 
tial family of distributions. I. J. Good [8] con- 
sidered the Janes procedure as a principle for 
the generation of statistical hypotheses and 
called it the maximum entropy principle. 


f) ос exp[1, 


(3) Parametric Models of Normal Distribu- 
tions. Of particular interest within the ex- 
ponential family is the family of normal distri- 
butions. This is obtained by assuming the 
knowledge of the first- and second-order mo- 
ments of a distribution and applying the maxi- 
mum entropy principle [9]. Obviously, the 
parametrization of a normal distribution is 
concerned only with the mean vector and the 
variance-covariance matrix. 

Let X -(X,,..., X,) be an n-dimensional 
normal random variable with mean EX — 
(m,,...,m,) and variance-covariance matrix 
2 = (0,), where o; E(X; —mj)(X;—mj). (E 
denotes expectation and ' denotes the trans- 
pose.) À nonrestrictive family of n-dimensional 
normal distributions is characterized by n 4- 
n(n + 1)/2 parameters, т, (i— 1, ..., n), and о, 
(1= 1,..., mj 1, ..., n). The prior information 
on the generating mechanism of X introduces 
constraints on these parameters and reduces 
the number of free parameters. 

Reduction of the dimensionality of the 
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parameter vector m — (m, ...,m,J' is realized 
by assuming that m is an element of a k- 
dimensional subspace of R" spanned by the 
vectors a, —(a,,, ..., d... ay (4,1, ++ Agn)» 
i.e., by assuming the relation 


m= Ас, 


where A=(a,,...,a,) is an n x k matrix and c= 
(c1, ...,с) is a k-dimensional vector with k < 
n. This parametrization ts obtained when for 
each X; the observation (a5, ...,a4) is made on 
a set of k factors and the analysis of the linear 
effect of these factors on the mean of X; is 
required. We have the representation X — Ac 

+ W, where W is an n-dimensional normal 
random vector with EW — 0 and variance- 
covariance matrix Z (— Section D). 

To complete the model we have to specify 
the variance-covariance matrix 27. One of the 
simplest possible specifications is obtained by 
assuming that the X; are mutually indepen- 
dent and of the same variance o2. This reduces 
X to 021, where I denotes an n x n identity 
matrix. With this assumption the number 
of necessary parameters to represent the 
variance-covariance matrix reduces from n(n 
+ 1)/2 to 1. The model obtained with the 
assumptions Z= o2] and m= Ас is called the 
general linear model (or regression model) 
with normal error, or simply the normal linear 
model. The model is called a regression model 
also when the a; are random variables (— e.g., 
[10, 1H ]). 

A typical example of nontrivial parametri- 
zation of the covariance structure of X is ob- 
tained by assuming the representation 


X=m-+ AF+W, 


where F —( fi, ..., f;) denotes the vector of 
random effects and W the vector of measure- 
ment errors. It is assumed that F and W are 
mutually independent and normally distri- 
buted with EF =0 апа ЕМ = 0. Also the com- 
ponents of W are assumed to be mutually 
independent. The variance-covariance matrix 
X of X is then given by 


Z= АФА'+А, 


where Ф = EFF’ and А = EWW', which is 
diagonal. 

When A is a design matrix, the parametri- 
zation provides a components-of-variance 
model (or random-effects model) of which the 
main use is the measurement of the variance- 
covariance matrix of the random effects 
Jis- f, rather than the measurement of F 
itself. If we consider F to be representing the 
effects of some latent factors for which A is not 
uniquely specified, the above representation 
of X gives merely a formal, or noncausal, 
parametrization of 2. In this case the model is 
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called the factor analysis model and the dimen- 
sion g of F is called the number of factors. By 
keeping the number of factors sufficiently 
smaller than the dimension of X, we get a 
parametrization of X with a smaller number of 
free parameters than the unconstrained model. 
Starting with g — 1 and successively increasing 
the number of factors, we can get a hierarchy of 
models with successively increasing numbers 
of parameters. (— [12] for a very general 
modeling of the variance-covariance matrix.) 


(4) Parametrization of Discrete Distribution. 
Consider the situation where the observation 
produces one of the events represented by r= 
0, 1,2, ..., k with probability p(r), where k 
may be infinite. Represent by X =(Х,,..., Xn) 
the result of n independent observations. The 
probability p(X) of getting such a result is 
given by the relation 


k 
log p(X) = > 0,п,(Х), 


where 0, 2log p(r) and n,(X) denotes the num- 
ber of X;s which are equal їо r. (The term not 
depending on the 0,5 is omitted in the above 
and subsequent formulas, since it is immaterial 
for problems of inference.) Thus a nonrestric- 
tive model is obtained by assuming only the 
relations 0, « 0 and X4. e* = 1. Obviously the 
model defines an exponential family and vari- 
ous useful parametrizations are realized by 
introducing some constraints on the para- 
meters 6,. 

When the events r are arranged in a 2- 
dimensional array (i,j) (i 1, ...,m;j— 1, ..., n) 
we have 


m n 
log p(X)= Ў; > 0,;n; (X). 

== 
One simple parametrization is given by 
0j nr et Bj ug, 


where it is assumed that D7), à; = 27-, fj 
У, y = Xj Vy = 0. Obviously this is a pa- 
rametrization of 6, as a linear function of 
the parameters a;, fj, and y;;, and the model 
thus obtained is called the log linear model. 
The model shows a formal similarity to the 
analysis-of-variance model (— Section D). By 
introducing successively more restrictive as- 
sumptions on the parameters, we can get a 
hierarchy of models for the analysis of a two- 
way contingency table. Extension to cases 
when more than two factors are involved is 
obvious (— e.g., [13]). 

Here we consider that X; is a dichotomous 
variable, i.e., k= 1, and that the probability of 
X;—1 may depend on i, i.e., we have 


log p(X;) = nbo; + (Ө, — 05;) n; (X)), 
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where 0);=log Prob(X;=0) and 0,;= 

log Prob(X; = 1). We assume that a vector of 
observations a; — (aj, ...,a;,) is available 
simultaneously with X; and that we are inter- 
ested in analyzing the relation between a; and 
the probability distribution of X;. The analysis 
is realized by exploring the functional relation 
between 1; — 0,, — 6); and a,. We can assume а 
linear relation 


т= Ас, 


where t=(t,,...,1,), A —(2,,...,a,); and c= 
(ci, ..., c). The parameter т; = log( p(X;= 
1/(1 — p(X;— 1))] is the log odds ratio or logit 
of the event X;— 1, and the model is called 
the linear logistic model [14]. A hierarchy 

of models can be generated by assuming a 
successively more restrictive linear relations 
among the components of C. 


D. General Linear Models 


Another class of models often used in practical 
applications is composed of general linear 
models or linear regression models, where the 
observed value is considered to be the sum of 
the effects of some fixed causes and the error. 
Let X x(X,, ..., X,)' be an n-dimensional 
trandom variable, and denote the expectation 
of X by E(X) 2 (u,, ..., д). If E(X) is of the 
form Аё with an unknown parameter ё = 


(&,, ..., Ča, and a given n x k matrix A, then 
we can express X as 
X=AE+W, E(W)=(0,...,0Y, (1) 


with the error term W=(W,,..., Wy. We 
frequently assume a set of conditions on the 
distribution of X; for example, (1) X,,..., X, 
are mutually *independent, (ii) X,, ..., X, 
have a common unknown 'variance c?, (iii) 
(X, ..., Xn) is distributed according to an n- 
dimensional tnormal distribution. The equa- 
tions (1) together with conditions on the 
distribution are called a linear model. 

Among the methods of statistical analysis of 
linear models are regression analysis, analysis 
of variance, and analysis of covariance as 
explained below, but these are not clearly 
distinguished from each other. (I) In design-of- 
experiment analysis, i.e., analysis of variance, 
the matrix A and the vector £ in (1) are called 
a design matrix and an effect, respectively. In 
this case entries of A are assumed to be either 
1 or O. (П) In regression analysis, we are first 
given a linear form х= Lj, aj£; of a vector 
a —(a,, ...,a,) with coefficient vector ё = 
(Ë... £4). Let X,,..., X, be the observed 
values of x at n points а, —(d,,, ..., 44), ...,8, 
—(a,,, ..., ay, respectively, where n> k. If the 
observations are unbiased, that is, if E(X) = 
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Уклау, i=1,...,n, then the model (1) is 
obtained with A = (а;). Usually one of the 
components of the vector a is taken as unity. 
In this framework the form х= Y;a;6; is called 
the linear regression function or regression 
hyperplane, and for к 22, the graph of the 
linear function x — a, š, + £j and its coefficient 
ё, are called the regression line and regression 
coefficient, respectively. The components of 
the vector a are called fixed variates or ex- 
planatory variables. Frequently we encounter 
the case where the vector a, and consequently 
the matrix A, are random variables. When this 
is the case, a discussion like that above can be 
carried out for given А by regarding Aé in (1) 
as the conditional expectation of the vector X. 


E. The Method of Least Squares 


Consider the subspace L(A) of the tsample 
space R" spanned by the column vectors of A. 
Then the dimension s of L(A) equals the rank 
of A, and L(A) and its torthocomplement 

L^ (A) are called the estimation space and the 
error space, respectively. The torthogonal 
projection y of a point x to the space L(A) is 
expressed as y = P,x with a real tprojection 
matrix P,. The variable Y = P4X is called the 
least squares estimator of E(X), and the rou- 
tine of getting such an estimator Y, called the 
method of least squares, minimizes the squared 
error (X — Ač) (X — Аё) for a given X. This 
method consists of two operations solving the 
normal equation A' Аё = A'X with respect to £, 
and setting Y — Aë, where š is a solution of the 
equation. For s =k, we obtain Y= А(А'А) ! A'X 
directly. Even when s « k, where the solution 
of the normal equation is not unique, Y is 
uniquely determined. The quantity О = X'(I — 
P,)X, where I is the unit n x n matrix, is the 
squared distance of the point X from the space 
L(A) and is called the error sum of squares 
with n — s degrees of freedom. 

A linear function #'š of the parameter ë with 
coefficient vector fl (f, ..., В,) is called a 
linearly estimable parameter (or estimable 
parameter) if there is a linear unbiased esti- 
mator, that is, an unbiased estimator of the 
form b'X, of f'&. In order that J'E be estimable 
it is necessary and sufficient that $’ be a linear 
combination u’A of the row vectors of the 
matrix A. A linear unbiased estimator that has 
minimum variance among all linear unbiased 
estimator uniformly іп é is called the best 
linear unbiased estimator (b.l.u.e.). If the con- 
ditions (i) and (ii) of Section D are satisfied, 
then for any given n-vector u the b.Lu.e. of a 
parameter y =w AČ is given by =u Y with 
Y = P,X, and its variance equals (u'P,u)o?, 
while the expectation of the quantity Q is 
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given by (n —s)o2. This proposition is known 
as the Gauss-Markov theorem. Hence the 
b.l.u.e. ? —u'Y is frequently cited as the least 
squares estimator of y. The quantity 62 = 
Q/(n — s) is an unbiased estimator of c? and is 
called the mean square error. If in addition the 
condition (iii) of Section D is assumed, then ? 
and 6? are the *uniformly minimum variance 
unbiased estimators of y and c?, respectively. 
When the error term W in (1) has covar- 
iance matrix X = 02, with an unknown real 
parameter o? and a known matrix Xo, the 
valaue of the parameter š minimizing О = 
(X — А& Xj (X — Аё) is called the generalized 
least squares estimator of & if it exists. This 
estimator has properties similar to those of the 
least squares estimator. 


F. Model Selection and the Method of 
Maximum Likelihood 


When a parametric family of distributions 
{/С10); 0€ Ө} is given and an observation x 
is made, log f(x |0) provides an unbiased esti- 
mate of the expected log likelihood of the 
distribution f(-|@) with respect to the true 
distribution of the observation. The value of 0 
which maximizes this estimate is the maximum 
likelihood estimate of the parameter and is 
denoted by 0(х) (— 399 Statistical Estimation). 
In a practical application we often have to 
consider a multiple model, defined by a set 
of component models { f;(-| 0); б,є Ө, (i= 
1,...,k). The problem of model selection is 
concerned with the selection of a component 
model from a multiple model. The difference 
of the difficulties of handling a simple model 
defined by a one-component model, and a 
multiple model is quite significant. For a sim- 
ple model ( f(-| 6); 0€ Ө}, each member of the 
family is a probability distribution. In the case 
of a multiple model, its member is a model 
which is simply a collection of distributions 
and does not uniquely specify a probabilistic 
structure for the generation of an observation. 
Thus the likelihood of each component model 
with respect to the observation x cannot be 
defined and the direct extension of the method 
of maximum likelihood to the problem of 
model selection is impossible. This constitutes 
a serious difficulty for the handling of multiple 
models. Apparently, Fisher used the proce- 
dure of testing to solve this difficulty. 


(1) Analysis of log Likelihood Ratios. The 
procedure of model selection by testing, which 
is applicable to a wide class of models, is the 
method of analysis of log likelihood ratios 
[15]. Consider the situation where a model 

1s to be determined by using a hierarchy of 
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models í f(-| 0); 6,¢0,} (i= 1, ... , k) such that 
©0,< 0, c...< @,. The comparison of models 
is then realized through the comparison of the 
maximum likelihoods f(x |6;(x)), where 0,(x) 
denotes the maximum likelihood estimate of 
0; based on the data x. For Ө,с ©; the log 
likelihood ratio is defined by 


Л(Ө,/Ө;; x)= —21ов{ f(x | A(x) F(X | Oj) }- 


The analysis of log likelihood ratios is realized 
by the decomposition 


^(0,/0,; x)= A(O,/O2; x) + A(O,/O3;x)+... 
+ A(O,-1/O,; x). 


The log likelihood ratios A(0,..,/0,; x), 
A(0, 2/0, ,; X), ..., A(0,/0,; x) are succes- 
sively tested by referring to chi-square distri- 
butions with the degrees of freedom d(k) — 
d(k — 1), d(k — 1) - d(k — 2), ...,d(2) — d(1), 
respectively, where d(i) denotes the dimension 
of the manifold @,. The assumption of the chi- 
square distributions 1s only asymptotically 
valid under the usual regularity conditions (— 
400 Statistical Hypothesis Testing). The model 
defined with Ө, for which A(@;/@;_,; x) first 
becomes significant is selected and f(y|0,(x)) is 
accepted as the predictive distribution. The 
problem of how to choose the levels of sig- 
nificance to make the test procedure a proce- 
dure for model selection remains open. 


(2) Model selection by AIC. One way out of 
the difficulty of model selection is to assume 

a prior distribution over Ө, for each model 
{5С10); 06,6 O;}. This leads to Bayesian model- 
ing, which 15 discussed in Section G. Another 
possibility is to replace each component model 
Lf C16 0,60, by a distribution f;(-|0;(x)) 
specified by the maximum-likelihood estimate 
0;(x). The problem here is how to define the 
likelihood of each distribution f;(-|0,(x)). An 
information criterion AIC was introduced by 
H. Akaike [16] for this purpose; it is defined 
by 


AIC=(—2)log (maximum likelihood) 
+2 (number of estimated parameters). 


We may consider —0.5 AIC to be the log 
“likelihood” of f(-|0(x)) which is corrected for 
its bias as an estimate of E, E log f( y | 0(x)), 
where E, denotes the expectation with respect 
to the true distribution of x, and where it is 
assumed that x and y are independent and 
identically distributed. The maximum "likeli- 
hood" estimate of the model is then defined by 
the model with minimum AIC. This realizes a 
procedure of model selection that avoids the 
ambiguity of the testing procedure. It is appli- 
cable, at least formally, even to the case of a 
nonhierarchical set of models. 
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G. Bayesian Models 


Consider the situation where an observation x 
is made and it is desired to produce an esti- 
mate p(y|x) of the true distribution of a future 
Observation y. p(y| x) is called a predictive 
distribution. Assume that x and y are sampled 
from one of the distributions within the family 
{g(yv|O)f(x| 0); 0€ Ө}, ie., x and y are stochasti- 
cally independent but share common struc- 
tural information represented by 0. As a design 
criterion of р(у| х) we assume a probability 
distribution z(0) of 0. The model í f(-|0);0€O} 
with x(0) is called a Bayesian model and л(0) is 
called the prior distribution. From the relation 


E E, E, glogp(y|x)— Е.Е, logp(y | x), 


where E,» denotes the expectation of y con- 
ditional on x and E, the expectation with 
respect to the marginal distribution of x, it 
can be seen that the optimal choice of p(y| x) 
which maximizes the expected log likelihood is 
given by the conditional distribution 


p(y|x)= fav 0)p(0| x)d0, 


where р(0| х) is the posterior distribution of 0 
defined by 


-1 
pols fist ( | resisiban) 


When a prior distribution z(0) is specified, 
the parametric family of distributions { f(:|0); 
0€ O is converted into a stochastic structure 
which specifies a probability distribution of 
the observations. The likelihood of the struc- 
ture, or the Bayesian model, with respect to 
an observation x is defined by 


| | 0)т(0) 40. 


When Шеге is uncertainty about the choice of 
the prior distribution we can consider a set of 
possible prior distributions and apply the 
method of maximum likelihood. Such a proce- 
dure is called the method of type II maximum 
likelihood by I. J. Good [17]. For a multiple 
model ( f;(-|0);0,€ ©; (i= 1,..., k), if prior 
distributions z;(0;) are defined, a model selec- 
tion procedure is realized by selecting the 
Bayesian model with maximum likelihood. 

Bayesian modeling has often been consid- 
ered as not quite suitable for scientific appli- 
cations unless the prior distribution is objec- 
tively defined. However, even the construction 
of an ordinary statistical model is always 
heavily dependent on our subjective judgment. 
Once the objective nature of the likelihood of 
a Bayesian model is recognized, the selection 
or determination of a Bayesian model can 
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proceed completely analogously to Fisher's 
scheme of statistical inference (— e.g., [18]). 
The basic underlying idea of both the mini- 
mum AIC procedure and Bayesian modeling is 
the balancing of the complexity of the model 
against the amount of information available 
from the data. This unifying view of the con- 
struction of statistical models is obtained by 
the introduction of entropy as the criterion for 
judging the goodness of fit of a statistical 
model (— [19] for more details). 
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A. General Remarks 


According to the Japanese Industrial Standard 
(JIS) Z 8101, *Quality Control (QC) is a system 
comprising all the methods used in manufac- 
turing products or providing services econom- 
ically that meet the quality requirements of 
consumers." To emphasize that modern qual- 
ity control makes use of statistical methods, 

it is sometimes referred to as Statistical Qual- 
ity Control (SQC). In order to implement 
effective QC, statistical concepts and methods 
must be applied and the “Plan-Do-Check- 
Action" (PDCA) cycle must be followed in 
research and development, design, procure- 
ment, production, sales, and so on. These QC 
activities are executed on a company- 

wide basis from the top management to the . 
production workers. This type of QC is called 
Company-Wide Quality Control (CWQC) or 
Total Quality Control (TQC). 

The quality Q is an abstract notion of the 
conformity of a product or service to con- 
sumers' requirements; it also refers to the total 
of the characteristics of a product or service as 
perceived by consumers. The quality charac- 
teristics may include both measurable physical 
and/or chemical features, such as strength and 
purity, or features such as color or texture as 
appreciated by individuals. These latter char- 
acteristics could be called "consumer qual- 
ities." Furthermore, the concept “quality” 
has also been used to describe the social im- 
pact of a product or service. This might be 
called “social quality." Examples of social- 
quality issues are pollution by solid waste or 
drainage in the production stage; degradation, 
maintainability, and safety of a product in 
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daily use; and pollution following disposal. 
For a product or service to conform to this 
sort of quality it has become necessary to 
conduct QC activities not only during produc- 
tion but also at early stages of design and 
development of new products. 

The measured characteristics of quality 
vary from one product to another because of 
natural variability in the material and produc- 
tion process involved, ability of individual 
Workers, errors in different sorts of measure- 
ment, etc. If the variations among the mea- 
sured values from a process can be attributed 
to "chance causes" and their distribution ex- 
pressed by a probability or a probability den- 
sity function, the process is said to be in a 
"state of statistical control" according to W. A. 
Shewhart or in a "stable state" by JIS. In this 
case the value of a characteristic is deemed to 
be the realization of a random variable X. 
Sometimes the variations are attributed to 
"assignable causes," which must be identified 
and eliminated. 


B. Control Charts 


The control chart provides a means of evaluat- 
ing whether a process is in a stable state. 

The control chart is magde by plotting points 
illustrating a statistic of the qualitv charac- 
teristics or manufacturing conditions for an 
ordered series of samples or subgroups. A 
sheet of the control chart is provided with a 
middle line between a pair of lines depicting 
the upper control limit (UCL) and the lower 
control limit (LCL). The stable state is as- 
sumed to be exhibited by points within the 
control limits. Points falling outside the con- 
trol limits suggest some assignable causes, 
which should be eliminated through corrective 
measures. 

The idea underlying control charts as devel- 
oped by Shewhart is to apply the statistical 
principle of significance to the control of pro- 
duction processes. Other types of control 
charts have also been developed, for example, 
acceptance control charts and adaptive control 
charts. These have been successfully applied 
to many quality control problems. 

The foundation of Shewhart's control chart 
is the division of observations into what are 
called *rational subgroups." A rational sub- 
group is the one within which variability is 
due only to chance causes. Between different 
subgroups, however, variations due to assign- 
able causes might be detected. In most pro- 
duction processes the rational subgroup com- 
prises the data collected over a short period 
of time during which essentially the same con- 
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dition in material, tool setting, environmental 
factors, etc., prevails. 

The limits on the control charts are placed, 
according to Shewhart, at a 3c distance from 
the middle line, where o is the population 
standard deviation (or standard error) of the 
statistic; 3c expresses limits of variability 
within the subgroup. Assuming that the popu- 
lation distribution of an observed character- 
istic is “normal,” the range between the limits 
should include 99.7% of the points plotted so 
long as the process is “in control" at the mid- 
die value. Accordingly, 0.3% of the plotted 
points from the *in control" process fall out- 
side the limits, and thus give an erroneous 
“out of control” signal. 

To determine that the process is in con- 
trol for a normally distributed characteristic 
N(n,o2), we have to investigate the variability 
between the means и and the standard devi- 
ations c of different distributions of X for 
different subgroups. Thus the state of control 
of a process is determined with control charts 
for 


X- 


ras 


t 


1 


Хп and s= [Eo men 
1 i-1 


which are the appropriate statistics corre- 
sponding to и and c. Despite the theoretical 
drawback of the statistical range К = тах; X, — 
min; X; against s, use of the range is often pre- 
ferred in QC work because of its simplicity 

in computation. Hence the X—R charts are 
obtained from the previously collected k ra- 
tional subgroups each of size n as follows: 


UCL- X + AR, 


LCL- X — AR. 


UCL=D,R, 
LCL = D, R, 
where X and R are the averages of the k values 


of X and R, respectively, and 


3 d d 
D,=143—2, D,=1-3—, 


na, d, 4, 
Е[К]=4,0, V[R]=E[(R—EL[R])] 


=4,2o2. 


Ay = 


For n<7, LCL for R cannot be given because 
D, becomes negative. 

The other commonly used control charts are 
the p chart (proportion of nonconformity: 
binomial distribution) and the c chart (number 
of defects: Poisson distribution). For those 
charts the above theory of normal distribution 
is also used to approximate the binomial and 
Poisson values. 

It is generally sufficient to use the agreed-on 
decision criterion (3c limits) and to recognize a 
relatively small risk (ж = 0.003) for practical 
purposes. It should be noted, however, that a 
shift of the process mean p by 1o would not be 
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observed at a ratio of 97.7%, which is the value 
of the risk f for each plotted point, under the 
normal distribution of the plotted statistic. 
One reason why the control chart has been a 
practical tool in many applications is this lack 
of sensitivity to a relatively small shift of the 
level. If greater sensitivity is required, 20 limits, 
“warning limits" are used. This results in a 
greater risk х of erroneously finding a process 
out of control. 

Other decision criteria based on aspects of 
run theory are also used. Charts using ac- 
cumulated data from several rational sub- 
groups for each plotted value are sometimes 
recommended: Moving average and moving 
range charts and the cusum ("cumulative 
sum") chart are examples. The statistical 
theory for these charts is more complicated 
than that for the simple charts discussed here. 


C. Sampling Inspection 


Sampling inspection determines whether a lot 
should be accepted or rejected by drawing a 
sample from it, observing a quality character- 
istic of the sample, and comparing the ob- 
served value to a prescribed acceptance crite- 
rion. Sampling may be conducted in several 
stages. Definite criteria are required to decide 
at each stage whether to accept or reject the 
lot or continue sampling on the basis of sam- 
ple values observed so far. There also must 

be some rules to determine the size of the next 
sample if it is to be taken. These criteria and 
rules together are called the sampling inspec- 
tion plan. The number of samples eventually 
drawn and observed and their sizes are gener- 
ally random variables. In single sampling in- 
spection the final decision is always reached 
after one stage of sampling is completed. Dou- 
ble sampling inspection makes the final deci- 
sion after at most two stages of sampling are 
completed. Multiple sampling inspection makes 
the final decision after at most N stages of 
sampling are completed (N « oo). Inspection 
without a predetermined limit on the number 
of sampling stages, sequential sampling inspec- 
tion, is usually constructed so that the proba- 
bility of the indefinite continuation of sam- 
pling is 0. 

Once a sampling inspection plan is deter- 
mined, the probability for accepting a lot with 
given composition can be calculated. This 
probability as a function of lot composition is 
called the operating characteristic of the plan. 
In most cases, the quality of a lot is expressed 
by a real parameter 0 (e.g., fraction defective, 
i.e., percentage of defective products, or the 
average of some quality characteristic), and we 
use only inspection plans whose operating 
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characteristics are expressed as a function of 0. 
The graph of this function is called an OC- 
curve. We impose certain desirable conditions 
on the OC-curve and design plans to satisfy 
them. Tables for this purpose, sampling inspec- 
tion tables, are prepared for practical use. The 
condition most frequently employed is ex- 
pressed in the following form in terms of four 
constants 00, 0,, х, B: The probability of rejec- 
tion is required to be at most « when 0 < 0, (or 
0 2: 0,), and the probability of acceptance at 
most f when 020, (or 0< 0,). Here х is called 
the producer's risk, and fj the consumer's risk. 

If the rejection of a lot is identified with the 
rejection of a statistical hypothesis 0 < бу, the 
OC-curve is actually the power curve of the 
test upside down (i.e., the graph of 1 minus 
the tpower function), and the producer’s and 
consumer's risks are precisely the ferrors of the 
first and second kind. The choice of a plan is 
actually the choice of a test under certain con- 
ditions on its power curve. Commonly used 
plans are mostly based on well-established 
tests, some of which have certain optimum 
properties. A few examples, (1)-(4), are given 
below. Here sampling inspection by attribute is 
an inspection plan that uses a statistic with a 
discrete distribution, whereas sampling inspec- 
tion by variables uses a statistic with a contin- 
uous distribution (— 400 Statistical Hypoth- 
esis Testing). 

(1) Single sampling inspection by attribute 
concerning the fraction of defective items in a 
lot: Let the defective fraction be denoted by p 
and identified with 0 in the preceding para- 
graph. Assign two values of p, say po and p, 
(0 pg « p, « 1), the producer's risk х, and the 
consumer's risk f. Together they give con- 
ditions to be fulfilled by the OC-curve. Draw n 
items from a lot at random, and suppose that 
they contain Z defective items. The decision is 
then made after observing Z, whose distri- 
bution is thypergeometric and approximately 
*binomial when the size of the lot is large 
enough. There exists a plan that minimizes n 
among all plans satisfying the imposed con- 
ditions under either of the two assumptions 
about the distribution of Z. It rejects the lot 
when Z is greater than a fixed number deter- 
mined by po, p,, %, and $. This plan is based 
on the UMP test of the hypothesis p < po 
against the alternative p 2 p,. 

(2) Single sampling inspection by variables 
concerning the population mean џ in the case 
where the population distribution is №, o?) 
with known o°: Draw a sample (X,, ..., X.) of 
size n from a lot. Assume that the X are inde- 
pendently distributed with the same distri- 
bution М(и,о?). Suppose that smaller values of 
the quality characteristic stand for a more 
desirable quality. If two values of џи, say uç and 
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H4, €, and f are assigned, a plan can be estab- 
lished to minimize n. It rejects the lot when 
the sample mean X = У", X,/n exceeds a fixed 
number determined by де, u,, х, and fl. This 
too is based on the UMP test of u € uo against 
HZ. 

(3) Cases where the samples are drawn in 
more than one stage: As in (2), assign two 
values of 0, х, and f; there is still liberty to 
choose n,, n5, ..., which are the sizes of the 
samples drawn at each stage. Hence there are 
many possible plans fulfilling the imposed 
conditions. Among them a plan is sought 
to minimize the expectation of n2 n, +n, + 
... (called the average sample number). For 
example, plans based on the sequential proba- 
bility ratio tests are in common use (— 400 
Statistical Hypothesis Testing). 

(4) Among other special plans, sampling 
inspection with screening and sampling inspec- 
tion with adjustment are worthy of mention. In 
the first plan, all the units in the rejected lots 
are inspected and defective units replaced by 
nondefective ones. In this case, fixing p, (the 
lot tolerance percent defective) and f), or the 
average fraction defective after the inspection 
(average outgoing quality level), we attempt to 
minimize the expected amount of inspection, 
that is, the expected number of inspected units 
including those in the rejected lots. In the 
second plan, acceptance criteria are tightened 
or loosened according to the qualitv of the lots 
just inspected. 
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Stochastic Control and 
Stochastic Filtering 


A. General Description of Stochastic Control 


Stochastic control is an optimization method 
for systems subject to random disturbance. Let 
Г be a compact convex subset of Rk, called a 
control region. Let W be ар tn-dimensional 
Brownian motion and o,(W) = o(W,;s < t) (say 
F,) be the least fo-field for which W., s <t, are 
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measurable. An t.Z-progressible measurable 
T-valued process is called an admissible con- 
trol. For an admissible control U, the system 
evolves according to an n-dimensional con- 
trolled stochastic differential equation (CSDE) 


dX,—a(X,, U)dW, t y(X,, U,) dt, 


where a symmetric n x n matrix a(x, и) and n- 
vector у(х, и) are continuous in R” x Г and 
Lipschitz continuous in xe R". Hence thc 
CSDE has a unique solution, called the re- 
sponse for U,. The problem is to maximize (or 
minimize) the performance J: 


Дт, X, @, =s, | Ми! c(X,. Uds ОХ, U)dt 
0 


+e 1590004 yyy хә] 


where X, is the response for U, with X; = x and 
t is a constant time or a thitting time asso- 
ciated with a target set. We put V(t, x, ф) = 
SUPucadm. contro J (T, x, Ф, U) the value function 

as a function of x. If the supremum value is 
attained at an admissible control U,, then О, is 
called an optimal control. 


B. Bellman Principle 


In order to get V(t + s, x, 9), R. Bellman ap- 
plied the following two-stage optimization. 
After using any U up to time t, a controller 
changes U to an optimal one. Then at time t + 
s the performance J (t, x, V(s,:, 9), U) is ob- 
tained. Taking the supremum with respect to 
U, one gets V(t + s, x, œ). This is called the 
Bellman principle. Let С be the *Banach lattice 
of the totality of bounded and uniformly con- 
tinuous functions on R”. Suppose that o, y, f 
and c(Z 0) are bounded and smooth; then for 
constant time t, the value function V(t, x, ф) 
belongs to C whenever рє C. Moreover, the 
family of operators V(t) defined by И@)ф(х)= 
V(t, x, ф) becomes a tmonotone contraction 
semigroup on C. The semigroup property 
V(t -- s, x, 9) = V(t, x, V(s, -,@)) is nothing but 
the Bellman principle. The tgenerator G is 
expressed by 


Go(x) = sup (L'o(x) — cx, w(x) + f(x, w)} 
uer 
for a smooth function @, where L" is the gen- 


erator of ‘diffusion of the response for con- 
stant control u(e I), namely, 


Е agat 
=- Xin (X, u)a x u) ——— 
207-1 E 18 дх,дх, 


i д 
+Y qu. 
p yx 2E 


Furthermore, assume that х is uniformly posi- 
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tive definite and ф is smooth. Then V(t)@(x) 
belongs to *W,);2. for any p and is the unique 
solution of the Bellman equation ( = dynamic 


programming equation) 


oW 
s =sup (L"W — c(x, и) + f(x, u)) 
uer 


ae.on(0,oo) х", W(0,x)— ф(х) оп R". 


In addition if inf, ,c(x, u) > 0, then W= 

lim, ,,, V(t)@ exists and is the unique solution 
of the Bellman equation sup„er{L"W — c(x, uW 
+ f(x, u)) 20 а.е. on R". When т is the hitting 
time, the value function is related to the Bell- 
man equation with a boundary condition. 


C. Feedback Control 


In practical problems we specify the kind of 
information on which the decision of the con- 
troller can be based at each time. We fre- 
quently assume that the data obtained up to 
that time is available. The following situations 
are possible: (1) The controller knows the com- 
plete state of the system. This is called the case 
of complete observation. (2) The controller has 
partial knowledge of the state of system. This 
is called the case of partial observation. A 
feedback control (= policy) is a function of 
available information, namely, a I -valued 
progressible measurable function defined on 
[0, oo) x С/[0, oc), where j is the dimension of 
data and С?[0, oo) is a metric space of totality 
of j-vector valued continuous functions on 

[0, oo). A policy U is called a Markovian policy 
if U(t, £) is a Borel function of t and the tth 
coordinate of č. When a policy U is applied, 
the system is governed by the 'SDE 


dX, -a(X,, U(t, Y) dW,4-y(X,, U(t, Y)) dt 


with data process Y. When the SDE has a 
*weak solution, U is called admissible. For 
example, when X — Y, any Markovian policy is 
admissible if « is uniformly positive definite. 
Let X, be a weak solution for U. Then its 
performance J(t, x, 9, U) < V(t, x, @). 

(1) The case of complete observation. When 
х is uniformly positive definite, an optimal 
Markovian policy can be constructed in the 
following way. Since I' is compact, there exists 
a Borel function Ü on [0, oo) x R" which gives 
the supremum, namely, 


sup {L*V()(x)—clx, u) V(t)o(x) + f(x, и)} 
=1[5®®у()ф(х)— cix, Ü(t, x)) (ф(х) 
+ f(x, Ü (t, х)). 


This relation implies that И()ф(х) = J(t, x, p, 
Ü (t, X,)) for any weak solution X,. Hence 
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Ü is an optimal Markovian policy. Especially 
when x, c, and f are independent of u and 
y(x,u)= R(x): u, where R(x) is an n x k matrix, 
an optimal Markovian policy Ü is obtained 
by a measurable selection of maximum points 
of (grad. V(t), R(x): u). Since the supremum 
of a linear form is attained at the boundary 
T, one can suppose that Ü(t, x) belongs to 
OY. This is called bang-bang control. 

(2) The case of partial observation. One 
useful method is the separation principle. This 
means that the control problem can be split 
into two parts. The first is the mean square 
estimate for the system using a filtering. The 
second is a stochastic optimal control with 
complete observation. But generally speaking, 
the problem of deciding under what conditions 
the separation principle is valid is difficult. In 
the case of the following linear regulator the 
separation principle holds. 

Suppose that the system process X, and the 
observation process Y, obey the following 
SDEs: 


dX,=A(t)dW, +(B(t)X, + b(t, U (t, Y))dt, 
dY, - aW, 4- H(t) X, dt, 


where A(t), B(t), and H(t) are nonrandom 
matrix-valued functions and Ж, is a j- 
dimensional Brownian motion independent of 
W,. The problem is to search for a feedback 
control which gives the maximum value. Sup- 
pose that a feedback control U (t, £) is Lip- 
schitz continuous in ëe C:[0, oo). Put 


Q(s, x) 


E 
= sup Ead Í Lit, X U(t, Daso |, 
U, Lip s 

where (X,, Y.) is the unique solution for U with 
the initial condition X, = x, Y,=0. By the Lip- 
schitz condition of U, c, 2 c(Y;; s < t) is inde- 
pendent of U, and the tconditional expectation 
X, — E(X,/o,) is governed by the following 
SDE, by way of the tKalman-Bucy filter: 


dR, = P(t)H'(t)dW,* --(B(t) €, + b(t, Ü))dt 


with some a,-progressible measurable control 
Ü, and an n-dimensional Brownian motion 
W,* adapted to c,. Moreover, P(t) is the terror 
matrix satisfying the tRiccati equation, and 
H' is the transpose of H. Let g(t, x) be the 
probability density of the normal distribution 
N (0, P(t)), and put L(t, X, м) = [ L(t, x,u) g(t, x 
— X)dx and P(X) = ['V(x)g(T, x — X)dx; then 
the problem turns into 


И 
QUE, | до. Омане) 
U s 


Recalling the SDE for X,, we can use the Bell- 
man equation for choosing an optimal one. 
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D. Stochastic Maximum Principle 


A stochastic version of *Pontryagin's maxi- 
mum principle gives a necessary condition for 
optimality. This means that the instantaneous 
value of optimal control maximizes the sto- 
chastic analog of Pontryagin's Hamiltonian. 
Suppose that the system evolves according to 
an n-dimensional CSDE 


dX, =a(X,)dW, + y(X,, U)dt. 


The problem is to seek conditions on admis- 
sible control U, such that E [fò f(X,, U)dt] is 
maximized, where T is a constant time. Assume 
that х, у, and f are bounded and smooth. 
Define a Hamiltonian H on R” xT x R” by 
H(x,u, V)— у(х, u): V + f(x, и). Let Ü, be op- 
timal and X, its response starting at x. Then 
under some conditions there exist 420 and ZF- 
progressively measurable q, , — (4,4. qc... +> 
dur.) (k=1,...,n) and V, =(Ҹ, , ... P, ,) which 
satisfy the SDE 


ИЕ E & 
а, к= — (X,, U): V, + 4——(X,, О) dt 
OX, OX, 


+q. dW, k=1,...,n, 
and H(X,, 0, V) = тах, H(X,, и, V) а.е. 


Е. Optimal Stopping and Impulse Control 


Suppose that X, is an n-dimensional diffusion 
whose generator A is an elliptic differential 
operator. Let t be a tstopping time. The op- 
timal stopping problem is to seek a stop- 

ping time 7 so that E,[g(X,] is maximized, 
where g is nonnegative and continuous. т is 
called optimal. The value function V(x)— 

sup, E,[g(X.)] is characterized as the least 
*excessive majorant of g. Moreover, under 
some conditions V belongs to the domain of A 
and is the unique solution of the *free bound- 
ary problem; Vz g, AV«O0, and (V —g): AV=0. 
Therefore, in the Hilbert space framework, the 
value function is related to the variational 
inequality. An optimal stopping time is pro- 
vided by the hitting time for the set {x| V(x) = 
g(x)). 

Impulse control is a variant of the optimal 
stopping problem. At some moment ( =stop- 
ping time) a controller shifts the current state 
to some other state. But not all shifts are al- 
lowed: State x can be shifted to a state of x + 
[0, oo)". Let tp, k= 1, 2, be a sequence of in- 
creasing stopping times and £, be a [0, oo)"- 
valued o, (X)-measurable random variable. 
The sequence U = (1,,5,, T2, €,...} is called an 
impulse control. U transfers the process X, to 


t 


Y= Xo | 
0 


хаа [acta Y ë, 


0 ust 
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if 
2 


+210) 


and the problem is to seek U so as to maximize 
E [f5 e у) Eg e 25 K(8)], where 

2 (> 0) is constant and the function K (20) 
stands for the cost of shifting. The value func- 
tion is related to a quasivariational inequality. 


0 
A=- у Oia. бу. 


F. General Description of Stochastic Filtering 


The problem of estimating the original signal 
from data disturbed by noises is called a sto- 
chastic filtering problem. Let X,, te[0, T], bea 
continuous stochastic process with values in 
R", called a signal (or system) process. It is 
transformed (or coded) to h(t, Xj), where h(t, x) 
is an m-vector-valued continuous function. 
Suppose that it is disturbed by a noise W, and 
we observe Y, = h(t, X) + W,. Usually W, is 
assumed to be a twhite noise independent of 
X,. Since the white noise is a generalized func- 
tion, the integral of Ý, i.e., 


t 
v| h(s, Xj ds + W, 
0 

is called an observation process, where W, is an 
*m-dimensional Brownian motion independent 
of X,. It is assumed for convenience that | X,|? 
and fo |h(s, X|? ds are integrable. 

Assume that X, is a 1-dimensiona] signal 
process. The least square estimation of X, by 
nonlinear functions of observed data Y,, s« t, 
is called a nonlinear filter of X, and is denoted 
by X,. Let Z or (Y; s«t) be the least to-field 
for which Y,, s<t, are measurable. Then the 
filter X, is equal to an *Z,-measurable random 
variable such that E| X, — X, < E| X, — Z|? 
holds for any measurable L? random vari- 
able Z. Hence it coincides with the tcon- 
ditional expectation E[ X,| Z]. Now let H, be 
the closed linear space spanned by Ү,, s<t. 

The least square estimation of X, by ОСЕЛ 
of H,, i.e., the orthogonal projection of X, onto 
H,, is called the linear filter of X, and is de- 
noted by X,. Obviously, the mean square error 
of a nonlinear filter is less than or equal to that 
of a linear filter, but a linear filter is calculated 
more easily. If (X,, Y) is a *Gaussian process, 
both filters coincide. 

When X, is an n-dimensional process (X , 

., XP), the n-vector process X,=(X},..., X7) 
(or X, 2 (X, ..., X?)) is called the nonlinear 
(or linear) filter of X,. 


G. Kalman-Bucy Filter 


Suppose that the signal process X, is governed 
by a ‘linear stochastic differential equation 


aP() 
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(LSDE) 


t 


B(s)dW, 


5? 


t 
Xiao | acides | 

0 0 
where A(s) (or B(s))isannxn(ornxr) 
matrix-valued continuous function, W is an r- 
dimensional Brownian motion independent of 
the noise W,, and the initial data X, is a Gauss- 
ian random variable independent of W, and 
W.. Suppose further that h(t, x) is linear, i.e., 
h(t, x) = H(t)x, where H(t) is an m x n-matrix- 
valued function. Then the joint process ( X,, Y.) 
is Gaussian. Hence the nonlinear filter X, 
coincides with the linear filter and satisfies 


t 


X, - E[X9] + | (A(s) — P(s) H(s H 


o 


(5) X, ds 


+ | Р(5)Н(5) dY, 
0 


where H(s) is the transpose of H(s), and P(t) = 
(P,(t)) is the error matrix defined by P;(1) = 
E(Xi— Xi) (Xj — Xj). It satisfies the matrix 
Riccati equation 


dp CAOPO- PAG 


— P()H() H(0)P()- B(t) B(ty, 


P(0) = covariance of Xo. 


Let Ф(г, s) be the ffundamental solution of the 
linear differential equation dx/dt =(A(t)— 
P(t) H(t) H(t))x. Then the solution £, is repre- 
sented by 


X, — (60) ELX o] + | D(t, s) P(s) H(s) d Y,. 
0 


This algorithm is called the Kalman-Bucy filter 
[1]. Analogous results for discrete-time models 
have been obtained by Kalman. 


H. Nonlinear Filter 


In the study of nonlinear filters, the tcon- 
ditional distribution z(dx) = P(X,edx|F,) is 
considered besides X,. Suppose that X, is 
governed by the SDE 


x= x+ | ats, X)ds+| b(s, X )dW,, 


9 9 


where a(s, x) (or b(s, х)) is an n-vector (n x r- 
matrix) EI Lipschitz continuous function. 
Then л,(/) = | f(x)n,(dx) satisfies the SDE 


nf )— ud n,(Lf)d 


«| (m (h, f ) — nhh) SDAY — n,(h,) ds), 
0 
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where h,(x)= h(s, x) and 


| д 
Lf(x) 2$ a'(s, 22; 


2 


1 д 
+ 22. b bas, x)by(s, у) а 


Under additional conditions on a(s, х) and 
b(s, x), t, (dx) has a density function z,(x), and 
it satisfies 


t t 


L*z (x)ds + | z (x)(h,(x) 


0 


= [чок dx) (o. T КО ax) as) , 


where L* is the formal adjoint of L. 

The process I, = Y,—J§7,(h,)ds is а Brown- 
ian motion such that с(/,; s< t) < Z, holds 
for any t. If o(1,;;s« t) z F, holds for all t, І, is 
called the innovation of Y,. The innovation 
property is not valid in general. A sufficient 
condition is that (X,, Y) is a Gaussian process 
or h(t, x) be a bounded function. However, in 
any case, *!Z-adapted martingales are always 
represented as tstochastic integrals of the form 
Xa fo fie) dI, where the f are F,-adapted 
processes. 


0 


л(х)= ло(х) «| 


I. Bayes Formula 


Let C (or D) be the space of all continuous 
mappings х (or y) from [0, T] into R” (or R”) 
equipped with the uniform topology. x, (y,) is 
the value of x (y) at time t. Let #(C) be the 
least o-field of C for which x,, s< t, are mea- 
surable. 2(р) is defined similarly. We denote 
by Фу, Dy, D, y the flaws of processes X,, W, 
and (X,, Ү,), respectively. These are defined on 
(C), Z,(D), and B,(C) © B,(D), respectively. 
Then Фу y is equivalent (mutually *absolutely 
continuous) to the product measure Dy @ Dy 
on each (С) ® &(D). The tRadon-Nikodym 
density х, of Фу ү with respect to Dy @ Dy is 
written as 


a(x, y) = exp | hi(s, x,)dys 
t JO 


E: | LL 
25 0 


where л‘ and y! are the corresponding com- 
ponents of vectors and dy’ denotes the їо 
integral. 

The conditional distribution z,(dx) is com- 
puted by the Bayes formula: 


PG 
pl)’ 


where Y=(¥,;0<t<T). Moreover, p,( f) satis- 


nf) 


pf) | (x)%,(x, Y), (dx), 
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fies the LSDE 


t 


ШОМ) 


0 


sit pass | p (h.)p,( /)41,. 
о 


The density р(х) (if x exists) satisfies 


t 


p (x) = Po(x) + | L*p,(x)ds 


‚| д [nono iy) dl,. 


If h(t, x) is a smooth function, then x,(x, y) is 
continuous in y, so that z,(f) or p,( f) isa 
continuous functional of the observed data 
(Y; s&t). Thus the filter л, is a trobust statistic. 

Remarks. (i) the signal and noise are not 
independent if the signal is controlled based 
on the observed data. In these cases, correc- 
tion terms are sometimes needed for the SDE 
of the nonlinear filter. (ii) If the tsample paths 
of the signal process are not continuous, a 
similar SDE for a nonlinear filter is valid with 
L being replaced by some integrodifferential 
operator. If it is a (Markov chain with finite 
state, L is the generator of the chain. (iii) Sev- 
eral results are known for the case where 
the noise W, is not a Brownian motion but a 
TPoisson process. 
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406 (XVII.14) 
Stochastic Differential 
Equations 


A. Introduction 


Stochastic differential equations were rigor- 
ously formulated by K. Itó [7] in 1942 to 
construct diffusion processes corresponding to 
Kolmogorov's differential equations. For this 
purpose he introduced the notion of stochastic 
integrals, and thus a differential-integral cal- 
culus for sample paths of stochastic processes 
was established. This theory, often called Itó's 
stochastic analysis or stochastic calculus, has 
brought an epoch-making method to the theory 
of stochastic processes. It provides us with a 
fundamental tool for describing and analyzing 
diffusion processes that we can apply effec- 
tively to limit theorems and to the probabil- 
istic study of problems in analysis. It also 
plays an important role in the statistical the- 
ory of stochastic processes, such as fstochastic 
control or tstochastic filtering. Stochastic dif- 
ferential equations on manifolds provide a 
probabilistic method for differential geome- 
try, sometimes called stochastic differential 
geometry. Recently, many interesting examples 
of infinite-dimensional stochastic differential 
equations have been introduced to describe 
probabilistic models in physics, biology, etc. 

À unified theory of stochastic calculus has 
been developed in the framework of Doob's 
martingale theory and this, combined with 
Stroock and Varadhan's idea of martingale 
problems, provides an important method in 
the theory of stochastic processes (— 262 
Martingales). 


B. Stochastic Integrals 


As is well known, almost all sample paths of a 
Wiener process are continuous but nowhere 
differentiable (— 45 Brownian Motion), and 
hence integrals with respect to these functions 
cannot be defined as the usual Stieltjes inte- 
grals. But these integrals can be defined by 
making use of the stochastic nature of Brown- 
ian motion. Wiener defined them (the Wiener 
integrals) for nonrandom integrands, but Itó 
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defined them for a large class of random inte- 
grands. Itó's integrals have been extended in 
the martingale framework by H. Kunita and S. 
Watanabe, and by others [14, 19], as shown 
below. 

Let (О, F, P) be a probability space, and 
let F= {F}, >o be an increasing family of o- 
subfields of Z. Usually we assume that (Z) is 
right continuous, Le, 25,9: = [| oo = Z, 
for every t>0. Denote by JJ =.4(F) the total- 
ity of all continuous square-integrable martin- 
gales X —(X,) relative to (.Z,); to be precise, 

X is an {¥,}-martingale such that, with proba- 
bility 1, X, —0, t5 X, is continuous and E(X2) 
< oo for every t >0. We introduce the metric 
|X — Y| 2 E2427" min(1, |X, — Y,!l2) on 4 
where || ||, stands for the L,(Q, P)-norm. We 
always identify two stochastic processes X — 
(X,) and Y=(Y, if sample functions t— X, 

and t— Y, coincide with probability 1. Then, by 
virtue of Doob’s inequality || тахо «.,..,| X,— 
Yi, x2] X,— Yl; (— 262 Martingales), M 
becomes a complete metric vector space. 

Next, by an integrable increasing process we 
mean a process А =(A,) with the following 
properties: (1) A is adapted to {4}, i.e., A, is 
measurable for every t > 0; (ii) with proba- 
bility 1, Ag =0, г A, is continuous and nonde- 
creasing; (iii) A, (2:0) is integrable for every 
tz 0, ie., Е(А,) < oo. We denote by s = (Е) 
the totality of integrable increasing processes. 
We call a process V =(V. an integrable process 
of bounded variation if V is expressed as V, — 
A} — A? with A’, А2є.07. The totality of inte- 
grable processes of bounded variation is de- 
noted by Y^ = Y (F). It follows from the *Doob- 
Meyer decomposition theorem that, for every 
М, N e.Af, there exists a unique Ve Z such that 
M,N,— V, is an (.Z,]-martingale. We denote 
this V as (M, N>. In particular, (M, M» € s», 
and it is denoted simply by ( M>. (M, N> is 
called the quadratic variation process because 
MO M,- J(N,— N,- J)7<M,N), in 
probability as |A|—0, where A:tp =0<t, <... 
«t,—t is a partition and |A| = тах, <i<nlti— 
t;-,]. Brownian motion is the most important 
example of continuous square-integrable mar- 
tingales, and this is characterized in our frame- 
work as follows. Suppose that a d-dimensional 
continuous {¥,}-adapted process X =(X}) 
satisfies Mi — Xi — Xie M and (M', МЎ, = 
óUt, i, j— 1, 2, ..., d. Then X is a d-dimensional 
Brownian motion such that X, — X,, and the 
F are independent for every uzvz t. Such a 
Brownian motion is called an {.7,}-Brownian 
motion, and a system of martingales Mte M 
having this property is often called a system 
of {F,}-Wiener martingales. 

Now, we fix Me M. We denote by ¥,(M) 
the totality of real, {¥,}-adapted, and measur- 
able processes Ф =(@(t)) such that |[2,, = 
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EL fo (s? d< МУ] < со for every t 20. Two 
®,, 6,c V (M) are identified if || D, —®,||, у= 
О for all tz 0. Since || |, m is ап L;-norm 

on [0,t] x Q with respect to the measure 

Ha (ds, доз) = d (M », (c0) P (deo), it is easy to see 
that Z,(M) is a complete metric vector space 
with the metric | b –Ф'| = 27,2 "min(l, | 
Ф|, м), Ф, P'E Z (M). If b = (Ф(г)) is given, 
for a partition 0=t «t, <... «t,...—o0 and 
F, measurable bounded functions f;, i — 0, 
1,..., by 


wo) Мана uo 


Fi-1(), fj-)<t<t;, 


then De Z (M) and the totality Y of such 
processes are dense in (M). If De £, we 
define I" (®)=(1"(®)(t)),.5 by 


iz1,2,... 


> 


п-1 
IM()(t)= Y f(M,,, = M) f,(M,— М, ), 
ї=0 


t St<t,,1:- 


Then //(Ф)є æ, and it holds also that <I” (®), 
IN(P)> = fo O(s)¥(s)d< M,N), for M, Ne M 
and Ф, Ye 4. In particular, || I (®)(2)||3 = 

E[ 41" (9)5,] = Ф|? м, and hence ||1"(®)|| = 
[4| у. This implies that De H Y,(M)> 

I” (®)e M is an isometric linear mapping, and 
hence it can be extended to .Z,(M) uniquely, 
preserving the isometric property. I@(M)e 

AM is called the stochastic integral of De 
£,(M) by Мє.й. 1™(®)(t) is often denoted by 
fo (s) dM,, and the random variable ГМ(Ф) (г) 
obtained by fixing t is also called a stochastic 
integral. 

The definition of stochastic integrals can be 
extended further by the following localization 
method. For an {F }-tprogressively measur- 
able process X =(X,) and {.F,}-stopping time 
с, the stopped process X? = (Xr) is defined by 
X7 — Х, o (t^c = min(t, о)). It follows from the 
toptional sampling theorem of Doob that 
X* eM if Xe M. For Ф =(O(t))e (М) and an 
{ ¥,\-stopping time c, Ф, — (D, (t)) defined by 
®,(t)=1;, <4; (t) also belongs to (M) and it 
holds that I^ (6,) = [I^ (0) ]*. Keeping these 
facts in mind, we give the following definition. 
Let .//'** = (M =(M,)|there exists a sequence 
of ( ¥,}-stopping times о, such that o, < oo, 
с, оо as n oo a.s. and Mre. M for every п 
= 1,2,... }. «4 ^* and Y^'* are defined in a 
similar way. For M, Ne M, (M, N> e Y is 
defined to be the unique process in 7% such 
that (M^, №") = M, N»?" for a sequence of 
stopping times {a,} as above, which can be 
chosen common to M and N. (M, M> is de- 
noted by <M) as before. We fix M e M°: and 
set 7*(M)— {Ф —(6())|a real, { F}-adapted 
and measurable process such that, with proba- 
bility one, fo (s? d M», < oo for every t 201. 
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For De Z7*(M), we can choose a sequence of 
{ F,}-stopping times {a,} such that, о, < co, 
0,190 as. and M^'e./f, b, e (M^), п= 1, 

2, .... For example, set o, = min [n, inf{t| <M), 
+ fo O(s)?d<M)>,>n}]. Then there exists an 
I" (D)e W such that I" (P) = Г" (Ф, ) for 
п= 1,2, ..., which is unique and indepen- 
dent of a particular choice of {0,}. ГМ(Ф) is 
called the stochastic integral of De 7**(M) 
by M e 4r'**, IM (d) (t) is often denoted by 

fo (s) dM,, and the random variable 1” (®)(t) 
obtained by fixing t is also called a stochastic 
integral. 

Some of the basic properties of stochas- 
tic integrals are: (i) If M e.4/l**, De Z° (M), 
and V e Z7 (I" (Ф)), then OY e 277°°(М) and 
IM (QV) = Г © (ФҸ). (ii) If M e.Z"** and Ф, Pe 
19 М), then for every x, BER we have a + 
BY = («Ф(т) + BY (t))e Z2*(M) and I” (ad + SP) 
= aM (o) + BI“ (V^). Also if M, Ме. and Ф 
e V P*(M)R Z)°S (N), then for x, Be R we have 
De ZI*(xM + BN) and ГУ *?*(q) == «IM (qp) + 
BI" (95). (iii) If M, N e M°, De ZI (M), and 
V e L(N), then OP e 219% М, Му) and 
(^ (D), Т\Р)», = fo D,Y, d M, N),. Here, 
es (V) for Ие 77% is defined as follows: 
With probability 1, s V, is of bounded varia- 
tion on every finite interval [0, ғ], the total 
variation of which is denoted by |V|,. Then 
|V|&.9/^^*, and we define I *(V) (pz 1) to 
be the totality of real, (4 ]-adapted, and 
measurable processes Ф =(@(t)) such that, 
with probability, fo 1®(s)|P d| V|, < oo for 
every t >0. In particular, «1%(М) = «19% Му). 
(iv) If M e 0%, De Z°°S(M), and e is an í.Z)- 
stopping time, then 1@(®,) = IM'(q) = IM' (o) 
= [1 (6)]". (v) HOW) = еу: f, where o is 
an {¥,}-stopping time and f is a bounded 
Z measurable random variable, then De 
(М) for every M e.#!°° and I^ (D)(r) = 
f(M,— M,,,). (vi) The definition of stochastic 
integrals is independent of the increasing 
family of c-subfields in the following sense: If 
{@ |} is another family such that M belongs 
to the class .//'^* for both {F} and {G} and Ф 
belongs to the class (M) for both {4} and 
{G}, then ГМ(Ф) is the same whether it is de- 
fined with respect to {7} or {GF}. 

In particular, N= IM (®), Me.//**, De 
2719 (M), satisfies <N, L»,— fh (s) d (M, LY, 
for all Le.@'°*. Conversely, N e.//"* having 
this property is unique, and hence it coin- 
cides with I" (à). ^ ($)e. æ if and only if 
fo B(s)? d(M»,e v. 

The above definition of stochastic integrals 
can be extended with a slight technical modifi- 
cation to the case when M, is not necessarily 
continuous [19]. Among such general stochas- 
tic integrals, a particularly important role is 
played by stochastic integrals describing point 
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processes, including Poisson point processes as 
an important special case. These stochastic 
integrals are Important in the study of discon- 
tinuous processes including * Lévy processes; 
even in the study of continuous processes, such 
as diffusion, they provide an important tool 
for the treatment of excursions [4, 6, 8]. 

Let (Q, Z, P) and (.Z,] be as above. By a 
continuous semimartingale with respect to 
{F}, or simply a semimartingale when there is 
no danger of confusion, we mean a process 
X —(X(t)) of the following form: X (t) = X (0) + 
M (t) + V(t), where X(0) is an Zy-measurable 
random variable, M=(M(t))e.@' and V = 
(V(t))e 77%. M and V are uniquely deter- 
mined from X, and this decomposition is 
called the semimartingale decomposition of X. 
M is called the martingale part and V the drift 
part of the semimartingale X. A semimartin- 
gale X is often called an Иб process if M(t) = 
fo b(s)dB(s) and V(t)= fo (s)ds, where B(t)e 
M is an { ¥,\-Brownian motion, be 493°, and 
Ve Z1*. (When V,—t, Z*(V) is denoted 
simply by Y}°°.) A d-dimensional process 
whose components are semimartingales is 
called a d-dimensional semimartingale. The 
following formula, originally due to Itó and 
extended by Kunita and Watanabe, is of fun- 
damental importance in stochastic calculus. 

Itó's formula. Let X (t) - (X (t), ..., X"(t)) be 
a d-dimensional semimartingale and X:(t) = 
X'(0) + M‘(t)+ V'(t) be the semimartingale 
decomposition of components. Let F(x)= 
F(x, ..., x?) be a C?-function defined on В“. 
Then F(X(t)) is also a semimartingale, and we 
have 


a ft 
F(X(t))= F(X (0) + > | D,F(X(s))4M:(s) 


0 


«X [о F(X () dV*(s) 


[aus dq "m 
+> > 2i D,D,F(X ))d M, М?) (s) 
i,j=l 
(where D; = 0/0x!). 
In others words, if Y (t) = Y(0) + M (t) 4- V(t) is 


the semimartingale decomposition of Y (t) = 
F(X (t), then M(t)= D4, fo D;F(X (s) 4M'(s) 

and V(t)— e IoD, F(X ()) dV (s) + 

1/24 i. [b DDF(X ())4(M', M^» (5). 

We now discuss other important transfor- 
mations on semimartingales. 

Time change. Let A€.o/"*, and assume fur- 
ther that with probability 1, t— A, is strictly 
increasing and lim,;,, 4, = oo. Let uC, be the 
inverse function of t> A,, i.e., C, = min [t| 
A,Z uj. Then for every u20, C, is an {.2;)- 
stopping time. Set Z=, tz 0. For an ae 
*progressively measurable process X = (X (t)), 
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we define X4=(X4(t)) by X^(t) 2 X(Cj) and 
call it the time change of X determined by А. 
Then X^ is progressively measurable with 
respect to (Z). If X: X (t) = X(0) + M(t) + V(t) 
is a semimartingale with respect to {F}, then 
X^ is a semimartingale with respect to {F,}, 
and its semimartingale decomposition is given 
by X^(t) = X(0) + M4(t)+ V^(t). The map- 
pings M M^ and V ^ V^ are bijections 
between „#!°° and °° and between 719% 

and 7, respectively, where ./ ^* and 7° 
are defined relative to {¥,}. Furthermore, 
(M^, N^» = CM, №" for every M, N e Af, 
Noting that De ZI» (M) can always be chosen 
{ ¥,}-progressively measurable (in fact (.7j- 
*predictable), the mapping ^ defines а 
bijection between £3°°(M) and 7 *(M^), and 
we have I™¥ (4) = [1M (0)]4. 

Transformation of drift (Girsanov transfor- 
mation). For me.#', set D,,(t)=exp[m, — 
4m), ]. Then D,,— 16.0", and if m satisfies 
a certain integrability condition (for example, 
E(exp[4<m),]) < oo for every t 20, in partic- 
ular, «т>, € ct for all t for some constant c> 
0), then D, is a martingale, i.e., E(D,(t)) =! 
for all £z 0. If E(D,,(t))= 1 for all t, then there 
exists a probability P on (О, F) (if (Q, Z) is a 
nice measurable space and F = V,> o Z, which 
we can assume without loss of generality) such 
that P(A)= E(D,,(t): A) for al’ Ae. tz 0. Let 
X be a semimartingale with the decomposition 

X (t) = X (0) + M (t) + V(t). On the probability 
space (O, Z, P) with the same family {F}, X is 
still a semimartingale but its semimartingale 
decomposition is given by X (t) = X(0) + M(t) + 
V(t), where M(t) = M(t) - M, m» (t) and P(t) = 
V(t) + M, m» (t). Furthermore, it holds that 
(M, NS M, №, M, N e At, This result is 
known as Girsanov's theorem. The transfor- 
mation of probability spaces given above is 
called a transformation of drift or a Girsanov 
transformation since it produces a change as 
shown above of the drift part in the semimar- 
tingale decomposition. 

In the discussion above, the increasing 
family (Z) was fixed. It is also important to 
study how the semimartingale character 
changes under a changing increasing family 


[12]. 


C. Stochastic Differentials 


In this section, we introduce stochastic dif- 
ferentials of semimartingales and rewrite the 
results in the previous section in more conve- 
nient form. Let (Q, F, P) and (Z) be as above 
and M, Z, Y^, M, A, V be defined as 
in Section B. By 2 we denote the totality of 
continuous semimartingales relative to {7}. 
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For Xe 2, let X (t)= X(0) + My(t) + V,(t) be the 
semimartingale decomposition. We write 
formally X (t) — X(0)= fọ dX (s) and call dX 
(denoted also by dX, or dX (t)) the stochastic 
differential of X. To be precise, dX can be 
considered as a random interval function 
dX (I)— X (t) — X (s), I =(s, t] or the equivalence 
class containing X under the equivalence 
relation X — Y on 2 defined by X — Y if and 
only if X(t) — Х (0) = Y(t) — Y(0), t> 0. For X, 
Ye 2 and a, PER, «dX + BdY is defined by 
d(aX + BY) and dX -dY by d(My, My». Let d2 
be the totality of stochastic differentials of 
elements in 2 and dæ and d¥ be that of 
elements in .@'°° and *^'**, respectively. d2 is 
a commutative algebra under the operations 
just introduced. Note that dX - dY ed*^ and 
that dX -dY =O if either of dX and dY is in 
а. In particular, dX ` dY: dZ =0 for every 
dX, dY, and dZ. Let @ be the totality of {F}- 
progressively measurable processes Ф = (Ф(т)) 
‘such that, with probability 1, supo «<, |Ф(5)| 
< oo for every t z 0. Noting that Z с Z(M) 
for any M e M%™, we define Ó - dX e d2 for 
PeZ and X e 2 to be the stochastic differ- 
ential of the semimartingale fo Ф(5) dM,(s)+ 
fo (s) dy, (5). dX is uniquely determined 
by Ф and dX. Itó's formula is stated, in this 
context, as follows: For X =(Х',..., X4, X'e 
2, and F:R?5R, which is of class C?, F(X)e 
2, and 


т. 4 
+; У, DDFOO- dX! dX. 


We now define another important operation 
on the space d2. Noting that 2с 9, we define 
X odY for X, Ye 2 by 


I 1 
XodY- X-dY dX -dY. 


This is uniquely determined from X and dY, 
and is called the symmetric multiplication of X 
and dY. It is also called a stochastic differential 
of the Stratonovich type or Itó's circle operation 
since the notation was introduced by Itó [9]. 
fo X odY is called the stochastic integral of the 
Stratonovich type, whereas fọ X : dY is that of 
the Itó type. Under this operation, Itó's for- 
mula is rewritten as follows: For X =(X',..., 
Х?), Xie 2, and Е: ВК, which is of class C?, 
F(X), D;F(X)e 2, and 


,F(X)odX'. 
This chain rule for stochastic differentials takes 


the same form as in the ordinary calculus. For 
this reason symmetric multiplication plays an 
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important role in transferring notions used in 
ordinary calculus into stochastic calculus and 
in defining intrinsic (i.e., coordinate-free) no- 
tions probabilistically. In particular, it is fun- 
damental to the study of stochastic differential 
equations on manifolds (— Section G). 


D. Stochastic Differential Equations 


Here, we give a general formulation of stochas- 
tic differential equations in which the infini- 
tesimal change of the system may depend on 
the past history of the system; however, equa- 
tions of Markovian type, in which the infini- 
tesimal change of the system depends only 

on the present state of the system, are consid- 
ered in most cases. Let W^ be the space of d- 
dimensional continuous paths: W? = C([0, оо) 
—R^):— the totality of all continuous functions 
w: [0, oo) > К, endowed with the topology of 
the uniform convergence on finite intervals 
and Z(W^) be the topological c-field. For each 
120, define р,: W^ И“ by (p,w)(s) = w(t A s), 
and let 2,(W*) = p, '(A(W%), tz 0. Let 7^" 

be the totality of functions a(t, w) = (a(t, w)): 
[0, оо) xW*S R4 @ R' (:= the totality of d x 

r real matrices) such that each component 
ai(x, м) (i2 1,2, ...,d;j = 1,2, ...,r) is Ф([0, со)) 
x B(W*)-measurable and Z,(W*)-measurable 
for each fixed t 20. In general, «i(t, w) is called 
nonanticipative if it satisfies the second property 
above. An important case of хє.“ is when it 
is given as a(t, и) = c(t, w(t)) by a Borel func- 
tion a:[0, оо) x R4— К @ R". In this case, x is 
called independent of the past history or of 
Markovian type. For a given хє.“ and fle 
sf’, we consider the following stochastic 
differential equation: 


() dX()— Y ait, X) dB/) + Вчи, X) dt, 
ja 


i=1,2,...,d, 
also denoted simply as 
dX (t)=a(t, X)dB(t) + B(t, X) dt. 


Here X(0) «(X ! (t), ..., X"(t)) is a d-dimensional 
continuous process. B(t)=(B1(t),..., B'(t)) isa 
r-dimensional Brownian motion with B(0) = 0. 
A precise formulation of equation (1) is as 
follows. X —(X(t)) is called a solution of equa- 
tion (1) if it satisfies the following conditions: 
(i) X is a d-dimensional, continuous, and (.Z]- 
adapted process defined on a probability space 
(О, Z, P) with an increasing family (.Z), i.e., 
Х:О— W’ which is £,/4,(W*)-measurable for 
every t2 0; (ii) «i(t, X)e £2", B'(t, X)e Zr, 

і= 1,...,4,ј= L ...,F(— Section B for the 
definition of °°); (iii) there exists an r- 
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dimensional {¥,}-Brownian motion B(t) with 
B(0) x0 such that the equality 


X(t) — X(0) = у | aj(s, X)dB*(s) 
=1 Јо 


Ј 
t А 

‚| p'(s, X)ds, і= 1,2, ...,d, 
o 


holds with probability 1. 

Thus a solution X is always accompanied 
by a Brownian motion B. To emphasize this, 
we often call X a solution with the Brownian 
motion B or call the pair (X, B) itself a solution 
of (1). In the above definition, a solution is 
given with reference to an increasing family 
{F,}. The essential point is that o-fields o(B(u) 
— B(v) u >v È t) and o(X(s), В(5); О <s < t) are 
independent for every t: If X satisfies the con- 
ditions of solutions stated above, then the 
specified independence is obvious, and con- 
versely, if this independence is satisfied, then by 
setting F,=(),.90(X(s), B(s);0<s<t+e), the 
conditions of solutions stated above are satis- 
fied. But it is usually convenient to introduce 
some increasing family {.4,} into the definition 
of solutions as above. When х and [ are of the 
Markovian type, a(t,w)— c(t, w(t)), B(t,w) = 
b(t, w(t)), the corresponding equation 


(2 dX(t-o(t, X(t) dB(t)+ b(t, X(t) dt 


is called a stochastic differential equation of 
Markovian type. Furthermore, if c(t, x) and 
b(t, x) are independent of t, i.e., a(t, х) = o (x) 
and b(t, х) = b(x), the equation 


(3 dX(t)=o(X(t))dB(t) + b(X (t))dt 


is called a stochastic differential equation of 
time homogeneous (or time-independent) Mar- 
kovian type. 

Next, we define the notions of the unique- 
ness of solutions. There are two kinds of 
uniqueness: uniqueness in the sense of law (in 
distribution) and pathwise uniqueness. When 
we consider the stochastic differential equa- 
tions as a means to determine the laws of 
continuous stochastic processes, uniqueness in 
the sense of law is sufficient. If, on the other 
hand, we regard the stochastic differential 
equation as a means to define the sample 
paths of solutions as a functional of the ac- 
companying Brownian motion, i.e., if we re- 
gard the equation as a machine that pro- 
duces a solution as an output when we input a 
Brownian motion, the notion of pathwise 
uniqueness is more natural and more impor- 
tant. As we shall see, this notion is closely 
related to the notion of strong solutions. 

These notions are defined as follows. For a 
solution X =(X(t)) of (1), X (0) is called the 
initial value, its law on R" is called the initial 
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law (distribution), and the law of X on W° is 
called the law (distribution) of X. We say that 
the uniqueness in the sense of law of solutions 
for (1) holds if the law of any solution X Is 
uniquely determined by its initial law, i.e., if 
whenever X and X' are two solutions whose 
initial laws coincide, then the laws of X and 
X' coincide. In this definition, we restrict 
ourselves to the solutions whose initial values 
are nonrandom, i.e., the initial laws are ó- 
distributions at some points in R*. Next, we 
say that the pathwise uniqueness of solutions 
for (1) holds if whenever X and X' are any 
two solutions defined on the same probabil- 
ity space (Q, .Z , P) with the same increasing 
family (Z) and the same r-dimensional {.4}- 
Brownian motion such that X (0) = X'(0) a.s., 
then X(t) = X'(t) for all t >0 a.s. In this deft- 
nition also, the solutions can be restricted to 
those having nonrandom initial values. 

We say that equation (1) has a unique strong 
solution if there exists a function F(x, w): R x 
И И (Wo = {we W"|w(0) =0}) such that tF- 
following are true: (i) For any solution (X, j 
of (1), X = F(X (0), B) holds a.s.; (ii) for any 
R?-valued random variable X (0) and an r- 
dimensional Brownian motion B —(B(t)) with 
B(0) 20 which are mutually independent, X — 
F(X (0), B) is a solution of (1) with the Brown- 
ian motion B and the initial value X (0). If 
this is the case, F(x, w) itself is a solution of (1) 
with the initial value x, and with respect to the 
canonical Brownian motion B(t, w) = w(t) on 
the r-dimensional Wiener space (W5, F , P), F 
is the completion of Z(W;) with respect to the 
r-dimensional Wiener measure P. If equation 
(1) has a unique strong solution, then it is clear 
that pathwise uniqueness holds. Conversely, 
if pathwise uniqueness holds for (1) and if a 
solution exists for any given initial law, then 
equation (1) has a unique strong solution, 
[6,25]. 

The existence of solutions was discussed by 
А. V. Skorokhod [20]. If the coefficients х and 
В are bounded and continuous on [0, оо) х W^, 
a solution of (1) exists for any given initial law. 
This is shown as follows [6]. We first con- 
struct approximate solutions by Cauchy's 
polygonal method and then show that their 
probability laws are ttight. A limit process in 
the sense of probability law can be shown to 
be a solution. The assumption of bounded- 
ness above can be weakened, e.g., to the fol- 
lowing condition: For every Т> 0, a constant 
K,>0 exists such that 
(4) lalt, w+ IBE w< Kra + wl), 

te[0, Т], мє“. 


Here ||, =maxo<,<,|w(s)|. In the case of the 
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Markovian equation (2), it is sufficient to 
assume that c(t, x) and b(t, x) are continuous: 


(5) lle(t, x) + hb x) S Ку(1 +(x), 


te[0, T], xeR*. 


If these conditions are violated, a solution X (t) 
does not exist globally in general but exists 

up to a certain time e, called the explosion 
time, such that lim, |x(t)| = oo if e < oc. To 
extend the notion of solutions in such cases, 
we have to replace the path space W^ by the 
space W^ that consists of all continuous func- 
tions w:[0, so) > R! ( RU {A} = the one-point 
compactification) satisfying w(t) = A for every 
tz e(w) (—inf(t|w(t) = Aj). 

Now, we list some results on the uniqueness 
of solutions. First consider the equations of 
the Markovian type (2), and assume that the 
coefficients are continuous and satisfy the 
condition (5). (1) If c, b are Lipschitz continu- 
ous, Le., for every N > 0 there exists a constant 
Ky such that |lo(t, x) — e(t, y)|| + ||b(t, x) — 

b(t, у)| <Ky|x—yl, te[0. Т], x, ye By:— 

{ze К ||z| < №), then the pathwise uniqueness 
of solutions holds for equation (2). Thus the 
unique strong solution of (2) exists, and this 
is constructed directly by Picard's succes- 
sive approximation (Itó [7,8]). (ii) If d—1,6 
is Hólder continuous with exponent 1/2 and 
b is Lipschitz continuous, i.e., for every N > 0, 
Ky exists such that 


a(t, x) — e(t, y)? + [b(t, x) — b(t, у)| Кух yl, 


te[0, N], X, y€ By, 


then the pathwise uniqueness of solutions 
holds for equation (2) (T. Yamada and 
Watanabe [25]). (iii) If the matrix a(t, x) = 
a(t, x)a(t, x)* (i.e. a?(t, x) = Ez- oilt, х)о (1, x) 
is strictly positive definite, then the unique- 
ness in the sense of law of the solution for (2) 
holds (D. W. Stroock and S. R. S. Varadhan 
[21]). (iv) An example of stochastic differential 
equations for which the uniqueness in the 
sense of law holds but the pathwise uniqueness 
does not hold was given by H. Tanaka as 
follows: d 2 r— 1, b(t, x) 80 and o(t, x) = 
— I ,..9;. Another example in the non- 
Markovian cases was given by B. S. Tsirel'son 
(see below). 

Next, consider non-Markovian equations of 
the following form: 


=dB(t)+ p(t, X)dt; 


Le., the case d =r and a(t, у) = I (identity ma- 
trix). Assume further that Ве.“ is bounded. 
Then a solution of (6) exists for any given 
initial distribution, unique in the sense of law, 
and it can be constructed by the Girsanov 
transformation of Section B as follows. On a 
suitable probability space (Q,.¥, P) with an 


lixzoi 


(6) dX(t) 
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increasing family {4} such that Z = Vio, 
we set up an Z,-measurable, d-dimensional 
random variable X (0) with a given law and 

a d-dimensional (.Z;]-Brownian motion B 
=(B(t)) such that B(0) — 0. Set X (t) = X (0) 

+ B(t) and M(t) - exp[ fs B(s, X) aB(s) — 

4 folf(s, X)|? ds]. Then M(t) is an (.Z)- 
martingale, and the probability P on (О, F) is 
determined by P(A)= E(M,; A), Ae Z. By 
Girsanov's theorem, B(t) = X(t) — X(0)— 

fo (s, X)ds is a d-dimensional [.7;j-Brownian 
motion on (О, Z, P), and hence (X. B) isa 
solution of (6). Any solution is given in this 
way and hence the uniqueness in the sense of 
law holds. But the pathwise uniqueness does 
not hold in general; an example was given 

by Tsirel’son [1,6] as follows. Let (t,j bea 
sequence such that 0 <... ct, «t, ,«to—1 
and lim, t, — 0. Set 


поо 


0, tztg and t-0, 


B(t e {Женен 
f mu list — lien : 
telti t), i=0, AE 


where 0(x) 2 x — [x], xe R, is the decimal part 
of x. 

Time changes (— Section B) are also used to 
solve some stochastic differential equations 


[6]. 


E. Stochastic Differential Equations and 
Diffusion Processes 


In this section we consider equations of time- 
independent Markovian type (3) only. The 
time-dependent case can be reduced to the 
time-independent case by adding one more 
component X*+! (t) such that d X4"! (t) = dt. 
Further, we assume that coefficients с(х)є 
R^ R’ and b(x)e К“ are continuous оп В“ 
and the uniqueness in the sense of law of solu- 
tions holds. Let P,, xe В“, be the law on И“, 
or on Ж“ if there is an explosion, of a solution 
with the initial law ó, (=the unit measure at 
x). Then (P, possesses the tstrong Markov 
property with respect to {Y,}, where F is a 
suitable completion of Z,(W4) ог 2,00%), and 
hence (W4, {F}, P.) or (W^, (.Z), P.) is a diffu- 
sion process ton R* (— 115 Diffusion Pro- 
cesses, 261 Markov Processes). 

Let A be the differential operator 


d 


1 
A= = ) 
2 


i,j=l 


а{х)р,р d » b(x)D;  (D,=6@/éx') 
with the domain C2(R?) (= the totality of C?- 


functions on В“ with compact supports), where 
a(x) = Di, oj (X)oj(x). By Itó's formula, 


(7) тонар fevn- | I (Af)(w(s))ds 
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is an ( Z;j-martingale for every f e C2(R?) (we 
set f(A) = 0), and this property characterizes 
the diffusion process. The diffusion is gen- 
erated by the operator A in this sense. Fur- 
thermore, if for some 4» 0, (4 — A)(C2(R?)) 
is a dense subset of C, (R?) (=the totality 
of continuous functions f on R? such that 
lim, f(x) = 0) then the ttransition semi- 
group of the diffusion is a Feller semigroup 
on C, (R^, and its infinitesimal generator A is 
the closure of (A, C2(R*)). Hence u(t, x)= 
E.[/(w(t))J, feC3(R4), is the unique solu- 
tion of the evolution equation du/dt = Au, 
u|,-9 =f. Generally, if the coefficients с and 
b are sufficiently smooth, we can show, by 
using the stochastic differential equation (3), 
that u(t, x) is also smooth for a smooth f 
and satisfies the heat equation 0u/0t = Au. 
Taking the expectations in (7), we have the re- 
lation E,[ f(w(t))] = f(x) + fh E,LAfw(s))] ds, 
which implies that the transition probability 
P(t, x, dy) of the diffusion satisfies the equation 
Op/Ot = A* p in (t, y) in a weak sense, where A* 
is the adjoint operator of A. If 0/0t — A* is 
*hypoelliptic, we can conclude that P(t, x, dy) 
possesses a smooth density p(t, x, y) by appeal- 
ing to the theory of partial differential equa- 
tions. Recently, P. Malliavin showed that a 
probabilistic method based on the stochastic 
differential equations can also be applied to 
this problem effectively, [6, 16, 17]. 

If c(t, x) is continuous and v(t, x) is suffi- 
ciently smooth in (t, x) on [0, oo) x В“, then the 
following fact, more general than (7), holds: 


(8) v(t, woe] | 


0 


|в Га 1 
0 о 


x (0v/Ot +(A + cv) (s, w(s)) ds 


t 


c(s, w(s)) is —v(0, x) 


is a local martingale (i.e., € //'^*) with respect 
to (Z, P.3. By applying the toptional sampling 
theorem to (8) for a class of 1.Z1-stopping 
times, we can obtain the probabilistic repre- 
sentation in terms of the diffusion of solutions 
for initial or boundary value problems related 
to the operator A [3,47]. 


F. Stochastic Differential Equations with 
Boundary Conditions 


As we saw in the previous section, diffusion 
processes generated by differential operators 
can be constructed by stochastic differential 
equations. A diffusion process on a domain 
with boundary is generated by a differential 
operator that describes the behavior of the 
process inside the domain, and a boundary 
condition that describes the behavior of the 
process on the boundary of the domain. For 
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example, consider a reflecting ‘Brownian mo- 
tion on the half-line [0, oo). This is a diffusion 
process X =(X,) on [0, oo) obtained by set- 
ting X, = |х| from a 1-dimensional Brownian 
motion x,. The corresponding differential 
operator is А =}3d?/dx*, and the boundary 
condition is Lu = du/dx | =o = 0, that is, the 
transition expectation u(t, x)= E,[ f(X,)] is 
determined by ди/д:= Au, Lu —0, and u|,-o 

— f. In constructing such diffusion processes 
with boundary conditions, stochastic differen- 
tial equations can be used effectively. In the 
case of reflecting Brownian motion, it was 
formulated by Skorokhod in the form 


(9 dX(t)=d4B(t)+ do(t). 


Here B(t) is a 1-dimensional Brownian mo- 
tion (B(0) = 0), X (t) is a continuous process 
such that X (t) 20, and (t) has the following 
property with probability 1: @(0)=0, t5 

@(t) is continuous and nondecreasing and 
increases опу on such t that X (t) — 0, i.e., 

fo Jio (X (S) do(s) = g(t). Given a Brownian 
motion B(t) and a nonnegative random vari- 
able X (0) which are mutually independent, 

X (t) satisfying (9) and with the initial value 

X (0) is unique and given by X (t) = X (0)+ B(t), 
t «o, — min(t| X(0)+ B(t) 20! and X(t) = B(t) 
—min,, <s<1B(S), tz a, (P. Lévy, Skorokhod; 
— [6,18]). 

In the case of multidimensional processes, 
possible boundary conditions were determinea 
by A. D. Venttsel’ [24]. Stochastic differential 
equations describing these diffusions were for- 
mulated by N. Ikeda [5] in the 2-dimensional 
case and by Watanabe [23] in the general 
case as follows. Let D be the upper half-space 
RA, = (х= (xl, ...,x*|x^20], 0D — (x| x10], 
and D— [x [x17 0). The general case can be 
reduced, at least locally, to this case. Suppose 
that the following system of functions is 
given: o(x): DO R' x Rr, b(x): DO R^, т(х): др 
ЭВ! x Rs, B(x):0D— В“ 1, and p(x):6D> 
[0, oc), which are all bounded and con- 
tinuous. Consider the following stochastic 
differential equation: 


IM 


AX'(t) => 9) (Х(0)1Ь(Х ())dBA(t) 


lI 


j=l 


E b'QCO)IS(X (0) dt 
+ X. socias orato 
(10) * BX (0)4(0, 
ах У of(X()Ip(X() dB) 
* b*(X (OMAX (0)dt  do(t), 
LX (0)dt = p(X (0)do(). 
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By a solution of this equation, we mean a 
system of continuous semimartingales X = 
(X (t), B(t), M(t), o(t)) over a probability space 
(Q, F, P) with an increasing family (5) satis- 
fying the following conditions: (i) X (t) = (X (t), 

., X"(t)) is D-valued, i.e., X4(t) > 0; (ii) with 
probability 1, ip(0) 20, t— (t) is nondecreas- 
ing, and fo I;5(X (s)) do(s) = e(t); (iii) B(t) and 
M(t) are r-dimensional and s-dimensional 
systems of elements in „#1°°, respectively, 
such that (B, B/», = дг, <В, M"5,—0, and 
<M”, М", — ó"" (t), i, j 3, ...,r, m n= L,...,s 
and finally (1v) the stochastic differentials of 
these semimartingales satisfy (10). 

The processes B(t), M(t), and g(t) are sub- 
sidiary, and the process X (t) itself is often 
called a solution. We say that the uniqueness 
of solution holds if the law of X — (X (t)) is 
uniquely determined from the law of X(0). As 
before, the existence and the uniqueness of 
solutions imply that solutions define a diffu- 
sion process on D, and these are guaranteed 
if, for example, min,.;5 a^ (x) > 0 and o, b, 

т, В are Lipschitz continuous, [6, 23]. Here, 
we set a4 (x) = Et- of(x)a/(x) and a?(x) = 
Ei- ti(x)t}(x). It is a diffusion process gener- 
ated by the differential operator 

1 4 
A- 2 > 


i,j=1 


5 


d 
a*(x)D,D;-- У b'(x)D 
i=1 
and by the Venttsel boundary condition, 


ац a" (x) D;Dyu(x 9+ Y fo )D;u(x) 


+D,u(x)—p(x)(Au)(x)=0 on др. 


G. Stochastic Differential Equations on 
Manifolds 


Let M be a connected o-compact C^-manifold 
of dimension d, and let Wy = C([0, o0) М) be 
the space of all continuous paths in M. If M 
is not compact, let M = MU {A} be the one- 
point compactification of M and W,, be the 
space of all continuous paths in M with A asa 
"гар. These path spaces are endowed with 
the o-fields A(W,,) апа B(W,,), respectively, 
which are generated by Borel cylinder sets. 
By a continuous process on M we mean a 
(Им, B(W,,))-valued random variable, and by 
a continuous process on M admitting explo- 
sions we mean a (Wy, Z(W,,))-valued ran- 
dom variable. In this section the probability 
space is taken to be the r-dimensional Wiener 
space (Wj, ¥, P) with the increasing family 
LF}, where Z is generated by #,(W5) and 
P-null sets. Then w=(w(t)), we Wo, is an r- 
dimensional |. Z)-Brownian motion. 

Suppose that we are given a system of C*- 
vector fields Ag, 4,,..., А, on M. We consider 
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the following stochastic differential equation 
on M: 


(11) dX,— A,(X)odw*(t) + Aí (X) dt. 

(Here, the usual convention for the omission of 

the summation sign is used.) À precise mean- 

ing of equation (11) is as follows: We say that 
=(X,) satisfies equation (11) if X is an {F}- 

adapted continuous process on M admitting 

explosions such that, for any C?-function f 

on M with compact support (we set /(Л) = 

0), f(X,) is a continuous semimartingale 

satisfying 


(12) df(X) —(A,f (X) odw'(t)- (Ao f)(X,) dt, 


where o is Itó's circle operation defined in 
Section C. This is equivalent to saying that 
X, - (XJ, ..., X2), in each local coordinate, is 
a d-dimensional semimartingale such that 


(13) dXi=oi(X,odw*(t)+b(X,)dt 
=o, (X ,)dw*(t) 


l: M 
f > ЛАШ 
2⁄1 


where A,(x)= o;(x)D,, k= 1, 2,...,r, and Ag(x) 
= b'(x)D,. By solving the equation in each 
local coordinate and then putting these solu- 
tions together, we can obtain for each xe M 
a unique solution X, of (11) such that X, = 

x. We can also embed the manifold M in a 
higher-dimensional Euclidean space and solve 
the stochastic differential equation there. We 
denote the solution by X(t, x, w). The law P, 
on Wy of [t X (t, x, w)] defines a diffusion 
process on M which is generated by the dif- 
ferential operator A=4Dh_, A2 + Ao. 

Next, if we consider the mapping x» 

X (t, x, w); then, except for w belonging to a 
set of P-measure 0, the following is valid: For 
all (t, w) such that X (t, хо, w)e M, the mapping 
x X(t, x, w) is a diffeomorphism between a 
neighborhood of x, and a neighborhood of 
X (t, xo, w). This is based on the following fact 
for stochastic differential equations on R. If 
in equation (3) the coefficients оі and b! are 
C?-functions with bounded derivatives of all 
orders х, |x| > 1, then, denoting by X (t, x, w) 
the solution such that X(0) = x, we have that 
x X (t, x, w) is, with probability 1, a diffeo- 
morphism of R for all t (13]. 

Example 1: Stochastic moving frame [6, 15]. 
Let M be a Riemannian manifold of dimen- 
sion d, O(M) be the orthonormal frame bundle 
over M, and L,, L3, ..., Ly be the basic vector 
fields on O(M), that is, 


(L.f (s) -Him- [fox e) — fes e], 
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where e=(e,,...,ej) is an orthonormal basis in 
T.(M), x, = Exp(te;), i.e., the geodesic such that 
Xo — x and X = e;, and e, is the parallel translate 
of e along x,. Let b be a vector field on M and 
L, be its horizontal lift on O(M), i.e., L, isa 
vector field on O(M) determined by the follow- 
ing two properties: (i) L, is horizontal and (ii) 
dn(L,) = b, where z: O(M) M is the projec- 
tion. Consider the following stochastic differ- 
ential equation on O(M): 


dr(t) = L,(r(t))o dw*(t) + L,(r(t)) dt. 


Solutions determine a family of (local) diffeo- 
morphisms r r(t, r, w) -(X (t, г, м), e(t, ғ, w)) 
on O(M). The law of [t X (t, r, w)] depends 
only оп x ^ z(r), and it defines a diffusion 
process on M that is generated by the dif- 
ferential operator 1A, +b (Ay is the Laplace- 
Beltrami operator). Using this stochastic mov- 
ing frame r(t, r, w), we can realize a stochastic 
parallel translation of tensor fields along the 
paths of Brownian motion on M (a diffusion 
generated by 4A,,) that was first introduced 
by Itó [10], and by using it we can treat heat 
equations for tensor fields by means of a prob- 
abilistic method. 

Example 2: Brownian motion on Lie groups. 
Let G be a Lie group. A stochastic process 
{g(t)} on G is called a right-invariant Brownian 
motion if it satisfies the following conditions: 
(i) With probability 1, g(0)=e (the identity), 
and t—g(t) is continuous; (ii) for every t> s, 
g(t)g(s) ! and c(g(u); и < s) are independent; 
and (iii) for every t >s, g(t)g(s) ! and g(t — 5) 
are equally distributed. 

Let Ag, A,, ..., А, bea system of right- 
invariant vector fields on G, and consider the 
stochastic differential equation 


(14) dg,— A,(g) o dw'(t) + Ag(g,) dt. 


Then a solution of (14) with go =e exists 
uniquely and globally; we denote this solution 
by g? (t, w). It is a right-invariant Brownian 
motion G, and conversely, every right-invariant 
Brownian motion can be obtained in this way. 
The system of diffeomorphisms g g(t, g, w) 
defined by the solutions of (14) is given by 
g—g(t,g,w)= g? (t, w)g. 

Generally, if M is a compact manifold, the 
system of diffeomorphisms g,: x O X (t, x, w) 
defined by equation (11) can be considered as 
a right-invariant Brownian motion on the 
infinite-dimensional Lie group consisting of all 
diffeomorphisms of M [2]. 
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A. Definitions 


The theory of stochastic processes was origi- 
nally involved with forming mathematical 
models of phenomena whose development in 
time obeys probabilistic laws. Given a basic 
probability space (Q, 8, P) and a set Т of real 
numbers, a family í X,1, r of real-valued tran- 
dom variables defined on (Q, %, P) is called a 
stochastic process (or simply process) over 

(О, 8, P), where t is usually called the time 
parameter of the process. For each finite t-set 
Iti, -+s tap the "joint distribution of (X, ,..., 
X, ) is called a finite-dimensional distribution 
of the process  Х,),„ т. Stochastic processes 
are classified into large groups such as taddi- 
tive processes (or processes with independent 
increments), ‘Markov processes, 'Markov 
chains, ‘diffusion processes, *Gaussian pro- 
cesses, ‘stationary processes, *martingales, and 
*branching processes, according to the prop- 
erties of their finite-dimensional distributions. 
This classification is possible because of the 
following fact, a consequence of Kolmo- 
gorov's textension theorem (— 341 Proba- 
bility Measures 1): Given a system 2 of finite- 
dimensional distributions satisfying certain 
tconsistency conditions, we can construct a 
suitable probability measure on the space 

W = К” of real-valued functions on T so that 
the stochastic process { Х, т, obtained by 
setting X,(w) = the value of we W at t, has 

Ф as its system of finite-dimensional distri- 
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butions. Now, consider two stochastic pro- 
cesses # = { X, her and Y = (Y,],.,. Y is called 
a modification of Z if they are defined over a 
common probability space (Q, 8, P) and P(X, 
= ү) = 1 (te T). Regardless of whether 4^ and 
Ф are defined over a common probability 
space or over different probability spaces, X 
and Y are said to be equivalent or each is said 
to be a version of the other if their finite- 
dimensional distributions are the same. Ac- 
cording to Kolmogorov's extension theorem, 
every stochastic process has a version over the 
space W = RT. 

The function X (c) of t obtained by fixing o 
in a stochastic process {X,},.7 is called the 
sample function (sample process or path) corre- 
sponding to c. In applying various operations 
to stochastic processes and studying detailed 
properties of stochastic processes, such as 
continuity of sample functions, the notions of 
measurability and separability play important 
roles. We assume that T is an interval in the 
real line, and (if needed) that the probability 
measure P is tcomplete. Denote by the class 
of all *Borel subsets of T. A stochastic process 
ÍX,ler is said to be measurable if the function 
X, (w) of (t, о) is $$ x B-measurable. Continuity 
in probability defined in the next paragraph 
gives a sufficient condition for a stochastic 
process to have a measurable modification. 

A stochastic process {X,},.7 is said to be sepa- 
rable if there exists a countable subset S of T 
such that 


pfo 


lim inf X,(@) < X,(c) 


s>t,seS 


<lim sup X,(o) 


s>t,seS 


for any te r)= 1. 


It was proved by J. L. Doob that every sto- 
chastic process has a separable modification 
[6]. 

Various types of continuity are considered 
for stochastic processes. {X,},.7 is said to be 
continuous in probability at se T if P(| X, — X.| 
>£)>0 (ts, te T) for each e> 0; it is said to 
be continuous in the mean (of order 1) at se T if 
E(| X, X,]) 50 (ts, te T). Continuity in the 
mean of order p (>1) is defined similarly. Con- 
tinuity in the mean of any order irnplies con- 
tinuity in probability. Suppose that {X,}er is 
separable. Then 


Р”, = fo | X,(a) = lim, хој апа U D, 
are measurable events. If P(D,)>0, then se T is 
called a fixed point of discontinuity. The con- 
dition P(| J.+ D.) = 0 means that almost all 
sample functions are continuous. Regularity 
properties of sample functions of processes, 
such as continuity or right continuity, have 
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been studied by many people. The following 
theorem is due to A. N. Kolmogorov: Let T= 
[0, 1]. If 


E(X, =X Pcl st 


for constants y >0, c» 0, and c> 00, then 
1X,}er has a modification ( X,),. т for which 
almost all sample functions are continuous, 
and 


im ho? У ov = 
P| tim h UP |X,— X,| zo|- 1 
t,seT 

for any ô(0 <ó <e/y). Each of the following is а 
sufficient condition for Y={X,},.7 to have a 
modification for which almost all sample paths 
are right continuous functions with left limits. 
(1) 4 1s an additive process which is continuous 
in probability (P. Lévy [3,4], K. Itó [8]; — 5 
Additive Processes B). (1) Z is a supermartin- 


gale that is continuous in probability (Doob 
[6]; — 262 Martingales C). 


B. Increasing Families of c-Algebras 


In the investigation of stochastic processes 
(especially Markov processes, martingales, 
and stochastic differential equations), the 
notion of increasing families of o-algebras 
often plays an important role. Let (Q, 8, P) 

be a probability space, and let T = [0, оо). A 
family (38,),.,. of o-subalgebras of $ is called 
an increasing family of c-algebras on (О, 8, P) 
if $8, < B, for s « t. A process (X,],., is said to 
be adapted to {%8,} if X, is 8,- measurable for 
each te T. {X,} is said to be progressively 
measurable (or a progressive process) with 
respect to {%,} if for every te T the mapping 
(5, w) X (co) of [0, t| x € into R is measurable 
with respect to the c-field 8([0,t]) x B,. A 
process {X,} with right continuous paths, 
adapted to {%,}, is progressively measurable 
with respect to (38,j. The same conclusion 
holds for a process with left continuous paths. 
A subset A of [0, oo) x Q is said to be progres- 
sive if the indicator process a,(@)=1 4(t, о) of A 
is a progressive process. А random time т on 
Q with values in [0, co] is called a stopping 
time (or Markov time) if {т <t} €93, for all t > 
0. Constants (2 0) are stopping times. If т 
and ç are stopping times, then min(a, т) and 
тах(о, т) are also stopping times. The limit of 
an increasing sequence of stopping times is a 
stopping time, while the limit of a decreasing 
sequence of stopping times is a stopping time 
with respect to (8,, }, where B, =(),.,B,. 
Let B, be the class of Ae % such that AN 

(r«t] e88, (te Ty; then it is a c-algebra if x is 
a stopping time. If | X, is a progressive pro- 
cess and if z is a stopping time, then X, luca: 
is 8,-measurable. An increasing family (93,] 
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of a-algebras on (О, 38, P) is said to be com- 
plete if the probability space (О, 8, P) is com- 
plete and if all the P-negligible sets belong 

to By. Fron now on we assume that (98,] is 
complete and right continuous (Le., 8,— B,, 
for all t 20). Let B be a subset of R and {X,} 
be a process. We call tg=inf{r>0|X,(w)eB} a 
hitting time for B. Measurability of z, is not 
always guaranteed, that is, тр is not always a 
stopping time. G. A. Hunt showed that for a 
wide class of Markov processes hitting times 
for analytic sets are stopping times. This result 
is based on a theorem of G. Choquet on capa- 
citability and was generalized by P. A. Meyer 
as follows: (i) For every progressively mea- 
surable process, hitting times for analytic sets 
are stopping times; and (ii) for every progres- 
sive set A, D,=inf{t>0|(t,w)e A] is a stop- 
ping time. The following notions on measur- 
ability are also important. The predictable c- 
algebra on [0, oo) x Q, denoted by 2, is defined 
to be the least c-algebra on [0, oc) x Q with 
respect to which every process X,(«) that is 
adapted to {%,} and has left continuous paths 
is measurable in (t, œ). The well-measurable or 
optional c-algebra on [0, oc) x Q, denoted by 
C, is defined to be the least c-algebra on [0, oc) 
x О with respect to which every process X,(«) 
that is adapted to {%8,} and has right continu- 
ous paths with left limits is measurable in (t, œ). 
A process {X,} defined on О is said to be pre- 
dictable (resp. well-measurable or optional) if 
the function (t, о) X,(@) ori [0, oo) x Q is 
measurable with respect to the predictable o- 
algebra 2 (resp. the optional c-algebra €). For 
further information regarding the notions 
given in this section — [10]. 

Up to this point it was assumed that the 
space in which a process í Х,!,. т takes values, 
namely, the state space of {X,},.7, is a set of 
real numbers; but in general, topological 
spaces or merely measurable spaces can be 
taken for the state spaces of stochastic pro- 
cesses. The general definitions and results 
already given can be extended to stochastic 
processes whose state spaces are "locally com- 
pact Hausdorff spaces satisfying the second 
*countability axiom. 

Moreover, the time parameter set T of a 
process {X,}er need not be a set of real num- 
bers. For example, P. Lévy [12] and H. P. 
McKean [13] investigated stochastic processes 
with several-dimensional time; such processes 
are sometimes called random fields. The case 
in which T is Z, S, or in general a space of 
functions (which is nuclear) has also been 
investigated (— Section C). A probabilistic 
formulation of equilibrium states given by R. 
L. Dobrushin [14] initiated recent probabilis- 
tic study of statistical mechanics. For further 
information concerning processes with general 
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time parameter spaces — 136 Ergodic Theory, 
176 Gaussian Processes, 340 Probabilistic 
Methods in Statistical Mechanics. 


C. Random Distributions and Generalized 
Stochastic Processes 


The investigation of random distributions was 
initiated by I. M. Gel'fand [15] and Itó [17]. 
Denote by. 2 the space of functions of t ( —co 
«t « co) of class C? with compact tsupport, 
and by Z' the space of tdistributions. At func- 
tion Х(ф, о) of meQ and o€42 is called a 
random distribution (or generalized stochastic 
process) if X (o, о) is a distribution as a func- 
tion of ф for almost all о and is measurable as 
a function of о for each fixed o. Denote by 
$8(2") the smallest c-algebra containing sets of 
the form (ye Z'|y(o)e E] (рє 2, E is a Borel 
set). A random distribution is nothing but a 
9-valued random variable. For a random 
distribution X (o, o), a probability measure Py 
оп 98(Z^) is induced by 


$,(B-Pío|X(,c)eB), BeB(F’). 


The functional 
с(ф) = E(e 9.) = eoo. n QE, 


is called the characteristic functional of X(q, о) 
or Фу. The functional с(ф) is continuous posi- 
tive definite, and с(0) = 1. Conversely, given a 
functional с(ф) with these properties, a theo- 
rem of R. A. Minlos (— 341 Probability 
Measures J) states that there exists a unique 
probability measure Ф on 8(2") whose charac- 
teristic functional equals c(q). In other words, 
a random distribution with the character- 

istic functional с(ф) can be constructed over 
(2, B(D’), Ф). 

Typical classes of random distributions that 
have been investigated so far are stationary 
random distributions and random distri- 
butions with independent values at every 
point. (For stationary ones — 395 Stationary 
Processes.) A random distribution X (q, œ) is 
called a random distribution with independent 
values at every point if o, (t)@,(t) =0 implies the 
independence of X(@,,@) and X(@,,«), that is, 
C(9, + @2)=c(, )c(@2). A sufficient condition 
for the functional of the form 


c(o)—exp (| Лб), o'(t), ... Lx 


(f is continuous and /(0, ...,0) 20) to be the 
characteristic functional of a stationary ran- 
dom distribution with independent values at 
every point is that the function exp(sf (xo, x,, 
2х) of (xo, x, ..., xy) e R* be positive defi- 
nite for each s» 0 [16]. Under this condition, 
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a concrete representation of f is known [16]. 
When k=0, a necessary and sufficient condi- 
tion for с(ф) to be the characteristic functional 
of a stationary random distribution with 
independent values at every point is that 

exp f(x) be the characteristic function of an 
"infinitely divisible distribution. One such 
random distribution is the so-called Guassian 
white noise, namely, the distribution deriva- 
tive of Brownian motion whose characteristic 
functional is 


1 2 
exp| —5 | le@l' dt). 


A family {Х} е of real-valued random 
variables indexed by 2 is called a random 
distribution in the wide sense if X, is linear in 
9, namely, X,,,,, —aX, - bX, with proba- 
bility 1 for fixed o, V € Z, and real constants a, 
b, and if X,— 0 in probability whenever o0 
in the topology of Z. (For a typical class of 
random distributions in the wide sense — 395 
Stationary Processes C.) A random distri- 
bution in the wide sense has a modification 
that is a random distribution. 

In the definition of random distributions 
(in the wide sense) one can replace the space 
£ by the space .Z of rapidly decreasing С°- 
functions or in general by some space Ó of 
functions that is nuclear. For example, one 
can define random distributions as “’-valued 
random variables. 

Up to this point random distributions of 
one variable have been considered. Random 
distributions of several variables are called 
generalized random fields and have been in- 
vestigated by Itó [18], A. M. Yaglom [19], 
Gel'fand and N. Ya. Vilenkin [16], and others. 
Moreover, K. Urbanik [20, 21] developed a 
theory of generalized stochastic processes 
based on G. Mikusinski’s theory instead of L. 
Schwartz's theory of distributions. 


D. Random Measure 


Let (S, $, m) be any c-finite measure space, 
and put o = (Aes [m(A) < oo). By virtue of 
TKolmogorov's extension theorem, there exists 
a family (W(A)] л, of real random variables 
indexed by o such that (1) for any mutually 
disjoint 4,, ..., А„є Fos (W(A,), ..., W(A,)} is 
independent; (ii) for any AE ү, W(A) is Gauss- 
ian distributed with mean 0 and variance 
m(A); and (ш) for any A, Beso, E(W(AW(B)) 
=m(A П B). Similarly, there exists а family 
{N(A)} sex, of real-valued random variables 
indexed by $$, such that (i) for any mutually 
disjoint A4, ..., А„є o, (N(A,), ..., N(A,)] is 
independent; (ii) for any Ae o, N(A) is tPois- 
son distributed with mean m(A); and (iii) for 
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апу A, Beto, E(N(A)N(B))=m(AN B). 
{W(A)} sex, and (N(A)] 4.5, are called a 
Gaussian random measure and a Poisson ran- 
dom measure associated with the measure 
space (S, $, m), respectively. By using these 
random measures, the theory of multiple inte- 
grals can be developed. 

By a point function p on 5 we mean a map- 
ping p: р, S, where the domain D, is a count- 
able subset of (0, oo). p defines a counting 
measure N, on (0, оо) x S such that N,((0, t] x 
U)= #{seD,;s<t, p(s)e U} (t >0, VE Ro). 

For a point function p and t>0, the shift point 
function ©,p is defined by Ds „= (se(0, oo); s + 
te Dj and (Ө,р)(5) = p(s- t). Let Л; be the 
totality of point functions on S and Z(I1,) be 
the smallest o-field on Л; with respect to 
which all p N,((o, t] x U, t > 0, U € o) 

are measurable. À point process on S is a 

(Hs, 4 (IE))-valued random variable. Then 
there exists a point process p on Š such that 

(i) for any t>0, p and O,p have the same prob- 
ability law, and (ii) N, is a Poisson random 
measure associated with ((0, oo) x S, (О, оо) x 
AIL), dt x m(ds)). The point process р is called 
the stationary Poisson point process with the 
characteristic measure m. 
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A. General Remarks 


Stochastic programming is a method of finding 
optimal solutions in mathematical program- 
ming in its narrow sense (— 264 Mathematical 
Programming), when some or all coefficients 
are stochastic variables with known probabil- 
ity distributions. There are essentially two dif- 
ferent types of models in stochastic program- 
ming situations: One is chance-constrained pro- 
gramming (CCP), and the other is a two-stage 
stochastic programming (TSSP). The differ- 
ence between them depends mainly on the 
informational structure of the sequence of ob- 
servations and decisions. For simplicity, let us 
here consider stochastic linear programming, 
which is the best-known model at present. 

Let Ay, A be m x n-dimensional matrices and 
x, ceR" and b, bye R”. Suppose further that 
components of A, b, c are random variables, 
while those of As, bo are constants. Consider 
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the following formally defined linear program- 
ming problem: min,íc'x| Ax <b, xe Xot, X9 = 
{х| Aox € bo, x 20]. Let (Q, B, P) be a proba- 
bility space (— 342 Probability Theory) such 
that {А (оо), b(@), c(@)} is a measurable trans- 
formation on Q into Вт", 


B. Chance-Constrained Programming (CCP) 


This method is based on the assumption that 
a decision x has to be made in advance of 

the realization of the random variables. Sup- 
pose that А, (о) is the ith row of А(о), and 
bw) is the ith component of b(o). We call 
P({w|A,(@)x <b,(@)}) 2o; a chance constraint, 
where o; is a prescribed fractional value deter- 
mined by the decision maker according to his 
attitude toward the constraint A;(c)x < b;(c): 
if he attaches importance to it, he will take 

х; as great as а Defining pris sets 
X(a,;) and X by Xi(x) — (x| P({@| Ао 
b(o)))zoX- i (CY Xi()). we can 
formulate CCP as follows: тіп, { F(x)| xe X], 
where F: X  R, is the certainty equivalent of 
the stochastic objective function c'x. We have 
four models of CCP corresponding to differ- 
ent types of F(x): (i) E-model: F(x) =с'х, c = 
E c(o) x. (ii) V-model: (х) = Var(c(o)'x) = 
X'V.x, where V, is a variance-covariance ma- 
trix of c(c). (iii) P,-model: F(x)— f, P(fo|c(oyx 
<f}) 2a, 1/2<a9 «1. (iv) Pj-model: F(x) = 
P((o|c(oyx >y}) for a given constant у. In 
particular, if the components of А (со), b(o), 
с(о) have a multidimensional normal distri- 
bution, the certainty equivalent of the ith 
chance constraint is derived in the following 
form: A;x +~! (xj) (х Их + 2wix + v2)? < b, 
where 4;, V, wj, vi b; are expectation vectors 
or a variance-covariance matrix of A,(w) and 
Ьо) and Ф(г) = |‘ ,, exp( —z?/2) 42/,/ 27. The 
set X,(a,) for this constraint can be shown to 
be convex for 1/2«o;« 1, by using the con- 
vexity of the function ./x'Vx for a positive 
semidefinite matrix V. Under the same assump- 
tion we can obtain the objective functions 


F(x)=€ ae (a )./x'V.x for the P,-model 
and F(x)=(¢’x—y)/./x'V,x for the P,-model. 


These m models have been shown to be 
computable by applying convex programming 
techniques, including the conjugate gradient 
method. Further studies on the convexity of a 
more general chance constraint P({@|A(w)x < 
b(w)}) >a, 0<«< 1, appear in several articles. 


C. Two-Stage Stochastic Programming (TSSP) 
This method divides the decision process into 


two stages. First stage: Before the realization 
of random variables, one makes a decision x, 
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being allowed to compensate for it after the 
specification of those values. Second stage: 
One obtains an optimal compensation ye 

R' for the given x and the realized values of 
the random variables. Assuming that qe R” 

is a random vector in addition to А, b, c, we 
can formulate TSSP as follows. First stage: 
min, E, ((c(o)'x + Q(x, w)|xeX)}; second 
stage: Q(x, о) = min, (q(o) y| Wy = А(о)х— 
b(o), y 20), where X = X, К, K == Íx|Q(x, w) 
< +оо with probability 1} and q(«)'y is a loss 
function for the deviation А(о) х — b(w). The 
m x n matrix И is called a compensation ma- 
trix. Several theorems have been proved: (i) K 
is a closed convex set; (it) Q(x) = E,,Q(x, œ) is a 
convex function on K if the random variables 
in A(o), b(o), q(o) are square integrable; (iii) 
if P has a density function, then Q(x) has a con- 
tinuous gradient on K; (tv) when P has a finite 
discrete probability distribution, a TSSP prob- 
lem is reduced to a linear programming prob- 
lem having a dual decomposition structure. 
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A. Examples of Structure 


Structure 15 a unified description of mathe- 
matical objects such as *ordered sets, trings, 
*]inear spaces, ttopological spaces, *prob- 
ability spaces, manifolds, etc., using only the 
concepts tset and frelation. The following are 
examples. 
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(1) Order. An *ordering on a set A is a 
binary relation in A (— 358 Relations) with 
a *graph х such that (i) if ae A, then (а, а)єо; 
(tt) if (a, b) ex and (b, a)eo, then а= b; and (111) 
if (a, b)ex and (b, c)e x, then (а, с)є ж, where о is 
an element of the fpower set (А4 x A). We say 
that x determines a structure of ordering on 
the set A. 

(2) Law of composition. А law of compo- 
sition on a set A Is a mapping from A x A (or 
a subset) to A. This mapping is considered as 
a ternary relation with a graph xe (A x A 
x A), satisfying the following two conditions 
(or possibly only (it): (i) if (a, b)e A x A, then 
(a, b, c)ex for some ce A; (ii) if (a, b, c)e x and 
(a, b, c')eo, then c — c'. We say that х deter- 
mines the structure of a law of composition 
in A. The *associative law in the law of com- 
position determined by о is given by: (11) if 
(a, b, x)ea, (Б, c, у)єя, (х, с, 2)єя, and (а, y, z')€ x, 
then z 2 z'. A set with conditions (1), (ii), and 
(itt) is called a semigroup. 

(3) Operation. An operation of a set A ona 
set B is a mapping from A x B (or a subset) to 
B. It is considered as a ternary relation with 
the graph ye 'B(A x B x B), satisfying the fol- 
lowing two conditions (or possibly only (ii)): (i) 
if (a, b)e A x B, then (a, b, c)e ? for some ce B; 
(11) if (a, b, c) ey and (а, Б, c')ey, then с=с. We 
say that y determines the structure of an oper- 
ation of A on B. Each element х of A is called 
an operator on B; A is called a domain of 
operators on B, and B is called an A-set. When 
B is the main object of consideration, an oper- 
ation of A on B is sometimes called an external 
law of composition of À on B. The law of com- 
position of A as described in (2) is then called 
an internal law of composition of 4. When a 
domain of operators A on B determined by 
ye B(A x B x B) has an internal law of compo- 
sition determined by xe P(A x A x A), it is 
usually assumed that the following conditions 
on z, у are satisfied: (iii) if (a, b, x)e x, (b, c, y)e y, 
(x, c, z)€ y, and (a, y, Z) ey, then z 2z'. If we 
denote the law of composition by (a, b) Sab 
and the operation by (a, b) a: b, then con- 
dition (iii) may be written: (111) (ab): c =a; (b-c) 
for a, be A and ce B. When an A-set B with an 
external law of composition determined by 
y € МА x B x B) has an internal law of compo- 
sition determined by fe 'B(B x B x B), it is 
usually assumed that the following condition 
on fi, у is satisfied: (iv) if (a, b, x) ey, (а, с, y) ey, 
(b, c, z)e fl, (х, y, w)e B, and (а, z, w')ey, then w= 
w'. According to the notation ab and a-b, it 
is described as: (iv’) (a: b) (a: c) 2 a: (bc) for ae A 
and b, ce B. 

The mapping A x Bo B(B x A B) is called 
a left (right) operation of А on B. To emphasize 
leftness or rightness, "left-" or "right-" is at- 
tached to corresponding concepts. 
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(4) Topology. A topology on a set А is 
determined by a set xe (A), called the ‘sys- 
tem of open sets, satisfying the following 
conditions: (1) єх and A €a; (ii) if 8 c a, then 
|) Bex; and (iii) if со is finite, then () fea. 
We say that « defines the structure of a topol- 
ogy on the set A (— 425 Topological Spaces). 


B. Mathematical Structures 


We now explain the concept of mathematical 
structure for the case of a "linear space (— 256 
Linear Spaces). A linear space has two basic 
sets, one of which is a set K of elements called 
scalars and the other, a set V of elements called 
*vectors, two laws of compositions in K called 
addition and multiplication, a law of compo- 
sition in V called addition, and an operation of 
К on Vcalled scalar multiplication. The laws 
of composition and the operation are given by 
elements of power sets: x,, 3; € B(K x K x К), 
x |, € (Vx Vx И), and «4€ (Кох Vx V); and 
the basic properties of the linear space, such as 
Ha+b)=4a+ 4b (4€ K,a, be V), are described 
as propositions on К, V, %1, ...,&%4 and denoted 
by P(K,V.a,, ..., 4), .... 

Up to now, we have been considering a 
given linear space. To give a description of a 
linear space in general, we use the symbols 
Xi, X5, 6, ..., £ instead of the symbols К, 

V, 04, ...,04, replace conditions such as x, € 
S(K x Kx K),... by & eX, x X, x X4)..., 
and consider the set X of these symbols and 
formulas: 


DP aA з» Сузу Sah 
& eX, x X, x Xi)... 
aE P(X, x X, x XQ). 


The set Z is called the type of linear space. 
Similarly, we consider the set Г of all 

P(X,, X5,6,, ..., 54). ... corresponding to the 
basic properties P(K, Va, ...,94), ... of the 
linear space. The set Г is called the axiom 
system of the linear space. 

In general, let 4,,..., Am be the basic sets 
(K and V in the preceding example). The basic 
concepts 2,,..., 2, (2,,..., X4 in the preceding 
example) are given as elements of finitely 
generated sets from A,,...,A,,, i.e., elements 
of sets obtained by a finite number of ap- 
plications of the operations of forming the 
*Cartesian product and the tpower set from 


A,,...,A,,. Basic properties are given as pro- 
positions on 4,,..., Am 01,...,%,. These basic 
properties and A,, ..., Am, X1, ..., Xp determine 


a mathematical system. We consider also a 
type > of symbols X,, ..., Xm of basic sets and 
symbols £,,..., £, of basic concepts, and an 
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axiom system Г of basic properties. The pair 
(27, Г) determines a mathematical struc- 

ture. When we substitute sets A,,..., Am for 
X,,..., X, and %,,...,%, for €,,...,€,, where 
X, ..., X, and či, ..., с, satisfy the axiom 
system Г, then (4,, ..., Am X15 -s p) is called a 
mathematical system with the mathematical 
structure (Z, Г), or a model of the structure 
(X, Г). Two mathematical systems are called 
similar or of the same kind if they have the 
same mathematical structure. Groups, rings, 
topological spaces, etc., are mathematical 
structures. Mathematical systems are some- 
times called algebraic systems in the wider 
sense, and when we consider mainly their laws 
of composition (and operations), we call them 
algebraic systems. We explain this in further 
detail in Section C. 


C. Algebraic Systems 


Algebraic systems are sets with laws of compo- 
sition and operations satisfying certain axiom 
systems; the laws of composition and oper- 
ations and the axiom systems they satisfy 
determine their type (— 2 Abelian Groups, 29 
Associative Algebras, 42 Boolean Algebra, 67 
Commutative Rings, 149 Fields, 151 Finite 
Groups, 190 Groups, 231 Jorden Algebras, 248 
Lie Algebras, 368 Rings). Each algebraic sys- 
tem has its own theory, but general properties 
and related concepts are dealt with from a 
common standpoint. From this common 
ground we often get an insight into concepts 
from which arose a general theory of math- 
ematical systems. We describe here only al- 
gebraic systems, but it is possible to describe 
similar concepts for mathematical systems. 
The following is a description based mainly on 
one law of composition (a, b) ab; a similar 
description is possible for the case of two or 
more laws of composition. 

The law of composition ab is sometimes 
written a+b, a: b, [a,b], etc. A mapping f: A> 
A’ of similar algebraic systems A and A’ is 
called a homomorphism provided that f (ab) = 
f (a) f (b) (a, be А). A’ is said to be homomor- 
phic to A if there is homomorphism from 4 
onto A’. If f is one-to-one, onto, and its in- 
verse mapping f~': A’—A is also а homomor- 
phism, then f is called an isomorphism, A’ is 
said to be isomorphic to А, and the relation is 
written A = A’. The composition of homomor- 
phisms is a homomorphism, and the identity 
mapping is an isomorphism. A homomor- 
phism of A to A itself is called an endomor- 
phism, and if it 15 also an isomorphism, then 
it is an automorphism. The set of all endo- 
morphisms of A forms a tsemigroup under 
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composition, and the set of automorphisms 
forms a group under composition. The con- 
cept of homomorphism is a fundamental 
concept appearing in all algebraic systems. A 
homomorphism is sometimes called a 
representation. 

An element e of an algebraic system A with 
a law of composition ab is called an identity 
element if ae = ea =a (for all ae A). If such an 
element exists, then it is unique. In the case of 
a ring, two laws of composition, addition and 
multiplication, are given. In this case the iden- 
tity element for multiplication (if it exists) Is 
called the identity element (or tunity element) 
of the ring. In the case of homomorphism 
between groups, the identity element is map- 
ped to the identity element, but this does 
not always hold in general algebraic systems. 
Since the identity element plays an important 
role, it is frequently added to the basic con- 
cepts. Homomorphism between mathematical 
systems is generally defined to induce a map- 
ping between basic concepts. А semigroup and 
a ring with a unity element are called a unitary 
semigroup (monoid) and a unitary ring, respec- 
tively, and homomorphisms between these 
systems are restricted to mappings that map 
the identity element to the identity element. 

Let A and A’ be similar algebraic systems, 
and let A be a subset of A’. А is called a sub- 
system of 4’ if the mapping f: A A' defined 
by f(a) = a(ae A) is a homomorphism. A sub- 
system of a group (ring) is called a *subgroup 
(*subring), and similarly for other algebraic 
systems. 

An fequivalence relation R in an alge- 
braic system A is called compatible with the 
law of composition if R(a, a’) and R(b, Б) 
imply R(ab, a'b’). Consider the tquotient set 
A/R. Then the law of composition in A/R is 
uniquely determined so that the mapping 


f: A А/К defined by ae f (a) is a homomor- 


phism. The algebraic system thus obtained 
Is called a quotient system. A quotient sys- 
tem of a group (ring) is a group (ring), called 
a ‘quotient group (*quotient ring). Other 
cases, including those where operations are 
given, are treated similarly (— 52 Categories 
and Functors). 
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A. The Notion of a Surface 


The notion of a surface may be roughly ex- 
pressed by saying that by moving a curve we 
get a surface or that the boundary of a solid 
body is a surface. But these propositions can- 
not be considered mathematical definitions of 
a surface. We also make a distinction between 
surfaces and planes in ordinary language, 
where we mean by surfaces only those that are 
not planes. In mathematical language, how- 
ever, planes are usually included among the 
surfaces. 

A surface can be defined as a 2-dimensional 
*continuum, in accordance with the definition 
of a curve as a 1-dimensional continuum. 
However, while we have a theory of curves 
based on this definition, we do not have a 
similar theory of surfaces thus defined (— 93 
Curves). 

What is called a surface or a curved surface 
is usually a 2-dimensional *topological mani- 
fold, that 15, a topological space that satisfies 
the *second countability axiom and of which 
every point has a neighborhood thomeomor- 
phic to the interior of a circular disk in a 
2-dimensional Euclidean space. In the follow- 
ing sections, we mean by a surface such a 2- 
dimensional topological manifold. 


B. Examples and Classification 


The simplest examples of surfaces are the 2- 
dimensional tsimplex and the 2-dimensional 
*sphere. Surfaces are generally tsimplicially 
decomposable (or triangulable) and hence 
homeomorphic to 2-dimensional polyhedra (T. 
Radó, Acta Sci. Math. Szeged. (1925)). A tcom- 
pact surface is called a closed surface, and a 
noncompact surface is called an open surface. 
A closed surface is decomposable into a finite 
number of 2-simplexes and so can be inter- 
preted as a tcombinatorial manifold. A 2- 
dimensional topological manifold having a 
boundary is called a surface with boundary. A 
2-simplex is an example of a surface with 
boundary, and a sphere is an example of a 
closed surface without boundary. 

Surfaces are classified as forientable and 
*nonorientable. In the special case when a sur- 
face is tembedded in a 3-dimensional Euclid- 
ean space E?, whether the surface is orien- 
table or not depends on its having two sides 
(the “surface” and “back”) or only one side. 
Therefore, in this special case, an orientable 
surface is called two-sided, and a nonorientable 
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surface, one-sided. A nonorientable closed 
surface without boundary cannot be embed- 
ded in the Euclidean space E? (— 56 Charac- 
teristic Classes, 114 Differential Topology). 

The first example of a nonorientable surface 
(with boundary) is the so-called Möbius strip 
or Móbius band, constructed as an tidenti- 
fication space from a rectangle by twisting 
through 180° and identifying the opposite 
edges with one another (Fig. 1). 


А D 
B C 


Fig. 1 


As illustrated in Fig. 2, from a rectangle 
ABCD we can obtain a closed surface homeo- 
morphic to the product space S! x $! by 
identifying the opposite edges AB with DC 
and BC with AD. This surface is the so-called 
2-dimensional torus (or anchor ring). In this 
case, the four vertices A, B, C, D of the rec- 
tangle correspond to one point p on the sur- 
face, and the pairs of edges AB, DC and BC, 
AD correspond to closed curves a' and b' on 
the surface. We use the notation aba !b ! to 
represent a torus. This refers to the fact that 
the torus is obtained from an oriented four- 
sided polygon by identifying the first side and 
the third (with reversed orientation), the sec- 
ond side and the fourth (with reversed orienta- 
tion). Similarly, аа! represents a sphere (Fig. 
3), and a,b,aj ! b! ab, a;! b;! represents the 
closed surface shown in Fig. 4. 


A b D 
| o | 
B b C 
 — 


Fig. 2 


B 


Fig. 3 
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Fig. 4 


All closed surfaces without boundary are 
constructed by identifying suitable pairs of 
sides of a 2n-sided polygon in a Euclidean 
plane Е?. Furthermore, a closed orientable 
surface without boundary is homeomorphic to 
the surface represented by aa™! or 
a,b,a;'b;'...a,b,a,'b,'. (1) 


D'p"p 


The 1-dimensional *Betti number of this 
surface is 2p, the 0-dimensional and 2-dimen- 
sional *Betti numbers are 1, the ttorsion coeffi- 
cients are all 0, and p is called the genus of the 
surface. Also, a closed orientable surface of 
genus p with boundaries c,, ..., c, is repre- 
sented by 


` -1 А - poli Bol zs 
Мусру... СМ aba, bi... abpa b; 


Q) 


(Fig. 5). A closed nonorientable surface with- 
out boundary is represented by 


G) 
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The 1-dimensional Betti number of this 
surface is q— 1, the 0-dimensional and 2- 
dimensional Betti numbers are 1 and 0, re- 
spectively, the 1-dimensional torsion coeffi- 
cient is 2, the 0-dimensional and 2-dimensional 
torsion coefficients are 0, and q is called the 
genus of the surface. A closed nonorientable 
surface of genus q with boundaries c, ..., c, 
is represented by 


WC Wi. мусур | d, d, ... 


ds. (4) 


q 


Each of forms (1)—(4) 15 called the normal form 
of the respective surface, and-the curves a;, bj, 
w, are called the normal sections of the surface. 
To explain the notation in (3), we first take the 
simplest case, aa. In this case, the surface is 
obtained from a disk by identifying each pair 
of points on the circumference that are end- 
points of a diameter (Fig. 6). The surface aa is 
then homeomorphic to а !projective plane of 
which a decomposition into a complex of 
triangles is illustrated in Fig. 7. On the other 
hand, aabb represents a surface like that 
shown in Fig. 8, called the Klein bottle. Fig. 9 
shows a handle, and Fig. 10 shows a cross cap. 


a a 


Fig. 6 
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Fig. 10 


The last two surfaces have boundaries; a 
handle is orientable, while a cross cap is non- 
orientable and homeomorphic to the Móbius 
strip. If we delete p disks from a sphere and 
replace them with an equal number of handles, 
then we obtain a surface homeomorphic to 
the surface represented in (1), while if we 
replace the disks by cross caps instead of by 
handles, then the surface thus obtained is 
homeomorphic to that represented in (3). 
Now we decompose the surfaces (1) and (3) 
into triangles and denote the number of i- 
dimensional simplexes by o; (i —0, 1,2). Then in 
view of the tEuler-Poincaré formula, the sur- 
faces (1) and (3) satisfy the respective formulas 


9 — 9 +% — 2(1 — p), 
Xo —04 +8, —2-—q. 


The tRiemann surfaces of talgebraic func- 
tions of one complex variable are always sur- 
faces of type (1), and their genera p coincide 
with those of algebraic functions. 

All closed surfaces are homeomorphic to 
surfaces of types (1), (2), (3), or (4). A necessary 
and sufficient condition for two surfaces to be 
homeomorphic to each other is coincidence of 
the numbers of their boundaries, their orienta- 
bility or nonorientability, and their genera (or 
*Euler characteristic à? — х! + 22). This propo- 
sition is called the fundamental theorem of the 
topology of surfaces. The thomeomorphism 
problem of closed surfaces is completely solved 
by this theorem. The same problem for n 
(n 2 3) manifolds, even if they are compact, 
remains open. (For surface area — 246 Length 
and Area. For the differential geometry of 
surfaces — 111 Differential Geometry of 
Curves and Surfaces.) 
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A. General Remarks 


Symbolic logic (or mathematical logic) is a field 
of logic in which logical inferences commonly 
used in mathematics are investigated by use of 
mathematical symbols. 

The algebra of logic originally set forth by 
G. Boole [1] and A. de Morgan [2] is actually 
an algebra of sets or relations; it did not reach 
the same level as the symbolic logic of today. 
G. Frege, who dealt not only with the logic 
of propositions but also with the first-order 
predicate logic using quantifiers (— Sections 
C and K), should be regarded as the real 
originator of symbolic logic. Frege's work, 
however, was not recognized for some time. 
Logical studies by C. S. Peirce, E. Schróder, 
and G. Peano appeared soon after Frege, but 
they were limited mostly to propositions and 
did not develop Frege's work. An essential 
development of Frege's method was brought 
about by B. Russell, who, with the collabor- 
ation of A. N. Whitehead, summarized his 
results in Principia mathematica [4], which 
seemed to have completed the theory of sym- 
bolic logic at the time of its appearance. 


B. Logical Symbols 


If A and B are propositions, the propositions 
(A and B), (A or B), (A implies B), and (not A) 
are denoted by 


AAB, AvB, AB, A, 


respectively. We call 7A the negation of A, 
AAB the conjunction (or logical product), 

Av B the disjunction (or logical sum), and 
A B the implication (or B by A). The propo- 
sition (4 B)A(B- А) is denoted by AB 
and is read “А and B are equivalent." Av B 
means that at least one of A and B holds. The 
propositions (For all x, the proposition F(x) 
holds) and (There exists an x such that F(x) 
holds) are denoted by VxF(x) and dxF(x), 
respectively. A proposition of the form VxF(x) 
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is called a universal proposition, and one of the 
form ЯхЕ(х), an existential proposition. The 
symbols ^, у, >, e», 1, V, З are called log- 
ical symbols. 

There are various other ways to denote 
logical symbols, including: 


AAB: A&B, A: B, 

Av B: A+B, 

AB: ADB, A= В, 

AB: АВ, Az В, A~B, AS cB, AB, 
JA: ~A, A, 

VxF(x): G)F(x), IIxF(x) AxF(x), 

3xF(x): (Ex) F(x), ExF(x) VxF(x). 


C. Free and Bound Variables 


Any function whosc values are propositions is 
called a propositional function. Vx and 3x can 
be regarded as operators that transform any 
propositional function F(x) into the propo- 
sitions VxF(x) and 3xF(x), respectively. Vx and 
3x are called quantifiers; the former is called 
the universal quantifier and the latter the 
existential quantifier. F(x) is transformed 

into VxF(x) or 3xF(x) just as a function f(x) 
is transformed into the definite integral 

[d f(x)dx; the resultant propositions VxF (x) 
and 3xF(x) are no longer functions of x. The 
variable x in VxF(x) and in 3xF(x) is called a 
bound variable, and the variable x in F(x), 
when it is not bound by Vx or 3x, is called a 
free variable. Some people employ different 
kinds of symbols for free variables and bound 
variables to avoid confusion. 


D. Formal Expressions of Propositions 


A formal expression of a proposition in terms 
of logical symbols is called a formula. More 
precisely, formulas are constructed by the 
following formation rules: (1) If 9I is a formula, 
Wis also a formula. If A and $8 are for- 
mulas, UA B, 9[ v $8, A — B are all formulas. 
(2) If &(a) is a formula and a is a free variable, 
then Ух (х) and 4x%(x) are formulas, where x 
is an arbitrary bound variable not contained 
in (а) апа (x) is the result of substituting x 
for a throughout (a). 

We use formulas of various scope accord- 
ing to different purposes. To indicate the scope 
of formulas, we fix a set of formulas, each 
element of which is called a prime formula (or 
atomic formula). The scope of formulas is the 
set of formulas obtained from the prime for- 
mulas by formation rules (1) and (2). 
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E. Propositional Logic 


Propositional logic is the field in symbolic 
logic in which we study relations between 
propositions exclusively in connection with the 
four logical symbols л, v, >, and ^1, called 
propositional connectives. 

In propositional logic, we deal only with 
operations of logical operators denoted by 
propositional connectives, regarding the vari- 
ables for denoting propositions, called propo- 
sition variables, only as prime formulas. We 
examine problems such as: What kinds of 
formulas are identically true when their propo- 
sition variables are replaced by any propo- 
sitions, and what kinds of formulas can some- 
times be true? 

Consider the two symbols Y and А, 
read true and false, respectively, and let A — 

( Y, Aj. A univalent function from A, or 
more generally from a Cartesian product 

A x... X A, into A is called a truth function. 
We can regard л, v, >, 1 as the following 
truth functions: (1) A^ B= Y for A= B= Y, 
and AA B= À otherwise; (2) Ау B= A for 
A=B= №, апі Av B= Y otherwise; (3) 
A—B- À for A= Y and B= A, and 
А-В Y otherwise; (4) GA = À for A= Y, 
and 14- Y for A= À. 

If we regard proposition variables as vari- 
ables whose domain is A, then each formula 
represents a truth function. Conversely, any 
truth function (of a finite number of indepen- 
dent variables) can be expressed by an appro- 
priate formula, although such a formula is not 
uniquely determined. If a formula is regarded 
as a truth function, the value of the function 
determined by a combination of values of the 
independent variables involved in the formula 
is called the truth value of the formula. 

A formula corresponding to a truth function 
that takes only Y as its value is called a tau- 
tology. For example, 9L v GIA and ((91 B) 
9) A are tautologies. Since a truth func- 
tion with n independent variables takes values 
corresponding to 2" combinations of truth 
values of its variables, we can determine in a 
finite number of steps whether a given formula 
is a tautology. If W% is a tautology (that is, 
9I and B correspond to the same truth func- 
tion), then the formulas N and 98 are said to be 
equivalent. 


F. Propositional Calculus 


It is possible to choose some specific tau- 
tologies, designate them as axioms, and derive 
all tautologies from them by appropriately 
given rules of inference. Such a system is called 
a propositional calculus. There are many ways 
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to stipulate axioms and rules of inference for 
a propositional calculus. 

The abovementioned propositional calculus 
corresponds to the so-called classical propo- 
sitional logic (— Section L). By choosing ap- 
propriate axioms and rules of inference we can 
also formally construct intuitionistic or other 
propositional logics. In intuitionistic logic the 
law of the fexcluded middle is not accepted, 
and hence it 1s impossible to formalize intui- 
tionistic propositional logic by the notion of 
tautology. We therefore usually adopt the 
method of propositional calculus, instead of 
using the notion of tautology, to formalize 
intuitionistic propositional logic. For example, 
V. I. Glivenko's theorem [5], that if a formula 
I can be proved in classical logic, then 1 72 
can be proved in intuitionistic logic, was ob- 
tained by such formalistic considerations. A 
method of extending the classical concepts of 
truth value and tautology to intuitionistic 
and other logics has been obtained by S. A. 
Kripke. There are also studies of logics inter- 
mediate between intuitionistic and classical 
logic (T. Umezawa). 


G. Predicate Logic 


Predicate logic is the area of symbolic logic in 
which we take quantifiers in account. Mainly 
propositional functions are discussed in predi- 
cate logic. In the strict sense only single- 
variable propositional functions are called 
predicates, but the phrase predicate of n argu- 
ments (or n-ary predicate) denoting an n- 
variable propositional function is also em- 
ployed. Single-variable (or unary) predicates 
are also called properties. We say that a has 
the property F if the proposition F(a) formed 
by the property F is true. Predicates of two 
arguments are called binary relations. The 
proposition R(a, b) formed by the binary re- 
lation R is occasionally expressed in the form 
aRb. Generally, predicates of n arguments are 
called n-ary relations. The domain of defini- 
tion of a unary predicate is called the object 
domain, clements of the object domain are 
called objects, and any variable running over 
the object domain is called an object variable. 
We assume here that the object domain is not 
empty. When we deal with a number of predi- 
cates simultaneously (with different numbers of 
variables), it is usual to arrange things so that 
all the independent variables have the same 
object domain by suitably extending their 
object domains. 

Predicate logic in its purest sense deals 
exclusively with the general properties of 
quantifiers in connection with propositional 
connectives. The only objects dealt with in this 
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field are predicate variables defined over a 
certain common domain and object variables 
running over the domain. Propositional vari- 
ables are regarded as predicates of no vari- 
ables. Each expression F(a,,...,a,) for any 
predicate variable F of n variables a,,..., a, 
(object variables designated as free) is regarded 
as a prime formula (n = 0, 1,2, ...), and we deal 
exclusively with formulas generated by these 
prime formulas, where bound variables are 
also restricted to object variables that have a 
common domain. We give no specification for 
the range of objects except that it be the com- 
mon domain of the object variables. 

By designating an object domain and sub- 
stituting a predicate defined over the domain 
for each predicate variable in a formula, we 
obtain a proposition. By substituting further 
an object (object constant) belonging to the 
object domain for each object variable in a 
proposition, we obtain a proposition having a 
definite truth value. When we designate an 
object domain and further associate with each 
predicate variable as well as with each object 
variable a predicate or an object to be sub- 
stituted for it, we call the pair consisting of the 
object domain and the association a model. 
Any formula that is true for every model is 
called an identically true formula or valid 
formula. The study of identically true formu- 
las is one of the most important problems in 
predicate logic. 


H. Formal Representations of Mathematical 
Propositions 


To obtain a formal representation of a math- 
ematical theory by predicate logic, we must 
first specify its object domain, which is a non- 
empty set whose elements are called individ- 
uals; accordingly the object domain is called 
the individual domain, and object variables are 
called individual variables. Secondly we must 
specify individual symbols, function symbols, 
and predicate symbols, signifying specific indi- 
viduals, functions, and їргейісаїеѕ, respectively. 
Here a function of n arguments is a univa- 
lent mapping from the Cartesian product 
рх... x D of n copies of the given set to D. 
Then we define the notion of term as in the 
next paragraph to represent each individual 
formally. Finally we express propositions for- 
mally by formulas. 

Definition of terms (formation rule for terms): 
(1) Each individual symbol is a term. (2) Each 
free variable is a term. (3) f(t,, ...,t,) is a term 
if t,,...,¢, are terms and f is a function symbol 
of n arguments. (4) The only terms are those 
given by (1)-(3). 

As a prime formula in this case we use any 
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formula of the form F(t,,...,t,), where F is a 
predicate symbol of n arguments and t, ....t, 
are arbitrary terms. To define the notions of 
term and formula, we need logical symbols, 
free and bound individual variables, and also a 
list of individual symbols, function symbols, 
and predicate symbols. 

In pure predicate logic, the individual 
domain is not concrete, and we study only 
general forms of propositions. Hence, in this 
case, predicate or function symbols are not 
representations of concrete predicates or func- 
tions but are predicate variables and function 
variables. We also use free individual variables 
instead of individual symbols. In fact, it is now 
most common that function variables are 
dispensed with, and only free individual vari- 
ables are used as terms. 


I. Formulation of Mathematical Theories 


To formalize a theory we need axioms and 
rules of inference. Axioms constitute a certain 
specific set of formulas, and a rule of inference 
is a rule for deducing a formula from other 
formulas. A formula is said to be provable if it 
can be deduced from the axioms by repeated 
application of rules of inference. Axioms are 
divided into two types: logical axioms, which 
are common to all theories, and mathematical 
axioms, which are peculiar to each individual 
theory. The set of mathematical axioms is 
called the axiom system of the theory. 

(I) Logical axioms: (1) A formula that is the 
result of substituting arbitrary formulas for the 
proposition variables in a tautology is an 
axiom. (2) Any formula of the form 


VX) Wt) or W(nod3x&() 


is an axiom, where (t) is the result of sub- 
stituting an arbitrary term t for x in (x). 

(П) Rules of inference: (1) We can deduce а 
formula 8 from two formulas 9I and 915 B 
(modus ponens). (2) We can deduce 9[— Vx%(x) 
from a formula A> F(a) and 3x (x) M 
from (a) 9I, where a is a free individual 
variable contained in neither ?I nor (х) and 
(а) is the result of substituting a for x in (x). 

If an axiom system is added to these logical 
axioms and rules of inference, we say that a 
formal system is given. 

A formal system S or its axiom system is 
said to be contradictory or to contain a con- 
tradiction if a formula Ў and its negation IIAU 
are provable; otherwise it is said to be consis- 
tent. Since 


(WA 190) >93 


is a tautology, we can show that any formula 
is provable in a formal system containing a 
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contradiction. The validity of a proof by 
reductio ad absurdum lies in the fact that 


(A (Ba 188) 7A 


is a tautology. An affirmative proposition 
(formula) may be obtained by reductio ad 
absurdum since the formula (of propositional 
logic) representing the discharge of double 
negation 


7] 19[—9I 


Is a tautology. 


J. Predicate Calculus 


If a formula has no free individual variable, we 
call it a closed formula. Now we consider a 
formal system S whose mathematical axioms 
are closed. A formula ® is provable in S if 
and only if there exist suitable mathematical 
axioms €,, ..., €, such that the formula 


(& ^... A &,)9I 


is provable without the use of mathematical 
axioms. Since any axiom system can be re- 
placed by an equivalent axiom system contain- 
ing only closed formulas, the study of a formal 
system can be reduced to the study of pure 
logic. 

In the following we take no individual sym- 
bols or function symbols into consideration 
and we use predicate variables as predicate 
symbols in accordance with the commonly 
accepted method of stating properties of the 
pure predicate logic; but only in the case of 
predicate logic with equality will we use predi- 
cate variables and the equality predicate — as 
a predicate symbol. However, we can safely 
state that we use function variables as function 
symbols. 

The formal system with no mathematical 
axioms is called the predicate calculus. The 
formal system whose mathematical axioms are 
the equality axioms 


a=b > (а) &(b)) 


is called the predicate calculus with equality. 

In the following, by being provable we mean 
being provable in the predicate calculus. 

(1) Every provable formula is valid. 

(2) Conversely, any valid formula is prov- 
able (K. Gódel [6]). This fact is called the 
completeness of the predicate calculus. In fact, 
by Gédel’s proof, a formula 9I is provable if 
3I is always true in every interpretation whose 
individual domain is of tcountable cardinality. 
In another formulation, if I% is not provable, 
the formula % is a true proposition in some 
interpretation (and the individual domain in 
this case is of countable cardinality). We can 


a-—a, 
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extend this result as follows: If an axiom sys- 
tem generated by countably many closed 
formulas is consistent, then its mathematical 
axioms can be considered true propositions 
by a common interpretation. In this sense, 
Gédel’s completeness theorem gives another 
proof of the tSkolem-Léwenheim theorem. 

(3) The predicate calculus is consistent. 
Although this result is obtained from (1) in this 
section, it is not difficult to show it directly 
(D. Hilbert and W. Ackermann [7]). 

(4) There are many different ways of giving 
logical axioms and rules of inference for the 
predicate calculus. G. Gentzen gave two types 
of systems in [8]; one is a natural deduction 
system in which it is easy to reproduce formal 
proofs directly from practical ones in math- 
ematics, and the other has a logically simpler 
structure. Concerning the latter, Gentzen 
proved Gentzen's fundamental theorem, which 
shows that a formal proof of a formula may be 
translated into a "direct" proof. The theorem 
itself and its idea were powerful tools for ob- 
taining consistency proofs. 

(5) If the proposition 3x9lI(x) is true, we 
choose one of the individuals x satisfying the 
condition W(x), and denote it by ex9I(x). When 
IxU (x) is false, we let ex9I(x) represent an 
arbitrary individual. Then 


Эхх) l(ex9l(x)) (1) 


Is true. We consider єх to be an operator as- 
sociating an individual x(x) with a propo- 
sition 9[(x) containing the variable x. Hilbert 
called it the transfinite logical choice function; 
today we call it Hilbert's c-operator (ог £- 
quantifier), and the logical symbol e used in 
this sense Hilbert's z-symbol. Using the e- 
symbol, 4x (x) and Vx9[(x) are represented by 


AxA), (х T 91(x)), 


respectively, for any W(x). The system of predi- 
cate calculus adding formulas of the form (1) 
as axioms is essentially equivalent to the usual 
predicate calculus. This result, called the £- 
theorem, reads as follows: When a formula @ is 
provable under the assumption that every 
formula of the form (1) is an axiom, we can 
prove & using no axioms of the form (1) if € 
contains no logical symbol ғ (D. Hilbert and 

P. Bernays [9]). Moreover, a similar theorem 
holds when axioms of the form 


Vx(9[(x)*B(x))— £xE (x) = ex B(x) (2) 


are added (S. Maehara [10]). 
(6) For a given formula 9I, call YW’ a normal 
form of 9I when the formula 


Wow’ 


is provable and XW satisfies a particular con- 
dition. For example, for any formula VI there is 
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a normal form 9I' satisfying the condition: W 
has the form 


Qux, ... Qux, S(x,,.... x), 


where Ох means a quantifier Vx or dx, and 
(х, ..., x,) contains no quantifier and has no 
predicate variables or free individual variables 
not contained in 9L. A normal form of this 
kind is called a prenex normal form. 

(7) We have dealt with the classical first- 
order predicate logic until now. For other 
predicate logics (— Sections K and L) also, we 
can consider a predicate calculus or a formal 
system by first defining suitable axioms or 
rules of inference. Gentzen's fundamental 
theorem applies to the intuitionistic predicate 
calculus formulated by V. I. Glivenko, A. 
Heyting, and others. Since Gentzen's funda- 
mental theorem holds not only in classical 
logic and intuitionistic logic but also in several 
systems of first-order predicate logic or pro- 
positional logic, it is useful for getting results 
in modal and other logics (M. Ohnishi, K. 
Matsumoto). Moreover, Glivenko's theorem 
in propositional logic [5] is also extended to 
predicate calculus by using a rather weak 
representation (S. Kuroda [12]). G. Takeuti 
expected that a theorem similar to Gentzen's 
fundamental theorem would hold in higher- 
order predicate logic also, and showed that 
the consistency of analysis would follow if 
that conjecture could be verified [13]. More- 
over, in many important cases, he showed 
constructively that the conjecture holds par- 
tially. The conjecture was finally proved by 
M. Takahashi [14] by a nonconstructive 
method. Concerning this, there are also con- 
tributions by S. Maehara, T. Simauti, M. 
Yasuhara, and W. Tait. 


K. Predicate Logics of Higher Order 


In ordinary predicate logic, the bound vari- 
ables are restricted to individual variables. In 
this sense, ordinary predicate logic is called 
first-order predicate logic, while predicate logic 
dealing with quantifiers VP or ЯР for a predi- 
cate variable P is called second-order predicate 
logic. 

Generalizing further, we can introduce the 
so-called third-order predicate logic. First we 
fix the individual domain D,. Then, by intro- 
ducing the whole class D' of predicates of n 
variables, each running over the object domain 
Do, we can introduce predicates that have D'i 
as their object domain. This kind of predicate 
is called a second-order predicate with respect 
to the individual domain Dy. Even when 
we restrict second-order predicates to one- 
variable predicates, they are divided into vari- 
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ous types, and the domains of independent 
variables do not coincide in the case of more 
than two variables. In contrast, predicates 
having D, as their object domain are called 
first-order predicates. The logic having quan- 
tifiers that admit first-order predicate variables 
Is second-order predicate logic, and the logic 
having quantifiers that admit up to second- 
order predicate variables is third-order predi- 
cate logic. Similarly, we can define further 
higher-order predicate logics. | 

Higher-order predicate logic Is occastonally 
called type theory, because variables arise that 
are classified into various types. Type theory is 
divided into simple type theory and ramified 
type theory. 

We confine ourselves to variables for single- 
variable predicates, and denote by P such a 
bound predicate variable. Then for any for- 
mula @(а) (with a a free individual variable), 
the formula 


JPVx(P(x)exw(x)) 


is considered identically true. This is the point 
of view in simple type theory. 

Russell asserted first that this formula can- 
not be used reasonably if quantifiers with 
respect to predicate variables occur in (x). 
This assertion is based on the point of view 
that the formula in the previous paragraph 
asserts that (x) is a first-order predicate, 
whereas any quantifier with respect to first- 
order predicate variables, whose definition 
assumes the totality of the first-order predi- 
cates, should not be used to introduce the first- 
order predicate @(х). For this purpose, Russell 
further classified the class of first-order predi- 
cates by their rank and adopted the axiom 


3P*Vx(P*(x)ew(x)) 


for the predicate variable P* of rank k, where 
the rank i of any free predicate variable occur- 
ring in (х) is <k, and the rank j of any 
bound predicate variable occurring in (x) is 
« k. This is the point of view in ramified type 
theory, and we still must subdivide the types if 
we deal with higher-order propositions or 
propositions of many variables. Even Russell, 
having started from his ramified type theory, 
had to introduce the axiom of reducibility 
afterwards and reduce his theory to simple 
type theory. 


L. Systems of Logic 


Logic tn the ordinary sense, which is based on 
the law of the excluded middle asserting that 
every proposition is in principle either true or 
false, is called classical logic. Usually, propo- 
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sitional logic, predicate logic, and type theory 
are developed from the standpoint of classical 
logic. Occasionally the reasoning of intuition- 
istic mathematics is investigated using sym- 
bolic logic, in which the law of the excluded 
middle is not admitted (— 156 Foundations of 
Mathematics). Such logic is called intuitionistic 
logic. Logic is also subdivided into proposi- 
tional logic, predicate logic, etc., according to 
the extent of the propositions (formulas) dealt 
with. 

To express modal propositions stating possi- 
bility, necessity, etc., in symbolic logic, J. Lu- 
kaszewicz proposed a propositional logic called 
three-valued logic, having a third truth value, 
neither true nor false. More generally, many- 
valued logics with any number of truth values 
have been introduced; classical logic is one of 
its special cases, two-valued logic with two 
truth values, true and false. Actually, however, 
many-valued logics with more than three truth 
values have not been studied much, while 
various studies in modal logic based on classi- 
cal logic have been successfully carried out. 
For example, studies of strict implication 
belong to this field. 
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412 (IV.13) 
Symmetric Riemannian 
Spaces and Real Forms 


A. Symmetric Riemannian Spaces 


Let M be a *Riemannian space. For each point 
p of M we can define a mapping o, of a suit- 
able neighborhood U, of p onto U, itself so 
that c, (x) = x .,, where x, (|t| « & xo = p) is any 
*geodesic passing through the point p. We call 
M а locally symmetric Riemannian space if for 
any point p of M we can choose a neighbor- 
hood U, so that c, is an tisometry of U,. In 
order that a Riemannian space M be locally 
symmetric it is necessary and sufficient that the 
tcovariant differential (with respect to the 
tRiemannian connection) of the tcurvature 
tensor of M be 0. A locally symmetric Riemann- 
ian space is a treal analytic manifold. We say 
that a Riemannian space M is a globally sym- 
metric Riemannian space (or simply symmetric 
Riemannian space) if M is connected and if for 
each point p of M there exists an isometry o, 
of M onto M itself that has p as an isolated 
fixed point (1.е., has no fixed point except p in a 
certain neighborhood of p) and such that o? is 
the identity transformation on M. In this case 
g, is called the symmetry at p. A (globally) 
symmetric Riemannian space is locally sym- 
metric and is a complete Riemannian space. 
Conversely, a fsimply connected complete 
locally symmetric Riemannian space is a (glob- 
ally) symmetric Riemannian space. 


B. Symmetric Riemannian Homogeneous 
Spaces 


À thomogeneous space G/K of a connected 
tLie group G is a symmetric homogeneous 
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space (with respect to 0) if there exists an in- 
volutive automorphism (i.e., automorphism of 
order 2) 0 of G satisfying the condition Kg c 
K c K,, where K, is the closed subgroup con- 
sisting of all elements of G left fixed by 0 and 
K? is the connected component of the iden- 
tity element of K,. In this case, the mapping 
aK 0(a)K (ae G) is a transformation of 

G/K having the point K as an isolated fixed 
point; more generally, the mapping 0, :aK > 
ag0(ag) ! 0(a) К is a transformation of G/K 
that has an arbitrary given point ay K of G/K 
as an isolated fixed point. If there exists a G- 
invariant Riemannian metric on G/K, then 
G/K is a symmetric Riemannian space with 
symmetries (0, | ag€ G} and is called a sym- 
metric Riemannian homogeneous space. À 
sufficient condition for a symmetric homoge- 
neous space G/K to be a symmetric Riemann- 
ian homogeneous space is that K be a com- 
pact subgroup. Conversely, given a symmetric 
Riemannian space M, let G be the connected 
component of the identity element of the Lie 
group formed by all the isometries of M; then 
M is represented as the symmetric Riemannian 
homogeneous space M = G/K and K is a com- 
pact group. In particular, a symmetric Rie- 
mannian space can be regarded as a Riemann- 
ian space that is realizable as a symmetric 
Riemannian homogeneous space. 

The Riemannian connection of a symme- 
tric Riemannian homogeneous space G/K is 
uniquely determined (independent of the 
choice of G-invariant Riemannian metric), and 
a geodesic x,(jt|< oo, xy =a) K) passing 
through a point aç K of G/K is of the form 
x, — (exptX)a, K. Here X is any element of the 
Lie algebra д of G such that 0(X)= — X, where 
0 also denotes the automorphism of q induced 
by the automorphism 0 of G and exptX is the 
*one-parameter subgroup of G defined by the 
element X. The covariant differential of any G- 
invariant tensor field on G/K is 0, and any G- 
invariant differential form on G/K is a closed 
differential form. 


C. Classification of Symmetric Riemannian 
Spaces 


The *simply connected їсоуегіпр Riemannian 
space of a symmetric Riemannian space is also 
a symmetric Riemannian space. Therefore the 
problem of classifying symmetric Riemannian 
spaces is reduced to classifying simply con- 
nected symmetric Riemannian spaces M and 
determining tdiscontinuous groups of iso- 
metries of M. When we take the tde Rham 
decomposition of such a space M and repre- 
sent M as the product of a real Euclidean 
space and a number of simply connected irre- 
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ducible Riemannian spaces, all the factors are 
symmetric Riemannian spaces. We say that M 
is an irreducible symmetric Riemannian space if 
it is a symmetric Riemannian space and is 
irreducible as a Riemannian space. 

A simply connected irreducible symmetric 
Riemannian space is isomorphic to one of the 
following four types of symmetric Riemannian 
homogeneous spaces (here Lie groups are 
always assumed to be connected): 

(1) The symmetric Riemannian homoge- 
neous space (G x G)/1(a, a)| ae G} of the direct 
product G x G, where G is a simply connected 
compact 'simple Lie group and the involutive 
automorphism of G x G is given by (a, b) (р, a) 
((a, b)e G x G). This space is isomorphic, as a 
Riemannian space, to the space G obtained by 
introducing a two-sided invariant Riemannian 
metric on the group G; the isomorphism is 
induced from the mapping G x Сэ(а, b) 
ab le G. 

(2) А symmetric homogeneous space G/K, 
of a simply connected compact simple Lie 
group G with respect to an involutive auto- 
morphism 0 of G. In this case, the closed sub- 
group K,—(aeG|0(a) — aj of G is connected. 
We assume here that 0 is a member of the 
given complete system of representatives of the 
*conjugate classes formed by the elements of 
order 2 in the automorphism group of the 
group G. 

(3) The homogeneous space G°/G, where GE 
is a complex simple Lie group whose ‘center 
reduces to the identity element and G is an 
arbitrary but fixed maximal compact subgroup 
of GE. 

(4) The homogeneous space Gj/K, where Go 
is a noncompact simple Lie group whose 
center reduces to the identity element and 
which has no complex Lie group structure, 
and K is a maximal compact subgroup of G. 
In Section D we shall see that (3) and (4) are 
actually symmetric homogeneous spaces. All 
four types of symmetric Riemannian spaces are 
actually trreducible symmetric Riemannian 
spaces, and G-invariant Riemannian metrics 
on each of them are uniquely determined up to 
multiplication by a positive number. On the 
other hand, (1) and (2) are compact, while (3) 
and (4) are homeomorphic to Euclidean spaces 
and not compact. For spaces of types (1) and . 
(3) the problem of classifying simply connected 
irreducible symmetric Riemannian spaces is 
reduced to classifying tcompact real simple Lie 
algebras and *complex simple Lie algebras, 
respectively, while for types (2) and (4) it is 
reduced to the classification of noncompact 
real simple Lie algebras (— Section D) (for the 
result of classification of these types — Ap- 
pendix A, Table 5.1). On the other hand, any 
(not necessarily simply connected) irreducible 
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symmetric Riemannian space defines one of 
(1)-(4) as its tuniversal covering manifold; if 
the covering manifold is of typc (3) or (4), the 
original symmetric Riemannian space is neces- 
sarily simply connected. 


D. Symmetric Riemannian Homogeneous 
Spaces of Semisimple Lie Groups 


In Section C we saw that any irreducible sym- 
metric Riemannian space is representable as a 
symmetric Riemannian homogencous space 
G/K on which a connected semisimple Lie 
group G acts talmost effectively (— 249 Lie 
Groups). Among symmetric Riemannian 
spaces, such a space M = G/K is characterized 
as one admitting no nonzero vector field that 
is *parallel with respect to the Riemannian 
connection. Furthermore, if G acts effectively 
on M, G coincides with the connected compo- 
nent I(M)° of the identity element of the Lie 
group formed by all the isometries of M. 

We let M = G/K be a symmetric Riemann- 
ian homogeneous space on which a con- 
nected semisimple Lie group G acts almost 
effectively. Then G is a Lie group that is tlocally 
isomorphic to the group I(M)°, and therefore 
the Lie algebra of G is determined by M. Let g 
be the Lie algebra of G, f be the subalgebra of 
g corresponding to K, and 0 be the involutive 
automorphism of G defining the symmetric 
homogeneous space G/K. The automorphism 
of a defined by 0 is also denoted by 0. Then t= 
{X eg|0(X)— X]. Putting m={X eg|0(X)= 
— Xj, we have а= т +f (direct sum of linear 
spaces), and m can be identified in a natural 
way with the tangent space at the point K of 
G/K. The tadjoint representation of G gives 
rise to a representation of K in а, which in- 
duces a linear representation Ad, (k) of K in m. 
Then {Аа „(К)| ke K} coincides with the tres- 
tricted homogeneous holonomy group at the 
point K of the Riemannian space G/K. 

Now let o be the tKilling form of g. Then t 
and m are mutually orthogonal with respect to 
Ф, and denoting by ф and ¢,, the restrictions 
of ọ to f and m, respectively, o is a negative 
definite quadratic form on t. If p is also a 
negative definite quadratic form on m, g is a 
compact real semisimple Lie algebra and G/K 
is a compact symmetric Riemannian space; in 
this case we say that G/K is of compact type. 
In the opposite case, where p, is a ‘positive 
definite quadratic form, G/K is said to be of 
noncompact type. In this latter case, G/K is 
homeomorphic to a Euclidean spacc, and if 
the center of G is finite, K ts a maximal com- 
pact subgroup of G. Furthermore, the group 
of isometries J(G/K) of G/K is canonically 
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isomorphic to the automorphism group of 
the Lie algebra a. When G/K is of compact 
type (noncompact type), there exists one and 
only one G-invariant Riemannian metric on 
G/K, which induces in the tangent space m 
at the point K the positive definite inner 
product = Om (94). 

A symmetric Riemannian homogeneous 
space G/K, of compact type defined by a sim- 
ply connected compact semisimple Lie group 
G with respect to an involutive automorphism 
0 is simply connected. Let g =m + f, be the de- 
composition of the Lie algebra g of G with 
respect to the automorphism 0 of g, and let g© 
be the tcomplex form of g. Then the real sub- 
space ay — ү/ —1 mf, in gf is a real semi- 
simple Lie algebra and a treal form of g°. Let 
G, be the Lie group corresponding to the Lie 
algebra gą with center reduced to the identity 
element, and let K be the subgroup of G, cor- 
responding to f,. Then we get a (simply con- 
nected) symmetric Riemannian homogeneous 
space of noncompact type G,/K. 

When we start from a symmetric Riemann- 
ian space of noncompact type G/K instead of 
the symmetric Riemannian space of compact 
type G/K, and apply the same process as in 
the previous paragraphs, taking a simply 
connected G, as the Lie group corresponding 
to gg, we obtain a simply connected symmetric 
Riemannian homogeneous space of compact 
type. Indeed, each of these two processes is the 
reverse of the other, and in this way we get a 
one-to-one correspondence between simply 
connected symmetric Riemannian homoge- 
neous spaces of compact type and those of 
noncompact type. This relationship is called 
duality for symmetric Riemannian spaces; 
when two symmetric Riemannian spaces are 
related by duality, each is said to be the dual 
of the other. 

If one of the two symmetric Riemannian 
spaces related by duality is irreducible, the 
other is also irreducible. The duality holds 
between spaces of types (1) and (3) and be- 
tween those of types (2) and (4) described in 
Section C. This fact is based on the following 
theorem in the theory of Lie algebras, where 
we identify isomorphic Lie algebras. (i) Com- 
plex simple Lie algebras g© and compact real 
simple Lie algebras g are in one-to-one corre- 
spondence by the relation that g€ is the com- 
plex form of g. (ii) Form the Lie algebra д, in 
the above way from a compact real simple Lie 
algebra g and an involutive automorphism 0 
of g. We assume that 0 is a member of the 
given complete system of representatives of 
conjugate classes of involutive automorphisms 
in the automorphism group of а. Then we get 
from the pair (a, 0) a noncompact real simple 
Lie algebra gg, and any noncompact real 
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simple Lie algebra is obtained by this process 
in one and only one way. 

Consider a Riemannian space given as a 
symmetric Riemannian homogeneous space M 
— G/K with a semisimple Lie group G, and let 
K be the *sectional curvature of M. Then if M 
is of compact type the value of K is 2:0, and 
if M is of noncompact type it is <0. On the 
other hand, the rank of M is the (unique) di- 
mension of a commutative subalgebra of g 
that 1s contained in and maximal in m. (For 
results concerning the group of isometries of 
M, distribution of geodesics on M, etc. — [3].) 


E. Symmetric Hermitian Spaces 


A connected *complex manifold M with а 
*Hermtitian metric is called a symmetric Her- 
mitian space if for each point p of M there 
exists an isometric and *biholomorphic trans- 
formation of M onto M that is of order 2 and 
has p as an isolated fixed point. As a real ana- 
lytic manifold, such a space M is a symmetric 
Riemannian space of even dimension, and the 
Hermitian metric of M is a *Káhler metric. Let 
I(M) be the (not necessarily connected) Lie 
group formed by all isometries of M, and let 
A(M) be the subgroup consisting of all holo- 
morphic transformations in I(M). Then A(M) 
is a closed Lie subgroup of I(M). Let G be the 
connected component A(M)? of the identity 
element of A(M). Then G acts transitively on 
M, and M is expressed as a symmetric Rie- 
mannian homogeneous space G/K. 

Under the de Rham decomposition of a 
simply connected symmetric Hermitian space 
(regarded as a Riemannian space), all the 
factors are symmetric Hermitian spaces. The 
factor that is isomorphic to a real Euclidean 
spaces as a Riemannian space is a symmetric 
Hermitian space that is isomorphic to the 
complex Euclidean space C". A symmetric 
Hermitian space defining an irreducible sym- 
metric Riemannian space is called an irreduc- 
ible symmetric Hermitian space. The problem 
of classifying symmetric Hermitian spaces is 
thus reduced to classifying irreducible sym- 
metric Hermitian spaces. 

In general, if the symmetric Riemannian 
space defined by a symmetric Hermitian space 
M is represented as a symmetric Riemannian 
homogeneous space G/K by a connected semi- 
simple Lie group G acting effectively on M, 
then M is simply connected, G coincides with 
the group A(M)? introduced in the previous 
paragraph, and the center of K is not a ‘dis- 
crete set. In particular, an irreducible sym- 
metric Hermitian space is simply connected. 
Moreover, in order for an irreducible symmetric 
Riemannian homogeneous space G/K to be 
defined by an irreducible symmetric Hermitian 
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space M, it is necessary and sufficient that the 
center of K not be a discrete set. If G acts 
effectively on M, then G is a simple Lie group 
whose center is reduced to the identity ele- 
ment, and the center of K is of dimension 1. 
For a space G/K satisfying these conditions, 
there are two kinds of structures of symmetric 
Hermitian spaces defining the Riemannian 
structure of G/K. 

As follows from the classification of irre- 
ducible symmetric Riemannian spaces, an 
irreducible Hermitian space defines one of the 
following symmetric Riemannian homogeneous 
spaces, and conversely, each of these homoge- 
neous spaces is defined by one of the two kinds 
of symmetric Hermitian spaces. 

(I) The symmetric homogeneous space G/K 
of a compact simple Lie group G with respect 
to an involutive automorphism 0 such that the 
center of G reduces to the identity element and 
the center of K is not a discrete set. Here 0 
may be assumed to be a representative of a 
conjugate class of involutive automorphisms 
in the automorphism group of G. 

(П) The homogeneous space G,/K of a 
noncompact simple Lie group Go by a maxi- 
mal compact subgroup K such that the center 
of Go reduces to the identity element and the 
center of K is not a discrete set. 

An irreducible symmetric Hermitian space 
of type (I) is compact and is isomorphic to a 
trational algebraic variety. An irreducible 
symmetric Hermitian space of type (II) is 
homeomorphic to a Euclidean space and is 
isomorphic (as a complex manifold) to a 
bounded domain in C" (Section Р). 

By the same principle as for irreducible 
symmetric Riemannian spaces, a duality holds 
for irreducible symmetric Hermitian spaces 
which establishes a one-to-one correspondence 
between the spaces of types (I) and (IT). Fur- 
thermore, an irreducible symmetric Hermitian 
space M, of type (II) that is dual to a given 
irreducible symmetric Hermitian space M, 

— G/K of type (I) can be realized as an open 
complex submanifold of M, in the following 
way. Let G€ be the connected component of 
the identity element in the Lie group formed 
by all the holomorphic transformations of M,. 
Then GC is a complex simple Lie group con- 
taining G as a maximal compact subgroup, 
and the complex Lie algebra g© of СС contains 
the Lie algebra g of G as a real form. Let 0 be 
the involutive automorphism of G defining the 
symmetric homogeneous space G/K, and let g 
=m + be the decomposition of g determined 
by 0. We denote by G, the real subgroup of G 
corresponding to the real form go = eel m+ 
t of ©. Then G, (i) is a closed subgroup of 

СС whose center reduces to the identity ele- 
ment and (ii) contains K as a maximal com- 
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pact subgroup. By definition the space M, is 
then given by С,/К. Now the group С, acts on 
M, as a subgroup of СС, and ће orbit of Go 
containing the point K of M, is ап open com- 
plex submanifold that is isomorphic to M, (as 
a complex manifold). M, regarded as a com- 
plex manifold can be represented as the homo- 
geneous space GC/U of the complex simple Lie 
group СС. 


F. Symmetric Bounded Domains 


We denote by D a bounded domain in the 
complex Euclidean space C" of dimension n. 
We call D a symmetric bounded domain if for 
each point of D there exists a holomorphic 
transformation of order 2 of D onto D having 
the point as an isolated fixed point. On the 
other hand, the group of all holomorphic 
transformations of D is a Lie group, and D is 
called a homogeneous bounded domain if this 
group acts transitively on D. A symmetric 
bounded domain is a homogeneous bounded 
domain. The following theorem gives more 
precise results: On a bounded domain D, 
*Bergman's kernel function defines a Káhler 
metric that is invariant under all holomorphic 
transformations of D. If D is a symmetric 
bounded domain, D is a symmetric Hermitian 
space with respect to this metric. and its defin- 
ing Riemannian space is a symmetric Riemann- 
ian homogeneous space of noncompact type 
G/K with semisimple Lie group G. Conversely, 
any symmetric Hermitian space of noncom- 
pact type is isomorphic (as a complex mani- 
fold) to a symmetric bounded domain. When 
D is isomorphic to an irreducible symmetric 
Hermitian space, we call D an irreducible 
symmetric bounded domain. A symmetric 
bounded domain is simply connected and can 
be decomposed into the direct product of irre- 
ductble symmetric bounded domains. 

The connected component of the identity 
element of the group of all holomorphic trans- 
formations of a symmetric bounded domain D 
is a semisimple Lie group that acts transitively 
on D. Conversely, D is a symmetric bounded 
domain if a connected semisimple Lie group, 
or more generally, a connected Lie group 
admitting a two-sided invariant їНааг mea- 
sure, acts transitively on D. Homogeneous 
bounded domains in С" are symmetric 
bounded domains if n <3 but not necessarily 
when n>4. 


G. Examples of Irreducible Symmetric 
Riemannian Spaces 


Here we list irreducible symmetric Riemannian 
spaces of types (2) and (4) (— Section C) that 
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can be represented as homogeneous spaces of 
classical groups, using the notation Introduced 
by E. Cartan. We denote by M,— G/K a sim- 
ply connected irreducible symmetric Riemann- 
ian space of type (2), where G is a group that 
acts almost effectively on M, and K is the 
subgroup given by K = K for an involutive 
automorphism 0 of G. For such an M,, the 
space of type (4) that is dual to M, is denoted 
by M,=G,/K. Clearly dim M, — dim M,. (For 
the dimension and rank of M, and for those 

: M, that are represented as homogeneous 
spaces of simply connected *exceptional com- 
pact simple Lie groups — Appendix A, Table 
5.1П.) In this section (and also in Appendix A, 
Table 5.1), O(n), U (n), Sp(n), SL(n, R), and 
SL(n, C) are the *orthogonal group of degree n, 
the *unitary group of degree n, the tsymplectic 
group of degree 2n, and the real and complex 
special linear groups of degree n, respectively. 
Let SO(n) - SL(n, В)П O(n) and SU(n) = 
SL(n, С) П U(n). We put 


-1,0 0 0 
_ 0 L 0 0 
Км | o o -1, Of? 

0 0 O I, 


where I, is the p x p unit matrix. 

Type AI. M, — SU (n/SO(n) (n> 1), where 
0(s)=5 (with s the complex conjugate matrix 
of s). M,=SL(n, R)/SO(n). 

Type АП. M,=SU(2n)/Sp(n) (n> 1), where 
0(s) = J,5J, !. Mg =SU*(2n)/Sp(n). Here 
SU*(2n) is the subgroup of SL(2n, C) formed 
by the matrices that commute with the trans- 
formation (z;,...,2,, Z4 44... Zan) 9a s 
, —z,) in C"; SU*(2n) is called the 
quaternion unimodular group and is isomorphic 
to the commutator group of the group of all 
regular transformations in an n-dimensional 
vector space over the quaternion field H. 

Type АШ. M,=SU(p+q)/S(U, x U,) (p= 
q> 1), where S(U, x U,)=SU(p+q)N(U(p) x 
U (q)), with U(p) х U(q) being canonically 
identified with a subgroup of U(p + q), and 
0(5) = 1, „51, ,. This space M, is a tcomplex 
Grassmann manifold. M, — SU (p, q)/S(U, x U) 
where SU (р, q) is the subgroup of SL(p+ g, C) 
consisting of matrices that leave invariant the 
Hermitian form 2,2,  ...--z,Z, —z,442,44 — 

eT ÉpeaZ peg: 

Type AIV. This is the case д = 1 of type АШ. 
M, is the (n— 1)-dimensional complex projec- 
tive space, and M, is called a Hermitian hyper- 
bolic space. 

Type BDI. M, =SO(p+q)/SO(p) x SO(q) 
(p>q21,p>1,p+q#4), where 0(s) = 1, ,sl, ,. 
M, 1s the *real Grassmann manifold formed by 


ZI ip 


, 
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the oriented p-dimensional subspaces in R^**. 
M,— $06(р, q)/SO(p) x SO(q), where SO(p, q) is 
the subgroup of SL(n, R) consisting of matrices 
that leave invariant the quadratic form x? +... 
хх... X24, and SOo(p, q) is the 
connected component of the identity element. 

Type BDII. This is the case д = 1 of type 
BDI. M, is the (n—1)-dimensional sphere, and 
M, is called a real hyperbolic space. 

Type DHI. M, = SO(2n)/U (n) (n> 2), where 
U (n) is regarded as a subgroup of SO(2n) by 
identifying se U(n) with 


Res Ims 
—Ims Res 


Jesoan 


and 0(s) = J,5J, >. M, = SO*(2n)/U (n). Here 
SO*(2n) denotes the group of all complex 
orthogonal matrices of determinant 1 leaving 
invariant the skew-Hermitian form z,Z,,, — 
256121 + 22242 — Za 222 +... T ZnZ an — 292 
this group is isomorphic to the group of all 
linear transformations leaving invariant a 
nondegenerate skew-Hermitian form in an n- 
dimensional vector space over the quaternion 
field H. 

Type CI. M, = Sp(n)/U (n) (n> 1), where U (n) 
is considered as a subgroup of Sp(n) by the 
identification U (n) c SO(2n) explained in type 
DIII and 0(5) 25(— J,5J,; !). М, = Sp(n, RU (n), 
where Sp(n, R) is the real symplectic group of 
degree 2n. 

Type СП. M, — 5р(р+ q/Sp(p) x Sp(q) (р> 
qZ 1), where Sp(p) x Sp(q) is identified with a 
subgroup of Sp(p + q) by the mapping 


(EE Ed) 


A, 0 B, 0 
= 0 A, 0 В, 
CG 0 р 0 
0 C 0 p, 
and 0(s) = K, ,sK, ,. M,= Sp(p.q)/Sp(p) х 


Sp(q). Here Sp(p, q) is the group of complex 
symplectic matrices of degree 2(p 4- q) leav- 
ing invariant the Hermitian form (z,, ..., 
Zp+4)K p,a (Zis <--> 2,44) this group is interpreted 
as the group of all linear transformations leav- 
ing invariant a nondegenerate Hermitian form 
of index p in a (p 4- q)-dimensional vector space 
over the quaternion field H. For q= 1, M, is 
the quaternion projective space, and M, is 
called the quaternion hyperbolic space. 

Among the spaces introduced here, there are 
some with lower p, q, n that coincide (as Rie- 
таптап spaces) (— Appendix A, Table 5.111). 


H. Space Forms 


A Riemannian manifold of tconstant curvature 
is called a space form; it is said to be spherical, 
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Euclidean, or hyperbolic according as the con- 
stant curvature K is positive, zero, or negative. 
A space form is a locally symmetric Riemann- 
ian space; a simply connected complete space 
form is a sphere if K > 0, a real Euclidean 
space if K =0, and a real hyperbolic space if 

K «0. More generally, a complete spherical 
space form of even dimension is a sphere or 

a projective space, and one of odd dimension 
is an orientable manifold. A complete 2- 
dimensional Euclidean space form is one of 
the following spaces: Euclidean plane, cylinder, 
torus, *MObius strip, *Klein bottle. Except for 
these five spaces and the 2-dimensional sphere, 
any 'closed surface ts a 2-dimensional hyper- 
bolic space form (for details about space forms 


= [6]). 


1. Examples of Irreducible Symmetric Bounded 
Domains 


Among the irreducible symmetric Riemannian 
spaces described in Section H, those defined by 
irreducible symmetric Hermitian spaces are of 
types АШ, DIII, BDI (q = 2), and CI. We list 
the irreducible symmetric bounded domains 
that are isomorphic to the irreducible Her- 
mitian spaces defining these spaces. Positive 
definiteness of a matrix will be written >0. 

Type L, ,,. (m > mz 1). The set of all m x m' 
complex matrices Z satisfying the condition 
L,—'ZZ »0 is a symmetric bounded domain 
in C™", which is isomorphic (as a complex 
manifold) to the irreducible symmetric Hermi- 
tian space defined by M, of type АШ (p=m, 
q=m'). 

Type IL, (m 2 2). The set of all m x m com- 
plex tskew-symmetric matrices Z satisfying the 
condition /,, —'ZZ »0 is a symmetric bounded 
domain іп C” corresponding to the type 
DIII (n 2 m). 

Type III, (m > 1). The set of all m x m com- 
plex symmetric matrices satisfying the con- 
dition L, —'ZZ »0 is a symmetric bounded 
domain іп C""*? corresponding to the type 
CI (n 2 m). This bounded domain is holomor- 
phically isomorphic to the *Siegel upper half- 
space of degree m. 

Туре IV, (m>1,m#2). This bounded 
domain in C" is formed by the elements 
(Zis ..., Zm) Satisfying the condition |z, ^ + 
wet [Zml? ROM IZ E... 4 22))/2 < 1, and 
corresponds to the type BDI (р= т, q=2). 

Among these four types of bounded 
domains, the following complex analytic iso- 
morphisms hold: I, , 211, = III, x IV,, IT, = 
I, 4, IV = Ш„», IV; = 1, 3, IV; S IE, (For 
details about these symmetric bounded 
domains — [2].) There are two more kinds of 
irreducible symmetric bounded domains, 
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which are represented as homogeneous spaces 
of exceptional Lie groups. 


J. Weakly Symmetric Riemannian Spaces 


A generalization of symmetric Riemannian 
space is the notion of weakly symmetric Rie- 
mannian space introduced by Selberg. Let M 
be a Riemannian space. M is called a weakly 
symmetric Riemannian space if a Lie sub- 
group G of the group of isometries I(M) acts 
transitively on M and there exists an element 
Lu € I(M) satisfying the relations (i) иби ! = G; 
(ii) u? € G; and (iii) for any two points x, y of 
M, there exists an element m of G such that их 
= ту, uy = тх. A symmetric Riemannian space 
M becomes a weakly symmetric Riemannian 
space if we put G= (М) and и = (ће identity 
transformation; as the element m in condition 
(ш) we can take the symmetry o, at the mid- 
point p on the geodesic arc joining x and y. 
There are, however, weakly symmetric Rie- 
mannian spaces that do not have the structure 
of a symmetric Riemannian space. An example 
of such a space is given by М = G = SL(2, R) 
with a suitable Riemannian metric, where и 

is the inner automorphism defined by 


ce) 


(Selberg [4]). On a weakly symmetric Rie- 
mannian space, the ring of all G-invariant 
differential-integral operators is commutative; 
this fact is useful in the theory of spherical 
functions (— 437 Unitary Representations). 
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413 (VII.7) 
Symmetric Spaces 


A *Riemannian manifold M is called a sym- 
metric Riemannian space if M is connected and 
if for each pe M there exists an involutive 
"isometry с, of M that has p as an isolated 
fixed point. For the classification and the 
group-theoretic properties of symmetric Rie- 
mannian spaces — 412 Symmetric Riemann- 
ian Spaces and Real Forms. We state here 

the geometrical properties of a symmetric Rie- 
mannian space M. Let M be represented by 
G/K, a tsymmetric Riemannian homogeneous 
space. The tLie algebras of G and K are de- 
noted by q and f respectively. Let us denote by 
t, the Пећ translation of M defined by ae G, 
and by X* the vector field on M generated by 
X € g. We denote by 0 the differential of the 
involutive automorphism of G defining G/K 
and identify the subspace m= (X eg|0(X) 

= — X] of g with the tangent space T,(M) of 
M at the origin o= K of M. The trepresen- 
tation of f on m induced from the *adjoint 
representation of g is denoted by ad,,. 


A. Riemannian Connections 


M is a complete real analytic "homogeneous 
Riemannian manifold. If M is a tsymmetric 
Hermitian space, it is a 'homogeneous Káh- 
lerian manifold. The *Riemannian connection 
V of M is the tcanonical connection of the 
homogeneous space G/K and satisfies V, X * = 
[X, Y] (Yem) for each X ef and V, X*=0 
(Yem) for each X em. For each X em, the 
curve yy of M defined by y,(t) 2 (exptX)o 

(te R) is a їреойеѕіс of M such that y4(0)— 0 
and ўу(0)= X. In particular, the texponen- 
tial mapping Exp, at o is given by Exp, X — 
(exp X)o (X em). For each X em, the tparal- 
lel translation along the geodesic arc y, (t) 
(0x t € t9) coincides with the differential of 
Texptox: If M is compact, for each pe M there 
exists a smooth simply closed geodesic passing 
through p. Any G-invariant tensor field on M 


413C 
Symmetric Spaces 


is tparallel with respect to V. Any G-invariant 
*differential form on M is closed. The Lie 
algebra b of the trestricted homogeneous 
holonomy group of M at o coincides with 


` ad, [m, m]. If the group ДМ) of all isometries 


of M is fsemisimple, one has h = (Aegl(m)| 
A*g, —0, A: R, 20] —ad,,t. Here, g, and К, 
denote the values at o of the Riemannian 
metric g and the fRiemannian curvature R of 
M, respectively, and À: is the natural action 
of A on the tensors over m. If, moreover, M 
is a symmetric Hermitian space, the value 
Jo at o of the talmost complex structure J 
of M belongs to the center of b. In general, 
b = {0} if and only if M is tflat, and b has no 
nonzero invariant on m if and only if I(M) 
Is semisimple. 


B. Riemannian Curvature Tensors 


The Riemannian curvature tensor R of M is 
parallel and satisfies Ro(X, Y)= —ad,,[X, Y] 
(X, Y em). Assume that dim М> 2 in the fol- 
lowing. Let P be a 2-dimensional subspace of 
m, and (X, Y} an orthonormal basis of P with 
respect to g,. Then the fsectional curvature 
K(P) of P is given by K(P)=g,([LX, Y], X], Y). 
K =0 everywhere if and only if M is flat. If M 
is of *compact type (resp. of tnoncompact 
type), then K 20 (resp. K «0) everywherc. 

К >0 (resp. К <0) everywhere if and only if 
the frank of M is 1 and M is of compact type 
(resp. of noncompact type). For any four 
points p, q, р, q' of a manifold M of any of 
these types satisfying d(p, а) = d(p', 4), d being 
the *Riemannian distance of M, there exists 

a óe I(M) such that ф(р)=р' and ó(q) = q'. 
Other than the aforementioned М, the only 
Riemannian manifolds having this property 
are circles and Euclidean spaces. If K > 0 
everywhere, any geodesic of M is a smooth 
simply closed curve and all geodesics are of the 
same length. For a symmetric Hermitian space 
M, the *holomorphic sectional curvature Н 
satisfies H =0 (resp. H >0, H <0) everywhere 
if and only if M is flat (resp. of compact type, 
of noncompact type). 


C. Ricci Tensors 


The ‘Ricci tensor Š of M is parallel. If Ø, 
denotes the restriction to m x m ofthe 'Killing 
form ф of g, the value S, of S at o satisfies S, = 
Фф. If M is tirreducible, it is an tEinstein 
space. 5 = 0 (resp. positive definite, negative 
definite, nondegenerate) everywhere if and 
only if M is flat (resp. M is of compact type, M 
is of noncompact type, /(M) is semisimple). If 
M is a tsymmetric bounded domain and g is 
the tBergman metric of M, one has S= —g. 
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D. Symmetric Riemannian Spaces of 
Noncompact Type 


Let M be of noncompact type. For each pe M, 
p is the only fixed point of the *symmetry о,, 
and the exponential mapping at p is a diffeo- 
morphism from Т,(М) to M. In particular, M 
is diffeomorphic to a Euclidean space. For 
each pair p, qe M, a geodesic arc joining p 
and q is unique up to parametrization. For 
each pe М there exists neither a tconjugate 
point nor a *cut point of p. If M 1s a symmetric 
Hermitian space, that is, if it is a symmetric 
bounded domain, then it is a tStein manifold 
and holomorphically homeomorphic to a 
*Siegel domain. 


E. Groups of Isometries 


The isotropy subgroup at o in I(M) is denoted 
by L (M). Then the smooth mapping I,(M) x 
nt (M) defined by the correspondence ¢ x 
X > ét, x 18 surjective, and it is a diffeo- 
morphism if M is of noncompact type. If M 

is of noncompact type, I(M) is isomorphic to 
the group A(g) of all automorphisms of g in a 
natural way, and L (M) is isomorphic to the 
subgroup A(g, f) = (6€ A(9)| &(D =t} of А(9), 
provided that G acts almost effectively on M. 
Moreover, in this case the center of the iden- 
tity component I(M)° of (М) reduces to the 
identity, and the isotropy subgroup at a point 
in /(M)? is a maximal compact subgroup of 
(М). If I(M) is semisimple, any element of 
ҚМ) may be represented as a product of an 
even number of symmetries of M. In the fol- 
lowing, let M be a symmetric Hermitian space, 
and denote by A(M) (resp. H(M)) the group of 
all holomorphic isometries (resp. all holomor- 
phic homeomorphisms) of M, and by A(M)° 
and H(M)? their identity components. All 
these groups act transitively on M. If M is 
compact or if I(M) is semisimple, one has 
A(M)° = I(M)°. If I(M) is semisimple, M is 
simply connected and the center of I(M)° 
reduces to the identity. If M is of compact 
type, M is a trational tprojective algebraic 
manifold, and H(M)? is a complex semisimple 
Lie group whose center reduces to the identity, 
and it is the tcomplexification of I(M)°. In 
this case, the isotropy subgroup at a point in 
H(MY is a tparabolic subgroup of H(M)°. If 
M is of noncompact type, one has H(M)° = 
I(M)°. In the following we assume that G is 
compact. 


F. Cartan Subalgebras 


A maximal Abelian tLie subalgebra in m is 
called a Cartan subalgebra for M. Cartan sub- 
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algebras are conjugate to each other under the 
tadjoint action of K. Fix a Cartan subalge- 
bra a and introduce an inner product ( , ) 

on a by the restriction to a x a of g,. For an 
element « of the dual space a* of a, we put 
m,={X em|[H,[H, X]]2 —a(Hy X for any 
Hea}. The subset Y = {хєа* — (0) | m, {0}} 
of a* is called the root system of M (relative to 
a). We write m, = dim m, for x€ X. The subset 
D-Í(Hea|a(H)enZ for some «e Xj of ais 
called the diagram of M. A connected compo- 
nent of a — D is called a fundamental cell of M. 
The quotient group W of the normalizer of a 
in K modulo the centralizer of a in K is called 
the Weyl group of M. W is identified with a 
finite group of orthogonal transformations of 
a. 


G. Conjugate Points 


For a geodesic arc y with the initial point o, 
any tJacobi field along y that vanishes at o and 
the end point of y is obtained as the restriction 
to y of the vector field X* generated by an 
element X ef. For Hea— {0}, Exp, H isa 
conjugate point to o along the geodesic ур if 
and only if «(H)e nZ — {0} for some «eZ. In 
this case, the multiplicity of the conjugate 
point Exp, H is equal to 3 У „с з, нела - o) Me 
From this fact and Morse theory (— 279 
Morse Theory), we get a tcellular decompo- 
sition of the tloop space of M. The set of all 
points conjugate to o coincides with K Exp, D 
and is stratified to a disjoint union of a finite 
number of connected regular submanifolds 
with dimension x dim M — 2. 


H. Cut Points 


We define a ‘lattice group Г of a by P= 
{Aea|Exp, A— 0], and put C,={Hea| 

Max 4er-10} 2(H, A)/(A, A) = 1}. Then, for He 
a — {0}, Exp, H is a cut point of o along the 
geodesic yy if and only if H e C,. The set C, of 
all cut points of o coincides with K Exp, C, 
and is stratified to a disjoint union of a finite 
number of connected regular submanifolds 
with dimension x dim M — 1. The set of all. 
points tfirst conjugate to o coincides with C, if 
and only if M is simply connected. 


I. Fundamental Groups 


Let Г, denote the subgroup of a generated by 
1Qn/(a, а) |е X), identifying a* with a by 
means of the inner product ( , ) of a. This is a 
subgroup of T. We regard Г as a subgroup of 
the group F(a) of all motions of a by parallel 
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translations. The subgroup W = WT of I(a) 
generated by Г and the Weyl group W is 
called the affine Weyl group of M. W leaves 
the diagram D invariant and acts transitively 
on the set of all fundamental cells of M. Take a 
fundamental cell с such that its closure g 
contains 0, and put W, = (weW |w(a)= o). 
Then the fundamental group z,(M) of M is an 
'Abelian group isomorphic to the groups W, 
and Г/Г,. z,(M)is a finite group if and only if 
M is of compact type. In this case, the order 
of л, (M) is equal to the cardinality of the set 
TNG as well as to the index [Г:Г,]. Moreover, 
if we denote by W* the group W, for the 
symmetric Riemannian space M* = G*/K* de- 
fined by the *adjoint group G* of G and K* — 
fae G* |a0 = 0а), then W, is isomorphic to a 
subgroup of W*. If M is irreducible, W is 
isomorphic to a subgroup of the group of all 
automorphisms of the *extended Dynkin dia- 
gram of the root system £. 


J. Cohomology Rings 


Let P(g) (resp. P(f)) be the graded linear space 
of all tprimitive elements in the tcohomology 
algebra H(g) of g (resp. H(t) of D), and P(g, f) 
the intersection of P(a) with the image of the 
natural homomorphism H (g, f) > H(a), where 
H (a, f) denotes the relative cohomology alge- 
bra for the pair (g, f). Then one has dim P(g, f) 
+dim P(f) 2 dim P(g). Denote by A P(g, f) the 
exterior algebra over P(g, t). The tgraded 
algebra of all G-invariant polynomials on g 
(resp. all K-invariant polynomials on f) is 
denoted by /(G) (resp. /(К)), where the de- 
gree of a homogeneous polynomial with de- 
gree p is defined to be 2p. We denote by I * (G) 
the ideal of (G) consisting of all f e (G) such 
that f(0)—0, and regard [(K) as an I (G)- 
module through the restriction homomor- 
phism. Then the treal cohomology ring H(M) 
of M is isomorphic to the tensor product 

A P(g, ) & U(K)/1 * (GI(K)). If K is connected 
and the tPoincaré polynomials of P(g), P(t), 
and P(g, f) are X1., 0" 1, $3 21 and 
Èi, UC. respectively, then the Poincaré 
polynomial of H(M) is given by IIr_.. (1 + 
pr OTE eT 0-029) 7. 
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A. International System of Units 


Units representing various physical quantities 
can be derived from a certain number of fun- 
damental (base) units. By a system of units we 
mean a system of fundamental units. Various 
systems of units have been used in the course 
of the development of physics. Today, the 
standard is set by the international system of 
units (systéme international d'unités; abbre- 
viated SI) [1], which has been developed in 
the spirit of the meter-kilogram system. This 
system consists of the seven fundamental units 
listed in Table 1, units induced from them, and 
unit designations with prefixes representing 
the powers of 10 where necessary. It also con- 
tains two auxiliary units for plane and solid 
angles, and a large number of derived units 


[1]. 


B. Systems of Units in Mechanics 


Units in mechanics are usually derived from 
length, mass, and time, and SI uses the meter, 
kilogram, and second as base units. Neither 
the CGS system, derived from centimeter, 
gram, and second, nor the system of gravita- 
tional units, derived from length, force, and 
time, are recommended for general use by 
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Table 1 

Quantity SI unit Symbol Description 

Length meter m The meter is the length equal to 1,650,763.73 wave- 
lengths in vacuum of the radiation corresponding 
to the transmission between the levels 2p'° and 5d? 
of the krypton-86 atom. 

Mass kilogram kg The kilogram is equal to the mass of the interna- 
tional prototype of the kilogram. 

Time second S The second is the duration of 9,192,631.770 periods 

| of the radiation corresponding to the transmission 
between the two hyperfine levels of the ground 
state of the cesium-133 atom. 

Intensity of ampere A The ampere is the intensity of the constant current 

electric current maintained in two parallel, rectilinear conductors 
of infinite length and of negligible circular section, 
placed 1 m apart in vacuum, and producing a force 
between them equal to 2 x 1077 newton (m: kg:s 2) 
per meter of length. 

Temperature kelvin K The kelvin, the unit of thermodynamical tempera- 
ture, is 1/273.16 of the thermodynamical tempera- 
ture of the triple point of water. 

Amount of mole mol The mole is the amount of substance of a system 

substance containing as many elementary entities as there are 
atoms in 0.012 kg of carbon-12. 

Luminous candela cd The candela is the luminous intensity in a given 

intensity direction of a source emitting monochromatic 
radiation of frequency 540 x 1012 hertz (=s 1), the 
radiant intensity of which in that direction is 1/683 
watt per steradian. (This revised definition of 
candela was adopted in 1980.) 
Table 2 
Unit in terms of SI 
base or derived 

Quantity SI unit Symbol units 

Frequency hertz Hz 1Hz-1s 

Force newton N 1 N=1 kg: m/s? 

Pressure and stress pascal Pa 1 Ра= 1 N/m? 

Work, energy, quantity of heat joule J 1J=1N-m 

Power watt W 1 W=1 J/s 

Quantity of electricity coulomb C 1С=1А-$ 

Electromotive force, potential volt ү 1 V=1 М/А 

difference 

Electric capacitance farad F t F=1 C/V 

Electric resistance ohm Q 1Q=1V/A 

Electric conductance siemens S 1S=1Q7! 

Flux of magnetic induction weber Wb 1Wb=1V-s 

magnetic flux 

Magnetic induction, magnetic tesla T 1 T=1 Мт? 

flux density 

Inductance henry H 1H=1Wb/A 

Luminous flux lumen Im 1 Im=1 ed:sr 

Illuminance lux Ix 11x 21 Im/m? 

Activity becquerel Bq lBa=l1s" 

Adsorbed dose gray Gy 1 Gv=1 J/kg 

Radiation dose sievert Sv 1 Sv— 1 J/kg 
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the SI Committee. Besides the base units, 
minute, hour, and day, degree, minute, and 
second (angle), liter, and ton have been ap- 
proved by the SI Committee. Units such as the 
electron volt, atomic mass unit, astronomical 
unit, and parsec (not SD) are empirically de- 
fined and have been approved. Several other 
units, such as nautical mile, knot, are (area). 
and bar, have been provisionally approved. 


C. System of Units in Thermodynamics 


The base unit for temperature is the degree 
Kelvin (°K; formerly called the absolute tem- 
perature). Degree Celsius (°C), defined by t= 

T —273.15, where T is in ^K, is also used. 

The unit of heat is the joule J, the same as the 
unit for other forms of energy. Formerly, one 
calorie was defined as the quantity of heat that 
must be supplied to one gram of water to raise 
its temperature from 14.5°C to 15.5°C; now 
one calorie is defined by 1 cal = 4.1855 J. 


D. Systems of Units in Electricity and 
Magnetism 


Three distinct systems of units have been 
developed in the field of electricity and mag- 
netism: the electrostatic system, which origi- 
nates from Coulomb's law for the force be- 
tween two electric charges and defines mag- 
netic quantities by means of the Biot-Savart 
law; the electromagnetic system, which origi- 
nates from Coulomb's law for magnetism; and 
the Gaussian system, in which the dielectric 
constant and permeability are taken to be non- 
dimensional. At present, however, the rational- 
ized MKSA system of units is adopted as the 
international standard. It uses the derived units 
listed in Table 2 (taken from [2]), where the 
derived units with proper names in other fields 
are also listed. 


E. Other Units 


In the field of photometry, the following defi- 
nition was adopted in 1948: One candela (cd) 
(= 0.98 old candle) is defined as 1/(6 x 105) of 
the luminous intensity in the direction normal 
to a plane surface of 1 m? area of a black body 
at the temperature of the solidifying point of 
platinum. The total luminous flux emanating 
uniformly in all directions from a source of 
luminous intensity 1 cd is defined as 4л lumen 
(Im). One lux (Ix) is defined as the illuminance 
on a surface area of 1 m? produced by a lumi- 
nous flux of 1 ed uniformly incident on the 
surface. In 1980, the definition was revised as 
shown in Table 1. 
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For theoretical purposes, a system of units 
called the absolute system of units is often 
used, in which units of mass, length, and time 
are chosen so that the values of universal 
constants, such as the universal gravitational 
constant, speed of light, Planck's constant, and 
Boltzmann’s constant, are equal to 1. 
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Takagi, Teiji 


Теш Takagi (April 21, 1875—February 28, 
1960) was born in Gifu Prefecture, Japan. 
After graduation from the Imperial University 
of Tokyo in 1897, he continued his studies in 
Germany, first with Frobenius in Berlin and 
then with Hilbert in Góttingen. He returned 
to Japan in 1901 and taught at the Imperial 
University of Tokyo until 1936, when he re- 
tured. He died in Tokyo of cerebral apoplexy. 

Since his student years he had been inter- 
ested in Kronecker's conjecture on tAbelian 
extensions of imaginary quadratic number 
fields. He solved it affirmatively for the case of 
QC/-1 ) while still in Góttingen and presented 
this result as his doctoral thesis. During World 
War I, he pursued his research in the theory of 
numbers in isolation from Western countries. 
It developed into fclass field theory, a beautiful 
general theory of Abelian extensions of alge- 
braic number fields. This was published in 
1920, and was complemented by his 1922 
paper on the treciprocity law of power residues 
and then by fArtin's general law of reciprocity 
published in 1927. Besides these arithmetical 
works, he also published papers on algebraic 
and analytic subjects and on the foundations 
of the theories of natural numbers and of real 
numbers. His book (in Japanese) on the his- 
tory of mathematics in the 19th century and 
his General course of analysis (also in Japanese) 
as well as his teaching and research activities 
at the University exercised great influence on 
the development of mathematics in Japan. 
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Consider the set M, consisting of the con- 
formal equivalence classes of closed Riemann 
surfaces of genus g. In 1859 Riemann stated, 
without rigorous proof, that M, is parame- 
trized by m(g) (20 if g=0, =1 ifg=1, =3g—3 
if g 22) complex parameters (— 11 Algebraic 
Functions). Later, the introduction of a topol- 
ogy and m(g)-dimensional complex structure 
on M, were discussed rigorously in various 
ways. The following explanation of these 
methods is due to O. Teichmüller [1,2], L. V. 
Ahlfors [3,4], and L. Bers [5-7]. For the 
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algebraic-geometric approach — 9 Algebraic 
Curves. 

The trivial case g =0 is excluded, since My 
consists of a single point. Take a closed Rie- 
mann surface R, of genus g > 1, and consider 
the pairs (R, H) consisting of closed Riemann 
surfaces R of the same genus g and the tho- 
motopy classes H of orientation-preserving 
homeomorphisms of % into R. Two pairs 
(R, H) and (#', Н’) are defined to be con- 
formally equivalent if the homotopy class 
H’H™ contains a conformal mapping. The set 
T, consisting of the conformal equivalence 
classes (91, НУ is called the Teichmiiller space 
(with center at Ro). Let H, be the group of 
homotopy classes of orientation-preserving 
homeomorphisms of 9t, onto itself. $, is a 
transformation group acting on T, in the sense 
that each y€ $, induces the transformation 
CR, H» 2 CR, Hn). It satisfies T,/5, — M,. The 
set %, of elements of $, fixing every point of T, 
consists only of the unity element if g z 3 and 
is a normal subgroup of order 2 if g=1, 2. For 
the remainder of this article we assume that 
9222. The case g=1 can be discussed similarly, 
and the result coincides with the classical one: 
Т, can be identified with the upper half-plane 
and 9, /Š, is the modular group. 

Denote by B(R,) the set of measurable 
invariant forms udz dz ^! with ||ul|,, « 1. For 
every нє B(R,) there exists a pair (R, H) for 
which some he Н satisfies hz = uh, (— 352 
Quasiconformal Mappings). This correspon- 
dence determines a surjection ue B(Rj).— 

(98, H» c T,. Next, if Q(95) denotes the space 
of holomorphic quadratic differentials o dz? 
on Ry, a mapping ue B(Ro) => e € Q(9y) is 
obtained as follows: Consider u on the uni- 
versal covering space U (— upper half-plane) 
of Ro. Extend it to U* ( lower half-plane) by 
setting и =0, and let f be a quasiconformal 
mapping f of the plane onto itself satisfying 
f; uf,. Take the tSchwarzian derivative y = 
{fz} of the holomorphic function f in U*. 
The desired ф is given by o(z)-v(z) on U. It 
has been verified that two u induce the same 
@ if and only if the same <, H> corresponds 
to д. Consequently, an injection «Ж, H> e 

T, ge Q(98,) is obtained. Since Q(9,) = 
C"'? by the Riemann-Roch theorem, this in- 
jection yields an embedding T, c C"), where 
T, is shown to be a domain. 

As a subdomain of C", the Teichmüller 
space is an m(g)-dimensional complex analytic 
manifold. It is topologically equivalent to the 
unit ball in real 2m(g)-dimensional space and 
is a bounded tdomain of holomorphy in C”. 

Let (2, ...,25,) be a 1-dimensional ho- 
mology basis with integral coefficients in Ro 
such that the intersection numbers are («;, aj) 
— (054i 054) = 0, (2,054) = д, i j= 1,...,g. 
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Given an arbitrary (9, H» €T,, consider the 
tperiod matrix О of R with respect to the 
homology basis Ha,,..., Ha, and the basis 
€, ..., ©, of *Abelian differentials of the first 
kind with the property that (4, 0;— бу. Then О 
is a holomorphic function on T,. Furthermore, 
the analytic structure of the Teichmüller space 
introduced previously is the unique one (with 
respect to the topology defined above) for 
which the period matrix is holomorphic. 

$, is a properly discontinuous group of 
analytic transformations, and therefore M, is 
an m(g)-dimensional normal tanalytic space. 
$Š, is known to be the whole group of the 
holomorphic automorphisms of T, (Royden 
[8]); thus T, is not a tsymmetric space. 

To every point z of the Teichmüller space, 
there corresponds a Jordan domain D(t) in the 
complex plane in such a way that the fiber 
space F, = {(t, z)zeD(x), «e T, c C") has the 
following properties: Е, is a bounded domain 
of holomorphy of C"9*!, It carries a properly 
discontinuous group 6, of holomorphic auto- 
morphisms, which preserves every fiber D(z) 
and is such that D(t)/G, is conformally equiva- 
lent to the Riemann surface corresponding to 
т. F, carries holomorphic functions F;(t, z), 
j=1,...,5g—5 such that for every т the func- 
tions F/F}, j—2,...,5g —5 restricted to D(t) 
generate the meromorphic function field of the 
Riemann surface D(t)/G,. 

By means of the fextremal quasiconformal 
mappings, it can be verified that T, is a com- 
plete metric space. The metric is called the 
Teichmüller metric, and is known to be a 
Kobayashi metric. 

The Teichmüller space also carries a natu- 
rally defined Kahler metric, which for g- 1 
coincides with the tPoincaré metric if T, is 
identified with the upper half-plane. The tRicci 
curvature, tholomorphic sectional] cruvature, 
and ‘scalar curvature are all negative (Ahlfors 
[9]). 

By means of the quasiconformal mapping 
f, which we considered previously in order 
to construct the correspondence u> q, it is 
possible to regard the Teichmüller space as 
a space of quasi-Fuchsian groups (— 234 
Kleinian Groups). To the boundary of T, it 
being a bounded domain іп C”, there corre- 
spond various interesting Kleinian groups, 
which are called *boundary groups (Bers [10], 
Maskit [11]). 

The definition of Teichmüller spaces can be 
extended to open Riemann surfaces 9t, and, 
further, to those with signatures. A number of 
propositions stated above are valid to these 
cases as well. In particular, the Teichmüller 
space for the case where Re is the unit disk is 
called the universal Teichmüller space. It is a 
bounded domain of holomorphy in an infinite- 
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dimensional Banach space and is a symmetric 
space. Every Teichmiiller space is a subspace 
of the universal Teichmiiller space. 
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A. General Remarks 


In a tdifferentiable manifold with an affine 
connection (in particular, in a *Riemannian 
manifold), we can define an important opera- 
tor on tensor fields, the operator of covariant 
differentiation. The tensor calculus is a differ- 
ential calculus on a differentiable manifold 
that deals with various geometric objects and 
differential operators in terms of covariant 
differentiation, and it provides an important 
tool for studying geometry and analysis on a 
differentiable manifold. 
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B. Covariant Differential 


Let M be an n-dimensional smooth manifold. 
We denote by @ (М) the set of all smooth 
functions on M and by X{(M) the set of all 
smooth tensor fields of type (r,s) on M. X) (M) 
is the set of all smooth vector fields on M, and 
we denote it simply by X(M). 

In the following we assume that an affine 
connection V is given on M. Then we can 
define the covariant differential of tensor fields 
on M with respect to the connection (— 80 
Connections). We denote the covariant deriva- 
tive of a tensor field K in the direction of a 
vector field X by V, K and the covariant dif- 
ferential of K by VK. The operator V, maps 
X'(M) into itself and has the following 
properties: 

(1) Vy, y = Vy + Vy, Ууу = f Vx, 

(2) Vy(K + K')= V, K + V,K', 

(3) Vy(K @ K') -(Vy K) & K'4 K @ (Vy K), 

(4) Vy f = Xf. 

(5) V, commutes with contraction of tensor 
fields, where K and K' are tensor fields on M, 
X, Ye X(M) and fe (М). 

The torsion tensor T and the curvature ten- 
sor R of the affine connection V are defined by 


T(X, Y)-V,Y-V, X —[X, Y], 

R(X, Y)Z  V(Vy Z) - (Vy Z) - Vx.) £ 

for vector fields X, Y, and Z. The torsion ten- 
sor is of type (1, 2), and the curvature tensor is 
of type (1, 3). Some authors define — R as the 
curvature tensor. We here follow the conven- 
tion used in [1-6], while in [7,8] the sign of 
the curvature tensor is opposite. The torsion 


tensor and the curvature tensor satisfy the 
identities 


T(X,Y)- — T(Y. X, R(X, Y)- — R(Y, X), 
R(X, Y)Z-- R(Y,Z) X + R(Z, X) Y 
= (У; T)(Y, Z)+ (Vy T(Z, X) -(V T(X, Y) 
+ T(T(X, Y), Z) + T(T(Y, Z), X) 
+ T(T(Z, X), Y), 
(Vx R)(Y, 2) -(V, RUZ, X) -(V,R)(X, Y) 
= R(X, T(Y, Z)) + R(Y, T(Z, X) 
t R(Z, ТХ, Y). 


The last two identities are called the Bianchi 
identities. 
The operators Уу and V, for two vector 


fields X and Y are not commutative in general, 


and they satisfy the following formula, the 


Ricci formula, for a tensor field K: 
V (Vy K) - V(Vy К) - Vy iK = R(X, Y): K, 


where in the right-hand side R(X, Y) is re- 
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garded as a derivation of the tensor algebra 
>, (М). 

A moving frame of M on a neighborhood U 
is, by definition, an ordered set (e,,...,e,) of n 
vector fields on U such that e,(p), ...,e,(p) are 
linearly independent at each point pe U. For 
a moving frame (e,, ...,e,) of M on a neigh- 
borhood U we define n differential 1-forms 
0!, ...,0" by 0'(e) = б}, and we call them the 
dual frame of (e,, ...,e,). For a tensor field К 
of type (r,s) on M, we define n" functions 
Kj on U by 


Ky7r-Kt(e;. ter зв) 

and call these functions the components of K 

with respect to the moving frame (e,, ...,e,). 
Since the covariant differentials Ve; are 

tensor fields of type (1, 1), n? differential 1- 


forms oj are defined by 


EN. 
Ve = mj Gee, 


where in the right-hand side (and throughout 
the following) we adopt Einstein's summation 
convention: If an index appears twice in a term, 
once as a superscript and once as a subscript, 
summation has to be taken on the range of 
the index. (Some authors write the above 
equation as de;— wie, ог De;— «je;.) We call 
these 1-forms cj the connection forms of the 
affine connection with respect to the moving 
frame (e,, ...,e,). The torsion forms ©! and 
the curvature forms O; are defined by 


@!=d0!+ol n0, Qi=doj +o, A о. 
These equations are called the structure equa- 
tion of the affine connection. У. If we denote 
the components of the torsion tensor and the 
curvature tensor with respect to (e;, ...,e,) by 
Ti and Ri, (= 0'(R(e,, ejje), respectively, 
then they satisfy the relations 


Qi- = 57h! in 0", 


+ YL: 
Qj —-R440* ^ 0!. 
2 
Using these forms, the Bianchi identities arc 
written as 


ДӨ! + wi ^ Gi — Qi A 07, 
ДО + e ^ OF — cf ^ Qj; = 0. 


Let K be a tensor field of type (r, s) on M 
and K? be the components of K with re- 
spect to (e,,...,e,). We define the covariant 
differential ркт апа the covariant deriva- 
tive Ki Бу 


Jedsk 


DKi = Kp i Ok m dKj PER 


Jis 


Less t; 
-È к EE о)» 
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Then Ki: , are the components of VK with 

respect to the moving frame (e,,...,e,). Some 

authors write V, К” instead of КУ [5,6]. 
Using components, the Bianchi identities 

are written as 

Rh + К 


+ Кру T+ Tit Th, j 


+ Ta Tt Ta Ta + Та Ту, 
Rhy, pt Ria. i + Rhy, k = Riar Tj + Rij kc Ria Tj 


The Ricci formula is written as 


hd, -X Hess 
Rh Ki „кк ds 


i 
Kj NUT 


"HET k 
s £ 
- TET, i, 
> R Ra, 
ъ=] 
а pri,...i, 
+ Ta Kj a 
Let (x!, ..., x") be a local coordinate system 


defined on a neighborhood U of M. Then 


(6/éx', ..., 0/0x") is a moving frame of M on U, 


and we call it the natural moving frame asso- 
ciated with the coordinate system (x!, ..., x"). 
Components of a tensor field with respect to 
the natural moving frame (2/0х',...,0/0х") are 
often called components with respect to the 
coordinate system (x, ..., x"). We define an п? 
function T}; on U by oj =; dx*, where oj are 
the connection forms for the natural moving 
frame. Гу, are called the coefficients of the 
affine connection V. The components of the 
torsion tensor and the curvature tensor with 
respect to (x! x") are given by 


ТА = ГА < Tjj. 


RI, = 6010 — б, D+ гага — Is 


where 0; — 0/0х! 

With respect to the foregoing coordinate 
system, the components RE of the covar- 
iant differential VK of a tensor field K of type 
(r, s) are given by 


Кіт = 0Кр Yi 


Jie Js Jis 


5 ; 
pr Kir el, 
ABEL Kj aae 


C. Covariant Differential of Tensorial Forms 


A tensorial p-form of type (r,s) on a manifold 
M is an alternating F(M)-multilinear mapping 


of X(M) x ... x X(M) to X'(M). A tensorial p- 
form of type (0,0) is a differential p-form in the 
usual sense. A tensorial p-form of type (1, 0) is 
often called a vectorial p-form. 

Tf an affine connection V is provided on M, 
we define the covariant differential of tensorial 
forms. Let « be a tensorial p-form of type (r, s). 
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The covariant differential Da of « is a tensorial 
(p+ 1)-form of type (r,s) and is defined by 


(p-- D)Da(X,, ..., X 


, pii) 
= У (=D Vy (а(Х,,..., Kis oe Xo) 


+¥ (=) a(EX;, X], 


i«j 


^ ^ 


Kor РЭ СЮ ETE 


where X, means that X; is deleted. If x is of 
type (0, 0), De. coincides with the usual exterior 
differential da. 

The simplest example of a tensorial form is 
the identity mapping of X(M), which will be 
denoted by 0. Some authors write this vec- 
torial form as dp or dx, where p or x expresses 
an arbitrary point of a manifold. We call 0 the 
canonical vectorial form of M. The torsion 
tensor T can be regarded as a vectorial 2-form, 
and we have 2D0 = T. The curvature tensor R 
can be regarded as a tensorial 2-form of type 
(1, 1), ie, (X, Y) R(X, Y)e X1 (M), and the 
B identities are written as DT= R л 0, 
DR —0, where the exterior product R ^ z of R 
and a tensorial p-form « is defined by 


(p+ 1)(р+ 2) (Кл 2) (Х,,..., X...) 
-22Y (DIRX; Х)о(Х,,..., Ro o Ap 


J 
i<j 
«> Xp): 


In general, 202 = К A х holds for an arbitrary 
tensorial form a. 

Let (e,,...,e,) be a moving frame of M ona 
neighborhood U and 6!, ..., 0" be its dual 
frames. A tensorial p-form х of type (r, s) is 
written as 


aote @ ... @ e, 9059... @ 05, 


on U, where the жугу are the usual differential 
p-forms on U. We call them the components of 
х with respect to (e,, ...,e,). Then the compo- 
nents of Da, which we denote by рау" x ‚ ате 
given by 


Bs dp c lya t; RM 
Da; т = day зу of уки 


ар, лай” » 


pee) j| ° 


Then we have 


r 


2411. Ay 
D on Js Ж Js 


р=1 р=1 


This is an expression of 2D2z = R л х in terms 
of components. The components of the ca- 
nonical vectorial form 0 are the dual forms 
0, ...,0" of (е,,...,е,), and we have DOi = @;, 
which means that the components of D0 are 
the torsion forms Ө“. 
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D. Tensor Fields on a Riemannian Manifold 


Let (M, д) be an n-dimensional Riemannian 
manifold (— 364 Riemannian Manifolds). The 
fundamental tensor g defines a one-to-one 
correspondence between vector fields and 
differential 1-forms. A differential 1-form х 
which corresponds to a vector field X is de- 
fined by (У) = g(X, Y) for any vector field Y. 
This correspondence is naturally extended to a 
one-to-one correspondence between ¥;(M) and 
(M), where r+s=r'+s’. Let (e,,...,e,) bea 
moving frame of M on a neighborhood U and 
gi; be the components of g with respect to the 
moving frame. Let (g") be the inverse matrix of 
the matrix (g;). The g? are the components of 
a symmetric contravariant tensor field of order 
2. Let X: be the components of a vector field X 
and x; be the components of the differential 1- 
form a corresponding to X. Then X' and a; 
satisfy the relations x; — g; X/ and X'— g"aj. If 
Ki; are the components of a tensor field K of 
type (1, 2) (here taken for simplicity), then 

Кый = Ki; gan к = К! g”, 


hij | gh аЬ] 
KY = Kg "gs 


are the components of a tensor field of type 
(0, 3), (2, 1), (3,0), ..., respectively, all of which 
correspond to K. We call this process of ob- 
taining the components of the corresponding 
tensor fields from the components of a given 
tensor field raising the subscripts and lowering 
the superscripts by means of the fundamental 
tensor g. 

On a Riemannian manifold, we use the 
*Riemannian connection, unless otherwise 
stated. The covariant derivative with respect to 
the Riemannian connection is given by 


+G(LX, Y], Z) -o(EX. Z], Y) 
-g(X.LY.Z]) 


for vector fields X, Y, and Z. The coefficients 
of the Riemannian connection with respect to 
a local coordinate system (x!, ..., x") are usu- 
ally written as {;,}, called the Christoffel sym- 
bols, which are given by (4) = 9" (0,9j, + Oa — 
0,9,j)/2. The curvature tensor R of the Rie- 

mannian connection satisfies the identities 


R(X, YZ + R(Y, Z) X + R(Z, X) Y «0, 
(Vx К)(Ү, 2) - (V, R)(Z, X) - (Vz К)(Х, Y) —0, 
R(X, Y) 2 —R(Y, X), 
g(R(X, Y)Z, W)=g(R(Z, W)X, Y) 
= —g(Z. R(X, Y)W), 
g(R(X, Y)Z, W)+ g(R(X, Z)W, Y) 
+g(R(X, W)Y,Z)=0. 
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In terms of the components, these identities 
are 


Rh, + Ri; + Ri =0, 
Rig, + Rita, j+ Riy, =0, 
Riy SS Rip. Ry, T Riki Pin Кук» 
Кык Кыш Ry; = 0, 
where Кык = Ка gas. 
The *Ricci tensor S of the Riemannian 


manifold is a tensor field of type (0. 2) defined 
by 


S(X, Y)= trace of the mapping Zo R(Z, X) Y 


for vector fields X and Y. The components S; 
of the Ricci tensor are given by S; = Rš. The 
*scalar curvature k of the Riemannian mani- 
fold M is a scalar on M defined by k= g"'S,.. 
The Ricci tensor and the scalar curvature 


satisfy the identities 
S(X,Y)-S(Y,X) or S;=S 


2g*S; — Gk: 


ij 
Sy x Sik = Ку, 

For a moving frame of a Riemannian mani- 
fold, it is convenient to use an orthonormal 
moving frame. A moving frame (e,, ...,e,) is 
orthonormal if e,, ..., e, satisfy g(e;, ej) = ó 
Since the components of the fundamental 
tensor with respect to an orthonormal moving 
frame are ĉj, raising or lowering the indices 
does not change the values of the components. 
Some authors write all the indices as sub- 
scripts. Also they write the dual 1-forms, the 
connection forms, and the curvature forms as 
0,, ор, and О, respectively, instead of 0*, cj, 
and €. With respect to an orthonormal mov- 
ing frame, the connection forms o; and the 
curvature forms Оў satisfy 


ij 


oj+oj=0 and 2+0/=0. 


On a Riemannian manifold, the divergence 
of a vector field and the operators d, ô, and A 
on differential forms (— 194 Harmonic In- 
tegrals) can be expressed by using the covar- 
iant derivatives with respect to the Riemann- 
ian connection. 

If X: are the components of a vector field 
X with respect to a local coordinate system 
(x, ..., x"), the divergence div X of X is given 
by div X = X: ,. 

Let х be a differential p-form on M. a is 
written locally in the form a —(1/p!)u, ах ^ 
... ^ dx'r, where the coefficients 2..1, are skew- 
symmetric in all the indices. We call NER 
the components of x with respect to the co- 
ordinate system. Since « is regarded as an 
alternating tensor field of type (0, p), we can 
define the covariant differential Va of х. 
Then the components of do, da, and Ах are 
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given by 

p+1 2 
(do); ines m 2. jer "Rt cal odis 
(da); .. dt = RORIS 


p 
E ab 
(Ax); .. = == g me» Si ati, ib. 
€ 
= > Roi, i, bei, . 
v<w 


For a smooth function f and a differential 1- 
form f we have 


1 s: 
— 6,(g”./ g af), 
Va VÉ 


(Af), = — g” LB; — 
where g =det(g;;). 


Af=- 


Si fis]. 


E. Van der Waerden- Bortolotti Covariant 
Differential 


Let E be a finite dimensional smooth tvector 
bundle over a smooth manifold M and Г(Е) be 
an %(M)-module of all smooth sections of E. A 
connection V' in E is a mapping of X(M) x 
Г(Е) to Г(Е) such that 


(1) Vj +n) = Vc E + Ven, 
(2) W(f8)= xf: E+ IVES, 
G) Verë =W + We, 

(4) V (= Ла 


for X, YeX(M), č, ne (E), and fe (М). V,£ 
is called the covariant derivative of ë in the 
direction X. 

An element K of X'(M)@ T(E) is called a 
tensor field of type (r, s) with values in E (or 
simply an E-valued tensor field of type (r, 5)). К 
can be regarded as an §(M)-linear mapping of 
ЖМ) to T(E) or an &(M)-multilinear map- 

5 


. Бит; 
ping of X(M) x ... x X(M)to Ж(М) ® I (F). 
For a given ¿e I (E), a mapping X —Vy¿ de- 
fines a tensor field of type (0, 1) with values in 
E which we call the covariant differential of é, 
denoted by V’é. 

The curvature tensor R' of V' is a tensor 
field of type (0,2) with values in E* @ E (E* 15 
the dual vector bundle of E), and is defined by 


R(X, Y) = Vx(Vy6) Vix. y$ 


for any vector fields X and Y and any ¿€ I (E). 

If an affine connection V is given on M, we 
can define the van der Waerden- Bortolotti 
covariant derivative V, K for V and V' ofa 
tensor field K of type (г, 5) with values in E. It 
is defined by 


(Vx K)(S) = Vx(K(S))— 


—W(Vxe)— 


К(Ұ;5) 


for any Se М). If we regard ¿el (E) as an E- 
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valued tensor field of type (0,0), we have Ууё= 
У; 2. The covariant derivative V, К’ of the 
curvature tensor R' of V' is a tensor field of 
type (0, 2) with values in E* © E is defined by 


(Vx R'CY, Z)£ =Vx(R'(Y, Z)£) - R(V Y, Z) 
—R(Y, Vx Z) — R(Y, Z) Vy Ç. 
The Bianchi identity is written as 


(VRY, Z) - (Vy 
= R(X, T(Y, Z)) + R'(Y, T(Z, Х)) 


R’)(Z, X) -(VzR)(X, Y) 


T R'(Z, T(X, Y)), 


where T is the torsion tensor of V. The Ricci 
formula is given by 


(V (V, KIS) —(Vy(Vx K))(S) (Vix, K)(S) 
= КОХ, Y): K(S) - K(R(X, Y): S), 


where R is the curvature tensor of V, Кє 
X'(M)GT(E)and SeXs(M). 

In the following we assume that the fiber of 
E is of finite dimension m. A moving frame of 
E on a neighborhood U of M is an ordered set 
(61, ..., £4) of local sections £,,..., š, on U such 
that Z (p)...., š (p) are linearly independent at 
each point p of U. Let (e,,...,e,) bea moving 
frame of M on U. Then an E-valued tensor 
field K of type (r, s) is locally written as 


Ki Fe,  ... e, @ 0^ @ ... @ 0” @ ë,, 


where 0!,...,0" are the dual 1-forms of (e,, 

€n): The n'**m functions Kit: on U are 
called the components of K with respect to 
(e,,...,€,) and (6, ..., Čm) We define the con- 
nection forms og of the connection V' by V’é, 
— 05 ® čą. Then the curvature forms Ор are 
defined by 


OF = do + o? ^ og —1R$40) л Ө“, 


where R5; are the components of the curva- 
ture tensor К’, i.e., R'(e, ej og = R56 ,. 

For a given tensor field K of type (r, s) 
with values in E, the mapping X — V, K de- 
fines a tensor field VK of (r,s+ 1) with values 
in E which we call the van der Waerden- 
Bortollotti covariant differential of K. Then if 
Kj 9 аге the components of К with respect 
to (e), е) and (€,,...,,,), the components 
Kr of VK are given by 


i ‚фа k i a ir k. E. о? 
Куа Of dK} te Kh: 


Js 


=} Kj ко Кт? Of. 

Let f be a smooth mapping of М into а 
smooth manifold M’. The differential f. (ог df) 
сап be regarded as a tensor field of type (0, 1) 
with values in f * T(M"). Assume that M (resp. 
M^) has a Riemannian metric g (resp. 9). We 
denote the Riemannian connection of M by V. 
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From the Riemannian connection of M' a 
connection V' їп f*T(M') can be defined. Let 
(у',...,у") be a local coordinate system of M’ 
on a neighborhood V and (x!, ..., x") be a local 
coordinate system on a neighborhood U of M 
such that f(U)c V. Put £,(p) - (6/6y?)(f(p)) for 
a point pe U. Then (£,,...,£,) is a moving 
frame of f * T(M"^). The components of f, with 
respect to (0/0х',...,0/0х") and (£,, ..., £,) are 
given by f*(p)  (Oy"/Ox')(p). The Laplacian 
Af of the mapping / is a tensor field of type 
(0,0) with values in f * T(M') and is defined 

by (Af)*=gš f. If Af —0, the mapping f is 
called a harmonic mapping (— 195 Harmonic 
Mappings). 


F. Tensor Fields on a Submanifold 


Consider an n-dimensional smooth mani- 
fold M immersed in an (n + m)-dimensional 
Riemannian manifold (М, 9). If we denote the 
immersion М-М by f, then g= f*g is a 
Riemannian metric on M, and we denote its 
Riemannian connection by V. The induced 
bundle f*T(M) splits into the sum of the 
tangent bundle T(M) of M and the normal 
bundle THM). The Riemannian connection on 
M induces connections in f*T(M) and in 
T-(M) which are denoted by V and V^, re- 
spectively. The van der Waerden- Bortolotti 
covariant derivative for V and V+ is denoted 
by V. 

For vector fields X and Y on M, the tan- 
gential part of Vy Y(here we regard Y asa 
section of f * T(M)) is V, Y, and we denote the 
normal part of Vy Y by A(X, Y). Then hisa 
symmetric tensor field of type (0, 2) with values 
іп T- (M), and we call h the second funda- 
mental tensor of the immersion f. For če 
Г(Т-(М)), the tangential part of V, ë (here ¿ 
is also regarded as a section of f * T(M)) is 
denoted by — A4; X and the normal part of V.é 
is Уу č. Thus we have 


Vx Y=Vy Y- h(X, Y), Vyé- — A.X + V.C. 
h and A are related by 


We have the following formulas, called the 
equations of Gauss, Codazzi, and Ricci: 


g(R(X, Y)Z. W) 2 (КОХ, Y)Z, W) 
t g(h(X, 2), h(Y, W)) 
—g(h(X, И), h(Y, X)), 
g(R(X, Y)Z, č -g( V. h)(Y, Z), 2) 
—g(V,hy(X, Z), ©), 
g(R(X, Ү)в,)=@(КЧ(Х, Y)ë,n) 
+9014, A,] X, Y), 
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for X, Y, Z, We X(M) and č, ne (T 1(M)), 
where R, R, and R+ are the curvature tensors 
of V, V, and V+, respectively. 

For the manifold M immersed in M, we use 
a moving frame (e;, ...,e,, 6,, ..., £,) such that 
(e,,...,@,) is an orthonormal moving frame of 
M ona neighborhood U and (£,,...,£,) isa 
moving frame of T+(M) on U with g(£,, čp) — 
òp- Then we can define the connection forms 
oj for V and оў for V+. If we extend (e,,..., 
en Či» -+ , Gg) to an orthonormal moving frame 
(Einm) of M such that 2,(p)=e,(p) (i= 1, 
... n) and e,.,(p)  £((p) (х= 1, ..., m) for pe U, 
then the restriction f *0^ and f *c of the 
dual 1-forms and the connection forms of 
M with respect to (@;,...,@,4) satisfy the 
relations 


f*ü-9, f*)j'*—0, узо =, 


Го), ЈУ, 
j 


where h} are the components of the second 
fundamental tensor h with respect to (e,, ...,e 
eyes em): 

The components hj; , of the covariant dif- 
ferential Vh of h are defined by 


п? 


hj ,0* = dhj,— hoo — hio + Аб ор. 


ај 


In terms of the components, the equations 
of Gauss, Codazzi, and Ricci are given by 


К = Как + > (hi hy, — hik hy), 


pe _ La x 
Ris. = hij = hj ks 


Кк = Ro pj У (hi hi — hf hay). 


a 


Let (x!, ..., x") be a local coordinate system 
on a neighborhood U of M and (y!, ..., y"*") 
be a local coordinate system on a neighbor- 
hood V of M such that f(U)c V. Regarding 
the differential f, of the immersion f as a ten- 
sor field of type (0, 1) with values in f * T(M), 
we denote the components of f, with re- 
spect to (x!, ..., x”) and (yl, ..., ут") by ВА 
(1=1,...,0; A=1,...,n+ m). Then we have 
B? = 0y^/Ox'. We denote by V' the van der 
Waerden- Bortolotti covariant derivative for V 
and V. Then the components ВА j ol Vf, are 
given by 
Bj, 0,Bf — (5) Ba + Bj Bi ló). 
where 0,=0/éx/, {4}, and {4} are the Chris- 
toffel symbols of the Riemannian metrics g 
and g, respectively. 

Let (¢,,..., Čm) be an orthonormal moving 
frame of T+(M) on U and £7 be the compo- 


nents of č, with respect to (y!, ..., y"*"). Then 
we have 


A | LarA 
Bá =h} a? 


where h; are the components of the second 
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fundamental tensor with respect to (0/0x!,..., 
9/0x") and (£,, ..., ©). 

A tensor field K with values in T (M) can 
be regarded as a tensor field with values in 
{*T(M), and VK is the normal component of 
V'K. For example, if we regard the second 
fundamental tensor h as a tensor field with 
values in f *T(M), the components of h with 
respect to the coordinates (x!, ..., x") and 
(y, ..., y"*") are equal to BA. and we have 


i,j? 


_ RA zB- 
hj к= В? ez бАв- 
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418 (IX.20) 
Theory of Singularities 


A. Introduction 


Let fi, f,, ..., f, be tholomorphic functions 
defined in an open set U of the complex space 
C". Let X be the analytic set fr ! (0)... 

f. (0). Let zo € X, and let g,,...,g, be a sys- 
tem of generators of the ideal .Z(X), of the 
germs of the holomorphic functions which 
vanish identically on a neighborhood of z, in 
X. zo is called a simple point of X if the matrix 
(ég,/6z;) attains its maximal rank, say k, at z= 
Zo. In this case, X is a tcomplex manifold of 
dimension n—k near zo. Otherwise, zo is called 
a singular point of X. 
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B. Resolution of Singularities 


Let X be a complex analytic space, and let Y 
be its singular locus. A resolution of the sin- 
gularity of X is a pair of a complex manifold X 
and a proper surjective holomorphic mapping 
л: X >X such that the restriction z| g-, ag 18 
biholomorphic and X — x ^! (Y) is dense in X. 
H. Hironaka proved that there exists a reso- 
lution for any X such that z !(Y) is a divisor 
in X with only *normal crossings [16, 17]. 
Suppose that a compact connected ana- 
lytic subset Y of a complex manifold X has a 
‘strongly pseudoconvex neighborhood in X. 
Then the contraction X/Y naturally has a 
structure of a tnormal complex analytic vari- 
ety such that the projection X 2 X/Y isa 
resolution of ¥/¥ (H. Grauert [14]). 


C. Two-Dimensional Singularities 


Let X be a normal 2-dimensional analytic 
space. Then the singular points of X are 
discrete. 

Among the resolutions of X, there exists a 
unique resolution z: X — X with the following 
universal property: For any resolution л': X’> 
X, there exists a unique mapping p: X'O X 
with z' — zo p. This resolution is called the 
minimal resolution. 

Let z: X ^ X be a resolution of a singular 
point x of X, and let A; (i=1,...,m) be the 
irreducible components of л ! (x). The matrix 
(A;* А) of the *intersection numbers is known 
to be negative definite (P. Du Val [12]). 

The resolution z: X >X is called good if (i) 
each A; is nonsingular, (ii) A; A; (i j) is at 
most one point and the intersection is trans- 
verse and (iii) no three А/$ meet at a point. 
For a given good resolution z: X — X, we 
associate a diagram in which the vertices v; 
(i= 1, ..., m) correspond to А, (i= 1, ..., m) and 
v; and о; are joined by a segment if and only if 
A; A;z @. 

The geometric genus p,(X, x) of a singular 
point xe X is the dimension of the fstalk at x 
of the first direct image sheaf R! x, 65, where 
n: X — X is a resolution of xe X and @ç is the 
*structure sheaf of X. The definition is inde- 
pendent of the choice of the resolution, and 
p X, x) is a finite integer. 

Among the positive cycles of the form Z— 
У. 1,4; (Le., n; 2 0) such that Z: А, «0 for 
each і= 1, ...,7, there exists a smallest one Zp, 
which is called the fundamental cycle [3]. 

(1) Rational singularities. A singular point x 
of X is called rational if p(X, x) =0. (The sin- 
gularity (X, x) is also called rational even when 
dim X 23 if the direct image sheaf Ri'n, 6$ =0 
for i> 0.) 
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For a rational singularity xe X, the tmulti- 
plicity of X at x equals — Z2 and the local 
embedding dimension of X at x is — Z2 + 1. 
Hence a rational singularity with multiplicity 
2, which is called a rational double point, is 
a hypersurface singularity. The following 
weighted homogeneous polynomials (— Sec- 
tion D) give the complete list of the defining 
equations up to analytic isomorphism: 


Ax L y? 422, 


weights (l/(n--1) 1/2, 1/2, п>]; 
Dix" + xy2 + z2, 
weights (1/(n—1) (п—2)/2(п—1), 1/2, п>4; 


Es: x*+ y? + 22, 


weights (1⁄4, 1/3, 1/2); 
E,:x3y+ y3 +22, 

weights (2/9, 1/3, 1/2); 
Es: x5 + y) + z2, 

weights (1/5, 1/3, 1/2), 


where the labels appearing at the left are given 
according to the coincidence of the diagram of 
the respective minimal resolutions and the 
*Dynkin diagrams. Rational double points 
have many different characterizations [11]. 
The generic part of the singular locus of the 
unipotent variety of a *complex simple Lie 
group G (=the orbit of the subregular tunipo- 
tent elements in G) is locally expressed as the 
product of a rational double point and a poly- 
disk. The tuniversal deformation of a rational 
double point and its *simultaneous resolution 
are constructed by restricting the following 
diagram on a transverse slice to the subregular 
unipotent orbit (Brieskorn [7]; [34]): 


Y —————9 6G 


| |! 


T— TW 


where T is a ‘Cartan subgroup of G with the 
action of the Weyl group W, С» T/W is the 
quotient mapping by the fadjoint action of G 
and Y={(x, B)|xeG and B is a *Borel sub- 
group of G with xe В}, and other morphisms 
are defined naturally so that the diagram 
commutes. Here, Y— T is the simultaneous 
resolution of the morphism G> T/W. 

(2) Quotient singularities. A singular point 
xex is called a quotient singularity if there 
exists a neighborhood of x which is analyti- 
cally isomorphic to an orbit space U/G, where 
U is a neighborhood of 0 in C? and Gis a 
finite group of analytic automorphisms of U 
with the unique fixed point 0. The quotient 
singularities are rational, and their resolutions 
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have been well studied [6]. U/G has a rational 
double point at 0 if and only if G is conjugate 
to a nontrivial finite subgroup of SU(2). 

(3) Elliptic singularities. The singularity 
(X, х) 15 called minimally elliptic if p,(X, x)= 1 
and (X, x) is Gorenstein [23]. The following 
are examples of minimally elliptic singularities. 

A singular point xe X is called simply ellip- 
tic if the exceptional set A of the minimal 
resolution is a smooth telliptic curve [33]. 
When A? = —1, —2, —3, (X, x) is a hyper- 
surface singularity given by the following 
weighted homogeneous polynomials: 


Ë, : x? + y? +23 + axyz, 


weights (1/3, 1/3, 1/3), А?=—3; 
Ë. : xt y* + z? + axyz, 

weights (1/4, 1/4, 1/2, А?=—2; 
Ë, : xŠ + y? +22 + axyz, 

weights (1/6, 1/3, 1/2), А?=—1, 


(4) Cusp singularities. А singular point xe X 
is called a cusp singularity if the exceptional 
set of the minimal resolution is either a sin- 
gle rational curve with a tnode or a cycle of 
smooth rational curves. Cusp singularities 
appear as the boundary of tHilbert modular 
surfaces [18]. The hypersurface cusp singular- 
ities are given by the polynomials 


Та: X? + y* t z' + axyz, 
where 1/р + 1/9 + 1/r<1 and a#0. 


D. The Milnor Fibration for Hypersurface 
Singularities 


Let V be an analytic set in С“, and take a 
point zo € V. Let S,=S(zZo, £) bea (2N — 1)- 
dimensional sphere in CN with center 2, and 
radius £7 0, and let K, = VN $,. If e is suffi- 
ciently small, the topological type of the pair 
(Sa, K.) is independent of ғ [27]. By virtue of 
this fact, the study of singular points consti- 
tutes an important aspect of the application of 
topology to the theory of functions of several 
complex variables. 

A singular point zo of V is said to be isolated 
if, for some open neighborhood W of z, in С“, 
Wn V—{zo} is a smooth submanifold of W — 
{Zo}. In that case, K, is a closed smooth sub- 
manifold of S,, and the diffeomorphism type 
of (S,, K,) is independent of (sufficiently small) 
£2» 0. So far, the topological study of such 
singular points has been primarilv focused 
on isolated singularities. When V is a plane 
curve, that is, N —2 and r— 1, all the singular 
points of V are isolated, and the submanifold 
K, of the 3-sphere S, can be described as an 
iterated torus link, where type numbers are 


1579 


completely determined by the tPuiseaux ex- 
pansion of the defining equation f of V at the 
point 2, [5]. In 1961, D. Mumford, using a 
resolution argument, showed that if an alge- 
braic surface V is *normal at z, and if the 
closed 3-manifold K, is simply connected, then 
K, is diffeomorphic to the 3-sphere and Z is 
nonsingular [29]. The following theorem in 
the higher-dimensional case is due to E. Bries- 
korn [8] (1966): 

Every thomotopy (2n — 1)-sphere (n #2) 
that is a boundary of a *z-manifold is dif- 
feomorphic to the K, of some complex hyper- 
surface defined by an equation of the form 
f(z) e 29+... +24 =0 at the origin in C"*!, 
provided that пз 2. The hypersurface of this 
type is called the Brieskorn variety. Inspired by 
Brieskorn's method, J. W. Milnor developed 
topological techniques for the study of hyper- 
surface singularities and obtained results such 
as the Milnor fibering theorem, which can be 
briefly stated as follows: 

Suppose that V is defined by a single equa- 
tion f(z) «0 in the neighborhood of ze C"*!. 
Then there is an associated smooth fiber 
bundle q:S, — K,-S', where ф(2) = f(z)/| f(2)| 
for zeS, — К,. The fiber F=@ '!(p)(peS!) has 
the homotopy type of a finite CW-complex of 
dimension п, and K, is (n — 2)-connected. 

Suppose that zy is an isolated critical point 
of f. Then F has the homotopy type of a *bou- 
quet of spheres of dimension n [27]. The Mil- 
nor number 4( f ) of f is defined by the nth Betti 
number of F, and it is equal to dime (em, / 
(0f/62,, .... 0f/0z, 4), Where Con, is the ring 
of the germs of analytic functions of n+ 1 
variables at z = zo. The Milnor monodromy h, 
1s the automorphism of H,(F) that is induced 
by the action of the canonical generator of 
the fundamental group of the base space S!. 
The *Lefschetz number of h, is zero if z? is 
a singular point of V. Let A(t) be the charac- 
teristic polynomial of h,. Then K, is a homol- 
ogy sphere if and only if A(1) = +1 [27]. It is 
known that A(t) is a product of *cyclotomic 
polynomials. 

The diffeomorphism class of (S,, K,) is com- 
pletely determined by the congruence class of 
the linking matrix L(e;,ej) (1 € ij € u( f), where 
€4, ..., еу 15 an integral basis of H,(F) and 
L(e;, ej 15 the ‘linking number [21, 10]. 

The Milnor fibration is also described in the 
following way. Let E(c, ó) be the intersection of 
f (D) and B(e), the open disk of radius £ 
and center zo, where D¥ is pe C|O «|n| «ó]. 
The restriction of f to E(z, д) is a "locally triv- 
ial fibration over Dš if ó is sufficiently smaller 
than ғ [27]. 

Let f(z) be an analytic function; suppose 
that f(0) 20 and let У, Na, z? be the Taylor 
expansion of f at z=0. Let Г, (f) be the con- 
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vex hull of the union of ( p -- (R *)"*!] for 

pe N"* c R"*! with a, 0, where R* = {хє 
R|x>0}, and let I'( f) be the union of com- 
pact faces of Гу (7). We call I'( f£) the Newton 
boundary of f in the coordinates z,, ...,z,.,. 
For a closed face A of T (f) of any dimension, 
let fi(z) = Удар”. We say that f has a non- 
degenerate Newton boundary if (0f4/0z,, ..., 
Of4/0z, ,,) Is a nonzero vector for any ze(C*) 
апа any Ae I (f). Suppose that f has a non- 
degenerate Newton boundary and 0 is an 
isolated critical point of f. Then the Milnor 
fibration of f is determined by Г(/) and u( f), 
and the characteristic polynomial can be ex- 
plicitly computed by T'( f) [22, 38]. 

f(z) is called weighted homogeneous if there 
exist positive rational numbers r,, ...,7,,,, 
which are called weights, such that a, =0 if 
Ertl p,r;z 1. An analytic function f(z) with an 
isolated critical point at 0 is weighted homo- 
geneous in suitable coordinates if and only if 
f belongs to the ideal (6f/0z,,..., 0f/0z, ,,) (K. 
Saito [32]). Suppose that f(z) is a weighted 
homogeneous polynomial with an isolated 
critical point at 0. Then the Milnor fibration of 


n+l 


f is uniquely determined by the weights, and 


1 

ш) = П) (-- J The surface f ^! (0) for 
lj 

n=2 is a rational double point if and only if 


Sent. 


E. Unfolding Theory 


An unfolding of a germ of an analytic func- 
tion f(z) at 0 is a germ of an analytic function 
F(z,t), where te С” (m is finite) such that F(z, 0) 
= f(z). We assume that f has an isolated crit- 
ical point at 0. Among all the unfoldings of f, 
there exists a universal one, in a suitable sense, 
that is unique up to a local analytic isomor- 
phism. It is called the universal unfolding of f 
[36,37,26] (— 51 Catastrophe Theory). Ex- 
plicitly it can be given by F(z,t) = f(z) +, @, (2) 
+...+t,@,(z), where @,(z) (i= 1, ..., 4) are 
holomorphic functions which form a C-basis 
of the Jacobi ring Cc o/(0f/02,, ..., Of] 02,4) 
(u — nC). 

In the universal unfolding F(z, t) of f, the set 
of points (zo, to) such that F(z, tg) has an iso- 
lated critical point at zo with the Milnor num- 
ber u( f) and F(zo, to) = 0 forms an analytic set 
at (2, t) =0. The modulus number of f is the 
dimension of this set at 0. This set is some- 
times called the p-constant stratum. Let g bea 
germ of an analytic function. g is said to be ad- 
jacent to f (denoted by f 9), if there exists a 
sequence of points (z(m), t(m)) in C"*! x C" 
that converges to the origin such that the 
term of F(z, t(m)) at z(m) is equivalent to g. 
Adjacency relations are important for the 


418 F 
Theory of Singularities 


understanding of the degeneration phenomena 
of functtons. The unfolding theory can be 
considered їп exactly the same way as that for 
the germ of a real-valued smooth function 
that is finitely determined [36, 26]. 

The germs of analytic functions with 
modulus number 0, 1, and 2 are called simple, 
unimodular, and bimodular, respectively. They 
were classified by V. I. Arnold [1] (— Ap- 
pendix A, Table 5.V). Simple germs corre- 
spond to the equations for the rational double 
points, and unimodular germs define simply 
elliptic singularities or cusp singularities. Every 
unimodular or bimodular germ defines a sin- 
gularity with p,=1. 


F. Picard-Lefschetz Theory 


Let f(z) be a holomorphic function such that 
f(0) =0 and 0 is an isolated critical point with 
the Milnor number u. Let F(z, t) be a universal 
unfolding of f at 0. Let f: E(e, ó) 5 D? be the 
Milnor fibration of f by the second description 
in Section D. There exists a positive number r 
and a codimension 1 analytic subset A (called 
the bifurcation set) of B'(r), the open disk of 
radius r with the center 0 in the parameter 
space C", such that for any toe B'(r) — A, /, = 
Е | go) x1, has и different nondegenerate crit- 
ical points in B(c). Let p,, ..., p, be the critical 
points of f,- For each p;, one can choose local 
coordinates (y,,...,Y,41) so that f, (y) 2 f, (pi) 
+y? +... + yz- Such an f, is called a Morsi- 
fication of f. 

Let B; be a small disk with center p; in C"*!. 
Then for any q, which is near enough to f, (p), 
the intersection f; ' (4) П B, is diffeomorphic to 
the tangent disk bundle of the sphere S". The 
vanishing cycle e; is the corresponding n- 
dimensional homology class of f,, ' (qj) B;. 
(We fix q;.) The self-intersection number of e; is 
given by 


duas 2(—1)*7^U7, neven, 
е;, е; = 
; 0, n odd. 


For a sufficiently small t5 € B'(r) — A, one has 
the following: (1) | f; (p;)| < ó; (ii) the restriction 
of fı, to E is a fiber bundle over D’, where D' 
—-(weC||w| «à, and w f, (p) for i= 1,..., uj 
and E= f,-! (D')' В(є); (iii) the restriction of 
the above fibration to (w||w|= 8} is equivalent 
to the restriction of the Milnor fibration of f 
to {w||w|=6}. Let wo be a fixed point of D’, 
and let F = f, ! (wo) ПЕ. Then F is diffeomor- 
phic to the Milnor fiber of f. Let I; be a simple 
path from w, to q;, and let y; be the loop |w — 
f 2E 1ai— fi (p). We suppose that the 
union of the l; is contractible to wo. By parallel 
translation of the vanishing cycle e; along l;, 
we consider e;€ H,(F). The collection {e,|i= 
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1,...,} is an integral basis of H,(F), which is 
called a strongly distinguished basis (Fig. 1). 

Now let h; be the linear transformation of 
H,(F) that is induced by the parallel trans- 
lation along /;у;1;!. The Picard-Lefschetz for- 
mula says that 


he)=e—(—1)""")? Ce ee; for ee H,(F). 


Here < , > is the intersection number in 
H,(F). For n even, h; is a treflection. 

The Milnor monodromy h, of f is equal 
to the composition h, ...h, under a suitable 
ordering of the h;. The subgroup of the group 
of linear isomorphisms of H,(F) generated by 
h,,...,h, is called the total monodromy group. 

When f is a simple germ and n «2 mod4, 
the total monodromy group is isomorphic to 
the Weyl group of the corresponding Dynkin 
diagram. Even-dimensional simple singular- 
ities are the only ones for which the mono- 
dromy group is finite. These are also char- 
acterized as the singularities with definite 
intersection forms. 


Fig. 1 


G. Stratification Theory 


The notion of Whitney stratification was first 
introduced by H. Whitney to study the sin- 
gularities of analytic varieties [39] and was 
developed by R. Thom for the general case 
[37]. 

Let X and Y be submanifolds of the space 
R". We say that the pair (X, Y) satisfies the 
Whitney condition (b) at a point ye Y if the 
following holds: Let x; (i=1,2,...) and y; 

(1= 1,2, ...) be sequences in X and Y, respec- 
tively, that converge to y. Suppose that the 
tangent space Т, X converges to a plane T in 
the corresponding Grassmannian space and 
the secant х;у; converges to a line L. Then L 
c T. Wc say that (X, Y) satisfies the Whitney 
condition (b) if it satisfies the Whitney con- 
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dition (b) at any point ye Y. Let h be a local 
diffeomorphism of a neighborhood of y. One 
can see that (h(X), h(Y)) satisfies the Whitney 
condition (b) at h(y) if (X, Y) satisfies it at y. 
Thus the Whitney condition can be considered 
for a pair of submanifolds X and Y of a mani- 
fold M using a local coordinate system. Let 5 
be a subset of a manifold M, and let Y be a 
family of submanifolds of M. .Z is called a 
Whitney prestratification of 5 if Z is a locally 
finite disjoint cover of S satisfying the follow- 
ing: (i) For any X e Z, the frontier X — X isa 
union of Ye Z; (ii) for any pair (X, Y) (X, Ye 
£^), the Whitney condition (b) is satisfied. A 
submanifold X in .% is called a stratum. There 
exists a canonical partial order in .% that 

is defined by X < Y if and only if X c Y — Y. 

Let V be an analytic variety, and let Y be 
an analytic stratification of V that satisfies 
the frontier condition (1). Then there exists a 
Whitney prestratification A" that is finer than 
SY (Whitney [39]). 

For a given Whitney prestratification S, 
one can construct the following controlled 
tubular neighborhood system: For each XES, 
a ftubular neighborhood [T,| of X in M and 
the projection zy:|7y| X and a tubular func- 
tion py:|Ty| 3R * (=the square of a norm 
under the identification of | Ту | with the tnor- 
mal disk bundle of X) are given such that the 
commutation relations 


Ty ny(m) — ny(m), pyny(m) = px(m) 
for me M, X < Y. 


are satisfied whenever both sides are defined. 

By virtue of this, the notions of vector fields 
and their integral curves can be defined on a 
Whitney prestratified set so that several im- 
portant results on a differentiable manifold 
can be generalized to the case of stratified sets. 
For example, the following is Thom’s first 
isotopy lemma: Let M and P be differentiable 
manifolds, and let (5, ^) be a Whitney pre- 
stratified subset of M. Let f: SP be a con- 
tinuous mapping that is the restriction of a 
differentiable mapping from M to P. Suppose 
that the restriction of f to each stratum X of 
< is a proper submersion onto P. Then f: S5 
P is a fiber bundle [37]. 


H. b-Functions 


Let f(z) be a germ of an analytic function in 
C"*! with {(0)=0. The b-function of f at 0 
is the monic polynomial b,(s) of lowest de- 
gree among all polynomials b(s) with the 
following property [4, 20]: There exists a 
differential operator P(z, 2/02, s), which is 

a polynomial in s, such that b(s)f*(z)= 

P(z, 0/02, s) f ^*! (z). Since b,(s) is always 


418 Ref. 
Theory of Singularities 


divisible by s + 1, we define b,(s)= b, (s)/(s + 1). 
All the roots of b,(s)=0 are negative rational 
numbers (M. Kashiwara [20]. When f has an 
isolated critical point at 0, the set (exp(2zia | х 
is a root of b,(s)=0} coincides with the set of 
eigenvalues of the Milnor monodromy [25]. 

The name “b-function” is due to M. Sato. 
He first introduced it in the study of *prehomo- 
geneous vector spaces. Some authors call it the 
Bernstein (Bernshtein) polynomial. 


I. Hyperplane Sections 


Let V be an algebraic variety of complex di- 
mension k in the complex projective space P". 
Let L be a hyperplane that contains the 
singular points of V. Then the trelative homo- 
topy group 2,(V, VN L) is zero for i « К. Thus 
the same assertion is true for the trelative 
homology groups (S. Lefschetz [24]; [28]). 

Let f be a holomorphic function defined in 
the neighborhood of 0€ C"*! and f(0)— 0. Let 
H be the hypersurface f ^! (0). There exists а 
*Zariski open subset U of the space ( = P") of 
hyperplanes such that for each Le О, there 
exists a positive number € such that z;(B(r) — 
H,(B(r) = Н) 1) =0 for i<n and 0 «rae, 
where B(r) is a disk of radius r (D. T. Lë and 
Н. Hamm [15]). This implies the following 
theorem of Zariski: Let V be a hypersurface of 
P", and let P? be a general plane in P". Then 
the fundamental group of P" — V is isomorphic 
to the fundamental group of P? — C, where C 
=V N P?. The fundamental group of P? — C is 
an Abelian group if C is a nodal curve [9, 13]. 

Suppose that f has an isolated critical point 
at 0. Let "+ be the Milnor number y f). 
Take a generic hyperplane L. The Milnor 
number of f |, is well defined, and we let и“ = 
щш). Similarly one can define u of f and 
let * = (u" * D, u™, ..., 0). Let f.(z) be a de- 
formation of f. Each f, has an isolated critical 
point at 0, and t is a point of a disk D of the 
complex plane. Let И = ((z, t)| f.(z)=0) and 
D' = 10] x D. W— D' and D' satisfy the Whitney 
condition (b) if and only if u*( f) is invariant 
under the deformation [35]. The Whitney 
condition (b) implies topological triviality of 
the deformation. 
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A. Basic Concepts and Postulates 


Thermodynamics traditionally focuses its 
attention on a particular class of states of a 
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given system called (thermal) equilibrium 
states, although a more recent extension, 
called the thermodynamics of irreversible 
processes, deals with certain nonequilibrium 
states. In a simple system, an equilibrium state 
is completely specified (up to the shape of the 
volume it occupies) by the volume V (a posi- 
tive real number), the mole numbers N,, ..., №, 
(nonnegative reals) of its chemical compo- 
nents, and the internal energy U (real). (More 
variables might be needed if the system were, 
e.g., inhomogeneous, anisotropic, electrically 
charged, magnetized, chemically not inert, or 
acted on by electric, magnetic, or gravitational 
fields.) This means that any of the quantities 
associated with equilibrium states (called 
thermodynamical quantities) of a simple sys- 
tem under consideration is a function of V, 
N,,..., Np and U. 

When n copies of the same state are put next 
to each other and the dividing walls are re- 
moved, V, N,, ..., N,, and U for the new state 
will be n times the old values of these variables 
under the assumptions that each volume is 
sufficiently large and that the effects of the 
boundary walls can be neglected. Thermo- 
dynamical quantities behaving in this manner 
are called extensive. Those that are invariant 
under the foregoing procedure are called inten- 
sive. More precisely, the thermodynamic vari- 
ables are defined by homogeneity of degree 1 
and 0 as functions of V, N,,..., N, and U. 

By a shift of the position of the boundary 
(called an adiabatic wall if energy and chemical 
substances do not move through it) or by 
transport of energy through the boundary 
(called a diathermal wall if this is allowed) or 
by transport of chemical components through 
the boundary (called a permeable membrane) 
(tn short, by thermodynamical processes), these 
variables can change their values. If these shifts 
or transports are not permitted (especially 
for a composite system consisting of several 
simple systems, at its boundary with the out- 
side), the system is called closed. Otherwise it is 
called open. 

Those equilibrium states that do not under- 
go any change when brought into contact 
with each other across an immovable and 
impermeable diathermal wall (called a ther- 
mal contact) form an equivalence class. This 
is sometimes called the Oth law of thermo- 
dynamics. The equivalence class, called the 
temperature of states belonging to it, is an 
intensive quantity. 

The force needed to keep a movable wall at 
rest, divided by the area of the wall, is called 
the pressure. It is another intensive quan- 
tity. For a (slow) change of the volume by an 
amount dV under a constant pressure P, me- 
chanical work of amount — PdV is done on 
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the system. Together with a possible change 
of the internal energy, say of amount dU, the 
amount 


óQ-4dU-—PdV (1) 


of energy is somehow gained (if it is positive) 
or lost (if it is negative) by the system. This 
amount of energy is actually transported from 
or to a neighboring system through diathermal 
walls so that the total energy for a bigger 
closed composite system is conserved. This is 
called the first law of thermodynamics, and óQ 
is called the heat gain or loss by the system. 

If two states of different temperatures T, 
and T, are brought into thermal contact, 
energy is transferred from one, say Т,, to the 
other (called heat transfer), This defines a 
binary class relation denoted by T, > T,. The 
Clausius formulation of the second law of 
thermodynamics says that it is impossible to 
make a positive heat transfer from a state of 
lower temperature to another state of higher 
temperature without another change else- 
where. By considering a certain composite 
system, one reaches the conclusion that there 
exists a labeling of temperatures by posi- 
tive real numbers T, called the absolute tem- 
perature, for which the following is an exact 
differential: 


6Q/T=(dU —PdV)/T=dS. (2) 


The integral S is an extensive quantity, called 
the entropy. Furthermore, the sum of the en- 
tropies of component simple systems in an 
isolated composite system is nondecreasing 
during any thermodynamic process, and the 
following entropy maximum principle holds: 
An isolated composite system reaches an 
equilibrium at those values of extensive param- 
eters that maximize the sum of the entropies 
of component simple systems (for constant 
total energy and volume and within the set of 
allowed states under a given constraint). 

A relation expressing the entropy of a given 
system as a function of the extensive param- 
eters (specifying equilibrium states) is known 
as the fundamental relation of the system. If it 
is given as a continuous and differentiable 
homogeneous function of V, N,,..., N,, апа U 
and is monotone increasing in U for fixed V, 
N,,.-.,N,, then one can develop the thermo- 
dynamics of the system based on the above en 
tropy maximum principle. A relation express- 
ing an intensive parameter as a function of 
some other independent variables is called an 
equation of state. 

Another postulate, which is much less fre- 
quently used, is the Nernst postulate or the 
third law of thermodynamics, which says that 
the entropy vanishes at the vanishing abso- 
lute temperature. 


419 B 
Thermodynamics 


B. Various Coefficients and Relationships 


The partial derivative &/Cx of a function 
f(x, y, ...) with respect to the variable x 
with the variables y, ... fixed is denoted by 
(0f/0x),..... We abbreviate N,,..., N, as N in 
the following. 

If the fundamental relation is written as U — 
U(V, N,, ..., №, S) (instead of 5 being repre- 
sented as a function of the other quantities), 
then (2) implies 


(20/08), = T. (20/00) s= — P. 


The other first-order partial derivatives of U 
are 


u= (UIN), м... 


with u; called the chemical potential (or elec- 
trochemical potential) of the jth component. 

If a system is surrounded by an adiabatic 
wall (i.e., the system is thermally isolated) and 
goes through a gradual reversible change 
(quasistatic adiabatic process), then the entropy 
has to stay constant. If a system is in thermal 
contact through a diathermal wall with a large 
system (called the heat bath) whose tempera- 
ture is assumed to remain unchanged during 
the thermal contact, then the temperature of 
the system itself remains constant (an iso- 
thermal process). The decrease of the volume 
per unit increase of pressure under the latter 
circumstance is called the isothermal compress- 
ibility and is given by 


кт= —УСЧдҮ/@Р)у ү. 


Under constant pressure, the increase of the 
volume per unit increase of the temperature is 
called the coefficient of thermal expansion and 
is given by 


х= V^ (0VJ/OT)y у. 


Under constant pressure, the amount of (quasi- 
static) heat transfer into the system per mole 
required to produce a unit increase of tem- 
perature is called the specific heat at constant 
pressure and is given by 


сь= N^ T(0S/OT)y. v, 


where N= N, +... + N,. The same quantity 
under constant volume is called the specific 
heat at constant volume and is given by 


c, =N I T(0S/0T)y, у. 


The positivity of c, is equivalent to the convex- 
ity of energy as a function of entropy for fixed 
values of V and N. 

Because of the first-order homogeneity of an 
extensive quantity as a function of other ex- 
tensive variables, one can derive an Euler 
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relation, such as 
О = Т5 – РУИ+ р, №, +... +N, 


for a simple system. Its differential form im- 
plies the following Gibbs-Duhem relation: 


SdT—VdP- №, dp, +... + N. du, = 0. 


Because of the identity 


mam 
бх (2) ду 2) 


there arise relationships among second deriva- 
tives, known as the Maxwell relations: 


(0 T/OV)s = —(0P/0S)y v. 
(CV/OS)p, n — (€ T/CP)s, n> 
(28/00); х —(0P/OT)y. у. 
(0S/0P),. = —(0V/C Ty, м: 


By computing the Jacobian of transformations 
of variables, further relations can be obtained. 
For example, 


Cp=Cy tN 'TVe2/ky. 


C. Legendre Transform and Variational 
Principles 


The Legendre transform of a function f(x,,..., 
yv.) relative to the variables x is given by 


gps Yu) f Y xip 
J 


as a function of the variables р, = Cf/Ox; and y. 
The original variables x can be recovered as 
—x;=0g/0p;. 

In terms of Legendre transforms, the en- 
tropy maximum principle can be reformulated 
In various forms: 

Energy minimum principle: For given values 
of the total entropy and volume, the equilib- 
rium is reached at those values of uncon- 
strained parameters that minimize the total 
energy. This principle is applicable in rever- 
sible processes where the total entropy stays 
constant. 

Helmholtz free energy minimum principle: 
For given values of the temperature (equal to 
that of a heat bath in thermal contact with the 
system) and the total volume, the equilibrium 
is reached at those values of the unconstrained 
parameters that minimize the total Helmholtz 
free energy, where the Helmholtz free energy 
for a simple system is defined as a function of 
T, V, N,,..., N, by 


F-U- TS, 
dF = —SdT—PdV-4 y, dN, + n, dN,. 


Enthalpy minimum principle: For given 
values of the pressure and the total entropy, 
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the equilibrium is reached at those values of 
unconstrained parameters that minimize the 
total enthalpy, where the enthalpy for a sim- 
ple system is defined as a function of S, P, 
N,,..., N, by 


H —U 4 PY, 
dH =TdS+VdP+ u, dN, +... + u, dN,. 


Gibbs free energy minimum principle: For 
constant temperature and pressure, the equi- 
librium is reached at those values of uncon- 
strained parameters that minimize the total 
Gibbs free energy, where the Gibbs free energy 
for a simple system 1s given as a function of T, 
P,N,,...,N, by 


G=U—TS+ PV, 
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A. n-Body Problem and Classical Integrals 


In the n-body problem, we study the motions of 
n particles Р,(х;, у, 2) (i= 1,2, ..., n) with arbi- 
trary masses m,( > 0) following *Newton's law 
of motion, 

d*w, OU 


EE E. i=1,2,...,n, (1) 


т 


where w, is any one of x;, Y; Or Z; 


U = У k2mim;/ri; 


ТЫ 
ij 


with k2 the gravitation constant, and 


r= (xi — x)? +(y,— y)° +(z;-2). 


Although the one-body and two-body prob- 
lems have been completely solved, the prob- 
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lem has not been solved for n> 2. The three- 
body problem is well known and is important 
both in celestial mechanics and in mathemat- 
ics. For n> 3 the problem is called the many- 
body problem. 

The equations (1) have the so-called ten 
classical integrals, that is, the energy integral 
>, (m,/2)((x)? + (i)? 27) - U = constant 
(w = dw/dt), six integrals of the center of mass 
YX,m;w,;—constant, У, m;w, = (У, m;w;)t + con- 
stant, and three integrals of angular momen- 
tum У, mj(u;w; — w,u,) = constant (u з w). Using 
these integrals and eliminating the time t and 
the ascending node by applying Jacobi’s 
method, the order of the equations (1) can be 
reduced to 6n — 12. H. Bruns proved that alge- 
braic integrals cannot be found except for the 
classical integrals, and H. Poincaré showed 
that there is no other single-valued integral 
(Bruns, Acta Math., 11 (1887); Poincaré [2, I, 
ch. 5]). These results are called Poincaré-Bruns 
theorems. Therefore we cannot hope to obtain 
general solutions for the equations (1) by 
tquadrature. General solutions for nz 3 have 
not been discovered except for certain specific 
cases. 


B. Particular Solutions 


Let r; be the position vector of the particle P, 
with respect to the center of mass of the n- 
body system. A configuration r={r,,...,7,} 
of the system is said to form a central figure 
(or central configuration) if the resultant force 
acting on each particle P, is proportional to 
тг, where each proportionality constant is 
independent of i. The proportionality con- 
stant is uniquely determined as — О/У" m,r? 
by the configuration of the system. A con- 
figuration r is a central figure if and only if 

r is а ‘critical point of the mapping r> 

U?(r) 2, mir? [5,6]. A rotation of the sys- 
tem, in planar central figure, with appropriate 
angular velocity is a particular solution of 
the planar n-body problem. 

Particular solutions known for the three- 
body problem are the equilateral triangle solu- 
tion of Lagrange and the straight line solu- 
tion of Euler. They are the only solutions 
known for the case of arbitrary masses, and 
their configuration stays in the central figure 
throughout the motion. 


C. Domain of Existence of Solutions 


The solutions for the three-body problem 

are analytic, except for the collison case, i.e., 
the case where minr, —0, in a strip domain en- 
closing the real axis of the t-plane (Poincaré, P. 
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Painlevé). K. F. Sundman proved that when 
two bodies collide at t = tọ, the solution is 
expressed as a power series in (t — t5)? in a 
neighborhood of tọ, and the solution which 

is real on the real axis can be uniquely and 
analytically continued across t — t along the 
real axis. When all three particles collide, the 
total angular momentum f with respect to the 
center of mass must vanish (and the motion is 
planar) (Sundman’s theorem); so under the 
assumption f #0, introducing s= ('(U + 1)dt 
as a new independent variable and taking it 
for granted that any binary collision is analyt- 
ically continued, we see that the solution of 
the three-body problem is analytic on a strip 
domain |Im s| < ó containing the real axis of 
the s-plane. The conformal mapping 


€ — (exp(ns/28) — 1)/(ехр(л5/25) + 1) 


maps the strip domain onto the unit disk 

[| « 1, where the coordinates of the three 
particles w,, their mutual distances r,,, and the 
time t are all analytic functions of w and give a 
complete description of the motion for all real 
time (Sundman, Acta Math., 36 (1913); Siegel 
and Moser [7]). 

When a triple collision occurs at t = to, G. 
Bisconcini, Sundman, H. Block, and C. L. 
Siegel showed that as t—to, (i) the configura- 
tion of the three particles approaches asymp- 
totically the Lagrange equilateral triangle 
configuration or the Euler straight line con- 
figuration, (ii) the collision of the three par- 
ticles takes place in definite directions, and 
(iii) in general the triple-collision solution 
cannot be analytically continued beyond t= to. 


D. Final Behavior of Solutions 


Suppose that the center of mass of the three- 
body system is at rest. The motion of the 
system was classified by J. Chazy into seven 
types according to the asymptotic behavior 
when t— +оо, provided that the angular mo- 
mentum f of the system is different from zero. 
In terms of the *order of the three mutual dis- 
tances rj (for large t) these types are defined as 
follows: 

(i) Н“: Hyperbolic motion. г; ~ t. 

(ii) HP*: Hyperbolic-parabolic motion. 7, з, 
rj47-t and r, 4 ~ t2. 

(iii) НЕ“: Hyperbolic-elliptic motion. r43, гуз ~ t 
and r,,<a (a — finite). 

(iv) P ' : Parabolic motion. r; ~ 12. 

(v) PE*: Parabolic-elliptic motion. ғ; з, r33 ~ t°? 
and r; <a. 

(vi) L*: Lagrange-stable motion or bounded 
motion. 7; < a. 

(vii) OS*: Oscillating motion. lim, , , supr; = oo, 
lim, ,,, supr < oo. 
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Define H^, НЕ, etc. analogously but with 
t— —oo. There are three classes for each of the 
motions HP, HE, and PE, depending on which 
of the three bodies separates from the other 
two bodies and recedes to infinity, denoted by 
HP, HE;, PE; (i= 1,2, 3), respectively. The 
energy constant h is positive for H- and HP- 
motion, zero for P-motion, and negative for 
PE-, L-, and OS-motion. For HE-motion, h 
may be positive, zero, or negative. 

We say that a partial capture takes place 
when the motion is H ` for t> —oo and НЕ; 
for t5 +оо (for h> 0), and a complete capture 
when the motion is HE; for t2 --оо and L* 
for t5 +оо (for h< 0). We say also that an 
exchange takes place when HE; for г —oo 
and HE; for t +oo (t # j). The probability of 
complete capture in the domain h <0 is zero 
(J. Chazy, G. A. Merman). 


E. Perturbation Theories 


The radius of convergence in the s-plane for 
Sundman's solution is too small and the con- 
vergence is too slow in the w-plane to make it 
possible to compute orbits of celestial bodies, 
and for that purpose a perturbation method is 
usually adopted. When the masses m;, ..., m, 
are negligibly small compared with m, for the 
n-body problem, the motion of the nth body is 
derived as the solution of the two-body prob- 
lem for m, and m, by assuming m; =... = 

т, =0 as a first approximation, and then 
the deviations of the true orbit from the ellipse 
are derived as tperturbations. In the general 
theory of perturbations the deviations are 
derived theoretically by developing a disturb- 
ing function, whereas in the special theory of 
perturbations they are computed by numerical 
integration. In general perturbation theory, 
problems concerning convergence of the solu- 
tion are important, and it becomes necessary 
to simplify the disturbing function in deal- 

ing with the actual relations among celestial 
bodies. Specific techniques have to be devel- 
oped in order to compute perturbations for 
lunar motion, motions of characteristic aster- 
oids, and motions of satellites (e.g., the system 
of the Sun, Jupiter, and Jovian satellites). 


F. The Restricted Three-Body Problem 


Since the three-body problem is very difficult 
to handle mathematically, mathematical inter- 
est has been concentrated on the restricted 
three-body problem (in particular, the planar 
problem) since Hill studied lunar theory in 
the 19th century. For the restricted three-body 
problem, the third body, of zero mass, cannot 
have any influence on the motion of the other 
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two bodies, which are of finite masses and 
which move uniformly on a circle around 

the center of mass. In the planar case, let us 
choose units so that the total mass, the angu- 
lar velocity of the two bodies about their 
center of mass, and the gravitation constant 
are all equal to 1, and let (q,,q,) be the coordi- 
nates of the third body with respect to a rotat- 
ing coordinate system chosen in such a way 
that the origin is at the center of mass and the 
two bodies of finite masses и and 1 — u are 
always fixed on the q,-axis. Then the equa- 
tions of motion for the third body are given 
by a Hamiltonian system: 

dq; OH ар, oH 


тат = > i=1,2, (2) 
dt др; dt да; 


with 
ЖЕ 
Н = (рі + p3)t d3P1—4i1P2 — U(41, 42), 


b u 
2 P Ë 2 2 
Mate +95 qitu- +95 


The equations (2) have the energy integral 
Н(р,д)= constant, called Jacobi's integral. 
Siegel showed that there is no other algebraic 
integral, and it can be proved by applying 
Poincaré's theorem that there is no other 
single-valued integral. Regularization of the 
two singular points for the equations (2) and 
solutions passing through the singular points . 
were studied by T. Levi-Civita, and solu- 
tions tending to infinity were studied by B. O. 
Koopman. 

After reducing the number of variables by 
means of the Jacobi integral, the equations (2) 
give rise to a flow in a 3-dimensional manifold 
of which the topological type was clarified by 
G. D. Birkhoff (Rend. Circ. Mat. Palermo, 39 
(1915)). Since this flow has an finvariant mea- 
sure, the equations have been studied topo- 
logically, and important results for the re- 
stricted three-body problem, particularly on 
periodic solutions, have been obtained. 


U- 


G. Stability of Equilateral Triangular Solutions 


Suppose that the origin q,= p,= 0 is an tequi- 
librium point for an autonomous Hamiltonian 
system with two degrees of freedom: 

dq; OH 


dt др,’ 


dp 0H 
dt Oq, 


i=1,2, 


with the Hamiltonian H being analytic at the 
origin. When the teigenvalues of the corre- 
sponding linearized system are purely imagi- 
nary and distinct, denoted by +/,, +4,, and 
A,k,+4,k, #0 for 0<|k,|+]k.|<4 (where k; 
is an integer), we can find suitable coordinates 
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či, n; so that the Hamiltonian H takes the form 


I . l Я 
Hz talit (сег 26st Gc) 


+ Н+... 


with бж= č;ņ; and real c;;. It is necessary that 
1; 7 4/ — š; for the solutions to be real. In ad- 
dition, if the condition 


D2c,,213—20c,5À,À5 4 05541 £0 


is satisfied, then the origin is a tstable equi- 
librium point of the original system (V. I. 
Arnold, J. Moser) [7]. 

For Lagrange equilateral triangular solu- 
tions of the planar restricted three-body prob- 
lem, the eigenvalues 4 of the linearized system 
derived from (2) are given as roots of the 
equation 44 + 22 + (27/4) (1 — н) =0 and are 
purely imaginary if (1 — д) < 1/27. Applying 
the Arnol'd-Moser result, A.M. Leontovich 
and A. Deprit and Bartholomé showed that 
the Lagrange equilibrium points are stable 
for и such that 0 < u < Ho, where до is the 
smaller root of 27u(1 — р) = 1, excluding three 
values: u,, ду at which å k, 4-45; k, =0 |k,|4- 
|k5| € 4 and u, at which D = 0. 

Arnol'd proved that if the masses m,,...,m 
are negligibly small in comparison with m,, 
the motion of the n-body system is tquasi- 
periodic for the majority of initial conditions 
for which the eccentricities and inclinations of 
the osculating ellipses are small. 


n 
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A. Time Series 


A time series is a sequence of observations 
ordered in time. Here we assume that mea- 
surements are quantitative and the times of 
measurements are equally spaced. We consider 
this sequence to be a realization of a stochastic 
process X, (— 407 Stochastic Processes). Usu- 
ally time series analysis means a statistical 
analysis based on samples drawn from a sta- 
tionary process (— 395 Stationary Processes) 
or a related process. In what follows we denote 
the sample by X =(Х,, X,, ..., X4). 


B. Statistical Inference of the Autocorrelation 


Let us assume X, (t an integer) to be real- 
valued and weakly stationary (— 395 Station- 
ary Processes) and for simplicity EX,=0 and 
consider the estimation of the autocorrelation 
py — R,/ Rg of time lag h, where R,= EX, X,,,. 
We denote the sample autocovariance of time 
lagh as 

- | = 

R,= TCU pi X X; cis 

and define the serial correlation coefficient 

of time lagh by p, — R,/R,. It can be shown 
that the joint distribution of {,/T(p,—p,)| 

I «hx Hj tends to an H-dimensional tnor- 
mal (Gaussian) distribution with mean vec- 
tor 0, if one assumes that X, is expressed as 
X,= У? „66, where У „|6 < +оо, 
X. Lu | j|? b? < +00, апа (ће £, are indepen- 
dently and identically distributed random vari- 
ables with Ec, 20 and EZ? < +оо. 

When X, is an autoregressive process of 
order K (— Section D) and also a fGaussian 
process, it can be shown that the asymptotic 
distribution of G/T(G, =) 1<h<K}as T> 
co 18 equal to the asymptotic distribution of 
NATO — Pa| 1 &h« К}, where f, is the tmaxi- 
mum likelihood estimator of ру. In general, 
it is difficult to obtain the maximum likeli- 
hood estimator of p,. The statistical properties 
of other estimators of p,, e.g., an estimator 
constructed by using sgn(X,) (sgn( y). means 


1588 


1 (y>0), 0 (у= 0), —1 (у <0)) have also been 
investigated. 

Testing hypotheses concerning autocorre- 
lation can be carried out by using the above 
results. Let us now consider the problem of 
testing the hypothesis that X, is a twhite noise. 
Assume that X, is a Gaussian process and that 
a white noise with EX? = o? exists, and define 
C, = E(X,- X)(X,,, — X) and 5, = C,/C, for 
hz: 0, where Xr, = X; and X 2 У, X,/T. 
Then the probability density function of $, can 
be obtained and it can be shown that 


m 1 
Рў >= 30" 9, Ан SIS Ams 
j=l j 
where 4;—cos2zj/T and 
q-02 0 
= l! (¿;— Ак), T=3, 5, > 
do) 
T/2-1 
= H G-AdJit+4, T=4,6..., 
d) 
1<m<(T—3)/2  ifT is odd, 
l<m<T/2-1 if T is even. 


This can be used to obtain a test of 
significance. 


C. Statistical Inference of the Spectrum 
To find the periodicities of a real-valued 
tweakly stationary process X, with mean 0, the 


statistic, called the DE 


I(A)- Y X,e vx 


ue 


is used. If X, is expressed as 
L 
= У imcos2nAt + тіп 2л} + Y, 
1-1 


where (mj), (mj), and {Y,} are mutually inde- 
pendent random variables with Ет, = Em; =0 
and V(mj) = V(mj) 2 o? and ( Y.) is independent 
and identically distributed with means 0 and 
finite variances c?, the distribution of I,-(A) 
converges to a distribution with finite mean 
and finite variance at 24 +/, for 1 «Ix L 
when T tends to infinity. On the other hand, 
the magnitude of L+(2) is of the order of T at 
A= kAy 1<1<L. This means that we can find 
x S o of X, by using L,(4). When 

= Y,, we find that the distribution of 21+(2)/ 
i (when 240, + 1/2) or I(A)/o* (when 4-0 
or + 1/2) tends to the *y? distribution with 
degrees of freedom 2 or 1, respectively, and 
Цц), 1(и›),..., (им) are asymptotically in- 
dependent random variables for 0 « |u, | « 
us] <... «Iuyd € 1/2 when T ос. Applying 
this result, we can test for periods in the data. 
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Let f(A) be the spectral density function of a 
real-valued weakly stationary process X,. In 
general, the variance of | Z7 , X,e 2айл/ /Т | 
does not tend to 0 as T tends to infinity; hence 
I (å) cannot be used as a good estimator for 
the spectral density. To obtain an estimate of 
f (4), several estimators defined by using weight 
functions have been proposed by several 
authors. Let W,(4) be a weight function de- 
fined on ( —co, оо), and construct a statistic 
Л) = f'n Ir(u) Wr (À — p) dp. Let us use f(u) 
for the estimation of f(A). W,(A) is called a 
window. An important class of W,(A) is as fol- 
lows. Let W(A) be continuous, W(A)= W(— 4), 
W(9)— 1, |W « 1, and [> WA) d < 
+оо, and let H be a positive integer depend- 
ing on T such that Н >œ and H/T—0 as T> 
©. Putting wj— W(j/H), we define W,(4) by 
W,(A)= X іты муе 2". Then ЎА) can be 
expressed as FA) = 11, ие 27", 
where R = Ута Х,..Х,/Т for h>0 and 
R,- Deer Xa XT for h«0. Let X, be 
stationary to the fourth order (— 395 Station- 
ary Processes) and satisfy 


© 
Y IR,|< +00, 


s 

> AG, h.l, А < +оо, 
hlp--o 
where C, һ.1. р is the fourth-order joint tcumu- 
lant of Х,, X,,,, X,,,, and X,,,. Then we have 


T P o0 
jim у ИЛО) 2л0 [^ waya, 
im gye =y [^ wora, 


lim Н VG) = foy | ^ WQy di, 


2+0, +1/2, 


lim 2. Сом f(a), Ў) = 


T0 


AF p. (1) 


{wa} or W,(A) should have an optimality, e.g., 
to minimize the mean square error of f(A). But, 
generally, it is difficult to obtain such a {w,} or 
W,(A). 

Several authors have proposed specific 
types of windows. The following are some 
examples: (1) (Bartlett) м, = (1 —|Al/H) for |h| < 
H and w,=0 for |h|> H; (ii) (Tukey) w, = 
Xj а cos(nlh/H) for |h| < H and w,=0 for 
|h|> Н, where the a, are constants such that 
Уе „|а| < +оо, УИ -„ар=1апйа=а_|. 
The Hanning and Hamming windows аге a, 
=0.50, a, =a_, =0.25, and a,=0 for |l|>2 and 
Ay = 0.54, a, =a_, =0.23, and a,=0 for |l| > 2, 
respectively [2]. Let X,= У ,, bje,-;, where 
У V |bj| « +оо and the s, are independently 
and identically distributed random variables 
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with Eg, — 0 and Ez? < +оо. Let {A;|1<j<M} 
be arbitrary real numbers such that 0x 4; « 4, 
<...< Au < 1/2, where M is an arbitrary posi- 
tive integer. Then the joint distribution of 

tV T/H(f(A,) — EJ.) |1 <v <M} tends to the 
normal distribution with means 0 and covar- 
iance matrix X, which is defined by (1). Let us 
assume, furthermore, that lim, „(1 — w(x))/|x|* 
=C and Ур. _„|һ|Р|К„| < +оо, where C, q, and 
p are some positive constants satisfying the 
following conditions: (i) when p z q, H4/T-+0 
(p> 1) and H**! "/T50 (pz 1) as T— co and 
іту. T/H?*"! is finite; (ii) when p <q, H?/T 
0 (р2 1) апа Н/Т-0(р< 1) аѕ T=% and 
lim-o T/H??*! = 0. Then J/ T/HH(f(4,) — 
Ef(4,)) in the results above сап be replaced 

by J/T/H JOD- S) 

Estimation of higher-order spectra, partic- 
ularly the bispectrum, has also been discussed. 
Let X, be a weakly stationary process with 
mean 0, and let its spectral decomposition be 
given by X,— ("1,5 e?" ^ 44(4) (— 395 Station- 
ary Processes). We assume that X, is a weakly 
stationary process of degree 3 and put R, ,, 
= EX,X,+4,X1+n, for any integers h, and hy. 
Then we have 


1/2 1/2 
Ri, = | ёч ыы A) 
1/2 —1/2 


Symbolically, dF(A,, 252) = EdZ(A4,)dZ(4;) 
dZ(— A, — 43). If F(4,, 5) is absolutely contin- 
uous with respect to the Lebésgue measure of 
К? and (F(4,, 45/04,045 = f(4,, 22), we call 
f(A,, 55) the bispectral density function. When 
X, is Gaussian, R, ,,=0 and f(4,, 47) —0 for 
any h,, h, and any 4,, 22. f(4,, 4;) can be 
considered to give a kind of measure of the 
departure from a Gaussian process or a kind 
of nonlinear relationship among waves of 
different frequencies. We can construct an 
estimator for f(4,,4,) by using windows as in 
the estimation of a spectral density [3]. 


D. Statistical Analysis of Parametric Models 


When we assume merely that X, is a stationary 
process and nothing further, then X, contains 
infinite-dimensional unknown parameters. In 
this case, it may be difficult to develop a satis- 
factory general theory for statistical infePence 
about X,. But in most practical applications of 
time series analysis, we can safely assume at 
least some of the time dependences to be 
known. For this reason, we can often use a 
model with finite-dimensional paramcters. 
This means, mainly, that the moments (usually, 
second-order moments) or the spectral density 
are assumed to be expressible in terms of finite- 
dimensional parameters. As examples of such 
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models, autoregressive models, moving average 
models, and autoregressive moving average 
models are widely used. 

A process X, is called an autoregressive 
process of order K if X, satisfies a difference 
equation Xf. oa, X, , — č, where the a, are 
constants, ao = 1, ак #0, and the £, are mutu- 
ally uncorrelated with Ec, =0 and V(£) o2 > 
0. We usually assume that X, is a weakly sta- 
tionary process with EX, —0. We sometimes 
use the notation AR(K) to express a weakly 
stationary and autoregressive process of order 
K. Let {€,} be as above. If X, is expressed as X, 
= XL bé, ,, where the b, are constants, by = 1 
and b, #0, X, is called a moving average pro- 
cess of order L (MA(L) process). Furthermore, 
if X, is weakly stationary with EX, —0 and 
expressed as XE. oa X, -= XE o bi£, , with ag 
=1, by =1, and agb, £0, then X, is called an 
autoregressive moving average process of order 
(K, L) (ARMA(K, L) process). Let A(Z) and 
B(Z) be two polynomials of Z such that A(Z) 
= ЎК 20 and B(Z)= УР 627 !, and let 
(o, | «ks Kj and {B,|1<!<L} be the solu- 
tions of the associated polynomial equations 
A(Z)=0 and B(Z)=0, respectively, we as- 
sume that |z,| « 1 for 1 « k« K and |fj| < 1 for 
1</<L. This condition implies that X, is 
purely nondeterministic. Let the observed 
sample be {X,|1 «t < T]. If we assume that X, 
is Gaussian and an ARMA(K, L) process, we 
can show that the maximum likelihood es- 
timators {4,' and {6,) of {a,} and (b) are 
*consistent and asymptotically efficient when 
T oo (“asymptotically efficient" means that 
the covariance matrix of the distribution of 
the estimators is asymptotically equal to the 
inverse of the information matrix) [5] (— 

399 Statistical Estimation D). Furthermore, 
if X, is an AR(K) process, the joint distribu- 
tion of (/T(à, —a,)| | « k« K) tends to a K- 
dimensional normal distribution with means 0, 
and this distribution is the same as the one to 
which the distribution of the tleast-square 
estimators {d,} minimizing Q = XL k. (X, + 
УК а, X, ,? tends when T— o. If X, isa 
MA(L) or ARMA(K, L) process (L > 1), the 
likelihood equations are complicated and 
cannot be solved directly. Many approxi- 
mation methods have been proposed to ob- 
tain the estimates. 

When X, is an AR(K) process with |x, | < 
1 for 1 « k« K, К, satisfies УК oa, R, ,—0 
for hz 1. These are often called the Yule- 
Walker equations. R, can be expressed as 
R,— X, Cat if the x, are distinct and ак Z 
0, where (Cj) are constants and determined 
by R,forÜ hx К — 1. When X, is an 
ARMA(K, L) process, УК уар Кр = 0 for 
h>L-+1, and the C; of К, = 25, Ca} are 
determined by 1 К,|0<л< max(K, L)}. 
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The spectral density is expressed as f(4) = 

22 |B(e?"^)|?/| A(e?*)|?. If X, is Gaussian, 

the maximum likelihood estimator of f(A) is 
asymptotically equal to the statistic obtained 
by replacing ог, (bj), and {a,} in f(A) with 02, 
{bj}, and {4,}, respectively, where ó2 is the 
maximum likelihood estimator of o2, when 
T— со. 

When we analyze a time series and intend 
to fit an ARMA(K, L) model, we have to 
determine the values of K and L. For AR(K) 
models, many methods have been proposed to 
determine the value of K. Some examples are: 
(i) (Quenouille) Let (Z* A(1/Z))? = X?É, 4,2), 
and Gx = £Z“ j= A(Rj/R,), where 4, is obtained 
by replacing {a,} in А, by {d,}, and we con- 
struct the statistic 77 = LiL, Ск. Then x$ has a 
ty? distribution asymptotically with f degrees 
of freedom under the assumption that K > Ko, 
where Kg is the true order, as T— oo. Using 
this fact, we can determine the order of an AR 
model. (ii) (Akaike) We consider choosing an 
order K satisfying K, < K < Ky, where K, and 
Ky are minimum order and maximum order, 
respectively, specified a priori. Then we con- 
struct the statistic AIC(K) (T — K)logó2(K) 
+2K, where 


T 
éXK)2 Y, (X, à Xi, +... dg X, )/T 
t=K+1 


and {4,|1<k<K} are the least square esti- 
mators of the autoregressive coefficients of an 
AR(K) model fitting X,. Calculate AIC(K) for 
K=K,, K, +1,..., Ky. If AIC(K) has the 
minimum value at K = K, we determine the 
order to be K [6] (— 403 Statistical Models 
F). Parzen proposed another method by using 
the criterion autoregressive transfer function 
(CAT). Here CAT(K)—1—6?(o0)/02 (K)-- К/Т, 
where à2(K) - (Т/Т — K))ó2(K) and 6?(co) is 
an estimator of o2(co)=exp([11, log f(A) dA) 
[7]. (iii) We can construct a test statistic for 
the null hypothesis AR(K) against the alterna- 
tive hypothesis AR(K + 1) (Jenkins) or use a 
multiple decision procedure (T. W. Anderson 
[8]). 

Not much is known about the statistical 
properties of the above methods, and few 
comparisons have been made among them. 

Another parametric model is an exponential 
model for the spectrum. The spectral density is 
expressed by f(4) = С2ехр!2 EK; 0, cos(2nkA)], 
where the 0, and C are constants. 

We now discuss some general theories of 
estimation for finite-dimensional-parameter 
models. Let X, be a real-valued Gaussian 
process of mean 0 and of spectral density f(A) 
which is continous and positive in [ —1/2, 1/2], 
and let the moving average representation of 
X, be X, = Ў bič,- where С, is a white noise 
and o2 = Eé?. We assume that /(4)/02 = g(2) 
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depends only оп M parameters 0 — (0, , 02, 

..., 0м) which are independent of o2. Then 
the logarithm of the tlikelihood function can 
be approximated by —(1/2){Tlog 20? + 

X' Er (6)X/o2] by ignoring the lower-order 
terms in T, where a? У (0) is the covariance 
matrix of X. Usually, it is difficult to find an 
explicit expression for cach clement of X7! (0). 
Another approximation for the logarithm of 
the likelihood function is given by 


Dnus NEL 
(2 JM [ F SA Je 


Under mild conditions on the regularity of 
g(A), the estimators 8 — (0, ,0,, ..., 64) and 62, 
obtained as the solutions of the likelihood 
equations, are tconsistent and asymptotically 
normal as T tends to infinity. This means that 
the distribution of TAE — o2) is asymptoti- 
cally normal and /T(6 —o?) and JTO6~8) 
are asymptotically independent. The asympto- 
tic distribution of JT(6-8) is the normal dis- 
tribution N(0,T !), where the (k, /)-component 
Ги of Fis given by 


TUN (20809000002) di. 
2 J-12 00, 00, 0 


E. Statistical Analysis of Multiple Time Series 


Let X, « (XI, ХО), ..., XPY be a complex- 
valued weakly stationary process with EX,=0 
and FX,X: =R, _.. R, , is the px p matrix 
whose (k, !)-component is R} = EX” ХО, We 
discuss the case when t is an integer. R, has 
the spectral representation 


1/2 
a= | e^ q F (A), 
—1/2 
where F(A) is a p x p matrix and F(¿,)— F(4;), 
2, > 43, is Hermitian nonnegative. Let f (3) 
be the (k, /)-component of the spectral density 
matrix f(A), i.e., F,(2)= 5 f (1) du, of the 
absolutely continuous part in the Lebesgue 
decomposition of F(A). The function /'® (5) for 


К lis called the cross spectral density function. 


ДЕ (4) represents a kind of correlation between 
the wave of frequency 4 included in X and 
the one included in ХО. 

Let X, « (X(U, X05, ..., XY and Y,= 
(y) Y), ..., Y'?/ be two complex-valued 
weakly stationary processes with EX, — 0, 
EY,=0, ЕХ,Х, = RX ,, EY, Y, = КҮ , and 
EX, Y, = RXY. We assume Y, - D2 _„ A,X, 
where A, is a q x p matrix whose components 
are constants depending on s. Put A(4) = 
ER. „Ае 2755, A(4) should exist in the 
sense of mean square convergence with respect 
to the spectral distribution function F for Х,. 
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The function A(A) is called the matrix fre- 
quency response function. 

As a measure of the strength of association 
between X and X at frequency 4, we intro- 
duce the quantity y"(Q)=|[P"(P/P MAS"). 
y '(4) is called the coherence. Let X® = 
ER _ ak! XO +n, where n, is a weakly sta- 
tionary process with mean 0 and uncorrelated 
with X, —oo << oo. If Ely,|? 20, y^ (4) 1. 
КЕ а ХО |2 20, y*"(4) 20. Generally, 
we have 0  y*'(4)« 1. 

For the estimation of F(A), A(4), and у (5), 
the theories have been similar to those for the 
estimation of the spectral density of a scalar 
time series. For example, an estimator of f(4) 
is given [11] in the form 


five Y ГЕТ ELS 
h=-(T-1) 

where 

ы T- 

R,= X, XT 


and the w, are the same as in Section C. 

We can define an autoregressive, moving 
average, or autoregressive moving average 
process in a similar way as for a scalar time 
series. The a, and b, in Section D should be 
replaced by p x p matrices and the associated 
polynomial equations A(Z)=0 and B(Z)=0 
should be understood in the vector sense [11]. 
There are problems with determining the coeffi- 
cients uniquely or identifying an ARMA(K, L) 
model, and these problems have been dis- 
cussed to some extent. 


F. Statistical Inference of the Mean Function 


Let X, be expressed as X, =m, + Y,, where m, is 
a real-valued deterministic function of t and Y, 
is a real-valued weakly stationary process with 
mean 0 and spectral distribution function F(A). 
This means that EX,=m,. We consider the 
case when m, = X, Cp, where C 2 (C, C;, 
..., См) is a vector of unknown coefficients 
and g, — (QU, 9, ..., (Y is a set of known 
(regression) functions. 

Let us construct ‘linear unbiased estimators 
(C; XL, y, X,|1 <j< М) for the coefficients 
С;, where the y; are known constants. Put 
OQ —(09,,95, ..., 91). Then the tleast squares 
estimator of C is given by C 2 (D') ! X 
when Ф'Ф is nonsingular. Let X be the covar- 
iance matrix of X. Then the tbest linear un- 
biased estimator is C* =(Ф' 10) ! qx X. 
We put | 9912. XL, (o0? and assume that 
limp. |o | = oo, lim; |" F+4/ OF lt 
=1 for 1<]< M and any fixed h and assume 
the existence of y^? = іту, D2, Фф, 0/ 
|? || pe ||; for 1 <j, К< M. We also assume 
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that F(A) is absolutely continuous and F'(4)— 
f (4) is positive and piecewise continuous. 

Let Y, be the M x M matrix whose ( j, k)- 
component is f^. Then y, can be repre- 
sented by 


1/2 

= | e" qgg), 
—1/2 

where G(4) — G(u) is a nonnegative definite 

matrix for А> u. Assume that yy = G(1/2) 

— G(—1/2) is nonsingular and put H(4) = 

Wot? D. y 12 and for any set S, H(S)= 

fs H( lj Suppose further that S,, $5, ..., S, 

аге q sets such that H(S,)>0, 54, Н(5) = 

I, H(S) H(S,) = О, j = К, and for any j there is 

no subset 5; c S; such that H(Sj) > 0, H(S,— Sj) 

>0 and H(S)H (5; — 5;) 2 0. We have q < M. 

It can be shown that the spectrum of the re- 

gression can be decomposed into such disjoint 

sets S,,...,S,. Then we can show that С is 

asymptotically efficient in the sense that the 

asymptotic covariance matrix of C is cquiva- 

lent to that of C* if and only if f(A) is constant 

on each of the elements S;. Especially, if f? = 

tie?" С is asymptotically efficient. 


G. Nonstationary Models 


It is difficult to develop a statistical theory for 
a general class of nonstationary time series, 
but some special types of nonstationary pro- 
cesses have been investigated more or less in 
detail. Let X, (t an integer) be a real-valued sto- 
chastic process and V be the backward dif- 
ference operator defined by VX, = X,— X, , 
and V^ X, = V(V^ ! X) for dz 2. We assume 
that X, is defined for t 2 t, (to a finite integer), 
and EX? < +00. For analyzing a nonstation- 
ary time series, Box and Jenkins introduced 
the following model: For a positive integer d, 
Y, V^ X, t2 to d, is stationary and is an 
autoregressive moving average process of 
order (K, L) for t 2 t9 +d - max(K, L). They 
called such an X, an autoregressive integrated 
moving average process of order (К, d, L) and 
denoted it by ARIMA(K,d, L). The word 
"integrated" means a kind of summation; 

in fact, X, can be expressed as a sum of the 
weakly stationary process Ү,, i.e., 


X,= X exce xO У y)... 


$571 s,—1 


не > | aS) 


84-17 


t 54 82 
duod cu Т, 
$,715s, ,=1 s,=1 
when ty) = —d+ 1. Using this model, methods 
of forecasting and of model identification and 
estimation can be discussed [13]. 
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Another nonstationary model is based on 
the concept of evolutionary spectra [14]. In 
this approach, spectral distribution functions 
are taken to be time-dependent. Let X, be 
a complex-valued stochastic process (t an 
integer) with EX, —0 and R, ,= EX, Х,. In the 
following, we write simply Í for (!,. We now 
restrict our attention to the class of X, for 
which there exist functions (u,(4)] defined on 
[ —1/2, 1/2] such that R, , can be expressed as 
R, s= [u(4),(4) du(4), where u(2) is a measure. 
u,(A) should satisfy fu, (4) du(4) < +оо. Then 
X, admits a representation of the form X,— 
[u,(2) dZ (2), where Z(A) is a process with 
orthogonal increments and E|dZ(A)|? 2 du(2). 
If u,(A) is expressed as u,(A)=y,(A)e?7 and 
7,(4) is of the form y,(4) = | e?""" dT (м) with 
[dT ,(w)| having the absolute maximum at w= 
0, we call u,(4) an oscillatory function and 
X, an oscillatory process. The evolutionary 
power spectrum d F,(4) is defined by dF,(4) = 
|y,(2)|? du(A). 

Other models, such as an autoregressive 
model whose coefficients vary with time or 
whose associated polynomial has roots outside 
the unit circle, have also been discussed. 
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422 (IV.7) 
Topological Abelian Groups 


A. Introduction 


A commutative topological group is called a 
topological Abelian group. Throughout this 
article, except in Section L, all topological 
groups under consideration are locally com- 
pact Hausdorff topological Abelian groups 
and are simply called groups (— 423 Topolog- 
ical Groups). 


B. Characters 


A character of a group is a continuous func- 
tion у(х) (хє С) that takes on as values com- 
plex numbers of absolute value 1 and satis- 
fies y(xy) = y(x)y( y). Equivalently, z is a 1- 
dimensional and therefore an irreducible 
*unitary representation of G. Conversely 
any irreducible unitary representation of G 
is 1-dimensional. Indeed, for a topological 
Abelian group, the set of its characters coin- 
cides with the set of its irreducible unitary 
representations. If the product of two char- 
acters y, 7’ is defined by yx (х) = y(x)y' (x), then 
the set of all characters forms the character 
group C(G) of G. With tcompact-open topo- 
logy, C(G) itself becomes a locally compact 
topological Abelian group. 


C. The Duality Theorem 


For a fixed element x of G, x(x) (ye C(G)) is 

a character of C(G), namely, an element of 
CC(G). Denote this character of C(G) by x(x), 
and consider the correspondence G3x x(y). 
That this correspondence is one-to-one follows 
from the fact that any locally compact G has 
*sufficiently many irreducible unitary repre- 
sentations (— 437 Unitary Representations) 
and the fact that 1f G is an Abelian group, then 
any irreducible unitary representation of G is a 
character of G. Furthermore, any character 
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of C(G) is given as one of the x(y); indeed, by 
this correspondence, we have G = CC(G) 
(Pontryagin's duality theorem). 

By the duality theorem, each of G and C(G) 
is isomorphic to the character group of the 
other. In this sense, G and C(G) are said to be 
dual to each other. 


D. Correspondence between Subgroups 


Let G, G' = C(G) be groups that are dual to 
each other. Given a closed subgroup g of G, 
the set of all y’ such that у(х) = 1 for all x ing 
forms a closed subgroup of G', usually denoted 
by (G', g). The definition of (G, g’) is similar. 
Then g(G’, g) = g' gives a one-to-one corre- 
spondence between the closed subgroups of G 
and those of С’. If g, >g>, then g,/g; and 

(G', g4)/(G', g,) are dual to each other. If the 
group operations of G, G' are written in addi- 
tive form, with 0 for the identity, then x(y) = 1 
is written as х(у') = 0. In this sense, (G', g) is 
called the annihilator (or annulator) of g. 


E. The Structure Theorem 


Let 9f be the set of all groups (more precisely, 
of all locally compact Hausdorff topological 
Abelian groups). If G,, G eM, then the direct 
product G, x G eM, and if GeW and Н is a 
closed subgroup of G, then H eù and G/H e% 
In addition, if H is a closed subgroup ofa 
group G such that He and G/H e9(, then 
Ge. In other words, 9f is closed under the 
operations of forming direct products, closed 
subgroups, quotient groups, and extensions 
by members of 9I. Furthermore, the operation 
С that assigns to each element of YI its dual 
element is a reflexive correspondence of 9f 
onto Y, and if С> H, the annihilator (C(G), H) 
of H is a closed subgroup of C(G). Also, 
C(G/H ) x (C(G), H), C(H) = C(G)(C(G), H). 
Furthermore, C(G, x G;)z C(G,) x C(G,). 
Finally, Н =(G,(C(G), H )) (reciprocity of 
annihilators). 

Typical examples of groups in % are the 
additive group R of real numbers, the additive 
group Z of rational integers, the 1-dimensional 
*torus group T=R/Z, and finite Abelian 
groups F. The torus group T is also isomor- 
phic to the multiplicative group U(1) of com- 
plex numbers of absolute value 1. The direct 
product R" of n copies of R is the vector group 
of dimension n, and the direct product T" of 
n copies of T is the torus (or torus group) 
of dimension n (or n-torus). Both T" and F 
are compact, while R" and Z" are not. We 
have C(R)=R, C(T) =Z, C(Z)- T. Any finite 
Abelian group F is isomorphic to its character 
group C(F). The direct product of a finite 
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number of copies of R, T, Z, and a finite 
Abelian group F, namely, a group of the form 
R’ x T” x Z” x Е, is called an elementary topo- 
logical Abelian group. 

Any group in IL is isomorphic to the direct 
product of a vector group of some dimension 
and the extension of a compact group by a 
discrete group (the structure theorem). Hence, 
if the effect of the operation C is explicitly 
known, then the problem of finding the struc- 
ture of groups in & is reduced to the pro- 
blem concerning discrete groups alone. For 
the structure of groups in 91, the following 
theorem is known: If Ge% is generated by a 
compact neighborhood of the identity e, then 
G is isomorphic to the direct product of a 
compact subgroup K and a group of the form 
R" x Z" (n, m are nonnegative integers). Then 
any compact subgroup of G is contained in K, 
which is the unique maximal compact sub- 
group of G. A group Gel generated by a 
compact neighborhood of e is the *projec- 
tive limit of elementary topological Abelian 
groups. L. S. Pontryagin first proved a struc- 
ture theorem of this type and then the duality 
theorem. 


F. Compact Elements 


An element a of a group Ge% is called a com- 
pact element if the cyclic group {a"|neZ} gen- 
erated by a is contained in a compact subset 
of G. The set С, of all compact elements of G 
1s a closed subgroup of G, and the quotient 
group С/С, does not contain any compact 
element other than the identity. In particular, 
if G is generated by a compact neighborhood 
of the identity, then C, coincides with the 
maximal compact subgroup K of G. Let С, 

be the set of all compact elements of a group 
Ge. The annihilator (C(G), Co) is a con- 
nected component of the character group 
C(G) of G. If G is a discrete group. then a 
compact element of G is an element of G of 
finite order. 


G. Compact Groups and Discrete Groups 


Suppose that two groups G, X €9I are dual to 
each other. Then one group is compact if and 
only if the other group is discrete. By the du- 
ality theorem, the properties of a compact 
Abelian group С can be stated, in principle, 
through the properties of the discrete Abelian 
group C(G). The following are a few such 
examples. Let G be a compact Abelian group. 
Then its *dimension is equal to the trank of the 
discrete Abelian group C(G). A subgroup Y of 
a discrete Abelian group X is called a divisible 
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subgroup if the quotient group X/Y contains 
no element of finite order other than the iden- 
tity. A compact Abelian group С is locally 
connected if and only if any finite subset of the 
character group C(G) is contained in some 
divisible subgroup of C(G) generated by a 
finite number of elements. Hence if a compact 
locally connected Abelian group G has an 
*open basis consisting of a countable number 
of open sets, then G is of the form T^x F, 
where F is a finite Abelian group and T° is the 
direct product of an at most countable number 
of 1-dimensional torus groups T. 


H. Dual Decomposition into Direct Products 


Let G be a compact or discrete Abelian group, 
and let 9t 2 ( H,|xe A} be a family of closed 
subgroups of G. Let A(9J) = (,., H,, and 
denote by Z(M) the smallest closed sub- 
group of G containing | J,. 4 H,. Then, with 
Q={(C(G), H,)|xe A}, the relations А(О) = 
(C(G), Z(9)) and Z(Q) 2 (C(G), A(9)) hold. 
Furthermore, suppose that G 1 decomposed 
into the direct product G = [T,. , H,, and for 
each xe A put К,= X(9t - (H,]), X, = 

(C(G), K,). Then X, is the character group of 
H,, and C(G) can be decomposed into the 
direct product C(G) 2 IT, Х,. This decompo- 
sition of C(G) into a direct product is called 
the dual direct product decomposition corre- 
sponding to the decomposition С = [T,. H}. 


I. Orthogonal Group Pairs 


Suppose that for two groups G, G' there exists 
a mapping (x, x')— xx' of the Cartesian prod- 
uct G x G' into the set U(1) of all complex 
numbers of absolute value 1 such that 


(хх;)х'=(хух?)(х›х”), 
xG x) Gor) xx). 


Then G, G' are said to form a group pair. Sup- 
pose that G, G' form a group pair, and con- 
sider xx’ to be a function x(x’) in x’. If two 
functions x,(x^) and x(x’) coincide only when 
x, =X, and the same is true when the roles 

of G and G' are interchanged, then G, G' are 
said to form an orthogonal group pair. If G is 
a compact Abelian group, G' is a discrete 
Abelian group, and G, G' form an orthogonal 
group pair, then G, G' are dual to each other. 


J. Commutative Lie Groups 


An elementary topological Abelian group 
R'x T” x Z" x Е is a commutative *Lie group. 
Conversely, any commutative Lie group G 
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generated by a compact neighborhood of the 
identity is isomorphic to an elementary topo- 
logical Abelian group. In particular, any con- 
nected commutative Lie group G is isomor- 
phic to R! x T" for some / and m. A closed 
subgroup H of the vector group R" of dimen- 
sion n is isomorphic to R? х Z* (0< p+ qn). 
More precisely, there exists a basis a,,...,a, of 
the vector group R” such that H = [X£., ха + 
У". па | x;eR,n;e Z}. Hence the quo- 
tient groups of R" that are *separated topolog- 
ical groups are all isomorphic to groups of the 
form R! x T" (0€ 14- m « n). Any closed sub- 
group of the torus group T" of dimension n is 
isomorphic to a group of the form T^ x F 
(0€ p n), where F is a finite Abelian group. 
Hence the quotient groups of T" that are 
separated topological groups are all isomor- 

‘phic to T" (О < т< n). A *regular linear trans- 
formation of the linear space R" is a continu- 
ous automorphism of the vector group К", 
and in fact, any continuous automorphism of 
R" is given by a regular linear transformation. 
Indeed, the group of all continuous automor- 
phisms of R" is isomorphic to the *general 
linear group GL(n, R) of degree n. Any continu- 
ous automorphism of the torus group T" = 
R"/Z" of dimension n is given by a regular 
linear transformation ф of R" such that ф(2.") 
=Z”. Hence the group of continuous auto- 
morphisms of T" is isomorphic to the multi- 
plicative group of all n x n matrices, with de- 
terminant +1 and with entries in the set of 
rational integers. 


K. Kronecker’s Approximation Theorem 


Let H be a subgroup of a group Ge (not 
necessarily closed). Then (G,(C(G), H)) coin- 
cides with the closure H of H. In particular, H 
is tdense in G if and only if the annihilator 
(C(G), H) consists of the identity alone. Now 
let G= В" and let H be the subgroup of R” 
generated by 0 —(0,, ...,0,) e К" and the na- 
tural *basis e, =(1,0,...,0),...,¢,=(0,...,0, 1) 
of R”. Then H is dense in R” if and only if 

(R", Н) = {0}; that is, 6,, ...,0,, 1 are linearly 
independent over the rational number field Q 
(Kronecker's approximation theorem). This 
theorem implies that the torus group T" of 
dimension n has a cyclic subgroup and a 1- 
parameter subgroup that are both dense in Т". 


L. Linear Topology 


Consider the discrete topology in a field О. 
Suppose that an O-module G has a topology 
that satisfies 'Hausdorff's separation axiom 
and is such that a base for the neighborhood 
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system of the zero element 0 consists of Q- 
submodules, and suppose that G together with 
this topology constitutes a topological Abelian 
group. Then this topology is called a linear 
topology. If a linear topology 15 restricted to a 
Q-submodule, then it is also a linear topology. 
If G is of finite rank, then any linear topology 
is the discrete topology. The discrete topology 
on G is a linear topology. Let H be a О- 
submodule. Then the subset V = H +g of G 
obtained by translating H by an element g of 
G is called a linear variety in G. If V is a linear 
variety, then V is also a linear variety. If Q- 
modules G, G' have linear topologies, a homo- 
morphism of G into G' is always assumed to 
be open and continuous with respect to these 
topologies. A linear variety V in G is said to be 
linearly compact if, for any system {V,} of 
linear varieties closed in V with the *finite 
intersection property, we have (^), V, # Ø. In 
this case V is closed in G. If linearly compact 
Q-submodules can be chosen as a base for the 
neighborhood system of the zero element of 
G, we say that G is locally linearly compact. 
The set Cp(G) of homomorphisms of an Q- 
module G with linear topology into Q is also 
an Q-module. For any linearly compact Q- 
submodule H of G, let U(H)— (y|x(g) = 

0, ge Hj. Then, with {U(H)} as a base for the 
neighborhood system, a linear topology can 
be introduced in C,(G). According as С is 
discrete, linearly compact, or locally linearly 
compact, Ca(G) is linearly compact, discrete, 
or locally linearly compact. Let G, H be О- 
modules each of which has a linear topology, 
and let o:G25g 9,€ Co(H), y:H She 
Co(G) be homomorphisms such that ф„(Л) = 
W,(g). Then if one of o, y is an isomorphism, 
So 1s the other. This is an analog of the Pon- 
tryagin duality theorem and is called the 
duality theorem for Q-modules. In particular, 
a linearly compact Q-module is the direct sum 
of 1-dimensional spaces (S. Lefschetz [3]). 
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A. Definitions 


If a *group G has the structure of a ttopolog- 
ical space such that the mapping (x, y) xy 
(product) of the Cartesian product G x G into 
G and the mapping xx `! (inverse) of G into 
G are both continuous, then G is called a topo- 
logical group. The group G without a topo- 
logical structure is called the underlying group 
of the topological group G, and the topolog- 
ical space G is called the underlying topological 
space of the topological group G. Let G, G' be 
topological groups. A mapping f of G into G' 
is called an isomorphism of the topological 
group G onto the topological group G' if f 

is an *isomorphism of the underlying group 

G onto the underlying group G' and also a 
thomeomorphism of the underlying topolog- 
ical space G onto the underlying topological 
space G'. Two topological groups are said to 
be isomorphic if there exists an isomorphism of 
one onto the other. 


B. Neighborhood Systems 


Let N be the *neighborhood system of the 
identity e of a topological group G. Namely, 9t 
consists of all subsets of G each of which con- 
tains an open set containing the element e. 
Then 91 satisfies the following six conditions: 
(i) If U €9t and U c V, then Ve. (ii) If U, 
Ve%, then UN VeN. (iii) If UEN, then ee U. 
(iv) For any U eù, there exists а ИЄ such 
that WW z(xy|x, yE W} CU. (у) If VEN, 
then U ! ER. (vi) If UEN and ae G, then 
aUa 'e®. Conversely, if a nonempty family N 
of subsets of a group G satisfies conditions (i)- 
(vi), then there exists a ttopology O of G such 
that 9t is the neighborhood system of e and 

G is a topological group with this topology. 
Moreover, such a topology is uniquely deter- 
mined by N. tLeft translation xax and right 
translation x xa in a topological group G are 
homeomorphisms of G onto G; thus if 1 the 
neighborhood system of the identity e, then 
aN = Na is the neighborhood system of a, 
where айй = (aU | VERN}. 

If the underlying topological space of a top- 
ological group G is a *Hausdorff space, G is 
called a T,-topological group (Hausdorff topo- 
logical group or separated topological group). 

If the underlying topological space of a topo- 
logical group G is a tT)-topological space, 
then, as is easily seen, it is a tT} -topological 
space. If it is a T,-topological space, then by 
the fact that the topology may be defined by a 
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*uniformity, it is a Àcompletely regular space, 
hence, in particular, a Hausdorff space (— Sec- 
tion G). Thus a topological group whose un- 
derlying topological space is a Ty-topological 
space is a T,-topological group. 


C. Direct Product of Topological Groups 


Consider a family {G,},.4 of topological 
groups. The Cartesian product G= IT,.4 G, of 
the underlying groups of G, is a topological 
group with the tproduct topology of the un- 
derlying topological spaces of G,. This topo- 
logical group G = [T,.4 G, is called the direct 
product of topological groups G, (хє A). 


D. Subgroups 


Let H bea subgroup of the underlying group 
of a topological group G. Then H is a topolog- 
ical group with the topology of a *topological 
subspace of G ('relative topology). This topo- 
logical group H is called a subgroup of G. A 
subgroup that is a closed (open) set is called a 
closed (open) subgroup. Any open subgroup is 
also a closed subgroup. For any subgroup H 
of a topological group G, the closure H of H 
is also a subgroup. If H is a normal subgroup, 
so is H. If H is commutative, so is H. In a T,- 
topological group С, the fcentralizer С(М) = 
(xe G|xm=mx (me M)} of a subset M of G 

is a closed subgroup of G. In particular, the 
*center C = C(G) of a T;-topological group is a 
closed normal subgroup. 


E. Quotient Spaces 


Given a subgroup H of a topological group G, 
let G/H = {aH |ae G} be the set of Пей cosets, 
and let p be the canonical surjection p(a) - aH 
of G onto G/H. Consider the *quotient topo- 
logy on G/H, namely, the strongest topology 
such that p is a continuous mapping. Since 
a subset A of G/H is open when p ^! (A) is an 
open set of G, p is also an topen mapping. 
The set G/H with this topology is called the 
left quotient space (or left coset space) of G by 
H. The right quotient space (or right coset 
space) Н\С = {На|ає G} is defined similarly. 
The quotient space G/H is discrete if and only 
if H is an open subgroup of G. The quotient 
space is a Hausdorff space if and only if H is a 
closed subgroup. If G/H and H are both tcon- 
nected, then G itself is connected. If G/H and 
Н are both tcompact, then G is compact. If H 
is a closed subgroup of G and G/H, H are both 
"locally compact, then G is locally compact. 
Suppose that H is a normal subgroup of a 
topological group G. Then the quotient group 
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G/H is a topological group with the topology 
of the quotient space G/H. This topological 
group is called the quotient group of the topo- 
logical group G by the normal subgroup H. 


F. Connectivity 


The *connected component Go containing the 
identity e of a topological group G is a closed 
normal subgroup of G. The connected compo- 
nent that contains an element ae G is the coset 
aGo = Goa. Go is called the identity component 
of G. The quotient group G/G, is ‘totally dis- 
connected. А connected topological group G 
is generated by any neighborhood U of the 
identity. Namely, any element of G can be 
expressed as the product of a finite number of 
elements in U. Totally disconnected (in partic- 
ular, discrete) normal subgroups of a con- 
nected topological group G arc contained in 
the center of G. 


G. Uniformity 


Let 9t, be the neighborhood system of the 
identity of a topological group G, and let U, 
=í(x,y)eGx G|yexU) for Ue9t,. Then a 
*uniformity having {U,|U eRe} as a base is 
defined on G. This uniformity is called the left 
uniformity of G. Left translation xax of G is 
*uniformly continuous with respect to the left 
uniformity. The right uniformity is defined 
similarly by О, = ((x, y) ye Ux}. These two 
uniformities do not necessarily coincide. The 
mapping xx ^! is a tuniform isomorphism of 
G considered as a uniform space with respect 
to the left uniformity onto the same group G 
considered as a uniform space with respect to 
the right uniformity. A topological group G 

is thus a *uniform space under a uniformity 
*compatible with its topology, and hence it is 
a completely regular space if the underlying 
topological space is a T,-space. 


H. Completeness 


If a topological group G is tcomplete with 
respect to the left uniformity, then it is also 
complete with respect to the right uniformity, 
and conversely. In this case the topological 
group С is said to be complete. А locally com- 
pact T,-topological group is complete. If a T,- 
topological group G is isomorphic to a dense 
subgroup of a complete T,-topological group 
G, then G is called the completion of G, and G 
is said to be completable. A T,-topological 
group С is not always completable. For a Т,- 
topological group G to be completable it is 
necessary and sufficient that any *Cauchy filter 
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of G considered as a uniform space with res- 
pect to the left uniformity is mapped to a 
Cauchy filter of the same uniform space G 
under the mapping xx !. Then the com- 
pletion G of G is uniquely determined up to 
isomorphism. A commutative T,-topological 
group always has a completion G, and G 

is also commutative. If each point of a Т,- 
topological group G has a ‘totally bounded 
neighborhood, there exists a completion G, 
and G is locally compact. 


L. Metrization 


If a *metric can be introduced in a Т,- 
topological group G so that the metric gives 
the topology of G, then G is said to be metri- 
zable. For a T,-topological group G to be met- 
rizable it is necessary and sufficient that G 
satisfy the first axiom of countability. Then 
the metric can be chosen so that it is left in- 
variant, i.e., invariant under left translation. 
Similarly, it can be chosen so that it is right 
invariant. In particular, the topology of a 
compact T;-topological group that satisfies 
the first axiom of countability can be given by 
a metric that is both left and right invariant. 


J. Isomorphism Theorems 


Let G and G' be topological groups. If a homo- 
morphism f of the underlying group of G 

into the underlying group of G' is a contin- 
uous mapping of the underlying topological 
space of G into that of G’, f is called a con- 
tinuous homomorphism. If f is a continuous 
open mapping, f is called a strict morphism (or 
open continuous homomorphism). À continuous 
homomorphism of a *paracompact locally 
compact topological group onto a locally 
compact T,-topological group is an open 
continuous homomorphism. 

A topological group G' is said to be homo- 
morphic to a topological group G if there 
exists an open continuous homomorphism f of 
G onto G'. Let N denote the kernel f~! (e) of f. 
Then the quotient group G/N is isomorphic to 
G', with G/N and G' both considered as topo- 
logical groups (homomorphism theorem). Let 
f be an open continuous homomorphism of a 
topological group G onto a topological group 
G', and let H' be a subgroup of G’. Then H = 
f !(H')is a subgroup of G, and the mapping 
ф defined by ф(9Н) = f(g)H' is a homeomor- 
phism of the quotient space G/H onto G'/H'. 
In particular, if H' is a normal subgroup, then 
H is also a normal subgroup and q is an iso- 
morphism of the quotient group G/H onto 
G'/H' as topological groups (first isomorphism 
theorem). Let H and N be subgroups of a topo- 
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logical group G such that HN = NH. Then the 
canonical mapping f: ЛНП N)hN of the 
quotient space H/H 1 N to HN/N is а con- 
tinuous bijection but not necessarily an open 
mapping. In particular, if N is a normal sub- 
group of the group HN, then f is a continuous 
homomorphism. In addition, if f is an open 
mapping, the quotient groups H/HM N and 
HN/N are isomorphic as topological groups 
(second isomorphism theorem). For example, f 
is an open mapping (1) if N is compact or (2) if 
G is locally compact, HN and N are closed 
subgroups of G, and H is the union of a count- 
able number of compact subsets. Let H be a 
subgroup of a topological group G and N bea 
normal subgroup of G such that H 2 N. Then 
the canonical mapping of the quotient space 
(G/N)(H/N) onto G/H is a homeomorphism. 
In particular, if H is also a normal subgroup, 
the quotient groups (G/N)/(H/N) and G/H are 
isomorphic as topological groups (third iso- 
morphism theorem). 


K. The Projective Limit 


Let {С,) єл be a family of topological groups 
indexed by a *directed set A, and suppose that 
if x < fl, there exists a continuous homomor- 
phism fag: G — G, such that fa, = fag O fp, if 
2 <D <. Then the collection {G,, fagy of the 
family {G,},-4 of topological groups together 
with the family { f,,} of mappings is called a 
projective system of topological groups. Con- 
sider the direct product [I <4 G, of topological 
groups {G,!, and denote by G the set of all 
elements х= (x,],, 4 of II G, that satisfy x, = 
fag (xg) for x < B. Then G is a subgroup of 
П G,. The topological group G obtained in 
this way is called the projective limit of the 
projective system 1G,, fag} of topological 
groups and is denoted by G =lim G,. If each G, 
is a T,-topological (resp. complete) group, then 
С is also a T,-topological (complete) group. 
Now consider another projective system 
{G fs} of topological groups indexed by the 
same A, and consider continuous homomor- 
phisms u,: G,— С, such that u,o fk = fag O Ug 
for x< f. Then there exists a unique continu- 
ous homomorphism u of G =lim G, into G' = 
lim С, such that for any «xe A, u,o f, — f; ou 
holds, where f,( f,) is the restriction to G(G’) of 
the projection of ПС, (П G.) onto G,(G;). The 
homomorphism u is called the projective limit 
of the family {u,} of continuous homomor- 
phisms and is denoted by u — lim u,. Let G be 
a T,-topological group, and let {Н} 4 bea 
decreasing sequence (H, > H, for x < p) of 
closed normal subgroups of G. Consider the 
quotient group G/H,, and let f,, be the canon- 
ical mapping gH, gH, of G; to G, for x < fl. 
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Then (G,, fag} is a projective system of topo- 
logical groups. Let f, be the projection of G 
onto G,— G/H,, and let f —lim f. Now assume 
that any neighborhood of the identity of G 
contains some H, and that some H, is com- 
plete. Then f = lim f, is an isomorphism of G 
onto lim G/H, as topological groups. (For a 
general discussion of the topological groups 
already discussed — [1,4].) 


L. Locally Compact Groups 


For the rest of this article, all topological 
groups under consideration are assumed to 

be T,-topological groups. The identity com- 
ponent G, of a locally compact group G is the 
intersection of all open subgroups of G. In 
particular, any neighborhood of the identity of 
a totally disconnected locally compact group 
contains an open subgroup. A totally dis- 
connected compact group is a projective limit 
of finite groups with discrete topology. 

A T,-topological space L is called a local Lie 
group if it satisfies the following six conditions: 
(1) There exist a nonempty subset M of Lx L 
and a continuous mapping и: M > L, called 
multiplication (x(a, b) is written as ab). (ii) If 
(a, b), (ab, c), (b, c), (a, bc) are all in M, then (ab)c 
= a(bc). (iii) L contains an element e, called the 
identity, such that L x (ej c M and ae=a for 
all ae L. (iv) There exists a nonempty open 
subset N of L and a continuous mapping v: N 
>L such that av(a) — e for all ae М. (v) There 
exist a neighborhood U of e in L and a homeo- 
morphism f of U into a neighborhood V 
of the origin in the Euclidean space R". (vi) Let 
D be the open subset of V x-V defined by D = 
(б уе Их VCS x, f `! (y))e M, f ^! (x), 

f ‘(ye U). Then the function F: DV defined 
by F(x, y) 9 fu( f (x), f 1(y)) is of class C^. 

For any neighborhood U of the identity e of 
a connected locally compact group G, there 
exist a compact normal subgroup K and a 
subset L that is a local Lie group under the 
*induced topology and the group operations of 
G such that the product LK is a neighborhood 
of e contained in U. Furthermore, under (l, k) 
Ik, LK is homeomorphic to the product 
space L x K. Any compact subgroup of a 
connected locally compact group G is con- 
tained in a maximal compact subgroup, and 
maximal compact subgroups of G are *conju- 
gate. For a maximal compact subgroup K of 
G, there exists a finite number of subgroups 
H,,...,H, of G, each of which is isomorphic to 
the additive group of real numbers such that G 
—KH,...H,, and the mapping (k, h,, ..., h,) 
kh, ...h, is a homeomorphism of the direct 
product K x H, x ... x H, onto G. Any locally 
compact group has a left-invariant positive 
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measure and a right-invariant positive mea- 
sure, which are uniquely determined up to 
constant multiples (— 225 Invariant Mea- 
sures). Using these measures, the theory of 
harmonic analysis on the additive group R of 
real numbers can be extended to that on G (— 
69 Compact Groups; 192 Harmonic Analysis; 
422 Topological Abelian Groups; 437 Unitary 
Representations). 


M. Locally Euclidean Groups 


Suppose that each point of a topological 
group G has a neighborhood homeomorphic 
to an open set of a given Euclidean space. 
Then G is called a locally Euclidean group. if 
the underlying topological space of a topolog- 
ical group has the structure of a treal analytic 
manifold such that the group operation (x, y) 
xy lisa real analytic mapping, then G is 
called a *Lie group. А Lie group is a locally 
Euclidean group. 


N. Hilbert's Fifth Problem 


Hilbert's fifth problem asks if every locally 
Euclidean group is a Lie group (— 196 Hil- 
bert). This problem was solved affirmatively 
in 1952; it was proved that any *locally con- 
nected finite-dimensional locally compact 
group is a Lie group (D. Montgomery and L. 
Zippin [3]). In connection with this, the rela- 
tion between Lie groups and general locally 
compact groups has been studied, and the 
following results have been obtained: А neces- 
sary and sufficient condition for a locally 
compact group to be a Lie group is that there 
exist a neighborhood of the identity e that 
does not contain any subgroup (or any normal 
subgroup) other than {е}. A locally compact 
group has an open subgroup that is the projec- 
tive limit of Lie groups. Hilbert's fifth problem 
is closely related to the following problem: 
Find the conditions for a *topological trans- 
formation group operating *effectively on a 
manifold to be a Lie group (— 431 Transfor- 
mation Groups). 


O. Covering Groups 


Let © be the collection of all tarcwise con- 
nected and ‘locally arcwise connected T,- 
topological groups. Suppose that G* eG is а 
*covering space of Ge @ and the ‘covering 
mapping f: G*— С is an open continuous 
homomorphism, with G* and G considered as 
topological groups. Then G* (or, more pre- 
cisely, (G*, f )) is called a covering group of G. 
Then the kernel f~'(e)=D of f is a discrete 
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subgroup contained in the center of G*, and 
G*/D and G, considered as topological groups, 
are isomorphic to each other. Let л; (С) be the 
‘fundamental group of G. The natural homo- 
morphism f *:z,(G*) z,(G) induced by f is 
an injective homomorphism, and if we identify 
1,(G*) with the subgroup f *(1;(G*)) of z, (G). 
we have D zn, (G)/n, (G*). Conversely, if D is 
any discrete subgroup contained in the center 
of G* e 5, then G* is a covering group of G 

= G*/D. For any covering space (G*, f) of 
Ge, a multiplication law can be introduced 
in G* so that G* is a topological group be- 
longing to © and (G*, f) is a covering group of 
G. In particular, any GeG has а *simply con- 
nected covering group (G, ф). Then for any 
covering group (G*, f) of С, there exists a 
homomorphism f*: 6G G*, апа (G, f *) isa 
covering group of G*. Furthermore, p= f of *. 
Hence, in particular, any simply connected 
covering group of G is isomorphic to G, with 
G and G considered as topological groups. 
This simply connected covering group (G, q) is 
called the universal covering group. 

Let G and G' be topological groups, and let 
e and e' be their identities. A homeomorphism 
f of a neighborhood U of e onto a neighbor- 
hood U' of e' is called a local isomorphism of G 
to G' if it satisfies the following two conditions: 
(i) If a, b, ab are all contained in U, then flab) 
= f(a)f(b). (ii) Let f^! =g, then if a’, b’, a'b’ 
€ U', g(a’b’)=g(a’)g(b’) holds. If there exists 
a local isomorphism of G to G', we say that G 
and G' are locally isomorphic. If G* is a cover- 
ing group of G, then G* and G are locally 
isomorphic. For two topological groups G and 
G' to be locally isomorphic it is necessary and 
sufficient that the universal covering groups of 
G and G' be isomorphic. For two connected 
Lie groups to be locally isomorphic it is neces- 
sary and sufficient that their *Lie algebras be 
isomorphic. 

Let f be a mapping of a neighborhood U of 
the identity of a topological group G into a 
group H such that if a, b, ab are all contained 
in U, then f(ab)= f(a)f(b). Then f is called a 
local homomorphism of G into H and U is 
called its domain. A local homomorphism of a 
simply connected group Ge @ into a group H 
can be extended to a homomorphism of G into 
H if the domain is connected [2, 4]. 


P. Topological Rings and Fields 


If a ring R has the structure of a topological 
group such that (x, y) ox + y (sum) and (x, y) 
xy (product) are both continuous mappings 
of R x R into R, then R is called a topological 
ring. If a topological ring K is a field (not 


necessarily commutative) such that xx"! 
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(inverse element) is a continuous mapping of 
K* = К — {0} into K*, then K is called а topo- 
logical field. Let us assume that K is a topo- 
logical field that is a locally compact Haus- 
dorff space and is not discrete. If K 1s con- 
nected, then K is a tdivision algebra of finite 
rank over the field R of real numbers; hence 
it is isomorphic to the field R of real numbers, 
the field C of complex numbers, or the tqua- 
ternion field H. If K is not connected, then K 
is totally disconnected and is isomorphic to a 
division algebra of finite rank over the tp-adic 
number field Q, or a division algebra of finite 
rank over the formal power series field with 
coefficients in a finite field [4]. 

For various important classes of topological 
groups — 69 Compact Groups; 249 Lie 
Groups; 422 Topological Abelian Groups; 424 
Topological Linear Spaces. 
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A. Definition 


A tlinear space E over the real or complex 
number field K is said to be a topological 
linear space, topological vector space, or linear 
topological space if E is a ttopological space 
and the basic operations x + y and ax (x, ye E, 
«€ K) in the linear space are continuous as 
mappings of E x E and K x E, respectively, 
into E. The coefficient field K may be a gen- 
eral ‘topological field, although it is usually 
assumed to be the real number field R or the 
complex number field C, and accordingly E is 
called a real topological linear space or a com- 
plex topological linear space. Topological linear 
spaces are generalizations of *normed linear 
spaces and play an important role in the study 
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of *function spaces, such as the tspace of dis- 
tributions, that are not tBanach spaces. 

Each topological linear space E is equipped 
with a tuniform topology in which translations 
of the neighborhoods of zero form a *uniform 
family of neighborhoods, and the addition x 
+ y and the multiplication «x by a scalar x are 
uniformly continuous relative to this uniform 
topology. In particular, if for each x #0 there 
is a neighborhood of the origin that does not 
contain x, then E satisfies the ‘separation 
axiom T, and hence is a completely regular 
space. The tcompletion Ё of E is also a topo- 
logical linear space. 

We assume in this article that K is the real 
or complex number field and E is a topological 
linear space over K satisfying the axiom of T,- 
spaces. Then E is finite-dimensional if and only 
if E has a ttotally bounded neighborhood of 
zero. The topology of E is tmetrizable if and 
only if it satisfies the tfirst countability axiom. 


B. Linear Functional 


A K-valued function f(x) on E is said to be a 
linear functional if it satisfies (1) f(x + y) = f(x) 
+ f(y) and (ii) f(ax) = af(x). A linear functional 
that is continuous relative to the topologies 

of E and K is said to be a continuous linear 
functional. (Sometimes continuous linear 
functionals are simply called linear functionals, 
while abstract linear functionals are called 
algebraic linear functionals.) The following 
three statements are equivalent for linear 
functionals f(x): (1) f(x) is continuous; (ii) the 
half-space {xe E| Re f(x) > 0] is open; (iii) the 
hyperplane (xe E| f(x)=0} is closed. 


C. The Hahn-Banach Theorem 


A linear functional f(x) defined on a linear 
subspace F of E can be extended to a continu- 
ous linear functional on E if and only if there 
exists an open tconvex neighborhood V of the 
origin in E that is disjoint with {xe F|f(x)= 1). 
Furthermore, if f(x) can be extended, at least 
one extension f(x) never takes the value 1 on 
V (Hahn-Banach theorem). 


D. Dual Spaces 


The set E' of all continuous linear functionals 
оп Е is called the dual space of E. It is often 
denoted by E* and is also called the conjugate 
space or adjoint space. It forms a linear space 
when f +g and af ( f, ge E, хєК) are defined 
by (f +g)(x)= f(x) + g(x) and (af) (х) = (f(x) 


for xe E. 
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E. Locally Convex Spaces 


A topological linear space 15 said to be locally 
convex if it has a family of convex sets as a 
tbase of the neighborhood system of 0. It 
follows from the Hahn-Banach theorem that 
for each x #0 in a locally convex space E there 
is a continuous linear functional f such that 
f(x) 50. A subset M of E is said to be circled if 
M contains M = {ax|xeM} whenever |x| x 1. 
A set that is both circled and convex is called 
absolutely convex. In a locally convex space, a 
family of absolutely convex and closed sets can 
be chosen as a base of the neighborhood sys- 
tem of the origin. Let À and B be subsets of E. 
A is said to absorb B if there is an x> 0 such 
that «А > B. A set V that absorbs every point 
xe E is called absorbing. Neighborhoods of 0 
are absorbing. 


F. Seminorms 


A real-valued function p(x) on E is said to be 
a seminorm (or pseudonorm) if it satisfies (i) 

0 < p(x) < +оо (x € Ey; (it) p(x + y) < p(x) + 

p(y); and (iii) p(ax) = |a|p(x). The relation V = 
ix|p(x) < 1} gives a one-to-one correspon- 
dence between seminorms p(x) and absolutely 
convex absorbing sets V whose intersection 
with any line through the origin is closed. 

In terms of seminorms, the Hahn-Banach 
theorem states: Let E be a linear space on 
which a seminorm p(x) is given. If a linear 
functional f(x) defined on a linear subspace F 
of E satisfies | /(x)| < p(x) on Е, then f(x) can 
be extended to the whole space E in such a 
way that the inequality holds on E. 

The topology of a locally convex space is 
determined by the family of continuous semi- 
norms on it. Conversely, if there is a family 
of seminorms { p,(x)} (4€ A) on a linear space 
E over K that satisfies (iv) p,(x)=0 for all 
^ implies x —0, then there exists on E the 
weakest locally convex topology that renders 
the seminorms continuous. This topology is 
called the locally convex topology determined 
by (p, 

We assume that E is a locally convex space 
whose topology is determined by the family of 
seminorms {p,(x)} (¿€ A). Then a tnet x, of E 
converges to x if and only if p; (x, — x)—0 for 
all 4e A. If F is a locally convex space whose 
topology is determined by the family of semi- 
norms {q,(y)}, then a necessary and sufficient 
condition for a linear mapping и: E F to be 
continuous is that for every q,(y) there exist a 
finite number of 4,,..., å EA and a constant 
C such that q,(u(x)) < С(р (x) +... + p; (x) 
(xe E). 

A set is said to be bounded if it is absorbed 
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by every neighborhood of zero. When the 
topology of E is determined by the family 
{p,(x)} of seminorms a set B is bounded if and 
only if every p; is bounded on B. Totally 
bounded sets are bounded. The unit ball in 

a normed space is bounded. Conversely, a 
locally convex space is normable if it has a 
bounded neighborhood of 0. A locally convex 
space is called quasicomplete if every bounded 
closed set is complete. Since Cauchy sequences 
{х„} are totally bounded, all Cauchy sequences 
converge in a quasicomplete space (i.e., the 
space is sequentially complete). 


G. Pairing of Linear Spaces 


Let E and F be linear spaces over the same 
field K. A K-valued function B(x, y) (xe E, 
yeF)on Ex F is called a bilinear functional or 
bilinear form if for each fixed ye F (resp. xe E), 
it is a linear functional of x (resp. y). When a 
bilinear functional (x, y» on E x F is given so 
that (x, y» =0 for all ye F (all xe E) implies 

x —0 (y =0), then E and F are said to form a 
(separated) pairing relative to the inner product 
(x, y>. A locally convex space E and its dual 
space E' form a pairing rclative to the natural 
inner product (x, x’) = x'(x) (xe E, x’ e E’). 


H. Weak Topologies 


When E and F form a pairing relative to an 
inner product <x, y>, the locally convex top- 
ology on E determined by the family of semi- 
norms {|<x, y>|| ye F) is called the weak top- 
ology (relative to the pairing (E, F5) and is 
denoted by o(E, F). A net x, in E is said to 
converge weakly if it converges in the weak 
topology. When E and Е’ are a locally convex 
space and its dual space, o(E, E") is called the 
weak topology of E, and о(Е', E) the weak* 
topology of E'. The weak topology on a lo- 
cally convex space £ is weaker than the orig- 
inal topology on E. Consequently, a weakly 
closed set is closed. If the set is convex, the 
converse holds, and hence a convex closed set 
is weakly closed. Also, boundedness is pre- 
served if we replace the original topology by 
the weak topology. Thus a weakly bounded 
set is bounded. 

Let E and F form a pairing relative to 
(x, y», and let A be a subset of E. Then the set 
А of points ye F satisfying Rex, y» > —1 for 
all xe A is called the polar of A (relative to the 
pairing). If A is absolutely convex, 4° is also 
absolutely convex and is the set of points y 
such that | x, y»| <1 for all xe A. W A isa 
convex set containing zero, its (weak) closure 
is equal to the bipolar А°° =(A°)° (bipolar 
theorem). In general, let A be a subset of a 
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topological linear space E. We call the smallest 
closed convex set containing А the closed 
convex hull of A. If E is locally convex, the 
bipolar A** relative to E' coincides with the 
closed convex hull of AU {0}. 

A subset B of the dual space E' is tequi- 
continuous on E if and only if it is contained 
in the polar V^ of a neighborhood V of 0 in E. 
Also, V° is weak*- compact in E' (Banach- 
Alaoglu theorem). 


I. Barreled Spaces and Bornological Spaces 


An absorbing absolutely convex closed set in a 
locally convex space E is called a barrel. In a 
sequentially complete space (hence in a quasi- 
complete space also), a barrel absorbs every 
bounded set. À locally convex space is said to 
be barreled if each barrel is a neighborhood of 
0. A locally convex space is said to be quasi- 
barreled (or evaluable) if each barrel that ab- 
sorbs every bounded set is a neighborhood of 
0. Furthermore, a locally convex space is said 
to be bornological if each absolutely convex set 
that absorbs every bounded set is a neighbor- 
hood of 0. Bornological spaces are quasi- 
barreled. However, they are not necessarily 
barreled. Furthermore, barreled spaces are not 
necessarily bornological. A metrizable locally 
convex space, i.e., a space whose topology is 
determined by a countable number of semi- 
norms, is bornological. A complete metrizable 
locally convex space is called a locally convex 
Fréchet space ((F)-space or simply Fréchet 
space). To distinguish it from Fréchet space as 
in 37 Banach Spaces, it is sometimes called a 
Fréchet space in the sense of Bourbaki. (F)- 
spaces are bornological and barreled. 

A continuous linear mapping и: E F of one 
locally convex space into another maps each 
bounded set of E to a bounded set in F. Con- 
versely, if E is bornological, then each linear 
mapping that maps every bounded sequence 
to a bounded set is continuous. 


J. The Banach-Steinhaus Theorem 


In the dual space of a barreled space E, each 
(weak*-)bounded set is equicontinuous. Thus 
if a sequence of continuous linear mappings 
u, of E into a locally convex space F con- 
verges at each point of E, then u, converges 
uniformly on each totally bounded set of E, 
and the limit linear mapping is continuous 
(Banach-Steinhaus theorem). 


K. The S-Topology 


Let E and F be paired linear spaces relative 
to the inner product <x, y». When a family S 
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of (weakly) bounded sets of F generates a 
dense subspace of F, the family of seminorms 
{suppe <x, y)|| Be S) determines a locally 
convex topology on E. This is called the $- 
topology or topology of uniform convergence on 
members of S, because x,—x in the S-topology 
is equivalent to the uniform convergence of 
(x,, y» 5 (x, y» on each Be S. The space E 
with the S-topology is denoted by Eş. The 
weak topology is the same as the topology 

of pointwise convergencc. The S-topology in 
which S is the family of all bounded sets in F 
is called the strong topology and is denoted by 
B(E, F). The dual space E' of a locally convex 
space E is usually regarded as a locally convex 
space with the strong topology P(E’, E). It is 
called the strong dual space. The topology of a 
locally convex space E is that of uniform con- 
vergence on equicontinuous sets of E'. The 
topology of a barreled space E coincides with 
the strong topology f(E, E"). 


L. Grothendieck's Criterion of Completeness 


Let E and F be paired spaces, and let S be a 
family of absolutely convex bounded sets of F 
such that: (i) the sets of S generate F; (ii) if B,, 
В,є$, then there is a В,є5 such that В, > B, 
and B, > B,. Then Es is complete if and only 
if each algebraic linear functional f(y) on F 
that is weakly continuous on every Be $ is ex- 
pressed as f(y)= x, y> for some xe E. When 
Es is not complete, the space of all linear func- 
tionals satisfying this condition gives the com- 
pletion É, of Es. 


M. Mackey's Theorem 


Let E, F, and S satisfy the same conditions 

as in Section L. Then the dual space of E, is 
equal to the union of the weak completions of 
АВ, where ¿> 0 and Be S (Mackey’s theorem). 


N. The Mackey Topology 


When E and F form a pairing, the topology on 
E of uniform convergence on convex weakly 
compact sets of F is called the Mackey topol- 
ogy and is denoted by т(Е, F). The dual space 
of E endowed with a locally convex topology 
T coincides with F if and only if T is stronger 
than the weak topology о(Е, F) and weaker 
than the Mackey topology т(Е, F) (Mackey- 
Arens theorem). À locally convex space is said 
to be a Mackey space if the topology is equal 
to the Mackey topology т(Е, Е). Every quasi- 
barreled space is a Mackey space. 
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O. Reflexivity 


Let E be a locally convex space. The dual 
space E" of the dual space E' equipped with 
the strong topology contains the original space 
E. We call E semireflexive if E" = E, and reflex- 
ive if in addition the topology of E coincides 
with the strong topology (Е, Е). E is semi- 
reflexive if and only if every bounded weakly 
closed set of E is weakly compact. E is re- 
flexive if and only if E is semireflexive and 
(quasi)barreled. 

A barreled space in which every bounded 
closed set is compact 1s called a Montel space 
or (M)-space. (M)-spaces are reflexive, and 
their strong dual spaces are also (M)-spaces. 

Many of the function spaces that appear 
in applications are (F)-spaces or their dual 
spaces. For these spaces detailed consequences 
of the countability axiom are known [7,8]. A 
convex set C in the dual space £' of an (F)- 
space E is weak*-closed if and only if for every 
neighborhood V of 0 in E, CA V° is weak*- 
closed (Krein-Shmul' yan theorem). The 
strong dual space E' of an (F)-space E is 
(quasi)barreled if and only if it is bornological. 
In particular, the dual space of a reflexive (F)- 
space is bornological. 


P. (DF)-Spaces 


A locally convex space is called a (DF)-space 
if it satisfies: (i) There is a countable base of 
bounded sets (i.e., every bounded set is in- 
cluded in one of them); (ii) if the intersection 

V of a countable number of absolutely con- 
vex closed neighborhoods of 0 absorbs every 
bounded set, then V is also a neighborhood of 
0. The dual space of an (F)-space is a (DF)- 
space, and the dual space of a (DF)-space is an 
(F)-space. А linear mapping of a (DF)-space E 
into a locally convex space F is continuous if 
and only if its restriction to every bounded set 
of E is continuous. А quasicomplete (DF)- 
space is complete. 


Q. Bilinear Mappings 


A bilinear mapping b(x, y) on locally convex 
spaces E and F (xe E, ye F) to a locally convex 
space G is said to be separately continuous if 
for each fixed ye F (xe E) it is continuous as a 
function of x (y). The linear mappings obtained 
from b(x, y) by fixing x (y) are denoted by 
b,(y) (b,(x)). We call b(x, y) hypocontinuous 

if for each bounded set B of E and B' of F, 

tb. Cy) xe Bj and {b,(x)| ye В'\ are equicon- 
tinuous. А continuous bilinear mapping is 
hypocontinuous. However, the converse is 
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not always true. A separately continuous bi- 
linear mapping is not necessarily hypocontinu- 
ous. If both E and F are barreled, however, 
then every separately continuous mapping 

Is hypocontinuous. If E is an (F)-space and 

F is metrizable, then every separately continu- 
ous bilinear mapping is continuous. Simi- 
larly, if both E and F are (DF)-spaces, then 
every hypocontinuous bilinear mapping is 
continuous. 


R. Tensor Products 


It is possible to introduce many topologies in 
the ftensor product E @ F of locally convex 
spaces E and F. The projective topology (or 
topology z) is defined to be the strongest topol- 
ogy such that the natural bilinear mapping 
Ex F— E @ Е is continuous. The dual space 
of E @, F is identified with the space B(E, F) 
of all continuous bilinear functionals on E x 
F. The completion of E @, F is denoted by 
E & F. The topology of biequicontinuous con- 
vergence (or topology c) is defined to be the 
topology of uniform convergence on sets V^ x 
U^, where V and U are neighborhoods of 0 
in E and F, respectively, considering the ele- 
ments of E @ F as linear functionals on E' @ Е 
by the natural pairing of E @ F and E' Q F'. 
The completion of E &, F is denoted by E & 
F. The dual space of E @, F coincides with 
the subspace J(E, F) of B(E, F) composed of 
the union of the absolute convex hulls of the 
products V? @ U? of equicontinuous sets. The 
elements of J(E, F) are called integral bilinear 
functionals. 

Closely related to E & F is L. Schwartz's 
£ tensor product Ec F [12]. (They coincide if E 
and F are complete and if E or F has the tap- 
proximation property.) Ee F can be regarded 
as (i) a space of vector-valued functions if E is 
a space of functions and F is an abstract lo- 
cally convex space, especially a space of func- 
tions of two variables if E and F are, respec- 
tively, spaces of functions of one variable, and 
(ii) a space of operators Go Е if E is the dual 
space G' of a locally convex space G. 


S. Nuclear Spaces 


Let E be a locally convex space, V be an ab- 
solutely convex closed neighborhood of the 
origin, and p(x) be the seminorm correspond- 
ing to V. Then we denote by E, the normed 
space with norm р(х) obtained from E by 
identifying the two elements x and y with 
р(х — y) «0. If U — V, then a natural linear 
mapping фуу: Ey — E, is defined. 

A locally convex space E is said to be a 
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nuclear space (resp. Schwartz space or simply 
(S)-space) if for each absolutely convex closed 
neighborhood V of 0 there is another U such 
that фу ү is a nuclear operator (resp. tcom- 
pact operator) as an operator of Ey into the 
completion of Ey. А nuclear space or (S)-space 
is an (M)-space if it is quasicomplete and 
quasibarreled. A locally convex space E is a 
nuclear space if and only if the topologies z 
and e coincide on the tensor product E @ F 
with any locally convex space F. Accordingly, 
it follows that B(E, F) 2 J(E, F). This can be 
regarded as a generalization of Schwartz's 
kernel theorem, which says that every sepa- 
rately continuous bilinear functional on Z, x 
2, is represented by an integral with kernel 

in Z;,. The theory of topological tensor prod- 
ucts and nuclear spaces is due to Grothen- 
dieck [9]. 

À locally convex space E is a nuclear (F)- 
space if and only if E is isomorphic to a closed 
subspace of C^( —oo, oo) (T. Komura and Y. 
Komura, 1966). An example of a nuclear (F)- 
space without basis is known (B. S. Mityagin 
and N. M. Zobin, 1974). 


T. Gel'fand Triplet 


Let H and L be Hilbert spaces. If L is a dense 
subspace of H and the injection L5 Н isa 
tHilbert-Schmidt operator, then H = H' is 
regarded as a dense subspace of L’ and the 
injection Н’, is a Hilbert-Schmidt operator. 
In this case, (L, H, L’) is called a Gelfand trip- 
let (or a rigged Hilbert space). 

A subset of H is called a cylindrical set if it 
is expressed in the form Р; ! (B) by the ortho- 
gonal projection Py onto a finite-dimensional 
subspace F and a Borel subset B of F. lf a 
finitely additive positive measure и with |21, 
= 1 defined on the cylindrical sets of H satisfies 
(i) и is countably additive on cylindrical sets 
for a fixed F and (ii) for any £> 0 there exists 
a ó >0 such that |x|| <ó implies u[ye H | 
| <x, уу] > 1] « & then и is the restriction of a 
countably additive measure /i defined on the 
Borel subsets of L' (Minlos's theorem, 1959). 

Let T be a self-adjoint operator in H. Then 
T has a natural extension T іп L’ and almost 
every continuous spectrum 4 of T has an asso- 
ciated eigenvector x, in L': Tx; = Ax, XEL’. 


U. The Extreme Point Theorem 


Let A be a subset of a linear space E. A point 
хє А is said to be an extreme point if x is an 
extreme point of any real segment containing 
x and contained in A. If A is a compact convex 
subset of a locally convex space E, A is the 
convex closed hull of (1.e., smallest convex 
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closed set containing) the set of its extreme 
points (Krein-Milman theorem). In applica- 
tions it is important to know whether every 
point of A is represented uniquely as an inte- 
gral of extreme points. For a metrizable con- 
vex compact subset A of a locally convex 
space E, the following two conditions are 
equivalent (Choquet’s theorem): (i) A is a sim- 
plex, i.e., if we put А = {(Ax, A)| xe A, 4» 0) 

C E x R!, the vector space A— A becomes a 
tlattice with positive cone A; (ii) for any xe A 
there exists a unique positive measure и оп 
A with |||; = 1 such that (o) = (4l y) duy) 


` (le E) and the support of u is contained in the 


set of extreme points of A. 


V. Weakly Compact Set 


А subset of a quasicomplete locally convex 
space is relatively weakly compact if and only 
if every sequence in the set has a weak ac- 
cumulation point (Eberlein's theorem). If E is a 
metrizable locally convex space, every weakly 
compact set of E is weakly sequentially com- 
pact (Shmul’yan’s theorem). If E is à quasi- 
complete locally convex space, the convex 
closed hull of any weakly compact subset is 
weakly compact (Krein’s theorem). If E is not 
quasicomplete, this is not necessarily true. 


W. Permanence 


Each subspace, quotient space, direct product, 
direct sum, projective limit, and inductive limit 
(of a family) of locally convex spaces has a 
unique natural locally convex topology. These 
spaces, except for quotient spaces and induc- 
tive limits, are separated, and a quotient space 
E/A is separated if and only if the subspace A 
is closed. The limit of a sequence E, c E;c ... 
is said to be a strictly inductive limit if E, has 
the induced topology as a subspace of E,,,. If 
E is a strictly inductive limit of a sequence E, 
such that E, is closed in E,,, or if E is the 
inductive limit of a sequence E, c E, с... such 
that the mapping E, E,,, maps a neigh- 
borhood of 0 to a relatively weakly compact 
set, then E is separated and each bounded set 
of E is the image of a bounded set in some E,. 
If E= |] E, is the strictly inductive limit of the 
sequence {E,}, then the topology of E, coin- 
cides with the relative topology of E,c E. The 
strictly inductive limit of a sequence of (F)- 
spaces is called an (LF)-space. 

Any complete locally convex space (resp. 
any locally convex space) is (resp. a dense 
linear subspace of) the projective limit of 
Banach spaces. Every (F)-space E 15 the projec- 
tive limit of a sequence of Banach spaces E, — 
E; .... In particular, E is said to be a count- 
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ably normed space if the mappings E— E, are 
one-to-one and ||x||, < ||x||,+, for all xe E with 
E considered as a subspace E,. We call Ea 
countably Hilbertian space if, in particular, the 
E, are tHilbert spaces. An (F)-space with at 
least one continuous norm is a nuclear space if 
and only if it is a countably Hilbertian space 
such that the mappings E,., >E, are Hilbert- 
Schmidt operators or nuclear operators. 

A locally convex space is bornological if 
and only if it is the inductive limit of normed 
spaces. А locally convex space is said to be 
ultrabornological if it is the inductive limit of 
Banach spaces, or in particular, if it is quasi- 
complete and bornological. 

Properties of spaces, such as being complete, 
quasicomplete, semireflexive, or having every 
bounded closed set compact, are inherited 
by closed subspaces, direct products, projec- 
tive limits, direct sums, and strictly inductive 
limits formed from the original spaces, and 
properties of spaces, such as being Mackey, 
quasibarreled, barreled, and bornological, are 
inherited by quotient spaces, direct sums, in- 
ductive limits, and direct products formed 
from the spaces. (For direct products of high 
power of bornological spaces, unsolved prob- 
lems still exist concerning the inheritance of 
properties.) Quotient spaces of (F)-spaces are 
(F)-spaces, but quotient spaces of general 
complete spaces are not necessarily complete. 
There are examples of a Montel (F)-space 
whose quotient space is not reflexive and a 
Montel (DF)-space whose closed subspace is 
neither a Mackey space nor a (DF)-space. The 
property of being a Schwartz space or a nu- 
clear space is inherited by the completions, 
subspaces, quotient spaces of closed subspaces, 
direct products, projective limits, direct sums 
of countable families, and inductive limits of 
countable families formed from such spaces. 
Tensor products of nuclear spaces are nuclear 
spaces. Y. Komura gave an example of a non- 
complete space that is quasicomplete, borno- 
logical, and nuclear (and hence a Montel 
space). 


X. The Open Mapping Theorem and the 
Closed Graph Theorem 


Let E and F be topological linear spaces. The 
statement that every continuous linear map- 
ping of E onto F is open is called the open 
mapping theorem (or homomorphism theorem), 
and the statement that every linear mapping of 
F into E is continuous if its graph is closed in 
F x E is called the closed graph theorem. These 
theorems hold if both E and F are complete 
and metrizable (S. Banach). 

A locally convex space is said to be B- 
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complete (or fully complete) if a subspace C of 
E' is weak*-closed whenever CN V ° is weak*- 
closed for every neighborhood V of 0 in E. (F)- 
spaces and the dual spaces of reflexive (F)- 
spaces are B-complete. B-complete spaces are 
complete, and closed subspaces and quotient 
spaces by closed subspaces of B-complete 
spaces are B-complete. If E is B-complete and 
F is barreled, then the open mapping theorem 
and the closed graph theorem hold (V. Pták). 

Both theorems hold also if F is ultraborno- 
logical and E is a locally convex space ob- 
tained from a family of (F)-spaces after a finite 
number of operations of taking closed sub- 
spaces, quotient spaces by closed spaces, direct 
products of countable families, projective 
limits of countable families, direct sums of 
countable families, and inductive limits of 
countable families. This was conjectured by 
Grothendieck and proved by W. Stowikowski 
(1961) and D. A. Raikov. Later, L. Schwartz, 
A. Martineau, M. De Wilde, W. Robertson, 
and M. Nakamura simplified the proof and 
enlarged the class of spaces E [15]. 

(LF)-spaces, the dual spaces of Schwartz (F)- 
spaces, and the space Z' of distributions are 
examples of spaces E described in the previous 
paragraph. 


Y. Nonlocally Convex Spaces 


The space L, for 0 « p< 1 shows that non- 


locally convex spaces are meaningful in func- 
tional analysis. Recently, the Banach-Steinhaus 
theorem, closed graph theorems, etc. have 
been investigated for nonlocally convex topo- 
logical linear spaces [13]. 


Z. Diagram of Topological Linear Spaces 


The spaces in Fig. 1 are all locally convex 
spaces over the real number field or the com- 
plex number field and satisfy the separation 
axiom T,. The notation A— B means that 
spaces with property A have property B. Main 
properties of dual spaces are listed in Table 1. 
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A. Introduction 


Convergence and continuity, as well as the 
algebraic operations on real numbers, are 
fundamental notions in analysts. In an abstract 
space too, it is possible to provide an ad- 
ditional structure so that convergence and 
continuity can be defined and a theory analo- 
gous to classical analysis can be developed. 
Such a structure is called a topological struc- 
ture (for a precise definition, — Section B). 
There are several ways of giving a topology to 
a space. One method is to axiomatize the 
notion of convergence (M. Fréchet [1], 1906; 
— 87 Convergence). However, defining a 
topology in terms of either a neighborhood 
system (due to F. Hausdorff [3], 1914), a clo- 
sure operation (due to C. Kuratowski, Fund. 
Math., 3 (1922)), or a family of open sets 1s 
more common. 


B. Definition of a Topology 


Let X be a set. A neighborhood system for X is 
a function U that assigns to each point x of X, 
a family U(x) of subsets of X subject to the 
following axioms (U): 
(1) xe U for each U in U(x). 
(2) If U,, U e U(x), then U, N U, EU (x). 
(3) If U e1I(x) and U c V, then Vell(x). 
(4) For each U in U(x), there is a member W of 
U(x) such that Ue N(y) for each y in W. 

А system of open sets for a set X 15 a family 
© of subsets of X satisfying the following 
axioms (O): 
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(1) X, eS. 
(2) If O,,O,e O, then О, ПО, єФХ. 
(3) If 0,69 (Ae A), then | J;,40;e C. 

A system of closed sets for a space X isa 
family %ç of subsets of X satisfying the follow- 
ing axioms (F): 

(1) X, Bes. 
(2) If F,, F etf, then F, UF, e. 
(3) If F, € eA), then ()\,., F, e $. 

A closure operator for a space X is a func- 
tion that assigns to each subset 4 of X, a 
subset A^ of X satisfying the following axioms 
(C): 

(1) B= à. 
(2) (AU BF = 
(3) Ac A*. 
(4) A^ — А“. 

An interior operator for a space X is a func- 
tion that assigns to each subset 4 of X a 
subset A! of X satisfying the following axioms 
(D): 

(1) X: = 
(2)(АП B= 
3) Aic A. 
4) A = A. 

Any one of these five structures for a set X, 
i.e., a structure satisfying any one of (U), (О), 
(F), (C), or (D, determines the four other struc- 
tures in a natural way. For instance, assume 
that a system of open sets O satisfying (O) is 
given. In this case, each member of © is called 
an open set. А subset U of X is called a neigh- 
borhood of a point x in X provided that there 
is an open set O such that xe O< U. If U(x) is 
the family of all neighborhoods of x, the func- 
tion x U(x) satisfies (U). The complement of 
an open set in X is called a closed set. The 
family % of all closed sets satisfies (F). Given a 
subset A of X, the intersection А“ of the family 
of all closed sets containing A is called the 
closure of A, and each point of A* is called an 
adherent point of A. The closure A^ is the 
smallest closed set containing A, and the func- 
tion A— A“ satisfies (A). The closure A^ is 
also denoted by A or CI A. Dually, there is a 
largest open subset А! of A. The set A! (also 
denoted by A? or Int A) is called the interior of 
A, and each point of A? is called an interior 
point of A. The closure and interior are related 
by A° =X —(X — A) and A= X — (X — A)°. 
The correspondence А A9? satisfies (D. Con- 
versely, open sets can be characterized vari- 
ously as follows: 


A*U В“. 


A'n В!. 


A is open < A e U(x) for each x in A 


—X-—AeWN 
«»(X—A) = X—-A 
« A? — A. 


When a structure satisfying (U), (F), (C), or 
(I) is given, one of the four characterizations of 
open sets can be used to define a system of 
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open sets satisfying (O) and hence the other 
structure. 

A topological structure or simply a topology 
for a space X is any of these five structures for 
X. If two topologies т, and t, for X give rise 
to identical systems of open sets, then z, and т, 
are considered to be identical. For this reason 
"topology" frequently means simply "system of 
open sets" in the literature. A topological space 
is a set X provided with a topology z and is 
denoted by (Х, т) or simply X when there 15 no 
ambiguity. 


C. Examples 


(1) Discrete Topology. Let X be a set, and let 
the system © of open sets be the family of all 
subsets of X. The resulting topology is called 
the discrete topology, and X with the discrete 
topology is a discrete topological space. In this 
space, A = 4? = A for each subset A, and A is а 
neighborhood of each of its points. 


(2) Trivial Topology. The trivial (or indiscrete) 
topology for a set X is defined by the system of 
open sets which consists of X and @ only. If 
AS X, then 4? = Ø, and if Az Ø, then A= X. 
Each point of X has only one neighborhood, 
X itself. 


(3) Metric Topology. Let (X, p) be a *metric 
space, i.e., a set X provided with а *metric p. 
For a positive number e, the -neighborhood 
of a point x is defined to be the set U,(x) = 
iylye X. p(x, y) «ej. Let U(x) be the family 

of all sets V such that U,(x) c V for some є; 
then the assignment x U(x) satisfies (U) and 
hence defines a topology. This topology is the 
metric topology for the metric space (X, p). 


(4) Order Topology. Let X be a set *linearly 
ordered by <. For each point x in X, let U(x) 
be the family of all subsets U such that xe 

Ly [a « y « b) c О for some a, b. The function 
х- (х) satisfies (U) and defines the order 
topology for the linearly ordered set X. 


(5) Convergence and Topology. We can define 
the notion of convergence in a topological 
space, and conversely we can define a topology 
using convergence as a primitive notion (— 87 
Convergence). In particular, for a metric space, 
the metric topology can be defined in terms of 
convergent sequences (— 273 Metric Spaces). 


D. Generalized Topological Spaces 


When a space X 1s equipped with a closure 
operator that does not satisfy all of (C), the 
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space is called a generalized topological space 
by some authors. Topological implications of 
each axiom in (C) have been investigated for 
such spaces. 


E. Local Bases 


Let X be a topological space, and let x be a 
point of X. A collection М(х) of neighbor- 
hoods of x is called a base for the neighborhood 
system (fundamental system of neighborhoods 
of a point x or local base at x) if each neigh- 
borhood of x contains a member of U(x). Let 
{U (x)| xeX} be a system of local bases; then 
the system has the following properties (Uo): 
(1) For each V in W(x), xe V c X. 

(2) If Vj, V,e (o (x), then there is a Vj in U(x) 
such that V, c V, 1 NV. 

(3) For each V in М(х), there exists a W < V 
in U(x) such that for each y in W, V contains 
some member of U(y). 

Conversely, suppose that (M (x)|xe X] is 
a system satisfying (U,). For each x in X, 
let U(x) consist of all subsets V of X such 
that V >U for some U in U(x). Then the sys- 
tem {U(x)|xeX} satisfies (U) and therefore 
defines a topology for X. This topology is 
called the topology determined by the system 
(Ms x)Ixe X). 

For instance, in a metric space X, the set of 
é-neighborhoods of x(c 0) is a local base at x 
with respect to the metric topology. In an 
arbitrary topological space, the collection of 
all open sets containing x, i.e., the open neigh- 
borhoods of x, is a local base at x. 

Two systems satisfying (Up) are called 
equivalent if they determine the same topology. 
For systems (M (x)|xe X} and (8,(x)|xe Xj 
to be equivalent it is necessary and sufficient 
that for each x in X each member of U(x) 
contain a member of (х) and each member 
of % (x) contain a member of U(x). 

Sometimes the word "neighborhood" stands 
for a member of a local base or for an open 
neighborhood. However, this convention is 
not used here. 


F. Bases and Subbases 


A family O, of open sets of a topological space 

X is called a base for the topology (base for the 

space, or open base) if each open set is the 

union of a subfamily of Oo. A base ©, for the 

topology of a topological space X has the 

following properties (Oo): 

(1) US; = x. 

(2) If W,, WE O, and xe W, П W,, then there is 

a W, in O, such that xe W, < W, NW. 
Conversely, if a family ©, of subsets of a set 
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X satisfies (Oo), then O, is a base for a unique 
topology. A member of ©, is called a basic 
open set. 

A family Doo of open sets of a topological 
space X is a subbase for the topology (or sub- 
base for the space) if the family of all finite 
intersections of members of Doo is a base for 
the topology. If Doo a subbase for the topol- 
ogy of a topological space X, then |} Oo, = X. 
Conversely, if oo is a family of subsets of a 
set X such that | J Ooo = X, then the family of 
all finite intersections of members of oo is a 
base for a unique topology т. А subset of X is 
open for z if and only if it is the union of a 
family of finite intersections of members of 
Doo. The system of open sets relative to т is 
said to be generated by the family Doo. Thus 
any family of sets defines a topology for its 
union. 

A set $ of subsets of a topological space is 
called a network if for each point x and its 
neighborhood U there is a member Fe such 
that xe F c U (A. V. Arkhangel’skii, 1959). If 
all Fe $ are required to be open, the network 
g is exactly an open base. 


G. Continuous Mappings 


A mapping f on a topological space X into a 
topological space Y is called continuous at a 
point a of X if it satisfies one of the following 
equivalent conditions: 

(1) For each neighborhood V of f(a), there is a 
neighborhood U of a such that f(U) c V. (1) 
For each neighborhood V of f(a), the inverse 
image f ! (V) is a neighborhood of a. 

(2) For an arbitrary subset A of X such that 
ae A, f(a)e f(A). 

Continuity can also be defined in terms of 
convergence (— 87 Convergence). 

If f is continuous at each point of X, f is 
said to be continuous. Continuity of f is equiv- 
alent to each of the following conditions: 

(1) For each open subset O of Y, the inverse 
image f `1(O) is open in X. 

(1) The inverse image under f of each member 
of a subbase for the topology of Y is open in 
X. 

(2) For each closed subset F of Y, the inverse 
image f '(F) is closed. 

(3) For each subset A of X, f(A)c f(A). 

The image f(X) of X under a continuous 
mapping f is called a continuous image of X. 
Let X, Y, and Z be topological spaces, and let 
f: X — Y and g: Y>Z be mappings. If f is con- 
tinuous at a point a of X and g is continuous 
at f(a), then the composite mapping go f: X 
>Z is continuous at the point a. Hence if f 
and g are continuous, so is g o f. 

When a continuous mapping f: X > Y is 
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*bijective and f `! is continuous, the mapping 
f is called a homeomorphism (named by H. 
Poincaré, 1895) or topological mapping. Two 
topological spaces X and Yare homeomorphic, 
X x Y, if there is a homeomorphism f: X >Y. 

The relation of being homeomorphic is an 
*equivalence relation. A property which, when 
held by a topological space, is also held by 
each space homeomorphic to it is a topological 
property or topological invariant. The problem 
of deciding whether or not given spaces are 
homeomorphic is called the homeomorphism 
problem. 

A mapping f: X — Y is called open (resp. 
closed) if the image under f of each open (resp. 
closed) subset of X is open (closed) in Y. A 
continuous bijection that is either open or 
closed is a homeomorphism. 

A continuous surjection f: X > Y is called a 
quotient mapping if U c Y is open whenever 
f (U) is open (— Section L). If moreover 
f |f ^ (S) is quotient for each Sc Y as a map- 
ping from the subspace (— Section J) f “1 (S) 
onto the subspace S, then f is called a hered- 
itarily quotient mapping. Open or closed con- 
tinuous mappings are hereditarily quotient 
mappings. 


H. Comparison of Topologies 


When a set X is provided with two topologies 
т, and т, and the identity mapping: (X, 7,) 
—(X, 1) is continuous, the topology т; is said 
to be stronger (larger or finer) than the topol- 
Ору т,, t; is said to be weaker (smaller or 
coarser) than ту, and the notation t, > t; or 

t; € t, is used. Let O;, $, W, and a, be the 
system of open sets, system of closed sets, 
neighborhood system, and closure opera- 
tion for X relative to the topology 1; (i= 1,2), 
respectively. Then each of the following is 
equivalent to the statement z, 2 t5: 

(1) O, > $,. 

ONELA 

(3) For each x in X, W (x) 2 Н, (x). 

(4) A": с A® for each subset A of X. 

Let S be the family of all topologies for X. 
Then S is ordered by the relation >. The 
discrete topology is the strongest topology for 
X. If (*,| 4€ A] is a subfamily of S, then among 
the topologies stronger than each т,, there is a 
weakest one t, 2supit,| 4€ A]. Similarly, 
among the topologies weaker than each т,, 
there is a strongest one т, = infíc; | Ae A]. In 
fact, let ©, be the family of all open sets rela- 
tive to t,; then the system of open sets for т, is 
generated by (aea ©з and the system of open 
sets for t, is precisely (\,.л ©,. The family S is 
therefore a tcomplete lattice. 
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I. [Induced Topology 


Let f be a mapping from a set X into a topo- 
logical space Y. Then the family í f~'(O)|O is 
open in Y | satisfies axioms (O) and defines а 
topology for X. This topology is called the 
topology induced by f (or simply induced topol- 
ogy), and it is characterized as the weakest 
one among the topologies for X relative to 
which the mapping f is continuous. 


J. Subspaces 


Let (X, т) be a topological space and M bea 
subset of X. The topology for M induced by 
the inclusion mapping f: M >X, i.e., the 
mapping f defined by f(x) = x for each x in M, 
is called the relativization of t to M or the 
relative topology. The set M provided with the 
relative topology is called a subspace of the 
topological space (X, т). Topological terms, 
when applied to a subspace, are frequently 
preceded by the adjective “relative” to avoid 
ambiguity. Thus a relative neighborhood of a 
point x in M is a set of the form МПО, where 
U is a neighborhood of x in X. A relatively 
open (relatively closed) set in M is a set of the 
form МПА, where A is open (closed) in X. For 
a subset A of M, the relative closure of A in M 
is МПА, where A is the closure of A in X. A 
mapping f': X 5 Y is called an embedding if f is 
a homeomorphism from X to the subspace 
f(X), and in this case X is said to be embedded 
into Y. A property P is said to hold locally on 
a topological space X if each point x of X has 
a neighborhood U such that the property P 
holds on the subspace U. A subset A of X is 
locally closed if for each point x of X, there 
exists a neighborhood V of x such that VM A is 
relatively closed in V. A subset of X is locally 
closed if and only if it can be represented as 
ОПЕ, where О is open and Р is closed in X. 


K. Product Spaces 


Let X be a set, and for each member 2 of an 
index set A, let f, be a mapping of X into a 
topological space X,. Then there is a weakest 
topology for X that makes each f, continuous. 
In fact, this topology is вир{т,}, where c; is the 
topology for X induced by f}. In particular, let 
1X,|4€A] be a family of topological spaces, 
and let X be the Cartesian product IT,., X;. 
Then the weakest topology for X such that 
each projection pr;: X +X, is continuous is 
called the product topology or weak topology. 
The Cartesian product Пл X; equipped with 
the product topology ts called the product 
topological space or simply the product space 
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or direct product of the family ( X;|2€ Aj of 
topological spaces. If © is the family of all 
open subsets of X,, the union | J; pr; (2;) 
is a subbase for the product topology. If 
x={x,} is a point of X, then sets of the type 
(Yi pr; (U)= П, 3...2, Ха XU, x... x U, 
form a local base at x for the product to- 
pology, where À,,..., 4,€ A and U; is a neigh- 
borhood of x; . Each projection pr;: X X; is 
continuous and open, and a mapping f from a 
topological space Y into the product space 
IL, X, is continuous if and only if pr; o f: Y 
— X, is continuous for each 4. Given a family 
{ f,} of continuous mappings /,: X, Y,, the 
product mapping IT; f: IT; X; — П, Y, is con- 
tinuous with respect to the product topologies. 
For the Cartesian product П, X; of a family 
(X;| 4€ ^] of topological spaces, there is an- 
other topology called the box topology (or 
strong topology). À base for the box topology 
is the family of all sets [T; O;, where О, is open 
in X; for each å. For a point x= {x,}, the 
family of all sets of the form TT; U, is a local 
base at x relative to the box topology, where 
U, is a neighborhood of x, for each 4. With 
respect to the box topology, each projection 
рг,: П, X, X, is continuous and open, and 
the product mapping II/;: IT, X; IL; Y. ofa 
family í f,t of continuous mappings f;: X, — Y, 
is continuous. For a finite product of topolog- 
ical spaces, the product topology agrees with 
the box topology, but for an arbitrary product 
the product topology is weaker than the box 
topology. For the Cartesian product of topo- 
logical spaces the usual topology considered is 
the product topology rather than the box 
topology. 


L. Quotient Spaces 


Let f be a mapping of a topological space 

X onto a set Y. The quotient topology for Y 
(relative to the mapping f) is the strongest 
topology for Y such that f is continuous. A 
subset O of Y is open relative to the quotient 
topology if and only if f “1 (O) is open. Given 
an equivalence relation — on a topological 
space X, the *quotient set Y= X/— provided 
with the quotient topology relative to the ` 
projection o: X > Y is called the quotient topo- 
logical space (or simply quotient space). A 
mapping f from the quotient space Y= Х/ ~ 
into a topological space is continuous if and 
only if f o ф is continuous. 

A partition of a space X is a family (4;|4€ 
А} of pairwise disjoint subsets of X such that 
U; A; = X. A partition {A,} of a topological 
space X determines an equivalence relation — 
on X such that the family {A,} is precisely 
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the family of all equivalence classes under ~, 
and therefore the partition determines the 
quotient space Y= Х/ ~. This space is called 
the identification space of X by the given par- 
tition. Each member A, of the partition can 
be regarded as a point of Y, and the projec- 
tion 9: X — Y satisfies ф(х) = A; whenever хє 
A,. A partition (4;,| 4€ A] of a topological 
space is called upper semicontinuous if for 
each A, and each open set U containing A,, 
there is an open set V such that A, CV c U, 
and V is the union of members of ( A,| 4€ Aj. 
A partition ( 4;|4€ Aj is upper semicontinu- 
ous if and only if the projection ф: Xo Y= 
{A,|AeA} is a closed mapping. 


M. Topological Sums 


Let X be a set, and for each member 4 of an 
index set A, let f, be a mapping of a topo- 
logical space X; to X. Then the family (Oc 

X | f; (O) is open for any 2) satisfies the 
axioms of the open sets. This topology т is 
characterized as the strongest one for X that 
makes each f, continuous. A mapping g on X 
with z to a topological space Y is continuous if 
and only if go f;: X; 5 Y is continuous for each 
¿e A. The simplest is the case where X is the 
disjoint union of X; and f, is the inclusion 
mapping. Then we call the topological space X 
the direct sum or the topological sum of {X,} 
and denote it by © X, or H X;. More gener- 
ally let the set X be the union of topological 
spaces {X,},., such that for each 4 and ue A 
the relative topologies of X, X, from X; and 
X, coincide. Then we call the topology z the 
weak topology with respect to {X,}. If X, X, 
is closed (resp. open) in X, for any u, then X; 
is closed (resp. open) in X and the original 
topology of X, coincides with the relative 
topology. If, moreover, for each subset Г of A, 
F= \ лег X, is closed and the weak topology 
of F with respect to {Х,), r coincides with the 
relative topology induced by т, then X with т 
Is said to have the hereditarily weak topology 
with respect to {X,} (or to be dominated by 
{X,}). A topological space has the hereditarily 
weak topology with respect to any locally 
finite closed covering, and every CW-complex 
(— 70 Complexes) has the hereditarily weak 
topology with respect to the covering of all 
finite subcomplexes. 

When (X, is an increasing sequence of 
topological spaces such that each X, is a sub- 
space of X,,,,, then the union X = | ) X, with 
the weak topology is called the inductive limit 
of ( X, and is denoted by lim X,. Each X, may 
again be regarded as a subspace of X. 
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N. Baire Spaces 


For a subset А of a topological space X, the 
set X — A is called the exterior of А, and the set 
АП X =A is called the boundary of A, de- 
noted by Bd A, Fr A, or дА. A point belonging 
to the exterior (boundary) of A is an exterior 
point (boundary point or frontier point) of A. If 
the closure of A is X, then A is said to be dense 
in X. When X — A is dense in X, i.e., when the 
interior of A is empty, A is called a boundary 
set (or border set), and if the closure A is a 
boundary set, А is said to be nowhere dense. 
The union of a countable family of nowhere 
dense sets is called a set of the first category 
(or meager set). À set that is not of the first 
category is called a set of the second category 
(or nonmeager set). The complement of a set of 
the first category is called a residual set. In the 
space R of real numbers, the set Q of all ra- 
tional numbers is of the first category, and the 
set R — Q of all irrational numbers is of the 
second category. Both Q and R — Q are dense 
in X and hence are boundary sets. The union 
of a finite family of nowhere dense sets is no- 
where dense, and the union of a countable 
family of sets of the first category is also of the 
first category. А subset А of X is nowhere 
dense in X if and only if for each open set O, 
ОПА is not dense in О. 

A topological space X is called a Baire space 
(Baire, 1899) if each subset of X of the first 
category has an empty interior. Each of the 
following conditions is necessary and sufficient 
for a space X to be a Baire space: 

(1) Each nonempty open subset of X is of the 
second category. 

(2) If F4, F5, ... is a sequence of closed subsets 
of X such that the union | J, F, has an inte- 
rior point, then at least one F, has an interior 
point. 

(3) If O,, 0,, ... is a sequence of dense open 
subsets of X, then the intersection ( 7-, О, is 
dense in X. 

An open subset of a Baire space is a Baire 
space for the relative topology. A topological 
space that is homeomorphic to a complete 
metric space (— 436 Uniform Spaces I) is a 
Baire space (Baire-Hausdorff theorem). A 
locally compact Hausdorff space (— Section 
V) is also a Baire space. The class of Cech- 
complete completely regular spaces (— Section 
T) includes both of these spaces, but there are 
also Baire spaces that are not in the class. A 
subset A of a topological space is said to sat- 
isfy Baire's condition or to have the Baire 
property if there exist an open set O and sets 
P,, P, of the first category such that А = 
(OU P,) — P. A *Borel set satisfies Baire's 
condition. 
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O. Accumulation Points 


A point x is called an accumulation point, or a 
cluster point of a subset А of a topological 
space X if xe A—{x}. The set of all accumula- 
tion points of a set A is called the derived set 
of A and is denoted by A’ or А“ A point x 
belongs to A' if and only if each neighborhood 
of x contains a point of A other than x itself. A 
point belonging to the set 4° = А — А’ is called 
an isolated point of A, and a set A consisting of 
isolated points only, i.e., A = 4°, is said to be 
discrete. If each nonempty subset of A contains 
an isolated point, then A is said to be scat- 
tered; and if А does not possess an isolated 
point, i.e., 4 c A', then A is said to be dense in 
itself. The largest subset of A which is dense in 
itself 1s called the kernel of A. If A — A', then A 
is called a perfect set. 

If x is an accumulation point of A, then for 
cach neighborhood U of x, UN(A—{x})#&. 
Furthermore, it 1s possible to classify an ac- 
cumulation point of A according to the їсаг- 
dinality of U (1(A — (x]). A point x is called a 
condensation point of a set A if for each neigh- 
borhood U of x, the set U N A is uncountable. 
A point x is a complete accumulation point of 
A if for each neighborhood U of x, the set 
UMA has the same cardinality as А. 


P. Countability Axioms 


A topological space X satisfies the first count- 
ability axiom if each point x of X has a coun- 
table local base (F. Hausdorff [3]). Metric 
spaces satisfy the first countability axiom. In 
fact, the family of (1/n)-neighborhoods (n— 
1,2, ...) of a point is a local base of the point. 
The topology of a topological space that 
satisfies the first countability axiom is com- 
pletely determined by convergent sequences. 
For instance, the closure of a subset A of such 
a space consists of all limits of sequences in А 
(— 87 Convergence). A topological space X is 
said to satisfy the second countability axiom or 
to be perfectly separable if there is a countable 
base for the topology. *Euclidean spaces satisfy 
the second countability axiom. If X contains a 
countable dense subset, X is said to be sepa- 
rable. А space that satisfies the second count- 
ability axiom satisfies the first and is also a 
separable Lindelóf space (— Section S). How- 
ever, the converse is not true. Each of the 
following properties is independent of the 
others: separability, the first countability 
axiom, and the Lindelóf property. If a metric 
space is separable, then it satisfies the second 
countability axiom. There are metric spaces 
that are not separable. 
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Q. Separation Axioms 


Topological spaces that are commonly en- 
countered usually satisfy some of the following 
separation axioms. 

(To) Kolmogorov's axiom. For each pair of 
distinct points, there is a neighborhood of one 
point of the pair that does not contain thc 
other. 

(T,) The first separation axiom or Fréchet's 
axiom. For each pair x, y of distinct points, 
there are neighborhoods U of x and V of y 
such that xéV and уф. 

Axiom (T,) can be restated as follows: 

(Ti) For each point x of the space, the sin- 
gleton {х} is closed. 

(Т,) The second separation axiom or Haus- 
dorff's axiom [3]. For each pair x, y of dis- 
tinct points of the space X, there exist disjoint 
neighborhoods of x and y. 

Axiom (Т,) ts equivalent to the following: 

(T5) In the product space X x X the diago- 
nal set A is closed. 

(T3) The third separation axiom or Vietoris's 
axiom (Monatsh. Math. Phys., 31 (1921)). 
Given a point x and a subset A such that x¢ A, 
there exist disjoint open sets O, and O, such 
that xe O, and Ac O,. (In this case, the sets 
{x} and A are said to be separated by open 
sets.) 

Axiom (T3) can be restated as (Т>) or (T3): 

(T3) For each point x of the space, there is a 
local base at x consisting of closed neighbor- 
hoods of x. 

(T3) An arbitrary closed set and a point not 
belonging to it can be separated by open sets. 

(T4) The fourth separation axiom or Tietze's 
first axiom (Math. Ann., 88 (1923)). Two dis- 
joint closed sets F, and F, can be separated by 
open sets, 1.е., there exist disjoint open sets О, 
and O, such that F, < O, and Р, = 03. 

(Т) Tietze's second axiom. Whenever two 
subsets A, and A, satisfy 4,145 — 4, ПА, = 
@, A, and A, can be separated by open sets. 

It is easily seen that (Т) = (T4), (To) and 
(TJ) = (T3), (T4) and (T,) = (T3). Axiom (T4) is 
equivalent to each of (T4) and (T2): 

(Т„) Whenever F, and Р, are disjoint closed 
subsets, there exists a continuous function f on 
the space into the interval [0, 1] such that f is 
identically 0 on F, and 1 on F;. 

(T2) Each real-valued continuous function 
defined on a closed subspace can be extended 
to a real-valued continuous function on the 
entire space. 

The implications (T4) => (T2) and (T4) = (Та) 
are known as Uryson's lemma (Math. Ann., 

94 (1925)) and the Tietze extension theorem 
(J. Reine Angew. Math., 145 (1915)), respec- 
tively. In addition, there are two more related 
axioms: 
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(T;) Tikhonov's separation axiom. For each 
closed subset F and each point x not in F, 
there is a real-valued continuous function f on 
the space such that f(x) 20 and f is identically 
lon F. 

(Т) (N. Vedenisov). For each closed subset 
F, there is a real-valued continuous function f 
on the space such that F=(x| f(x) =0}. 

Axioms (Т;) and (Т) are equivalent to the 
following (Т5) and (T), respectively: 

(Т) Each subspace satisfies (T4) 

(T) X satisfies (T4) and each closed set is a 
tG,-set. 

The following implications are valid: (Тз) = 
(Ту), (То) = (Ts), (T4) and (T) = (Т). 

Table 1 gives a classification of topological 
spaces by the separation axioms. Each line 
represents a special case of the preceding line. 

А *metrizable space is perfectly normal, but 
the converse 15 false (for metrization theorems 
— 273 Metric Spaces). Among the spaces 
satisfying the second countability axiom, 
regular spaces are normal (Tikhonov’s theo- 
rem, Math. Ann., 95 (1925)) and metrizable 
(Tikhonov-Uryson theorem; P. Urvson, Math. 
Ann., 94 (1925)). 

Table 2 shows whether various topological 
properties are preserved їп subspaces, product 
spaces, and quotient spaces. The topological 
properties considered are T,, T, = Hausdorff, 
T, — regular, CR = completely regular, T, = 
normal, Т; = completely normal, M = metriz- 
able, C, = first axiom of countability, Cy = 
second axiom of countability, C = compact, 

S = separable, and L = Lindelöf. Each position 
is filled with O or x according as the prop- 
erty (say, P) listed at the head of the column 

Is preserved or not in the sort of space listed 
on the left obtained from space(s) all having 
property P. 


R. Coverings 


A family M= (M; ел of subsets of a set X is 
called a covering of a subset A of X if Ac 
U, M,. If M is finite (countable), it is called 
a finite covering (countable covering). An open 
(closed) covering is a covering consisting of 
open (closed) sets. 

A family St of subsets of a topological space 
X is said to be locally finite if for each point x 
of X, there is a neighborhood of x which inter- 
sects only a finite number of members of Wt. If 
moreover { М} „л is disjoint, then M is called 
discrete. M is called star-finite if each mem- 
ber of Mt intersects only a finite number of 
members of W. A c-locally finite or c-discrete 
family of subsets of X is respectively the union 
of a countable number of locally finite or dis- 
crete families of subsets of X. A covering M 
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Table 1. Separation Axioms 
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Axioms Spaces Satisfying the Axioms 

(To) To-space (Kolmogorov space) 

(T) T,-space (Kuratowski space) 

(Tj) T,-space (Hausdorff space, separated space) 

(To) and (Т) T,-space (regular space) 

(T;) and (Тз) Completely regular space (Tikhonov space) 

(T,) and (T4) T;-space (normal space) 

(T,) and (Т;) T;-space (completely normal space, hereditarily normal space) 
(T) and (T,) T,-space (perfectly normal space) 


Table 2. Topological Properties and Spaces 


Space T, T, T, CR T, T M 1 Cy C S L 
Subspace О © О О х О О © О х х x 
Closed subspace О О О О О О О ге! О O x О 
Open subspace О О О О х О О О О х О х 
Product О О О О x x x x x О х x 
Countable product O е! О О x x О О О О О x 
Quotient space x x x x x x x x x О О О 


is called point-finite if each infinite number 

of members of M has an empty intersection. А 
covering % is a refinement of a covering N 
(written УЛ « 9) if each member of W is con- 
tained in a member of 9i, The order of the 
covering W is the least integer r such that any 
subfamily of M consisting of r+ 1 members 
has an empty intersection. 

Let M be a covering of X, and let A bea 
subset of X. The star of A relative to M, de- 
noted by S(A, W), is the union of all members 
of It whose intersection with A is nonempty. 
Let Mê denote the family {S({x}, 9)! xex and 
M* the family {S(M,M)} mem- Then Mê and 
M* are coverings of X, and 9-91 <M* < 
3955. A covering W is a star refinement of a 
covering N if M* <N, and M is a barycentric 
refinement (or A-refinement) of N if 990^ — 9t. 

A sequence 9Jt,, 9J9t,, ... of open coverings of 
a topological space is called a normal sequence 
if S05, <M, for n— 1,2, ..., and an open 
covering W is said to be a normal covering if 
there is a normal sequence WM, M, ... such 
that M, <M. The support (or carrier) of a 
real-valued function f on a topological 
space X is defined to be the closure of the set 
{xl f(x) x 0]. Let ( f,],.4 be a family of con- 
tinuous nonnegative real-valued functions on 
a topological space X, and for each х in А, let 
C, be the support of /,. The family { f;],., is 
called a partition of unity if the family {С} А 
is locally finite and È, f, (x) = 1 for each x in X. 
If the covering (C,1,., is a refinement of a 
covering W, the family | /,} „4 is called a par- 
tition of unity subordinate to the covering Wt. A 
partition of unity subordinate to a covering M 
exists only if W is a normal covering (— Sec- 
tion X). If p is a continuous tpseudometric on 
a T,-space X, then define a covering M, for 


each natural number n by M,—(U(x; 27")] y. 
where U(x;e) - 1 у| р(х, y) <}. Then the se- 
quence I, , M, ... is a normal sequence of 
open coverings. Conversely, given a normal 
sequence M, M,, ... of open coverings of X, 
there exists a continuous pseudometric p such 
that р(х, у)< 27" whenever xe S( y, 990), and 
p(x, y) z2 "^! whenever x¢S(y, M,). If in 
addition for each x the family (S(x, M,)|n= 
1,2, ...) is a local base at x, then the metric 
topology of p agrees with the topology of X. 


S. Compactness 


If each open covering of a topological space X 
admits a finite open covering as its refinement, 
the space X is called compact; if each open 
covering of X admits a countable open refine- 
ment, X is said to be a Lindelóf space (P. Alek- 
sandrov and P. Uryson, Verh. Akad. Wetensch., 
Amsterdam, 19 (1929)); if each open covering 
of X admits a locally finite open refinement, X 
is called paracompact (J. Dieudonné, J. Math. 
Pures Appl., 23 (1944)); and if each open cover- 
ing of X admits a star-finite open refinement, 
X is said to be strongly paracompact (C. H. 
Dowker, Amer. J. Math., 69 (1947)) or to have 
the star-finite property (K. Morita, Math. 
Japonicae, 1 (1948)). The space X is compact 
(Lindelöf) if for each open covering M of X, 
there is a finite (countable) subfamily of W 
whose union 15 X. 

The following properties for a topological 
space X are equivalent: (1) The space X is 
compact. (2) If a family | F;) л of closed sub- 
sets of X has the finite intersection property, 
i.e., each finite subfamily of {F,},., has non- 
empty intersection, then (^), Е, = Ø. (3) Each 
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Infinite subset of X has a complete accumu- 
lation point. (4) Each *net has a convergent 
*subnet. (5) Each *universal net and each 
*ultrafilter converge. 

If a subset А of X is compact for the relative 
topology, A is called a compact subset. А 
subset A of X is said to be relatively compact if 
the closure of A in X is a compact subset. А 
closed subset of a compact topological space is 
compact, and a compact subset of a Hausdorff 
space is closed. A continuous image of a com- 
pact space is compact, each continuous map- 
ping of a compact space into a Hausdorff space 
is a closed mapping, and a continuous bijec- 
tion of a compact space onto a Hausdorff 
space is a homeomorphism. The product space 
of a family {X,},., of topological spaces is 
compact if and only if each factor space is 
compact (Tikhonov's product theorem, Math. 
Ann., 102 (1930)). A compact Hausdorff space 
is normal. А compact Hausdorff space is 
metrizable if and only if it satisfies the second 
countability axiom. A metric space or a tuni- 
form space is compact 1f and only if it is 
*totally bounded and *complete. A subset of a 
Euclidean space is compact if and only if it is 
closed and bounded. In a discrete space only 
finite subsets are compact. The cardinality of a 
compact Hausdorff space with the first count- 
ability axiom cannot exceed the power of the 
continuum (Arkhangel’skii). 

There are a number of conditions related to 
compactness. А topological space is sequenti- 
ally compact if each sequence in X has a con- 
vergent subsequence. А space X is countably 
compact (M. Fréchet [1]) if each countable 
open covering of X contains a finite subfamily 
that covers X. À space X is pseudocompact (E. 
Hewitt, 1948) if each continuous real-valued 
function on X is bounded. Some authors use 
compact and bicompact for what we call coun- 
tably compact and compact, respectively. N. 
Bourbaki [9] uses compact and quasicompact 
instead of compact Hausdorff and compact, 
respectively. A T,-space is countably compact 
if and only if each infinite set possesses an 
accumulation point. If X is countably com- 
pact, then X is pseudocompact, and if X is 
normal, the converse also holds. If a tcomplete 
uniform space is pseudocompact, then it is 
compact. A space satisfying the second counta- 
bility axiom is compact 1f and only if it is 
sequentially compact. If X is sequentially 
compact, then X is countably compact, and if 
X satisfies the first countability axiom, the 
converse is true. 


T. Compactification 


A compactification of a topological space X 
consists of a compact space Y and a homeo- 
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morphism of X onto a dense subspace X, of Y. 
We can always regard X as a dense subspace 
of a compactification Y. If X is completely 
regular, then there is a Hausdorff compac- 
tification Y such that each bounded real- 
valued continuous function on X can be 
extended continuously to Y. Such a compacti- 
fication is unique up to homeomorphism; it is 
called the Stone-Cech compactification of X 
(E. Cech, Ann. Math., 38 (1937); M. H. Stone, 
Trans. Amer. Math. Soc., 41 (1937)) and is 
denoted by В(Х). Let | fy} ,¢, be the set of all 
continuous functions on a completely regular 
space X into the closed interval J=[0, 1]. 
Then a continuous mapping ф of X into a 
parallelotope 1^ = IT, Г, (1, = I) is defined by 
ф(х) = ( fi C0] ел, and the mapping 9 isa 
homeomorphism of X onto the subspace o( X) 
of I^ (Tikhonov's embedding theorem, Math. 
Ann., 102 (1930)). The closure p(X) of p(X) in 
I^ is the Stone-Cech compactification of X. 
The natural mapping fi( X, x Х,) f(X,) x 
В(Х,) is a homeomorphism if and only if X, x 
X; is pseudocompact (I. Glicksberg, 1959). 

For a topological space X, let oo be a point 
not in X, and define a topology on the union 
X Uoc] as follows: A subset U of X U {00} is 
open if and only if either œ Z U and U is open 
in X, or oo e U and X — U is a compact closed 
subset of X. The topological space X U í co; 
thus obtained is compact, and if Х is not 
already compact, the space X U {20} is a com- 
pactification of X called the one-point com- 
pactification of X (P. S. Aleksandrov, C. R. 
Acad. Sci. Paris, 178 (1924)). The one-point 
compactification of a Hausdorff space is not 
necessarily Hausdorff. The one-point compac- 
tification of the n-dimensional Euclidean space 
R" is homeomorphic to the n-dimensional 
sphere S". 

A completely regular space X is a tG;-set in 
the Stone-Cech compactification B(X) if and 
only if it is a G;-set in any Hausdorff space Y 
which contains X as a dense subspace. Then X 
is said to be Cech-complete. 


U. Absolutely Closed Spaces 


A Hausdorff space X is said to be absolutely 
closed (or H-closed; P. Aleksandrov and P. 
Uryson, 1929) if X is closed in each Hausdorff 
space containing it. A compact Hausdorff 
space is absolutely closed. A Hausdorff space 
is absolutely closed if and only if for each open 
covering {N,}j-, of X, there is a finite sub- 
family of {№,) ед that covers X. The product 
space of a family of absolutely closed spaces is 
absolutely closed. Each Hausdorff space is a 
dense subset of an absolutely closed space. 
Similarly, a regular space X is said to be r- 
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closed if X 15 closed in each regular space 
containing tt (N. Weinberg, 1941). 


V. Locally Compact Spaces 


À topological space X is said to be locally 
compact if each point of X has a compact 
neighborhood (P. Aleksandrov and P. Uryson, 
1929). A *uniform space X is said to be uni- 
‘formly locally compact if there is a member U 
of the *uniformity such that U(x) is compact 
for each x in X (— 436 Uniform Spaces). A 
noncompact space X is locally compact and 
Hausdorff if and only if the one-point com- 
pactification of X is Hausdorff, and this 1s the 
case if and only if X is homeomorphic to an 
open subset of a compact Hausdorff space. A 
locally compact Hausdorff space is completely 
regular, and for each point of the space, the 
family of all of its compact neighborhoods 
forms a local base at the point. A locally 
closed, hence open or closed, subset of a lo- 
cally compact Hausdorff space is also locally 
compact for the relative topology. If a sub- 
space A of a Hausdorff space X is locally 


compact, then A is a locally closed subset of X. 


The Euclidean space R" is locally compact, 
and hence each locally Euclidean space, i.e., a 
space such that each point admits à neighbor- 
hood homeomorphic to a Euclidean space, is 
locally compact. A topological space is called 
o-compact if it can be expressed as the union 
of at most countably many compact subsets. 


W. Proper (Perfect) Mappings 


A mapping f of a topological space X into a 
topological space Y is said to be proper (N. 
Bourbaki [9]) (or perfect [14]) if it is con- 
tinuous and for each topological space Z, the 
mapping f x I: X x ZoY x Z is closed, where 
(f x 1)(x, z) = (f(x) z). A continuous mapping 
f: X — Y is proper if and only if it is closed and 
f~'({y}) is compact for each y in Y. Another 
necessary and sufficient condition ts that if 
{X,}y is a *net in X such that its image í f(x)! 
converges to ye Y, then a subnet of {x,} con- 
verges to an xe f !(y) in X. A continuous 
mapping of a compact space into a Hausdorff 
space is always proper. For a compact Haus- 
dorff space X, a quotient space Y is Hausdorff 
if and only if the canonical projection o: X > 
Y is proper. 

For a continuous mapping f of a locally 
compact Hausdorff space X into a locally 
compact Hausdorff space Y, the following 
three conditions are equivalent: (1) f is proper. 
(2) For each compact subset K of Y, the in- 
verse image f (К) is compact. (3) If XU Ix, | 
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and YU{y,} are the one-point compactifi- 
cations of X and Y, then the extension / of 
f such that у(х.) = y, is continuous. 

The composition of two proper mappings is 
proper and the direct product of an arbitrary 
number of proper mappings is proper. 


X. Paracompact Hausdorff Spaces 


A paracompact Hausdorff space (often called 
simply a paracompact space) is normal. For a 
Hausdorff space X, the following five con- 
ditions are equivalent: (1) X is paracompact. 
(2) X is fully normal (J. W. Tukey [8]), i.e., 
each open covering of X admits an open 
barycentric refinement. (3) Each open covering 
has a partition of unity subordinate to it. (4) 
Each open covering is refined by a closed 
covering {F,|xe Aj that is closure-preserving, 
i.e., ULF,| Be Bj is closed for each Bc A. (5) 
Each open covering (U,|xe Aj has a cushioned 
refinement |V,|xe A}, ie, CIU1V;|Be Bj)c 
U{U,| Be Bj for each Bc A. The implication 
(1)—(2) is Dieudonné's theorem. The implication 
(2) (1) is A. Н. Stone's theorem (1948), from 
which it follows that each metric space is para- 
compact. The implications (5) (4) (1) is 
Michael's theorem (1959, 1957). 

For normal spaces, the following weaker 
versions of (2) and (3) hold: A T,-space X is 
normal if and only if each finite open covering 
of X admits a finite open star refinement (or 
finite open barycentric refinement). For each 
locally finite open covering of a normal space, 
there is a partition of unity subordinate to it. 

For a regular space X the following three 
conditions are equivalent: (1) X is paracom- 
pact. (2) Each open covering of X is refined by 
а g-discrete open covering. (3) Each open 
covering of X is refined by a o-locally finite 
open covering. Tamano's product theorem: For 
a completely regular space X to be paracom- 
pact it is necessary and sufficient that X x B(X) 
be normal (1960). 

For a *connected locally compact space X, 
the following conditions are equivalent: (1) X 
is paracompact. (2) X is e-compact. (3) In the 
one-point compactification X U {oo}, the point 
oo admits a countable local base. (4) There is a 
locally finite open covering {U,},-, of X such 
that U, is compact for each 2. (5) X is the 
union of a sequence (U,! of open sets such 
that U, is compact and U,c U,,, (п= 1,2, ...). 
(6) X is strongly paracompact. 

Every *F,-set of a paracompact Hausdorff 
space is paracompact (Michael, 1953). When a 
T,-space X has the hereditarily weak topology 
with respect to a closed covering {F,}, then X 
is paracompact Hausdorff (normal, completely 
normal or perfectly normal) if and only if each 
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F, is (Morita, 1954; Michael, 1956). In par- 
ticular, every CW-complex is paracompact 
and perfectly normal (Morita, 1953). 


Y. Normality and Paracompactness of Direct 
Products 


A topological space X is discrete if X x Y is 
normal for any normal space Y (M. Atsuji and 
M. Rudin, 1978). There are a paracompact 
Lindelóf space X and a separable metric space 
Y such that the product X x Y is not normal 
(Michael, 1963). The following are conditions 
under which the products are normal or 
paracompact. Let m be an infinite *cardinal 
number. À topological space X is called m- 
paracompact if every open covering consisting 
of at most m open sets admits a locally finite 
open covering as its refinement. When nt is 
countable, it is called countably paracompact. 
If X has an open base of at most m members, 
m-paracompact means paracompact. The 
following conditions are equivalent for a topo- 
logical space X: (1) X is normal and count- 
ably paracompact; (2) The product X x Y is 
normal and countably paracompact for any 
compact metric space Y; (3) X x I is normal, 
where I =[0, 1] (C. H. Dowker, 1951). Rudin 
(1971) constructed an example of a collection- 
wise normal space (— Section AA) that is not 
countably paracompact. When m is general 
the following conditions are equivalent: (1) X 
is normal and m-paracompact; (2) If Y is a 
compact Hausdorff space with an open base 
consisting of at most m sets, then X x Y is 
normal and m-paracompact; (3) X x І" is 
normal; (4) X x (0, 11" is normal (Morita, 
1961). In particular, the product X x Y of 

a paracompact Hausdorff space X and a 
compact Hausdorff space Y is paracompact 
(Dieudonné, 1944). 

A topological space X is called a P-space if 
it satisfies the following conditions: Let О be 
an arbitrary set and (G(o,, ...,2)|a,, ... oe Q, 
i=1,2,... } be a family of open sets such that 
G(a,,..-, 4) & G(2,, ...,3;,0;,4). Then there is a 
family of closed sets {F(a,,...,%))|%1,---,%,€Q, 
i=1,2,...} such that F(a,,...,o) c G(a,, ...,a) 
and that if | )2, G(,, ...,o;) =X for a se- 
quence [a;), then JS, F(a,, ...,a;) = X. Per- 
fectly normal spaces, countably compact 
spaces, Cech-complete paracompact spaces 
and o-compact regular spaces are P-spaces. 
Normal P-spaces are countably paracom- 
pact. A Hausdorff space X is a normal (resp. 
paracompact) P-space if and only if the prod- 
uct X x Y is normal (resp. paracompact) for 
any metric space Y (Morita, Math. Ann., 154 
1964). 


1616 


The product X x Y of locally compact Haus- 
dorff spaces X and Y is a locally compact 
Hausdorff space. If, in this case, X and Y are 
paracompact, then so is the product. If the 
direct product space [T; X, of metric spaces is 
normal, then X; are compact except for at 
most countably many 4, and hence the prod- 
uct space is paracompact (A. H. Stone, 1948). 

A class @ of topological spaces is called 
countably productive if for a sequence X; of 
members of € their product [T X, is again a 
member of €. The classes of (complete) (sepa- 
rable) metric spaces form such examples. The 
class of paracompact and Cech-complete 
spaces is countably productive (Z. Frolik, 
1960). A topological space X is called a p- 
space if it is completely regular and there 
is a sequence Ni; of families of open sets in 
the Stone-Cech compactification B(X) such 
that, for each point xe X, xef) S(x, 9R) c X 
(Arkhangel'skii, 1963). X is called an M-space 
if there is a normal sequence W, of open 
coverings of X such that if K, 5 K,2...isa 
sequence of nonempty closed sets and K; = 
S(x, Mj), = 1,2, ..., for an xe X, then () K, Z 
Ø (Morita, 1963). The class of paracompact 
p-spaces and that of paracompact Hausdorff 
M-spaces are the same and are countably pro- 
ductive. For a covering $ of X and an xe X 
we set C(x, 8) = ( (F|xe Fe). X is called a 
2-space if X admits a sequence $, of locally 
finite closed coverings such that if K, > K,> 
... is a sequence of nonempty closed sets and 
Kj;c C(x, S). i=1,2,..., for an xe X, then 
r) K,z Ø (K. Nagami, 1969). X-spaces are 
P-spaces. The class of all paracompact Z- 
spaces is also countably productive. Among 
the above classes each one is always wider 
than its predecessors. Yet the product X x Y of 
a paracompact Hausdorff P-space X and a 
paracompact Hausdorff 2-ѕрасе Y is paracom- 
pact. Other examples of countably productive 
classes are the Suslin spaces and the Luzin 
spaces (— Section CC) introduced by Bour- 
baki (1958), the stratifiable spaces by J. G. 
Ceder (1961) and C. J. R. Borges (1966), the No- 
spaces by Michael (1966) and the o-spaces by 
A. Okuyama (1967). 


Z. Strongly Paracompact Spaces 


Regular Lindelóf spaces are strongly paracom- 
pact. Conversely, if a connected regular space 
is strongly paracompact, then it is a Lindelöf 
space (Morita, 1948). Hence a connected non- 
separable metric space is not strongly para- 
compact. Paracompact locally compact Haus- 
dorff spaces and uniformly locally compact 
Hausdorff spaces are strongly paracompact. 
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These classes of spaces coincide under suitable 
tuniform structures. 


AA. Collectionwise Normal Spaces 


A Hausdorff space X is called a collectionwise 
normal space if for each discrete collection 
(F,|xe A} of closed sets of X there exists а 
disjoint collection (U,|a € A} of open sets with 
F,cU, (xe A) (R. Н. Bing, 1951). If X satisfies 
an analogous condition for the case where 
each F, is a singleton, X is called a collection- 
wise Hausdorff space. Paracompact Hausdorff 
spaces are collectionwise normal (Bing). Every 
point-finite open covering of a collectionwise 
normal space has a locally finite open refine- 
ment (Michael, Nagami). 

A topological space X is called a developable 
space if it admits a sequence И,, і = 1,2, ..., of 
open coverings such that, for each point xe X, 
{S(x, U)|i=1, 2, ... } forms a base for the 
neighborhood system of x (R. L. Moore, 1916). 
A regular developable space is called a Moore 
space. The question of whether or not every 
normal Moore space is metrizable is known 
as the normal Moore space problem (— 273 
Metric Spaces K). Collectionwise normal 
Moore spaces are metrizable (Bing). 


BB. Real-Compact Spaces 


A completely regular space X is called real- 
compact if X is complete under the smallest 
*uniformity such that each continuous real- 
valued function on X is uniformly continuous 
(— 422 Uniform Spaces). This notion was 
introduced by E. Hewitt (Trans. Amer. Math. 
Soc., 64 (1948)) under the name of Q-space, 
and independently by L. Nachbin (Proc. Inter- 
national Congress of Mathematicians, Cam- 
bridge, Mass., 1950). 

A Lindelóf space is real-compact. If X, and 
X, are real-compact spaces such that the rings 
C(X,) and C(X,) of continuous real-valued 
functions on X, and X, are isomorphic, then 
X, and X, are homeomorphic (Hewitt). If X is 
real-compact, then X is homeomorphic to a 
closed subspace of the product space of copies 
of the space of real numbers, and conversely. 


CC. Images and Inverse Images of Topological 
Spaces 


Each continuous mapping f: X > Y is decom- 
posed into the product ioo p of continuous 
mappings p: X o X/ —, h: X/— 5 f(X) and i: 
f(X)— Y, where ~ is the equivalence relation 
such that x, ~x, if and only if f(x,)= f(x,). 
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The mapping f is open (resp. closed) if and 
only if these mappings are all open (resp. 
closed). Then h is a homeomorphísm. The 
image of a paracompact Hausdorff space 
under a closed continuous mapping is para- 
compact (Michael, 1957). 

Let f: X > Y bea perfect surjection. Then Y 
is called a perfect image of X and X a perfect 
inverse image of Y. If, in this case, one of X 
and Y satisfies a property such as being com- 
pact, locally compact, с-сотрасі, Lindelóf, or 
countably compact, then the other also satis- 
fies the property. When X and Y are com- 
pletely regular, the same is true with regard 
to Cech completeness. Properties such as 
regularity, normality, complete normality, 
perfect normality, and the second countability 
axiom are preserved in perfect images; but 
complete regularity and strong paracompact- 
ness are not. Perfect images of metric spaces 
are also metrizable (S. Hanai and Morita, A. 
H. Stone, 1956). Conversely, perfect inverse 
images of paracompact spaces are paracom- 
pact. If a Hausdorff space is a perfect inverse 
image of a regular space (resp. k-space; — 
below), then it is a regular space (resp. k- 
space). Every paracompact Cech-complete 
space is a perfect inverse image of a tcomplete 
metric space (Z. Frolik, 1961). A completely 
regular space is a paracompact p-space if and 
only if it is a perfect inverse image of a metric 
space (Arkhangel’skii, 1963). A mapping f: X 
Y is called quasi-perfect if it is closed and 
continuous and the inverse image f^ ! (y) of 
each point ye Y is countably compact. A topo- 
logical space X is an M-space if and only if 
there is a quasi-perfect mapping from X onto 
a metric space Y (Morita, 1964). Let f: X Ү 
be a quasi-perfect surjection. If one of X and 
Y is a Z-space, then the other is also a X-space 
(Nagami, 1969). 

A topological space X is called a Fréchet- 
Uryson space (or a Fréchet space) if the closure 
of an arbitrary set A c X is the set of all limits 
of sequences in A (Arkhangel'skii, 1963). X is 
called a sequential space if A с X is closed when- 
ever A contains all the limits of sequences in 
A (S. P. Franklin, 1965). X is called a k'-space 
if the closure of an arbitrary set A is the set of 
all points adherent to the intersection АПК 
for a compact set K in X (Arkhangel’skii, 
1963). X is called a k-space if A c X is closed 
whenever AN K is closed in K for any compact 
set K (— Arkhangel'skii, Trudy Moskov. Mat. 
Obshch., 13 (1965)). Spaces satisfying the first 
countability axiom are Fréchet-Uryson spaces. 
The Fréchet-Uryson spaces (resp. sequential 
spaces) are characterized as the images under 
hereditarily quotient (resp. quotient) mappings 
of metric spaces or locally compact metric 
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spaces. Similarly the k'-spaces (resp. k-spaces) 
coincide with the images under hereditarily 
quotient (resp. quotient) mappings of locally 
compact spaces. The image of a metric space 
under a closed continuous mapping is called a 
Lashnev space. Any subspace of a Fréchet- 
Uryson space is a Fréchet-Uryson space. Con- 
versely, a Hausdorff space is a Fréchet-Uryson 
space if any of its subspaces is a k-space. Cech- 
complete spaces are k-spaces. A Hausdorff 
space is called a Suslin space (resp. Luzin space) 
if it is the image under a continuous surjection 
(resp. continuous bijection) of a complete 
separable metric space (Bourbaki [9]; also — 
22 Analytic Sets). 

In Figs. 1, 2, and 3, the relationships be- 
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tween the various properties are indicated 
by the arrows. 
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The term topology means a branch of mathe- 
matics that deals with topological properties 
of geometric figures or point sets. A classical 
result in topology 15 the Euler relation on 
polyhedra: Let «o, x,, and х, be the numbers 
of vertices, edges, and faces of a polyhedron 
homeomorphic to the 2-dimensional sphere; 
then a — x, +%, =2 (*Euler-Poincaré formula 
for the 2-dimensional case; actually, the for- 
mula was known to Descartes). It is one of the 
earliest results in topology. In 1833, C. F. 
Gauss used integrals to define the notion of 
"linking numbers of two closed curves іп a 
space (— 99 Degree of Mapping). It was in 

J. B. Listing's classical work Vorstudien zur 
Topologie (1847) that the term topology first 
appeared in print. 

In the 19th century, B. Riemann published 
many works on function theory in which topo- 
logical methods played an essential role. He 
solved the homeomorphism problem for com- 
pact surfaces (— 410 Surfaces); his result is 
basic in the theory of algebraic functions. In 
the same period, mathematicians began to 
study topological properties of n-dimensional 
polyhedra. E. Betti considered the notion of 
*homology. H. Poincaré, however, was the first 
to recognize the importance of a topological 


426 
Topology 


approach to analysis in general; he defined the 
*homology groups of a complex [1]. He ob- 
tained the famous *Poincaré duality theorem 
and defined the fundamental group. He con- 
sidered *polyhedra as the basic objects in top- 
ology, and deduced topological properties 
utilizing tcomplexes obtained from polyhedra 
by tsimplicial decompositions. He thus con- 
structed a branch of topology known as com- 
binatorial topology. 

In its beginning stages combinatorial top- 
ology dealt only with polyhedra. In the late 
1920s, however, it became possible to apply 
combinatorial methods to general tcompact 
spaces. P. S. Alexandrov introduced the con- 
cept of approximation of a ‘compact metric 
space by an inverse sequence of complexes and 
the definition of homology groups for these 
spaces. His idea had a precursor in the notion 
of *simplicial approximations of continuous 
mappings, which was introduced by L. E. J. 
Brouwer in 1911. In 1932, E. Cech defined 
homology groups for arbitrary spaces utilizing 
the tinductive limit of the homology groups of 
polyhedra; and tCech cohomology groups for 
arbitrary spaces were also defined. S. Eilenberg 
established tsingular (co)homology theory 
using ‘singular chain complexes (1944). The 
axiomatic approach to (co)homology theory is 
due to Eilenberg and Steenrod, who gave 
axioms for (co)homology theory in a most 
comprehensive way and unified various (co)- 
homology theories (1945) (^ 201 Homology 
Theory. 

The approach using algebraic methods has 
progressed extensively in connection with the 
development of homology theory. This branch 
is called algebraic topology. In the 1920s and 
1930s, a number of remarkable results in alge- 
braic topology, such as the tAlexander duality 
theorem, the tLefschetz fixed-point theorem, 
and the *Hopf invariant, were obtained. In the 
late 1930s, W. Hurewicz developed the theory 
of higher-dimensional *homotopy groups (— 
153 Fixed-Point Theorems, 201 Homology 
Theory, 202 Homotopy Theory). J. H. C. 
Whitehead introduced the concept of *CW 
complexes and proved an algebraic charac- 
terization of the homotopy equivalence of CW 
complexes. N. Steenrod developed *obstruc- 
tion theory utilizing tsquaring operations in 
the cohomology ring (1947). Subsequently, 
the theory of cohomology operations was 
introduced (— 64 Cohomology Operations, 
305 Obstructions). The theory of *spectral 
sequences for ‘fiber spaces was originated by 
J. Leray (1945) and J.-P. Serre (1951) and was 
successfully applied to cohomology operations 
and homotopy theory by H. Cartan and Serre 
(1954) (— 148 Fiber Spaces, 200 Homological 
Algebra). The study of the combinatorial 
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structures of polyhedra and *piecewise linear 
mappings has flourished since 1940 in the 
works of Whitehead, S. S. Cairns, and others. 
S. Smale and, independently, J. Stallings 
solved the *generalized Poincaré conjecture in 
1960. The *Hauptvermutung in combinatorial 
topology was solved negatively in 1961 by B. 
Mazur and J. Milnor. E. C. Zeeman proved 
the unknottedness of codimension 3 (1962). 
The recent development of the theory in con- 
junction with progress in ‘differential topol- 
ogy is notable. The Hauptvermutung for com- 
binatorial manifolds was solved in 1969 by 
Kirby, Siebenmann, and Wall. In particular, 
there exist different combinatorial structures 
on tori of dimension > 5, and there are topo- 
logical manifolds that do not admit any com- 
binatorial structure (— 65 Combinatorial 
Manifolds, 114 Differential Topology, 235 
Knot Theory). 

The global theory of differentiable manifolds 
started from the algebraic-topological study of 
fiber bundles and tcharacteristic classes in the 
1940s. R. Thom’s fundamental theorem of 
tcobordism (1954) was obtained through ex- 
tensive use of cohomology operations and 
homotopy groups. Milnor (1956) showed that 
the sphere S’ may have differentiable struc- 
tures that are essentially distinct from each 
other by using tMorse theory and the tindex 
theorem of Thom and Hirzebruch. These 
results led to the creation of a new field, tdif- 
ferential topology (— 56 Characteristic Classes, 
114 Differential Topology). 

Since 1959, A. Grothendieck, M. F. Atiyah, 
F. Hirzebruch, and J. F. Adams have devel- 
oped * K-theory, which is a generalized coho- 
mology theory constructed using stable classes 
of tvector bundles (— 237 K-Theory). 

"К not theory, an interesting branch of top- 
ology, was one of the classical branches of 
topology and is now studied in connection 
with the theory of low-dimensional manifolds 
(— 235 Knot Theory). 

On the other hand, G. Cantor established 
general set theory in the 1870s and introduced 
such notions as *accumulation points, topen 
sets, and tclosed sets in Euclidean space. The 
first important generalization of this theory 
was the concept of ttopological space, which 
was proposed by M. Fréchet and developed by 
F. Hausdorff at the beginning of the 20th 
century. The theory subsequently became a 
new field of study, called general topology or 
set-theoretic topology. It deals with the topo- 
logical properties of point sets in a Euclidean 
or topological space without reference to 
polyhedra. There has been a remarkable devel- 
opment of the theory since abount 1920, nota- 
bly by Polish mathematicians S. Janiszewski, 
W. Sierpinski, S. Mazurkiewicz, C. Kuratow- 
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ski, and others. The contributions of R. L. 
Moore, G. T. Whyburn, and K. Menger are 
also important (— 382 Shape Theory, 425 
Topological Spaces). 

Topology is not only a foundation of vari- 
ous theories, but 15 also itself one of the most 
important branches of mathematics. It consists 
of thomology theory, *homotopy theory, tdif- 
ferential topology, tcombinatorial manifolds, 
*K-theory, ‘transformation groups, *theory of 
singularities, tfoliations, tdynamical systems, 
‘catastrophe theory, etc. It continues to de- 
velop in interaction with other branches of 
mathematics (— 51 Catastrophe Theory, 126 
Dynamical Systems, 154 Foliations, 418 Theory 
of Singularities, 431 Transformation Groups). 
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427 (IX.12) 
Topology of Lie Groups and 
Homogeneous Spaces 


A. General Remarks 


Among various topological structures of tLie 
groups and thomogeneous spaces, the struc- 
tures of their *'(co)homology groups and 
*homotopy groups are of special interest. Let 
G/H be a homogeneous space, where G is a 
Lie group and H is its closed subgroup. Then 
(G, G/H, H) is a *fiber bundle, where G/H is 
the base space and H is the fiber. Thus homol- 
ogy and homotopy theory of fiber bundles 
(tspectral sequences and thomotopy exact 
sequences) can be applied. The ‘cellular de- 
composition of *Stiefel manifolds, *Grassmann 
manifolds, and *Káhler homogeneous spaces 
are known. Concerning tsymmetric Riemann- 
ian spaces, we have various interesting meth- 
ods, such as the use of invariant differential 
forms in connection with real cohomology 
rings and the use of *Morse theory in order to 
establish relations between the diagrams of 
symmetric Riemannian spaces G/H and homo- 
logical properties of their "loop spaces and 
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some related homogeneous spaces [ 4, 5]. Lie 
groups can be regarded as special cases of 
homogeneous spaces or symmetric spaces, 
although their group structures are of partic- 
ular importance. À connected Lie group is 
homeomorphic to the product of one of its 
compact subgroups and a Euclidean space 
(*Cartan-Mal'tsev-Iwasawa theorem). Hence 
the topological structure of a connected Lie 
group is essentially determined by the topolog- 
ical structures of its compact subgroups. 


B. Homology of Compact Lie Groups 


Let G be a connected compact Lie group. 
Since G is an *H-space whose multiplication is 
given by its group multiplication h, H*(G; k) 
and H,(G; К) are dual tHopf algebras for any 
coefficient field k. Also, H*(G; k) is isomorphic 
as a tgraded algebra to the tensor product of 
telementary Hopf algebras (— 203 Hopf Alge- 
bras), but no factor of the tensor product is 
isomorphic to a polynomial ring because G is 
a finite *polyhedron. In particular, if k= R 
(the field of real numbers), then H*(G; В) = 
Ar(X1>-++> х0) (the exterior (Grassmann) alge- 
bra over R with generators x,,...,x, of odd 
degrees). Here we can choose generators x; 
such that h*(x)=1 @ x, + x, @ Ll, 1 <i<l. The 
x; that satisfy this property are said to be 
primitive. Since in this case the tcomultiplica- 
tion h* is commutative, the multiplication h, 
is also commutative and the Hopf algebra 
H,(G; R) is an exterior algebra generated 

by elements y; having the same degree as 

x; (i= 1, ..., I). When the characteristic of the 
coefficient field k is nonzero, h, need not be 
commutative. 

The dimension of a tmaximal torus of a 
connected compact Lie group G is indepen- 
dent of the choice of the maximal torus and is 
called the rank of G. The rank of G coincides 
with the number / of generators of H*(G; R). E. 
Cartan studied H*(G; R) by utilizing invariant 
differential forms. The cohomology theory of 
Lie algebras originated from the method he 
used in his study. H*(G; R) is invariant under 
"оса! isomorphisms of groups G. For ‘class- 
ical compact simple Lie groups G, R. Brauer 
calculated H*(G; R), while C.-T. Yen and C. 
Chevalley calculated H*(G; R) for *exceptional 
compact simple Lie groups (— Appendix A, 
Table 6.IV). The degrees of the generators 
have group-theoretic meaning. Suppose that 
the degree of the ith generator is 2m; — 1, 1 < 
ixl,and that m, «m, <... «im,. When G is 
simple, there is a relation m; 4- m, .;,, = const- 
ant (Chevalley's duality). We have a proof for 
this property that does not use classification. 

The cohomology groups H*(G; Z,) (where p 
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is a prime and Z, = Z/pZ) have been deter- 
mined as graded algebras for all compact 
simple Lie groups by A. Borel, S. Araki, and P. 
Baum and W. Browder (— Appendix A, Table 
6.IV). 


C. Cohomology of Classifying Spaces 


Let (Eg, Bg, G) be a *universal bundle of a 
connected compact Lie group G and p a prime 
or zero. Suppose that the integral cohomology 
of G has no p-torsion (no torsion when p —0). 
Then H*(G;Z,)= Az, on. х) (H*(G; Z) = 
Az Xi. x) when p=0), an exterior alge- 

bra with deg x;=2m,—1, 1 &i«l, and the 
generators x; can be chosen to be ftransgres- 
sive in the spectral sequence of the universal 
bundle. Let y,,..., у; be their transgression 
images. Then deg y; = 2m,, 1 « ix I, and the 
cohomology of the ‘classifying space Bg over 
Z, (resp. Z) is the polynomial algebra with 
generators y,, ..., yj. Let T be a maximal torus 
of G. Then Вг = Eç/T is a classifying space of 
T, the *Weyl group W= N(TYT of G with 
respect to T operates on B, by right transla- 
tions, and Н*(Т; Z) has no torsion and is an 
exterior algebra with / generators of degree 1. 
Thus H*(B4;Z)- Z[u,, .... uj], аери; = 2. Let 
Iwy be the subalgebra of H*(B,; Z) consisting 
of W-invariant polynomials, and let p be the 
projection of the bundle (B+, Bç, G/T). Then 
under the assumption that G has no p-torsion 
(no torsion), the cohomology mapping p* over 
Z,(Z) is monomorphic, and p*: H*(Bg; Z,) = 
Iw © Z, (A*(Bg; Z) = Iy) [1]. In the case of 
real coefficients, we have H*(Bg; R)= Iy © 

R for all G, and m,,...,m, are the degrees 

of generators of the ring I of W-invariant 
polynomials. 

Example (1) G= U (n): |=n апа G has no 
torsion. W operates on H*(B,; Z) as the group 
of all permutations of generators u,, ...,и,. 
Thus generators of Гу are the telementary 
symmetric polynomials o,, ...,6, of u,, ..., Up- 
Let c,, ...,c, be the *universal Chern classes; 
then p*(cj) - o; and H*(Byu; Z) = Zc), ....c,]. 

Example (2) G = SO(n): 1= [n/2] and G 
has no p-torsion for p z: 2. W operates оп 
H*(B4; Z) as the group generated by the per- 
mutations of generators u,,...,u, and by the 
transformations o(u,)=e,u;, e; — +1, where the 
number of u; for which e; 2 —1 is arbitrary for 
odd n and even for even n. Thus the generators 
of I, are the elementary symmetric poly- 
nomials o, ...,0; of ut, ...,u? for odd n and 
O1,..-,0;-, and u, ... uj for even n. Let p,,..., p, 
be the universal Pontryagin classes and y be 
the *universal Euler-Poincaré class in the case 
of even n. Then p*(pj) о; and p*(y)=u, ... uj 
for integral cohomology. Denote the mod p 
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reduction of p, and y by p, and y, respectively. 
Then H*(Bsooia;Z,)= Zu pi... pi] and 
H*(Bsoii Zp) = Zi pi s pi Z] (p=0 or 
> 2). 

Example (3) G 2 O(n): If we use the subgroup 
Q consisting of all diagonal matrices instead of 
T, then we can make a similar argument for 
Z;-cohomology. Since Q =(Z,)", H*(Bo; 
Z,)=Z,[t,,...,0,] (Z;[v,.....v,] isa 
polynomial ring with degv;= 1), апа И, = 
N(Q)/Q operates on Bo by right translations 
and on H*(Bo; Z,) as the group of all permuta- 
tions of v,, ..., v,. Let Гу, be the subalgebra 
of H*(Bo; Z2) consisting of all W,-invariant 
polynomials. Then Tw, is a polynomial ring 
generated by the elementary symmetric poly- 
nomials oj, ...,0, Of v,,...,0,. The projec- 
tion р: Во э Bom induces a monomorphic 
cohomology mapping p? over Z,, and p*: 
H* (Bon; Z2) = Iw, Let w,,...,w, be the tuni- 
versal Stiefel- Whitney classes. Then p¥(w,) = 
o; and H*(Boyy;Z2)=Z2[1,..-.W,] [2]. 


D. Grassmann Manifolds 


The following manifolds are called Grass- 
mann manifolds: The manifold M, ,,, ,(R) con- 
sisting of all n-subspaces of R"*"; the mani- 
fold M, ,,, ,(R) consisting of all oriented n- 
subspaces of R"*"; and the manifold M,,,, (C) 
consisting of all complex n-subspaces of C"*". 
These are expressed as quotient spaces as 
follows: M,,,, ,(R) = O(n + m)/O(n) x O(m), 

M, ,,(R) = SO(n + m)/SO(n) x SO(m), and 
M, s (C) 9 О(п + m)/U(n) x U(m). They admit 
cellular decompositions by *Schubert varieties 
from which their cohomologies can be com- 
puted (— 56 Characteristic Classes). M,,,, ,(R) 
and M,,,, ,(R) have no p-torsion for p z 2, and 
M, 4, (C) has no torsion. These spaces are m-, 
m-, and (2m 4- 1)-classifying spaces of O(n), 
SO(n), and U (n), respectively. Hence their 
cohomologies are isomorphic to those of Bç 
(G — O(n), SO(n), U(n)) in dimensions «m, 
«m, апа x 2m, respectively; and they are poly- 
nomial rings generated by suitable univer- 

sal characteristic classes in low dimensions. 


E. Cohomologies of Homogeneous Spaces G/U 
(Rank С = Rank U) 


Let G be a compact connected Lie group and 
U a closed subgroup of G with the same rank 
as G. Denote the degrees of generators of 
H*(G; R) and H*(U; R) by 2m, — 1, ..., 2m,— 1, 
and 2n, — 1, ..., 2n, — 1, respectively. Then the 
real-coefficient *Poincaré polynomial P, of the 
homogeneous space G/U is given by Po(G/U, t) 
-[L(1— £”) — £") (G. Hirsch). When С, U, 
and G/U have no p-torsion, the same formula 
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is valid for the Z,-coefficient Poincaré poly- 
nomial [1]. When U is the tcentralizer of a 
torus, G/U has a complex analytic cellular 
decomposition [3]. Hence G/U has no torsion 
in this case. This was proved by R. Bott and 
H. Samelson by utilizing Morse theory [5] 
(— 279 Morse Theory). The case U = T has 
also been studied. 


F. Homotopy Groups of Compact Lie Groups 


The *fundamental group z,(G) of a compact 
Lie group С is Abelian. Furthermore, z,(G) = 
0. If we apply Morse theory to G, the varia- 
tional completeness of G can be utilized to 
show that the loop space QG has no torsion 
and that its odd-dimensional cohomologies 
vanish [4]. Consequently, when G is non- 
Abelian and simple, we have z,(G)= Z. A 
*periodicity theorem on *stable homotopy 
groups of classical groups proved by Bott is 
used in K-theory (— 202 Homotopy Theory; 
237 K-Theory). (For explicit forms of homo- 
topy groups — Appendix A, Table 6.VI). 

Homotopy groups of Stiefel manifolds are 
used to define characteristic classes by *ob- 
struction cocycles (— 147 Fiber Bundles; Ap- 
pendix A, Table 6.VT). 
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A. Pfaff's Problem 


A total differential equation is an equation of 
the form 


c —0, (1) 


where œ is a ‘differential 1-form У? a;(x)dx; 
on a manifold X. A submanifold M of X is 
called an integral manifold of (1) if each vector 
€ of the *tangent vector space T,(M) of M at 
every point x on M satisfies (¿) =0. We de- 
note the maximal dimension of integral mani- 
folds of (1) by т(о). J. Е. Pfaff showed that 
т(о) z (n — 1)/2 for any о. The problem of 
determining m(w) for a given form « is called 
Pfaff's problem. This problem was solved by 
G. Frobenius, J. G. Darboux, and others as 
follows: Form an *alternating matrix 


(aij); <i,j<n (2) 


from the coefficients of the texterior derivative 
of o, 


1 n n 
do=5 Y Y aj(x)dx,Adx,, 
i-1j-1 


where а; = 0a;/6x; — 0a;/0x;. Suppose that the 
rank of (2) is 2t. Then the rank of the matrix 


is 2t or 2t -- 2. In the former case m(o) 2 n — t, 
and w can be expressed in the form 


I 
> ИШИ 
i 


by choosing a suitable coordinate system 
(u,, ...,u,). In the latter case m(w)=n—t—1, 
and c can be expressed in the form 


t 
> Moi dla; + dug, 4, 
I=1 


by choosing a suitable coordinate system 
(u,,...,u,). This theorem is called Darboux’s 
theorem. 

A 1-form o is called a Pfaffian form, and 
equation (1) is called a Pfaffian equation. A 
system of equations w;=0 (1 &ix s) for 1-form 
w; is called a system of Pfaffian equations or a 
system of total differential equations [ 6, 12, 26]. 


B. Systems of Differential Forms and Systems 
of Partial Differential Equations 


Let © be a system of differential forms of, 
Oxpxn, lxixv,, on X, where oy is a p-form 
on X. A submanifold M of X 15 called an 
integral manifold of Q=0 if for each p (0 < p < 
dim M), any p-dimensional subspace E, of 
T.(M) satisfies w?(E,)=0 (1 & i& v) at every 
point x on M. Denote the maximal dimension 
of integral manifolds of Q=0 by m(Q). The 
problem of determining m(Q) for a given sys- 
tem О is called the generalized Pfaff problem, ` 
and will be explained in later sections. By 
fixing a local coordinate system of X and 
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dividing it into two systems (x,, ..., x,) and 
(Vi У) (m n—r), we can consider the 
problem of finding an integral manifold of Q 
— 0 defined by 


У, =VqlX p, -> Xp), ]1xoxm. 


This problem can be reduced to solving a 
system of partial differential equations of the 
first order on the submanifold N with the local 
coordinate system (x,, ..., x,). 

Consider a system of partial differential 


equations Ф —0 of order /: 
PAX Yapi *)=0, 1<4<s, (3) 


with 1 &ixr,1xo, <m, ji +... +j, <l, where 


A fy tr: bg, 
А 6 1 "у 
Jer 4 
p 7 (4) 
В Oxh ... Ox 


A submanifold defined by y, = у,(х;,...,х,), 

1 o xm, is called a solution of  —0 if it satis- 
fies (3) identically. The problem of determining 
whether a given system Ф = 0 has a solution 
was solved by C. Riquier, who showed that 
any system can be prolonged either to a pas- 
sive orthonomic system or to an incompatible 
system by a finite number of steps. A system 
of partial differential equations is called a 
prolongation of another system if the former 
contains the latter and they have the same 
solution. A passive orthonomic system is one 
whose general solution can be parametrized by 
an infinite number of arbitrary constants. A 
solution containing parameters is called a 
general solution if by specifying the parameters 
we can obtain a solution of the *Cauchy prob- 
lem for any initial data. А system (3) is said to 
be incompatible if it implies a nontrivial rela- 
tion f(x,,..., x,) = 0 among the х;. 

The problem of solving a system  —0 of 
partial differential equations can be reduced to 
that of finding integral manifolds of a system 
of differential forms X as follows: Let J! be a 
manifold with the local coordinate systcm 


(x ys pg; E ier, 1«o, б<т, 
j t... +J, <l), 


and X be a system of 0-forms o; (1 < ¿ < s) and 
1-forms 


dy, — 3 pidx;, 
i=1 


arf Y ph ах, 

(1&o, B xim, ji +... +j, <l). Then an integral 
manifold of X = 0 of the form 

ya = Yd (X1... Xe) 1<ж<т, 
py rep AOL Lx) 


jh +... +L <l, 
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gives a solution y,=y,{x,,...,X,), 1 < x «m, of 

Ф=0, and y, and pj!” satisfy (4). 
Conversely, a solution y, = y,(x,, ..., x,), 

| <x <m, of 6 —0 gives an integral manifold 

of Z —0 if we define pl ^(x,,.... x,) by (4) 

[23,24, 26]. 


C. Systems of Partial Differential Equations of 
First Order with One Unknown Function 


Consider a system of independent tvector 
fields on N: 
r 0 : 
L,=> Бх) =, I<4ss. 
i=1 CX; 
We solve a system of inhomogeneous 
equations 


L,y— fiy — 9,09 —0, 


for a given system of f,(x) апа g,(x). The sys- 
tem (5) is called a complete system if each of 
the expressions 


[L Lady (L.f, L,f,)y—(f,.g,— fagn) 
—(L,;g, z Laga) 


is a linear combination of the left-hand sides of 
(5), where [L; L,,] means the tcommutator of 
L, and L,. This condition is called the com- 
plete integrability condition for (5). Suppose 
that the homogeneous system 


1«Axs, (5) 


Ix^«guxs, (6) 


L,y-0, 1<4<5, (7) 


is complete. Then it has a system of !function- 
ally independent solutions y,, ..., y, ,, and any 
solution y of (8) is a function of them: y— 
W(¥1,---, 75). If the inhomogeneous system 
(5) is complete, then the homogeneous system 
(7) is complete. This notion of a complete 
system is due to Lagrange and was extended 
to a system of nonlinear equations by Jacobi 
as follows (— 324 Partial Differential Equa- 
tions of First Order C). 

Consider a system of nonlinear equations 


р) = 0, 


where p; = Cy/Cx;. The system (8) is called an 
involutory system if each of [F,, F,], 1&4 « 

H <s, is a linear combination of F,, ..., Fy. 
Here *Lagrange’s bracket [ F, С] is defined by 


OF (0G ¿G 
F,G | 
[F,G] = 2 ІС en) 


Exec) 


Suppose that the system (8) is involutory and 
F,,..., F, are functionally independent. Then, 


F;(x,,... 


sX Vs Pise 1<5<5, (8) 


in general, we can solve the following tCauchy 
problem for an (r — s)-dimensional submani- 
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fold N,_, of N: Given a function f on N,_,, find 
a solution y of (8) satisfying у= f on N, ,. We 
can construct a solution by integrating a sys- 
tem of ordinary differential equations called a 
*characteristic system of differential equations. 
Hence the solution of these problems may be 
carried out in the С° -саїерогу (— 322 Partial 
Differential Equations (Methods of Integra- 
tion) B) [7, 11]. 


D. Frobenius's Theorem 


Let X be a tdifferentiable manifold of class C^ 
and Q be a system of independent 1-forms c, 
1<i<s, on X. Then the system of Pfaffian 
equations О =0 is called a completely inte- 
grable system if at every point x of X, 
do;— У Üj^o, 1<i<s, 
ju 

for 1-forms 0; on a neighborhood of x. Sup- 
pose that О —0 is completely integrable. Then 
at every point x of X, there exists a local co- 
ordinate system ( f1,..., f, Xi. ... X) ina 
neighborhood U of x for which a tangent vec- 
tor č of X at ze U satisfies (5) = 0, 1 &ixs, 
if and only if £f, 0, 1 <i<s. In this case, each 
of the df; is a linear combination of %1, ...,,, 
and conversely, each of the c, is à linear com- 
bination of df,, ..., df,. In general, a function f 
for which df is a linear combination of 
01, ...,0;, Is called a first integral of Q=0. 

The theorem of the previous paragraph 
is called Frobenius's theorem, which can be 
stated in the dual form as follows: Let D(X) be 
a *subbundle of the ttangent bundle T(X) over 
X. The mapping X 3x  D,(X) is called a dis- 
tribution on X. It is said to be an involutive 
distribution if at every point x of X we can 
find a system of independent vector fields L; 
(1 <i<s) on a neighborhood U of x such that 
the L,(z) (1 &ix s) form a basis of D.(X) at 
every ze U and satisfy [L;, Lj] 20 (L,, ..., L), 
1 <i<j<s, оп U. A connected submanifold M 
of X is called an integral manifold of D(X) if 
T, (M) = Р(Х) at every point x of M. Suppose 
that D(X) gives an involutive distribution on 
X. Then every point x of X is in à maximal 
integral manifold M that contains any integral 
manifold including x as a submanifold. 


E. Cartan-Káhler Existence Theorems 


Let X be a treal analytic manifold. Denote the 
*sheaf of rings of differential forms on X by 
A(X) and its subsheaf of @(X)-medules of p- 
forms on X by A,(X), 1 <p <n, where О(Х) is 
the sheaf of rings of 0-forms on X. A subsheaf 
of ideals 2 is called a differential ideal if it is 
generated by Z,, 0 < p «n, and contains dX, 
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where 2, = X A,(X). Consider a differential 
ideal X on X. Denote the *Grassmann mani- 
fold of p-dimensional subspaces of T; (X) with 
origin xe X by G,(x), and the Grassmann 
manifold | J..  G(x) over X by G,(X). An 
element E, of G,(x) is called a p-dimensional 
contact element with origin x. An element E, 
of G,(x) is called an integral element of > if 
«(E,)=0 at x for any p-form о in 2; further- 
more, E, is called an integral element of X 

if any element E, contained in E,, 0 € q <p, is 
an integral element of Х,. In particular, 0- 
dimensional and 1-dimensional integral ele- 
ments are called integral points and integral 
vectors, respectively. It can be proved that an 
element E, is an integral element of X if and 
only if it is an integral element of >. The polar 
element H(E,) of an integral element E, with 
origin x is defined as the subspace of T,(X) 
consisting of all vectors that generate with E, 
an integral element of X. Let (Z,)°, O < p n, be 
the subsheaf of ©(X)-modules in ©(G,(X)) 
consisting of all 0-forms 


a) ta ZS А 
, : dp Eque 
1&i«..«iy&n 


on G,(X) derived from a p-form 


| | dj, dx, A... Аах € Xp, 
I<i,<...<is<n 


where z;,...;, is the *Grassmann coordinate of 
Е. An integral element Е? is called a regular 
integral element if the following two conditions 
are satisfied: (1) (2)? is a regular local equation 
of IX, at E9, where IZ, is the set of all integral 
elements of 2; (ii) dim H(E,) = constant around 
E? on 12:,. This definition, due to E. Kahler, is 
different from that given by E. Cartan [4]. 

Here, in general, a subsheaf Ф of @(X) is 
called a regular local equation of IO at an 
integral point x, if there exists a neighborhood 
U of x, and ‘cross sections 9,,..., 9, of ® on 
U that satisfy the following two conditions: (i) 
do, ...,dqo, are linearly independent at every x 
on U; (ii) a point x of U is an integral point of 
Ф if and only іф, (x)=... = ф,(х)= 0. 

First existence theorem. Suppose that we are 
glven a p-dimensional integral manifold M 
with a regular integral element T. (M) at a 
point x on M. Suppose further that there exists 
a submanifold F of X containing M such that 
dim F=n—t,4,, dim(7,(F)N H(E,) - p, 
where Е„= T,(M) and t,,, — dim H(E,) — p— 1. 
Then around x there exists a unique integral 
manifold N such that dim N — p--1and F> 
NM. 

This theorem is proved by integrating a 
system of partial differential equations of 
Cauchy-Kovalevskaya type. E. Cartan [2—4] 
also tried to obtain an existence theorem by 
integrating a system of ordinary differential 
equations. 
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A chain of integral elements Ey c E, с... 
c E, is called a regular chain if each of E, 
(0x p «r) is a regular integral element. For a 
regular chain Ey c E, с... c E,, define t,,, by 
t, = т H(E,) —p— 1, O& p «r, and define s, 
Бу s,—t,—t,, — 1 (O& p«r), s,=t,, where to 
= іт IX. Then we have s,20 (0 < p < r), so 
+... +5, =, — г, and we can take a local co- 
ordinate system (x, ..., X, 4, -.., Y) m n—r, 
around E, that satisfies the following four 
conditions: 
(i) I2o is defined by y, -r+1 = --- = ya =0; 


д д 
п) H(E,)=<—,...,—, 


д д | 
Ys t... tsp- 1+1 n ур = 


0<p<r; 


T z 
(iii) Eee 1xp&r; 
Ox, Ox, 


(iv) E,=(0,...,0,0,...,0). 
The integers se, ..., 5, are called the characters 
of the regular chain Epc... c E,. 

Second existence theorem. Suppose that a 
chain of integral elements E; c ... c E, is regu- 
lar, and take a local coordinate system satisfy- 
ing (i)- (iv). Consider a system of initial data 


fife 
fs a0). ree Meses X1} 


Jaska +1 (x * хз), 9T ‚Ж es, (Xi X3), 


Де+...+».- +1 eas eX). ss fu ri seg X ). 


Then if their values and derivatives of the 
first order are sufficiently small, there exists 
a unique Integral manifold defined by y, = 
y (Xi,....x,), Vg =O, 1 <x Sto—r <f <m, 
such that 


Facio Xp 0,....0)= OG ss x), 


Sok... +51 050+... 5, O<p<r. 


This theorem is proved by successive appli- 
cation of the first existence theorem. These 
two theorems are called the Cartan-Káhler 
existence theorems. 2 is said to be involutive at 
an integral element E, if there exists a regular 
chain E; c ... c E,. An integral manifold pos- 
sessing a tangent space at which Z is involutive 
is called an ordinary integral manifold or ordi- 
nary solution of 27. An integral manifold that 
does not possess such a tangent space is called 
a singular integral manifold or singular solution 
of 2. 

Cartan's definition of ordinary and regular 
integral elements is as follows: An integral 
point EQ is an ordinary integral point if X is a 
regular local equation of LY, at EQ. An ordi- 
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nary integral point F? is a regular integral 
point if dim H(Ej) is constant on IX, around 
Ej. Inductively, an integral element E? is 
called an ordinary integral element if (27)? 
is a regular local equation of IX, at E? and 
E> contains a regular integral element Eas 
An ordinary integral element E) is a regular 
integral element (in the sense of Cartan) if 
dim H(E,) is constant on IX, around E9. It can 
be proved that Z is involutive at an integral 
element E, if and only if E, is an ordinary 
integral element of 2. An integral manifold 
possessing a tangent space that is a regular 
integral element of X is called a regular in- 
tegral manifold or regular solution of X. Let 
m,+, be the minimal dimension of H(E,), 
where E, varies over the set of p-dimensional 
ordinary integral elements, and g be an integer 
such that m,z p (1 & px g) and m,,, = p. Then 
this integer g is called the genus of X. It is the 
maximal dimension of ordinary integral mani- 
folds of Z. However, in general, it is not the 
maximal dimension of integral manifolds of 2. 
D. C. Spencer and others have been trying 
to obtain an existence theorem in the С°- 
category analogous to that of Cartan and 
Kahler. (For a system of linear partial dif- 
ferential equations — [2,4,11,13, 25, 27].) 


F. Involutive Systems of Partial Differential 
Equations 


To give a definition of an involutive system of 
partial differential equations, we define an 
involutive subspace of Hom(V, W), where V 
and W are finite-dimensional vector spaces 
over the real number field R. Let A be a sub- 
space of Hom(V, W). For a system of vectors 
U,, ..., 0, In V, A(v,, ..., Vp) denotes the sub- 
space of A that annihilates v,,...,v,. Let g, 

be the minimal dimension of A(v,,..., v) as 
(vis ..., v) varies, where 0< px r—dim V. A 
basis (v,, ..., v,) of V ts called a generic basis if 
it satisfies g, = dim A(v,,...,v,) for each p. 
There exists a generic basis for any A. Let W @ 
S*(V*) be the subspace of Hom(V, Hom(V, W)) 
consisting of all elements č satisfying č(u)v = 
¢(v)u for any u and v in V. Then the prolonga- 
tion pA of A is defined by pA = Hom(V, A)N 
W & S?(V*). For any basis (v,, ...,v,) of V, we 
have the inequality 


dim pA< > dim A(v,,..., Vp). 
p=0 


The subspace A is called an involutive subspace 
of Hom(V, W) if dim pA = Xp-0 9. This notion 
of an involutive subspace was obtained by V. 
W. Guillemin and S. Sternberg [13]. 

A triple (X, №; л) consisting of two mani- 
folds X, N and a projection z from Xonto N is 
called a fibered manifold if the 'differential z, 
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is surjective at every point of X. Take the set 
of all mappings f from a domain in N to X 
satisfying zo f =identity for a fibered manifold 
(X, №; л). Then an tl-jet j'( f) is an equivalence 
class under the equivalence relation defined as 
follows: j4( f) = 349) if and only if x =u, f(x) = 
g(u) and ` 


Qh*etef Gite ti, 


_ g 
Ox}... Ox}r 


^7. AGI, > 
дхі...дхі 

i, oi, EL where (x,,...,x,) is a local co- 
ordinate system of N around x=u (- 105 
Differentiable Manifolds X). 

Denote the space of all /-јеїѕ of a fibered 
manifold (X, №; л) by J'(X, №; л) or simply J’. 
Then a subsheaf of ideals Ф іп O(J') is called a 
system of partial differential equations of order 
lon N. A point z of J' is called an integral 
point of Ó if g(z)=0 for all pe®. The set of all 
integral points of is denoted by /Ф. Let z! be 
the natural projection of J! onto J! !. Then at 
a point z of J’, we can identify Ker z} with 
Hom(T,(N), Ker zi), where x= zz! ...2'z. The 
principal part C,(®) of is defined as the sub- 
space of Kerzj that annihilates Ф. The pro- 
longation p® of Ó is defined as the system 
of order /+ 1 on N generated by Ф and 6,9, 

I «Kk xdim N, where 0, is the formal derivative 
with respect to a coordinate x, of N: 


0 
(0, ф)( GC) = PRS), 


= ((J*). 
5x pes’) 


Let w be an integral point of p® and z be 


n'*!w. Then we have the identity 


рС.(Ф) = С,„(рФ). 


The following definition of an involutive 
system is due to M. Kuranishi [19]: Ф is invo- 
lutive at an integral point z if the following two 
conditions are satisfied: (1) is a regular local 
equation of IÓ at z; (ii) there exists a neighbor- 
hood U of z in J! such that (1'*!) ! Un I(po) 
forms a fibered manifold with base U П/Ф and 
projection z'*!. 

A system of partial differential equations is 
said to be involutive (or involutory) if it has an 
integral point at which it is involutive. Fix a 
system of independent variables (y,, ..., yy) in 
X. Then a system of differential forms is said 
to be involutive (or involutory) if it has an in- 
tegral element at which it is involutive and 
dy, ^ ...^dyy #0. It can be proved that these 
two definitions of involutive system are equiva- 
lent [19,25]. 


G. Prolongation Theorems 


Cartan gave a method of prolongation by 
which we can obtain an involutive system 
from a given system with two independent 
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variables, if it has a solution. He proposed the 
following problem: For any r>2, construct a 
method of prolongation by which we can 
Obtain an involutive system from a given sys- 
tem with r independent variables, if it has a 
solution. To solve this problem, Kuranishi 
prolonged a given system ® successively to 
p'$,t—1,2, 3, ..., and proved the following 
theorem: Suppose that there exists a sequence 
of integral points z' of p' with z'*'z'az' , 

t — 1, 2, 3, ..., that satisfies the following two 
conditions for each t: (1) р'Ф is a regular local 
equation of I(p'®) at z^; (ii) there exists a 
neighborhood V' of z‘ in /(р'Ф) such that 
лу contains a neighborhood of z^! i 
I(p* :Ф) and forms a fibered manifold 
(И x! V4 nt). Then p‘® is involutive at z! 
for a sufficiently large integer t. 

This prolongation theorem gives a powerful 
tool to the theory of finfinite Lie groups. How- 
ever, if we consider a system of partial dif- 
ferential equations of general type, there exist 
examples of systems that cannot be prolonged 
to an involutive system by this prolongation, 
although they have a solution. To improve 
Kuranishi's prolongation theorem, M. Mat- 
suda [22] defined the prolongation of the 
same order by po = p®N 60(J") for a system Ф 
of order I. This is a generalization of the classi- 
cal method of completion given by Lagrange 
and Jacobi. Applying this prolongation suc- 
cessively to a given system Ф, we have Ҹ = 
UZ. po®. Define the p,-operation by p, = 
Ui pop. Then applying this prolongation 
successively to V, we have the following theo- 
rem: suppose that there exists a sequence of 
integral points z‘ of p; V with z'*'z' —z' !, 

t— 1, 2, 3, ..., that satisfies the following two 
conditions for each t: (i) р, V is a regular local 
equation of (р, V) at z; (ii) dim pC (p4 V) is 
constant around z‘ on (p, V). Then pt V is 
involutive at z' for a sufficiently large integer t. 

To prove this theorem Matsuda applied the 
following theorem obtained by V. W. Guil- 
lemin, S. Sternberg, and J.-P. Serre [25, ap- 
pendix]: suppose that we are given a sub- 
space A, of Hom(V, W) and subspaces A, of 
Hom(V, A, .,) satisfying А, C pA,_,, t= 1, 2, 

3, .... Then A, is an involutive subspace of 
Hom(V, A, ,) for a sufficiently large integer t. 
Thus Cartan's problem was solved affirma- 
tively. To the generalized Pfaff problem these 
prolongation theorems give another solution, 
which differs from that obtained by Riquier. 


n 


H. Pfaffian Systems in the Complex Domain 
Consider a linear system of Pfaffian equations 


du У У ak(x)ujdx,, i=1,...,m, 
EI 


k=1 
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where x —(x,, ..., x,) is a local coordinate of a 
complex manifold X and а} are meromor- 
phic functions on X. If we put u=!(u,,..., Um) 
and A*(x) = (а&(х)), k — L, ..., n, the system is 
written as 


a-(Y чё) и. (9) 
k=1 


System (9) is completely integrable if and only 
1f 
дА} дА! 


dx sac AA 


)hl-l...,n. 

Suppose that (9) is completely integrable. If the 
A*(x) are holomorphic at x? — (x9, ..., x9)e X, 
there exists for any u? e C" one and only one 
solution of (9) that is holomorphic at x? and 
satisfies u(x?) = u?. This implies that the solu- 
tion space of (9) is an m-dimensional vector 
space; the basis of this space is called a funda- 
mental system of solutions. Therefore any 
solution is expressible as a linear combination 
of a fundamental system of solutions and can 
be continued analytically in a domain where 
the A*(x) are holomorphic. A subvariety of X 
that is the pole set of at least one of the A*(x) 
is called a singular locus of (9), and a point on 
a singular locus is called a singular point. 

R. Gérard has given a definition of regular 
singular points and an analytic expression of a 
fundamental system of solutions around a 
regular singular point, and he studied systems 
of Fuchsian type [8; also 9, 30]. 

Let Q= Ў", A*(x)dx,. Then the system (9) 
can be rewritten as 


(d — Q)u = 0. 


If we consider a local coordinate (x, и) of a 
fiber bundle over X, the operator d — Q in- 
duces a meromorphic linear connection V over 
X. Starting from this point of view, P. Deligne 
[5] introduced several important concepts and 
obtained many results. 

The first results for irregular singular points 
were obtained by Gérard and Y. Sibuya [10], 
and H. Majima [20] studied irregular singular 
points of mixed type. 

The systems of partial differential equations 
that are satisfied by the hypergeometric func- 
tions of several variables are equivalent to 
linear systems of Pfaffian equations [1]. This 
means that such systems of partial differential 
equations are fholonomic systems. M. Kashi- 
wara and T. Kawai [15] studied holonomic 
systems with regular singularities from the 
standpoint of microlocal analysis. Special 
types of holonomic systems were investigated 
by T. Terada [28] and M. Yoshida [29]. 

Consider a system of Pfaffian equations 


w=0, j=l,...,r, (10) 
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where о; = Ук a (x)dx, and x=(x,,...,x,). 
Suppose that а, are holomorphic in a domain 
D of C" and that dwj ^c, ^... ло, —0 in D. 
Denote by S the zero set of w, л... ло, =0. А 
point of S is called a singular point of (10). If 
the codimension of S is > 1, then system (10) is 
completely integrable in D — S. The following 
theorem was proved by B. Malgrange [21]: 
Let x° e S, and suppose that the codimen- 

sion of Š is 23 around x°: then there exist 
functions f;, = 1, ...,r, and gy, j к= 1, ...,r, 
that are holomorphic at x? and satisfy cj = 
Yi 2: gi df, and дед, (x?) #0. 
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429 (ХІ.6) 
Transcendental Entire 
Functions 


A. General Remarks 


An entire function (or integral function) f(z) is a 
complex-valued function of a complex variable 
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z that is holomorphic in the finite z-plane, 

2% ос. If f(z) has a pole at оо, then f(z) isa 
polynomial in z. A polynomial is called a 
rational entire function. If an entire function is 
bounded, it is constant (*Liouville’s theorem). 
A transcendental entire function is an entire 
function that is not a polynomial, for example, 
expz, sin z, cosz. An entire function can be 
developed in a power series У 9 a,z" with 
infinite radius of convergence. If f(z) is a tran- 
scendental entire function, this is actually an 
infinite series. 


B. The Order of an Entire Function 


If a transcendental entire function f(z) has a 
zero of order m (mz 0) at z= 0 and other zeros 
at х, 25, ..., 0, ... (0 «|o | &|a, | <|x,|<...— 
oc), multiple zeros being repeated, then f(z) 
can be written in the form 


Да) = e*'z" TI ( -£ e), 

k=1 Xk 
where g(z) is an entire function, g,(z)= (z/x,) 4 
(1/2)(z/24)* + (1/3) (с/о)? +... + (1/p,) (2/0), 
and p,, p2,... are integers with the property 
that Ega |z/2,]"**! converges for all z (Weier- 
strass's canonical product). 

E. N. Laguerre introduced the concept of 
the genus of a transcendental entire function 
f(z). Assume that there exists an integer p for 
which У o |w, | PtP converges, and take the 
smallest such p. Assume further that in the 
representation for f(z) in the previous para- 
graph, when p, = p,=...=p, the function g(z) 
reduces to a polynomial of degree q; then 
тах(р, 4) is called the genus of f(z). For tran- 
scendental entire functions, however, the order 
is more essential than the genus. The order р 
of a transcendental entire function f(z) is de- 
fined by 


p=limsup loglog M (r)/log r, 

where M (r) is the maximum value of | f(z)| on 
|z| « г. By using the coefficients of f(z) = Ў а, z", 
we can write 

p —-lmsupnlog n/log(1/|a, |). 

The entire functions of order 0, which were 
studied by Valiron and others, have prop- 
erties similar to polynomials, and the en- 
tire functions of order less than 1/2 satisfy 
lim, ...,, min, | /(z)| = oo for some increasing 
sequence г„] 0 (Wiman's theorem). Hence 
entire functions of order less than 1/2 cannot 
be bounded in any domain extending to infin- 
ity. Among the functions of order greater than 
1/2 there exist functions bounded in a given 
angular domain D:x «argz «o лур. If | f(z)| 
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«expr^ (p< и) and f(z) is bounded on the 
boundary of D, then f(z) is bounded in the 
angular domain (— 272 Meromorphic Func- 
tions). In particular, if the order p of f(z) is an 
integer p, then it is equal to the genus, and 
g(z) reduces to a polynomial of degree <p (J. 
Hadamard). These theorems originated in the 
study of the zeros of the tRiemann zeta func- 
tion and constitute the beginning of the theory 
of entire functions. 

There is some difference between the prop- 
erties of functions of integral order and those 
of others. Generally, the point z at which f(z) 
= и is called a w-point of f(z). If {z,} consists 
of w-points different from the origin, the in- 
fimum p,(w) of k for which È 1/|z,|* converges 
is called the exponent of convergence of f — w. 
If the order p of an entire function is integral, 
then р, (м) = p for each value w with one pos- 
sible exception, and if p is not integral, then 
p1(w) = р for all w (É. Borel). Therefore апу 
transcendental entire function has an infinite 
number of w-points for each value w except for 


. at most one value, called an exceptional value 


of f(z) (Picard’s theorem). In particular, f(z) 
has no exceptional values if p is not integral. 
For instance, sinz and cosz have no excep- 
tional values, while е? has 0 as an exceptional 
value. Since transcendental entire functions 
have no poles, oo can be counted as an excep- 
tional value. Then we must change the state- 
ment in Picard's theorem to "except for at 
most two values." Since the theorem was ob- 
tained by E. Picard in 1879, problems of this 
type have been studied intensively (— 62 
Cluster Sets, 272 Meromorphic Functions). 

After Picard proved the theorem by using 
the inverse of a *modular function, several 
alternative proofs were given. For instance, 
there is a proof using the Landau-Schottky 
theorem and *Bloch’s theorem and one using 
‘normal families. Picard’s theorem was ex- 
tended to meromorphic functions and has also 
been studied for analytic functions defined in 
more general domains. There are many fully 
quantitative results, too. For instance, Valiron 
[3] gave such results by performing some 
calculations on neighborhoods of points where 
entire functions attain their maximum ab- 
solute values. 

Thereafter, the distribution of w-points in a 
neighborhood of an essential singularity was 
studied by many people, and in 1925 the Ne- 
vanlinna theory of meromorphic functions was 
established. The core of the theory consists of 
two fundamental theorems, tNevanlinna’s first 
and second fundamental theorems (— 272 
Meromorphic Functions). Concerning com- 
posite entire functions F(z) = f(g(z)), Pólya 
proved the following fact: The finiteness of the 
order of F implies that the order of f should 


429 C 
Transcendental Entire Functions 


be zero unless g is a polynomial. This gives 
the starting point of the factorization theory, 
on which several people have been working 
recently. Several theorems in the theory of 
meromorphic functions can be applied to 

the theory. One of the fundamental theorems 
Is the following: Let F(z) be an entire func- 
tion, which admits the factorizations F(z)= 
P,,(f,,(z)) with a polynomial P,, of degree m 
and an entire function f, for all integers m. 
Then F(z) = Acos J/ H(z)+ B unless F(z) = 
Aexp H(z) + B. Неге, H is a nonconstant entire 
function and A, В are constant, А Z 0. 


C. Julia Directions 


Applying the theory of tnormal families of 
holomorphic functions, G. Julia proved the 
existence of Julia directions as a precise form 
of Picard's theorem [5]. A transcendental 
entire function f(z) has at least one direction 
argz=6 such that for any e 0, f(z) takes on 
every (finite) value with one possible exception 
infinitely often in the angular domain 0 —z < 
argz « 0--e. This direction argz — is called 

a Julia direction of f(z). 


D. Asymptotic Values 


tAsymptotic values, tasymptotic paths, etc., 
are defined for entire functions as for mero- 
morphic functions. In relation to fIversen’s 
theorem and tGross’s theorem for inverse 
functions and results on tcluster sets, tordinary 
singularities of inverse functions hold for entire 
functions in the same way as for meromorphic 
functions. Also, as for meromorphic functions, 
*transcendental singularities of inverse func- 
tions are divided into two classes, the tdirect 
and the findirect transcendental singularities. 
The exceptional values in Picard’s theorem 
are asymptotic values of the functions, and 
oo is an asymptotic value of any transcenden- 
tal entire function. Therefore f(z)— oo along 
some curve extending to infinity. Between 
the asymptotic paths corresponding to two 
distinct asymptotic values, there is always an 
asymptotic path with asymptotic value oo. By 
tBloch’s theorem, A. Bloch showed that the 
*Riemann surface of the inverse function of a 
transcendental entire function contains a disk 
with arbitrarily large radius. Denjoy conjec- 
tured in 1907 that p< 2p, where p is the order 
of an entire function and џ is the number of 
distinct finite asymptotic values of the func- 
tion, and L. V. Ahlfors gave the first proof 
(1929). This result contains Wiman's theorem. 
There are transcendental entire functions with 
f= 2p. It was shown by W. Gross that among 
entire functions of infinite order there exists 
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an entire function having every value as its 
asymptotic value. 


References 


[1] E. C. Titchmarsh, The theory of functions, 
Clarendon Press, second edition, 1939. 

[2] R. P. Boas, Entire functions, Academic 
Press, 1954. 

[3] G. Valiron, Lectures on the general theory 
of integral functions, Librairie de l'Université, 
Deighton, Bell and Co., 1923 (Chelsea, 1949). 
[4] L. Bieberbach, Lehrbuch der Funktionen- 
theorie II, Teubner, 1931 (Johnson Reprint 
Co., 1969). 

[5] G. Julia, Sur quelques propriétés nouvelles 
des fonctions entiéres ou méromorphes, Ann. 
Sci. Ecole Norm. Sup., (3) 36 (1919), 93—125. 


430 (V.11) 
Transcendental Numbers 


A. History 


A complex number x is called a transcendental 
number if x is not falgebraic over the field of 
rational numbers Q. C. Hermite showed in 
1873 that e is a transcendental number. Fol- 
lowing a similar line of thought as that taken 
by Hermite, C. L. F. Lindemann showed that 
7 is also transcendental (1882). Among the 23 
problems posed by D. Hilbert in 1900 (— 196 
Hilbert), the seventh was the problem of estab- 
lishing the transcendence of certain numbers 
(e.g., 245. This stimulated fruitful investiga- 
tions by A. O. Gel'fond, T. Schneider, C. L. 
Siegel, and others. The theory of transcen- 
dental numbers is, however, far from complete. 
There is no general criterion that can be uti- 
lized to characterize transcendental numbers. 
For example, neither the transcendence nor 
even the irrationality of the tEuler constant 

C «lim, ,,,(14- 1/2 9 ...-- 1/n—log 4) has been 
established. A survey of the development of 
the theory of transcendental numbers can be 
found in (18], in which an extensive list of 
relevant publications up to 1966 is given. 


B. Construction of Transcendental Numbers 


Let Q be the field of algebraic numbers. Sup- 
pose that a is an element of Q that satisfies the 
irreducible equation f(x) = ах" Бах"! +... 
+ a, =0, where the a; are rational integers, 

ay #0, and dy, a,, ...,a, have no common 
factors. Then we define H(a) to be the maxi- 
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mum of |a;| (—0, ..., n) and call it the height 
of x. J. Liouville proved the following theorem 
(1844): Let 2 be a real number (££ Q). If 
inf(q"|£ — p/q|| p/qe Q) =0 for any positive 
integer n, then £ is transcendental. 

Transcendental numbers having this prop- 
erty are called Liouville numbers. Examples 
are: (i) = 52,9“, where g is an integer not 
smaller than 2. (ii) Suppose that we are given 
a sequence (n; of positive integers such that 
n, 00 (k- 00). Let ё be the real number 
expressed as an infinite simple continued frac- 
tion by + 1/b, + 1/b, + .... Let B, be the denomi- 
nator of the /th tconvergent of the continued 
fraction. If b, ,,z ВЕ? for kz 1, then € is a 
Liouville number. 

On the other hand, K. Mahler [8,9] proved 
the existence of transcendental numbers that 
are not Liouville numbers. For example, he 
showed that if f(x) is a nonconstant inte- 
gral polynomial function mapping the set 
of positive integers into itself, then a number 
č expressed, e.g., in the decimal system as 
Oy, уг Уз... is such a number if we put y, = f(n), 
n — 1, 2, 3, .... (In particular, from f(x) =х we 
get the non-Liouville transcendental number ё 
= ().123456789101112....) Mahler proved this 
result by using tRoth's theorem (1955) (— 182 
Geometry of Numbers). Both Liouville and 
Mahler utilized the theory of tDiophantine 
approximation to construct transcendental 
numbers. 

On the other hand, Schneider [10-12] and 
Siegel [3] constructed transcendental num- 
bers using certain functions. Examples are: 
expa (a e Q, x 40); xP (z € Q, «#0, 1; B€ Q — Q); 
J(t), where J is the tmodular function and т 
is an algebraic number that is not contained 
in any imaginary quadratic number field; 

9? 2ni/a), where @ is the Weierstrass (o- 
function, xe Q, and «40; and B(p, q), where В 
is the !Beta function and p, qe Q — Z. 

Since e - expl and | =exp 2zi, the tran- 
scendence of e and z is directly implied by the 
transcendence of expa (xe Q, x Z 0). 


C. Classification of Transcendental Numbers 


(1) Mahler's classification: Given a complex 
number ё and positive integers n and H, we 
consider the following: 


a,e Z, 


w,(H, 2)= min } 


n 
ya," 
v=0 


la, & H, У etai. 
v=0 


w,(C) = w, =lim sup(— log w,(H, ¢)/log Н), 


How 


w(¿)= w =limsup w,(¿)/n, 


noo: 
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and let и = Ье first number n for which w, is 
oc. Then we have the following four cases: 
(i) w 20, p= со; (1) 0 < w < oo, p= оо; (iii) w = 
u= оо; (iv) w= oo, и < co, corresponding to 
which we call £ an A-number, S-number, T- 
number, or U-number. The set of A-numbers 
is denoted by A, and similarly we have the 
classes S, T, and U. It is known that A = Q. 
If two numbers č and у are talgebraically 
dependent over Q, then they belong to the 
same class. If € belongs to S, the quantity 0(2) 
=sup{w,(¢)/n|n= 1,2, ... ) is called the type of 
č (in the sense of Mahler). Mahler conjectured 
that almost all transcendental numbers (except 
a set of Lebesgue measure zero) are S-numbers 
of the type 1 or 1/2 according as they belong 
to R or not. Various results were obtained 
concerning this conjecture (W. J. LeVeque, J. 
F. Koksma, B. Volkmann) until it was proved 
by V. G. Sprindzhuk in 1965 [14,15]. The 
existence of T-numbers was proved by W. M. 
Schmidt (1968) [16]. All Liouville numbers are 
U-numbers [7]. On the other hand, loga (z€ О, 
42-0, 25% 1) and л are transcendental numbers 
that do not belong to U. 

(2) Koksma’s classification: For a given 
transcendental number č and positive numbers 
nand H, we consider the following: 


w*(H, 2) = min(|£—a||xeQ, 
H(x) « H, [Q(x):Q]<n}, 
w*()=w* =limsup(—log(Hw*(H, £))/log H), 


How 


w*()= w* = lim sup w*()/n, 

and let u* =the first number n for which w* is 
oo. Then we have the following three cases: (1) 
w* < oo, u* = co; (il) w* = и* = oo; (iii) w* = oo, 
u* < со. We call š an S*-number, T*-number, 
or U*-number according as (i), (ii), or (iii) holds 
and denote the set of S*-numbers by S* etc. If 
č belongs to S*, we call 0*(€)=sup{w*(é)/n|n 
=1,2,...} the type of (їп the sense of Kok- 
sma). It can be shown that S=S*, T = T*, and 
U =U*, and that if £eS, then 0*(£) x 0(ë) < 
0*(Z)- 1. 


D. Algebraic Independence 


Concerning the algebraic relations of tran- 
scendental numbers, we have the following 
three principal theorems: 

(1) Let o, ..., 2, be elements of Q that 
are linearly independent over Q. Then 
expa,, ..., expo, are transcendental and alge- 
braically independent over Q (Lindemann- 
Weierstrass theorem). 

(2) Let Jo(x) be the fBessel function and x a 
nonzero algebraic number. Then Ј,(о) and 
Jo(x) are transcendental and algebraically 
independent over Q (Siegel). 
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(3) Let z,,...,%, be nonzero elements of Q 
such that logo, ..., logo, are linearly inde- 
pendent over Q. Then 1, logo;,....log«, are 


linearly independent over Q (A. Baker). 
Besides these theorems, various related 
results have been obtained by A. B. Shidlovskii, 
Gel'fond, N. I. Fel'dman, and others. A quanti- 
tative extension of theorem (3), also by Baker, 
will be discussed later. 
First we give more detailed descriptions 
of theorems (1) and (2). Let o, ..., Xm be 
as in theorem (1), == [Q(a,,....2,):Q]. 
P(X,,..., Xm) be an arbitrary polynomial in 
ОГХ,,..., Xm] of degree n, and H(P) be the 
maximum of the absolute values of the coeffi- 
cients of the polynomial P. Then there exists a 
positive number C determined only by the 
numbers «,,...,%,, and n(— deg P) such that 


-as(2(25mni m+n) -,) 


| P(e^, ...,e%)|  CH(P) 


In particular, if à is a nonzero algebraic 
number, then exp belongs to S and 0(ехр x) 
«85? | 6s. 

(2) Let x be a nonzero algebraic number, 
s=[Q(2):Q], PEQLX,, Х,], deg P =n. Then 
there exists a positive number C determined 
only by хапа n such that | P(Jo(a), Jo{a))| > 
CH(P) -82s)n*? 

Theorems (1) and (2) are actually special 
cases of a theorem obtained by Siegel. To state 
this theorem, the following terminology is 
used: An entire function f(z) = Ў C, z"/n! 
is called an E-function defined over an *alge- 
braic number field K of finite degree if the fol- 
lowing three conditions are satisfied: (i) C, c К 
(n=O, 1,2, ...). (i) For any positive number e, 
C, = O(n*"). (iii) Let g, be the least positive 
integer such that C; q, belongs to the ring © of 
algebraic integers іп K (0x n, 0 < k n). Then 
for an arbitrary positive number z, q, = O(n*"). 

A system í fi(z), .... f, (z)] of E-functions 
defined over K is said to be normal if it satis- 
fies the following two conditions: (1) None of 
the functions f;(z) is identically zero. (ii) If the 
functions и, = f,(z) (k = 1, ..., m) satisfy a sys- 
tem of thomogeneous linear differential equa- 
tions of the first order, then м = У, Qu(z)w,, 
where the Q,,(z) are rational functions of z, 
with coefficients in the ring O. The matrix (О) 
can be decomposed by rearranging the order 
of the indices k, l if necessary into the form 


Ww. 0 
о cw 


Qi Qin m 
Ae cues |, 1&т<г, D m =m. 


wel. E 
=1 
Qoa Qu m, ‘ 
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The decomposition is unique if we choose r 

as large as possible, in which case we call 
W,,..., W, the primitive parts of (Q,,). The 
requirement is that the primitive parts W, are 
independent in the following sense: If there are 
numbers C; e K and polynomial functions 
P,(z)e K [z] such that 


r P,,(z) 
E (Cu CudW,| : |=0, 
š P, (2) 


then C, = 0, P,,(z)= 0. 

Let N be a positive integer. А normal sys- 
tem {fi (Z), .... f, (z)) of E-functions is said to 
be of degree N if the system (Р, (z)— 
Л"... YmIniz0, E, n< N} is also 
a normal system of E-functions. Then the 
theorem obtained by Siegel [4] is: Let N be an 
arbitrary positive integer and { у, (2),...,/,„(2)} 
be a normal system of E-functions of degree 
N defined over an algebraic number field of 
finite degree K satisfying the system of differen- 
tial equations f;(z) = У, Q,,(z) f(z), where 
Q. (z)e O(z), 1<k<m. If wis a nonzero alge- 
braic number that is not a tpole of any one 
of the functions Q,,(z), then f. (a), ...,f,,(%) are 
transcendental numbers that are algebraically 
independent over the field Q. 

Theorem (3) at the beginning of this sec- 
tion implies, for example, the following: (i) If 
1,---,%, and f,,...,8, all belong to Q and 
y=a,log$,+...+4,log f, 40, then y ts tran- 
scendental. (it) If %1, ..., o, Bo, Bio .... p, are 
nonzero algebraic numbers, then e941... Pn 
is transcendental. (iti) Ifa,,...,%, are alge- 
braic numbers other than 0 and 1. and f}, 
..., f, also belong to Q, with 1, Bi- ..., B, 
linearly independent over Q, then gf: ... afn 
is transcendental. 

Baker [17] also obtained a quantitative 
extension of theorem (3): Suppose that we 
are given integers A >4, 02:4 and nonzero 
algebraic numbers %,,...,%, (nz 2) whose 
heights and degrees do not exceed A and d, 
respectively. Suppose further that 0< ó x 1l, 
and let loga,, ...,logo, be the principal values 
of the logarithms. If there exist rational in- 
tegers b,, ..., b, with absolute value at most Н 
such that 


0<|b, loga, sns t b,loga,| «e ?", 


then 
Н «(4"0 142 log Ayer” 


This theorem has extensive applications in 
various problems of number theory, including 
a wide class of *Diophantine problems [19]. 

A number of new, interesting results on the 
algebraic independence of values of exponen- 
tial functions, elliptic functions, and some 
other special functions have been obtained 


1633 


recently by D. Masser, G. V. Chudnovskii, M. 
Waldschmidt, and other writers. In particular, 
Chudnovskii (1975) obtained the remarkable 
result that Г(1/3) and I (1/4) are transcenden- 
tal numbers. See [20—24]. 
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A. Topological Transformation Groups 


Let G be a group, M a set, and f a mapping 
from G x M into M. Put f(g, x)=g(x) (дє G. 
хє M). Then the group G is said to be a trans- 
formation group of the set M if the following 
two conditions are satisfied: (i) e(x)=x (xe M), 
where e is the identity element of G; and (ii) 
(gh)(x) = g(h(x)) (xe M) for any g, he G. In 
this case the mapping x g(x) is a one-to-one 
mapping of M onto itself. 

Let G be a transformation group of M. If G 
is a topological group, M a topological space, 
and the mapping (g, x) (х) a continuous 
mapping from G x M into M, then G is called 
a topological transformation group of M. In 
this case x у(х) is a homeomorphism of M 
onto itself. The mapping (g, x) (х) is called 
an action of G on M. The space M, together 
with a given action of G, is called a G-space. 

For a point x of M, the set G(x)={g(x)| 
9€ Gj is called the orbit of G passing through 
the point x. Defining as equivalent two points 
x and y of M belonging to the same orbit, we 
get an equivalence relation in M. The quotient 
space of M by this equivalence relation, de- 
noted by M/G, is called the orbit space of 
G-space M. 

If G(x)= {x}, then x is called a fixed point. 
The set of all fixed points is denoted by M°. 
For a point x of M, the set G.={geG]g(x)= 
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x} is a subgroup of G called the isotropy 
subgroup (stabilizer, stability subgroup) of G at 
the point x. А conjugacy class of the subgroup 
G, is called an isotropy type of the transforma- 
tion group G on M. 

The group G is said to act nontrivially (resp. 
trivially) on M if M z M? (resp. M = M9). The 
group G is said to act freely on M if the iso- 
tropy subgroup G, consists only of the identity 
element for any point x of M. 

The group G is said to act transitively on M 
if for any two points x and y of M, there exists 
an element géG such that g(x)= y. 

Let N be the set of all elements ge G such 
that g(x) = x for all points x of M. Then N isa 
normal subgroup of G. If N consists only of 
the identity element e, we say that G acts effec- 
tively on M, and if N is a discrete subgroup of 
G, we say that G acts almost effectively on M. 
When N z {e}, the quotient topological group 
G/N acts effectively on M in a natural fashion. 

An equivariant mapping (equivariant map) 
(or a G-mapping, G-map) h: X o Y between G- 
spaces 1s a continuous mapping which com- 
mutes with the group actions, that ts, h(g(x) = 
g(h(x)) for all ge G and xe X. An equivariant 
mapping which is also a homeomorphism is 
called an equivalence of G-spaces. 

For a G-space M, an equivalence class of the 
G-spaces G(x), xe M, is called an orbit type of 
the G-space M. 


B. Cohomological Properties 


We consider only tparacompact G-spaces and 
tČech cohomology theory in this section. We 
shall say that a topological space X is finitistic 
if every open covering has a finite-dimensional 
refinement. The following theorems are useful 
[1-3]. 

(1) If G is finite, X a finitistic paracompact 
G-space, and K a field of characteristic zero or 
prime to the order of G, then the induced 
homomorphism z*: H*(X/G; K) H*(X; K)8 
is an isomorphism. Here, z is a natural projec- 
tion of X onto X/G. The group G acts natu- 
rally on H*(X; К), and H*(X; К)“ denotes the 
fixed-point set of this G-action. 

(2) Let X be a finitistic G-space and G cyclic 
of prime ordor p. Then, with coefficients in 
Z/pZ, we have 


(a) for each n Y rank H'(X9) Y rank H'(X), 


(b  x(X)9-(p—1)x(X9)— px(X/G). 


Here the *Euler-Poincaré characteristics y( ) 
are defined in terms of mod p cohomology. 
(3) Smith's theorem: If G is a p-group (p 
prime) and if x is a finitistic G-space whose 
mod p cohomology is isomorphic to the n- 
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sphere, then the mod p cohomology of the 
fixed-point set X? is isomorphic to that of the 
r-sphere for some —1 <r <n, where (—1)- 
sphere means the empty set. 

(4) Let T* denote the k-dimensional toral 
group. Let X be a T*-space whose rational 
cohomology is isomorphic to the n-sphere, and 
assume that there are only a finite number of 
orbit types and that the orbit spaces of all 
subtori are finitistic. Let H be a subtorus of Т“. 
Then by the above theorem the rational coho- 
mology of X is isomorphic to that of the 
r(H)-sphere for some —1 <r(H)<n. Assume 
further that there is no fixed point of the T*- 
action. Then, with H ranging over all subtori 
of dimension k — 1, we have 


n+1=) (r(H)- 1). 
H 


C. Differentiable Transformation Groups 


Suppose that the group G is a transformation 
group of a !differentiable manifold M, G is a 
"ие group, and the mapping (g, x) g(x) of 

G x M into M is a differentiable mapping. 
Then G is called a differentiable transformation 
group (or Lie transformation group) of M, and 
M is called a differentiable G-manifold. 

The following are basic facts about compact 
differentiable transformation groups [3,4]: 

(5) Differentiable slice theorem: Let G bea 
compact Lie group acting differentiably on a 
manifold M. Then, by averaging an arbitrary 
*Riemannian metric on M, we тау have a G- 
invariant Riemannian metric on M. That is, 
the mapping xg(x) is an fisometry of this 
Riemannian manifold M for each ge G. For 
each point xe M, the orbit G(x) through x is a 
compact submanifold of M and the mapping 
gt» g(x) defines a G-equivariant diffeomor- 
phism С/С, = G(x), where С/С, is the left quo- 
tient space by the isotropy subgroup G.. G, 
acts orthogonally on the ttangent space T. M 
at x (resp. the tnormal vector space №, of the 
orbit G(x)); we call it the isotropy representa- 
tion (resp. slice representation) of G, at x. Let E 
be the tnormal vector bundle of the orbit G(x). 
Since G acts naturally on E as a bundle map- 
ping, the bundle E is equivalent to the bundle 
(G x N,)/G, over G/G, as a *G-vector bundle, 
where G, acts on N, by means of the slice 
representation and G, acts on G bv the right 
translation. We can choose a small positive 
real number e such that the texponential 
mapping gives an equivariant *diffeomorphism 
of the e-disk bundle of E onto an invariant 
*tubular neighborhood of G(x). 

(6) Assume that a compact Lie group G acts 
differentiably on M with the orbit space M*— 
М/С connected. Then there exists a maximum 
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orbit type G/H for G on M (Le., H is an iso- 
tropy subgroup and H is conjugate to a sub- 
group of each isotropy group). The union Mj, 
of the orbits of type G/H is open and dense in 
М, and its image Mj, in M* is connected. 

The maximum orbit type for orbits in M 
guaranteed by the above theorem is called the 
principal orbit type, and orbits of this type are 
called principal orbits. The corresponding 
isotropy groups are called principal isotropy 
groups. Let P be a principal orbit and Q any 
orbit. If dim P > dim Q. then Q is called a sin- 
gular orbit. If dim P 2 dim Q but P and Q are 
not equivalent, then Q is called an exceptional 
orbit. 

(7) Let G be a compact Lie group and M a 
compact G-manifold. Then the orbit types are 
finite in number. 

By applying (5) and (6) we have that an iso- 
tropy group is principal if and only if its slice 
representation is trivial. 

The situation is quite different in the case 
of noncompact transformation groups. For 
example, there exists an analytic action of 
С= SL(4, В) on an analytic manifold M such 
that each orbit of G on M is closed and of 
codimension one and such that, for x, ve M, 
G, is not isomorphic to G, unless x and y lie 
on the same G-orbit [5]. 


D. Compact Differentiable Transformation 
Groups 


Many powerful techniques in ‘differential 
topology have been applied to the study of 
differentiable transformation groups. For 
example, using the techniques of tsurgery, we 
can show that there are infinitely many free 
differentiable circle actions on thomotopy 

(2n 4- 1)-spheres (n> 3) that are differentiably 
inequivalent and distinguished by the rational 
*Pontryagin classes of the orbit manifolds 

(W. C. Hsiang [6]). Also, using *Brieskorn 
varieties, we can construct many examples of 
differentiable transformation groups on homo- 
topy spheres [3, 4, 7]. Differentiable actions 
of compact connected Lie groups on homol- 
ogy spheres have been studied systematically 
(Hsiang and W. Y. Hsiang [4]). 

The Atiyah-Singer tindex theorem has 
many applications in the study of transfor- 
mation groups. The following are notable 
applications: 

(8) Let M be a compact connected ‘oriented 
differentiable manifold of dimension 4k with 
a tspin-structure. If a compact connected 
Lie group G acts differentiably and nontriv- 
ially on M, then the 4-genus (2 М), М> 
of M vanishes (where ЗМ) denotes the *4- 
characteristic class of M) (M. F. Atiyah and F. 
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Hirzebruch [8], K. Kawakubo [9]). For fur- 
ther developments, see A. Hattori [10]. 

(9) Let M be a closed oriented manifold with 
a differentiable circle action. Then each con- 
nected component F, of the fixed point set 
can be oriented canonically, and we have 


(M) =). NF, 


where /( ) denotes the *Thom-Hirzebruch 
index [8,9]. 

Let G be a compact Lie group and G> 
EG— BG the tuniversal G-bundle. Then the 
tsingular cohomology H*(EG x ¿X) is called 
equivariant cohomology for a G-space X and is 
an H*(BG)-module. Let G — U(1), M a dif- 
ferentiable U(1)-manifold, F = MS, and i: F^ 
M the inclusion mapping. Then the tlocaliza- 
tion of the induced homomorphism 


S li*:S 1H*(EG x ¿M)—>S ^! H*(BG x Е) 


is an isomorphism, where 5 `! denotes the 
localization with respect to the multiplicative 
set S = (at*] with a, k ranging over all posi- 
tive integers and t the generator of H?(BG). 
Theorems (8) and (9) can be proved by the 
above localization isomorphism. 

Let M be a differentiable manifold. The 
upper bound N(M) of the dimension of all the 
compact Lie groups that acts effectively and 
differentiably on M is called the degree of 
symmetry of M. It measures, in some crude 
sense, the symmetry of the differentiable mani- 
fold M. The number N(M) depends heavily on 
the differentiable structure. For example, 

N (S") = m(m + 1)/2 for the standard m-sphere, 
but N(Z") « (m 4- 1)?/16 + 5 for a *homotopy 
m-sphere (m z 300) that does not bound a 
*z-manifold [11]. Also, N(P,(C)) 2 n(n4- 2) 
for the complex projective n-space P,(C), but 
N(hP,(C)) « (n + 1) (n + 2)/2 for any homotopy 
complex projective n-space hP,(C) (n> 13) 
other than P,(C) (T. Watabe [12]). 

Let X be a differentiable closed manifold 
and h: X 2 P,(C) be an orientation-preserving 
thomotopy equivalence. There is a conjec- 
ture about the total A-classes that states: If X 
admits a nontrivial differentiable circle action, 
then . (X) = h*. (P (C)) (T. Petrie [13]). It is 
known that if the action is free outside the 
fixed-point set, then the conjecture is true 
(T. Yoshida [14]). 


E. Equivariant Bordism 


Fix a compact Lie group G; a compact ori- 
ented G-manifold (i, M) consists of a compact 
*oriented differentiable manifold M and an 
orientation-preserving differentiable G-action 
V:Gx MoM on M. 
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Given families F > F' of subgroups of G, a 
compact oriented G-manifold (i, M) is (F. F’)- 
free if the following conditions are satisfied: (i) 
if x e M, then the isotropy group G, is conju- 
gate to a member of F; (ii) if xe0M, then С, is 
conjugate to a member of F'. 

If F' is the empty family, then necessarily 
cM is empty and M is closed. In this case we 
say that (i, M) is F-free. 

Given (V, M), define — (0, М) = (y, — M) 
with the structure precisely the same as (y, M) 
except for orientation. Also define 2(0, M)— 
(V, 6M). Note that if (y, M) is (Е, F’)-free, then 
(V, 0M) is F'-free. Define (V, M) and (у, M") to 
be isomorphic if there exists an equivariant 
orientation-preserving diffeomorphism of M 
onto M’. 

An (F, F’)-free compact oriented n- 
dimensional G-manifold (V, M) is said to bord 
if there exists an (F, F)-free compact oriented 
(n+ 1)-dimensional G-manifold (Ф, W) to- 
gether with a regularly embedded compact n- 
dimensional manifold M, in OW with M, 
invariant under the G-action Ф such that 
(Ф, Mj) is isomorphic to (i, M) апа G, is con- 
jugate to a member of F' for xe0W — M,. 
Also, M, is required to have its orientation in- 
duced by that of W. 

We say that (V4, M) is bordant to (y,, M,) if 
the disjoint union (№, M) +00, — М,) bords. 
Bordism is an equivalence relation on the class 
of (F, F’)-free compact oriented n-dimensional 
G-manifolds. The bordism classes constitute 
an Abelian group Of(F, F’) under the oper- 
ation of disjoint union. If F’ is empty, denote 
the above group by O&(F). The direct sum 


О (Е, Е')=@ ОУ (Е, F) 


is naturally an Q-module, where Q is the 
*oriented cobordism ring. If F consists of all 
subgroups of G, then OZ(F) is denoted by OS. 
Suppose now that F > F' are fixed families 
of subgroups of G. Every F'-free G-manifold 
is also F-free, and so this inclusion induces 
a homomorphism х: OG(F')2 O€(F). Simi- 
larly every F-free G-manifold is also (F, F’)- 
free, inducing a homomorphism f: OS(F)— 
O“(F, Е). Finally, there is a homomorphism 
0:09(F, F')>O%_, (F’) given by 0(⁄, M)— 
(V, GM). Then the following sequence is exact 


[15]: 


...508(F)509(F) 5 O9(F, Е) 50% (F)... 


A weakly almost complex compact G- 
manifold (у, M) consists of a tweakly almost 
complex compact manifold M and a differ- 
entiable G-action y: G x M — M that preserves 
the weakly almost complex structure on M. 
US(F, Е), US are defined similarly, and they 
are U,-modules, where U, is the *complex 
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cobordism ring of compact weakly almost 
complex manifolds. 

To study Оё and U£, (co)bordism theory is 
introduced (P. E. Conner and E. E. Floyd 
[16]), which is one of the *generalized (co)- 
homology theories. Miscellaneous results are 
known, in particular, for G a cyclic group of 
prime period. By means of the equivariant 
*Thom spectrum, equivariant cobordism 
theory can be developed (T. tom Dieck [17]); 
this is a multiplicative generalized cohomology 
theory with Thom classes (— 114 Differential 
Topology; also — 201 Homology Theory, 56 
Characteristic Classes). 


F. Equivariant Homotopy 


Let G be a compact Lie group. On the category 
of closed G-manifolds, we say that two objects 
M, М are y-equivalent if y(M") = y(N") for all 
closed subgroups H of С, where x( ) is the 
*Euler-Poincaré characteristic. On the set of 
equivalence classes A(G), a ring structure is 
imposed by disjoint union and the Cartesian 
product. We call A(G) the Burnside ring of G. 
If G 1s finite, A(G) is naturally isomorphic to 
the classical Burnside ring of G [18]. 

Denote by S(V) the unit sphere of an or- 
thogonal G-representation space V. Let V, 

W be orthogonal G-representation spaces. 
The equivariant stable homotopy group 
[С5(/), S(W)]], which is defined as the direct 
limit of the equivariant homotopy sets [S(V 4- 
U), S(W + U)]s taken over orthogonal G- 
representation spaces U and suspensions, is 
denoted by o, for x= V — W e RO(G). The 
*smash product of representatives induces a 
bilinear pairing о, x op >,+. Then @ is a 
ring, and о, is an oy-module. The ring oy is 
isomorphic to the Burnside ring of G, and c, is 
а *projective wo-module of rank one. The wọ- 
module o, is free if and only if S(V) and S(W) 
are stably G-homotopy equivalent [18]. 

Let E be an orthogonal G-vector bundle 
over a compact G-space X. Denote by S(E) the 
sphere bundle associated with E. Let E, F be 
orthogonal G-vector bundles over X. Then E 
and F have the same spherical G-fiber homo- 
topy type if there exist fiber-preserving G- 
mappings f:S(E)S(F), f':S(F)-+S(E) and 
fiber-preserving G-homotopies h,: S(E) S(E), 
hi: S(F)—>S(F) such that ho — f'o f, b, = identity, 
ho — f o f', hi «identity. Let KO,(X) be the 
*equivariant K-group of real G-vector bundles 
over X. Let T; (X) be the additive subgroup of 
KO (X) generated by elements of the form [Е] 
— [F], where E and F are orthogonal G-vector 
bundles having the same spherical G-fiber 
homotopy type. The factor group J¢(X)= 
KO,(X)/T,(X) and the natural projection 
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Jg: KOs(X)— J&(X) are called an equivariant 
J-group and an equivariant J-homomorphism, 
respectively (— 237 K-Theory). 

In particular, Jc(1xo]) is a factor group of 
the real representation ring RO(G). tAdams 
operations on representation rings are the 
main tools for studying the group Jel{xo}) 
[18]. 


G. Infinitesimal Transformations 


Let f:G x MM be a differentiable action of 
a Lie group G on a differentiable manifold M. 
Let X be a *left invariant vector field on С. 

Then we can define a differentiable vector field 


f'(X)on M as 
f (X),h=lim (A( f(exp( — tX), q)) — h(q))/t 


for each qe M and any differentiable function 
h defined on a neighborhood of q. It is easy 
to see that f * (X), =0 if and only if q is a 
fixed point of the one-parameter subgroup 
{exp(tX)}. A vector field f (X) is called an 
infinitesimal transformation of the differenti- 
able transformation group G. 

The set q of all infinitesimal transformations 
of G forms a finite-dimensional tLie algebra 
(the laws of addition and *bracket product are 
defined from those for the vector fields on M). 
If G acts effectively on M, g is isomorphic to 
the Lie algebra of the Lie group G (— 249 Lie 
Groups). In fact, the correspondence X > 
f (X) defines a Lie algebra homomorphism 
f * from the Lie algebra of all left invariant 
vector fields on G into the Lie algebra of all 
differentiable vector fields on M [19]. 

The following fact [20] is useful for the 
study of noncompact real analytic transfor- 
mation groups. Let g be a real *semisimple 
Lie algebra and p:a— L(M) be a Lie algebra 
homomorphism of g into a Lie algebra of real 
analytic vector fields on a *real analytic mani- 
fold M. Let p be a point at which the vector 
fields in the image p(g) have common zero. 
Then there exists an analytic system of coordi- 
nates (U;u,,...,u,,) with origin at p in which 
all the vector fields in p(g) are linear. Namely, 
there exists a;;€g* = Homg(g, R) such that 


д 
о(Х), = аиа) = Xeg, qe U. 
ij des 


The correspondence X —(a;;(X)) defines a Lie 
algebra homomorphism of g into sl(m, R). 

For example, we can show that a real ana- 
lytic SL(n, R) action on the m-sphere is charac- 
terized by a certain real analytic vector field on 
(m—n- \)-sphere (5 nm 2n — 2) [21]. In 
particular, there are infinitely many (at least the 
cardinality of the real numbers) inequivalent 
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real analytic SL(n, R) actions on the m-sphere 
(3<n<m). 

Conversely, let q be a finite-dimensional Lie 
algebra of vector fields on M. Although there 
is not always a differentiable transformation 
group G that admits g as its Lie algebra of 
infinitesimal transformations, the following 
local result holds. Let G be the tsimply con- 
nected Lie group corresponding to the Lie alge- 
bra q. Then for each point x of M, there exist 
a neighborhood Ü of the identity clement e 
of G, neighborhoods V, W (V c W) of x, and a 
differentiable mapping f of Ü x V into W with 
the following properties. Putting f(g, y) = g(y) 
(ge Ü, ye V), we have: (i) For all ye V, e(y)— y. 
(ii) If g, he Ü, ye V, then (gh)(y) = g(h(y)), pro- 
vided that ghe Ü, h(y)e V. (iii) Let X be an 
arbitrary element of g. Put g, 2 exp( — t X), the 
corresponding one-parameter subgroup of G. 
If £20 is taken small enough, then we have 
g€ Ü for |а| <£ so that g,(y)(|t|< z, ye V) is well 
defined. Therefore g, determines a vector field 
X on V by the formula 


X,h= lim (h(g(y)) —h(y))/t. 


The vector field X coincides with the restric- 
tion of X to V. This local proposition is often 
expressed by the statement that g generates a 
local Lie group of local transformations, which 
is called Lie's fundamental theorem on local 
Lie groups of local transformations. 


H. Criteria 


It is important to know whether a given trans- 
formation group is a topological or a Lie 
transformation group. The following theorems 
are useful for this purpose [22, 23]: 

(10) Let G be a transformation group of a 
"locally compact Hausdorff space M. If we 
introduce the *compact-open topology in 
G, then G is a topological transformation 
group of M when M is locally connected or M 
is a *uniform topological space and G acts 
*equicontinuously on M. 

(11) Suppose that M is a *C'-manifold and 
G is a topological transformation group of M 
acting effectively on M. If G is locally compact 
and the mapping xg(x) of M is of class С! 
for each element g of G, then G is a Lie trans- 
formation group of M. 

(12) Assume that G is a transformation 
group of a differentiable manifold M and G 
acts effectively on M. Let а be the set of all 
vector fields on M defined by one-parameter 
groups of transformations of M contained in G 
as subgroups. If q is a finite-dimensional Lie 
algebra, then G has a Lie group structure with 
respect to which G is a Lie transformation 
group of M, and then g coincides with the Lie 
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algebra formed by the infinitesimal transfor- 
mations of G. 

By applying theorems (10), (11), and (12) we 
can show that the following groups are Lie 
transformation groups: the group of all tiso- 
metries of a *Riemannian manifold; the group 
of all affine transformations of a differentiable 
manifold with a tlinear connection (generally, 
the group of all transformations of a differenti- 
able manifold that leave invariant a given 
tCartan connection), the group of all analytic 
transformations of a compact complex mani- 
fold (this group is actually a complex Lie 
group); and the group of all analytic (holomor- 
phic) transformations of a bounded domain 
in C". 

For related topics — 105 Differentiable 
Manifolds, 114 Differential Topology, 122 
Discontinuous Groups, 153 Fixed-Point 
Theorems, 427 Topology of Lie Groups and 
Homogeneous Spaces, etc. 
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A. Plane Trigonometry 


Fix an orthogonal frame O-X Y in a plane, and 
take a point P on the plane such that the angle 
POX is «. Denote by (x, y) the coordinates of 
P, and put OP —r (Fig. 1). We call the six ratios 
sina = y/r, cosa = x/r, tana = y/x, cota = x/y, 
seca=r/x, coseca=r/y the sine, cosine, tan- 
gent, cotangent, secant, and cosecant of «, re- 
spectively. These functions of the angle х are 
called trigonometric functions or circular func- 
tions (— 131 Elementary Functions). They 

are periodic functions with the fundamental 
period z for the tangent and cotangent, and 27 
for the others. The relation sin? «+ cos? «= 1 
and the addition formulas sin(x + В) = ѕіп «cos ñ 
+cosasin f, cos(x + B)=cosacos B + в1п asin f 
follow from the definitions (— Appendix A, 
Table 2). Given a plane triangle ABC (Fig. 2), 
we have the following three properties: (i) а = 
bcos C +ccos B (the first law of cosines); 

(ii) a? =b? + c? — 2bccos А (the second law of 
cosines); (iii) a/sin A = b/sin B = c/sin C 2 26, 
where R is the radius of the circle circum- 
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scribed about AA BC (laws of sines) (^ Ap- 
pendix A, Table 2). Thus we obtain relations 
among the six quantities a, b, c, L А, / B, and 
£ C associated with the triangle ABC. The 
study of plane figures by means of trigono- 
metric functions is called plane trigonometry. 
For example, if a suitable combination of 
three of these six quantities (including a side) 
associated with a triangle is given, then the 


other three quantities are uniquely determined. 


The determination of unknown quantities 
associated with a triangle by means of these 
laws is called solving a triangle. 


Р(х,у) 
| 
I 
А ly 
Ça ! 
() x X 
Fig. 1 
А 
‹ b 
B a C 
Fig. 2 


B. Spherical Trigonometry 


The part ABC of a spherical surface bounded 
by three arcs of great circles is called a spher- 
ical triangle. Points A, B, C are called the 
vertices; the three arcs a, b, c arc called the 
sides; and the angles formed by lines tangent 
to the sides and intersecting at the vertices are 
called the angles of the spherical triangle (Fig. 
3). If we denote the angles by A, B, C, we have 
the relation A+ B--C— x — E»0, and E is 
called the spherical excess. Spherical triangles 
have properties similar to those of plane trian- 
gles: sina/sin А = sin b/sin B = sin c/sin C (laws 
of sines), and cosa —cosbcosc + sin bsinccos A 
(law of cosines). The study of spherical figures 
by means of trigonometric functions, called 
spherical trigonometry, is widely used in astron- 
omy, geodesy, and navigation ( Appendix 

A, Table 2). 


zs 


< 


Fig. 3 
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C. History 


Trigonometry originated from practical prob- 
lems of determining a triangle from three of 
its elements. The development of spherical 
trigonometry, which was spurred on by its 
applications to astronomy, preceded the devel- 
opment of plane trigonometry. In Egypt, 
Babylon, and China, people had some knowl- 
edge of trigonometry, and the founder of 
trigonometry is believed to have been Hippar- 
chus of Greece (fl. 150 в.с.). In the Almagest 
of Ptolemy (c. 150 A.D.) we find a table for 
2sina for х= 0, 30’, 1°, 1730, ... that is exact 
to five decimal places, and the addition for- 
mulas. The Greeks calculated 2sin x, which is 
the length of the chord corresponding to the 
double arc. Indian mathematicians, on the 
other hand, calculated half of the above quan- 
tities, that is, sing and 1 —cosa for the arc а. 
In the book by Aryabhatta (c. 500 A.D.) we 
find laws of cosines. The Arabs, influenced by 
Indian mathematicians, expressed geometric 
computations algebraically, a technique also 
known to the Greeks. AbúÍ Wafa (in the latter 
half of the 10th century A.D.) gave the correct 
sines of angles for every 30' to 9 decimal places 
and studied with AI Battani the projection 
triangle of the sundial, thereby obtaining the 
concepts of sine, cosine, secant, and cosecant. 
Later, a table of sines and cosines for every 
minute was established by the Arabs. Regio- 
montanus (d. 1476), a German, elaborated on 
this table. The form he gave to trigonometry 
has been maintained nearly intact to the pre- 
sent day. Various theorems in trigonometry 
were established by G. J. Rhaeticus, J. Napier, 
J. Kepler, and L. Euler (1748). Euler treated 
trigonometry as a branch of analysis, gen- 
eralized it to functions of complex variables, 
and introduced the abbreviated notations that 
are still in use (— 131 Elementary Functions). 
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Turbulent flow is the irregular motion of fluids, 
whereas relatively simple types of flows that 
are either stationary, slowly varying, or peri- 
odic in time are called laminar flow. When 
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a laminar flow is stable against external dis- 
turbances, it remains laminar, but if the flow is 
unstable, it usuaily changes into either another 
type of laminar flow or a turbulent flow. 


A. Stability and Bifurcation of Flows 


The velocity field u(x, t), x being the space 
coordinates and t the time, of a flow of an 
incompressible viscous fluid in a bounded 
domain G is determined by the *Navier-Stokes 
equation of motion, 


0) 1 
С“ p(u-grad)u vAu 4- — grad p = 0, (1) 
et p 


and the equation of continuity, 
divu- 0, (2) 


with the prescribed initial and boundary con- 
ditions, where A denotes the Laplacian, p the 
pressure, p the density, and v the kinematic 
viscosity of the fluid. Suitable extensions must 
be made in the foregoing system of equations if 
other field variables, such as the temperature 
in thermal-convection problems, are to be 
considered. 

The stability of a fluid flow is studied by 
examining the behavior of the solution of 
equations (1) and (2) against external distur- 
bances, and, in particular, stability against 
infinitesimal disturbances constitutes the linear 
stability problem. The stability characteristics 
of the solution of equations (1) and (2) depend 
largely upon the value of the *Reynolds num- 
ber R= UL/v, U and L being the representa- 
tive velocity and length of the flow, respec- 
tively. Let a stationary solution of equations 
(1) and (2) be и, (х, R). If the perturbed flow 
is given by uo(x, R)+ у(х, R)exp(ot), v being 
the perturbation velocity, and equation (1) is 
linearized with respect to v, we obtain a "linear 
eigenvalue problem for c. The flow is called 
linearly stable if max(Rea) is negative, and 
linearly unstable if it is positive. For small 
values of R, a flow is generally stable, but it 
becomes unstable if R exceeds a critical value 
R,, which is called the critical Reynolds num- 
ber [1]. 

The instability of a stationary solution gives 
rise to the *bifurcation to another solution 
at a bifurcation point R, of the parameter R. 
If Imo =0 for an eigenvalue c at R=R,, a 
stationary solution bifurcates from the solu- 
tion uo at R,, and if Imo #0, a time-periodic 
solution bifurcates at R,. The latter bifurca- 
tion is called the Hopf bifurcation. A typical 
example of stationary bifurcation is the gener- 
ation of an axially periodic row of Taylor 
vortices in Couette flow between two rotating 
coaxial cylinders, which was studied by G. I. 
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Taylor (1923), with excellent agreement be- 
tween theory and experiment [2]. Hopf bifur- 
cation is exemplified by the generation of 
Tollmien-Schlichting waves in the laminar 
tboundary layer along a flat plate, which was 
predicted theoretically by W. Tollmien (1929) 
and H. Schlichting (1933) and later confirmed 
experimentally by G. B. Schubauer and H. K. 
Skramstad (1947) (3]. 

In either type of bifurcation (Ime =0 or 40) 
the bifurcation is called supercritical if the 
bifurcating solution exists only for R > R,, 
subcritical if it exists only for R « R,, and 
transcritical if it happens to exist on both sides 
of R,. The amplitude of the departure of the 
bifurcating solution from the unperturbed 
solution uo tends to zero as К» R,. The be- 
havior of the bifurcating solution around the 
bifurcation point R, is dealt with systemat- 
ically by means of bifurcation analysis. In 
supercritical bifurcation, the bifurcating solu- 
tion is stable and represents an equilibrium 
state to which the perturbed flow approaches 
just as in the cases of Taylor vortices and 
Tollmien-Schlichting waves. On the other 
hand, for subcritical bifurcation the bifurcat- 
ing solution is unstable and gives a critical am- 
plitude of the disturbance above which the 
linearly stable basic flow (R < R.) becomes 
unstable. In this case, the instability of the 
basic flow gives rise to a sudden change of the 
flow pattern resulting in either a stationary 
(or time-periodic) or even turbulent flow. The 
transition to turbulent flow that takes place 
in Hagen-Poiseuille flow through a circular 
tube and is linearly stable at all values of R 
(К. = оо) may be attributed to this type of 
bifurcation. 

The concept of bifurcation can be extended 
to the case where the flow uo is nonstationary, 
but the bifurcation analysis then becomes 
much more difficult. 


B. Onset of Turbulence 


The fluctuating flow resulting from an insta- 
bility does not itself necessarily constitute a 
turbulent flow. In order that a flow be turbu- 
lent, the fluctuations must take on some irreg- 
ularity. The turbulent flow is usuallv defined 
in terms of the long-time behavior of the flow 
velocity u(x, t) at a fixed point x in space. The 
flow is expected to be turbulent if the fluctuat- 
ing velocity 


óu(x, t) = u(x, t) 


"Rc 
lim zÍ u(x, t) dt (3) 


T^ o 


satisfies the condition 


roc T— 


1 T 
lim lim A дих, thdu,{x, t + t) dt = 0, (4) 
0 
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where the subscripts label the components. 
Condition (4) implies that the *dynamical 
system of a fluid has the mixing property. This 
condition also states that the velocity fluctu- 
ation ди, has a continuous frequency spectrum. 
In practical situations the frequency spectrum 
of a turbulent flow may contain both the line 
and continuous spectra, in which case the flow 
is said to be partially turbulent. 

L. D. Landau (1959) and E. Hopf (1948) 
proposed a picture of turbulent flow as one 
composed of a *quasiperiodic motion, u(t) = 
f(@,t,@5t,...,@,t), with a large number of 
rationally independent frequencies o,,..., O, 
produced by successive supercritical bifurca- 
tions of Hopf type. This picture of turbulence 
is not compatible with the foregoing definition 
of turbulence, since it does not satisfy the 
mixing property (4). The fact that the gener- 
ation of real turbulence is not necessarily 
preceded by successive supercritical bifurca- 
tions casts another limitation on the validity 
of this picture. 

The concept of turbulence is more clearly 
exhibited with respect to a dynamical system 
of finite dimension. Although we are without 
a general proof, it is expected that the Navier- 
Stokes equation with nonzero viscosity v can 
be approximated within any degree of ac- 
curacy by a system of finite-dimensional ffirst- 
order ordinary differential equations 
ex F(X 5 
ТЕ (Х). (5) 
Thus the onset and some general properties of 
turbulence are understood in the context of 
the theory of tdynamical systems. Turbulence 
is related to those solutions of equation (5) 
that tend to a tset in the *phase space that 
is neither a tfixed point, a tclosed orbit, nor a 
*torus. À set of such complicated structure is 
called a nonperiodic ‘attractor or a strange 
attractor. Historically, the strange attractor 
originates from the strange Áxiom A attrac- 
tor that was found in a certain class of dy- 
namical systems called the Axiom A systems. 
However, this term has come to be used in a 
broader sense, and it now represents a vartety 
of nonperiodic motions exhibited by a system 
that is not necessarily of Axiom A type. The 
above-mentioned Landau-Hopf picture of 
turbulence was criticized by D. Ruelle and F. 
Takens (1971), who proved for the dynamical 
system (5) that an arbitrary small perturbation 
on a quasiperiodic ‘flow on a k-dimensional 
torus (k > 4) generically (in the sense of residual 
sets) produces a flow with a strange Axiom A 
attractor [4]. 

There exist a number of examples of first- 
order ordinary differential equations of rela- 
tively low dimension whose solutions exhibit 
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nonperiodic behavior. An important model 
system related to turbulence is the Lorenz 
model (1963) of thermal convection in a hori- 
zontal fluid layer. This model is obtained by 
taking only three components out of an in- 
finite number of spatial Fourier components 
of the velocity and temperature fields. The 
model is written as 


dX 

——= -0Х +0Ү, 

dt 

dY 

—=-—XZ+rX — Y, 

dt 

yz (6) 
dt i 


where o (>b + 1) and b are positive constants 
and r is a parameter proportional to the Ray- 
leigh number. Obviously, equations (6) have 

a fixed point X = Y= 7 —O representing the 
state of thermal convection without fluid flow. 
For r < 1, this fixed point is stable, but it be- 
comes unstable for r 1, and a pair of new 
fixed points X = Y= +./b{r—1), Z=r—1 
emerges supercritically. This corresponds to 
the onset of stationary convection at r= 1. Ata 
still higher value of r 2e(c +6 + 3) 0—6 — 1), a 
subcritical Hopf bifurcation occurs with re- 
spect to this pair of fixed points, and for a 
certain range of r above this threshold the 
solutions with almost any initial conditions 
exhibit nonperiodic behavior. This corre- 
sponds to the generation of turbulence. The 
property 

eX óY 27 


ax tay T2Z (c - b 4-1) «0, (7) 
where the dots denote time derivatives, shows 
that each volume element of the phase space 
shrinks asymptotically to zero as the time 
increases indefinitely. This property is char- 
acteristic of dynamical systems with energy 
dissipation, in sharp contrast to the *measure- 
preserving character of Hamiltonian systems 
[5]. 

For а certain class of ordinary differen- 
tial equations, the bifurcation to nonperiodic 
motion corresponds netther to the bifurcation 
of tort, Just as in the Ruelle-Takens theory, nor 
to subcritical bifurcation, as In the Lorenz 
modcl. Such a bifurcation takes placc when 
nonperiodic motion emerges as the conse- 
quence of an infinite sequence of supercritical 
bifurcations at each of which a periodic orbit 
of period T bifurcates into one of period 2T. 
If we denote the nth bifurcatton point by r,, 
the distance r,,, —r, between two successive 
bifurcation points decreases exponentially with 
increasing n, and eventually the bifurcation 
points accumulate at a point r,, beyond which 
nonperiodic motion is expected to emerge. It is 
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not yet clear if any of the above three types of 
bifurcation leading to nonperiodic behavior is 
actually responsible for the generation of real 
turbulence. 

Some important properties of a dynamical 
system with a nonperiodic attractor, which 
may be either a flow or a ‘diffeomorphism, can 
be stated as follows: 

(i) The distance between two points in the 
phase space that are initially close to each 
other grows exponentially in time, so that the 
solutions exhibit a sensitive dependence on the 
initial conditions. 

(ii) The nonperiodic attractor has Lebesgue 
measure zero, and such a system is expected to 
have many other tergodic finvariant measures. 

The irregular behavior of a deterministic 
dynamical system is also called chaos, but this 
concept is more abstract and general than 
that of turbulence, and covers phenomena ex- 
hibited by systems such as nonlinear electric 
circuits, chemical reactions, and ecological 
systems. 


C. Statistical Theory of Turbulence 


The statistical theory of turbulence deals with 
the statistical behavior of fully developed 
turbulence. The turbulent field is sometimes 
idealized for mathematical simplicity to be 
homogeneous or isotropic. In homogeneous 
turbulence the statistical laws are invariant 
under all parallel displacements of the coordi- 
nates, whereas in isotropic turbulence invar- 
iance under rotations and reflections of the 
coordinates is required in addition. 

The instantaneous state of the fluid motion 
is completely determined by specifying the 
fluid velocity u at all space points x and can 
be expressed as a phase point in the infinite- 
dimensional tphase space spanned by these 
velocities. The phase point moves with time 
along a path uniquely determined by the solu- 
tion of the Navier-Stokes equation. In the 
turbulent state the path is unstable to the 
initial disturbance and describes an irregular 
line in the phase space. In this situation the 
deterministic description is no longer useful 
and should be replaced by a statistical treat- 
ment. Abstractly speaking, turbulence is just a 
view of fluid motion as the random motion of 
the phase point u(x) (— 407 Stochastic Pro- 
cesses). The equation for the tcharacteristic 
functional of the random velocity u(x) was first 
given by E. Hopf (1952). An exact solution 
obtained by Hopf represents а tnormal distri- 
bution associated with a white energy spec- 
trum, but so far no general solution has been 
obtained [6]. 

Besides the formulation in terms of the 


1642 


tprobability distribution or the characteristic 
functional, there is another way of describing 
turbulence by *moments of lower orders. This 
is the conventional statistical theory originated 
by G. I. Taylor (1935) and T. von Kármán 
(1938), which made remarkable progress after 
World War II. The principal moments in this 
theory are the correlation tensor, whose (i, j)- 
component is the mean of the product of two 
velocity components u, at a point x and u; at 
another point x +r, 


By) = Cu/(x)uj(x + r)>, (8) 


and its fFourier transform, or the energy spec- 
trum tensor, 


1 
Ф„(К) "guy | Bulent —J/-Ak ndr (9) 


In isotropic turbulence 6; is expressed as 


kik; 
2) k=|k, 010) 


1 
to zs E - k 


where E(k) 1s the energy spectrum function, 
representing the amount of energy included in 
a spherical shell of radius k in the wave num- 
ber space. The energy of turbulence @ per unit 
mass is expressed as 


1 1 1 
#=>(uly=sB,(0)=; | (ke) dk 


-| но (11) 


The state of turbulence is characterized by 
the Reynolds number R = ЕД? /(vk1?), where Eo 
and k, are representative values of E(k) and k, 
respectively. For weak turbulence of small R, 
Е(К) is governed by a linear equation with the 
general solution 


E(k,t)= E(k,0)exp( —2vK?t), (12) 


E(k,0) being an arbitrary function. Thus E(k) 
decays in time due to the viscous dissipation. 
For strong turbulence of large R, it is difficult 
to obtain the precise form of E(k), and this is 
usually done by way of some assumption that 
allows us to approximate the nonlinear effects 
[7]. 

Some of the similarity laws governing the 
energy spectrum and other statistical functions 
can be determined rigorously but not neces- 
sarily uniquely. For 3-dimensional incompress- 
ible turbulence, the energy spectrum satisfies 
an inviscid similarity law 


E(k)/Ey = F,(k/ko) (13) 


in the energy-containing region k == O(k,) char- 
acterized by a wave number kọ, and a viscous 
similarity law 


E(k)/Eo = КАЕ (К/К? КС), (14) 
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in the energy dissipation region k= O(R?" ko), 
where F, and F, denote dimensionless func- 
tions generally dependent on the initial con- 
dition and the time [6]. 

If an assumption is made to the effect that 
the statistical state in the energy-dissipation re- 
gion depends only upon the energy-dissipation 
rate e= —dé&/dt besides the viscosity v (ог R), 
then (14) becomes Kolmogorov's equilibrium 
similarity law (1941): 


E(k) 2 £V ^ v4 F(K/(gV y - 3), (15) 


where F is a dimensionless function. For 
extremely large R (or small v) there exists 

an inertial subregion between the energy- 
containing and energy-dissipation regions such 
that the viscous effect vanishes and (15) takes 
the form 


E(k) = Ke! 53, (16) 


where K is an absolute constant. Kolmogorov's 
spectrum (16) has been observed experimen- 
tally several times, and now its consistency 
with experimental results at large Reynolds 
numbers is well established [8]. 

Kolmogorov (1962) and others modified (16) 
by taking account of the fluctuation of £ due 
to the intermittent structure of the energy- 
dissipation region as 


E(k) = K'e”? k 5B(f Kk) "P, (17) 


where e is now the average of the fluctuating z, 
u is the covariance of the log-normal distribu- 
tion of e, and L is the length scale of the spatial 
domain in which the average of £ is taken [8]. 
À similar modification, with the exponent 
—p/3 in place of —и/9, is obtained using a 
fractal model of the energy-cascade process. 
These corrections to E(k), based upon the 
experimentally estimated д of 0.3—0.5, are 

too small to be detected experimentally, 

but the deviation is expected to appear more 
clearly in the higher-order moments [8-10]. 
It should be noted that Kolmogorov's spec- 
trum (16) itself does not contradict the notion 
of intermittent turbulence and gives one 

of the possible asymptotic forms in the limit 
Roo. 

The 1-dimensional Burgers model of tur- 
bulence satisfies the same similarity laws as 
(13) and (14), but it has an inviscid spectrum 
E(k)ock ? instead of (16). Two-dimensional 
incompressible turbulence has no energy- 
dissipation region, and hence Kolmogorov's 
theory is not valid for this turbulence. It has 
an inviscid spectrum E(k)ock ^, first derived 
by R. H. Kraichnan (1967), C. E. Leith (1968), 
and G. K. Batchelor (1969). These inviscid 
spectra for 1- and 2-dimensional turbulence 
have been confirmed by numerical simulation 


[11]. 
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A. History 


Unified field theory is a branch of theoretical 
physics that arose from the success of *gen- 
eral relativity theory. Its purpose is to dis- 
cuss in a unified way the fields of gravitation, 
electromagnetism, and nuclear force from the 
standpoint of the geometric structure of space 
and time. Studies have continued since 1918, 
and many theories of mathematical interest 
have been published without attaining, how- 
ever, any conclusive physical theory. 

A characteristic feature of relativity theory is 
that it is based on a completely new concept of 
space and time. That is, in general relativity 
theory it is considered that when a gravita- 
tional field is generated by matter, the struc- 
ture of space and time changes, and the flat 
TMinkowski world becomes a 4-dimensional 
*Riemannian manifold (with signature (1, 3)) 
having nonvanishing curvature. The tfunda- 
mental tensor g;; of the manifold is interpreted 
as the gravitational potential, and the basic 
gravitational equation can be described as a 
geometric law of the manifold. It is character- 
istic of general relativity theory that gravita- 
tional phenomena are reduced to space-time 
structure (— 359 Relativity). The introduction 
of the Minkowski world in tspecial relativity 
theory was a revolutionary advance over the 
3-dimensional space of Newtonian mechanics. 
But the inner structure of the Minkowski 
world does not reflect gravitational phenom- 
ena. The latter shortcoming is overcome by 
introducing the concept of space-time repre- 
sented by a Riemannian manifold into general 
relativity theory. 

When a coexisting system of gravitational 
and electromagnetic fields is discussed in gen- 
eral relativity theory, simultaneous equations 
(Einstein-Maxwell equations) must be solved 
for the gravitational potential g;; and the 
electromagnetic field tensor F;. Thus the 
gravitational potential g;; is affected by the 
existence of an electromagnetic field. As the 
validity of general relativity began to be ac- 
cepted, it came to be expected that all physical 
actions might be attributed to the gravita- 
tional and electromagnetic fields. Thus various 
extensions of general relativity theory have 
been proposed in order to devise a geometry 
in which the electromagnetic as well as the 
gravitational field directly contributes to the 
space-time structure, and to establish a uni- 
fied theory of both fields on the basis of the 
geometry thus obtained. These attempts are 
illustrated in Fig. 1. 
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Fig. 1 


B. Weyl’s Theory 


The first unified field theory was proposed by 
H. Weyl in 1918. In Riemannian geometry, 
which is the mathematical framework of gen- 
eral relativity theory, the tcovariant derivative 
of the fundamental tensor g,; vanishes, i.e., 


Vigi = 0д/0х' — alij =0, (1) 


where I, is the *Christoffel symbol derived 
from g,. Conversely, if I7, is considered as the 
coefficient of a general taffine connection and 
(1) is solved with respect to Гі under the con- 
dition Г, = Гу, then the Christoffel symbol 
derived from gj; coincides with Гу. In this 
sense, (1) means that the space-time manifold 
has Riemannian structure. On the other hand, 
Weyl considered a space whose structure is 
given by an extension of (1), 


Уд = 2A iGins (2) 


and developed a unified field theory by regard- 
ing 4; as the electromagnetic potential. This 
theory has mathematical significance in that it 
motivated the discovery of Cartan's geometry 
of connection, but it has some unsatisfactory 
points concerning the derivation of the field 
equation and the equation of motion for a 
charged particle. 

The scale transformation given by j;— p° g; 
is important in Weyl’s theory. If in addition to 
this transformation, A; is changed to 


— ji ik 


A; — A; — log p/Ox, (3) 


then (2) is left invariant and the space-time 
structure in Weyl’s theory remains unchanged. 
We call (3) the gauge transformation, cor- 
responding to the fact that the electromagnetic 
potential A; is determined by the electro- 
magnetic field tensor F;; up to a gradient vec- 
tor. In the ‘field theories known at present, the 
gauge transformation is generalized to various 
fields, and the law of charge conservation is 
derived from the invariance of field equations 
under generalized gauge transformation. 


C. Further Developments 


A unified field theory that appeared after 
Weyl’s is Kaluza's 5-dimensional theory (Th. 
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Kaluza, 1921). This theory has been criticized 
as being artificial, but it is logically consistent, 
and therefore many of the later unified field 
theories are improved or generalized versions 
of it. The underlying space of Kaluza's theory 
is a 5-dimensional Riemannian manifold with 
the fundamental form 


ds? = (dx^ + A, dx ^y +ga dx" dx, 


where A; and gj; are functions of x! alone (a, b, 
...,1, j 20, 1,2, 3). The field equation and the 
equation of motion of a particle are derived 
from the variational principle in general re- 
lativity theory. The field equation is equivalent 
to the Einstein-Maxwell equations. The trajec- 
tory of a charged particle is given by a geo- 
desic in the manifold, and its equation is re- 
ducible to the Lorentz equation in general 
relativity. 

After the introduction of Kaluza's theory, 
various unifield field theories were proposed, 
and we give here the underlying manifolds or 
geometries of some mathematically interesting 
theories: a manifold with *affine connection 
admitting absolute parallelism (A. Einstein, 
1928); a manifold with *projective connec- 
tion (O. Veblen, B. Hoffman, 1930 [4]; J. A. 
Schouten, D. van Dantzig, 1932); wave geome- 
try (a theory based on the linearization of the 
fundamental form; Y. Mimura, 1934 [3]); а 
nonholonomic geometry (G. Vranceanu, 1936); 
a manifold with *conformal connection (Hoff- 
man, 1948). 

The investigations since 1945 have been 
motivated by the problem of the representa- 
tion of matter in general relativity theory. 
Einstein first represented matter by an energy- 
momentum tensor T; of class Со, which must 
be determined by information obtained from 
outside relativity. Afterward he felt that this 
point was unsatisfactory and tried to develop 
a theory on the basis of field variables alone, 
without introducing such a quantity as Т. 
This theory is the so-called unitary field theory, 
and a solution without singularities is required 
from a physical point of view. His first attempt 
was to remove singularities from an exterior 
solution in general relativity by changing the 
topological structure of the space-time mani- 
fold. This idea was then extended to a unified 
field theory by J. A. Wheeler, and an interpre- 
tation was given to mass and charge by apply- 
ing the theory of *harmonic integrals (1957) 
[2]. 

Einstein's second attempt was to propose 
a nonsymmetric unified field theory (1945) 

[1, Appendix IT; 6]. The fundamental quantities 
in this theory are a nonsymmetric tensor g; 
and a nonsymmetric affine connection Гу. 

The underlying space of the theory can be con- 
sidered a direct extension of the Riemannian 
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manifold, since (1) is contained in the field 
equations (notice the order of indices in this 
equation). E. Schródinger obtained field equa- 
tions of almost the same form by taking only 
Г}, as a fundamental quantity (1947) [5]. 
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A. Uniform Convergence of a Sequence of 
Real-Valued Functions 


A sequence of real-valued functions í f(x)! 
defined on a set B is said to be uniformly con- 
vergent (or to converge uniformly) to a function 


f(x) on the set B if it converges with respect 


to the tnorm || || 2 supile(9|| xe Bj, i.e., 
lim, ,,.|| f, —f || =0 (— 87 Convergence). In 
other words, | f,(x)} converges uniformly to 


f(x) on B if for every positive constant £ we 


can select a number N independent of the 
point x such that | f, (x) —f (x)| <£ holds for all 
n>N and xe B. By the tcompleteness of the 
real numbers, a sequence of functions í f,(x)j 
converges uniformly on B if and only if we can 
select for every positive constant = a number № 
independent of the point x such that | /„(х)— 


f,(x)| < £ holds for all m, п> N and xe B. 


The uniform convergence of a series >, f, (x) or 
of an infinite product П, f; (x) is defined by the 
uniform convergence of the sequence of its 
partial sums or products. If the series of the 
absolute values >, | f,(x)| converges uniformly, 
then the series >>, f (x) also converges uni- 
formly. In this case the series >, f(x) is said to 
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be uniformly absolutely convergent. А sequence 
of (nonnegative) constants M, satisfying 

| f,(x)|< M, is called a dominant (or majorant) 
of the sequence of functions í f,(x)}. A series of 
functions X, f,(x) with converging majorant 
series >, M, is uniformly absolutely conver- 
gent (Weierstrass's criterion for uniform 
convergence). 

Let 12,(x)] be another sequence of functions 
on B. The series X, 4, (x) f, (x) is uniformly 
convergent if either of the following conditions 
holds: (i) The series X, f, (х) converges uni- 
formly and the partial sums of the series 
Y^) — Z, Q9)| are uniformly bounded, Łe., 
bounded by a constant independent of xe B 
and of the number of terms; or (н) the series 
Y MAC) — 44,44 (x)| converges uniformly, the 
sequence {/,(x)} converges uniformly to 
0, and the partial sums of X, f.(x)| are 
uniformly bounded. 


B. Uniform Convergence and Pointwise 
Convergence 


Let { f,(x); be a sequence of real-valued func- 
tions on B, and let f(x) be a real-valued func- 
tion also defined on B. If the sequence of 
numbers } f,(xo); converges to f(x4) for every 
point xç € B, we say that { f,(x)} is pointwise 
convergent (or simply convergent) to the func- 
tion f(x). Pointwise convergence is, of course, 
weaker than uniform convergence. If we repre- 
sent the function f(x) by the point П.в f(x) = 
[f] of the *Cartesian product RE = П. В, 
then the pointwise convergence of { f, (x)! to 

f (x) is equivalent to the convergence of the 
sequence of points ([ f]; to [f] in the *prod- 
uct topology of R. 

When B is a *topological space and every 
f(x) is continuous, the pointwise limit f(x) of 
the sequence í f,(x)} is not necessarily con- 
tinuous. However, if the sequence of continuous 
functions í f,(x)} converges uniformly to f(x), 
then the limit function f (x) is continuous. On 
the other hand, the continuity of the limit does 
not imply that the convergence is uniform. If 
the set B is *compact and the sequence of 
continuous functions í f,(x)} is monotone (Le., 
fs) < f, (x) for all n or AO Sfar (x) for all n) 
and pointwise convergent to a continuous 
function f(x), then the convergence is uniform 
(Dini's theorem). 


C. Uniform Convergence on a Family of Sets 
Let B be a topological space. We say that a 


sequence of functions | f,(x)] is uniformly 
convergent in the wider sense to the function 
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f(x), depending on circumstances, in either of 
the following two cases: (i) Every point x;e В 
has a neighborhood U on which the sequence 
1f, (x)] converges uniformly to f(x); or (i) 

{ h(x); converges uniformly to f(x) on every 
compact subset K in B. If B is locally com- 
pact, the two definitions coincide. The term 
uniform convergence on compact sets is also 
used for (ii). 

In general, given a family 2? of subsets in B, 
we may introduce in the space 2 of real- 
valued functions on B a family of tseminorms 
lf lk supilfG9l| xe K) for every set K e 2. 
Let T be the topology of ¥ defined by this 
family of seminorms (— 424 Topological 
Linear Spaces). A sequence { /,(х1; is called 
uniformly convergent on 2 if it is convergent 
with respect to T. In particular, when 2 coin- 
cides with {B}, {{х}|хє B], or the family of all 
compact sets in B, then uniform convergence 
on 2 coincides with the usual uniform conver- 
gence, pointwise convergence, or uniform 
convergence on compact sets, respectively. If 2 
is a countable set, the topology T is tmetri- 
zable. Most of these definitions and results 
may be extended to the case of functions 
whose values are in the complex number field, 
in a *normed space, or in any *uniform space. 


D. Topology of the Space of Mappings 


Let X, Y be two topological spaces. Denote by 
C(X, Y) the space of all continuous mappings 
f: X 5 Y. This space C(X, Y), or a subspace .Z 
of C(X, Y), is called a mapping space (or func- 
tion space or space of continuous mappings) 
from X to Y. A natural mapping 0: Z x X — Y 
is defined by O( f, x) = f(x)( fe xe X). We 
define a topology in as follows: for a com- 
pact set K in X and an open set U in Y, put 
W(K,U)={ feF | f(K)eU !, and introduce a 
topology in ¥ such that the base for the to- 
pology consists of intersections of finite num- 
bers of W(K;, С). This topology is called the 
compact-open topology (R. H. Fox, Bull. Amer. 
Math. Soc., 51 (1945)). When X is a *locally 
compact Hausdorff space and Y is a *Haus- 
dorff space, the compact-open topology is the 
*weakest topology on ¥ for which the func- 
tion ® is continuous, If, in this case, ¥ is 
compact with respect to the compact-open 
topology, then the compact-open topology 
coincides with the topology of pointwise 
convergence. 

In particular, when Y is a *metric space (or, 
in general, a *uniform space with the uniform- 
ity 10), the compact-open topology in 4 coin- 
cides with the topology of uniform conver- 
gence on compact sets. A family .Z is called 
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equicontinuous at a point xe X if for every 
positive number c (in the case of uniform 
space, for every Ve) there exists a neighbor- 
hood U of x such that р( f (x), f (p) < £ Cf (x), 
f(py)e V) for every point pe U and for every 
function f e * (G. Ascoli, 1883—1884). If X isa 
*locally compact Hausdorff space, a necessary 
and sufficient condition for ¥ to be relatively 
compact (i.e., for the closure of F to be com- 
pact) with respect to the compact-open top- 
ology (1.е., to the topology of uniform conver- 
gence on compact sets) is that .Z be equicon- 
tinuous at every point xe X and that the set 

{ f(x)|fe.Z be relatively compact in Y for 
every point xe X (Ascoli's theorem). In partic- 
ular, when X is a o-compact locally compact 
Hausdorff space and Y is the space of real 
numbers, a family of functions .Z that are 
equicontinuous (at every point xe X) and 
uniformly bounded is relatively compact. 
Hence, for any sequence of functions í fp} 

in 2, we can select a subsequence | fj 
which converges uniformly on compact sets 
(Ascoli-Arzelà theorem). 


E. Normal Families 


P. Montel (1912) gave the name normal family 
to the family of functions that is relatively com- 
pact with respect to the topology of uniform 
convergence on compact sets. This terminol- 
ogy is used mainly for the family of complex 
analytic functions. In that case, it is customary 
to compactify the range space and consider Y 
to be the *Riemann sphere. Using this notion, 
Montel succeeded in giving a unified treatment 
of various results in the theory of complex 
functions. 

A family of analytic functions ¥ on a finite- 
dimensional ‘complex manifold X is a normal 
family if it is uniformly bounded on each com- 
pact set (Montel's theorem). Another criterion 
is that there are three values on the Riemann 
sphere which no function fe F takes. More 
generally, three exceptional values not taken 
by fe.Z may depend on f, if there is a positive 
lower bound for the distances between these 
three values on the Riemann sphere. This gives 
an easy proof of the *Picard theorem stating 
that every ‘transcendental meromorphic func- 
tion f(z) in |z| « oo must take all values except 
possibly two values. In fact the family of func- 
tions f,(z)= f(z/2"), п= 1, 2, 3, ...,in {1 < |z| 
« 2j cannot be normal. Using a similar proce- 
dure, G. Julia obtained the results on tJulia’s 
direction. 

F. Marty introduced the notion of spherical 
derivative | f’(z)|/(1 +| f(z)|2) for the analytic 
or meromorphic function f(z) and proved that 
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for a family 2 = ( f(z)} of analytic functions to 
be normal, it is necessary and sufficient that 
the spherical derivatives of fe. F be uniformly 
bounded. This theorem implies Montel's 
theorem and its various extensions, including, 
for example, quantitative results concerning 
*Borel’s direction. 

A family F of analytic functions of one 
variable defined on X is said to form a quasi- 
normal family if there exists a subset P of X 
consisting only of isolated points such that 
from any sequence í f.) (f, e F) we can select a 
subsequence { fy} converging uniformly on 
X — P. If P is finite and consists of p points, 
the family .Z is called a quasinormal family of 
order p. For example, the family of at most *p- 
valent functions is quasinormal of order p. 

The theory of normal families of complex 
analytic functions is not only applied to *value 
distribution theory, as above, but also used to 
show the existence of a function that gives the 
extremal of functionals. The extremal function 
is usually obtained as a limit of a subsequence 
of a sequence in a normal family. A typical 
example of this method is seen in the proof of 
the *Riemann mapping theorem. This is per- 
haps the only general method known today in 
the study of the iteration of *holomorphic 
functions. By this method, Julia (1919) made 
an exhaustive study of the iteration of mero- 
morphic functions; there are several other in- 
vestigations on the iteration of elementary 
transcendental functions. On the other hand, 
A. Wintner (Comm. Math. Helv., 23 (1949)) 
gave the implicit function theorem for analytic 
functions in a precise form using the theory of 
normal families of analytic functions of several 
variables. 
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A. Introduction 


There are certain properties defined on *metric 
spaces but not on general *topological spaces, 
for example, fcompleteness or *uniform con- 
tinuity of functions. Generalizing metric spaces, 
A. Weil introduced the notion of uniform 
spaces. This notion can be defined in several 
ways [3,4]. The definition in Section B is that 
of Weil [1] without the tseparation axiom for 
topology. 

We denote by A, the diagonal {(x, x)| xe X } 
of the Cartesian product X x X ofa set X with 
itself. If U and Vare subsets of X x X, then the 
composite Vo U is defined to be the set of all 
pairs (x, y) such that for some element z of X, 
the pair (x, z) is in U and the pair (z, y) is in V. 
The inverse U `! of U is defined to be the set of 
all pairs (x, y) such that (у, х)є U. 


B. Definitions 


Let 2 be a nonempty family of subsets of 
X x X such that (i) if Ue% and U c V, then 
Ve%; (ii) if U, Ve 4, then UN Ve; (ш) if 
Ue, then Ay C U; (iv) if Ue, then U !є 
MH, and (v) if Ue, then Vo Vc U for some 
Ve 4. Then we say that a uniform structure 
(or simply a uniformity) is defined on X by 
Ф. Ifa uniformity is defined on X by Z, then 
the pair (X, 4) or simply the set X itself is 
called a uniform space, and % is usually called 
a uniformity for X. 

A subfamily # of the uniformity X is called 
a base for the uniformity X if every member of 
4 contains a member of #. If a family 2 of 
subsets of X x X 15 a base for a uniformity Z, 
then the following propositions hold: (1i) if 
U, Ve &, then there exists а We 2 such that 
Wc UNV; (1) if Ue2, then Ay cU; (iv) if 
U e 2, then there exists a Ve # such that 
V< U '!; (у) if Ue 2, then there exists a Ve 2 
such that Vo Vc U. Conversely, if a family 2 
of subsets of a Cartesian product X x X satis- 
fies (ii)-(v'), then the family 4 2 (U|U c X x X, 
Vc U for some Ve 2) defines a uniformity on 
X and 2 is a base for 7. Given a uniform 
space (X, 2), a member V of % is said to be 
symmetric if V= V !. The family of all sym- 
metric members of Z is a base for X. 


C. Topology of Uniform Spaces 


Given a uniform space (X, 4/), an element 
xe X, and Ue, we put U(x)={ v| ve X, (х, y) 
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EU }. Then the family Z(x) = (U(x)|Uew| 
forms a neighborhood system of xe X, which 
gives rise to a topology of X (— 425 Topo- 
logical Spaces). This topology is called the 
uniform topology (or topology of the uni- 
formity). When we refer to a topology of a uni- 
form space (X, 4/), it is understood to be the 
uniform topology; thus a uniform space is 

also called a uniform topological space. If 2 is 
a base for the uniformity of a uniform space 
(X, 4), then Z(x) 2 (U(x)| U e% is a base for 
the neighborhood system at each point xe X. 
Each member of ~ is a subset of the topolog- 
ical space X x X, which is supplied with the 
product topology. The family of all open 
(closed) symmetric members of Z forms a 

base for X. A uniform space (X, 4) is a *T,- 
topological space if and only if the intersection 
of all members of Z 1s the diagonal Ay. In this 
case, the uniformity of (X, 4) is called a T,- 
uniformity, and (X, %) is called a T, -uniform 
space. À T,-uniform space is always 'regular; a 
fortiori, it is a T,-topological space. Hence a 
T, -uniform space is also said to be a Haus- 
dorff uniform space (or separated uniform 
space). Moreover, a uniform topology satisfies 
tTikhonov’s separation axiom; in particular, а 
T, -uniform space is tcompletely regular. 


D. Examples 


(1) Discrete Uniformity. Let X be a nonempty 
set, апа let Y ={U|Ay cUc X x X). Then 
(X, Ж) is a T; -uniform space and 3 = {Ax} isa 
base for %. This uniformity is called the dis- 
crete uniformity for X. 


(2) Uniform Family of Neighborhood System. 
A family (U (x), a(x E X) of subsets of a set X 
is called a uniform neighborhood system in X if 
it satisfies the following four requirements: (1) 
xéU,(x) for each «e A and each xe X; (ii) if x 
and y are distinct elements of X, then y£ U,(x) 
for some «e A; (iii) if x and [ are two elements 
of A, then there is another element ує A such 
that U,(x) c U,(x) Y U,(x) for all xe X; (iv) if x 
is an arbitrary element in A, then there is an 
element fi in A such that ye U,(x) whenever x, 
y € U,(z) for some z in X. If we denote by 

U, (xe A) the subset of X x X consisting of all 
elements (x, y) such that xe X and ye U,(x), 
then the family {U,|«e A} satisfies all the 
conditions for a base for a uniformity. In par- 
ticular, it follows from (ii) that (,. 4 U, = Ax, 
which is a stronger condition than (iii') in 
Section B. For instance, if (U,|xe A} is a base 
for the neighborhood system at the identity 
element of a T,-topological group G, then we 
have two uniform neighborhood systems 
(UiG9)] and {U2(x)}, where Ох) = xU, and 
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Ох) = U,x. Two uniformities derived from 
these uniform neighborhood systems are called 
a "left uniformity and а tright uniformity, 
respectively. Generally, these two uniformities 
do not coincide (— 423 Topological Groups). 


(3) Uniform Covering System [4]. A family 
(1, } кед of tcoverings of a set X is called a 
uniform covering system if the following three 
conditions are satisfied: (i) if U is a covering 
of X such that 1L «1I, for all xe A, then U 
coincides with the covering А = ((x] }, х; 

(ii) if à, Be A, then there is a ye A such that 
U,<U, and 1L, AOT; (ш) if xe A, then there 
is a Be A such that U, is a tA-refinement of 
U, (QU s)4<U,). For an example of a uni- 
form covering system of X, suppose that we 
are given a uniform neighborhood system 
{Уел (xe X). Let 4t, = (UG) uox (ze A). 
Then (4,j,., is a uniform covering system. 
On the other hand, for a covering И = (U,];.,, 
let S(x, 10) be the union of all members of 

M that contain x. If {И}, is a uniform 
covering system and U,(x) = S(x, U,), then 
ÍU, (x)), 4 (xe X) is a uniform neighborhood 
system. Hence defining a uniform covering 
system of X is equivalent to defining a T,- 
uniformity on X. 


(4). In a metric space (x, d) the subsets И, = 
(65 y)|d(x, Y) «rj, г> 0, form a base of uni- 
formity. The uniform topology defined by this 
coincides with the topology defined by the 
metric. 


E. Some Notions on Uniform Spaces 


Some of the terminology concerning topolog- 
ical spaces can be restated in the language of 
uniform structures. À mapping f from a uni- 
form space (X, Z) into another (X’, 4) is said 
to be uniformly continuous if for each member 
U' in #' there is a member U in Y such that 
(f(x), f(y)) О" for every (x, y) eU. This con- 
dition implies that f is continuous with respect 
to the uniform topologies of the uniform 
spaces. Equivalently, the mapping is uniformly 
continuous with respect to the uniform neigh- 
borhood system (U,(x)),. 4 if for any index fi 
there is an index х such that ye U,(x) implies 
fie UjCF(x)). If f: X 2 X' and g: X' AO X" аге 
uniformly continuous, then the composite 
gof:X 9X" is also uniformly continuous. А 
bijection f of a uniform space (X, Z) to another 
(X', 4") is said to be a uniform isomorphism if 
both f and f ! are uniformly continuous; in 
this case (X, #) and (X', 4) are said to be 
uniformly equivalent. À uniform isomorphism 
is a homeomorphism with respect to the uni- 
form topologies, and a uniform equivalence 


436 F 
Uniform Spaces 


defines an equivalence relation between uni- 
form spaces. 

If Z, and Z, are uniformities for a set X, we 
say that the uniformity X, is stronger than the 
uniformity V, and 4, is weaker than %, if the 
identity mapping of (X,4/,) to (X, Ж ;) is uni- 
formly continuous. The discrete uniformity is 
the strongest among the uniformities for a set 
X. The weakest uniformity for X is defined by 
the single member X x X; this uniformity is 
not a T,-uniformity unless X is a singleton. 
Generally, there is no weakest T,-uniformity. 
A uniformity %, for X is stronger than an- 
other 4, if and only if every member of Y, is 
also a member of 4/,. 

If f is a mapping from a set X into a uniform 
space (Y, ^) and g is the mapping of X x X into 
Y x Y defined by g(x, y) = ( f(x), f(y)), then 
4 -—íg {V} Vev} satisfies conditions (ii)- 
(у) in Section B for a base for a uniformity. 
The uniformity 4 for X determined by 2 is 
called the inverse image of the uniformity Y^ 
for Y by f; Y is the weakest uniformity for X 
such that f is uniformly continuous. Hence a 
mapping f from a uniform space (X, #) into 
another (Y, Y^) is uniformly continuous if and 
only if the inverse image of the uniformity Y^ 
under fis weaker than the uniformity 4. If A is 
a subset of a uniform space (X, 4/), then there 
is a uniformity Y^ for A determined as the 
inverse image of 4/ by the inclusion mapping 
of A into X. This uniformity ¥ for А is called 
the relative uniformity for A induced by X, or 
the relativization of X to А, and the uniform 
space (A, 7^) is called a uniform subspace of 
(Х, Ж). The uniform topology for (А, Y^) is the 
relative topology for À induced by the uniform 
topology for (X, Y). 

If {(X,,%,) } дел is a family of uniform 
spaces, then the product uniformity for X — 
IL. X; is defined to be the weakest uni- 
formity Z such that the projection of X 
onto each X, is uniformly continuous, and 
(X, 2) is called the product uniform space of 
{(X),%) aca. The topology for (X,4/) is the 
product of the topologies for (Х,,#,) (AEA). 


F. Metrization 


Each tpseudometric d for a set X generates a 
uniformity in the following way. For each 
positive number r, let V, „= {(х, y)e X x 

X |d(x, y) « r]. Then the family (V; ,|r 0] 
satisfies conditions (ii')-(v') in Section B for a 
base for a uniformity %. This uniformity is 
called the pseudometric uniformity or uniform- 
ity generated by d. The uniform topology for 
(X,U) is the pseudometric topology. A uni- 
form space (X, 2) is said to be pseudometrizable 
(metrizable) if there is a pseudometric (metric) 
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d such that the uniformity 4 is identical with 
the uniformity generated by d. A uniform 
space is pseudometrizable if and only if its 
uniformity has a countable base. Conse- 
quently, a uniform space is metrizable if and 
only if its uniformity is a T,-uniformity and 
has a countable base. For a family P of 
pseudometrics on a set X, let V, „= ((x, y)e 
X x X |d(x, y) «rj for de P and positive r. 
The weakest uniformity containing every 
V, , (de P, н> 0) is called the uniformity gen- 
erated by P. This uniformity may also be de- 
scribed as the weakest one such that each 
pseudometric in P is uniformly continuous on 
X x X with respect to the product uniformity. 
Each uniformity Z on a set X coincides 
with the uniformity generated by the family Р; 
of all pseudometrics that are uniformly con- 
tinuous on X x X with respect to the product 
uniformity of 4/ with itself. It follows that each 
uniform space ts uniformly isomorphic to a 
subspace of a product of pseudometric spaces 
(in which the number of components ts equal 
to the cardinal number of Ру) and that each 
T,-uniform space is uniformly isomorphic to a 
subspace of a product of metric spaces. А 
topology т for a set X is the uniform topology 
for some uniformity for X if and only if the 
topological space (X, т) satisfies "Tikhonov's 
separation axiom; in particular, the uniformity 
is a T,-uniformity if and only if (X, т) is tcom- 
pletely regular. 


G. Completeness 


If (X, 4) is a uniform space, a subset A of X is 
called a small set of order U(U e) if Ax Ac 
U. A filter on X is called a Cauchy filter 
(with respect to the uniformity #) if it contains 
a small set of order U for each U in X. If a 
filter on X converges to some point in X, then 
it is a Cauchy filter. If f is a uniformly con- 
tinuous mapping from a uniform space X into 
another X', then the Image of a base for a 
Cauchy filter on X under fis a base for a 
Cauchy filter on X'. A point contained in the 
closure of every set in a Cauchy filter & is the 
limit point of $. Hence if a filter converges to 
x, a Cauchy filter contained in the filter also 
converges to x. 

A tnet x(9[) = fx, tsex (where 9I is a directed 
set with a preordering <) in a uniform space 
(X, #) is called a Cauchy net if for each U in % 
there is a y in W such that (x,, x;)e U for every 
x and f such that y < x, y < fj. If 9L is the set N 
of all natural numbers, a Cauchy net {X,} nen 
is called a Cauchy sequence (or fundamental 
sequence). Given a Cauchy net {х} „ге, let A, 
={х]У z xj. Then B={A,| xe} is a base for 
a filter, and the filter is a Cauchy filter. On the 
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other hand, let 8 be a base for a Cauchy filter 
5. For U, Ve8, we put U < Vif and only if 

U > V. Then % is a directed set with respect to 
<. The net {xy tveg, where xy is an arbitrary 
point in U, is a Cauchy net. A proposition 
concerning convergence of a Cauchy filter is 
always equivalent to a proposition concerning 
convergence of the corresponding Cauchy net. 

A Cauchy filter (or Cauchy net) in a uni- 
form space X does not always converge to a 
point of X. A uniform space is said to be com- 
plete (with respect to the uniformity) if every 
Cauchy filter (or Cauchy net) converges to a 
point of that space. A complete uniform space 
is called for brevity a complete space. À closed 
subspace of a complete space is complete with 
respect to the relative uniformity. À pseudo- 
metrizable uniform space is complete if and 
only if every Cauchy sequence in the space 
converges to a point. Hence in the case of a 
metric space, our definition of completeness 
coincides with the usual one (— 273 Metric 
Spaces). 

A mapping / from a uniform space X to an- 
other X' is said to be uniformly continuous on 
a subset A of X if the restriction of f to A is 
uniformly continuous with respect to the rela- 
tive uniformity for A. If f is a uniformly con- 
tinuous mapping from a subset 4 of a uniform 
space into a complete T,-uniform space, then 
there is a unique uniformly continuous exten- 
sion f of f on the closure A. 

Each T,-uniform space is uniformly equiva- 
lent to a dense subspace of a complete T,- 
uniform space; this property is a generaliza- 
tion of the fact that each metric space can be 
mapped by an isometry onto a dense subset of 
a complete metric space. A completion of a 
uniform space (X, %) is a pair (f,(X*, 4/*)), 
where (X *, 4/*) is a complete space and f is 
a uniform isomorphism of X onto a dense 
subspace of X *. The T,-completion of a 
T,-uniform space is unique up to uniform 
equivalence. 


H. Compact Spaces 


A uniformity 4/ for a topological space (X, т) is 
said to be compatible with the topology т if the 
uniform topology for (X, %) coincides with т. 
A topological space (X, т) is said to be unifor- 
mizable if there is a uniformity compatible 
with т. If (X,t) is a compact Hausdorff space, 
then there is a unique uniformity # compa- 
tible with c; in fact, 4 consists of all neighbor- 
hoods of the diagonal A, in X x X; and the 
compact Hausdorff space is complete with this 
uniformity. Hence every subspace of a com- 
pact Hausdorff space is uniformizable, and 
every ‘locally compact Hausdorff space is 
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uniformizable. Any continuous mapping from 
a compact Hausdorff space to a uniform space 
is uniformly continuous. A uniform space 

(X, #) is said to be totally bounded (or precom- 
pact) if for each U €% there is a finite covering 
consisting of small sets of order U; a subset of 
a uniform space is called totally bounded if it is 
totally bounded with respect to the relative 
uniformity. A uniform space X is said to be 
locally totally bounded if for each point of X 
there is a base for a neighborhood system 
consisting of totally bounded open subsets. A 
uniform space is compact if and only if it is 
totally bounded and complete. If fis a uni- 
formly continuous mapping from a uniform 
space X to another, then the image f(A) of 

a totally bounded subset A of X is totally 
bounded. 


I. Topologically Complete Spaces 


A topological space (X, т) is said to be topo- 
logically complete (or Dieudonné complete) if it 
admits a uniformity compatible with z with 
respect to which X is complete. Each *para- 
compact Hausdorff space is topologically 
complete. Actually such a space is complete 
with respect to its strongest uniformity. А 
Hausdorff space which is homeomorphic to 

a *G,-set in a compact Hausdorff space is 

said to be Cech-complete; A metric space is 
homeomorphic to a complete metric space if 
and only if it is Cech-complete. A Hausdorff 
space X is paracompact and Cech-complete if 
and only if there is a fperfect mapping from X 
onto a complete metric space. 
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A. Definitions 


A homomorphism U of a ttopological group G 
into the group of tunitary operators on a 
*Hilbert space $ (4 {0}) is called a unitary 
representation of G if U is strongly continuous 
in the following sense: For any element xe $, 
the mapping д> U,x is a continuous mapping 
from G into $. The Hilbert space $ is called 
the representation space of U and is denoted 
by §(U). Two unitary representations U and 
U' are said to be equivalent (similar or isomor- 
phic), denoted by U = U”, if there exists an 
isometry T from $(U) onto §(U’) that satis- 
fies the equality ToU,=U,0T for every g in 
G. If the representation space §(U) contains 
no closed subspace other than § and {0} that 
is invariant under every U,, the unitary repre- 
sentation U is said to be irreducible. An element 
x in $(U) 1s called a cyclic vector if the set of 
all finite linear combinations of the elements 
U,x(ge G) is dense in $(U). A representation 
U having a cyclic vector is called a cyclic 
representation. Every nonzero element of the 
representation space of an irreducible repre- 
sentation is a cyclic vector. 


Examples. Let G be a ‘topological transfor- 
mation group acting on a "locally compact 
Hausdorff space X from the right. Suppose 
that there exists a Radon measure џи that is 
invariant under the group G. Then a unitary 
representation R" is defined on the Hilbert 
space $= L^(X, и) by the formula (R: f)(x) 

= f(xg) (/є 9, xe X,geG). The representation 
R" is called the regular representation of G 

on (X, u). If G acts on X from the left, then 
the regular representation L” is defined by 

(L5 f )(x) = f(g ! x). In particular, when X is 
the *quotient space H\G of a flocally compact 
group G by a closed subgroup H, any two 
invariant measures u, ш’ (if they exist) coincide 
up to a constant factor. Hence the regular 
representation R“ on (X, и) and the regular 
representation R^ on (X, и”) are equivalent. In 
this case, the representation К“ is called the 
regular representation on X. When Н = {е}, а 
locally compact group G has a Radon measure 
1:50 that is invariant under every right (left) 
translation h— hg (h—gh) and is called a right 
(left) Haar measure on G. So G has the regu- 
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lar representation R (L) оп G. R (L) 15 called 
the right (left) regular representation of G. 


B. Positive Definite Functions and Existence 
of Representations 


A complex-valued continuous function ф on a 
topological group G is called positive definite 
if the matrix having ф(9; ! gj as the (i, j)- 
component is a tpositive semidefinite Her- 
mitian matrix for any finite number of ele- 
ments g,,...,g, in G. If U is a unitary repre- 
sentation of G, then the function ф(9) =(U,x, x) 
is positive definite for every element x in $(U). 
Conversely, any positive definite function ф(9) 
on a topological group G can be expressed as 
9 (g) « (U,x, х) for some unitary representation 
U and x in S(U). Using this fact and the 
*Krein-Milman theorem, it can be proved that 
every locally compact group G has sufficiently 
many irreducible unitary representations in the 
following sense: For every element g in G other 
than the identity element e, there exists an 
irreducible unitary representation U, generally 
depending on g, that satisfies the inequality 

U, x: 1. The groups having sufficiently many 
finite-dimensional (irreducible) unitary repre- 
sentations are called tmaximally almost 
periodic. If a connected locally compact group 
G is maximally almost periodic, then G is the 
direct product of a compact group and a vec- 
tor group R". On the other hand, any non- 
compact connected ‘simple Lie group has no 
finite-dimensional irreducible unitary repre- 
sentation other than the unit representation 
g—1 (— 18 Almost Periodic Functions). 


C. Subrepresentations 


Let U be a unitary representation of a topo- 
logical group G. A closed subspace 9t of §(U) 
is called U-invariant if % is invariant under 
every U, (ge G). Let 9 5 {0} be a closed invar- 
iant subspace of $(U) and V, be the restric- 
tion of U, on R. Then V is a unitary represen- 
tation of G on the representation space 9t and 
is called a subrepresentation of U. Two unitary 
representations L and M are called disjoint if 
no subrepresentation of L is equivalent to a 
subrepresentation of M; they are called quasi- 
equivalent if no subrepresentation of L is dis- 
joint from M and no subrepresentation of M is 
disjoint from L. 


D. Irreducible Representations 


Let U be a unitary representation of G, M 
be the von Neumann algebra generated by 
{U,|g€G}, and M' be the tcommutant of M. 
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Then a closed subspace Ў of §(U) is invariant 
under U if and only if the tprojection operator 
P corresponding to 9t belongs to M'. There- 
fore U is irreducible if and only if M' consists 
of scalar operators {х1 |хєС) (Schur's lemma). 
A representation space of a cyclic or irreduc- 
ible representation of a fseparable topological 
group is fseparable. 


E. Factor Representations 


A unitary representation U of G is called a 
factor representation if the von Neumann 
algebra М = (U,|ge G} is a tfactor, that is, 
MMM’ = {01 |хєС]. Two factor representa- 
tions are quasi-equivalent if and only if they 
are not disjoint. U is called a factor represen- 
tation of type I, II, or HI if the von Neumann 
algebra M is a factor of нуре I, П, or III, 
respectively (— 308 Operator Algebras). A 
topological group G is called a group of type I 
(or type I group) if every factor representation 
of G is of type I. Compact groups, locally 
compact Abelian groups, connected fnilpotent 
Lie groups, connected tsemisimple Lie groups, 
and real or complex ‘linear algebraic groups 
are examples of groups of type I. There exists a 
connected solvable Lie group that is not of 
type I (— Section U), but a connected solvable 
Lie group is of type I if the exponential map- 
ping is surjective (O. Takenouchi). A discrete 
group G with countably many elements is a 
type I group if and only if G has an Abelian 
normal subgroup with finite index (E. Thoma). 


F. Representation of Direct Products 


Let G, and G, be topological groups, G the 
tdirect product of G, and G, (G = G, x G,), and 
U, an irreducible unitary representation of G, 
(i= 1,2). Then the ftensor product representa- 
tion U, ® U;:(g,,g2) ^ U,, @ U,, is an irreduc- 
ible unitary representation of G. Conversely, 

if one of the groups G, and G, is of type I, then 
every irreducible unitary representation of G 
is equivalent to the tensor product U, @ 0, 

of some irreducible representations U; of G; 
(i— 1,2). 


G. Direct Sums 


If the representation space $ of a unitary 
representation U is the tdirect sum @,.; 9(a) 
of mutually orthogonal closed invariant sub- 
spaces {H(a)} er, then U is called the direct 
sum of the subrepresentations U (z) induced on 
$(a) by U, and is denoted by U = yer U (a). 
Any unitary representation is the direct sum of 
cyclic representations. A unitary representa- 
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tion U is called a representation without multi- 
plicity if U cannot be decomposed as a direct 
sum U, @ U, unless U, and U, are disjoint. If 
U is the direct sum of {U(«)},., and every U (a) 
is irreducible, then U is said to be decomposed 
into the direct sum of irreducible representa- 
tions. Decomposition into direct sums of 
irreducible representations is essentially 
unique if it exists; that is, if U = @,., U(a) 

= (Bye, V(f) are two decompositions of U 
into direct sums of irreducible representations, 
then there exists a bijection @ from J onto J 
such that U(a) is equivalent to V(@(a)) for 
every х іп J. A factor representation U of type 
I can be decomposed as the direct sum U = 
aci U(x) of equivalent irreducible represen- 
tations (а). In general, a unitary representa- 
tion U cannot be decomposed as the direct 
sum of irreducible representations even if U is 
not irreducible. Thus it becomes necessary to 
use direct integrals to obtain an irreducible 
decomposition. 


H. Direct Integrals 


Let U be a unitary representation of a group G 
and (X, u) be a tmeasure space. Assume that 
the following two conditions are satisfied by 
U: (i) There exists a unitary representation 
U(x) of G corresponding to every element x 
of X, and §(U) ts a ‘direct integral (— 308 
Operator Algebras) of $(U(x)) (xe X) (written 
H(U) = fx H(U(x)) а(х); (ii) for every g in G, 
the operator U, is a decomposable operator 
and can be written as U, = fx U,(x)du(x). Then 
the unitary representation U is called the 
direct integral of the family {Ш(х)} у of uni- 
tary representations and is denoted by U= 

fx U(x) d(x). If every point of X has mea- 
sure 1, then a direct integral is reduced to a 
direct sum. 


I. Decomposition into Factor Representations 


We assume that G is a locally compact group 
satisfying the tsecond countability axiom, and 
also that a Hilbert space is separable. Every 
unitary representation U of G can be decom- 
posed as a direct integral U = |, U(x)du(x) 

in such a way that the center A of the von 
Neumann algebra M" = {U,|geG}" is the set 
of all tdiagonalizable operators. In this case 
almost all the U(x) are factor representations. 
Such a decomposition of U is essentially 
unique. There exists a tnull set N in X such 
that for every x and x’ in X — N (x #x’), U(x) 
and U(x’) are mutually disjoint factor repre- 
sentations. Hence the space X can be identified 
with the set G* of all quasi-equivalence classes 
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of factor representations of G endowed with a 
suitable structure of a measure space. The 
space G* is called the quasidual of G. The 
measure u is determined by U up to tequiva- 
lence of measures. 


J. Duals 


A topology is introduced on the set G of all 
equivalence classes of irreducible unitary rep- 
resentations of a locally compact group G in 
the following way. Let H, be the n-dimensional 
Hilbert space l,(n) and І, the set of all irreduc- 
ible unitary representations of G realized on 
H, (1 <n < оо). We topologize I, in such a way 
that a tnet {U^}; e; in I, converges to U if and 
only if (UZ x, y) converges uniformly to (U,x, y) 
on every compact subset of G for any x and y 
in H,,. Equivalence between representations in 
I, is an open relation. Let G, be the set of all 
equivalence classes of n-dimensional irreduc- 
ible unitary representations of G with the 
topology of a quotient space of I, and G — 

U, G, be the direct sum of topological spaces 
G,. Then the topological space G is called the 
dual of G. б is a locally compact *Baire space 
with countable open base, but it does not 
satisfy the tHausdorff separation axiom in 
general. If G is a compact Hausdorff topolog- 
ical group, then G is discrete. If G is a locally 
compact Abelian group, then G coincides with 
the *character group of G in the sense of 
Pontryagin. If G is a type I group, then there 
exists a dense open subset of G that is a locally 
compact Hausdorff space. The ta-additive 
family generated by closed sets in G is denoted 
by 88. In the following sections, a measure on 
С means a measure defined on 8. 


K. Irreducible Decompositions 


In this section G is assumed to be a locally 
compact group of type I with countable open 
basc. For any equivalence class x in G, we 
choose a representative U(x)e x with the rep- 
resentation space H(U (x)) = L; (n) if x is n- 
dimensional. For any measure и on G, the 
representation U“ = fc U(x)dy(x) is a unitary 
representation without multiplicity. Con- 
versely, any unitary representation of G with- 
out multiplicity is equivalent to a U" for some 
measure и on б. Moreover, U” is equivalent to 
U” if and only if the two measures и and v are 
equivalent (that is, и is absolutely continuous 
with respect to v, and vice versa). A unitary 
representation U with multiplicity on a sepa- 
rable Hilbert space $ can be decomposed as 
follows: There exists a countable set of mea- 
SUITES у, 11, .... Ha Whose supports are mutu- 
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ally disjoint such that U = fe (х) ди, (x) © 
2(; U(x) dus (x)  ... Ф oofe U(x)du (x). 

The measures 4, nx, ..., Ho are uniquely 
determined by U up to equivalence of mea- 
sures. Any unitary representation U on a 
separable Hilbert space $ of an arbitrary 
locally compact group with countable open 
base (even if not of type I) can be decomposed 
as a direct integral of irreducible representa- 
tions. In order to obtain such a decompo- 
sition, it is sufficient to decompose $ asa 
direct integral in such a way that a maximal 
Abelian von Neumann subalgebra A of M' 
—(U,|g€Gj' is the set of all diagonalizable 
operators. In this case, however, a different 
choice of А induces in general an essentially 
different decomposition, and uniqueness of the 
decomposition does not hold. For a group of 
type I, the irreducible representations are the 
“atoms” of representations, as in the case of 
compact groups. For a group not of type I, it 
is more natural to take the factor represen- 
tations for the irreducible representations, 
quasi-equivalence for the equivalence, and the 
quasidual for the dual of G. Therefore the 
theory of unitary representations for a group 
not of type I has different features from the 
one for a type I group. The theory of unitary 
representation for groups not of type I has not 
yet been successfully developed, but some 
important results have been obtained (e.g., L. 
Pukanszky, Ann. Sci. Ecole Norm. Sup., 4 
(1971)). 

Tatsuuma [1] proved a duality theorem for 
general locally compact groups which is an 
extension of both Pontryagin’s and Tannaka’s 
duality theorems considering the direct in- 
tegral decomposition of tensor product 
representations. 


L. The Plancherel Formula 


Let G be a unimodular locally compact group 
with countable open base, R(L) be the right 
(left) regular representation of G, and M, N, 
and P be the von Neumann algebras generated 
by (R), {L,}, and { К, L,j, respectively. Then 
M’=N, N’=M, and P' 2 МПМ. If we decom- 
pose § into a direct integral in such a way 
that P’ is the algebra of all diagonalizable 
operators, then M(x) and N(x) are factors for 
almost all x. This decomposition of Š pro- 
duces a decomposition of the two-sided regu- 
lar representation (R,, L,} into irreducible 
representations and a decomposition of the 
regular representation R(L) into factor repre- 
sentations. Hence the decomposition ts realized 
as the direct integral over the quasidual G* of 
G. Moreover, the factors M(x) and N(x) are of 
type I or II for almost all x in G*, and there 
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exists a ttrace t in the factor M(x). For any f 
and g in L,(G)ML,(G), the Plancherel formula 


| / Сај (UF C9U' C9) dul) (1) 
G G* 


holds, where U,(x) fe f(s)U,(x)ds апа U* is 
the tadjoint of U. The inversion formula 


h(s) =| t(U, (x) UF(x))du(x) (2) 
G* 


is derived from (1) for a function й = f *g 
(f.ge L, (G) L,(G)). In (1) and (2), because of 
the impossibility of normalization of the trace 
t in a factor of type II, the measure и cannot 
in general be determined uniquely. However, if 
G is a type I group, then (1) and (2) can be 
rewritten as similar formulas, where the repre- 
sentation U(x) in (1) and (2) is irreducible, the 
trace t is the usual trace, and thc domain of 
integration is not the quasidual G* but the 
dual G of G. The revised formula (1) is also 
called the Plancherel formula. In this case the 
measure и on G in formulas (1) and (2) is 
uniquely determined by the given Haar mea- 
sure on G. The measure u is called the Plan- 
cherel measure of G. The support G, of the 
Plancherel measure и is called the reduced dual 
of G. The Plancherel formula gives the direct 
integral decomposition of the regular repre- 
sentation into the irreducible representations 
belonging to G,. Each U in G, is contained in 
this decomposition, with the multiplicity equal 
to dim S(U). 


M. Square Integrable Representations 


An irreducible unitary representation U of a 
unimodular locally compact group G is said to 
be square integrable when for some element 

x £0, in $(U), the function o(g) =(U,x, x) 
belongs to L?(G, dg), where dg is the Haar 
measure of G. If U is square integrable, then 
P, (9) - (U,x, y) belongs to L(G, dg) for any x 
and y in $(U). Let U and U' be the two square 
integrable representations of G. Then the 
following orthogonality relations hold: 


| (U,x,y)(U;u, v) dg 
G 


0 if U is not 
-{ equivalent to U', (3) 
dy (x, u)(v, y) if U —-U-. 


When G is compact, every irreducible unitary 
representation U is square integrable and 

finite-dimensional. Moreover, the scalar dy in 
(3) is the degree of U if the total measure of G 
is normalized to 1. In the general case, the 

scalar dy іп (3) is called the formal degree of U 
and is determined uniquely by the given Haar 
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measure dg. Let y be an element in §(U) with 
norm 1 and V be the subspace 1o, ,| xe $(U); 
of L2(G). Then the linear mapping T:x>,/dy 
(x,y is an isometry of $(U) onto V. Hence U is 
equivalent to a subrepresentation of the right 
regular representation R of G. Conversely, 
every irreducible subrepresentation of R is 
square integrable. Thus a square integrable 
representation is an irreducible subrepresen- 
tation of R ( = L). Therefore, in the irreducible 
decomposition of R, the square integrable 
representations appear as discrete direct sum- 
mands. Hence every square integrable repre- 
sentation U has a positive Plancherel measure 
u(U) that is equal to the formal degree dy. 
There exist noncompact groups that have 
square integrable representations. Àn example 
of such a group is SL(2, R) (— Section X). 


N. Representations of L., (G) 


Let G be a locally compact group and L,(G) 
be the space of all complex-valued integrable 
functions on G. Then L,(G) is an algebra over 
C, where the convolution 


чао | fist ')g(t)dt 
G 


is defined to be the product of f and g. Let A 
be the *modular function of G. Then the map- 
ping f(s) f *(5) = A(s^')f(s^!)is an *invol- 
ution of the algebra L,(G). Let U be a unitary 
representation of G, and put О, = [ç U, f (s) ds. 
Then the mapping f — U”, gives a nondegen- 
erate representation of the Banach algebra 
L(G) with an involution, where nondegenerate 
means that {U’,x| feL,(G), xe H(U)}* reduces 
to {0}. The mapping U — U' gives a bijection 
between the set of equivalence classes of uni- 
tary representations of G and the set of equiv- 
alence classes of nondegenerate representa- 
tions of the Banach algebra I, (G) with an 
involution on Hilbert spaces. U is an irreduc- 
ible (factor) representation if and only if U' is 
an irreducible (factor) representation. There- 
fore the study of unitary representations of G 
reduces to that of representations of L,(G). If 
U; is a tcompact operator for every f in L,(G), 
then U is the discrete direct sum of irreducible 
representations, and the multiplicity of every 
irreducible component is finite. (See [2] for 
Sections A-N.) 


O. Induced Representations 


Induced representation is the method of con- 
structing a representation of a group G in a 
canonical way from a representation of a 
subgroup H of G. It is a fundamental method 
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of obtaining a unitary representation of G. Let 
G be a locally compact group satisfying the 
second countability axiom, L be a unitary 
representation on a separable Hilbert space 
§(L) of a closed subgroup H of G, and m, n, 

A, and ó be the right Haar measures and the 
modular functions of the groups G and H, 
respectively. Then there exists a continuous 
positive function р on G satisfying p(hg) = 
d(h)A(h) ! p(g) for every hin H and g in С. 
The *quotient measure u —(pm)/n is a quasi- 
invariant measure on the coset space HG (— 
225 Invariant Measures). Let § be the vector 
space of weakly measurable functions f on G 
with values in $(L) satisfying the following 
two conditions: (1) f(hg) = L,f(g) for every h in 
H and g in G; and (ii) | /2 = f c IA)? 4000) 
< + oo, where g represents the coset Hg. By 
condition (i), the norm || f(g)|| is constant on a 
coset Hg — and is a function on HG, so the 
integral in condition (ii) is well defined. Then $ 
is a Hilbert space with the norm defined in (11). 
A unitary representation U of G on the Hilbert 
space $ is defined by the formula 


(US) (9) = 4/ p(gs)/p(g) f(gs). 


U is called the unitary representation induced 
by the representation L of a subgroup H and is 
denoted by U = Ut or Ind§ L. Induced repre- 
sentatious have the following properties. 

(1) Ub SL; > UL: @ U^: or more generally, 
Y JU du) =f U*®dyu(x). Therefore if U^ is 
irreducible, L is also irreducible (the converse 
does not hold in general). 

(2) Let H, K be two subgroups of G such 
that H c K, L be a unitary representation of H, 
and M be the representation of K induced by 
L. Then two unitary representations И“ and 
U* of G are equivalent. 

An induced representation U^ is the repre- 
sentation on the space of square integrable 
sections of the *vector bundle with fiber H(L) 
*associated with the principal bundle (G, HN 
G, H) (2 С. W. Mackey [3], F. Bruhat [4]). 


P. Unitary Representations of Special Groups 


In the following sections we describe the fun- 
damental results on the unitary representa- 
tions of certain special groups. 


Q. Compact Groups 


Irreducible unitary representations of a com- 
pact group are always finite-dimensional. 
Every unitary representation of a compact 
group is decomposed into the direct sum of 
irreducible representations. Irreducible unitary 
representations of a compact connected Lie 
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group are completely classified. The characters 
of irreducible representations are calculated in 
an explicit form (— 69 Compact Groups; 249 
Lie Groups). Every irreducible unitary repre- 
sentation U of a connected compact Lie group 
G can be extended uniquely to an irreducible 
holomorphic representation U“ of the com- 
plexification G° of G. US is holomorphically 
induced from a 1-dimensional representation 
of a Borel subgroup B of G“ (Borel-Weil 
theorem; — R. Bott [5]). 


R. Abelian Groups 


Every irreducible unitary representation of 
an Abelian group G is I-dimensional. *Stone’s 
theorem concerning one-parameter groups 

of unitary operators, U,— |2, e" dE}, gives 
irreducible decompositions of unitary repre- 
sentations of the additive group R of real 
numbers. *Bochner's theorem on positive 
definite functions on R ts a restatement of 
Stone's theorem in terms of positive definite 
functions. The theory of the *Fourier trans- 
form on К, in particular *Plancherel’s theorem, 
gives the irreducible decomposition of the 
regular representation of R. The theorems of 
Stone, Bochner, and Plancherel have been 
extended to an arbitrary locally compact 
Abelian group (— 192 Harmonic Analysis). 


S. Representations of Lie Groups and Lie 
Algebras 


Let U be a unitary representation of a Lie 
group G with the Lie algebra g. An element x 
in $(U) is called an analytic vector with respect 
to U if the mapping g— U,x is a real analytic 
function on G with values in $(U). The set of 
all analytic vectors with respect to U forms a 
dense subspace U = I(U) of $(U). For any 
elements X in g and x in (0), the derivative 
at t=0 of a real analytic function Бух is 
denoted by V(X)x. Then V(X) is a linear 
transformation оп YI, and the mapping V: X 
— V(X) is a representation of q on W. We call 
V the differential representation of U. The rep- 
resentation V of g can be extended uniquely 
to a representation of the "universal en- 
veloping algebra 38 of q. Two unitary repre- 
sentations U? and U‘? of a connected Lie 
group G are equivalent if and only if there 
exists a bijective bounded linear mapping T 
from $(U*?) onto §(U™) such that T maps 
W(U™) onto 9I(U9?) and satisfies the equality 


(To V )(X))x=(V'2)(X)o T)x 


for all X ing and x in WU), Let X,,..., X, 
be a basis of q and U be a unitary representa- 
tion of G. Then the element A= X2 +... + X? 
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in the universal enveloping algebra 38 of o is 
represented in the differential representation V 
of U by an 'essentially self-adjoint operator 
(А). Conversely, if to each element X іп g 
there corresponds a (not necessarily bounded) 
*skew-Hermitian operator p(x) that satisfies 
the following three conditions, then there 
exists a unique unitary representation U of the 
simply connected Lie group G with the Lie 
algebra g such that the tclosure of V(X) coin- 
cides with the closure of p(X) for every X in g: 
(i) There exists a dense subspace © contained 
in the domain of p(X)p(Y) for every X and Y 
in q; (ii) for each X and Y ing, a and b in R, 
and x in O, p(aX + bY)x =ap(X)x + bp(Y)x, 
p( X, Y )x -G(X)p(Y)— p( Y)p(X)x; (iti) the 
restriction of p(X,)? +... + p(X,)? to O is an 
essentially self-adjoint operator if X,,..., X, 1s 
a basis of g (E. Nelson [6]). 


T. Nilpotent Lie Groups 


For every irreducible unitary representation of 
a connected nilpotent Lie group G, there is 
some 1-dimensional unitary representation of 
some subgroup of G that induces it. Let G bea 
simply connected nilpotent Lie group, g be the 
Lie algebra of G, and p be the contragredient 
representation of the adjoint representation of 
G. The representation space of p is the dual 
space g* of g. A subalgebra b of g is called 
subordinate to an element f in g* if f annihi- 
lates each bracket [ X, У] for every X and Y in 
b: (ALX, Y ]) 0. When b is subordinate to f, a 
1-dimensional unitary representation L of the 
analytic subgroup H of G with the Lie algebra 
b is defined by the formula 2 (ехр X) = e^"? 
(X eb). Every 1-dimensional unitary represen- 
tation 4, of H is defined as in this formula by 
an element f in g* to which b is subordinate. 
The unitary representation of G induced by 
such a 4, is denoted by U(f, b). The represen- 
tation U( f, b) is irreducible if and only if b has 
maximal dimension among the subalgebras 
subordinate to f. Two irreducible represent- 
ations U( f, b) and U( f; b") are equivalent if and 
only if f and f' are conjugate under the group 
p(G). Therefore there exists a bijection be- 
tween the set of equivalence classes of the 
irreducible unitary representations of a simply 
connected nilpotent Lie group G and the set of 
orbits of p(G) on a* (A. A. Kirillov [7]). 


U. Solvable Lie Groups 


Let G be a simply connected solvable Lie 
group. If the exponential mapping is bijective, 
G is called an exponential group. All results 
stated above for nilpotent Lie groups hold for 
exponential groups except the irreducibility 
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criterion. In this case the representation U( f, b) 
is irreducible if and only if b is of maximal 
dimension among subordinate subalgebras 
and the orbit O = p(G)f contains the affine 
subspace f 4- b^ = f -- (g|g(b) 2 0) (Pukanszky 
condition). 

The situation is more complicated for gen- 
eral solvable Lie groups. The isotropy sub- 
group G, — (geG|p(g)f — f j at f eg* is, in 
general, not connected. A linear form f is 
called integral if there exists a unitary charac- 
ter n; of G, whose differential is the restriction 
of 2nif to g; (the Lie algebra of G,). Using the 
notion of “polarization,” an irreducible unitary 
representation of G is constructed from a pair 
(f. my) of an integral form feg* and a character 
jy. If G is of type I, then every irreducible 
unitary representation of G is obtained in this 
way. A simply connected solvable Lie group G 
is of type I if and only if (i) every f e q* is in- 
tegral and (ii) every G-orbit p(G)f in g* is 
locally closed (Auslander and Kostant [8 ]). 

As an example, let x be an irrational real 
number. Then the following Lie group G is not 


ef 0 г 
of type 1:G=4| 0 её“ | ккзөесү. 
о 0 1 


V. Semisimple Lie Groups 


A connected semisimple Lie group is of type I. 
The character y = yy of an irreducible unitary 
representation U of G 1 defined as follows: Let 
C$ (G) be the set of all complex-valued C*- 
functions with compact support on G. Then 
for any function f in Cò (G), the operator U, 
= fe U,f(g) dg belongs to the ttrace class, and 
the linear form y: f T; U, is a tdistribution in 
the sense of Schwartz. The distribution y is 
called the character of an irreducible unitary 
representation U. A character y is invariant 
under any inner automorphism of G and is a 
simultaneous eigendistribution of the algebra 
of all two-sided invariant linear differential 
operators on G. Two irreducible unitary repre- 
sentations of G are equivalent if and only if 
their characters coincide. The distribution y is 
a "locally summable function on G and coin- 
cides with a real analytic function on each 
connected component of the dense open sub- 
manifold G' consisting of regular elements in 
G. In general, y is not real analytic on all of G 
(Harish-Chandra [9, II; 10]. 


W. Complex Semisimple Lie Groups 


There are four series of irreducible represen- 

tations of a complex semisimple Lie group G. 
(1) A principal series consists of unitary 

representations of G induced from 1- 
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dimensional unitary representations L of a 
*Borel subgroup B of G. L is uniquely deter- 
mined by a unitary character ve Hom(A, U(1)) 
= A* of the *Cartan subgroup A of G con- 
tained in B. Hence the representations in the 
principal series are parametrized by the ele- 
ments in the character group A* of the Cartan 
subgroup A. If we denote U* by U”, two repre- 
sentations U” and U"(v, v'e A*) are equivalent 
if and only if v and v' are conjugate under the 
*Weyl group W of G with respect to A. 

(2) A degenerate series consists of unitary 
representations induced by 1-dimensional 
unitary representations of a tparabolic sub- 
group P of G other than B. (A parabolic sub- 
group P is any subgroup of G containing a 
Borel subgroup B.) 

(3) A complementary series consists of irre- 
ducible unitary representations U* induced by 
nonunitary 1-dimensional representations 
L of a Borel subgroup B. In this case, con- 
dition (it) in the definition of U^ (— Section O) 
must be changed. When L is a nonunitary 
representation, then the operator Uj is not a 
unitary operator with respect to the usual L,- 
inner product (ii). However, if L satisfies a 
certain condition, then U} leaves invariant 
some positive definite Hermitian form on the 
space of sufficiently nice functions. Completing 
this space, we get a unitary representation О“. 
The representations thus obtained form the 
complementary series. 

(4) À complementary degenerate series con- 
sists of irreducible unitary representations 
induced by nonunitary 1-dimensional repre- 
sentations of a parabolic subgroup P z B. 

Representations belonging to different series 
are never equivalent. It seems certain that any 
irreducible unitary representgtion of a con- 
nected complex semisimple Lie group is equiv- 
alent to a representation belonging to one of 
the above four series, but this conjecture has 
not yet been proved. Moreover, E. M. Stein 
[11] constructed irreducible unitary repre- 
sentations different from any in the list ob- 
tained by I. M. Gel’fand and M. A. Naimark 
(Neumark) [12]. These representations belong 
to the complementary degenerate series. The 
characters of the representations in these four 
series are computed in explicit form. For ex- 
ample, the character y, of the representation 
U" in the principal series can be calculated as 
follows: Let А be a linear form on a Cartan 
subalgebra a such that v(exp H)=e* for 
every H in a, let D be the function on A de- 
fined by D(exp Н) = II, |e"? —e 2 |2, 
where a runs over all positive roots. Then the 
character y, of a representation U" in the 
principal series is given by the formula 
Х(ехр H) = D(exp Н) ! У en, 


sew 
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In the irreducible decomposition of the regular 
representation of G, only irreducible represen- 
tations belonging to the principal series arise. 
Hence the right-hand side in the Plancherel 
formula is an integral over the character group 
A* of a Cartan subgroup A. Under a suitable 
normalization of the Haar measures in G and 
A*, the Plancherel measure u of G can be 
expressed by using the Haar measure dv of A*: 


du(vy=w [TI o9/(o, o)? dv, 


where w is the order of the Weyl group, p is 
the half-sum of all *positive roots, and х runs 
over all positive roots (Gel'fand and Naimark 


[12]). 


X. Real Semisimple Lie Groups 


As in the case of a complex semisimple Lie 
group, a connected real semisimple Lie group 
G has four series of irreducible unitary repre- 
sentations. However, if G has no parabolic 
subgroup other than a minimal parabolic 
subgroup B and G itself, then G has no repre- 
sentation in the degenerate or complementary 
degenerate series. Examples of such groups are 
SL(, R) and higher-dimensional tLorentz 
groups. In general, the classification of irreduc- 
ible unitary representations in the real semi- 
simple case is more complicated than in the 
complex semisimple case. Irreducible unitary 
representations arising from the irreducible 
decomposition of the regular representation 
are called representations in the principal 
series. The principal series of G are divided 
into a finite number of subseries corresponding 
bijectively to the conjugate classes of the tCar- 
tan subgroups of G. 

A connected semisimple Lie group G has a 
square integrable representation if and only if 
G has a compact Cartan subgroup H. The set 
of all square integrable representations of G is 
called the discrete series of irreducible unitary 
representations. The discrete series is the sub- 
series in the principal series corresponding to a 
compact Cartan subgroup H. The representa- 
tions in the discrete series were classified by 
Harish-Chandra. Let b be the Lie algebra of 
H, P the set of all positive roots in b for a fixed 
linear order, л the polynomial [T,.» Ha, and 
F the set of all real-valued linear forms on 
at b. Moreover, let L be the set of all linear 
forms 4 іп F such that a single-valued char- 
acter £, of the group H is defined by the for- 
mula é (exp X) = e^'5, and let L' be the set 
of all 4 in L such that z(4) 40. Then for each 
A in L’, there exists a representation w(A) of 
G in the discrete series, and conversely, every 
representation in the discrete series is equivalent 
to o (2) for some 4 in L’. Two representations 
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@(A,) and о0(4,) (4,, 4; € L') are equivalent if 
and only if there exists an element s іп И; = 
N(H)/H such that 4, —s4,, where N(II) is the 
normalizer of H in G (Wç can act on Z asa 
linear transformation group in the natural 
way). The value of the character y ,.on the 
subgroup H of the representation «(A) (¿€ L’) 
is given as follows: Let (å) be the signature of 
п(2) = I1,. P 4(H,), and define q and A by q= 
(dim G/K)/2 and A(exp Н) = [J eple" — 

e “)2) Then the character y, of the repre- 
sentation cA) has the value (—1)*s(A)y,(h) = 
A(h) ! е» (det s)£,, (А) on a regular element 
hin H. The formal degree d(c(4)) of the 
representation o (À) is given by the formula 
d(o(4)) = C ! [Ws ]|n(4)|, where C is a positive 
constant (not depending on 4) and [Wg] is the 
order of the finite group W; (Harish-Chandra 


[13]). A formula expressing the character y, on 


the whole set of regular elements in G has been 
given by T. Hirai [14]. The representations in 
discrete series are realized on L?-cohomology 
spaces of homogeneous holomorphic line 
bundles over G/H (W. Schmid [15]). They are 
also realized on the spaces of harmonic spinors 
on the *Riemannian symmetric space G/K 

(M. Atiyah and Schmid [16]). They are also 
realized on the eigenspaces of a Casimir opera- 
tor acting on the sections of vector bundles 

on G/K (R. Hotta, J. Math. Soc. Japan, 23; 

N. Wallach [17]). An irreducible unitary rep- 
resentation is called integrable if at least one 

of its matrix coefficients belongs to L'(G). 
Integrable representations belong to the dis- 
crete series. They have been characterized by 
H. Hecht and Schmid (Math. Ann., 220 (1976)). 
The theory of the discrete series is easily ex- 
tended to reductive Lie groups. 

The general principal series representations 
of a connected semisimple Lie group G with 
finite center are constructed as follows. Let K 
be a maximal compact subgroup of G. Then 
there exists a unique involutive automorphism 
0 of G whose fixed point set coincides with K. 
0 is called a Cartan involution of G. Let H be a 
0-stable Cartan subgroup of G. Then H is the 
direct product of a compact group Т= НПК 
and a vector group A. The centralizer Z(A) of 
A in G is the direct product of a reductive Lie 
group M = 0(M) and A. M has a compact 
Cartan subgroup T. Hence the set M, of the 
discrete series representations of M is not 
empty. Let x be an element of the dual space 
a* of the Lie algebra a of A and put 9, = 
fXeg|[H, X] 2a(H)X(VHea)) and A= 
{хєа* |0, 3 {01}. Let A" be the set of posi- 
tive elements of A in a certain order of a* and 
put n= X,,4* 9, and N=expn. Then P= MAN 
is a closed subgroup of G. P is called a cuspidal 
parabolic subgroup of G. Let De M, and vea*. 
Then a unitary representation D & e" of P 
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Is defined by (D @ e^) (man) = D(m)e ^os? 

(me M,ae A,ne N). The unitary representation 
пр, of G induced by D @ e"' is independent of 
the choice of A* ир to equivalence. Thus ль, 
depends only on (H, D, v). The set of represen- 
tations {np ,| De M4, ve a*) is called the prin- 
cipal H-series. If v is regular in a* (i.e, (v, а) Z 0 
for all xe A), then zp, is irreducible. Every л, 
is a finite sum of irreducible representations. 
The character 0j, , of лр, is a locally sum- 
mable function which is supported in the 
closure of | J,.; 9(M A)g ^. If two Cartan 
subgroups H, and H, are not conjugate in G, 
then every H,-series representation is disjoint 
from every H,-series representation. Choose 

a complete system {H,,...,H,} of conjugacy 
classes of Cartan subgroups of G. Then every 
Н; can be chosen as 0-stable, The union of the 
principal H;-series (1 < i &r) is the principal 
series of G. The right (or left) regular represen- 
tation of G is decomposed as the direct integral 
of the principal series representations. Every 
complex-valued C?-function on G with com- 
pact support has an expansion in terms of the 
matrix coefficients of the principal series repre- 
sentations. Harish-Chandra [18] proved these 
theorems and determined explicitly the Plan- 
cherel measure by studying the asymptotic 
behavior of the Eisenstein integral [19,20]. 


Y. Spherical Functions 


Let G be a locally compact tunimodular group 
and K a compact subgroup of G. The set of all 
complex-valued continuous functions on G 
that are invariant under every left translation 
L, by elements k in K is denoted by C(K\G). 
The subset of C(K\G) that consists of all two- 
sided K-invariant functions is denoted by 
C(G, K). The subset of C(G, K) consisting of all 
functions with compact support is denoted by 
L= L(G, K). L is an algebra over C if the prod- 
uct of two elements f and g in L is defined by 
the convolution. 

Let 4 be an algebra homomorphism from L 
into C. Then an element of the eigenspace F(A) 
—iveC(K,G)| f «V = (Г) (Vf eL)] is called 
a spherical function on KG. If F(A) contains a 
nonzero element, then F(A) contains a unique 
two-sided K-invariant element œ normalized 
by w(e)= 1, where e is the identity element 
in G. This function o is called the zonal spher- 
ical function associated with 4. In this case, 
the homomorphism 4 is defined by 4( f) = 
fe f(g)o(g ')dg. Hence the eigenspace F(A) 
is uniquely determined by the zonal spherical 
function о. A function w #0 in C(G, К) isa 
zonal spherical function on K\G if and only 
if c satisfies either of the following two con- 
ditions: (i) The mapping f Í f(g)o(g !)dg is 
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an algebra homomorphism of L into C; (ii) о 
satisfies the functional equation 


f co(gkh) dk = o(g)o)(h). 
K 


When G is a Lie group, every spherical func- 
tion is a real analytic function on KG. 


Z. Expansion by Spherical Functions 


In this section, we assume that the algebra L 
of two-sided K-invariant functions is com- 
mutative. In this case there are sufficiently 
many spherical functions of K\G, and two- 
sided K-invariant functions are expanded by 
spherical functions. An irreducible unitary 
representation U of G is called a spherical 
representation with respect to K if the represen- 
tation space $(U) contains a nonzero vector 
invariant under every U,, where k runs over K. 
By the commutativity of L, the K-invariant 
vectors in §(U) form a 1-dimensional sub- 
space. Let x be a K-invariant vector in $(U) 
with the norm ||x|| =1. Then og) -(U,x, x) is 
a zonal spherical function on K\G, and for 
every y in $(U), the function o,(g) =(О,х, y) 
is a spherical function associated with c. 
Moreover, in this case the zonal spherical 
function c is a positive definite function on G. 
Conversely, every positive definite zonal spher- 
ical function о can be expressed as o(g) = 
(U,x, x) for some spherical representation U 
and some K-invariant vector x in $(U). 

The set of all positive definite zonal spher- 
ical functions becomes a locally compact space 
Q by the topology of compact convergence. 
The spherical Fourier transform f of a function 
f in L,(K\G) is defined by 


fe- | f(g)o(g !) dg. 
G 


There exists a unique *Radon measure и on 
О such that for every f in L, f belongs to 
L,(Q, и). Also, the Plancherel formula 


| лое | fija @ и 
G Q 


holds for every f and g in L, and an inversion 
formula f(s)= fo f(@)@(s)du(@) holds for a 
sufficiently nice two-sided K-invariant func- 
tion f [21]. Identifying a positive definite zonal 
spherical function with the corresponding 
spherical representation, we can regard О as 

a subset of the dual G of G. The Plancherel 
formula for two-sided K-invariant functions is 
obtained from the general Plancherel formula 
on G by restricting the domain of the integral 
from G to Q. When G is a Lie group and L is 
commutative, a spherical function on K\G can 
be characterized as a simultaneous eigenfunc- 
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tion of G-invariant linear differential operators 
on K\G. 


AA. Spherical Function on Symmetric Spaces 


The most important case where the algebra 
L=L(G, K) is commutative is when K\G isa 
tweakly symmetric Riemannian space or, in 
particular, a *symmetric Riemannian space 
When KG is a compact symmetric Riemann- 
ian space, a spherical representation with 
respect to K is the irreducible component of 
the regular representation T on K\G, and 

a spherical function on KG is a function 

that belongs to the irreducible subspaces in 
L,(KNG). In particular, if G is a compact con- 
nected semisimple Lie group, the highest 
weights of spherical representations of G with 
respect to K are explicitly given by using the 
Satake diagram of K\G. The Satake diagram 
of K\G is the fSatake diagram of the noncom- 
pact symmetric Riemannian space K\Gp dual 
to K\G or the Satake diagram of the Lie alge- 
bra of Go. If a symmetric space is the under- 
lying manifold of a compact Lie group G, then 
G can be expressed as G= K\(G x G), where K 
is the diagonal subgroup of G x G. In this case, 
a zonal spherical function o on G= K\(G x G) 
is the normalized character of an irreducible 
unitary representation U of G:w(g)= 

(deg U) ! T; U,. The explicit form of o is 

given by *WeyI's character formula (— 249 
Lie Groups). 

The zonal spherical functions on a sym- 
metric Riemannian space K\G of noncompact 
type are obtained in the following way: Let G 
be a connected semisimple Lie group with 
finite center, K be a maximal compact sub- 
group of G, and G= NA, K bean tIwasawa 
decomposition. Then for any g in G there 
exists a unique element H(g) in the Lie algebra 
a, of A, such that g belongs to N exp H(g)K. 
Let a be a Cartan subalgebra containing a, , P 
be the set of all positive roots in a, and p= 
(Zep %)/2. Then for any complex-valued linear 
form v on a, , the function 


og) = | gv »YXH(ka» Tk 
K 


is a zonal spherical function on the symmetric 
Riemannian space K\G. Conversely, every 
zonal spherical function w on KG is equal to 
о, for some v. Two zonal spherical functions 
€», and w, coincide if and only if v and v' are 
conjugate under the operation of the Wey! 
group W, =N,(A)/Z,x(A) of K\G (Harish- 
Chandra [22], S. Helgason [23]). If v is real- 
valued, then c, is positive definite. Such a 
zonal spherical function w, is obtained from 
a spherical representation belonging to the 
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principal A-series. Let Q% be the set of all 
zonal spherical functions c, associated with 
the real-valued linear form v. Then the support 
of the Plancherel measure и on K\G is con- 
tained in O$. We can choose v as a parameter 
on the space Q,. Then the right-hand side of 
the Plancherel formula can be expressed as an 
integral over the dual space L of a, . More- 
over, the Plancherel measure џ is absolutely 
continuous with respect to the Lebesgue mea- 
sure dv on the Euclidean space L and can be 
expressed as 


або) = c! |c(v)| ? dv 


under suitable normalization of и and dv. The 
problem of calculating the function c(v) can be 
reduced to the case of symmetric spaces of 
rank 1 and can be solved explicitly. Let p, be 
the multiplicity of a restricted root « and I(v) 
be the product 


l0)=]]BGp;, ip, (v. 9) (ә, 9), 


where x runs over all positive restricted roots 
and B is the tbeta function. Then c(v) = I(iv)/ 
Қр) [20, 24]. Every spherical function f on 
KG is expressed as the Poisson integral of 

its "boundary values" on the Martin boundary 
PNG of K\G, where P= MA, N is a minimal 
parabolic subgroup of G. The boundary values 
of f form a hyperfunction with values in a line 
bundle over PNG (K. Okamoto et al. [25]). 


BB. Spherical Functions and Special Functions 


Some important special functions are obtained 
as the zonal spherical functions on a certain 
symmetric Riemannian space M =: К\С (G is 
the motion group of M). In particular when 

M is of rank 1, then the zonal spherical func- 
tions are essentially the functions of a single 
variable. For example, the zonal spherical 
functions on an n-dimensional Euclidean space 
can be expressed as 


cr) = 2" Г (т + 1) (00) "J,vr), 


where 2m « n — 2 and J,, is the *Bessel function 
of the mth order. The zonal spherical function 
on an (n — 1)-dimensional sphere S"! = 
SO(n—1)\SO(n) is given by 


c (0) =F(v + 1) (n—2)T (v-- n—2) ! C"(cos 0) 
(v=0,1,2,..., 


where C7'(z) is the tGegenbauer polynomial. 
The zonal spherical functions оп an (n — 1)- 
dimensional Lobachevskii space can be ex- 
pressed as 


c (t) 27 (m + 1/2)sinh "* 2, 


x Bee ey (cosht) 
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using a generalized tassociated Legendre func- 
tion 387. Many properties of special functions 
can be proved from a group-theoretic point of 
view. For example, the addition theorem is 
merely the homomorphism property О, = 

U, U, expressed in terms of the matrix com- 
ponents of U. The differential equation satis- 
fied by these special functions is derived from 
the fact that a zonal spherical function o is an 
eigenfunction of an invariant differential oper- 
ator. The integral expression of such a special 
function can be obtained by constructing a 
spherical representation U in a certain func- 
tion space and calculating explicitly the inner 
product in the expression w(g)=(U,x, x) (N. 
Ya. Vilenkin [26]). 


CC. Generalization of the Theory of Spherical 
Functions 


The theory of spherical functions described in 
Sections Y- BB can be generalized in several 
ways. First, spherical functions are related to 
the trivial representation of K. A generaliza- 
tion is obtained if the trivial representation of 
K 1s replaced by an irreducible representation 
of K. The theory of such zonal spherical func- 
tions is useful for representation theory [20]. 
For example, the Plancherel formula for 

SL (2, R) can be obtained using such spherical 
functions (R. Takahashi, Japan. J. Math., 31 
(1961)). Harish-Chandra's Eisenstein integral 
is such a spherical function on a general semi- 
simple Lie group G. He used it successfully to 
obtain the Plancherel measure of G. Another 
generalization can be obtained by removing 
the condition that K is compact. In particu- 
lar, when KXG is a symmetric homogeneous 
space of a Lie group G, the algebra 2 of all G- 
invariant linear differential operators is com- 
mutative if the space K\G has an invariant 
volume element. In this case, a spherical func- 
tion on K\G can be defined as a simultaneous 
eigenfunction of 2. The character of a semi- 
simple Lie group is a zonal spherical func- 
tion (distribution) in this sense. The spherical 
functions and harmonic analysis on sym- 
metric homogeneous space have been studied 
by T. Oshima and others. T. Oshima and J. 
Sekiguchi [27] proved the Poisson integral 
theorem (— Section AA) for a certain kind of 
symmetric homogeneous spaces. 

The spherical functions and unitary repre- 
sentations of topological groups that are not 
locally compact are studied in connection with 
probability theory and physics. For example, 
the zonal spherical functions of the rotation 
group of a real Hilbert space are expressed by 
Hermite polynomials. 
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DD. Discontinuous Subgroups and 
Representations 


Let G be a connected semisimple Lie group 
and Г be a discrete subgroup of G. Then the 
regular representation T of G on ING is de- 
fined by (T; f)(x)= f(xg) (fe L?(I\G)). The 
problem of decomposing the representation T 
into irreducible components is important in 
connection with the theory of tautomorphic 
forms and number theory. First assume that 
the quotient space Г\С is compact. Then for 
every function f in L,(G), the operator T( f) is 
a compact operator. Hence the regular repre- 
sentation T on Г\С can be decomposed into 
the discrete sum T= Ў, T™ of irreducible 
unitary representations Т, and the multiplic- 
ity of every irreducible component is finite. 
The irreducible unitary representation U of G 
is related to the automorphic forms of Г in the 
following way: Let x be a nonzero element in 
the representation space $ = $(U) of U. $ is 
topologized into a tlocally convex topological 
vector space $, by the set N, of tseminorms: 
№. = {Pe(y) = тах |(О,х, y)|}, where C runs 
over all compact subsets in G. The topology 
J, of $, is independent of the choice of x 
provided that іт {Т x| ke K] < оо, where К is 
a maximal compact subgroup of G. Let $* be 
the completion of 9, with respect to the topo- 
logy Z, (the completion is independent of 

the choice of x). $* contains the original Hil- 
bert space $ as a subspace. Then the repre- 
sentation U of G on $ can be extended to a 
rcpresentation U* of G on the space $*. An 
element f in $* invariant under U* for every у 
in Г is called an automorphic form of Г of type 
U. Then the multiplicity of an irreducible 
representation U in the regular representation 
T on Г\С is equal to the dimension of the 
vector space consisting of all automorphic 
forms of type U. This theorem is called the 
Gel’fand—Pyatetskii-Shapiro reciprocity law 
[28]. Let T= X, T be the irreducible de- 
composition of T and y, be the character of 
the irreducible unitary representation Т“. 
Then for a suitable function f on G, the in- 
(ерга! operator К, on §(T)=L?(T\G) with 
kernel (х, y)=Zyer f(x ! yy) belongs to the 
trace class. By calculating the trace of K, in 
two ways, the following trace formula is 
obtained: 


> | f(g)xx(g)dg=> | f(x 'yx)dx, 
тк 0179 
where {у} is the conjugate class of y іп Г and 
D, is the quotient space of the centralizer G, of 
7 in G by the centralizer Г, of y in Г. 

When the groups G and Г are given ex- 
plicitly, the right-hand side of the trace for- 
mula can be expressed in a more explicit form, 
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and the trace formula leads to useful conse- 
quences. А similar trace formula holds for the 
unitary representation U* induced by a finite- 
dimensional unitary representation L of I 
instead of the regular representation T on 
ING. When the quotient space Г\С is not 
compact, the irreducible decomposition of the 
regular representation T on Г\С contains not 
only the discrete direct sum but also the direct 
integral (continuous spectrum). A. Selberg 
showed that even in this case, there are explicit 
examples for which the trace formula holds for 
the part with discrete spectrum. Also, the part 
with continuous spectrum can be described by 
the *generalized Eisenstein series. Analytic 
properties and the functional equation of the 
generalized Eisenstein series have been studied 
by R. Langlands [30]. Recent developments 
are surveyed in [31]. 


EE. History 


Finite-dimensional unitary representations of 
a finite group were studied by Frobenius and 
Schur (1896—1905). In 1925, tWeyl studied the 
finite-dimensional unitary representation of 
compact Lie groups. The theory of infinite- 
dimensional unitary representation was init- 
iated in 1939 by E. P. Wigner in his work on 
the inhomogeneous Lorentz group, motivated 
by problems of quantum mechanics. 

In 1943, Gel'fand and D. A. Raikov proved 
the existence of sufficiently many irreducible 
unitary representations for an arbitrary locally 
compact group. The first systematic studies of 
unitary representations appeared in 1947 in 
the work of V. Bargmann on SL(2, R) [31] 
and the work of Gel'fand and Neumark on 
SL(2, C). Gel'fand and Naímark established 
the theory of unitary representation for com- 
plex semisimple Lie groups [12]. 

Harish-Chandra proved theorems concern- 
ing the unitary representations of a general 
semisimple Lie group; for instance, he proved 
that a semisimple Lie group G is of type I [7] 
and defined the character of a unitary repre- 
sentation of G and proved its basic properties 
[9, 11; 10]. Harish-Chandra also determined 
the discrete series of G and their characters. 
Harish-Chandra [18] proved the Plancherel 
formula for an arbitrary connected semisimple 
Lie group G with finite center. Hence har- 
monic analysis of square integrable functions 
on G is established. 

Further studies on harmonic analysis on 
semisimple Lie groups have been carried out. 
In particular, Paley-Wiener—type theorems, 
which determine the Fourier transform image 
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of the space C? (G) of C^?-functions with com- 
pact support, have been proved for the group 
PSL(, В) (L. Ehrenpreis and F. Mautner 
[33]), complex semisimple Lie groups (Zhelo- 
benko [34]), and two-sided K-invariant func- 
tions on general semisimple Lie groups (R. 
Gangolli [35]). A. W. Knapp and E. M. Stein 
[36] studied the intertwining operators. 

Concerning the construction of irreducible 
representations, G. W. Mackey [3] and Bruhat 
[4] developed the theory of induced represen- 
tations of locally compact groups and Lie 
groups, respectively. B. Kostant [37] (see 
Blattner's article in [38]) noticed a relation 
between homogeneous 'symplectic manifolds 
and unitary representations and proposed a 
method of constructing irreducible unitary 
representations of a Lie group. Selberg's re- 
search [29] revealed a connection between 
unitary representations (or spherical functions) 
and the theory of automorphic forms and 
number theory. A number of papers along 
these lines have since appeared [31]. In con- 
nection with number-theoretic investigations 
of an talgebraic group defined over an alge- 
braic number field, unitary representations of 
the *adele group of G or an algebraic group 
over a *p-adic number field have been studied 
(— [31,38], Gel'fand, M. I. Grayev, and I. I. 
Pyatetskii-Shapiro [39], and H. M. Jacquet 
and R. P. Langlands [40]). 

For the algebraic approach to the infinite- 
dimensional representations of semisimple Lie 
groups and Lie algebras — [41]. 

For surveys of the theory of unitary repre- 
sentations — [2, 19, 20, 31, 38]. 
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A. General Remarks 


A single-valued fanalytic function f(z) defined 
in a domain D of the complex plane 1s said to 
be univalent (or simple or schlicht) if it 1s injec- 
tive, i.e., if f(z1)# f(z;) for all distinct points z,, 
z, in D. A multiple-valued function f(z) is also 
said to be univalent if its distinct function 
elements always attain distinct values at their 
centers. The derivative of a univalent function 
is never zero. The limit function of a tuni- 
formly convergent sequence of univalent func- 
tions is univalent unless it reduces to a con- 
stant. When f(z) is single-valued, the univalent 
function w= f(z) gives rise to a one-to-one 
*conformal mapping between D and its image 


f(D). 


B. Univalent Functions in the Unit Disk 


A systematic theory of the family of functions 
tholomorphic and univalent in the unit disk 
originates from a distortion theorem obtained 
by P. Koebe (1909) im connection with the 
uniformization of analytic functions. In gen- 
eral, distortion theorems are theorems for 
determining bounds of functionals, such as 
IL IS (Z), arg f(z), within the family under 
consideration. In particular, distortion theo- 
rems concerning the bounds of the arguments 
of f(z) and f '(z) are also called rotation theo- 
rems. Though results were at first qualitative, 
they were made quantitative subsequently by 
L. Bieberbach (1916), G. Faber (1916), and 
others. Any univalent function f(z) holo- 
morphic in the unit disk and normalized by 
70) 20 and /(0)= 1 satisfies the distortion 
inequalities 


|z] 12| 

Qa d SS ue 
1—|z| 1+ z] 
arip M (216 (1— 121) ` 


Here the equality holds only if f(z) is of the 
form z/(1 — zz) (|s| = 1). In deriving these in- 
equalities, Bieberbach centered his attention 
on the family of *meromorphic functions g(C) 
=% +2 00,6 ” univalent in |{| > I. e es- 
tablished the area theorem > , v|b,|? < 

which illustrates the fact that the area ps the 
complementary set of the image domain is 
nonnegative. Bieberbach, R. Nevanlinna 
(1919—1920), and others constructed a sys- 
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tematic theory of univalent functions in the 
unit disk based on this theorem. 

After the area theorem, the chief tools in 
the theory of univalent functions have been 
Lówner's method, the method of contour 
integration, the variational method, and the 
method of the extremal metric. In contrast to 
the theory of univalent functions based on 
Bieberbach's area theorem, K. Lówner (1923) 
introduced a new method. In view of a theo- 
rem on the domain kernel (C. Carathéodory, 
1912), it suffices to consider an everywhere 
dense subfamily in order to estimate a con- 
tinuous functional within the family of univa- 
lent functions holomorphic in the unit disk. 
Lówner used the subfamily of functions map- 
ping the unit disk onto the so-called bounded 
slit domains. Namely, the range of a member 
of this subfamily consists of the unit disk slit 
along a Jordan arc that starts at a periphery 
point and does not pass through the origin. 
A mapping function of this nature is deter- 
mined as the integral f(z, to) of Léwner’s dif- 
ferential equation 


Of(z, t) 14 k(nfz. 0) t) 
mm < < . 
ét JG, [тне сүт: к) f(z, t) P 
with the initial condition f(z,0)= z, where x(t) 


is a continuous function with absolute value 
equal to 1. Any univalent function f(z) holo- 
morphic in the unit disk and satisfying f(0) — 
0, / (0) = 1 has an arbitrarily close approxi- 
mation by functions of the form e'?f(z, to). By 
means of this differential equation Lówner 
proved that |a,|< 3 for any univalent function 


f(z)2z t Xia" (|2| « 1) and also derived 


a decisive estimate concerning a coefficient 
problem for the inverse function [2]. 

G. M. Golusin (1935) and 1. E. Bazilevich 
(1936) first noticed that Lówner's method is 
also a powerful tool for deriving several distor- 
tion theorems. They showed that classical 
distortion theorems can be derived in more 
detailed form (Golusin, Mat. Sb., 2 (1937), 685); 
in particular, Golusin (1938) obtained a precise 
estimate concerning the rotation theorem, 1.е., 


larg f’(z)| 
и 
~ ix +log(]z]2/(1 —]z]2)), 


lz|<1/./2, 
1//2x|z| < 1. 


Lówner's method was also investigated by A. 
C. Schaeffer and D. C. Spencer (1945) [8]. 
The method of contour integration was 
introduced by H. Grunsky. It starts with some 
2-dimensional integral which can be shown to 
be positive. Transforming it into a boundary 
integral and using the *residue theorem, we 
obtain an appropriate inequality by means of 
this integral. By this method Grunsky estab- 
lished the following useful inequality (Math. 
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Z., 45 (1939)). For g(() =í +>“ ob, C", which 
is univalent in | |> 1, let 


(Iz] 1,1612 1). 


The coefficients c,,,, are polynomials in the 
coefficients b, of g. Then Grunsky's inequality 
is: For each integer N and for all complex 


numbers 2,, ..., Ay, 


N N 
Y Y ds 


m=i n=l 


«Y lag 
и Е 


It is known that if this inequality holds for 
an arbitrary integer N and for all complex 
numbers 4,, ..., Ау, then g( Ü) is univalent in 
{| > 1. There are several generalizations of 
Grunsky’s inequality [13]. 

The variational method was first developed 
by M. Schiffer for application to the theory of 
univalent functions. He first used boundary 
variations (Proc. London Math. Soc., 44 (1938)) 
and later interior variations (Amer. J. Math., 
65 (1943)). The problem of maximizing a given 
real-valued functional on a family of univalent 
functions is called an extremal problem, and a 
function for which the functional attains its 
maximum is called an extremal function. The 
variational method is used to uncover charac- 
teristic properties of an extremal function by 
comparing it with nearby functions. Typical 
results are the qualitative information that the 
extremal function maps the disk |z| « 1 onto 
the complement of a system of analytic arcs 
satisfying a differential equation and that the 
extremal function satisfies a differential equa- 
tion. Following Schiffer, Schaeffer and Spen- 
cer [8] and Golusin (Math. Sb., 19 (1946)) gave 
variants of the method of interior variations. 

H. Grótzsch (1928—1934) treated the theory 
of univalent functions in a unified manner 
by the method of the textremal metric. The 
idea of this method is to estimate the length 
of curves and the area of some region swept 
out by them together with an application 
of *Schwarz’s inequality (— 143 Extremal 
Length). After Grótzsch, the method of the ex- 
tremal metric has been used by many authors. 
In particular, O. Teichmüller, in connection 
with this method, formulated the principle 
that the solution of a certain type of extremal 
problem is in general associated with a tqua- 
dratic differential, although he did not prove 
any general result realizing this principle in 
concrete form. J. A. Jenkins gave a concrete ex- 
pression of the Teichmüller principle; namely, 
he established the general coefficient theo- 
rem and showed that this theorem contains 
as special cases a great many of the known 
results on univalent functions [11]. 
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Univalence criteria have been given by 
various authors. In particular, Z. Nehari (Bull. 
Amer. Math. Soc., 55 (1949)) proved that if 
I{ f(z), 251 201—212) 7? in fz] « 1, then f(z) is 
univalent in |z| « 1, and E. Hille (Bull. Amer. 
Math. Soc., 55 (1949)) proved that 2 is the best 
possible constant in the above inequality. 
Here, 1 f(z), z} denotes the *Schwarzian deriva- 
tive of f(z) with respect to z: 


(FON. үөү 
У o= (8) (Fa) | 


C. Coefficient Problems 


In several distortion theorems Koebe's ex- 
tremal function z/(1 — ez? =}, ne" ! z"(|e| = 

1) is extensively utilized. Concerning this, 
Bieberbach stated the following conjecture. If 
Г) =2+ 52 ,а,2" is holomorphic and univa- 
lent in |z| « 1, then |a,| <и (n— 2,3, ...), with 
equality holding only for Koebe's extremal 
function z/(1 — ez}? (|є| = 1). This conjecture 
was solved affirmatively by L. de Branges in 
1985 after enormous effort by many mathema- 
ticians, as described below. 

Bieberbach (1916, [1]) proved |a;| x2 as a 
corollary to the area theorem. This result can 
be proved easily by most of the methods. In 
1923 Lówner [2] proved |a,| «3, introducing 
his own method. Schaeffer and Spencer gave a 
proof of [a4] x 3 by the variational method 
(Duke Math. J., 10 (1943)). Furthermore, Jen- 
kins used the method of the extremal metric to 
prove a coefficient inequality that implies 
[a4] € 3 (Analytic Functions, Princeton Univ. 
Press, 1960). The problem of the fourth coeffi- 
cient remained open until 1955, when P. R. 
Garabedian and Schiffer [3] proved |a,| x 4 by 
the variational method. Their proof was ex- 
tremely complicated. Subsequently, Z. Char- 
zynski and Schiffer gave an alternative brief 
proof of |a,| <4 by using the Grunsky inequal- 
ity (Arch. Rational Mech. Anal., 5 (1960)). M. 
Ozawa (1969, [4]) and R. N. Pederson (1968, 
[5]) also used the Grunsky inequality to prove 
la |< 6. In 1972, Pederson and Schiffer [6] 
proved |a5| < 5. They applied the Garabedian- 
Schiffer inequality, a generalization of the 
Grunsky inequality which Garabedian and 
Schiffer had derived by the variational method. 

On the other hand, W. K. Hayman [7] 
showed that for each fixed f(z) 2 z +, a,z", 


with the equality holding only for Koebe's 
extremal function z/(1 — ez)? ([c| = 1). Further, 
it was shown that Koebe's extremal function 
z/(1 — z} gives a local maximum for the nth 
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coefficient in the sense that Re{a,} <n when- 
ever |a; —2|< ó, for some д, > 0 (Garabedian, 
G. G. Ross, and Schiffer, J. Math. Mech., 14 
(1964); E. Bombieri, Inventiones Math., 4 
(1967); Garabedian and Schiffer, Arch. Ra- 
tional Math. Anal., 26 (1967)). 

In the most general form, the coefficient 
problem is to determine the region occupied 
by the points (а,,...,а,) for all functions f(z)= 
z+ ,а,2" univalent in |z| « 1. Schaeffer 
and Spencer [8] found explicitly the region for 
(42,43). 

For the coefficients of functions g(¿) =¿ + 
У b,¢~” univalent in |C| 1, the following 
results are known: |b; |< 1 (Bieberbach [1]), 
|b,|<2/3 (Schiffer, Bull. Soc. Math. France, 66 
(1938); Golusin, Mat. Sb., 3 (1938)), |b;| < 1⁄2 + 
e © (Garabedian and Schiffer, Ann. Math., 

(2) 61 (1955)). 


D. Other Classes of Univalent Functions 


We have discussed the general family of func- 
tions univalent in the unit disk. There are also 
several results on distortion theorems and 
coefficient problems for subfamilies deter- 
mined by conditions such as that the images 
are bounded, ‘starlike with respect to the 
origin, or tconvex. For instance, if f(z) =2 + 
Y ,а,2" is holomorphic and univalent in 

|z| < 1 and its image is starlike with respect to 
the origin, then |a,| € n (n=2, 3, ...). If the im- 
age of f(z) is convex, then f(z) satisfies |a,| < 
1 (п= 2, 3,...) and the distortion inequalities 


1 
(reir U O SG c 
Here the equality sign appears at 2, (0 « |zo| < 
1) if and only if f(z) is of the form 2/(1 + ez) 
with e= +|zo|/2o- 

On the other hand, problems on conformal 
mappings of multiply connected domains 
involve essential difficulties in comparison 
with the simply connected case. Although 
Bieberbach's method is unsuitable for multi- 
ply connected domains, Lówner's method, 
the method of contour integration, the varia- 
tional method, and the method of the ex- 
tremal metric remain useful (— 77 Con- 
formal Mappings). 


E. Multivalent Functions 


Multivalent functions are a natural generaliza- 
tion of univalent functions. There are several 
results that generalize classical results on 
univalent functions. 
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A function f(z) that attains every value at 
most p times and some values exactly p times 
in a domain D is said to be p-valent in D and is 
called a multivalent function provided that p> 
1. In order for f(z) => o a,z", holomorphic 
in [z| < 1, to be p-valent there, it is sufficient 
that it satisfies 


p—1«Re(zf'(z)/f(2)) <р+1 


on |2|= 1. Hence it suffices to have 


p oo 
la,|— > n|a,+i-.l > b» n|ay- sul. 

n= n=2 
If f(z) 2 (1-- a4z - a5 z? +...)/2° is holomorphic 
and p-valent in 0 < |z| x 1, then 


2n 
E | ane as <0 
dr Jo 

for any increasing function F(p) in p>0. In 
particular, if Е(р) = р?, this becomes an area 
theorem from which follow coefficient esti- 
mates, etc., for p-valent functions. 

Various subfamilies and generalized families 
of multivalent functions have been considered. 
Let f(z) be p-valent in D, and co +-c Z+ ... + 
c, 4z" ! +c, f (z) be at most p-valent m D 
for any constants со, Сі, ..., cy. Then f(z) is 
said to be absolutely p-valent in D. If a function 
f(z) holomorphic in a convex domain K satis- 
fies Re(ef(z)) 0 for a real constant a, then 
f(z) is absolutely p-valent in K. If f(z) is ab- 
solutely p-valent in D, then 


р-1 р-1 
( Y bz + zo > atese) 
k=0 k=0 


is at most p-value in D for any constants b, 
and c,- 

If f(z) is p-valent in the common part of a 
domain D and the disk centered at each point 
of D with a fixed radius p, then f(z) is said to 
be locally p-valent in D, and p is called its 
modulus. À necessary and sufficient condi- 
tion for f(z), holomorphic in D, to be at most 
locally p-valent is that f'(z), ..., f(z) not 
vanish simultaneously. In order for f(z), holo- 
morphic in D, to be locally absolutely p-valent 
it is necessary and sufficient that (2) Z 0. 
Let the number of Re‘®-points of f(z) in D be 
n(D, Re'*). If f(z) satisfies 


1) (2 А 
—— n(D, Re?)do < p, 
22 Jo 
for any R > 0, it is said to be circumferentially 
mean p-valent in D. If f(z) satisfies 


R (2n 
| | n(D, Re'*)R dR do < prR?, 
0 0 

it is said to be areally mean p-valent in D. If 
f(z)! with q 1 is areally mean p-valent in D, 
then f(z) is areally mean p/q-valent in D. For 
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f(z)=(1+a,z+a,z2+...)/z1 holomorphic and 
areally mean 4-valent in 0 < |z| 1, the follow- 
ing area theorem holds: 


Y (п la, <A. 
n=1 


Let E be a set containing at least three 
points. If f(z) in D attains every value of E at 
most p times and a certain value of E exactly p 
times (it may attain values outside E more 
than p times), then f(z) is said to be quasi-p- 
valent in D. If w= f(z) is p-valent in D and g(w) 
is quasi-q-valent in f(D), then g( f(z)) is at 
most quasi-pq-valent in D. 

The first success in obtaining sharp inequal- 
ities for multivalent functions was attained 
by Hayman. In his work, an essential role was 
played by the method of tsymmetrization. For 
instance, he obtained the following result. If 
f(z) - z" a, ,z"*! +... is holomorphic and 
circumferentially mean p-valent in |z| « 1, then 
lap. | €2p, and for |z| 2 r, O«r « 1, 


r? z = r? 
(ane Огуз" 

ii РА + r) prr''(1+r) 
n els p IA) < a-pe 
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A. Introduction 


There are two related kinds of valuations, 
additive (— Section B) and multiplicative (— 
Section C). The notion of valuations, originally 
defined on (commutative) ffields, has been 
extended to more general cases (— Section K); 
however, we first consider the case of fields. 


B. Additive Valuations 


In this article, we mean by an ordered additive 
group à totally ordered additive group, namely, 
a commutative group whose operation is 
addition, which is a *totally ordered set satisfy- 
ing the condition that az b and cz d imply a 
+c2b+dand —ax —b. Suppose that we are 
given a field К, an ordered additive group G, 
and an element co defined to be greater than 
any element of G. Then a mapping v: K^ 
GU (oo] is called an additive valuation (or 
simply a valuation) of the field K if v satisfies 
the following three conditions: (1) v(a) — oo if 
and only if a=0; (ii) v(ab) = v(a) + v(b) for all a, 
b #0; and (iii) v(a + b) > min {v(a), v(b)]. 

The set (v(a)| ae K — {0} } is a submodule of 
G and 15 called the value group of v, while the 
set R, = iae K |v(a) 20) is a subring of K and 
is called the valuation ring of v. The ring R, has 
only one *maximal ideal (a|v(a) 0j, called the 
valuation ideal of v (or of R,), and the tresidue 
class field of R, modulo the maximal ideal is 
called the residue class field of the valuation v. 
We have v(a) x v(b) if and only if aR, 2bR,. 
Two valuations v and v' of the field K are said 
to be equivalent when v(a) < v(b) if and only if 
v'(a) « v'(b); hence v and г are equivalent if and 
only if R, — R,.. The rank of v is defined to be 
the *Krull dimension of the valuation ring R,, 
and the rational rank of v to be the maximum 
(or supremum) of the numbers of linearly 
independent elements in the value group. An 
extension (or prolongation) of v in a field K’ 
containing K is a valuation v' of K' whose 
restriction on K is v; such an extension exists 
for any given v and K'. Sometimes a valuation 
of rank 1 is called a special valuation (or ex- 
ponentíal valuation), and a valuation of a gen- 
eral rank is called a generalized valuation. On 
the other hand, if k is a subfield of K such that 
v(a) = 0 for every nonzero element a of k, then 
v is called a valuation over the subfield k. 


C. Multiplicative Valuations 


A multiplicative valuation (or valuation) of a 
field K is a mapping w: K ^ ГО {0} that satis- 
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fies the following three conditions, where Г is 
the multiplicative group of positive real num- 
bers: (i) w(a) 20 if and only if a=0; (ii) w(ab) 

= w(a)w(b); and (iii) w(a +b ) € C(w(a) + w(b)), 
where C is a constant (independent of the 
choice of a and b, but dependent on the choice 
of w). 

The value group of w is defined to be 
(w(a)|ae K — {0} }. Extensions of a valuation 
and equivalence of valuations are defined as in 
the case of additive valuations. Thus w' is 
equivalent to w if and only if there is a positive 
r such that for all ae K, w(a)= w'(ay. In each 
equivalence class of valuations of a field, there 
exists a valuation for which the constant C in 
condition (iii) can be taken to bc 1. A valu- 
ation w is said to be a valuation over a subfield 
k if w(a) = 1 for any nonzero element a of k. 

We call w an Archimedean valuation if for 
any elements a, be K, a0, there exists a 
natural number n such that w(na) > w(b); 
otherwise, w is said to be a non-Archimedean 
valuation. If w is an Archimedean valuation of 
a field K, then there is an injection с from K 
into the complex number field C such that w is 
equivalent to the valuation w' defined by w'(a) 
= |0(а)|. If w is a non-Archimedean valuation 
of a field K, then w(a+ b) & max (w(a), w(b)]. 
Hence tn this case we get an additive valuation 
v of K when we define v(a) = — log w(a) (ae K), 
and either v is of rank 1 or v(K)= {1,0} (in the 
latter case, v is called trivial). Conversely, every 
additive valuation of rank 1 of K is equivalent 
to an additive valuation obtained in this way 
from a non-Archimedean valuation. (This is 
why an additive valuation of rank 1 is called 
an exponential valuation.) Therefore a non- 
Archimedean valuation determines a valuation 
ring and valuation ideal in a natural manner. 
Thus we can identify a non-Archimedean 
valuation with an additive valuation of rank 1. 


D. Topology Defined by a Valuation 


Let w be a multiplicative valuation of a field 
K. When the 'distance between two elements 
a, b of K is defined by w(a — b), K becomes a 
*topological field. (Although this distance may 
not make K into a tmetric space, there exists a 
valuation w' equivalent to the valuation w 
such that K becomes a metric space with 
respect to the distance w'(a — b) between a and 
b (a, be K).) If K is *tcomplcte under the topol- 
ogy, then we say that K is complete with 
respect to w and w is complete on K. On the 
other hand, suppose that w' is an extension of 
w in a field К’ containing К. If w is complete 
and K is tdense in K’ under the topology de- 
fined by у, then we say that the valuatiori w 
is a completion of w and that the field K' is a 
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completion of K with respect to w. For any w, 
a completion exists and is unique up to iso- 
morphism. When w is a non-Archimedean 
valuation, the valuation ring of the completion 
of w is called the completion of the valuation 
ring of w. 

When v is an additive valuation of a field K, 
we can introduce a topology on K by taking 
the set of all nonzero ideals of the valuation 
ring R, of v as a tbase for the neighborhood 
system of zero. Important cases are given by 
valuations of rank 1, which are the same as 
those given by non-Archimedean valuations. 

If w is a complete non-Archimedean valu- 
ation of a field K, then the valuation ring R,, 
of w is a tHensel ring, which implies that if К’ 
is a finite algebraic extension of K such that 
[K':K]-n, then w is uniquely extendable to a 
valuation w’ of К’ and w'(a) = w(N(a)), where 
N is the *norm Ny. 


E. Discrete Valuations 


For a non-Archimedean valuation (or an 
additive valuation of rank 1) w, if the valuation 
ideal of w is a nonzero *principal ideal gen- 
erated by an element p, then we say that pisa 
prime element for w, w is a discrete valuation, 
and the valuation ring for w is a discrete valu- 
ation ring. The condition on the valuation 
ideal of w holds if and only if the value group 
of w is a discrete subgroup of the (multiplica- 
tive) group Г of positive real numbers: In the 
terminology of additive valuations, a valuation 
w is discrete 1f and only if it is equivalent to a 
valuation w' whose value group is the additive 
group of integers. Such a valuation w' is called 
a normalized valuation (or normal valuation). 
However, we usually mean normalization of a 
discrete non-Archimedean valuation as in 
Section H. Sometimes an additive valuation 
whose value group is isomorphic to the direct 
sum of a finite number of copies of Z (the 
additive group of integers) with a natural 
tlexicographic order is called a discrete valu- 
ation. Concerning a complete discrete valu- 
ation w, it is known that if the valuation ring 
of w contains a field, then it is isomorphic to 
the ring of tformal power series in one variable 
over a field (for other cases — 449 Witt Vec- 
tors A). 


F. Examples 


(1) Trivial valuations of a field K are the addi- 
tive valuation v of K such that v(a)=0 for all 
ac К — {0} and the multiplicative valuation w 
of K such that w(a)= 1 for all ae K — {0}. 

(2) If K is isomorphic to a subfield of the 
complex number field, then we get an Archt- 
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medean valuation using the absolute value, 
and as stated in Section C, every Archimedean 
valuation of K is equivalent to a valuation 
obtained in this way. 

(3) Let p be a *prime ideal of a ‘Dedekind 
domain R, лєр be such that лёр?, and K be 
the field of quotients of R. Then each nonzero 
element « of K can be expressed in the form 
nab! (reZ;a,beR;a,bép), where r, the degree 
of x with respect to p, is uniquely determined 
by «. Hence, letting c be a constant greater 
than 1, we obtain a non-Archimedean valu- 
ation w defined by w(a)=c ”. This valuation w 
is called a p-adic valuation. We also get an 
additive valuation v defined by v(a) = ғ, called 
a p-adic exponential valuation. The completion 
K, of K with respect to v is called the p-adic 
extension of K. If K is a finite talgebraic num- 
ber field, the K, is called a p-adic number field. 
If p is generated by an element p, then "p-adic" 
is replaced by “p-adic.” For instance, given a 
rational prime number p, we have a p-adic 
valuation of the rational number field Q, and 
we obtain the p-adic extension Q, of Q, which 
is called the p-adic number field. Every non- 
zero element х of Q, can be written as a 
uniquely determined expansion >, a, p" 

(а, Z0, reZ, a,e Z, 0x a, <р). Then we obtain a 
valuation v of Q, defined by v(a) = r. This 
valuation v is a discrete additive valuation, 
and Q, is complete with respect to v. The 
valuation ring of v is usually denoted by Z,, 
which is called the ring of p-adic integers. Each 
element of Q, (Z,) is called a p-adic number (p- 
adic integer). 

(4) Consider the field of *power series k((t)) 
in one variable t over a field k. For 0 ae 
k((t)), we define v(x) 2 r ifa 2 Ў а," (a, ck, 

a, #0). Then v is a discrete valuation of k((t)), 
and k((t)) is complete with respect to this 
valuation. 

(5) Let v be an additive valuation of a field 
K with the valuation ring R, and the valuation 
ideal m,. Let v' be an additive valuation of the 
field R,/m, with the valuation ring R,.. Then 
R" = {ає R,|(amod m,)e R,.] is a valuation 
ring of K. A valuation v" whose valuation ring 
coincides with R" is called the composite of v 
and р. 


G. The Approximation Theorem and the 
Independence Theorem 


The approximation theorem states: Let 

Wi, ....W, be mutually nonequivalent and 
nontrivial multiplicative valuations of a field 
K. Then for any given n elements a,, ...,a, of 
K and a positive number e, there exists an 
element a of K such that w,(a—aj) < e (i= 

1.2 coa) 
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From this follows the independence theorem: 
Lete,,...,e, be real numbers, and let w, and 
K be as in the approximation theorem. If 
IH; w;(a)i=1 for all ae K — {0}, then e, =... 
=e,=0. 

Similar theorems hold for additive valu- 
ations. The following independence theorem is 
basic: Let v,, ..., v, be additive valuations of a 
field K, R,, ..., R, their valuation rings, and 
Mi, +, m, their maximal ideals. Let D = f); R;, 
p; =m, D, and consider the rings of quotients 
D,,. Then D, — R;. If R,Z£ К, (for ij), then D 
has exactly n maximal ideals p,, ..., Pp- 


H. Prime Divisors 


Let K be an 'algebraic number field (algebraic 
function field of one variable over a field k). An 
equivalence class of nontrivial multiplicative 
valuations (over k) is called a prime divisor 
(prime spot) of K. 

If K is an algebraic number field of degree n, 
there are exactly n mutually distinct injections 
0,,...,0, ОЁ K into the complex number field 
C. We may assume that o;(K) is contained in 
the real number field if and only if i r, and 
0,—;44(4) and o, (а) are conjugate com- 
plex numbers (n—r, >i>0, ae K). For i<r,. 
let v;(a) = |o;(a)|, and for 1 <i<(n—r,)/2, let 
UL + (a) = lo, +:(a)]?. Then Disses Ur +r, (r; = 
(n—r,)/2) is a maximal set of mutually non- 
equivalent Archimedean valuations of K. 
Equivalence classes of v,, ..., v, are called real 
(infinite) prime divisors, and those of бїз» 
v, +r, are called imaginary (infinite) prime 
divisors; all of them are called infinite prime 
divisors. An equivalence class of non- 
Archimedean valuations of K is called a finite 
prime divisor. 

An Archimedean valuation of K is said to 
be normal if it is one of the valuations v;. If v is 
non-Archimedean, then v is a p-adic valuation, 
where p is a prime ideal of the principal order 
0 of K (— Section F, example (3)). Hence if a is 
an element of K, there exists a constant c (c > 
1) such that v(a) = с", where r is the degree 
of a with respect to p. In particular, if c is the 
norm of p (ї.е., c is the cardinality of the set 
о/р), then the valuation v is called normal. Any 
finite prime divisor is represented by a normal 
valuation. Then we have the product formula 
IL, w(a)= 1 for all ae K — {0}, where w ranges 
over all normal valuations of K. 

For a function field, a normal valuation is 
defined similarly, using e! instead of the norm 
of p, where e is a fixed real number greater 
than | and f is the degree of the residue class 
field of the valuation over k. In this case we 
also have the product formula. 
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I. Extending Valuations to an Algebraic 
Extension of Finite Degree 


Assume that a field K' is a finite algebraic 
extension of a field K. Let v be an additive 
valuation of K and v’ be an extension of v to 
K'. We denote the valuation rings, valuation 
ideals, and value groups of v and г by R,, Rp, 
m,, m,,, and G, G’, respectively. Then the 
degree of the extension f,,=[R,-/m,-:R,/m,] is 
called the degree of v' over v. The group index 
е —[G':G] is called the ramification index of 
v' over v. If v' ranges over all extensions of v in 
K', then the sum È f,e, is not greater than 
[K': K] and the equality holds when v is a 
discrete valuation and either K’ is *separable 
over K or v is complete. 


J. Places 


Let k, K, and L be fields, and suppose that k 

c K. Let f be a mapping of K onto LU {00} 
such that f(ab) = f(a) f(b) and f(a + Б) = f(a) 

+ f (b), whenever the right member is meaning- 
ful, and such that the restriction of f to k is an 
injection. Here oo is an element adjoined to L 
and satisfying oo +a =a + oo = oc, ooa = aoo 

= oo (for any nonzero element a of К), 1/оо 

= 0, and 1/0 = oo. Then f is called a place of K 
over k. In this case К = (xeK | f(x) zoo] isa 
valuation ring of K containing k. Let m be the 
maximal ideal of R. Then f can be identified 
with the mapping g: K O R/mU { оо} defined as 
follows: If ae R, then g(a) - (amod m); other- 
wise, g(a) — oo. Places of K over k can be 
classified in a natural way, and there exists a 
one-to-one correspondence between the set 

of classes of places of K over k and the set 

of equivalence classes of additive valuations 
over k. When K is an talgebraic function field, 
we usually consider the case where k is the 
'ground field. Then if a,, ..., a ER, (a4, ...,a,) 
—(g(a;),...,g(a,)) gives a specialization of 
points over k. Conversely, if a;, bje K are 

such that (a,, ...,a,)(b,, ..., bp) is a speciali- 
zation over k, then there is a place f of K 

over k such that (b, ..., b,) is isomorphic to 

(f (a1), .... f(a,)) (usually there are infinitely 
many such /’s). 


K. Pseudovaluations 


A pseudovaluation o of a ring A (not neces- 
sarily commutative) is a mapping of A into the 
set of nonnegative real numbers satisfying the 
following four conditions: (i) ф(а) = 0 if and 
only if a —0; (ii) o(ab) € ф(а)ф(Б); (iii) (a + b) < 
p(a)+ ф(Б); and (iv) ф(—а)= ф(а). These con- 
ditions are weaker than those for multipli- 
cative valuations, but with them a topology 


1675 


сап be introduced into А as in Section D, with 
respect to which A becomes a topological ring. 


L. History 


The theory of valuations was originated by K. 
Hensel when he introduced p-adic numbers 
and applied them to number theory [1]. J. 
Kürschák (J. Reine Angew. Math., 142 (1913)) 
first treated the theory of multiplicative valu- 
ations axiomatically; it was then developed 
remarkably by A. Ostrowski (Acta Math., 41 
(1918)). However, in their theory condition (iii) 
(— Section C) was given only in the case C — 1, 
thus excluding the normal valuation of an 
imaginary prime divisor in an algebraic num- 
ber field. А valuation with general C was 
introduced by E. Artin [3]. The theory of ad- 
ditive valuations was originated by W. Krull 
(J. Reine Angew. Math., 167 (1932)), although 
the concept of exponential valuations existed 
before. The theory of valuations is used to 
simplify *class field theory and the theory of 
algebraic function fields in one variable. For 
these purposes, the notion of multiplicative 
valuations is sufficient (— 9 Algebraic Curves; 
59 Class Field Theory). The idea is also used 
in the theory of normal rings and in alge- 
braic geometry, for both of which the con- 
cept of additive valuations is also necessary. 
Pseudovaluations were used by M. Deuring 
(Erg. Math., Springer, 1935) in the arithmetic 
of algebras. 
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A. Introduction 


Variational inequalities arise when we con- 
sider extremal problems of functionals under 
unilateral constraints. Some problems in 
physics and engineering are studied by for- 
mulating them as elliptic, parabolic, and 
hyperbolic variational inequalities [1—8]. 


440 C 
Variational Inequalities 


B. Stationary Variational Inequality 


Let D be a bounded domain in m-dimensional 
Euclidean space and f € L,(D) be a given real- 
valued function. Consider the variational 
problem of minimizing the following func- 
tional J with the argument function v: 


ла- | rade ds-2 | fv dx. 
D D 


Here, we suppose the set of admissible func- 
tions to be the closed convex subset 


K «(ve Hi (D)| v<0 ae. in D) 


of the Hilbert space Hi (D) (— 168 Function 
Spaces). It can be shown by choosing a mini- 
mizing sequence that there exists a minimum 
value of J which is realized by a unique ue K. 
Since the stationary function u belongs to 

Hj (D), it can be shown that the boundary 
condition и| ъ= 0 is satisfied in the sense that 
the ttrace youe H"? (0D) (— 224 Interpolation 
of Operators) of u on 2р vanishes а.е. on ôD. 
In view of the fact that J[u] < J[v] is valid for 
any рє K, it can be verified that the stationary 
variational inequality 


—Au—f «0 
u<0 (1) 
(—Au—f)-u=0 


is satisfied in D in the sense of differentiation 
of distributions (— 125 Distributions and 
Hyperfunctions). The problem (1) is a Dirichlet 
problem with obstacle. Moreover, we can prove 
the regularity of ue H?(D) under an assump- 
tion of suitable smoothness for ôD by estab- 
lishing the boundedness of the solutions u, in 
H?(D) of the penalized problems associated 
with (1): 


1 
—Au,t-uj-—f (20), 
Є 


Uu, | ap — 0. 


Here we note that the u, are the stationary 
functions of the ordinary variational problems 
of minimization in H1 (D) of the functionals 


1 
„= | вао | fedes [iras 
D D £ 


with the penalty term (the third term of the 
right-hand side of the equality above). We 
have thus found that the stationary variational 
inequality (1) is the Euler equation of a con- 
ditional problem of variation (— 46 Calculus 
of Variations). 


C. Variatiorial Inequality of Evolution 


Let y € H' (D) be a given function on D such 
that y |;5 20 and Aj €L;(D). The variational 
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inequality of evolution 


А 


(ои) а-о (1>0, хєр), 


gt 
u(0, x) = a(x) (xe р), 
u(t, X)| 5p = 0 (t> 0) 


can be formulated as an abstract Cauchy 
problem (— 286 Nonlinear Functional Analy- 
sis X) 


du 
— € Au 


t 0), 
di (t 2 0) 


u(+0)=a 


in a Hilbert space with a multivalued operator 
А = дф, where дф is the subdifferential of the 
following lower semicontinuous proper convex 
function on the Hilbert space L,(D): 


qi) 
l 
| |grado|2dx ifve Нр) and v<y, 
D 


+00 otherwise. 


Thus the solution u is given by the vector- 
valued function 


u(t) — e'* a. 


Here e! is the ‘nonlinear semigroup generated 
by A (^ 88 Convex Analysis, 378 Semigroups 
of Operators and Evolution Equations). 


D. Optimal Stopping Time Problem and 
Variational Inequalities 


Let {X,},59 be an m-dimensional Brownian 
motion (— 45 Brownian Motion) and consider 
the problem of finding a *stopping time о that 
minimizes 


Ae] -&( | AX а) (xe R”) 
0 


under the restriction that 0 < o <o;p, where 
Gap is the *hitting time for the boundary др. 
Let us define 


u(x) 2 min Ј, [0]. 


Then the ‘principle of optimality in dynamic 
programming gives the stationary varia- 
tional inequality (1) with A replaced by 1A, 
and we can show by the *Dynkin formula that 
an optimal stopping time ó is the hitting time 
for the set (xeO|u(x) 20] (> 127 Dynamic 
Programming). We can systematically discuss 
problems in mathematical programming and 
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operations research by introducing quasivaria- 
tional inequalities, which are slight generaliza- 
tions of variational inequalities (— 227 Inven- 
tory Control, 408 Stochastic Programming). 
The above-mentioned facts are applicable to 
general tdiffusion processes described by tsto- 
chastic differential equations (— 115 Diffusion 
Processes, 406 Stochastic Differential Equa- 


tions). We have thus found the relation 


free boundary problem «variational inequality 
optimal stopping time problem 


(— 405 Stochastic Control and Stochastic 
Filtering). 


E. Numerical Solution of Variational 
Inequalities 


Since the solution u of the variational inequal- 
ity (1) is the stationary function for the vari- 
ational problem, we can apply to the evalu- 
ation of the function u numerical methods 
based on the direct method of the calculus of 
variations (— 300 Numerical Methods). The 
"finite element method, which can be regarded 
as a type of Ritz-Galerkin method, is exten- 
sively employed to calculate numerical solu- 
tions. In view of the unilateral constraint 

u <0, iteration methods, such as the Gauss- 
Seidel iteration method, are used with modifi- 
cations. An algorithm of relaxation with pro- 
jection is proposed in [3] (— 304 Numerical 
Solution of Partial Differential Equations). 
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441 (XX.3) 
Variational Principles 


A. General Remarks 


Among the principles that appear in physics 
are those expressed not in terms of differen- 
tial forms but in terms of variational forms. 
These principles, describing the conditions 
under which certain quantities attain ex- 
tremal values, are generally called variational 
principles. Besides Hamilton's principle in 
classical mechanics (— Section B) and Fermat's 
principle in geometric optics (— Section C), 
examples are found in telectromagnetism, 
trelativity theory, *'quantum mechanics, ‘field 
theory, etc. Independence of the choice of 
coordinate system is an important character- 
istic of variational principles. Originally these 
principles had theological and metaphysical 
connotations, but a variational principle is 
now regarded simply as a postulate that pre- 
cedes a theory and furnishes its foundation. 
Thus a variational principle is considered to 
be the supreme form of a law of physics. 


B. Mechanics 


In 1744 P. L. Maupertuis published an almost 
theological thesis, dealing with the principle 
of least action. This was the beginning of the 
search for a single, universal principle of me- 
chanics, contributions to which were made 
successively by L. Euler, C. F. Gauss, W. R. 
Hamilton, H. R. Hertz, and others. 

Let {4,) be the tgeneralized coordinates of a 
system of particles, and consider the integral of 
a function L(q,, q,,t) taken from time t, to t}. 
If we compare the values of the integral taken 
along any arbitrary path starting from a fixed 
point P, in the coordinate space at time ty and 
arriving at another fixed point P, at time t,, 
then the actual motion q,(t) (which obeys the 
laws of mechanics) is given by the condition 
that the integral is an textremum ('stationary 
value), that is, ó (/: L dt =0, provided that the 
function L is properly chosen. This is Hamil- 
ton's principle, and L is the *Lagrangian func- 
tion. In *Newtonian mechanics, the *kinetic 
energy T of a system of particles is expressed 
as a quadratic form in q,. Furthermore, if the 
forces acting on the particles can be given by 
— grad V, where the potential V does not de- 
pend explicitly on g,, we can choose L= T— 
V. Also, for a charged particle in tspecial rela- 
tivity, we can take L= —myc?(1 —v?/c?)!? — 
ep + e(v: A), where m, is the rest mass of the 
particle, e is the charge, v is the velocity (with 
v its magnitude), c is the speed of light in 
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vacuum, and o and A are the scalar and 
vector potentials of the electromagnetic field, 
respectively. 

In general relativity theory, the motion of a 
particle can be derived from the variational 
principle ó (ds =0 (ds is the Riemannian line 
element). Hence, geometrically, the particle 
moves along a fgeodesic curve in 4-dimen- 
sional space-time. 


C. Geometric Optics 


The path ofa light ray between two points P, 
and P, (subject to reflection and refraction) is 
such that the time of transit along the path 
among all neighboring virtual paths is an 
extremum (stationary value). This is called 
Fermat’s principle. If the index of refraction 
is n, Fermat’s principle can be expressed as 

ô {5 nds =0 (ds is the Euclidean line element). 
The laws of reflection and refraction of light, 
as well as the law of rectilinear propagation of 
light in homogeneous media, can be derived 
from this principle. 


D. Field Theory 


Not only the equations of motion of a system 
of particles, but also various field equations 
(tMaxwell’s equations of the electromagnetic 
field, *Dirac's equation of the electron field, the 
meson field equation, the gravitational field 
equation, etc.) can be derived from variational 
principles in terms of appropriate Lagrangian 
functions. In ‘field theory the essential virtue 
of the variational principle appears in the fact 
that the properties of various possible fields as 
well as conservation laws can be systematically 
discussed by assuming relativistic invariance 
and gauge invariance of the Lagrangian func- 
tions adopted. In particular, for an electro- 
magnetic field in vacuum, the Lagrangian 
function density is L =(H? — E2)/2, and the 
integration Is carried out over a certain 4- 
dimensional domain. 


E. Quantum Mechanics 


If H is the *Hamiltonian operator for any 
quantum-mechanical system, the eigenfunc- 
tion y can be determined by the variational 
principle 


5[фной=о, with |ша- 1, 


where v is the complex conjugate of апа dt 
is the volume element. Based on this varia- 
tional principle, the *direct method of the 
calculus of variations is often employed for 
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an approximate numerical calculation of the 
energy eigenvalues and eigenfunctions. In par- 
ticular, by restricting the functional form of 

y to the product of one-body wave functions, 
we can obtain Hartree's equation. А further 
suitable symmetrization of y leads to Fock’s 
equation. 


F. Statistical Mechanics 


Let ф be a statistical-mechanical state of a 
system, and let S(~) and E(q) be the state's 
entropy and energy (mean entropy and mean 
energy for an infinitely extended system); T 

is the thermodynamical temperature, and 
/(ф) == E(q) — TS(q) is the free energy. Then the 
equilibrium state for T> 0 is determined as the 
state o that gives the minimum value of f(q) 
(maximum for T « 0). 
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A. Definitions 


The vector concept originated in physics from 
such well-known notions as velocity, acceler- 
ation, and force. These physical quantities are 
supplied with length and direction; they can be 
added or multiplied by scalars. In the Euclid- 
ean space ЕЁ” (or, in general, an taffine space), 

a vector a is represented by an oriented seg- 
ment pq. Two oriented segments p,q; and 
P3545; are considered to represent the same 
vector a if and only if the following two con- 
ditions are satisfied: (1) The four points p,, q,, 
рг, d; lie in the same plane л. (2) p,44/ /p.q; 
and p,q;/ /q,q5,. Hence a vector in E" is an 
equivalence class of oriented segments pq, 
where the equivalence relation p, q; ~ p>q; 

is defined by the two conditions just given. 
Hereafter, we denote the vector by [pq], or 
simply pq. The points p and q are called the 
initial point and terminal point of the vector pq. 
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Given a vector a = рӯ and a real number 7, 
we define the scalar multiple ¿a as the vector 
pF, where r is the point on the straight line 
containing both p and q such that the ratio 
[Pr : pq] is equal їо 4 (if p =q, then we put r= 
р). The operation (A, a) — ¿a is called scalar 
multiplication. Given two vectors а = pd and 
b = 34$, the vector c = ps is called the sum of a 
and b and is denoted by c=a +b. The vector 
pp =0 is called the zero vector. If a = pj, we put 
—a- qp. 

Scalar multiplication and addition of vec- 
tors satisfy the following seven conditions: (1) 
a+b=b+a (commutative law); (2) a +(b+ c) = 
(a +) + c (associative law); (3) a+ 0=a; (4) 
for each a there is — a such that a - ( — a) — 0; 
(5) 4(a + b) = 4a + Ab, (4. + а= 4a + pa (dis- 
tributive laws); (6) 4(ua) = (Ay)a (associative 
law for scalar multiplication); and (7) la=a. 
Hence the set V of all vectors in E" forms a 
*real linear space. Sometimes, a set satisfying 
(1)-(7), that is, by definition, a linear space, is 
called a vector space, and its elements are 
called vectors. 

The pair consisting of a vector pq and a 
specific initial point p of pd is sometimes called 
a fixed vector. An illustration of this is given 
by the force vector with its initial point being 
where the force is applied. By contrast, a vec- 
tor pj is sometimes called a free vector. If we 
fix the origin o in E", then for any point p in 
E", the vector op is called the position vector of 
p. 

If two vectors a — op and b— od are ‘linearly 
dependent, they are sometimes said to be 
collinear. If there vectors a = op, b= od, and 
€— or are linearly dependent, they are some- 
times said to be coplanar. 

If a set of vectors e,, ..., e, forms a *basis of 
a vector space V, then the vectors e; are called 
fundamental vectors in V. Each vector ae V is 
uniquely expressed as a= У œe; (x; В). We 
call (2,,..., %,) the components of the vector 
a with respect to the fundamental vectors 
e,,...,@,. 


B. Inner Product 


In the Euclidean space E", the length of the 
line segment pd is called the absolute value (or 
magnitude) of the vector a= pj and is denoted 
by [a]. A vector of length one is called a unit 
vector. For two vectors a — op and b= oq, the 
value (a, b) = |a| |b| cos is called the inner 
product (or scalar product) of a and b, where 0 
is the angle / poq. Instead of (a, b), the nota- 
tions a+b, or ab are also used. If neither vec- 
tor a nor vector b is equal to 0, then (a, b) - 0 
implies / poq = л/2, that is, the orthogonality 
of the two vectors op and oq. If we take an 
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*orthonormal basis (e,, ..., e,) in E" (Le., a set 
of fundamental vectors with |e;| = 1, (е, e) =0 
(1 5 j)), the inner product of vectors a = > oe; 
b — У fe; is equal to £f- x; fj. The inner 
product has the following three properties (i) 
(x, x) 20 and is zero if and only if x = 0; (ii) 

(x, y) = (y. х); (iii) (x, x5, y) = (x, y) + (x5. у), 
(ax, y) = х(х, y) («€ R). Similar linearity holds 
for y. 

Generally, an R-valued *bilinear form (x, y) 
on a linear space V satisfying the previous 
three conditions is also called an inner prod- 
uct. If a linear space V is equipped with an 
inner product, the space is called an inner 
product space (— 256 Linear Spaces H; 197 
Hilbert Spaces). If V is an inner product space, 
the absolute value |x| of xe V is defined to be 


x. x). 


C. Vector Product 


In the 3-dimensional Euclidean space E?, we 
take an orthonormal basis e,, e;, es. Let a and 
b be vectors in E? whose components with 


respect to e;, e;, е, are (x,,25. x3), (Bi, Bo, B3). 
The vector 


X2 X3 X3 Oy Ф] G 
В. f B, Pi В, В 


which is symbolically written as 


е + е, + ез, 


% 23, 


21 
В Ь В» 


Is called the exterior product ог vector product 
ofa and b and Is denoted by [a,b] or a x b. 
The vector [a, b] is determined uniquely up to 
its sign by a and b and is independent of the 
choice of the orthonormal basis. 

Suppose that we have a = op, b = od. Then 
[[а, Ь]| «Jal: |b] sin 0, where 0= / род. Also 
|[a, b]| is equal to the area of the parallel- 
ogram determined by a and b. To illustrate the 
orientation of [a, b], we sometimes use the idea 
of a turning screw. That is, the direction of a 
right-handed screw advancing while turning at 
0 from p to q (within the angle less than 180*) 
coincides with the direction of La, b] (Fig. 1). 
The exterior product has the following three 
properties: (1) [а,Ь] = —[b, a] (antisymmetric 
law); (2) [Aa, b] = 4 [a, b] (associative law for 


axb 


442 D 
Vectors 


scalar multiplication); (3) [a, b -- c] = [a. b] + 
[a,c] (distributive law). The vector product 
does not satisfy the associative law, but it does 
satisfy the ‘Jacobi identity [a, ГЬ, c] ] + [ b, 
[c.a] ] + [c, [a.b] ] 2 0. The vector (a, [b c] ] is 
sometimes called the vector triple product, 

and for this we have Lagrange's formula [a, 
[b.c]] = (a, c) b — (а, b)c. 

Let a, b, c be vectors in E? whose compo- 
nents with respect to an orthonormal funda- 
mental basis аге (ж, ®›„ х3), (B1, B2, Bs), and 
71,7, 7з). Then (a, [b. c]) 2 (b, [с, а]) = (с, Га, b]) 
= [a. b, c], and the common value is equal to 
the determinant of the 3 x 3 matrix 


ху 5 s 
| Pi В Ps | 
7р 72 7з, 

The value denoted by [a, b, с] is called the 
scalar triple product of a, b, c and is equal to 
the volume of the parallelotope whose three 
edges are a = op, b= od, and с= оғ? with com- 
mon initial point o. The triple a, b, c is called a 
right-hand system or a left-hand system ac- 
cording as [a, b, c] is positive or negative. We 
have [a, b, c] — 0 if and only if a, b and c are 
coplanar. (For the *exterior product of vectors 
in E" and the concept of tp-vectors — 256 
Linear Spaces O.) 


D. Vector Fields 


In this section we consider the case of a 3- 
dimensional Euclidean space E? (for the gen- 
eral case — 105 Differentiable Manifolds). A 
scalar-valued or a vector-valued function 
defined on a set D in E? is called a scalar field 
or a vector field, respectively. The continuity 
or the differentiability of a vector field is de- 
fined by the continuity or the differentiability 
of its components. 

For a differentiable scalar field f(x. y, z), 
the vector field with the components (0f/éx, 
Of/Cy, Cf /0z) is called the gradient of f and 
is denoted by grad f. For a differentiable vec- 
tor field V(x, у, 2) whose components аге 
(u(x, y, 2), р(х, y, 2), w(x, у, 2)), the vector field 
with components 


(= др ди Ow др =) 


ду д2` д: dx’ dx ду 


Is called the rotation (or curl) of V and is de- 
noted by rot V (or curl V). Also, for a differenti- 
able vector field V, the scalar field defined by 
ди/дх + Qv/Oy + Ow/Oz is called the divergence 
of V and is denoted by div V. Utilizing the 
vector operator V having differential operators 
(C/€x, 0/0y, 6/6z) as its components, we may 
write simply grad f= Vf, div V = (У, V), rot V = 


442 Ref. 


Vectors 


[V, У]. The symbol V is called nabla, atled 
(inverse of delta), or Hamiltonian. 

A vector field V with rot V 20 is said to be 
irrotational, (lamellar, or without vortex). A 
vector field V with div V =0 is said to be sole- 
noidal (or without source). Thus grad f is irro- 
tational and rot V is solenoidal. In a small 
neighborhood or in a tsimply-connected do- 
main, an irrotational field is a gradient, a 
solenoidal field is a rotation, and an arbitrary 
vector field V is the sum of these two kinds of 
vector fields: V = grad ф + rotu (Helmholtz 
theorem); the function ¢ is called the scalar 
potential of V, and the vector field u is called 
the vector potential of V. Furthermore, the 
operator V? = VV = div grad = 0?/0x? + 0?/0y? 
+ 02/0z2 is called the Laplace operator (or 
Laplacian) and is denoted by A. A function 
that satisfies Ap =0 is called a tharmonic 
function. Locally, an irrotational and solenoi- 
dal vector field is the gradient of a harmonic 
function. If A is a vector field whose compo- 
nents аге (P1, 95, 93) (i.e, A(v) = (Фф (у), Maly), 
Фф (у))), we can let A operate on А by setting 
АА = (Ла, , AQ, Ао). We then have АА = 
V?A = grad div A — rot rot A. 

Suppose that we are given a vector field V 
and a curve C such that the vector V(p) is 
tangent to the curve at each point pe C. The 
curve C is the tintegral curve of the vector field 
V and is called the vector line of the vector 
field V. The set of all vector lines intersecting 
with a given closed curve C is called a vector 
tube. Given a closed curve C and a vector field 
V, the tcurvilinear integral | (V, ds) (where ds is 
the line element of C) is called the circulation 
(of V) along the closed curve C. A vector field 
is irrotational if its circulation along every 
closed curve vanishes; the converse is true in a 
simply connected domain. Further, let v, be 
the tnormal component of a vector field V 
with respect to a surace S, and let dS be the 
volume element of the surface. We put ndS = 
dS, where n is the unit normal vector in the 
positive direction of the surface S. Then the 
*surface integral (v,dS = f (V, dS) is called the 
vector flux through the surface S. A vector 
field whose vector flux vanishes for every 
closed surface is solenoidal. (For the corre- 
sponding formulas — 94 Curvilinear Integrals 
and Surface Integrals. For generalizations to 
higher-dimensional manifolds — 105 Dif- 
ferentiable Manifolds; 194 Harmonic Integrals; 
Appendix A, Table 3.) 
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A. General Remarks 


Integrals whose values are elements (or sub- 
sets) of *topological linear spaces are gen- 
erally called vector-valued integrals or vec- 

tor integrals. As in the scalar case, there are 
vector-valued integrals of Riemann type (— 37 
Banach Spaces K) and of Lebesgue type. In 
this article we consider only the latter. There 
are cases where integrands are vector-valued, 
where measures are vector-valued, and where 
both are vector-valued. The methods of inte- 
gration are also divided into the strong type, 
in which the integrals are defined by means of 
the original topology of the topological linear 
space X, and the weak type, in which they 

are reduced to numerical integrals by apply- 
ing continuous linear functionals on X. Com- 
bining these we can define many kinds of 
integrals. 

Historically, D. Hilbert's *'spectral resolution 
is the first example of vector-valued integrals, 
but the general theory of vector-valued inte- 
grals started only after S. Bochner [1] defined 
in 1933 an integral of strong type for functions 
with values in a Banach space with respect to 
numerical measures. Then G. Birkhoff [2] 
defined a more general integral by replacing 
absolutely convergent sums with uncondi- 
tionally convergent sums. At approximately 
the same time, N. Dunford introduced inte- 
grals equivalent to these. Later, R. S. Phillips 
(Trans. Amer. Math. Soc., 47 (1940)) general- 
ized the definition to the case where values 
of functions are in a *locally convex topolog- 
ical linear space, and C. E. Rickart (Trans. 
Amer. Math. Soc., 52 (1942)) to the case where 
functions take subsets of a locally convex 
topological linear space as their values. The 
theory of integrals of weak type for functions 
with values in a Banach space and numerical 
measures was constructed by I. M. Gel'fand 
[3], Dunford [4], B. J. Pettis [5]. and others 
(1936—1938). N. Bourbaki [6] dealt with the 
case where integrands take values in a locally 
convex topological linear space. As for inte- 
grals of numerical functions by vector-valued 
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measures, a representative of strong type inte- 
grals is the integral of R. G. Bartle, Dunford, 
and J. T. Schwartz [7] (1955). Weak type 
integrals have been discussed by Bourbaki [6], 
D. R. Lewis (Pacific J. Math., 33 (1970)), and 
I. Kluvánek (Studia Math., 37 (1970)). The 
bilinear integral of Bartle (Studia Math., 15 
(1956)) is typical of integrals in the case where 
both integrands and measures are vector- 
valued. For interrelations of these integrals — 
the papers by Pettis and Bartle cited above 
and T. H. Hildebrandt’s report in the Bulletin 
of the American Mathematical Societ y, 59 
(1953). 

Since the earliest investigations [1—3] the 
main aim of the theory of vector-valued inte- 
grals has been to obtain integral representa- 
tions of vector-valued (set) functions and 
various linear operators [8]. However, there is 
the fundamental difficulty of the nonvalidity of 
the Radon-Nikodym theorem. Whatever de- 
finition of integrals we take, the theorem does 
not hold for vector-valued set functions un- 
conditionally. Many works sought conditions 
for functions, operators, or spaces such that 
the conclusion of the theorem would be re- 
stored; the works of Dunford and Pettis [9] 
and Phillips (Amer. J. Math., 65 (1943)) marked 
a summit of these attempts. Later, after A. 
Grothendieck's investigations (1953-1956), 
this problem began to be studied again, begin- 
ning in the late 1960s, by many mathemati- 
cians (— J. Diestel and J. J. Uhl, Jr., Rocky 
Mountain J. Math., 6 (1976); [10]). 

Recently, integrals of multivalued vector- 
valued functions have also been employed in 
mathematical statistics, economics, control 
theory, and many other fields. Some contri- 
butions are, besides Rickart cited above, G. B. 
Price (Trans. Amer. Math. Soc., 47 (1940), H. 
Kudo (Sci. Rep. Ochanomizu Univ., 4 (1953)), 
H. Richter (Math. Ann., 150 (1963)), R. J. Au- 
mann [11], G. Debreu [12], and M. Huku- 
hara (Funkcial. Ekvac., 10 (1967)). Further- 
more, C. Castaing and M. Varadier [13] have 
defined weak type integrals of multivalued 
functions and introduced many results con- 
cerning them. In the following we shall give 
explanations of typical vector-valued integrals 
with values in a Banach space only. 


B. Measurable Vector-Valued Functions 


Let x(s) be a function defined on a *c-finite 
measure space (S, €, и) with values in a 
Banach space X. This is called a simple func- 
tion or finite-valued function if there exists a 
partition of S into a finite number of mutually 
disjoint measurable sets A,, А,,..., A, in each 
of which x(s) takes a contant value c. Then 
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x(s) can be written as Xj- cx A (s), where y "o 
is the tcharacteristic function of A,. A func- 
tion x(s) is said to be measurable or strongly 
measurable if it is the strong limit of a se- 
quence of simple functions almost everywhere, 
that is, lim, ,, [x,(s) — x(s)|| =0 а.е. Then the 
numerical function [|x(s)] is measurable. If и is 
a tRadon measure on a compact Hausdorff 
space S, then the measurable functions can be 
characterized by *Luzin's property (— 270 
Measure Theory D. 

А function x(s) is said to be scalarly measur- 
able or weakly measurable if the numerical 
function (x(s), x'» is measurable for any fcon- 
tinuous linear functional x'e X”. A function x(s) 
is measurable if and only if it is scalarly mea- 
surable and there are a ‘null set £j c S anda 
'separable closed subspace Y c X such that 
x(s)e Y whenever sé E, (Pettis measurability 
theorem). 


C. Bochner Integrals 


A measurable vector-valued function x(s) is 
said to be Bochner integrable if the norm 

\|x(s)|| is tintegrable. If x(s) is a Bochner inte- 
grable simple function X c; ZA (s), then its Boch- 
ner integral is defined by 


| x(s)du => ЩА). 
5 


For а general Bochner integrable func- 

tion x(s) there exists a sequence oí simple 
functions satisfying the following condi- 
tions: (i) lim, ,, lx, (s) — x(s)|| =0 а.е. (ii) 
lim, ... fs 1x,(5) — x(s)Il du=0. Then fs x,(3) и 
converges strongly and its limit does not de- 
pend on the choice of the sequence {x,(s)}. We 
call the limit the Bochner integral of x(s) and 
denote it by {у х(ѕ) ди or by (Bn) fs x(s)du to 
distinguish it from other kinds of integrals. 

A Bochner integrable function on Š is Boch- 
ner integrable on every measurable subset 

of S. The Bochner integral has the basic prop- 
erties of Lebesgue integrals, such as linear- 
ity, complete additivity, and *absolute con- 
tinuity, with absolute values replaced by 
norms. *Lebesgue's convergence theorem and 
*Fubini's theorem also hold. However, the 
Radon-Nikodym theorem does not hold in 
general (— Section H). Let Т be а tclosed 
linear operator from X to another Banach 
space Y. If both x(s) and Tx(s) are Bochner 
integrable, then the integral of x(s) belongs 
to the domain of T and 


"(| хөш) -f Tx(s) du. 
s S 


If, in particular, T is bounded, then the as- 
sumption is always satisfied. If и is the *Le- 
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besgue measure on the Euclidean space R", 
then Lebesgue's differentiability theorem 
holds for the Bochner integrals regarded as 
a set function on the regular closed sets (— 
380 Set Functions D). 


D. Unconditionally Convergent Series 


Let 2/2, x; be a series of elements x; of a 
Banach space X. It is said to be absolutely 
convergent if > |x;|| < co. It is called uncon- 
ditionally convergent if for any rearrangement 
а the resulting series У x, converges strongly. 
Then the sum does not depend on «. Clearly, 
an absolutely convergent series is uncondition- 
ally convergent. If X is the number space or is 
finite-dimensional, then the converse holds. 
However, if X is infinite-dimensional, there 

is always an unconditionally convergent 

series which is not absolutely convergent 
(Dvoretzky-Rogers theorem). 

A series > x; is unconditionally convergent 
if and only if each subseries converges weakly 
(Orlicz-Pettis theorem). If X x; is an uncon- 
ditionally convergent series, then LAXE 
converges absolutely for any continuous linear 
functional x'e X'. If X is a Banach space con- 
taining no closed linear subspace isomorphic 
to the *sequence space co, then conversely а 
series У x; converges unconditionally when- 
ever У |<x;, x 5| « oo for any x'e X' (Bessaga- 
Pełczyński theorem). A Banach space that is 
*sequentially complete relative to the weak 
topology, such as a treflexive Banach space, 
and a separable Banach space that is the dual 
of another Banach space, such as /, and the 
*Hardy space R, (R"), satisfy the assump- 
tion, while со, l, and L. (Q) for an infinitely 
divisible O do not. The totality of absolutely 
convergent series (resp. unconditionally con- 
vergent series) in X is identified with the ttopo- 
logical tensor product I, & X (resp. |, @ X) 
(Grothendieck). 


E. Birkhoff Integrals 


We say that a series У; B; of subsets of X con- 
verges unconditionally if for any x;e B; the 
series У, x; converges unconditionally. Then 
> В, denotes the set of such sums. A vector- 
valued function x(s) is said to be Birkhoff 
integrable if there is a countable partition A: 
S- UR, A; (AjeS, A;N A, Ø (JFK), uA) < 
со) such that the set x(A;) of values on A; are 
bounded and X u(Aj)x(Aj) converges uncon- 
ditionally and if the sum converges to an ele- 
ment of X as the partition is subdivided. The 
limit is called the Birkhoff integral of x(s) 
and is denoted by (Bk) | х(ѕ) аи or simply by 
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{5 х(ѕ) др. A Birkhoff integrable function is 
Birkhoff integrable on any measurable set. The 
Birkhoff integral has, as a set function, com- 
plete additivity and absolute continuity in д. 

It is linear in the integrand but Fubini's theo- 
rem and the Radon-Nikodym theorem do not 
hold. A Bochner integrable function is Birk- 
hoff integrable, and the integrals coincide. The 
converse does not hold. 


F. Gel'fand-Pettis Integrals 


A scalarly measurable function x(s) is said to 
be scalarly integrable or weakly integrable if 
for each x'e X”, (x(s), x’) is integrable. Then 
the linear functional x* on X' defined by 


| (x(5) x") du <x’, x*> 
S 


is called the scalar integral of x(s). Gel'fand [3] 
and Dunford [4] proved that x* belongs to 
the bidual X". Hence scalarly integrable func- 
tions are often called Dunford integrable and 
the integrals x* the Dunford integrals. More 
generally, Gel'fand [3] showed that if x'(s) 

is a function with values in the dual X’ of a 
Banach space X such that (x, x'(s)» is inte- 
grable for any xe X, then there is an x'e X’ 
satisfying 


| (x, x'(s)» du = (x, x >. 
s 


This element is sometimes called the Gel'fand 
integral of x'(s). A scalarly integrable func- 
tion x(s) is scalarly integrable on any measur- 
able subset A. If the scalar integral is always in 
X, i.e., for each A there is an x,€ X such that 


| <x, x (s) du — (x4, ху, x' e X^, 
A 


then x(s) is said to be Pettis integrable or 
Gel'fand-Pettis integrable and x, is called the 
Pettis integral or Gel'fand-Pettis integral on A 
and is denoted by (P) f4 x(s)du or simply by 
fAx(s) dy. The Pettis integral has complete 
additivity and absolute continuity as a set 
function, similarly to the Birkhoff integral. 
Again, Fubini's theorem and the Radon- 
Nikodym theorem do not hold. The scalar 
integral on measurable sets of a scalarly inte- 
grable function x(s) is completely additive and 
absolutely continuous with respect to the 
tweak* topology of X" as the dual to X’. It is 
completely additive or absolutely continuous 
in the norm topology if and only if x(s) is 
Pettis integrable (Pettis [5]; [10]). If x(s) is 
Pettis integrable and f(s) is a numerical func- 
tion in L, (S), then the product f(s)x(s) is 
Pettis integrable. Birkhoff integrable functions 
are Pettis integrable, and the integrals coin- 
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cide. Conversely, if a measurable function is 
Pettis integrable, then it is Birkhoff integrable. 
When X satisfies the Bessaga-Pelczynski con- 
dition (— Section D), a measurable scalarly 
integrable function is Pettis integrable. 


G. Vector Measures 


Let be a set function defined on a com- 
pletely additive class S of subsets of the space 
S and with values in a Banach space X. It is 
called a finitely additive vector measure (resp. a 
completely additive vector measure or simply a 
vector measure) if ®(A, U A,)=(A,)4+ ®(A,) 
whenever A, and A, € Š are disjoint (resp. 

O(\ J: Aj) = У, (Aj) in the norm topology 
for all Aje Š such that А,П A= Ø (j#k)). We 
remark that the latter sum always converges 
unconditionally. A set function ® is completely 
additive if and only if <Ф(А), x'» is completely 
additive for all x' e X’ (Pettis complete additiv- 
ity theorem). 

Let Ф be a finitely additive vector measure 
and E be a measurable set. The total variation 
of b on E and the semivariation of b on E are 
defined by 


V(®)(E)= sup 5 (A) (1) 
and 
\Ф|(Е)=зир | » ФА) 0) 


respectively, where the suprema аге taken over 
all finite partitions of Е:Е= |) A, (4je ©, A;N 
A, = @(j#k)) and all numbers x; with |x;| < 1. 
If V(@)(S)< oo, then Ф is called a measure of 
bounded variation. || ||(S) < oc if and only if 
вир{|Ф(А)|| 4e €] < co. Then Ó is said to 
be bounded. The function И(Ф)(Е) of E is 
finitely additive but | |(E) is only subaddi- 
tive: || (AU B) < ||@||(A) + |] (B). If P is a 
vector measure of bounded variation, then 
V(®) is a positive measure. Every vector mea- 
sure is bounded. А completely additive vector 
measure on a ffinitely additive class 9 can 
uniquely be extended to a vector measure on 
the completely additive class generated by 
£ (Kluvánek). 

Let и be a positive measure and Ф be a 
vector measure. Then we have (4) 0 as 
u(A)—0 if and only if Ð vanishes on every A 
with (4) — 0. Then Ф is said to be absolutely 
continuous with respect to u. For every vector 
measure Ф there is a measure и such that 
101(4)-0 as u(A)-50 and that Ox u(A) < 
Ib A) (Bartle, Dunford, and Schwartz). As a 
set function, the Bochner integral is a vector 
measure of bounded variation and the Pettis 
integral is a bounded vector measure. Both 
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are absolutely continuous with respect to the 
integrating measure. Let X be L,(0, 1) for 
1<р< oo, and define (E) for a Lebesgue 
measurable set E to be the characteristic func- 
tion of E. If p— 1, Ф is a vector measure of 
bounded variation. If 1 « p « oc, is a bounded 
vector measure, but it is not of bounded varia- 
tion on any set E with (Е) > 0. If p= oo, then 
® is no longer completely additive. These vec- 
tor measures are absolutely continuous with 
respect to the Lebesgue measure, but they 
cannot be represented as the Bochner integral 
or the Pettis integral. 

Let Ф Беа vector measure on ©. An G- 
measurable numerical function f(s) is said to 
be Ф-іпіергаЫе if there exists a sequence of 
simple functions /,(5) such that /,(5) f(s) а.е. 
and that for each Ee ©, [«f,(s)d converges 
in the norm of X. Then the limit is indepen- 
dent of the choice of f,. It is called the Bartle- 
Dunford-Schwartz integral and is denoted 
by [ДО аф. Lebesgue's convergence theo- 
rem holds for this integral. If b is absolutely 
continuous with respect to the measure u, 
then every fe L, (u) is ®-integrable, and the 
operator that maps f to (sf d® is continuous 
with respect to the weak* topology in L. (u) 
and the weak topology of X. Hence it is a 
tweakly compact operator. In particular, the 
range of a vector measure is relatively compact 
in the weak topology [7]. If ® is the vector 
measure of the Pettis integral of a vector- 
valued function x(s), then the above integral is 
equal to the Pettis integral of f(s)x(s). 

А vector measure Ф is said to be nonatomic 
if for each set A with (A) ZO there is a subset 
B of A such that (B) 40 and Ф(А ~ В) #0. If X 
is finite-dimensional, then the range of a non- 
atomic vector measure is a compact convex set 
(Lyapunov convexity theorem). This has been 
generalized to the infinite-dimensional case in 
many ways, but the conclusion does not hold 
in the original form (— Kluvánek and G. 
Knowles [15]; [10]). 


H. The Radon-Nikodjm Theorem 


As the above examples show, the tRadon- 
Nikodym theorem does not hold for vector 
measures in the original form. From 1967 

to 1971, M. Metivier, M. A. Rieffel, and S. 
Moedomo and Uhl improved the classical 
result of Phillips (1943) and proved the follow- 
ing theorem. 

Radon-Nikod$m theorem for vector mea- 
sures. The following conditions are equivalent 
for u-absolutely continuous vector measures 
defined on a finite measure space (S, S, и): (1) 
There is a Pettis integrable measurable func- 
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tion x(s) such that 


o= | x(s)dp. 


(ii) For each => 0 there is an Ee © such that 
u(S— E) « апа such that {Ф(А)/и(А)| Ae ©, 
AcE} is relatively compact. (iii) For each Ee 
€ with u(E)> 0 there is a subset F of E with 
ШЕ) > 0 such that {Ф(А)/д(А)| AES, ACF} 

is relatively weakly compact. Then Ф is of 
bounded variation if and only if x(s) is Boch- 
ner integrable. 

On the other hand, since Birkhoff and 
Gel'fand it has been known that for special 
Banach spaces X every p-absolutely continu- 
ous vector measure of bounded variation 
with values in X can be represented as a Boch- 
ner integral with respect to u. Such spaces аге 
said to have the Radon-Nikod$m property. 
Separable dual spaces (Gel'fand, Pettis; Dun- 
ford and Pettis), reflexive spaces (Gel'fand, 
Pettis, Phillips), and l, (Q), Q arbitrary, etc., 
have the Radon-Nikodym property, while 
1...(0, 1) (Bochner), co (J. A. Clarkson), L , (Q) 
on a nonatomic Q (Clarkson, Gel'fand), and 
C(Q) on an infinite compact Hausdorff space 
О, etc., do not. Gel'fand proved that L,(0, 1) 
(and со) is not a dual by means of this fact. 
From 1967 to 1974, Riefell, H. B. Maynard, 
R. E. Huff, and W. J. Davis and R. P. Phelps 
succeeded in characterizing geometrically the 
Banach spaces with the Radon-Nikodym 
property. We know today that the following 
conditions for Banach spaces X are equivalent 
[10]: (i) X has the Radon-Nikodym property. 
(ii) Every separable closed linear subspace of 
X has the Radon-Nikodym property. (iii) 
Every function f':[0, 1] X of bounded 
variation is (strongly or weakly) differentiable 
a.e. (iv) For any finite measure space (S, G, u) 
and bounded linear operator T: L,(S) X, 
there is an essentially bounded measurable 
function x(s) with values in X such that 


n-| f()x()du fe L,(S). 
5 


(у) Each nonvoid bounded closed сопуех set К 
in X is the Tclosed convex hull of the set of its 
strongly exposed points, where a point xye K 
is called a strongly exposed point of K if there 
is an x'e X' such that (xo, x» > (x, x’) for all 
xe K {xo} and that any sequence х„є K with 
lim(x,, x? = (xo, X? converges to x, strongly. 
A Banach space X is said to have the Krein- 
Mil'man property if each bounded closed 
convex set in X is the closed convex hull of its 
"extreme points. A Banach space X with the 
Radon-Nikodym property has the Krein- 
Mil'man property (J. Lindenstrauss). If X isa 
dual space, then the converse holds (Huff and 
P. D. Morris). A Banach space with the Krein- 
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Mil'man property clearly has no closed linear 
space isomorphic to co, but there are Banach 
spaces that do not contain с, and do not have 
the Krein-Mil’man property. The dual X of 

a Banach space Y has the Radon-Nikodym 
property if and only if the dual of every sepa- 
rable closed linear subspace of Y is separable 
(Uhl, C. Stegall). 


I. Integrals of Multivalued Vector Functions 


Let I (s) be a multivalued function defined on 
a a-finite complete measure space (S, S, и) with 
values that are nonempty closed subsets of a 
separable Banach space X. The inverse image 
of a subset E of X under I (s) is, by definition, 
the set of all s such that Г(5) ПЕ # Ø. T (s) is 
said to be measurable or strongly measurable if 
the inverse image of each open set in X under 
I (s) belongs to S. Let B(X) be the tBorel field 
of X, and © x B(X) be the product completely 
additive class, that is, the smallest completely 
additive class containing all direct products 

A x B of Ae € and Be%(X). Then the mea- 
surability of F(s) is equivalent to each of the 
following: (i) The graph ((s, х)| xeT (s), se S} 
of Г(5) belongs to S x B(X). (ii) The inverse 
image of every Borel set in X under T (s) be- 
longs to G. (iii) For each xe X, the distance 
d(x, '(s)) 2 inf(lx — yl | ує Г(з)} between x 

and F(s) is measurable as a function on S. 

A measurable function x(s) on S with values 
in X is called a measurable selection of T (s) if 
x(s) is in T (s) for all s. (X being separable, we 
need not discriminate between strong and 
weak measurability.) The measurability of 
T (s) is also equivalent to the following impor- 
tant statement on the existence of measurable 
selections of T (s): (iv) There are a countable 
number of measurable selections {x,(s)} of Г(5) 
such that the closure of the set {x,(s)|n= 
1,2, ... } coincides with I (s) for all se S. I'(s) 
is said to be scalarly measurable or weakly 
measurable if the support function ó'(x, Г(5)) = 
sup((x, x »|xeT'(s)] is measurable on 5 for 
all x'e X’. The strong measurability of F(s) 
clearly implies the weak one. If the values of 
Г (s) are nonempty weakly compact convex 
sets, then the measurabilities are equivalent. 
Hereafter we shall assume that T (s) takes the 
values in the weakly compact convex sets. If 
the support function ó'(x', Г(5)) is integrable on 
S for all x'e X’, then T (s) is said to be scalarly 
integrable. Then the scalar integral of I (s) is 
defined to be the set in X" of all scalar inte- 
grals of its measurable selections, i.e., 


| гөм: | x(s)du 
s S 


x(s) is a measurable 


selection of I ө} 
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ИГ($)| =вир{[х|!| хє Г()} is integrable, 
then every measurable selection is Bochner 
integrable and the integral f, l'(s) 4и becomes 
a nonempty weakly compact convex set in 

X. When the values of l'(s) are nonempty 
compact convex sets, there is another method, 
by G. Debreu, of defining the integral. Let 

9 be the class of all nonempty compact con- 
vex sets in X and ó be the Hausdorff met- 

ric, i.e., for K, and К,є © define 6(K,,K,)= 
max [sup(d(x, K;)| xe K,], sup{d(x, K,)|xe 
K,}]. Further, for Кү, K;€ ë and «>0 define 
the sum and the nonnegative scalar multiple 
by K,- K; (x, x;|xi e Ki, x5 6€ K2} and 
a-K,={ax|xeK,}, respectively. Then 2 en- 
dowed with the Hausdorff metric and the 
above addition and scalar multiplication is 
isometrically embedded in a closed convex 
cone in a separable Banach space Y by the 
Rádsróm embedding theorem (Proc. Amer. 
Math. Soc., 3 (1952)). Let ф be this isometry. 
Then the (strong) measurability and the (strong) 
integrability of F (s) are defined by the measur- 
ability and the Bochner integrability of the Y- 
valued function (T (s)), respectively, and its 
(strong) integral as the inverse image of the 
Bochner integral of Ф(Г(5)) under ç: 


| rode | (rena. 
$ S 


This definition of integral for strongly measur- 
able I (s) is shown to be compatible with that 
mentioned before. It is clear by the definition 
that the integral value in this case is a non- 
empty compact convex set and that most prop- 
erties of Bochner integrals also hold for this 
integral. 
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Frangois Viéte (1540- December 13, 1603) was 
born in Fontenay-le-Comte, Poitou, in western 
France. He served under Henri IV, first as a 
lawyer and later as a political advisor. His 
mathematics was done in his leisure time. He 
used symbols for known variables for the first 
time and established the methodology and 
principles of symbolic algebra. He also sys- 
tematized the algebra of the time and used it 
as a method of discovery. He is often called the 
father of algebra. He improved the methods of 
solving equations of the third and fourth de- 
grees obtained by G. Cardano and L. Ferrari. 
Realizing that solving the algebraic equation 
of the 45th degree proposed by the Belgian 
mathematician A. van Roomen can be reduced 
to searching for sin(x/45) knowing sin x, he 
was able to solve it almost immediately. How- 
ever, he would not acknowledge negative roots 
and refused to add terms of different degrees 
because of his belief in the Greek principle of 
homogeneity of magnitudes. He also contri- 
buted to trigonometry and represented the 
number z as an infinite product. 
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John von Neumann (December 28, 1903— 
February 8, 1957) was born in Budapest, 
Hungary, the son of a banker. By the time he 
graduated from the university there in 1921, he 
had already published a paper with M. Fekete. 
He was later influenced by H. Weyl and E. 
Schmidt at the universities of Zürich and 
Berlin, respectively, and he became a lecturer at 
the universities of Berlin and Hamburg. He 
moved to the United States in 1930 and in 
1933 became professor at the Institute for 
Advanced Study at Princeton. In 1954 he was 
appointed a member of the US Atomic Energy 
Commission. The fields in which he was first 
interested were tset theory, theory of tfunc- 
tions of real variables, and tfoundations of 
mathematics. He made important contribu- 
tions to the axiomatization of set theory. At 
the same time, however, he was deeply inter- 
ested in theoretical physics, especially in the 
mathematical foundations of quantum me- 
chanics. From this field, he was led into re- 
search on the theory of *Hilbert spaces, and 

he obtained basic results in the theory of toper- 
ator rings of Hilbert spaces. To extend the the- 
ory of operator rings, he introduced tcontinu- 
ous geometry. Among his many famous works 
are the theory of *almost periodic functions 

on a group and the solving of tHilbert’s fifth 
problem for compact groups. In his later years, 
he contributed to *game theory and to the 
design of computers, thus playing a major role 
in all fields of applied mathematics. 
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A disturbance originating at a point in a 
medium and propagating at a finite speed in 
the medium is called a wave. For example, a 
sound wave propagates a change of density or 
stress in a gas, liquid, or solid. A wave in an 
elastic solid body is called an elastic wave. 
Surface waves appear near the surface of a 
medium, such as water or the earth. When 
electromagnetic disturbances are propagated 
in a gas, liquid, or solid or in a vacuum, they 
are called electromagnetic waves. Light is a 
kind of electromagnetic wave. According to 
‘general relativity theory, gravitational action 
can also be propagated as a wave. 

It many cases waves can be described by the 
wave equation: 


ay (ZY ee A) 


дг? ox? ду? 02? 


Here t is time, х, у, z are the Cartesian coordi- 
nates of points in the space, c is the propaga- 
tion velocity, and y represents the state of the 
medium. 

If we take a closed surface surrounding the 
origin of the coordinate system, the state 
V (0, t) at the origin at time t can be determined 
by the state at the points on the closed surface 
at time t — r/c, with r the distance of the point 
from the origin. More precisely, we have 


x af\\ law 
Nt) a lr) ron 


] ^ ^ 
x) df 
tp 


cr Ot дп 


Here n is the inward normal at any point of 
the closed surface, and the integral is taken 
over the surface, while the value of the inte- 
grand is taken at time t — r/c. This relation is 
a mathematical representation of Huygens's 
principle, which is valid for the 3-dimensional 
case but does not hold for the 2-dimensional 
case (— 325 Partial Differential Equations of 
Hyperbolic Type). 

A plane wave propagating in the direction 
of a unit vector n can be represented by y = 
F(t — n:r/c), where F is an arbitrary function 
and r(x, y, z) is the position vector. The sim- 
plest case is given by a sine wave (sinusoidal 
wave): y = A sin(wt—k-r+6). Here A(ampli- 
tude) and ó (phase constant) are arbitrary con- 
stants, k is in the direction of wave propaga- 
tion and satisfies the relation |k]c = о. c is the 
angular frequency, c/27 the frequency, k the 
wave number vector, |К| the wave number, 2л/о) 
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the period, and 2z/|k| the wavelength. The 
velocity with which the crest of the wave ad- 
vances is equal to w/|k|=c and is called the 
phase velocity. 

A spherical wave radiating from the origin 
can generally be represented by 


d V1 r 
и) zr) 


where g, is the tsolid harmonic of order n. 

Waves are not restricted to those governed 
by the wave equation. In general. y is not a 
scalar, but has several components (e.g., iy may 
be a vector), which satisfy a set of simulta- 
neous differential equations of various kinds. 
Usually they have solutions in the form of 
sinusoidal waves, but the phase velocity c= 
«/|k| is generally a function of the wavelength 
^. Such a wave, called a dispersive wave, has а 
propagation velocity (velocity of propagation 
of the disturbance through the medium) that 
is not equal to the phase velocity. A distur- 
bance of finite extent that can be approxi- 
mately represented by a plane wave is propa- 
gated with a velocity c — Adc/d4, called the 
group velocity. Often there exists a definite 
relationship between the amplitude vector 
A (and the corresponding phase constant ó) 
and wave number vector k, in which case the 
wave is said to be polarized. In particular, 
when A and k are parallel (perpendicular), 
the wave is called a longitudinal (transverse) 
wave. Usually equations governing the wave 
are linear, and therefore superposition of two 
solutions gives a new solution (*principle of 
superposition). Superposition of two sinusoi- 
dal waves traveling in opposite directions gives 
rise to a wave whose crests do not move (e.g., 
y = Asinotsink-r). Such a wave is called a 
stationary wave. Since the energy of a wave is 
proportional to the square of y, the energy of 
the resultant wave formed by superposition 
of two waves is not equal to the sum of the 
energies of the component waves. This phe- 
nomenon is called interference. When a wave 
reaches an obstacle it propagates into the 
shadow region of the obstacle, where there is 
formed a special distribution of energy de- 
pendent on the shape and size of the obtacle. 
This phenomenon is called diffraction. 

For aerial sound waves and water waves, 
if the amplitude is so large that the wave 
equation is no longer valid, we are faced with 
*nonlinear problems. For instance, shock 
waves appear in the air when surfaces of dis- 
continuity of density and pressure exist. They 
appear in explosions and for bodies traveling 
at high speeds. Concerning wave mechanics 
dealing with atomic phenomena — 351 Quan- 
tum Mechanics. 
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Karl Weierstrass (October 31, 1815-February 
19, 1897) was born into a Catholic family in 
Ostenfelde, in Westfalen, Germany. From 1834 
to 1838 he studied law at the University of 
Bonn. In 1839 he moved to Münster, where he 
came under the influence of C. Gudermann, 
who was then studying the theory of elliptic 
functions. From this time until 1855, he taught 
in a parochial junior high school; during this 
period he published an important paper on 
the theory of analytic functions. Invited to the 
University of Berlin in 1856, he worked there 
with L. Kronecker and E. E. Kummer. In 
1864, he was appointed to a full professorship, 
which he held until his death. 

His foundation of the theory of analytic 
functions of a complex variable at about the 
same time as Riemann is his most fundamental 
work. In contrast to Riemann, who utilized 
geometric and physical intuition, Weierstrass 
stressed the importance of rigorous analytic 
formulation. Aside from the theory of analytic 
functions, he contributed to the theory of 
functions of real variables by giving examples 
of continuous functions that were nowhere 
differentiable. With his theory of tminimal 
surfaces, he also contributed to geometry. His 
lectures at the University of Berlin drew many 
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listeners, and in his later years he was.a re- 
spected authority in the mathematical world. 


References 


[1] K. Weierstrass, Mathematische Werke 
I-VII, Mayer & Miller, 1894—1927. 

[2] F. Klein, Vorlesungen über die Entwick- 
lung der Mathematik im 19. Jahrhundert I, 
Springer, 1926 (Chelsea, 1956). 


448 (XX1.45) 
Weyl, Hermann 


Hermann Weyl (November 9, 1885- December 
8, 1955) was born in Elmshorn in the state of 
Schleswig-Holstein in Germany. Entering the 
University of Góttingen in 1904, he also au- 
dited courses for a time at the University of 
Münich. In 1908, he obtained his doctorate 
from the University of Góttingen with a paper 
on the theory of integral equations, and by 
1910 he was a lecturer at the same university. 
In 1913, he became a professor at the Federal 
Technological Institute at Zürich; in 1928— 
1929, a visiting professor at Princeton Univer- 
sity; in 1930, a professor at the University of 
Góttingen; and in 1933, a professor at the 
Institute for Advanced Study at Princeton. He 
retired from his professorship there in 1951, 
when he became professor emeritus. He died in 
Zürich in 1955. 

Weyl contributed fresh and fundamental 
works covering all aspects of mathematics and 
theoretical physics. Among the most notable 
are results on problems in 'integral equations, 
*Riemann surfaces, the theory of tDiophantine 
approximation, the representation of groups, 
in particular compact groups and tsemisimple 
Lie groups (whose structure he elucidated), the 
space-time problem, the introduction of taffine 
connections in differential geometry, fquantum 
mechanics, and the foundations of mathemat- 
ics. In his later years, with his son Joachim he 
studied meromorphic functions. In addition to 
his many mathematical works he left works in 
philosophy, history, and criticism. 
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A. General Remarks 


Let Г be an *integral domain of character- 
istic 0, and p a fixed prime number. For each 
infinite-dimensional vector x —(xo, Ху, ...) 

with components in Г, we define its ghost com- 
ponents x, x)... by x = xo, x" = xP" + 
px"! -... - p^x,. We define the sum of the 
vectors x and y=(yo, y,, ...) to be the vector 
with ghost components x! + у), xP + yO), 
..., and their product to be the vector with 
ghost components x y'9, x yO)... The sum 
and product are uniquely determined vectors 
with components in Г. Writing their first two 
terms explicitly, we have 


x+y 


ТР, n 
-|XotJYoXitXi- 2 | Jxoy6 ee |, 
v=1P XV 


Xy (XoJo X16 Fyix0Ó t рхууу,...). 


In general, it can be proved that the nth 
components o,(x, y) and z,(x, y) of the sum and 
product are polynomials in xo, yo, X4, Y4, ..., 
Х,, y, Whose coefficients are rational integers. 
With these operations of addition and multi- 
plication, the set of these vectors forms a їсот- 
mutative ring, of which the zero element is 
(0,0, ...) and the unity element is (1,0, ... ). 

Let k be a field of characteristic p. For vectors 
(čo, 51. ...); and (но, №, ...) with components 
in k, we define their sum and product by 

(Eos £s) this e) 9 C (GM) and 
(бо, б, Uto. i.) — C m Gn), ...). Since 
the coefficients оѓо, and л, are rational in- 
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tegers, these operations are well defined. With 
these operations, the set of such vectors be- 
comes an integral domain W(k) of character- 
istic 0. Elements of W(k) are called Witt vec- 
tors over k. 

If we put (0, 6,,...) =(0, čo, с, ...) and 
(£o, £i, ... = (£5, £2, ...), we get the formula 
pí — Vč”. (Note that this €? is not the pth 
power of € in W(k) in the usual sense.) There- 
fore, if we put |£| 2 р" for a vector č whose 
first nonzero component is £,, then this abso- 
lute value | | gives a *valuation of W(k). In par- 
ticular, when K is a ‘perfect field, denoting the 
vector (25,0, ...) by [£o] we get (čo, čis ...) 9 
Xp(£P? , and W(k) is a *complete valu- 
ation ring with respect to this valuation. 
Therefore the "field of quotients of W(k) is a 
complete valuation field of which p is a prime 
element and k is the ‘residue class field. Con- 
versely, let K be a field of characteristic 0 that 
is complete under а ‘discrete valuation v, o be 
the valuation ring of v, and k be the residue 
class field of v. Assume that k is a perfect field 
of characteristic p. If p is a prime element of v, 
then o = W(K). If (p) = v(n*) (e> 1) with a 
prime element z of o, we have o= W(K)[z]. 
and z is a root of an *Eisenstein polynomial 
X°+a,X°' +... +a, (aj€ pW(k), a. € p? W(K)). 
In this way we can determine explicitly the 
structure of a *p-adic number field (— 257 
Local Fields). 


B. Applications to Abelian p-Extensions and 
Cyclic Algebras of Characteristic p 


Next we consider И, (К) = W(k)/V"W(k). The 
elements of W,(k) can be viewed as the n- 
dimensional vectors (čo, ..., £, .,), but their 
laws of composition are defined as in the pre- 
vious section. They are called Witt vectors of 
length n. We define an operator œ by = 
2? — C. Using it, we can generalize the theory 
of *Artin-Schreier extensions (— 172 Galois 
Theory) to the case of Abelian extensions of 
exponent p" over a field of characteristic p. 
Indeed, let k be a field of characteristic p and 
č — (£o. ..., Š 1) an element of W(k). If y = 
(Yo, ..., 314 1) is a root of the vector equation 
9 X — č =Q, then the other roots are of the 
form + a(x — (2o, ...,2,-1), 4% € F,). In partic- 
ular, if £, € ok = (a? —a| xek}, the field K = 
k(no, -... 9,1) is a cyclic extension of degree 
p" over k, and conversely, every cyclic extension 
of k of degree p" is obtained in this way. Let 
(1/2) denote the set of all roots of (0X — 
¿=0. Then more generally, any finite Abelian 
extension of exponent p" of k can be obtained 
as K = k((1/o)£| £c H) with a suitable finite 
subgroup Н/ W,(k) of W,(k)/oW,.(k), and 
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the Galois group of К/К is isomorphic to 
H/oW,(K). 

Moreover, for a tcyclic extension K = 
k((1/(2)fl) of exponent p" over k and for 
x€k(a #0), we can define a *cyclic algebra 
(a, В] generated by an element и over K by the 
fundamental relations u^" = x, o0— fl, иди! 
= (4 (1, 0,...,0) (where 0 — (0s, ..., 0,1), utu! 
— (uou! ,...,u0, ,u 1)), and (a, f] is a central 
simple algebra over k. 

Using these results, we can develop the 
structure theory of the *Brauer group of expo- 
nent p" of a ‘field of power series in one vari- 
able with coefficients in a finite field F, (of a 
*field of algebraic functions in one variable 
over F,) exactly as in the case of a p-adic field 
(of an algebraic number field) (E. Witt [1]; 

— 29 Associative Algebras G). 

On the other hand, W,(k) is a commutative 
‘algebraic group over k and is Important in the 
theories of algebraic groups and tformal 
groups (— 13 Algebraic Groups). 
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А. Introduction 


Since the 19th century, many special functions 
called C-functions (zeta functions) have been 
defined and investigated. The four main prob- 
lems concerning ¢-functions are: (1) Methods 
of defining ¢-functions. (2) Investigation of 

the properties of ¢-functions. Generally, č- 
functions have the following four properties 

in common: (i) They are meromorphic on the 
whole complex plane; (it) they have *Dirichlet 
series expansions; (tit) they have Euler product 
expansions; and (iv) they satisfy certain func- 
tional equations. Also, it is an important prob- 
lem to find the poles, residues, and zeros of ¢- 
functions. (3) Application to number theory, in 
particular to the theory of decomposition of 
prime ideals in finite extensions of algebraic 
number fields (— 59 Class Field Theory). (4) 
Study of the relations between different ¢- 
functions. 

Most of the functions called ¢-functions or 
L-functions have the four properties of prob- 
lem (2). The following is a classification of the 
important types of C-functions that are already 
known, which will be discussed later in this 
article: 

(1) The £- and L-functions of algebraic num- 
ber fields: the Riemann ¢-function, Dirichlet L- 
functions (study of these functions gave im- 
petus to the theory of C-functions), Dedekind 
C-functions, Hecke L-functions, Hecke L- 
functions with *Gróssencharakters, Artin L- 
functions, and Weil L-functions. (2) The p-adic 
L-functions related to the works of H. W. 
Leopoldt, T. Kubota, K. Iwasawa, etc. (3) The 
C-functions of quadratic forms: Epstein č- 
functions, C-functions of indefinite quadratic 
forms (C. L. Siegel), etc. (4) The č- and L- 
functions of algebras: Hey C-functions and 
the ¢-functions given by R. Godement, T. 
Tamagawa, etc. (5) The ¢-functions associated 
with Hecke operators, related to the work of 
E. Hecke, M. Eichler, G. Shimura, H. Jacquet, 
R. P. Langlands, etc. (6) The congruence ¢- 
and L-functions attached to algebraic varieties 
defined over finite fields (E. Artin, A. Weil, A. 
Grothendieck, P. Deligne), ©- and L-functions 
of schemes. (7) Hasse ¢-functions attached to 
the algebraic varieties defined over algebraic 
number fields. (8) The ¢-functions attached to 
discontinuous groups: Selberg ¢-functions, the 
Eisenstein series defined by A. Selberg, Gode- 
ment, and I. M. Gel'fand, etc. (9) Y. Ihara's £- 
function related to non-Abelian class field 
theory over a function field over a finite field. 
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(10) ¢-functions associated with prehomoge- 
neous vector spaces (M. Sato, T. Shintani). 


B. The Riemann (-Function 


Consider the series 


; l 1 
¿(s)=l+ + 


1 
+, = Fesp 
25 3 n° 


which converges for all real numbers s> 1. It 
was already recognized by L. Euler that ¿(s) 
can also be expressed by a convergent Infintte 
product [T,(1 —p °) !, where p runs over all 
prime numbers (Werke, ser. 1, vol. VII, ch. XV, 
8 274). This expansion is called Euler's infinite 
product expansion or simply the Euler product. 
However, Riemann was the first to treat (<) 
successfully as a function of a complex variable 
s (1859) [R1]; for this reason, it is called the 
Riemann ¢-function. As can be seen from its 
Euler product expansion, £(s) is holomorphic 
and has no zeros in the domain Res» 1. 
Riemann proved, moreover, that it has an 
analytic continuation to the whole complex 
plane, is meromorphic everywhere, and has 

a unique pole s= 1. The functions (s— 1)¿ (s) 
and ¿(s)— 1/(s — 1) are tintegral functions of 

s. This can be seen by considering the integral 
expression 


тег{&)дә= | yaa а ejas 
2 0 п=1 


w 
- T| (x01 73271 4 x2) 1) 
Š 4 1 


x р ее) 
п=] 


From this last formula, ме also obtain ап 
equality 


(5) = (1—5), 
where 
&(5)=л ??T(s/2)C(s). 


This equality is called the functional equation 
for the €-function. The residue of C(s) at s= 1 is 
І, and around s= 1, 


1 
scc eoe 11), 


where C is *Euler's constant. This is called the 
Kronecker limit formula for c(s). 

The function ¢(s) has no zeros in Resz 1, 
and its only zeros in Res <0 are simple zeros 
at s= —2, —4,..., —2n, .... But čís) has in- 
finitely many zeros in 0< Res < 1, which are 
called the nontrivial zeros. B. Riemann conjec- 
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tured that all nontrivial zeros lie on the line 
Res=1/2 (1859). This is called the Riemann 
hypothesis, which has been neither proved nor 
disproved (— Section I). 

If N(T) denotes the number of zeros of (5) 
in the rectangle 0 c Res c 1,0 «Ims T, we 
have an asymptotic formula 


1+1 
МТ) = Тов r-t Peo 


T + O(log T) 


(H. von Mangoldt, 1905). Also, (s) has the 
following infinite product expansion: 


1 


(s— пое (1-5) ен 
r(5+1) i к 


where b is а constant and р runs over all поп- 
trivial zeros of ¿(s) (J. Hadamard, 1893). 
Hadamard and C. de La Vallée-Poussin 
proved the tprime number theorem, almost 
simultaneously, by using some properties of 


g(s) (— 123 Distribution of Prime Numbers В). 


The following approximate functional equa- 
tion is important in investigating the values of 


Ç (s): 


39» yt 


п<ућ 
ER O(x °)+ Olya! [c pom), 


where ф is *Euler's function, and ¿(s)= 

q(s)c(1 —s), s=o+it, 2xxy=|t|, and the 

approximation is uniform for — ho xh, 

xk, y>k with h and k positive constants 

(G. H. Hardy and J. E. Littlewood, 1921). 
Euler obtained the values of (s) for positive 

even integers s: 


2m-1 42m 
2 n^" Bon 


sm (2m)! 


(m=1,2,3,..., and the B,,, are Bernoulli 
numbers). The values of (s) for positive odd 
integers s, however, have not been expressed 
in such a simple form. The values of ((s) for 
negative integers s are given by ¿(0)= B,(0) 


B, (0 
=—,(1—п)= al ЖОЕ Р 
п 


where 


the B,(x) are *Bernoulli polynomials. 
As a slight generalization of f(s), A. Hurwitz 
(1862) considered 


© 


(5, а)= >` 


—— ——,  0<a<1. 
п=ф (n + af 


This is called the Hurwitz ¢-function. Thus 

f(s, 1) = (s), and £(s, 1/2) = (25 — 1)£(s). This 
function C(s, a) can also be continued analyti- 
cally to the whole complex plane and satisfies 
à certain functional equation. But in general it 
has no Euler product expansion. 
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C. Dirichlet L-Functions 


Let m be a positive integer, and classify all 
rational integers modulo m. The set of all 
classes coprime to m forms a multiplicative 
Abelian group of order h = (m). Let y bea 
*character of this group. Call (n) the residue 
class of n mod m, and put y(n) = у((п)) when 

(n, m) — 1 and y(n)=0 when (n, m) = 1. Now, the 
function of a complex variable s defined by 
L)- L6,» Ў 9 


п=1 n 


5 


is called a Dirichlet L-function. This function 
converges absolutely for Res> 1 and has an 
Euler product 2I 


Lís, y) П; — E 

If there exist a divisor f of m (f £m) and a 
character х0 modulo f such that (п) = 7°(n) 
for all n with (n, m) = 1, we call y a nonprimitive 
character. Otherwise, y is called a primitive 
character. If y is nonprimitive, there exists such 
a unique primitive z°. In this situation, the 
divisor f of m associated with 7° is called the 
conductor of у (and of x°). We have 


L(s, y) = L(s, x? pa )p °). 


Let x be primitive. If the conductor f = 1, 
then y is a trivial character (у = 1), and L(s) is 
equal to the Riemann (-function (5). On the 
other hand, if f 1, then L(s) is an entire func- 
tion of s. In particular, if y is a nontrivial 
primitive character, L(1) = L(1, y) is finite and 
nonzero. P. G. L. Dirichlet proved the theorem 
of existence of prime numbers in arithmetic 
progressions using this fact (— 123 Distri- 
bution of Prime Numbers D). 

L(s, х) has a functional equation similar to 
that of ¿(s); namely, if y is a primitive character 
with conductor f and we put 


&(5, х) = (f/ny ^ (s+. a)/2)L(s, у), 

where a=0 for у(—1)=1 and a=1 for y(—1)— 
—1, then we have 

&(s, 3) = WGQQ8(1 — s, x). 


where 
W(y-(—iYf t), = 2. xt; 


(б, — exp(2zi/f)). The latter sum is called the 
Gaussian sum. Note that | W(y)| = 1. 

The values of L(s) for negative integers 
s are given by L(1 —m, x)= —B, m/m (m= 
1,2, 3, ...), where the B, „ аге defined by 


y xn ге“ XE 


"ESI ef!—1 
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Moreover, if y(—1)= —1, we have 


лт £ — 
L(1, ү ( — x(x) x) 
1 f x=1 
=nit(y) By. |, 
and if y( —1)— 1, y#1, we have 


L(1, x)= aS x(x)log|1 — CF). 


In certain cases, the functional equation can be 
utilized to obtain the values of L(m, y) from 
those of L(1— m, y). Actually, if ( 21) = 1, m= 


2n = 2,4, 6,..., we have 
(—1)" /2n V7 
L(2n, x)= (Qn)! (=) t(z)(—B, ;,), 


and if y(—1)2 —1, m=2n+1=3,5,7,..., we 


L(2n+ 1, y) 


MONA 
=( T =) т(7)(— В, 2+1). 


Dirichlet L-functions are important not only 
In the arithmetic of rational number fields but 
also in the arithmetic of quadratic or cyclo- 
tomic fields. 


D. ¢-Functions of Algebraic Number Fields 
(Dedekind (-Functions) 


The Riemann £-function can be generalized to 
C-functions of algebraic number fields (— 14 
Algebraic Number Fields). Let k be an alge- 
braic number field of degree n, and let a run 
over all integral ideals of k. Consider the se- 
quence ¿,(s)= У, N(a) °. This sequence con- 
verges for Res> 1 and has an Euler product 
expansion C,(s) = [1,01 — №(р) ?) +, where p 
runs over all prime ideals of k. This function, 
which is continued analytically to the whole 
complex plane as a meromorphic function, is 
called a Dedekind /-function. Its only pole is 

a simple pole at s= 1, with the residue Мк. 
Here h, is the tclass number of k, and x, = 

2^ 2^ R/(w|d|!?), where r, (2r;) is the number 
of isomorphisms of k into the real (complex) 
number field, w is the number of roots of unity 
in k, d is the tdiscriminant of k, and R is the 
tregulator of k (R. Dedekind, 1877) [D1]. 

The function ¢,(s) has no zeros in Resz 1, 
while in Res «0 it has zeros of order r, at —1, 
—3, —5, ..., zeros of order r, +r, at —2, —4, 
—6, ..., and a zero of order r, +r, — 1 at s=0. 
All other zeros lie in the open strip 0 « Res <1, 
which actually contains infinitely many zeros. 
It is conjectured that all these zeros lie on the 
line Res— 1/2 (the Riemann hypothesis for 
Dedekind C-functions). To obtain a generali- 
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zation of the functional equation for the 
Riemann C(s) to the case of C,(s), we put 


d| Y үзү 
ze-[ Vial ) r() T(s)2G,(5). 


2ng"? 2 


Then &,(5) 2 £,(1 — s) (Hecke, 1917). If K is a 
Galois extension of k, then ¢,(s)/¢,(s) is an 
integral function (H. Aramata, 1933; R. Brauer, 
1947). 


E. Hecke L-Functions 


As a generalization of Dirichlet L-functions to 
algebraic number fields, Hecke (1917) defined 
the following L-function L,(s, z): Let k be an 
algebraic number field of finite degree, and let 
m —m[Ip, be an fintegral divisor (m the finite 
part, I Tp, the tinfinite part). Consider the 
*ideal class group of k modulo m and its char- 
acter y (here we put y(a)=0 for (а, т) z 1). 
Then the L-functions are defined by 


)=2.х(а )/N(ay 


[H2], where a runs over all integral ideals of k. 
L,(s, x) is called a Hecke L-function. It con- 
verges for Res 1 and has an Euler product 
expansion 


1 
Lo) тууу 
Here p runs over all prime ideals of k. If there 
is a divisor f| m (F # m) and a character х0 
modulo f such that °(a)= z(a) for all a with 
(а, m) = 1, then y is called nonprimitive: other- 
wise, y is called a primitive character. In gen- 
eral, there exist unique such f and 7°. In this 
situation, f is called the conductor of y. If y is 
primitive and the conductor i is (1), then x is 
a trivial character and L,(s, у) coincides with 
G.S). If y is primitive and y #1, then L,(s, y) 
is an integral function of s, and L,(1, y) 40. 
Utilizing this fact, it can be proved that there 
exist infinitely many prime ideals in each class 
of the ideal class group modulo an integral 
divisor m of k. 

Let у be a primitive character with the con- 
ductor H d be the discriminant of k, c,, уду, 
be all distinct isomorphisms of k into the real 
number field R, and f be the finite part of f. 
Then if č is an integer of k such that £21 
(mod f), we have 


LE = (sgn £^ - ... (sgn £v) 


where a,, (m— 1, ...,r, 
ing on y. By putting 


ex X) = 


C ам 2. fir “го Ps 


Pog”? 


) is either O or 1, depend- 
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we have the following functional equation for 
the Hecke L-function: 


Sls 2) = WDS] =s, Z), 


where W(x) is a complex number with ab- 
solute value 1 and the exact value of W(y) is 
given as a Gaussian sum. Just as some prop- 
erties concerning the distribution of prime 
numbers can be proved using the Riemann C- 
function and Dirichlet L-functions, some prop- 
erties concerning the distribution of prime 
ideals can be proved using the Hecke L- 
functions (— 123 Distribution of Prime Num- 
bers F). 

T. Takagi used Hecke L-functions in found- 
ing his fclass field theory. In the other direc- 
tion, this theory implies L(1, у) 40 (z Z 1). 

Let K be a *class field over k that corre- 
sponds to an ideal class group H of k with 
index h. By using class field theory, we obtain 
Ck(s) - П, L,(s, z), where the product is over all 
characters y of ideal class groups of k, such 
that y(H)= 1. This formula can be regarded as 
an alternative formulation of the decompo- 
sition theorem of class field theory (— 59 Class 
Field Theory). By taking the residues of both 
sides of the formula at s= 1, we obtain hkKk 
= к, T, Lli, 2). 

In particular, if k= Q (the rational number 
field) and K is a quadratic number field Q(./4) 
(d is the discriminant of K), then we have 


tx(s) (з) 5), L(s)= Y (i. 

where (d/n) is the *Kronecker symbol, and we 
put (d/n) 20 when (n, d) Z1. From this, we 
obtain the class number formula for quadratic 
number fields (— 347 Quadratic Fields). A 
similar method is used for computation of 
class numbers of cyclotomic fields K (— 14 
Algebraic Number Fields L). 

In general, the computation of the relative 
class number hk /h, when К/К is an Abelian 
extension is reduced to the evaluation of 
L(1, х). This computation has been made suc- 
cessfully for the following cases (besides for the 
examples in the previous paragraph): k is 
imaginary quadratic and K is the absolute 
class field of k or the class field corresponding 
to tray S(m); k is totally real and K is a totally 
imaginary quadratic extension of k. H. M. 
Stark and T. Shintani made conjectures about 
the values of L(1, x) [525,519]. 

Let L(s, у) be a Hecke L-function for the 
character y. Then it follows from the func- 
tional equation that the values of L(s, y) at s 
=0, —1, —2, —3,... are zero if k is not totally 
real. Furthermore, if k is a totally real finite 
algebraic number field, then these values of 
145, y) are algebraic numbers (C. L. Siegel, H. 
Klingen, T. Shintani). 
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F. Hecke L-Functions with Gróssencharakters 


E. Hecke (1918, 1920) extended the notion 
of characters by introducing the *Gróssen- 
charakter y and defined L-functions with 
such characters: 


a 
Lás - Y ur 
He also proved the existence of their Euler 
product expansions and showed that they 
satisfy certain functional equations [H3]. 
Moreover, by estimating the sum У yq. x (9). 
he obtained some results on the distribution of 
prime ideals. 

Later, Iwasawa and J. Tate independently 
gave clearer definitions of the Gróssencharak- 
ter х and L,(s, х) by using harmonic analysis 
on the adele and idele groups of k (— 6 Adeles 
and Ideles) [L3]. 

Let J, be the idele group of k, P, be the 
group of tprincipal ideles, and C, = J,/P, be 
the idele class group. Then a Gróssencharakter 
is a continuous character y of C,, and y in- 
duces a character of J,, which is also denoted 
by y. Let J, =J. x Jo be the decomposition 
of J, into the infinite part J,, and the finite 
part Jo. Let U, be the unit group of Jo, and 
for each integral ideal m of k, put Um o= 
fue U,|u= 1 (mod m)}, so that {Um o} forms 
a base for the neighborhood system of 1 in Jp. 
Put Ji. = {аєЈо[а, = 1 for all p| mj, and with 
each a€J,, о, associate an ideal а= [T, p™®, 
where a = (a) and the ideal in К, generated 
by a, is equal to p*“®. Then the mapping 
a-»à gives a homomorphism of J,, ç into the 
group G(m)= (à |(a, nt) = 1}, and its kernel is 
contained in Um o. Since y is continuous, 
X(U,.o) = 1 for some m. The greatest common 
divisor f of all such ideals m is called the con- 
ductor of y. For each ac J; ç, z(a) depends 
only on the ideal à (e G(f)); hence by putting 
х(а) = (9), we obtain a character y of G(f). 
Now put L,(s, х) = 7(@/N(a)*, where the sum 
is over all integral ideals à e G(f). This is called 
a Hecke L-function with Gróssencharakter y. 
For х Æ L, it is an entire function. On the other 
hand, if we restrict y to J,, = R*^ x C*^, then 


for u(a,, ..., G, 0, 41> +o Or +r, JET x, we have 
ritr ri ritr a el 
"NP sss A 1 
xu) [T la^ [I епа): [T (а) > 
j=1 j=l l=r+1 [ail 


where e;=0 or 1, е,є2, 4je R. The numbers e;, 
e,, À; are determined uniquely by y. Putting 


©к(5› X) 
МАМ Y P fs ejr AA 1 
Das T ri 


f=r,+1 


nin +å 1 
x [I (ы E s a 
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we have a functional equation 
¿k (s, z)= W(y)&,(l —S, X) 


where W(x) is a complex number with ab- 
solute value 1. 

We can express €,(s, y) by an integral form 
on J, as 


čats, 7) «| о(х)у(х) V (ry d*r, 
Ji 


where V(r) is the *total volume of the idele т, с 
is a constant that depends on the *Haar mea- 
sure d*r of J,, and ф(х) is defined by 


gis olx. r= xp), 
p 


Py (x) 
Se i<r, kp, =R, 
l Ioa 
SQ е л * e,2 Ü 
л 
1 in, ky ,7 €. 
M nlx? e, < 0, 
2л 
ф(х) 2 e?"?9,  xe(bp);!, i 
а, е p finite. 
а р 


Hence (bi); ! is the p-component (— 6 Adeles 
and Ideles B) of the ideal (bj) ^! (b is the *dif- 
ferent of К/О) and A(x) is an additive character 
of k, defined as follows. Q, is the *p-adic 

field, Z, is the ring of p-adic integers, A, is the 
mapping Q,5 Q,/Z, c Q/Z c R/Z, and ¿= 

Ag O Trio, By putting (х) = П, 7,(x,), r= 
(... X, ...), we have 


eS, у) =c[|Í | P(X) Zp(X) V(x) `d* x, 

> Jkp 
where p runs over all prime divisors of k, finite 
or infintte. Moreover, with a constant Cy, we 


have 


| Pp, OZ», (x) Vy (x) *d*x 
kp | 


PEN 


eC p Ey AED 
xF(s-A/ —1 A; +2)/2), k, =R, 
=G,, (2л) GG 1 At ер) 


xl G/—1 +1602), ky, =C, 


х 


| ф(х)д (х), (х) ?d*x 
k 


р 
1 
=C, Nb I (61), 
k Ж лж, 
=C, N (Itl) RU. PLE 


Here т, (х) is a constant called the local 
Gaussian sum, and (0; „) is the volume of 
{uek [us 1 (тод ў) ;. These integrals over k, 
are the ['-factors and Euler factors of š, (s, 7). 
according as p is infinite or finite. The func- 
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tional equation is obtained by applying the 
*Poisson summation formula for ф(х) and its 
*Fourier transform on the adele group A, (— 6. 
Adeles and Ideles). 

Let D, be the connected component of | in 
C,. If (D,)=1, the corresponding 7 is a char- 
acter of an ideal class group of k with a con- 
ductor f. Conversely, all such characters can 
be obtained in this manner. 

As stated in Section E, the Hecke L- 
functions with characters (of ideal class 
groups) can be used to describe the decom- 
position law of prime divisors in class field 
theory. However, for L-functions with Gros- 
sencharakter, such arithmetic implications 
have not been found yet, except that in the 
case of Gróssencharakters of A, type, Y. 
Taniyama discovered, following the suggestion 
of A. Weil, that the L-function has a deep 
connection with the arithmetic of a certain 
infinite Abelian extension of k (T2, W7]. In 
particular, when L(s, y) is a factor of the 
*Hasse ¢-function of an Abelian variety A with 
*complex multiplication, it describes the arith- 
metic of the field generated by the coordinates 
of the division points of A. 


G. Artin L-Functions 


Let K be a finite Galois extension of an alge- 
braic number field k (of degree п), G= G(K /k) 
be its Galois group, с A(c) be a matrix 
representation (characteristic 0) of G, and 7 
be its character. Let p be a prime ideal of k, 
and define L,(s, y) by 


= xq") 
юв ыз, D= У 2S F 


Res» 1, 


with z(p") = (1/e) т y(o" t), where T is the 
*inertia group of p, |Т | =e, and о is a *Frobe- 
nius automorphism of p. Then we have 


L,(s, ) = det(E— А," Мр) *) 1, 


l 
А„=-— У А(от). 

етет 
In particular, if Т= {1} (i.e, р is tunramified in 
К/К), then 


L,(s, х) = det(E — A(o): N(p) °) !. 

Now put 

L(s, у, K)- |[L,(s.y) Res» 1, 
p 


and call L(s, y, K/k) an Artin L-function [A2]. 
(1) The most important property of L(s, y, 

K/k) 1s that if K/k is an Abelian extension 

and y is a linear character, it follows from class 

field theory that y(p) is the character of the 

ideal class group of k (modulo the ‘conductor 

of K/k) and that the Artin L-function equals 
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a Hecke L-function. This equality is equivalent 
to Artin’s treciprocity law, and in fact Artin 
obtained his reciprocity law after he conjec- 
tured the equality. 

(2) If K' BK >k and K'/k is a Galois exten- 
sion, then L(s, y, К/К) = L(s, y, K'/k). 

(3) If K >Q>k and y ts a character of 
G(K/Q), then L(s, y, К/О) = L(s, Zy, К/К), where 
Zy is the character of G(K/k) *induced from y. 

(4) If y, = 1, then L(s, z,, К/К) = C,(s). 

(5) L(s, x1 + x К/К) LG, у, K/h): 

L(s, %2, К/Ю). 

Conversely, the Artin L-function L(s, у, К/К) 
is characterized by properties (1)—(5). 

(6) If vz ts the *regular representation of G. 
then L(s, xa, K/k)=€,(s); hence 
Cus) = G6) [T 4,» КЛИ, 

Аа! 
where у runs over all irreducible characters 
#1 of G. 

(7) Every character of a finite group G can 
be expressed as у= У m;7,,, (m;€ Z), where each 
Zy, is an "induced character from a certain 
linear character y; of an elementary subgroup 
of G (Brauer's theorem). (Here an elementary 
subgroup is a subgroup that is the direct 
product of a cyclic group and a p-group for 
some prime p.) Hence (3) and (5) tmply that an 
Artin L-function is the product of integral 
powers (positive or negative) of Hecke L- 
functions Lo (s, yi): 


145,7, К/К) = [ | Las, у)". 


Hence an Artin L-function is a univalent 
meromorphic function defined over the whole 
complex plane. Artin made the still open con- 
jecture that if y is irreducible and у z 1, then 
L(s, z, K/k) is an entire function (Artin's 
conjecture). 

This conjecture holds obviously if all m; are 
nonnegative. Except for such a case, Artin's 
conjecture had no affirmative examples until 
1974, when Deligne and Serre [D9] proved 
that each "new cusp form" of weight 1 gives 
rise to an entire Artin L-function L(s, 7, К/К) 
with 7(1)- 2 and y(p)=0 (p is the complex 
conjugation); by this method, some nontrivial 
examples were computed by J. Tate and J. 
Buhler (Lecture notes in math. 654 (1978)). 
Then R. P. Langlands [L5] constructed non- 
trivial examples of Artin's conjecture for cer- 
tain 2-dimensional representations 


Gal(K/k)3o A(a)eGL(2, C) 


by using ideas of H. Saito and T. Shintani 
[51,520]. This method works for all represen- 
tations for which the image of the A(o) in 
PGL(2, C) is the *tetrahedral group. It also 
works for some *octahedral cases, but a new 
idea is needed in the *icosahedral case. 
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(8) Let p, (i= 1, ..., rj +r.) be the infinite 
primes of k. Put 


7(5, Z; р... К/К) 

=(Г(5/2)Г((5 + 1/2)? 
for complex р, ;, 

= D (5/2) + 32 P(g + 1)/2) 7x2 
for real p. ;, 


where тє G is the complex conjugation deter- 
mined by a prime factor of p,, ; in K. Next we 
introduce the notion of the conductor f, with 
the group character y defined by Artin (J. 
Reine Angew. Math., 164 (1931)). First, for any 
subset ni c G, we put y(nt) = Enem XON); then 
f, is given by 


= 0, K/k)= | p, 
p 


where 


T" 
fp) = ех) 21) + (ре) (И) 


*ip"x(0—-x(027 +...], 


and where V,, V,,..., are the higher tramifi- 
cation groups of prime factors of p in K (in 
lower numbering) and р“ = | И (- 14 Alge- 
braic Number Fields I). 

Now put 


d 


go 


ols, y, K/k)= ( 
x JI ys, Ж» Ps. K/k) I L (s, х. К/К). 
Pa 


Then the functional equation is written 


201—8, x, К/К) = И (х) (8, х, K/k), |WG)| e 1. 


The known proof of this functional equation 
depends on (7) and the functional equations of 
Hecke L-functions discussed in Section E. As 
for the constants W(y), there are significant 
results by B. Dwork, Langlands, and Deligne 
[D6]. 

(9) There are some applications to the 
theory of the distribution of prime ideals. 


H. Weil L-Functions 


Weil defined a new L-function that is a gen- 
eralization of both Artin L-functions and 
Hecke L-functions with Gróssencharakter 
[W5]. Let K be a finite Galois extension of an 
algebraic number field k, let C, be the idele 
class group K4/K* of K, and let xk, € 
H?(Gal(K/k), Ск) be the ‘canonical coho- 
mology class of *class field theory. Then this 
хк determines an extension И; of Gal(K/k) 
by Cg: 13 C We, Gal(K/k)1 (exact), and 
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the transfer induces an isomorphism Wi, 

5 C,, where ab denotes the topological com- 
mutator quotient. If L is a Galois extension 
of k containing K, then there is a canonical 
homomorphism W; > Ик. Hence we define 
the Weil group W, for К/К as the *projective 
limit group proj, lim Wy, of the Wy. It is 
obvious that we have a surjective homomor- 
phism o: И, э Gal(k/k) and an isomorphism 
r: C, э Иа, where Иа? is the maximal Abelian 
Hausdorff quotient of W,. For we W,, let ||w || 
be the adelic norm of r; ! (w). 

If k. is a tlocal field, then we define the Weil 
group W, for k,/k, by replacing the idele class 
group C, with the multiplicative group K 
in the above definition, where K,, denotes a 
Galois extension of k,. If k, is the completion 
of a finite algebraic number field k at a place v, 
then we have natural homomorphisms Ке >C, 
and Gal(k,/k,) э Gal(k/k). Accordingly, we 
have a homomorphism W, — W, that com- 
mutes with these homomorphisms. 

Let W, be the Weil group of an algebraic 
number field k, and let p: W, 2 GL(V) bea 
continuous representation of W, on a complex 
vector space V. Let p= p be a finite prime of k, 
and let p, be the representation of W, induced 
from p. Let Ф be an element of W, such that 
ф(Ф) is the inverse Frobenius element of p in 
Gal(k,/k,), and let J be the subgroup of И, 
consisting of elements w such that (и) be- 
longs to the tinertia group of p in Gal(k,/k,). 
Let V' be the subspace of elements in V fixed 
by p,(1), let Np be the norm of p, and let 


L,(V.s) = det(1 —(Np) *o,(5) V). 


We can define L,(V, s) for each Archimedean 
prime v also, and let 


L(V,s)- ] LV. s). 


Then this product converges for s in some 
right half-plane and defines a function L(V, s). 
We call L(V,s) the Weil L-function for the 
representation p: W,  GL(V). This function 
L(V,s) can be extended to a meromorphic 
function on the complex plane and satisfies the 
functional equation 


L(V, s) = £(V, S) L(V*, 1 — s) 


(T. Tamagawa), where V* is the dual of V, and 
£(V, s) is an exponential function of s of the 
form ab? [ T6]. 

P. Deligne generalized these results in thc 
following manner: Let И; be a tgroup scheme 
over Q which is the *semidirect product of W, 
by the additive group G,, on which W, acts by 
the rule wxw ! = ||w|| x. We can define the 
notion of representations of W and the L- 
functions of them in the natural manner [T6]. 
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I. The Riemann Hypothesis 


As mentioned in Section B, the Riemann 
hypothesis asserts that all zeros of the Rie- 
mann ¢-function in 0 < Res < 1 lie on the line 
Res- 1/2. In his celebrated paper [R1], Rie- 
mann gave six conjectures (including this), 
and assuming these conjectures, proved the 
*prime number theorem: 


n(x)~——~ Li(x)- ——, x00 

logx 2 logx 
Here л(х) denotes the number of prime num- 
bers smaller than x. Among his six conjectures, 
all except the Riemann hypothesis have been 
proved (a detailed discussion is given in [L1 ]). 
The prime number theorem was proved inde- 
pendently by Hadamard and de La Vallée- 
Poussin without using the Riemann hypothesis 
(— Section B; 123 Distribution of Prime Num- 
bers B). 

R. S. Lehman showed that there are exactly 
2,500,000 zeros of ¿(c + it) for which 0 <t < 
170,571.35, all of which lie on the critical : 
line с = 1/2 and are simple (Math. Comp., 20 
(1966)). Later R. P. Brent extended this com- 
putation up to 75,000,000 first zeros (1979). 

Hardy proved that there are infinitely many 
zeros of C(s) on the line Res= 1/2 (1914). Fur- 
thermore, A. Selberg [S6] proved that if N, (T) 
is the number of zeros of £(s) on the line with 0 
«Ims « T, then No(T)> AT log T (A is a posi- 
tive constant) (1942). Thus if N(T) is the num- 
ber of zeros of ¢(s) in the rectangle 0 < Res < 1, 
O«Ims« Т, then liminf;_,, N (T)/N(T)> 0. 

N. Levinson proved lim inf, ,, No(T)/N(T) 

> 1/3 (Advances in Math., 13 (1974)). If N.(T) 
is the number of zeros of ¢(s) in 1/2—e < Res 
«1/2 e, 0«Ims« T, then тїт o N(T)/N(T) 
=1 for any positive number ғ (H. Bohr and E. 
Landau, 1914). Bohr studied the distribution 
of the values of £(s) in detail and initiated the 
theory of talmost periodic functions (1925). 

D. Hilbert remarked in his lecture at the 
Paris Congress that the Riemann hypothesis 
is equivalent to 


n(x) =Li(x) + O(./x logx), x=% 


(H. von Koch, 1901). It is also equivalent to 
N 
У щт) - O(N'?**, Мо, 


for any €» 0, where p(n) is the Möbius func- 
tion. Assuming the Riemann hypothesis, we 
get 


1+log2x 


1 
NOT) 7 log t= T+o(log T) 


(Littlewood, 1924). 
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The computation of the zeros of the ¢- 
functions and the L-functions of general alge- 
braic number fields is more difficult, but con- 
jectures similar to the Riemann hypothesis 
have been proposed. 

Weil showed that a necessary and sufficient 
condition for the validity of the Riemann hypo- 
thesis for all Hecke L-functions L(s, y) is that 
a certain ‘distribution on the idele group J, be 
positive definite [W1 (1952b)]. 

It is not known whether the general C- and 
L-functions of algebraic number fields have 
any zeros in the interval (0, 1) on the real axis 
(see the works of A. Selberg and S. Chowla). 
Similar problems are considered for the vari- 
ous ¢-functions given in Sections P, Q, and T. 


J. p-Adic L-Functions 


Let y be a primitive Dirichlet character with 
conductor f, and let L(s, y) be the *Dirichlet L- 
function for y. Then the values L(1— n, y) of 
L(s, х) at nonpositive integers 1 —n (n— 1,2, ...) 
are algebraic numbers (— Section E). Let p 

be a prime number, let Q, be the *p-adic num- 
ber field, and let C, be the completion of the 
algebraic closure Q, of Q,. It is known that 
C, is also algebraically closed. Since Q < Q,, 
we fix an embedding Q c Q, and consider 
(L(1 —n, 1) 5, as a sequence in C,. 

Let | |, be the extension to C, of the stan- 
dard p-adic valuation of Q,. Let q be p or 4 
according as p Z2 or p —2, and let w be the 
primitive Dirichlet character with conductor q 
satisfying c(n) 2 n (mod q) for any integer n 
prime to p. Then T. Kubota and H. W. Leo- 
poldt proved that there exists a unique func- 
tion L,(s, y) satisfying the conditions [K5]: 


(1) LoS Y as- (eC). 
m n=0 


(2) a_,=Oif zx 1 and the series 25:9 a,(s 

— 1)" converges for |5— 1], « |q ! p^? ; 

G) L,(1—n, y)-(1 — xo "p! ")L(1 —n, xo") 
holds for n21,2,3, .... 

The function L (s, y) satisfying these three 
conditions is called the p-adic L-function for 
the character y. It is easy to see that L,(s, y) is 
identically zero if y(—1)— —1, but L,(s, y) is 
nontrivial if y( —1)— 1. 

Let B, be the Bernoulli number. Then B, 
satisfies the conditions: (1) B,/n is p-integral if 
(p —1)fn (von Staudt) and (2) (1/n) B, « (1/(n - p 
—1))В„+,- (mod p) holds in this case (Kum- 
mer). The generalization of these results for 
the generalized Bermoulli number B, , was 
obtained by Leopoldt. Since L(1 — и, y) = 
—(1/n)B, n such p-integrabilities and con- 
gruences can be naturally interpreted and 
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generalized in terms of the p-adic L-functions 
L(s, y). 

We assume y(—1)—1. Then L,(0, y) - (1— 
yo (p)L(, yo!) and zo (—1)— —1. 
Hence we can express the first factor hç 
of the class number of a cyclotomic field 
Qlexp(2zi/N)) as a product of some L (0, y)'s. 
By using this fact, K. Iwasawa proved [17] 
that the p-part р“ of the ffirst factor hy,» 

(N e М) satisfies 


e, =Antup"t+v  (AunveZiAnuzO) 


for any sufficiently large n. Here Iwasawa 
conjectured = 0, which was proved by B. 
Ferrero and L. Washington [F1]. Also, we can 
obtain some congruences involving the first 
factor hy of Q(exp(2zi/N)) from this formula. 

Let y be a nontrivial primitive Dirichlet 
character with conductor f, let 


f | 
(х) = »» х(а)е2"!7 


be the *Gaussian sum for y, and let log, be the 
p-adic logarithmic function. Then Leopoldt 
[L6] calculated the value L(1, y) and obtained 


L (1. x) 


=— ( -zma ў х(а)1ов,(1—е72"4/7). 
р Jf = 

As an application of this formula, Leopoldt 
obtained a p-adic tclass number formula for 
the maximal real subfield F = Q(cos(2z/N)) of 
Q(exp(2zi/N)): Let C, (s, F) be the product of 
the L (s, х) for all primitive Dirichlet characters 
y such that (1) x( —1)— 1 and (2) the conductor 
of y is a divisor of N. We define the p-adic 
regulator R, by replacing the usual log by the 
p-adic logarithmic function log,. Let be the 
class number of F, m=[F:Q], and let d be the 
discriminant of F. Then the residue of C,(s, F) 
ats=1 is 


gh: а), 
х р Ja 

Hence £,(s, F) has a simple pole at s= 1 if and 
only if R, #0. In general, for any totally real 
finite algebraic number field F, Leopoldt con- 
jectured that the p-adic regulator R, of F is 
not zero (Leopoldt’s conjecture). This conjec- 
ture was proved by J. Ax and A. Brumer for 
the case when F is an Abelian extension of Q 
[A4, B7]. 

By making use of the Stickelberger element, 
Iwasawa gave another proof of the existence 
of the p-adic L-function [17]. In particular, he 
obtained the following result: Let y be a primi- 
tive Dirichlet character with conductor f. Then 
there exists a primitive Dirichlet character 0 
such that the p-part of the conductor of 0 is 
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either 1 or q and such that the conductor and 
the order of у0 `! are both powers of p. Let o, 
be the ring generated over the ring Z, of p- 
adic integers by the values of 0. Then there 
exists a unique element f(x, 0) of the quotient 
field of o,[[x] | depending only on 0 and 
satisfying 


Lys, 4) = 2f t 


where qo is the least common multiple of q and 
the conductor of 0, and ¿ — z(1-- qo) !. Fur- 
thermore, Iwasawa proved that f(x, 0) belongs 
to os[[x] ] if 0 is not trivial. 

Let P= Q(exp(2zi/q)) and, for any nz 1, let 
P,— Q(expOni/qp")). Let Р, = ( ),> P,. Then 
P, is а Galois extension of Q satisfying 
Gal( (P,/Q) z Zš (the multiplicative group of p- 
adic units), and P is the subfield of P, /Q cor- 
responding to the subgroup | +qZ, of Z7. 

Let y be a C,-valued primitive Dirichlet 
character such that (1) y( —1)—2 —1 and (2) the 
p-part of the conductor f, of y is either 1 or 
q. Let K, be the cyclic extension of Q corre- 
sponding to w by class field theory. Let K = 
К,Р, K,=K:P,and K, — K- P,. Let A, 
be the p-primary part of the ideal class group 
of K,, let A, A,, (n >т) be the mapping in- 
duced by the ‘relative norm №, к, and let X, 
=lim A,. Since each A, is a finite p-group, X, 
isa Z , module. Let V; — X, ®z, C,. and let 


—W(à)v for all ĝe Gal(K/Q)}. 


I +4) = 1, 0), 


V, = (ve Vk |ó(v) 


Let qo be the least common multiple of f, and 
q, and let yo be the element of Gal(K ,/K) 
that corresponds to 


1 qo96l  qZ, — Gal(P, /P) 


by the restriction mapping Gal(K ,,/K) 

S Gal(P,, /P). Let f, (x) be the characteristic 
polynomial of yo — 1 acting on V... Hence f,(x) 
is an element of o, [х]. 

We assume that o ^! is not trivial. Let 
f(x, ор 1) be as before. Then f(x, ex!) is an 
element of o, [ [x]]. Iwasawa conjectured that 
f, (x) and f(x, cJ!) coincide up to a unit of 
o, [[x]] (Iwasawa's main conjecture). This con- 
jecture was proved recently by B. Mazur and 
A. Wiles in the case where y is a power of о. 

Let F be a totally real finite algebraic num- 
ber field, let K be a totally real Abelian exten- 
sion of F, and let y be a character of Gal(K/F). 
Let L(s, y) be the *Artin L-function for y. Then 
we can construct the p-adic analog L,(s, х) of 
L(s, y) (J.-P. Serre, J. Coates, W. Sinnott, P. 
Deligne, K. Ribet, P. Cassou-Nogués). But, 
at present, we have no formula for L,(1, 7). 
Coates generalized Iwasawa's main conjecture 
to this case, but it has not yet been proven. 

P-adic L-functions have been defined in 
some other cases (e.g. ^ [K3, M1, M3]). 
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K. ¢-Functions of Quadratic Forms 


Dirichlet defined a Dirichlet series associated 
with a binary quadratic form and also consid- 
ered a sum of such Dirichlet series extended 
over all classes of binary quadratic forms with 
a given discriminant D, which is actually 
equivalent to the Dedekind ¢-function of a 
quadratic field. Dirichlet obtained a formula 
for the class numbers of binary quadratic 
forms. The formula is interpreted nowadays as 
a formula for the class numbers of quadratic 
fields in the narrow sense. 

According as the binary quadratic form 
is definite or indefinite, we apply different 
methods to obtain its class number. 

Epstein (-functions: P. Epstein generalized 
the definition of the C-function of a positive 
definite binary quadratic form to the case of n 
variables (Math. Ann., 56 (1903), 63 (1907)). Let 
V be a real vector space of dimension m with a 
positive definite quadratic form Q. Let M bea 
"lattice in V, and put 


This series is absolutely convergent in Res 
m/2, and 


-1 
lim (2-3) ав My- pity ea mar [2 ) , 
sm/2 2 2 


D(M) = det|Q(x, х), 


where x,, ..., Xm is a basis of M and Q(x, y) 
=(Q(x+ y) - Q(x) - Q(y))/2. If the Q(x) 

(xe M, x Z0) are all positive integers, we can 
write 


x 


where a(n) is the number of distinct xe M with 
О(х)= n. In general, let x,, ..., x,, be a basis of 
the lattice M and xT, ..., x? be its dual basis 
(Q(x; x) = à). Call M* = X;x?Z the dual 
lattice of M. If we consider the 9-ѕегіеѕ (*theta 
series) 


Ilu, M)= У exp(—nuQ(x)) (Кеи> 0), 
хем 


then 
Jolu, M) = (и "? D(M) 12)9, (u, M*). 


With ¿o(s, M)= x "F(s)o(s, M), the displayed 
equality leads to the functional equation 


\ 
2005, M)=D(M) 12. ass . 
2 / 
In general, ¿o(s, M) has no Euler product 
expansion. 
Consider the case where M = У Zx, (x, = 
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(0,...,0,1,0,...,0)), QG) 2 У", u?, for x= 
(Uy, .... Um). If we put (5) 2 Co(s, М), L(s) = 
п=1(—4/п)п 5, then we have 
6105) = 2¢(2s), 
02658) 2 4C(5): L(s)=4 
х (the Dedekind ¢-function of Q(. / —1)), 
Cas) = 801—227 28) (з) (5 — 1), 
C (s)= —AGC (S) (s — 2) — AC(s — 2)L (8). 
©в(5)= 16(1—2! +24 2%) (5) (5—3), 
Got) = (4/5) (C(s) L(s — 4) + 4^ C(s — 4) L(s)) 


4 


H 


peZL/ -1 ү) і 
nev 
Cals) =e, 2 *C(s)E(s — 5)(2°—2° 4) 


teet /At)), 


where фі, / А(т) } is the Dirichlet series corre- 
sponding to ./ A(t) by the *Mellin transform 
and A(z) 2 zíIL 2, (1 —2z") ?* with z= е2", 
mls) has zeros on the line Res =ø = т/4, given 
explicitly for m —4, 8 as follows: 


[= 1,2 


m=4: = 1 +1ліЛор 2, 22. urs 


m=8: s-2-(/log2)Qln x arctan ү /15), 
1=0, +1,.... 


Regarding the Epstein ¢-function of binary 
quadratic forms 


gol) - 7 Q(m, n) ^, 
with 
Q(x, y) - ax? + bxy - cy?, 
a,b,ceR,a>0,c>0, A=4ac—b? > 0, 
we have the Chowla-Selberg formula (1949): 


25a! fn 
¿o (s)= | 20(25)а *+-- DONE 
Cols) (21 a. 


х ¿(2s— ur(s-5)) 


RM amb 
x Y n° атон") 
=1 


п 


й 5— 3/2 лпА!? -1 
x | o''"exp — (+o ) do, 
0 a 


where o,(n) = У. and C(s) is the Riemann C- 
function. By using this formula, we can give 
another proof of the following result of H. 
Heilbronn: Let h(— A) be the class number of 
the imaginary quadratic field with discrimi- 
nant — A. Then h( — А) > (A >). 


^ л°25 3/2 
+ (рди 
US D(s)A3? 14 
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The following generalization of thts result 
was obtained by C. L. Siegel [S22]: Let k bea 
fixed finite algebraic number field. Let K be a 
finite Galois extension of k, and let d 2 d(K), 
h=h(K), and R = R(K) be the discriminant of 
K, the class number of K, and the regulator of 
K, respectively. We assume that K runs over 
extensions of k such that [K :k]/logd— 0; then 
we have 


log(hR) ~ log Adl. 


Siegel ¢-functions of indefinite quadratic 
forms: Siegel defined and investigated some ¢- 
functions attached to nondegenerate indefinite 
quadratic forms, which are also meromorphic 
on the whole complex plane and satisfy certain 
functional equations [524]. 

The case of quadratic forms with irrational 
algebraic coefficients was treated by Tama- 
gawa and K. G. Ramanathan. 


L. ¢-Functions of Algebras 


K. Hey defined the ¢-function of a tsimple 
algebra A over the rational number field Q 
(M. Deuring [D10]) (— 27 Arithmetic of As- 
sociative Algebras). Consider an arbitrary 
*maximal order o of A, and let 


Бут Res 1, 

with the summation taken over all left integral 
ideals а of o. Then $, is independent of the 
choice of a maximal order o. Let k be the 
*center of A, and put [A: k] = n?. First, C, is 
decomposed into Euler's infinite product 
expansion ¿,(s)= IT, Z, (s) (p runs over the 
prime ideals of k). For p not dividing the dis- 
criminant D of A, Z, (s) coincides with the p- 
component of [T7-5 C, (ns — j). Hence ¢,(s) 
coincides with П 05, (ns —j) up to a product 
of p-factors for p|b which are explicit rational 
functions of N(p) ™. 

Moreover, if A is the total matrix algebra of 
degree r over the division algebra D, then we 
have C4(s) = IT; Ce(rs —j), and (p(s) satisfies a 
functional equation similar to that of C,(s) 
(Hey). Also, €4(s) is meromorphic over the 
whole complex plane, and at s— 1, (n— 1)/ 
n,...,1/n, it has poles of order 1. Using analy- 
tic methods, M. Zorn (1931) showed that the 
simple algebra A with center k such that A, is 
a matrix algebra over k, for every finite or in- 
finite prime divisor p of k is itself a matrix 
algebra over k (— 27 Arithmetic of Associative 
Algebras D). A purely algebraic proof of this 
was given by Brauer, H. Hasse, and E. 
Noether. G. Fujisaki (1958) gave another proof 
using the Iwasawa-Tate method. As a direct 
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application of the ¢-function, the computation 
of the residue at s= of с, leads to the formula 
containing the class number of maximal order 
D. 

Godement defined the ¢-function of fairly 
general algebras [G1], and Tamagawa inves- 
tigated in detail the explicit ¢-functions of 
division algebras, deriving their functional 
equations [T1]. 

Let А= П, A, be the adele ring of А, апа let 
G — [T, G, be the idele group (of A). We take а 
maximal order D, of A, and a maximal com- 
pact subgroup U, of G,. Let w, be a tzonal 
spherical function of G, with respect to U,; 
that is, œ, is a function in G, and satisfies 


w,(ugv)=,(g) (wu veU,), 


| W,(guh)du=w,(g)@,(A). 
Up 


In addition, we define the weight function p, 
on A, by 


the characteristic function of D, 
when p is finite, 
P(x) = 
exp(—1T,(xx*)) 
when p is infinite, 


where T, is the *reduced trace of A,/R and * is 
a positive tinvolution. Tamagawa gave an 
explicit form of the local ¢-function with the 
character c, defined by 


6, ©) = | @,(g)o,(g 1)1%,09)549, 
Gp 


where N, is the treduced norm of A,/k,, and 
| |, is the valuation of k,. Then œ= П, c, is 
the zonal spherical function of G with respect 
to [[ U,=U. In particular, if о is a positive 
definite zonal spherical function belonging to 
the spectrum of the discrete subgroup Г = A* 
= {all the invertible elements of A} of G, then 
the Tamagawa ¢-function with character c is 
given by 


tsogo | Ф(д)®(# ~) lgl? dg, 


where ф(д)= П Ф„(д„) and || || is the volume 
of the element g of G. When А is a division 
algebra, €(s, œ) is analytically continued to а 
meromorphic function over the whole complex 
plane and satisfies the functional equation. 
The Tamagawa C-function may also be consid- 
ered as one type of C-function of the Hecke 
operator. When A is an indefinite quaternion 
algebra over a totally real algebraic number 
field Ф, the groups of units of various orders of 
A operate discontinuously on the product of 
complex upper half-planes. Thus the spaces of 
holomorphic forms are naturally associated 
with A. The investigation of C-functions asso- 
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ciated with these holomorphic automorphic 
forms was initiated by M. Eichler and ex- 
tended by G. Shimura, H. Shimizu, and others. 
Eichler investigated the case Ф = Q, and 
Shimura and Shimizu investigated the case for 
an arbitrary totally real field b by defining 
general holomorphic automorphic forms, 
Hecke operators, and corresponding ¢- 
functions. The functional equations of these ¢- 
functions were proved by Shimizu. Shimizu 
generalized Eichler's work and found relations 
among ¢-functions of orders of various quater- 
nion algebras belonging to different discrimi- 
nants and levels [S10]. For the related results, 
see, e.g., the work of K. Doi and H. Naganuma 
[D12]. 


M. C-Functions Defined by Hecke Operators 


The Z-functions of algebraic number fields, 
algebras, or quadratic forms, and the L- 
functions are all defined by Dirichlet series, are 
analytically continued to univalent functions 
on the complex plane, and satisfy functional 
equations. One problem is to characterize the 
functions having such properties. 

(1) H. Hamburger (1921—1922) characterized 
the Riemann ¢-function (up to constant multi- 
ples) by the following three properties: (1) It 
can be expanded as £(s) = EZ a„/n° (Кез 0); 
(ii) it is holomorphic on the complex plane 
except as s= 1, and (s— 1)€(s) is an entire func- 
tion of finite Tgenus; (iii) G(s) 2 G(1 — s), where 
G(s)2 n ^? T (s/2)c(s). 

(2) E. Hecke's theory [H4]: Fixing 4-0, k> 
0, y= +1, and putting 


R(s) = (27/4) *T(s)o(s) 


for an analytic function @(s), we make the 
following three assumptions: (i) (s — К) ф(5) is 
an entire function of finite genus; (ii) R(s) = 
y R(k — s); (iii) p(s) can be expanded as o (s) = 
Ух a,/n° (Res oo). Then we call (s) a 
function belonging to the sign (4, К, y). 

The functions £(2s), L(2s), and L(2s — 1) 
satisfy assumptions (1)- (iii), where L may be 
either a Dirichlet L-function, an L-function 
with Gróssencharakter of an imaginary qua- 
dratic field, or an L-function with class charac- 
ter of a real quadratic form whose I -factors 
are of the form I'(s/2)T ((s + 1)/2) ^T (s). If o(s) 
belongs to the sign (A, К, y), then n ° o(s) be- 
longs to the sign (nA, К, y). To each Dirichlet 
series ф(5) = 25, a,/n* with the sign (4, k, y), 
we attach the series /(т)= ag + E£] a,e?7i"^. 
where 


Ag = yQn/A) * V(k)Res,-.(o(s)) 
= Res,-,(R(s)). 


This correspondence ф(5) > f(t) may also be 
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realized by the *Mellin transform 


кө= | (Ў a trm y dy 
0 n=1 


-| (fiy) —ag)y* ! dy, 
о 


1 
Гу) а - — 


2ni Res=oo 


R(s)y "ds. 


In this case, (i) f(t) is holomorphic in the 
upper half-plane and f(t + 4) = f(z), (ii) 
FLAK- i = yf), and (iii) f(x + iy) = 
O(y°°nst) (y— +0) uniformly for all x. 

Conversely, the Dirichlet series (5) = 
È a,n ° formed by the transformation in 
the previous paragraph from f(t) satisfying (i)— 
(iii) belongs to the sign (A, К, у). We also say 
that the function f(t) belongs to the sign 
(A, К, у). 

If k is an even integer, then the functions f(t) 
belonging to (1, k, ( —1)#2) are the tmodular 
forms of level 1 and weight k. A necessary and 
sufficient condition for a function (s) belong- 
ing to (1, k,(—1)*”) to have an Euler product is 
that the corresponding modular form f(t) be a 
simultaneous eigenfunction of the ring formed 
by the tHecke operators T, (n — 1, 2,...). In this 
case, the coefficient a, of ф(5) = XS a,n ? coin- 
cides with the eigenvalue of T,. Namely, if f | T, 
= t,f, we have q(s) 2 a, (255, tan °), and this 
is decomposed into the Euler product ф(5) = 
a IL, —t,p +p’). We call ф(5)/а, a 
{-function defined by Hecke operators (Hecke 
[H5]). For example, (5): ¿(s—k+ 1) and the 
Ramanujan function 


oo 
à т(и)п ®=]](1—т(р)р Hp 
n= p 

are ¢-functions defined by Hecke operators. 
Hecke applied the theory of Hecke operators 
to study the group I (N) [HS]; the situation 
is more complicated than the case of T (1) = 
SL(2, Z). The space of automorphic forms of 
weight k belonging to the tcongruence 
subgroup 


Ty(N) = (C {ESL 7) 


is denoted by Mi, (Lo(N)). The essential part of 
9t, (T5(N)) is spanned by the functions f(z) = 
У а„е2""“ satisfying the conditions: (1) ф(5) = 
Уап has the Euler product expansion 


e(s)- [[ü—-a,p ә)" 
PIN 


c=0 ойлу} 


x I] (1 —ayp 5« p* 172571, 
ptN 


(2) The functional equation R(s) z ? R(k — s) 
holds, where R(s)=(2x/./N) T (s)o(s). (3) 
When y is an arbitrary primitive character of 
Z such that the conductor f is coprime to N, 
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then 


R(s y) - Qu/A/ N f) ?V(s) ya x(n^ 


extends to an entire function satisfying the 
functional equation R(s, y) == oR(k— s, x) ({a|= 
1) (Shimura). Conversely, (2) and (3) charac- 
terize the Dirichlet series o (s) corresponding to 
f(x) e3R,(',(N)) (Weil [W1 (1967а)}). 
Considering the correspondence /(т) = 
У а,4"-Ф(5) = Xa,n ° not as a Mellin trans- 
formation but rather as a correspondence 
effected through Hecke operators, we can 
derive the ¢-function defined by Hecke op- 
erators. When the Hecke operator T, is de- 
fined with respect to a discontinuous group 
Г and we have a representation space W of the 
Hecke operator ring X, we denote the matrix 
of the operation of LEX on M by (T) = 
(Т) and call the matrix-valued function 
Y (T)gn ° the C-function defined by Hecke 
operators. The equation ф(5) = Ў а,п ° isa 
specific instance of the correspondence in the 
first sentence, where Г = '(N), 9t c MY, (Lo (N)), 
dim 97 = 1. One advantage of this definition is 
that it may be applied whenever the concept of 
Hecke operators can be defined with respect to 
the group T (for instance, even for the Fuchs- 
ian group without а їсиѕр). Thus when Г is a 
Fuchsian group given by the unit group of a 
quaternion algebra @ over the rational num- 
ber field Q and M is the space of automor- 
phic forms with respect to Г, the ¢-function 
У(Т,)п is defined (Eichler). Moreover, by 
using its integral expression over the idele 
group J4 of ®, we can obtain its functional 
equation following the Iwasawa-Tate method 
(Shimura). Furthermore, by algebrogeometric 
consideration of Т,, it can be shown that 


t5) — DdetO (Т,)ә,п 9) 
= 4(5)6(5— пае (Па —(73)ә,р ` 
р 


E) 


coincides (up to a trivial factor) with the Hasse 
C-function of some model of the Riemann 
surface defined by Г when % is the space ©, 
of all tcusp forms of weight 2 (Eichler [E1], 
Shimura [S12]). 

The algebrogeometric meaning of 
det(X(T,)e, n °), when W is the space ©, of all 
cusp forms of weight k, has been made clear for 
the case where Г is obtained from Г,(№), F(N), 
and the quaternion algebra (M. Kuga, M. 
Sato, Shimura, Y. Ihara). From these facts, it 
becomes possible to express (T,)<., the decom- 
position of the prime number p in some type of 
Galois extension (Shimura [S14], Kuga), in 
terms of Hecke operators. These works gave 
the first examples of non-Abelian class field 
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theory. Note that this type of C-function may 
be regarded as the analog (or generalization) 
of L-functions of algebraic number fields, as 

can be seen from the comparison in Table 1. 


Table 1 
Algebraic Ideal 
number Character x Ex(n)n ^ 

: group 
field | | 1 
Algebraic Hecke Representation 

y =s 

group ring space It 2(T,)mn 


As for special values of ¢-functions defined 
by Hecke operators, the following fact is 
known: Let /(т)= È a„q”E M, (SL(2, Z)) bea 
common eigenfunction of the Hecke operators, 
and let ф(х) = У а,п ° be the corresponding 
Dirichlet series. Let K Бе the field generated 
over the rational number field Q by the coeffi- 
cients a, of f. Then, for any two integers m and 
m satisfying 0 <m, т <k and mz т (mod 2), 
the ratio (R(m): R(m')) of the special values of 


I (s) 


R(s)= (ny q(s)— |, (füy)—ao)y° 'dy 


at m and m belongs to the field K,. 

G. Shimura discovered this fact for Rama- 
nujan's function A(t) (J. Math. Soc. Japan, 11 
(1959)), and then Yu. I. Manin generalized it 
to the above case and, by constructing a p-adic 
analog of ф(ѕ) from it, pointed out the impor- 
tance of such results [M1]. R. M. Damerell 
also used such results to study special values 
of Hecke's L-function with Gróssencharakter 
of an imaginary quadratic field (Acta Arith., 
17 (1970), 19 (1971)). Furthermore, Shimura 
generalized these results to congruence sub- 
groups of SL(2, Z) (Comm. Pure Appl. Math., 
29 (1976)), and to Hilbert modular groups 
(Ann. Math., 102 (1975)). The connection 
between special values of C-functions and the 
periods of integrals has been studied further by 
Shimura, Deligne, and others. 

In addition, in connection with nonholo- 
morphic automorphic forms H. Maass consid- 
ered L-functions of real quadratic fields (with 
class characters) having Г(5/2)? or P((s + 1)/2)? 
as Г-Ѓасіогѕ. Furthermore, T. Kubota studied 
the relation of £-functions £,(s) of an arbitrary 
algebraic field k or ¢-functions of simple rings 
to (nonanalytic) automorphic forms of several 
variables and considered the reciprocity law 
for the Gaussian sum from a new viewpoint. 


N. L-Functions of Automorphic 
Representations (1) 


R. P. Langlands reconstructed the theory of 
*Hecke operators from the viewpoint of repre- 
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sentation theory.and defined very general L- 
functions. He proposed many conjectures 
about them in [L4], and he and H. Jacquet 
proved most of them in [71] for the case G 
—GL,. 

First Langlands defined the L-group ^G for 
any connected reductive algebraic group G 
defined over a field k in the following manner 
[B6]. 

There is a canonical bijection between iso- 
morphism classes of connected *reductive alge- 
braic groups defined over a fixed algebraically 
closed field k and isomorphism classes of troot 
systems. It is defined by associating to G the 
root data (С) = (ХТ), Ф, X,(T), ^), where 
T is a *maximal torus of G, X*(T) (X,(T)) the 
group of characters (*1-parameter subgroups) 
of T, Ф ($") the set of roots (coroots) of G with 
respect to T. 

Since the choice of a *Borel subgroup B of 
G containing T is equivalent to that of a basis 
A of ®, the aforementioned bijection yields 
one between isomorphism classes of triples 
(G, B, T) and isomorphism classes of based 
root data (С) — (X *(T), A, X,(T), A"). There 
is a split exact sequence 


I 2Int GG Aut Ge Aut W4(G)— 1. 


and this mapping induces a canonical bijection 
Aut VS(G) 3: Aut(G, B, Т, (x, V, a) if x,€ G, (xe A) 
are fixed. 

Let G be a connected reductive algebraic 
group defined over k. Let T be a maximal 
torus of G, and let B be a Borel subgroup of G 
containing T. Let ¥o(G)=(X*(T), A, X. (T), A") 
be as before. Then there is a connected reduc- 
tive algebraic group “С° over C such that 
Vo(G)" =(X,(T), A", X*(T), A) corresponds to 
the triple (G9, B9, ТО), where “В and * T? 
are a Borel subgroup of G° and the maxi- 
mal torus of “B°. For example, (1) if G=GL,, 
then “G°=GL,(C); (2) if G = Sp,,, then “С° = 
C e ` 

We assume that k is the algebraic closure of 
k and G is defined over k. Then ye Gal(k/k) 
induces an automorphism of the k-group 
G x ,k. Hence y defines an element of 
Aut(£G°, -B9, T?) because it is a holomorphic 
image of Aut P, (G x ,k) 2 Aut V4(G x А)“. 
Hence we can define the *semidirect product 
LG — ^ G? xGal(k/k), and call it the L-group 
of G. 

Let k be a *local field, and let G be a connec- 
ted reductive algebraic group defined over k. 
We identify G with the group of its k-rational 
points. Let W; be the Weil-Deligne group of 
k (— Section Н), and let Ф(С) be the set of 
homomorphisms o: И; > "С over Gal(k/k). Let 
II(G) be the set of infinitesimal equivalence 
classes of irreducible admissible representations 
of G. If k is a non-Archimedean field, then 
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TI(G) is the set consisting of equivalence classes 
of irreducible representations п: С э Aut оп 
complex vector spaces V such that the space 
V* of vectors invariant by K is finite dimen- 
sional for every compact open subgroup K of 
G and such that V— U ҮК where K runs over 
the compact open subgroups of G. If k is an 
Archimedean field, then /7(G) is the set consist- 
ing of equivalence classes of representations z 
of the pair (a, K) of the Lie algebra ç of G and 
a maximal compact subgroup K satisfying 
similar conditions [B6]. Then Langlands 
conjectured that we can parametrize TI(G) 

by Ф(С) as /1(G)=|}, T(G). Let тє T(G), 

(o єФ(С)), and let r be a representation of “С. 
Then we can define the L-function L(s, л, r) and 
the c-factor 2(5, л, r) of n by 


L(sm,r)-L(sroq) &(5,л,г)= &(5,г О Q, W), 


where the right-hand sides are those of the 
Weil-Deligne group (— Section Н) and y isa 
nontrivial character of k. 

Let G be a connected reductive group over a 
global field k (i.e., an algebraic number field of 
finite degree or an algebraic function field of 
one variable over a finite field), let x be an 
irreducible admissible representation of G,, 
where G, is the group of rational points of G 
over the *adele ring k, of k, and let r bea 
finite-dimensional representation of ^G. Let ij 
be a nontrivial character of k, which is trivial 
on k. For any place v of k, let r, be the repre- 
sentation of the L-group of G, = G x рК, in- 
duced by ғ, and let y, be the additive character 
of К, associated with y. It is known that л is 
decomposed into the tensor product @ z, of 
7, € H(G(k,)) [B6]. Hence we put 


L(s, m, г) = [ [45 ter), 
els, m, г) =] | els, л, n). 


The local factor L(s, п,, r.) is in fact defined 
if p is Archimedean, or G is a *torus, or @ is 
unramified (1.e., С, is quasisplit and splits over 
an unramified extension of k,, and G(o,) is a 
special maximal compact subgroup of G(k,), 
and л, is of class one with respect to G(o,), 
where o, is the integer ring of k.). It follows 
that the right-hand side [I L(s, z,, г) is defined 
up to a finite number of non-Archimedean 
places v. Furthermore, Langlands proved that 
П 2(5,л,, г) is in fact a finite product, and the 
infinite product П L(s, x, r.) converges in some 
right half-plane if z is automorphic (t.e., if z is 
a subquotient of the right regular representa- 
tion of G, in G,NGA). It is conjectured that 
L(s, л, r) admits a meromorphic continuation 
to the whole complex plane and satisfies a 
functional equation 


L(s, 2, в) = c(s, m,r) (1 — s, 7, r) 
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if л is automorphic, where 7 is the tcontragre- 
dient representation of z. Furthermore, if G= 
GL,, and r is the standard representation of 
GL,, then we can construct L(s, z, r) and 

els, 1t, r) by generalizing the Iwasawa-Tate 
method. We can also show in this case that 
L(s, п, ғ) is entire if z is cuspidal. The conjec- 
tures are studied in some other cases [B6]. 


O. L-Functions of Automorphic 
Representations (11) 


A. Weil generalized the theory of *Hecke 
operators and the corresponding L-functions to 
the case of *automorphic forms (for holomor- 
phic and nonholomorphic cases together) of 
GL, over a global field [W9]. Then H. Jacquet 
and Langlands developed a theory from the 
viewpoint of *representation theory [J1, J2 ]. 
They attached L-functions not to automorphic 
forms but to ‘automorphic representations of 
GL.(k). 

Let k be a non-Archimedean local field, and 
let o, be the maximal order of k. Let 4, be 
the space of functions on G, = GL. (Kk) that are 
locally constant and compactly supported. 
Then .Z, becomes an algebra with the convol- 
ution product 


(Л «tne | Л, (4)/»(а Рад, 
Де 

where dg is the *Haar measure of G, that 
assigns | to the maximal compact subgroup 
K,— GL;(v,). Let л be a representation of J£, 
on a complex vector space V. Then we say that 
п 1s admissible if and only if z satisfies the 
following two conditions: (1) For every v in V, 
there is an f in %, so that z( f )u =v; (2) Let o; 
(i= 1, ..., r) be a family of inequivalent irreduc- 
ible finite-dimensional representations of K,, 
and let 


¿(g)= Y. dim)! trag 7. 
i-1 


Then é is an idempotent of .Z,. We call such a 
© an elementary idempotent of .Z,. Then for 
every elementary idempotent € of ,, the 
operator z(£) has a finite-dimensional range. If 
л is an admissible representation of GL,(k) (— 
Section N), then 


"= | f(a)n(g)dg (Јеж) 
Gk 


gives an admissible representation of %, in 
this sense. Furthermore, any admissible repre- 
sentation of .#, can be obtained from an ad- 
missible representation of GL,(k). 

Let k be the real number field. Let J£, be the 
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space of Infinitely differentiable compactly 
supported functions on G,(=GL,(k)) that are 
K,( — O(2,k)) finite on both sides, let , be the 
space of functions on K, that are finite sums 
of matrix elements of irreducible represen- 
tations of K,, and let ж, = 2€, Ф .#,. Then 
Hi Hy, and Z, become algebras with the 
convolution product. Let z be a representation 
of Z, on a complex vector space V. Then z is 
admissible if and only if the following three 
conditions are satisfied: (1) Every vector v in V 
is of the form v= У; (fj); with е. and 
v,€ V; (2) for every elementary idempotent 
¿(g)= Zi. dim(o;) ! tro,(g~'), where the o; 

are a family of inequivalent irreducible repre- 
sentations of K,, the range of 2(€) is finite- 
dimensional; (3) for every elementary idempo- 
tent č of #, and for every vector v in n(£)V, 
the mapping fio z(f)v of £3, Ë into the finite- 
dimensional space л(2) / is continuous. We 
can define the Hecke algebra J£, and the no- 
tion of admissible representations also in the 
case k — C. In these cases, an admissible repre- 
sentation of J£, comes from a representation 
of the *universal enveloping algebra of GL,(k) 
but may not come from a representation of 
GL,(k). It is known that for any local field k, 
the character of each irreducible representa- 
tion is a locally integrable function. 

Let k be a global field, G, = GL, (Kk), and let 
G4 — GL; (k4) be the group of rational points 
of G, over the adele ring k, of k. For any place 
v of k, let k, be the completion of k at v, let С, 
= GL. (k,), and let k, be the standard maximal 
compact subgroup of G,. Let J£, be the Hecke 
algebra J£, of G,, and let е, be the normalized 
Haar measure of K,. Then e, is an elementary 
idempotent of X. Let Z = Q, H, be the 
restricted tensor product of the local Hecke 
algebra X, with respect to the family {e,}. We 
call # the global Hecke algebra of G,. 

Let z be a representation of # on a com- 
plex vector space V. We define the notion of 
admissibility of z as before. Then we can show 
that, for any irreducible admissible represen- 
tation z of # and for any place v of k, there 
exists an irreducible admissible representation 
п, of #, on a complex vector space V, such 
that (1) for almost all v, dim ИК = 1 and (2) x is 
equivalent to the restricted tensor product 
б) п, of the z, with respect to a family of 
nonzero x,€ VF. Furthermore, the factors íz,] 
are unique up to equivalence. 

Let k be a local field, let y be a nontriv- 
ial character of k, and let J£, be the Hecke 
algebra of G, = GL,(k). Let л be an infinite- 
dimensional admissible irreducible represen- 
tation of #,. Then there is exactly one space 
W(x, Y) of continuous functions on G, with 
the following three properties: (1) If W is in 


1708 


W(x, w), then for all g in G, and for all x in k, 
1 x 
mfa jo =ф(х) #/(д); 


(2) W(x, V) is invariant under the right trans- 
lations of #,, and the representation on 
W(x, V) is equivalent to z; (3) if k is Archi- 
medean and if W is in W(n, у), then there is 
a positive number N such that 


0 
wf i )- oum 


as |t|— oo. We call W(z, y) the Whittaker 
model of z. The Whittaker model exists in the 
global case if and only if each factor л, of z = 
@ п, is infinite-dimensional. 

Let k be a local field, and let z be as before. 
Then the L-function L(s, л) and the e-factor 
els, t, V/) are defined in the following manner: 
Let с be the quasicharacter of k* (i.e., the 
continuous homomorphism k* — Сх) defined 
by 


n(o ЖО 


Then the tcontragredient representation z of z 
is equivalent to о! л. For any g in С, and 
W in W(z, y), let 


v.s = | "(o (ataqa 

кх 

ои | "(e polar во јача 
k* 


Then there is a real number s, such that these 
integrals converge for Ве(ѕ) > s; for any ge G, 
and We И(л, y). If k is a non-Archimedean 
local field with F, as its residue field, then 
there is a unique factor L(s, x) such that 
L(s,n) ! is a polynomial of q `° with constant 
term 1, 


P(g, s, W) = V (g, s, W)/L(s, n) 


is a holomorphic function of s for all g and W, 
and there is at least one W іп W(x, y) so that 
Ф(е, 5, И) = à? with a positive constant a. If k is 
an Archimedean local field, then we can define 
the gamma factor L(s, л) in the same manner. 
Furthermore, for any local field k, if 


ig, s, И) = V (g, s, W)/L(s, ñ), 


then there is a unique factor e(s, v, x) which, as 
a function of s, is an exponential such that 


_ [0 1 
af? 1 0) 1 —s, И) = &(s, n, у)Ф(0, s, W) 


for all ge G, and We W(x, y). 

Let z and z' be two infinite-dimensional 
irreducible admissible representations of G,. 
Then z and л are equivalent if and only if the 
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quasicharacters w and o are equal and 


L( -sx| Өл) (5, у Q n, y) 
L(s, y @ n) 


_ L(1 —s, yo! ® Tels, x & T, y) 


L(s, y @ т) 


holds for any quasicharacter y. In particular, 
the set ( L(s, y & z) and e(s, y G x, у) for all у} 
characterizes the representation . 

Let k be a global field, G, =GL,(k), Са = 
GL (k4), and let K, =I] K, be the standard 
maximal compact subgroup of С. Then the 
*global Hecke algebra # acts оп the space of 
continuous functions on G,XG, by the right 
translations. Let ф be a continuous function 
on G,\G,. Then ф is an automorphic form if 
and only if (1) @ is K,-finite on the right, (2) 
for every telementary idempotent č in ., the 
space (4.4) o is finite-dimensional, and (3) o is 
slowly increasing if k is an algebraic number 
field. An automorphic form ф is a cusp form if 
and only if 


| x )4х=0 
б NO 1 J) dx = 


for all g in Сд. Let .»/ be the space of automor- 
phic forms оп G,AG,, and let .Z, be the space 
of cusp forms on G, G4. They are #-modules. 
Let y — П у, be a nontrivial character of k\k,, 
and let z be an irreducible admissible repre- 
sentation z= (9, 7, of the global Hecke al- 
gebra J£ = Q., W, If x is a tconstituent of the 
Jf -module „7, then we can define the local 
factors L(s, z,) and e(s, л,, Y) for all v, al- 
though z, may not be infinite-dimensional. 
Further, the infinite products 


L(s, п)= П L(s, x,) and L(s, £) = П L(s, #,) 


converge absolutely in a right half-plane, and 
the functions L(s, л) апа L(s, 7) can be analyti- 
cally continued to the whole complex plane as 
meromorphic functions of s. If л is a constitu- 
ent of .%, then all л, are infinite-dimensional, 
L(s, л) and L(s, sti) are entire functions, and л is 
contained in .%, with multiplicity one. If k is 
an algebraic number field, then they have only 
a finite number of poles and are bounded at 
infinity in any vertical strip of finite width. If k 
is an algebraic function field of one variable 
with field of constant F,, then they are rational 
functions of q `°. In either case, £(s, z,, у) = 1 
for almost all v, and hence 


£(s, п) = II £(s, Ny, V.) 


is well defined. Furthermore, the functional 
equation 


L(s, n) - £(s, п) L(1— s, ï) ` 


Is satisfied. 
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As for the condition for z being a constitu- 
ent of .%), we have the following: Let x= @ л, 
be an irreducible admissible representation of 
Ж. Then z is a constituent of ./ if and only if 
(1) for every v, л, is infinite-dimensional; (2) the 
quasicharacter у defined by 


a 0 ú id 
n( O a )=n(a)id. 


is trivial оп кх; (3) z satisfies a certain con- 
dition so that, for any quasicharacter w of 

k* ks, L(s,o & п)= П L(s, o, @ x,) and 

L(s,o ! & £,) = П L(s, 07! & #,) converge on a 
right half-plane; and (4) for any quasicharacter 
w of k*\kk L(s,w & л) and L(s,o ! & #) are 
entire functions of s which are bounded in 
vertical strips and satisfy the functional 
equation 


L(s,co & n) = (5,0 Q x) L(1 —s,c `! @ &). 


P. Congruence C-Functions of Algebraic 
Function Fields of One Variable or of 
Algebraic Curves 


Let K be an talgebraic function field of one 
variable over к= Е, (finite field with q ele- 
ments). The ¢-function of the algebraic function 
field К/К, denoted by C,(s), is defined by the 
infinite sum X N(9I) ^, where the summation 
is over all integral divisors W of К/К and where 
the norm №(90) equals 4“. Equivalently, ` 
©к(5) is defined by the infinite product [T,(1— 
N(p) °) !, where p runs over all prime divi- 
sors of К/К. By the change of variable u=q~°, 
Cx(s) = Zy(u) becomes a formal power series in 
и. Cx(s) and Zy(u) are sometimes called the 
congruence ¢-functions of К/К. 

The fundamental theorem states that (i) 
(Rationality) Z,(u) is a rational function of u 
of the form Z,(u) = P(u)/(1 —u)(1 —qu), where 
P(u)e Z[u] is a polynomial of degree 2g, g 
being the genus of K; (ii) (Functional equation) 
Zx(u) satisfies the functional equation 


Zy(1/u) - q*^! u^ 29 Zx(u/q); 


and (iii) if P(u) is decomposed into linear fac- 
tors in C[u]: P(u) =[I2%,(1— xu), then all the 
reciprocal roots x; are complex numbers of 
absolute value a. Statement (iii) is the analog 
of the Riemann hypothesis because it is equiva- 
lent to saying that all the zeros of (,(s) = 

Zy(q `°) lie on the line Res— 1/2. 

The congruence ¢-function was introduced 
by E. Artin [A1 (1924)] as an analog of the 
Riemann or Dedekind £-functions. Of its fun- 
damental properties, the rationality (i) and 
the functional equation (ii) were proven by 
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F. K. Schmidt (1931), using the *Riemann- 
Roch theorem for the function field К/К. The 
Riemann hypothesis (ili) was verified first in 
the elliptic case (g = 1) by H. Hasse [H1] and 
then in the general case by A. Weil [W2 
(1948)]. For the proof of (iii), it was essential 
to consider the geometry of algebraic curves 
that correspond to given function fields. 

Let C be a nonsingular complete curve over 
k with function field K. Then Z,(u) coincides 
with the ¢-function of C/k, denoted by Z(u, С), 
which is defined by the formal power series 
exp(Xs , N,u"/m). Here №, is the number of 
rational points of C over the extension k,, of k 
of degree m. The rationality of Z,(u) is then 
equivalent to the formula 


2g 
N,—-1-q"— У а" (meN), 
i=l 


and the Riemann hypothesis for Z, (u) is 
equivalent to the estimate 


(*) |N,—1-—4"|x2gq"^? (meN). 


Now if F is the qth power morphism of C to 
itself (the Frobenius morphism of C relative to 
k), then an important observation is that N,, is 
the number of fixed points of the mth iterate 
Е" of F. In other words, №, is equal to the 
intersection number of the graph of F" with 
the diagonal on the surface C x C, and is re- 
lated to the "trace" of the Frobenius corre- 
spondence. Then (*) follows from *Castel- 
nuovo's lemma in the theory of correspon- 
dences on a curve. This is Weil's proof of the 
Riemann hypothesis in [W2]; compare the 
proof by A. Mattuck and J. Tate (Abh. Math. 
Sem. Hamburg 22 (1958)) and A. Grothendieck 
(J. Reine Angew. Math., 200 (1958)) using the 
Riemann-Roch theorem for an algebraic 
surface. 

On the other hand, let J be the *Jacobian 
variety of C over k. For each prime number / 
different from the characteristic of k, let Ма) 
denote the *l-adic representation of an endo- 
morphism ж of J obtained from its action on 
points of J of order /" (п= 1,2, ...). Letting л 
be the endomorphism of J induced from F 
(which is the same as the Frobenius morphism 
of J), we have Р(и) = det(1 — M,(z)u), i.e., the 
numerator of the ¢-function coincides with the 
characteristic polynomial of M,(z). In this 
setting, the Riemann hypothesis is a conse- 
quence of the positivity of the Rosati antiauto- 
morphism [E1]. This is the second proof given 
by Weil [W2], and applies to arbitary Abelian 
varieties. 

Recently E. Bombieri, inspired by Stepa- 
nov's idea, gave an elementary proof of (*) 
using only the Riemann-Roch theorem for a 
curve (Sém. Bourbaki, no. 430 (1973)). 
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Q. ¢-Functions of Algebraic Varieties over 
Finite Fields 


Let V be an algebraic variety over the finite 
field with q elements F,, and let №, be the 
number of F,™-rational points of V. Then the 
C-function of V over F, is the formal power 
series in Z[[u]] defined by 


Z(u, Ио У мт), 
т=1 


alternatively tt сап be defined by the infinite 
product [1 p(1 —u4°8”)~!, where P runs over 
the set of prime divisors of V and deg P is the 
degree of the residue field of P over F, (in 
other words, P runs over prime rattonal 0- 
cycles of V over F,). 


Weil Conjecture. In 1949, the following prop- 
erties of the C-function were conjectured by 
Weil [W3]. Let V be an n-dimensional com- 
plete nonsingular (absolutely irreducible) 
variety over F,. Then (1) Z(u, V) is a rational 
function of u. (2) Z(u, V) satisfies the functional 
equation 

Z((q"u) *, V)— +4"? u*Z(u, V), 

where the integer z is the intersection number 
(the degree of A, - Ap) of the diagonal sub- 
variety Ay with itself in the product V x V, 


which is called the Euler-Poincaré character- 
istic of V. (3) Moreover, we have 


_ P (u): Ps(u)-... ` Poan- (u) 
Po(u): Р, (и)... "Р, (и) 


20и, V) Я 
where P,(u) = П" (1 — хи) is a polynomial 
with Z-coefficients such that af? are algebraic 
integers of absolute value 4"? (0 < h < 2ny; the 
latter statement is the Riemann hypothesis for 
V/F,- (4) When V is the reduction mod p of a 
complete nonsingular variety V* of character- 
istic 0, then the degree B, of P,(u) is the hth 
Betti number of V* considered as a complex 
manifold. 

This conjecture, called the Weil conjecture, 
has been completely proven. To give a brief 
history, first B. Dwork [D13] proved the 
rationality of the ¢-function for any (not neces- 
sarily complete or nonsingular) variety over 
F,. Then A. Grothendieck [A3, G2, G3] devel- 
oped the l-adic étale cohomology theory with 
M. Artin and others, and proved the above 
statements (1)-(4) (except for the Riemann 
hypothesis) with P,(u) replaced by some 
P, (u)e Q,[u]; and S. Lubkin [L7] obtained 
similar results for liftable varieties. Finally 
Deligne [D4] proved the Riemann hypothesis 
and the independence of ! of P, (и). More 
details will be given below. Before the final 
solution for the general case was obtained, the 
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conjecture had been verified for some special 
types of varieties. For curves and Abelian 
varieties, its truth was previously shown by 
Weil (— Section P). In the paper [W3] in 
which he proposed the above conjecture, Weil 
verified it for Fermat hypersurfaces, 1.е., those 
defined by the equation ag x6 +... +а, 1х1 

— O0 (a; € F); in this case, the ¢-function is of 
the form P(u) ^" T. o(1 —q/u) with a poly- 
nomial P(u) that can be explicitly described 

in terms of Jacobi sums. Dwork [D14] studied 
by p-adic analysis the case of hypersurfaces in 
a projective space, verifying the conjecture for 
them except for the Riemann hypothesis. Fur- 
ther nontrivial examples were provided by *K3 
surfaces (Deligne [D2], Pyatetskii-Shapiro, 
Shafarevich [P1]) and cubic 3-folds (E. Bom- 
bieri, Н. Swinnerton-Dyer [B5]); in these 
cases the proof of the Riemann hypothesis was 
reduced to that of certain Abelian varieties 
naturally attached to these varieties. It can be 
said that the Weil conjecture has greatly in- 
fluenced the development of algebraic geome- 
try, as regards both the foundations and the 
methods of proof of the conjecture itself; see 
the expositions by N. Katz [K2] or B. Mazur 
[M2]. 


Weil Cohomology, /-А іс Cohomology. The 
Weil conjecture suggested the possibility of 

a good cohomology theory for algebraic 
varieties over a field of arbitrary characteristic. 
We first formulate the desired properties of a 
good cohomology (S. Kleiman [K4]). Let k be 
an algebraically closed field and K a field of 
characteristic 0, which is called the coefficient 
field. A contravariant functor V>H*(V) from 
the category of complete connected smooth 
varieties over k to the category of augmented 
Z^ -graded finite-dimensional anticommuta- 
tive K-algebras (cup product as multiplication) 
is called a Weil cohomology with coefficients in 
K if it has the following three properties. (1) 
Poincaré duality: If n= dim V, then a canonical 
isomorphism H?"(V)= K exists and the cup 
product H(V) x Н2" (V) H?'(V)z K in- 
duces a perfect pairing. (2) Künneth formula: 
For any V, and V, the mapping H*(V,) & 
H*(V,)>H*(V, x V;) defined by a® b> 
Proj*(a)- Proj¥(b) is an isomorphism. (3) Good 
relation with algebraic cycles: Let C/(V) be the 
group of algebraic cycles of codimension j on 
V. There exists a fundamental-class homomor- 
phism FUND: C/(V) H?(V) for all j, which 
is functorial in V, compatible with products 
via Künneth's formula, has compatibility of 
the intersection with the cup product, and 
maps 0-cycleeC"(V) to its degree as an ele- 
ment of K = H?'(V). If a Weil cohomology 
theory H exists for the V's over k, we can 
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prove the Lefschetz fixed-point formula: 


((graph of F): (diagonal), „у 
- Y ( -1tr(F* | H(V)) 
j=0 


for a morphism F:V V. 

If k=C (the field of complex numbers), the 
classical cohomology V>H*(V, Q), where 
V^" denotes the complex manifold associated 
with V: gives a Weil cohomology. If k is an 
arbitrary algebraically closed field and if l is а 
prime number different from the characteristic 
of k, then the principal results in the theory of 
the étale cohomology state that the l-adic 
cohomology V HE(V, Q) is a Weil coho- 
mology with coefficient field Q, (the field of /- 
adic numbers) [A3, D5, G3, M4]. In defining 
this, Grothendieck introduced a new concept 
of topology, which is now called Grothendieck 
topology. In the étale topology of a variety V, 
for example, any étale covering of a Zariski 
open subset is regarded as an "open set." With 
respect to the étale topology, the cohomology 
group H*(V, Z/n) of V with coefficients in Z/n 
is defined in the usual manner and is a finite 
Z/n-module. If l is a prime number as above, 
lim, H*(V, Z/l") is a module over Z, — lim, 2/1" 
of finite rank, and 


HRV, О) — (lim, H*(V, Z/P)) & 7,Q 


defines the l-adic cohomology group, giving 
rise to a Weil cohomology. 

For the characteristic p of k, p-adic étale 
cohomology does not give Weil cohomology; 
but the crystalline cohomology (Grothendieck 
and P. Berthelot [B2, B3]) takes the place of p- 
adic cohomology and is almost a Weil coho- 
mology: in this theory the fundamental class is 
defined only for smooth subvarieties. 

Now fix a Weil cohomology for k= F,, an 
algebraic closure of a finite field F,. Given an 
algebraic variety V over F,, let V= VG k 
denote the base extension of V to k; then F,»- 
rational points of V can be identified with the 
fixed points of the mth iterate of the Frobenius 
morphism F of V relative to F,. Then the 
Lefschetz fixed-point formula implies the 
rationality of Z(u, V); more precisely, letting 
P(u) = det(1 —uF*|H(V)) be the characteristic 
polynomial of the automorphism F* of H4(V) 
induced by F, we have 


2n i 
Z(u, V) [] Pe ^. 
j=0 


The functional equation of the ¢-function then 
follows from the Poincaré duality. This proves 
(1), (2), and a part of (3) in the statement of 
the Weil conjecture. Further, in the case of 
l-adic cohomology, (4) means that deg P,(u) = 
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dimg H/(V, Q) is equal to the jth Betti num- 
ber of a lifting of V to characteristic 0; this 
follows from the comparison theorem of M. 
Artin for the l-adic cohomology and the class- 
ical cohomology, combined with the invariance 
of l-adic cohomology under specialization. 


Proof of the Riemann Hypothesis. In 1974, 
Deligne [04, I] completed the proof of the 
Weil conjecture for projective nonsingular 
varieties by proving that, given such a V over 
F, any eigenvalue of F* on Hi (Ӯ, Q,) is an 
algebraic integer, all the conjugates of which 
are of absolute value q/?. (This implies that 
P(u)=det(1 —uF*| H}, (V, Q)) is in Z[u] and 
is independent of l.) The proof is done by 
induction on n=dim V; by the general results 
in l-adic cohomology (the weak Lefschetz 
theorem on a hyperplane section, the Poin- 
caré duality, and the Kiinneth formula), the 
proof is reduced to the assertion that (*) any 
eigenvalue х of F* on H3,(V,Q)) is an alge- 
braic integer such that || < q"*!? for all 
conjugates x' of x. The main ingredients in 
proving (*) are (1) Grothendieck's theory of L- 
functions, based on the étale cohomology with 
compact support and with coefficients in a Q,- 
sheaf [G2, G3]; (2) the theory of Lefschetz 
pencils (Deligne and Katz [D7]), and the 
Kajdan-Margulis theorem on the monodromy 
of a Lefschetz pencil (J. L. Verdier, Sém. Bour- 
baki, no. 423 (1972); and (3) Rankin's methods 
to estimate the coefficients of modular forms, 
as adapted to the Grothendieck's L-series. By 
means of these geometric and arithmetic tech- 
niques, Deligne achieved the proof of the 
Riemann hypothesis for projective nonsingular 
varieties. For the generalization to complete 
varieties, see Deligne [D4, H]. 


Applications of the (Verified) Weil Conjecture. 
(1) The Ramanujan conjecture (— 32 Auto- 
morphic Functions D): The connection of this 
conjecture and the Weil conjecture for certain 
fiber varieties over a modular curve was ob- 
served by M. Sato and partially verified by Y. 
Thara [11] and then established by Deligne 
[D3]. The Weil conjecture as proven above 
implies the truth of the Ramanujan conjecture 
and its generalization by H. Petersson. 

(2) Estimation of trigonometric sums: Let q 
be the power of a prime number p. Then 


2ni 
exp — tre, p (E (Xi; ..., x,)) 
[TEN TS К p 


<(d—1)"q"”, 
where F(X;,..., X,)eE,[X,, .... Xn] 18 a poly- 
nomial of degree d that is not divisible by p, 


and the homogeneous part of the highest 
degree of F defines a smooth irreducible 
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hypersurface in P" 1. This is a generalization 
of the Weil estimation of the Kloosterman sum 
(LD4, W1 (1948c)]; —^ 4 Additive Number 
Theory D). 

(3) The hard Lefschetz theorem: Let Le 
H?(V) be the class of a hyperplane section 
of an n-dimensional projective nonsingular 
variety V over an algebraically closed field. 
Then the cup product by L': H" ((V)S H"*(V) 
is ап isomorphism for all i € n. Deligne 
[D4, IT] proved this for l-adic cohomology, 
from which N. Katz and W. Messing [K1] 
deduced its validity in any Weil cohomology 
or in the crystalline cohomology. 

Also some geometric properties of an alge- 
braic variety V are reflected in the properties 
of Z(u, V). The ¢-function Z(u, A) of an Abelian 
variety À determines the isogeny class of A 
[T4]. For any algebraic integer o, every conju- 
gate of which has absolute value q!7, there 
exists an Abelian variety A/F, such that х is a 
root of det(1 —uF*| H'(A)) «0 [H6]. J. Tate 
[ 13] conjectured that the rank of the space 
cohomology classes of algebraic cycles of 
codimension r is equal to the order of the pole 
at u= 1/q' of Z(u, V). This conjecture is still 
open but has been verified in certain nontrivial 
cases, e.g., (1) products of curves and Abelian 
varieties, r= 1 (Tate [T4]), (2) Fermat hyper- 
surfaces of dimension 2r with some condition 
on the degree and the characteristic (Tate 
[T3], T. Shioda, Proc. Japan Acad. 55 (1979)), 
and (3) elliptic КЗ surfaces, r = 1 (M. Artin and 
Swinnerton-Dyer, Inventiones Math. 20 (1973)). 


R. ¢- and L-Functions of Schemes 


Let X be a tscheme of finite type over Z, and 
let | Х| denote the set of closed points of X; for 
each xe|X|, the residue field k(x) is finite, and 
its cardinality is called the norm N(x) of x. The 
C-function of a scheme X is defined by the 
product ¢(s, X) =IL Ix (1— N(x) ?) 1. This 
converges absolutely for Res- dim X, and it is 
conjectured to have an analytic continuation 
in the entire s-plane (Serre [S7]). It reduces to 
the Riemann (resp. Dedekind) ¢-function if X 
= Spec(Z) (resp. Ѕрес(о), o being the ring of 
integers of an algebraic number field), and to 
the C-function Z(q ^, X) (2 Section Q) if X 
is a variety over a finite field F,. The case of 
varieties defined over an algebraic number 
field is discussed in Section S. 

Let G be a finite group of automorphisms of 
a scheme X, and assume that the quotient Y 
= X/G exists (e.g., X is quasiprojective). For 
an element x in |X|, let y be its image in | Y|, 
and let D(x)={geG|g(x)=x}, the decompo- 
sition group of x over y. The natural mapping 
D(x)— Gal(k(x)/k( y)) is surjective, and its 
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kernel I(x) is called the inertia group at x. An 
element of D(x) is called a Frobenius element 
at x if its image in Gal(k(x)/k(y)) corresponds 
to the N(y)th-power automorphism of k(x). 
Now let R be a representation of G with char- 
acter y. The Artin L-function L(s, X, y) is de- 
fined by 


L(s, X, x) =op X > т LYN) n) 


yel Y|n= 


= [] dett - RE)NOY 9)", 

yelY| 

where y(y") denotes the mean value of y on the 
. nth power of Frobenius elements F, at x (x 
any point of | X | over y), and similarly R(F,) 
denotes the mean value of К(Е,); it converges 
absolutely for Res» dim X. Again this is re- 
duced to the usual Artin L-function (— Sec- 
tion G) if X is the spectrum of the ring of 
integers of an algebraic number field. The 
Artin L-functions of a scheme have many 
formal properties analogous to those of Artin 
L-functions of a number field (Serre [S7]). 

Let us consider the case where X is an alge- 
braic variety over a finite field F, and ele- 
ments of G are automorphisms of X over E;; 
in this case, L(s, X, y) is a formal power series 
in u-q ^, which is called a congruence Artin 
L-function. For the case where X is a complete 
nonsingular algebraic curve and y is an irre- 
ducible character of G different from the trivial 
one, Weil [W2] proved that L(s, X, y) isa 
polynomial in и= 4 °; thus the analog of 
*Artin's conjecture holds here. More generally, 
for any algebraic variety X over F,, Grothen- 
dieck [G2, G3] proved the rationality of 
L-functions together with the alternating 
product expression by polynomials in u, as in 
the case of (-functions, by the methods of l- 
adic cohomology. Actually, Grothendieck 
treated a more general type of L-function 
associated with /-adic sheaves on X, which 
also play an important role in Deligne's proof 
of the Riemann hypothesis (— Section Q). 


S. Hasse (-Functions 


For a nonsingular complete algebraic variety 
V defined over a finite algebraic number field 
K, let V, be the reduction of V modulo a prime 
ideal p of K, K, be the residue field of p, and 
Z(u, V,) be the ¢-function of V, over K,. The 
C-function £(s, V) of the complex variable s, 
determined by the infinite product (exclud- 

ing the finite number of p's where V, is not 
defined), 


f(s, V) =I ZNE "Vols 


is called the Hasse ¢-function of V over the 
algebraic number field K. For this function, 
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we have Hasse's conjecture [ W4 |: £(s, V) is a 
meromorphic function over the whole complex 
plane of s and satisfies the functional equation 
of ordinary type. Sometimes it is more natural 
to consider 


Gs V)-[] PNE), V)" O<j<2dimV), 


where P (u, V,) is the jth factor of Z(u, V,), and 
we have a similar conjecture for them. For the 
definition of ¢;(s, V) taking into account the 
factors for bad primes and the precise form of 
the conjectural functional equation, see Serre 
[S8]. Note that ¿ (s, V) converges absolutely 
for Res j/2-- 1 as a consequence of the Weil 
conjecture. 

Hasse's conjecture remains unsolved for the 
general case, but has been verified when V is 
one of the following varieties: 

(L) Algebraic curves defined by the equation 
y*— yx! +ô and Fermat hypersurfaces (Weil 
[W6]). 

(I,) Elliptic curves with complex multiplica- 
tion (Deuring [D11]). 

(I) Abelian varieties with complex multiplica- 
tion (Taniyama [T2], Shimura and Taniyama 
[S11], Shimura, H. Yoshida). 

(Lj) Singular K3 surfaces, i.e., K3 surfaces 
with 20 Picard numbers (Shafarevich and 
Pyatetskii-Shapiro [P1], Deligne [D2], T. 
Shioda and H. Inose [S211). 

(П,) Algebraic curves that are suitable 
models of the elliptic modular function fields 
(Eichler [E1], Shimura [S12]). 

(II,) Algebraic curves that are suitable 
models of the automorphic function fields 
obtained from a quaternion algebra (Shimura 
[S13, $15]). 

(II) Certain fiber varieties of which the base 
is a curve of type (II,) or (II) and the fibers are 
Abelian varieties (Kuga and Shimura [K6], 
Ihara [11], Deligne [D3]). 

(Ha) Certain Shimura varieties of higher 
dimension (Langlands and others; — [B6]). 

In these cases, C(s, V) can be expressed by 
known functions, і.е., by Hecke L-functions 
with Gróssencharakters of algebraic number 
fields in cases (Т) or by Dirichlet series corre- 
sponding to modular forms in cases (II). This 
fact has an essential meaning for the arithme- 
tic properties of these functions. For example, 
the extended *Ramanujan conjecture concern- 
ing the Hecke operator of the automorphic 
form reduces to Weil's conjecture on varieties 
related to those in cases II. Moreover, for 
(II,)-(II,) the essential point is the congruence 
relation T, = П + П* (Kronecker, Eichler [E1], 
Shimura). In particular, for (П,) this formula is 
related to the problem of constructing class 
fields over totally imaginary quadratic exten- 
sions of a totally real field F utilizing special 
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values of automorphic functions and class 
fields over F. Actually, the formula is equiva- 
lent to the reciprocity law for class fields 
(Shimura). 

One of the facts that makes the Hasse ¢- 
function important is that it describes the 
decomposition law of prime ideals of algebraic 
number fields when V is an algebraic curve or 
an Abelian variety (Weil, Shimura [S14], 
Taniyama [T2], T. Honda [H6]). In that case, 
its Hasse C-function has the following arithme- 
tic meaning. 

Let C be a complete, nonsingular algebraic 
curve defined over an algebraic number field 
K, and let J be the Jacobian variety of C de- 
fined over K. For a prime number |, fix an 
l-adic coordinate system 2; on J, and let 
K(J,1”) be the extension field of K obtained 
by adjoining to K all the coordinates of the 
[th division points (у= 1,2, ...) of J. Then 
K(J,I^)/K is an infinite Galois extension of K. 
The corresponding Galois group (6(J, |?) has 
the /-adic representation o — M7 (o) by the l- 
adic coordinates 2j. Almost all prime ideals p 
of K are unramified in K(J, [^)/K. Thus when 
we take an arbitrary prime factor $ of p in 
К(Ј, 1°), the Frobenius substitution of Ф, 


E = Z3 
Oa = + , 


is uniquely determined. Furthermore, the 
characteristic polynomial det(1 — М(оу)и) is 
determined only by p and does not depend on 
the choice of the prime factor B; we denote 
this polynomial by P, (u, C). In this case, for 
almost all p, P,(u, C) is a polynomial with 
rational integral coefficients independent of I; 
namely, the numerator of the C-function of the 
reduction of C mod p. Thus 


GG CO) S [I P(N) CO)" 
p 


~ [T det(1 — Mf(og)N(Q)^9)*. 
p 


Here the product [T det(1 — Mž (04) Мр) *)' 
has the same expression as the Artin L- 
function if we ignore the fact that М is the l- 
adic representation and K(J,/”) is the infinite 
extension. Thus if we can describe (s, C) ex- 
plicitly, then the decomposition process of the 
prime ideal for intermediate fields between 
K(J,1*) and K can be made fairly clear. In 
fact, this is the case for examples (1„)—(1„) and 
(IL,)- (IL), from which the relations between 
the arithmetic of the field of division points 
K(J,1*)/K and the eigenvalues of the Hecke 
operator have been obtained. Thus for curves 
and Abelian varieties, C(s, V) is related to the 
arithmetic of some number fields; but it is not 
known whether similar arithmetical relations 
exist for other kinds of varieties except in a few 
cases. 
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Tate's Conjecture. For a projective nonsin- 
gular variety V over a finite algebraic number 
field К, let 9'(V) denote the group of algebraic 
cycles of codimension г on V= ©, C modulo 
homological equivalence and let (V) be the 
subgroup of 9U'(V) generated by algebraic 
cycles rational over K. Then Tate [T3] conjec- 
tured that the rank of 9I'(V) is equal to the 
order of the pole of C, (s, V) at s r-- 1. This 
conjecture is closely connected with Hodge's 
conjecture that the space of rational coho- 
mology classes of type (r,r) on V is spanned by 
9I'(V); in fact, the equivalence of these conjec- 
tures is known for Abelian varieties of *CM 
type (H. Pohlmann, Ann. Math., 88 (1968)) and 
for Fermat hypersurfaces of dimension 2r 
(Tate [T3], Weil [W6]). Thus, when r= 1, 
Tate's conjecture for these varieties holds by 
Lefschetz's theorem, and when r> 1, it holds in 
certain cases where the Hodge conjecture is 
verified (Shioda, Math. Ann., 245 (1979); Z. 
Ran, Compositio Math., 42 (1981)). Further 
examples are given by K3 surfaces with large 
Picard numbers (Shioda and Inose [S21]; T. 
Oda, Proc. Japan Acad., 56 (1980). 


L-Functions of Elliptic Curves. Let E be an 
elliptic curve (with a rational point) over the 
rational number field Q, and let N be its con- 
ductor; a prime number p divides V if and 
only if E has bad reduction mod p (Tate [Т5]). 
The L-function of E over Q is defined as 
follows: 


Lí(s, E) 


=[[0 -ep D |] 0 -app +p, 
piN ptN 
where e, —0 or +1 and 1 — apu + pu? = 
P, (и, E mod p). There are many interesting 
results and conjectures concerning L(s, E) 
[T5]: 
(1) Functional equation. Let 


&(s, Е) = N*? (2n) 5T (s)L(s, E). 


Then it is conjectured that £(s, E) is holo- 
morphic in the entire s-plane and satisfies the 
functional equation &(s, Е) = + ¿(2 — s, E). This 
is true if E has complex multiplication (Deur- 
ing) or E is a certain modular curve (Eichler, 
Shimura). 

(2) Taniyama-Weil conjecture. Weil [W1 
(1967a)] conjectured that, if L(s, E) 
-2XZ.aQn then f(t)= LZ, a,e?7"* is a cusp 
form of weight 2 for the congruence subgroup 
Г,(№) which is an eigenfunction for Hecke 
operators; moreover E is isogenous to a factor 
of the Jacobian variety of the modular curve 
for Г,(№) in such a way that (т) йт corre- 
sponds to the differential of the first kind on E. 
If this conjecture is true, then the statements in 
(1) follow. 
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(3) Birch—Swinnerton-Dyer conjecture. As- 
suming analytic continuation of L (s, E), В. 
Birch and H. Swinnerton-Dyer [ B4] conjec- 
tured that the order of the zero of L (s, E) at s 
= 1 is equal to the rank r of the group E(Q) of 
rational points of E which is finitely generated 
by the Mordell-Weil theorem. They verified 
this for many examples, especially for curves of 
the type y? = х? ax. J. Coates and A. Wiles 
(Inventiones Math., 39 (1977)) proved that if E 
has complex multiplication and if r> 0 then 
L(s, E) vanishes at s= 1. This conjecture has a 
refinement which extends also to Abelian 
varictics over a global field (Tate, Sém. Bour- 
baki, no. 306 (1966)). 

(4) Sato's conjecture. Let 


1—a,u+ pu? 2 (1 —1,u)(1 —z,u), 


with T,= P e" (0<0, « x). When E has 
complex multiplication, the distribution of 0, 
for half of p is uniform in the interval [0, z], 
and 0, is л/2 for the remaining half of p. Sup- 
pose that E does not have complex multipli- 
cation. Then Sato conjectured that 


(the number of prime numbers p 
less than x such that 0,є[о, BJ) _ 


2 (the number of prime 


numbers less than x) 


2 рв 
z| sin?0d0 | (0a « fl « n) 


п 
(Tate [T3]). 


H. Yoshida [Y1] posed an analog of Sato's 
conjecture for elliptic curves defined over 
function fields with finite constant fields and 
proved it in certain cases. 

(5) Formal groups. Letting L(s, E) 2 Xa,n ° 
as before, set f(x) 2 Ez; a, x"/n. Honda [H6] 
showed that f! ( f(x) + f(y)) is a formal (Lie) 
group with coefficients in Z and that this 
group is isomorphic over Z to a formal group 
obtained by power series expansion of the 
group law of E with respect to suitable flocal 
uniformizing coordinates at the origin. Such 
an interpretation of the ¢-function also applies 
to other cases in which ¢-functions of їргоир 
varieties may be characterized as Dirichlet 
series whose coefficients give a normal form of 
the group law; e.g., the case of algebraic tori 
(T. Ibukiyama, J. Fac. Sci. Univ. Tokyo, (IA) 21 
(1974)). 


T. Selberg ¢-Functions and (-Functions 
Associated with Discontinuous Groups 


Let F< SL(2, R) be a *Fuchsian group operat- 
ing on the complex upper half-plane Н = {z= 
x-Fiy| y» 0]. When the two eigenvalues of 

an element ye Г are distinct real numbers ё|, 
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& (6165 = 1, 61 < č), we call y thyperbolic. Then 
the number & is denoted by N (y) and is called 
the norm of y. When y is hyperbolic, у” (n= 
1,2, 3, ...) is also hyperbolic. When +7 is nota 
positive power of other hyperbolic elements, y 
is called a primitive hyperbolic element. The 
elements conjugate to primitive hyperbolic 
elements are also primitive hyperbolic ele- 
ments and have the same norm as y. Let P,, 
P,, ... be the conjugacy classes of primitive 
hyperbolic elements of T, and let у;є P, be their 
representatives. Suppose that a matrix repres- 
entation y— М(у) of Г is given. Then the analy- 
tic function given by 


Zi, M)» [TT] det -MONGI 7^ 


is called the Selberg C-function (Selberg [S5]). 
When Г\Н is compact and Г is torsion-free, 
then Z,(s, M) has the following properties. 

(1) It can be analytically continued to the 
whole complex plane of s and gives an *in- 
tegral function of genus at most 2. 

(2) It has zeros of order (2n + 1)(2g — 2)v at 
—n(n=0,1,2,3,...). Here g is the genus of the 
Riemann surface Г\ Н and v is the degree of 
the representation M. All other zeros lie on the 
line Res- 1/2, except for a finite number that 
lie on the interval (0, 1) of the real axis. 

(3) It satisfies the functional equation 


Zr (1 —s, M)= Z (s, M) Е 
s—1/2 
| О, 
0 


dx dy | 
А(Г\Н)= z 7^2nQg—2) x-iyeH. 
гн y 


where 


Property (2) shows that the Riemann hy- 
pothesis is almost valid for Z,(s, M). The proof 
is based on the following fact concerning the 
eigenvalue problem for the variety Г\Н: The 
eigenvalue å of the equation 


y2(02/0x2 + 02/ду?)и+ди=0, ue L^(IAH) 


cannot be a negative number. 

Using this function, T. Yamada (1965) inves- 
tigated the unit distribution of real quadratic 
fields. 

Selberg C-functions are defined similarly 
when Г\С has finite volume but is noncom- 
pact. In this case, however, the decomposition 
of L,(ING) into irreducible representation 
spaces has a continuous spectrum; hence the 
properties of the Selberg €-function of Г are 
quite different from the case when Г\С is 
compact. Selberg defined the generalized 
Eisenstein series to give the eigenfunctions of 
this continuous spectrum explicitly. When Г = 
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ee 


SL(2, Z), the series Is given b —ZT 
Ë y (с.4)=1 |ст-+4|? 


This type of generalized Eisenstein series is 
also defined for the general semisimple alge- 
braic group G and its arithmetic subgroup. 

It has been studied by Selberg, Godement, 
Gelfand, Harish-Chandra, Langlands, D. 
Zagier, and others. 


U. Ihara ¢-Functions 


Let k, be a p-adic field, o, the ring of integers 
in k,, and G= PSL,(R) x PSL;(k,). Suppose 
that Г is a subgroup of G such that (1) Г is dis- 
crete, (2) Г\ С is compact, (3) Г has no torsion 
element except the identity, (4) Fr (the projec- 
tion of T іп PSL,(R)) is dense in PSL,(R), and 
(5) Г, (the projection of I in PSL,(k,)) is dense 
in PSL,(k,). Then Г= Гр Г,. Let X={x+ 
iy| y » 0} be the upper half-plane, and let Г 

act on X via lr. The action of T on X is 

not discontinuous, but the subgroup l; = 

(y eT | projection of y to r,e PSL;(o,)] oper- 
ates on X properly discontinuously. For 

each ze X, define Г, = (ye T |y(z) 2 zj. Then 

Г, is isomorphic to Z or {1}. Let PI) = 

(ze Х|Г„ж Z}. The group Г acts on P(T), 
since Г, and Г,, are conjugate in I. Let P(T) 
=P(I)/T. Suppose that Pe P(T) is represented 
by ze X. Choose a generator у of Г, and pro- 
ject y to Г,. Then y is equivalent to a diagonal 


A 0 
matrix x ү with ЛЄК. We denote the 


valuation of k, by ord, and consider |ord,(A)]. 
This value depends only on P and we denote it 
by deg(P). The Ihara ¢-function of Г is defined 
by 


Zy(u)- Ц (1 -u$97. 
PeP(T) 


Ihara proved that 


g 


Ia —zay( — mu) 
i=1 
Zr ag) 


where q is the number of elements in the re- 
sidue class field of p, and g is the genus of the 
Riemann surface Г,\Х and H =(9 — 1)4(9 — 1). 
Similar results hold even if Г has torsion ele- 
ments and the quotient Г\С is only assumed 
to have finite volume. 

Aside from the factor (1 — и)”, this looks like 
Weil's formula for the congruence C-function 
of an algebraic curve defined over F,2. Ihara 
conjectured that the first factor of Zr(u) is 
always the congruence ¢-function of some 
algebraic curve over F,2, and furthermore that 
Г could be regarded as the fundamental group 
of a certain Galois covering of this curve 
which describes the decomposition law of 


(1—и)", 
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prime divisors in this covering [12. 13,14]. 

He verified the conjecture in the case Г = 
PGL,(Z[1/p]) by using the tmoduli of elliptic 
curves. Related results have been obtained by 
Shimura, Ihara, Y. Morita, and others. 


V. ¢-Functions Associated with 
Prehomogeneous Vector Spaces 


M. Sato posed a notion of prehomogeneous 
vector spaces and defined (-functions as- 
sociated with them. Sato's program has been 
carried on by himself and T. Shintani [52, 53, 
517,818]. Let G be a linear algebraic group, V 
a finite-dimensional linear space of dimension 


‚ n, and p a rational representation G>GL(V), 


where G, V, and p are defined over Q. The 
triple (G, p, V) is called a prehomogeneous 
vector space if there exists a proper algebraic 
subset S of Vc such that Vc —S is a single Gc- 
orbit. The algebraic set S is called the set of 
singular points of V. We also assume that G is 
reductive and S is an irreducible hypersurface 
of V. Let V* be the dual vector space of V, 
and p* the dual (contragredient) representa- 
tion of G. Then (G, p*, V*) is again a pre- 
homogeneous vector space, and we denote 
its set of singular points by S*. There are 
homogeneous polynomials P and Q of the 
same degree d on V and V*, respectively, 
such that 5 = (xe X (Р(х) =0} and 5* = (x*e 
V*(Q(x*)=0}. P and Q are relative invariants 
of G, i.e., P(p(g)x) = x(g) P(x) and Q(p*(g)x*) 
=y(g) ! Q(x*) (for ge G, xe V, and x*eV*) 
hold with a rational character y of G. Put 
G!zkery—í(geG|xy(g) = 1]. Denote by Gg 
the connected component of 1 of the Lie 
group Gg. Let Vg - S2 /, О:.. ОИ, Vk&—S*— 
VE U...UV* be the decompositions of Va —$ 
and Vi — 5* into their topologically con- 
nected components. Then V, and У are Gg- 
orbits. We further assume that Vg 05 decom- 
poses into the union of a finite number of GR- 
orbits. Set Г = Gg N G}, and take T-invariant 
lattices L and L* in Vo and Уф, respectively. 
Consider the following functions in s: 


of, s)— | SOP (x) dx, 


Qf, s) -| J*(x*)|Q(x*)|* dx*, 
vi 


and 


210. La-| 


GR 


eo Y f(e(g)x) dg. 


xeLny, 


i 


z (nts) 
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where f and f* are trapidly decreasing func- 
tions on Va and VX, respectively, dx and dx* 
are Haar measures of Vp and VË, respectively, 
and dg is a Haar measure of G. Then the 
ratios 


A ge ру 
O(f,s—n/d) 
*(fk TR <ç 
узена TOE 
jd / 
are independent of the choice of f and f* and 
are Dirichlet series in s. These Dirichlet series 
¿z (s, L) and ¢*(s, L*) are called £-functions 
associated with the prehomogeneous space. 
Considering Fourier transforms of | P(x)|* and 
[Q(x*)P, we obtain functional equations for č; 
and č* under some additional (but mild) con- 
ditions on (G, p, V) as follows. The Dirichlet 
series č; and ¢* are analytically continuable to 
meromorphic functions on the whole s-plane, 
and they satisfy 


v(L*)&? (n/d —s, L*) 
—y(s— n/d 22) *|bo|'exp(zd./ — 1/2) 


1 
х 2 u; (s)š;(s, L), 


with a Г-Їасїог у(ѕ) = П, P(s—e; + 1). 

Here uj(s) (1 <i,j< l) are polynomials in 
exp(—1,/—1 s) with degree < d, and b, and c; 
are constants depending only on (С, p, V). 

Epstein’s C-functions and Siegel’s Dirichlet 
series associated with indefinite quadratic 
forms are examples of the above-defined ¢- 
functions. Shintani defined such ¢-functions 
related to integral binary cubic forms and 
obtained asymptotic formulas concerning the 
class numbers of irreducible integral binary 
cubic forms with discriminant n, which are 
improvements on the results of Davenport 
[517]. 

Recently M. Sato studied ¢-functions of pre- 
homogeneous vector spaces without assuming 
the conditions that G is reductive and S is 
irreducible. In this case, C-functions of several 
complex variables are obtained. For examples 
and classification of prehomogeneous vector 
spaces — [54]. 
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Tables of Formulas 


1 

Algebraic Equations 

2 

Trigonometry 

3 

Vector Analysis and Coordinate Systems 
4 

Differential Geometry 

5 

Lie Algebras, Symmetric Riemannian 
Spaces, and Singularities 

6 

Algebraic Topology 

7 

Knot Theory 

8 

Inequalities 

9 

Differential and Integral Calculus 

10 

Series 

11 

Fourier Analysis 

12 

Laplace Transforms and Operational 
Calculus 

13 

Conformal Mappings 

14 

Ordinary Differential Equations 

15 

Total and Partial Differential 
Equations 

16 

Elliptic Integrals and Elliptic 
Functions 

17 

Gamma Functions and Related 
Functions 

18 

Hypergeometric Functions and Spherical 
Functions 

19 

Functions of Confluent Type and Bessel 
Functions 

20 

Systems of Orthogonal Functions 

21 

Interpolation 

22 

Distribution of Typical Random Variables 
23 

Statistical Estimation and Statistical 
Hypothesis Testing 
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Algebraic Equations 


1. Algebraic Equations (— 10 Algebraic Equations) 


(D Quadratic Equation ax?+bx+c=0  (a=0 


The roots are 


= 2 EV Jo 
A EE Дас _ E ас (b=2b. 


The discriminant is b? — 4ac. 


(II) Cubic Equation ax?+bx*+cx+d=0 — (a0) 


By the translation £= x+ b /3a, the equation is transformed into £?-- 3p£+ q =0, where 
p= (3ac —b2)/9a2, а= 2b? —9abc + 27a24)/27a2. 
Its discriminant is —27(q2 + 4p?). The roots of the latter equation are 
¿= Ўа + VB ‚ ova to? V B ‚ «2а toV B А 
where 
ос ена -1+V3i а Е 
2 ‚В 2 


Casus irreducibilis (the case when q? -- 4p? < 0). Putting e = re? ( B = à), the roots are 


(Cardano's formula). 


£=2Vr со (8/3), 207 cos[(0 - 27) /3], 2Vr cos[(8 + 47) /3]. 


(III) Quartic Equation (Biquadratic Equation) ax^-- bx? + cx?-- dx + e-0 (a 50) 


By the translation £= x+ b/4a, the equation is transformed into 
Еър + qt r- 0. 


The cubic resolvent of the latter is £? — pr? — 4rt + (4pr — 4?) = 0. If ty is one of the roots of the 
cubic resolvent, the roots š of the above equation are the solutions of two quadratic equations 


-Vimy-p [£- 4/2(t9- p)] + 1/270 ( Ferrari's formula). 


2. Trigonometry 


(I) Trigonometric Functions (— 432 Trigonometry) 


(1) In Fig. 1, OA = ОВ= OP — 1, and 5 Р 
МР = іп, ОМ = cos, AT =їапд, x 


BL —cot6, OT = secÓ, OL=cosecé. 
(2) sin20+ со520 = 1, 


tan0=sin0/cos0, сої0 = 1 апд, ѕесӣ = 1 /соѕ0, 


соѕесӣ = 1 /sin6, 1 + tan20 = ѕес20, 1 + cot? = соѕес20. Fig. 1 
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V5 —1 
4 


4 


V 10+2V5 
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Trigonometry 


22.5° 30° 


т/6 


2т/5 
72° 


(5) Addition Formulas 


— 


sin (a + B)-sinacos В + cosa sin В, 


cos(a + B) = cosa cos B X sinasin B, 


tan(a + 8) = (tana + tan B)/(1-x tana tan f). 


(6) sin2a —2sina cosa, 
tan2a 22tana/(1-— tan?a). 


sin3a =3 sina — 4sin?a, 


tan3a = (3tana — tana) /(1 — 3tan?a). 


Р BA n 
sin na = , 
i-o 2i t 1 


i-o 


In/21 / n HEN К 
cosna= Y > (—I)isin2izx cos" 74a. 
i i 


(7) sin(a/2)- (1— cosa)/2, 
tan (a /2)=(1— cosa)/(1-- cosa). 


(8) 2sinacos f —sin(a + В) + 50 (а — В), 


2cosa cos B = cos(a + f) + cos(a — B), 


cos 2a = соза — sina = 2 cosa — 1 = 1 — 2sin?a, 


2 


cos3a = 4cos?a —3cosa, 


jen sin2i+1 acos" Cit D y, 


cos^(a/2) = (1-- cosa)/2, 


2cosasinB=sin(a+ B) – sin(a — В), 


—2sinassin В = cos(a + 8) – cos(a — В). 


sina + sin f 22sin[(a + 8)/2]cos[(a — 8)/2], 
sina — sin Bi = 2cos[(a + B)/2]sin[(a — 8) /2], 
cosa + cos f = 2cos[(a + B)/2]cos[(a — B)/2], 
cosa — cos 8 = — 2sin[(a + 8)/2]sin[(a — 8)/2]. 


(П) Plane Triangles 


As shown in Fig. 2, we denote the interior angles of a triangle ABC by a, B, y; the corresponding 
side lengths by a, b, c; the area by S; the radii of inscribed, circumscribed, and escribed circles 
by r, R, r4, respectively; the perpendicular line from the vertex A to the side BC by AH; the 
midpoint of the side BC by M; bisector of the angle 4 by AD; and the lengths of AH, AM, AD 
by hy, та, fa, respectively. Similar notations are used for B and C. Put s=(a + b+ c)/2. The 
symbol ... means similar formulas by the cyclic permutation of the letters A, B, C, and corre- 


sponding quantities. 


Hs = b = ° 22R 
sna sinfñ siny 


a=bcosy+ccosB, 

a?=b*+c?—2becos a, 
sin(a/2)- (s- b(s—c)/be, ...; 
(b+ c)sin(a/2)- acos[( 8 — y)/2], 


a+b  tanl(a* B)/2] 
a-b  tan[(a— B)/2] 


(law of sines). 


(the first law of cosines). 


(the second law of cosines). 


cos*(a/2)= s(s — a)/ bc, 


EM 


(b — c)cos(a/2) = asin[( 8 — y)/2]. 


(Napier's rule). 
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S=ah,/2=(1/2)bc sina = (1/2)a?sin Вѕіп y /sina = abc /AR = 2 К?ѕіпо ѕіп f sin 
=rs=r,(s—a)= Vrrargrc 
= Vs(s—a)Xs-bYs— c) (Heron's formula). 

r=(s—a)tan(a/2)=4Rsin(a/2)sin( 8 /2)sin (ү /2). 

га = ѕїап(а /2) = (s — b)cot(y/2) 2 4Rsin(a/2)cos( 8 /2)соѕ(у/2). 

l/r- (1/h4) * (0/ hg) * (1/ Rc). 

m; — (2b? - 2c? — a2)/4=(b2+ c?  2bc cosa)/4. 

fa 7 2bccos(a/2)/ (b - c) - 2 V bes(s а) /(b+ c). 

faf fc = 8abcrs?/ (b+ c)(c + aY(a + b). 


Fig. 2 


(III) Spherical Triangles 
We denote the interior angles of a spherical triangle by a, 8, y; the corresponding sides by a, b, 
c; the area by S; and the radius of the supporting sphere by p. We have 


sina:sinb:sinc = ѕіпа : sin £ : sin y (law of sines). 
cosa =cosbcosc +sinbsinccosa, ...; cosg = —со$ В cos y + sin f sin y cosa, 


(law of cosines). 


sinacosB=cosbsine—sinbcosccosa, ... (law of sines and cosines). 
cotasinb=cosbcosy+cotasiny, ... (law of cotangents). 
tan[(a + b)/2]/tan[(a— 5) /2] = tan[(a  8B)/2]/tan[((a — 8)/2),  ... (law of tangents). 


tan[(a + 8)/2]tan(y/2) = cos[(a — b)/2]/cos[(a Б)/2), ...; 

tan[(a — B)/2]tan(y/2)=sin{(a— b)/2]/sin[(a + Ь)/2], ...; 

tan [(а + b)/2]cot(c/2) = cos[((a — 8)/2]/cos[((a-- B)/2), ...; 

tan[(a — b)/2]cot(c/2) ^sin[(a — 8)/2]/sin[((a-- 0)/2],  ... (Napier's analogies). 


cos? (a/2R) + cos? (b/2R) + cos? (c/2R) 
S= —n)p? =2p? H ’s formula). 
@+Ё#+у—л)р = 2p" arccos 75 5(a/2R)cos(b/2R)cos(e/2R) оваа 


For a right triangle (y= 7/2), we have Napier's гше of circular parts: taking the subscripts 
modulo 5 in Fig. 3, 


sin 0; = tan6,, ,tan6,.. , = cos£;, ,cos0,. >. 
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For example, we have 


cose = cosa cos b = cota cot B, z/2—a 8, 


cos B= tanacotc=cosbsina, 


sina=tanbcotB=sincsina. Fig. 3 


3. Vector Analysis and Coordinate Systems 


We denote a 3-dimensional vector by A=(A,,4,,4,)=A,i+ A,j+A,k, |A] =yA?+ A+A. 


(D Vector Algebra (— 442 Vectors) 
Scalar product A+*B=AB=(A,B)=4,B,+ A,B, + А,В, = |A||B|cos0 
(where 0 is the angle between A and B). 
Vector product 
i j 
АхВ=[А,В]= (4, B, — A, Bi - (A,B, ~ A, B,j+ (A,B, ~ A,B )K=|Ax A, 
B, 


|A x В| = |A|[B|sin£. 

А:В=В:А. A:AZA!-|AP. AXA=0. А:(АхВ)=0. (АхВ)?=|А|В|?—(А,+ BJ. 
AX(BXC)-(A*C)B-(A*B)C. AX(BxC)+Bx(CXA)+CX(AXB)=0. 
(AXB)*(CXD)-A* (BX(CXD)) = (A* C(B- D) - (B: OA: D). 


A, A, A 
x y z 
Scalar triple product [ABC]JZA*(BXC)-B-(CXA)- C*(AXB)2|B, B, В, |. 
C. G- С; 
A'E A:F А.С 
[BCD]A +[ACD]B + [ABD]C-[ABC]D. [ABCJEFG]-|B:E B-F В.С 
C'E С.Е С.С 


(ID Differentiation of a Vector Field (— 442 Vectors) 


— E 9 
=isç +j ay +k; 


Ip. ар 3 
gradg=Vp= 271+ Zit Sek (gradient of g), 


V (Nabla), 


A=VXA дА, 94, " 94, дА, . 94, дА, š f 
rotA= У ХА = ET Fue [= = x) "de =) (rotation of A), 
ЕЗ dA, 9A, А, " id 
у А=У,А= ax + ду + 3 (divergence of A), 
дф Әр 92 
Аф=ЎУ?р=йїувгайр= k — + (Laplacian of g). 
Ox? ду az? 


grad (qi) = p grady + y grado, 

grad (A * В) = (В ° grad)A + (A * grad)B + AX rot B + BX rot A, 
rot(pA)=grotA~AxXgradg, rot(Ax B) = (В • grad)A —(A grad)B+ A div B — BdivA, 
div(pA)=gdivA+A*gradg, div(AXB)-2 B:rotA— A*rotB. 

rotgradg=0, divrotA=0. ДА = graddivA —rotrot A. 

М fog) = (df/ 4р)Аф  (d'f/ do!gradqy, | (qi) = ФА + VA (grad p- grady). 
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(III) Integration of a Vector Field (— 94 Curvilinear Integrals and Surface Integrals, 
442 Vectors) 


Let D be a 3-dimensional domain, B its boundary, dV the volume element of D, dS the surface 
element of B, and dS=n dS, where n is the outer normal vector of the surface B. We have 


Gauss's formula Ја = [| 48°^= ff m: Ayas, 
[ [ [rona | asxA= || ахаа, 
J f #*4#4/= KZ 


Green's formula f f ost dS = Ј T |, (ФАЧ + grad g* grad J) dV, 
ff [oss -rE a= fff oti hav. 
ime - fff Pars ff [es (2)]us. 


where r is the distance from the point x,. 

Let B be a bordered surface with a boundary curve Г, ds the line element of Г, dS the surface 
element of B, and ds = tds, dS = ndS, for t the unit tangent vector of Г and under the proper 
choice of the positive direction for the surface normal n. We have 


Stokes's formula | is-rota= лаф (t: A)ds, || 46 «gudo-Q q ds. 
B r r B r 


If the domain D is simply connected, and the vector field V tends sufficiently rapidly to 
0 near the boundary of D and at infinity, we have 


Helmholtz's theorem V=grado+rotA, p= - fff div Y dV, А= ИЕ оү dv. 


p 4ur dar 


(ТУ) Moving Coordinate System 


Denote differentiation with respect to the rest and the moving systems by d/ dt, d* / dt, respec- 
tively. Let the relative velocity of the systems be v. Then we have 


аф _ d'g dA _ d*A 
g = a "8780 g g TIV gradA — (А grad)v]. 


With respect to rotating coordinates we have 


y=wXr. 
dA . _ d*A 
d d * [w*A- ((wxr) grad)A | 


When the domain of integration is also a function of t, 


d -([93A ‘Aye . 
+ JA &= f 1 àr t grad (у, A) vxrota} ds, 


dr 2 ff^:4s- ff (eo viva] dS, 


£ fff oav- ШЕ +(у. табе) + pdivv}dv= Е dV+ f f ov-as. 


(V) Curvilinear Coordinates (— 90 Coordinates) 


Let (x;,...,x,) be rectangular coordinates іп an n-dimensional Euclidean space. If 


x 9(u,...uw) (Lh...) J =det(dq,/du,) #0, 


the system (и;, ...,u,) may be taken as a coordinate system of an n-dimensional space, and the 
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original space is a Riemannian manifold with the first fundamental form 


: дф; 99; 


ди, Qu, G, ko, ...,n), 


Ek = 
| i=1 
g=det(g,)=J?. 
When the metric is of the diagonal form g, = 828, the coordinate system (u), ...,u,) is called 
an orthogonal curvilinear coordinate system or an isothermal curvilinear coordinate system. In 
such a case we have J = g,...g,, and the line element is given by ds! = X^. 9? du}. 
For a scalar f and a vector £—(£,, ...,$,), we have 


NS. 1S (23 
(аай) = (j=1,....n), м7 2 | | 


g ди; 


n 
So I[J 1 falei) (85) | 
divé= + = (2—4 |, (ot = — | ——_ - (f, ke 1, ...,n). 
š Tm a(z) ( £j s л ди, Ј 
When и = 2, the rot may be considered a scalar, rot ё = (гої г), and when п = 3, the rot may be 
considered а vector, with components 


rot€= ((rot)z3, (rot), (rot&);). 


The following are examples of orthogonal coordinates. 
(1) Planar Curvilinear Coordinates. In the present Section (1), we put 


X i= X, х= у, u, =4, t= 0, §i =P, 827 9. 
а= p*dx?+qrdy*, Ј=а(х,у)/ д (и,о)= Урд. 
Planar orthogonal curvilinear coordinates тау be represented in the form x + iy=-F(U+ iV), 


F being a complex analytic function, by suitable choice of the functions U = U(u), V= V (v). 
(i) Polar Coordinates (r,0) (Fig. 4). 


x=rcos0, y-rsinÜ; x-iy-exp(logr- i0). 
r= \/х?ї+у?, 8 = агсїап ( y/ x). 

p-l q=r, Jer, ds2= dr2+ p. 

ay 10f 1 97 


дуз 0902 rór rap?’ 
Fig. 4 
(ii) Elliptic Coordinates ( u, >) (Fig. 5). Among the family of confocal conics 
x2 у? 
—— + =] (а>), 
а?+р bp ( ) 


there are two values of p for which the curve passes through a given point P (x,y). Denote the 
two values of р by рапа >, where p > — b?» v > — a?. The curve corresponding to p= por p=p 
is an ellipse or a hyperbola, respectively. Then we have the relations 


x?=(p+a*)(vta?)/(a?—b?), — у?=( + Ь?)(›+ Ь?)/(Ь?— а?). 


Let the common foci be (= c,0) (c2= a?— Ь?). Then we have 


r= yx - cy? ; r= (x +c) +y? 


where 7, r> are the distances from the two foci as in Fig. 5, and 


4(atu)m (rur), а?у) = (нњ). 


Gray (ure) > 7 2l (ау) 


(iii) Parabolic Coordinates (a, 8) (Fig. 6). Among the family of parabolas y? = 4p(x + p) with the 
focus at the origin and having the x-axis as the principal axis, there are two values of p for which 
the curve passes through a given point Р(х,у). Denote the two values of p by a, B (a>0> В). 
We have x= —(a- B), у= V -4af . 

(iv) Equilateral (or Rectangular) Hyperbolic Coordinates (u,v) (Fig. 7). This is a system that 
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replaces x/2, y/2 in (iii) by — y and x, respectively, with Ja =u, ./ — B =v. The relations are 


x=uv, у=(и?—12)/2; x+iy=i(u—iv)?/2, u, v= x+y +y, p=q4q= Ги? ro. 
The curves x =constant or y = constant are equilateral hyperbolas. 
(v) Bipolar Coordinates (£,7) (Fig. 8). These coordinates represent a point P(x,y) on a plane as 
the intersection of the family of circles passing through two fixed points (+ a,0) and the family 
of loci on which the ratio of distances from the same two fixed points (+ a,0) is constant. The 
latter is the set of Apollonius’ circles. The relations are 
asinhé _ азїпл 


*7 соз созт’ У cosh£+ cosy (—co <£ < c, 0<n<2). 


_ a 
P7437 cosh£+cosn ' 


(2) Curvilinear Coordinates in 3-Dimensional Space. In the present Section (2), we put x) = x, 
Xa = у, X3 =. 
(i) Circular Cylindrical Coordinates (Cylindrical Coordinates) (p, p, z) (Fig. 9). 
xX=pcosp, y=psing, z=z. 
1-394. S) 1 3Ə⁄ 8f 
ds*=dp?+pdg?+dz2, J-p A -il alit m 
0“ + pde" + dz p f= Sp ap посл 
(ii) Polar Coordinates (Spherical Coordinates) (Fig. 9). 


x=rsinĝ cosg, y-rsinÜsing, z=rcosé. 


r=Vx2ty242? , ф =arctan(y/x), #=агсїап (\/хї+у? e 
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The angles ф and # are called azimuth and zenith angle, respectively. We further have 
ds? = dr? + rdh? + r?sinOdq?, Ј = г25іп. 


1 90 / , 3/ 1 04 0f | af 

М= aree] ps 8090098) + 24 ag 
(iii) Euler's Angles (Fig. 10). Let (x,y,z) and (£9, £) be two linear orthogonal coordinate systems 
with common origin O. Denote the angle between the z-axis and the $-axis by 0; the angle 
between the zx-plane and the z{-plane by g; and the angle between the y-axis and the intersec- 
tion OK of the xy-plane and the ёп-ріапе (or the angle between the £-axis and the intersection 
OL of the 2{-рІапе and the éy-plane) by y. The angles 0, gp, and y are called Euler’s angles. The 
direction cosines of one coordinate axis with respect to the other coordinate system are as 
follows: 


— 5100 cos y 
ѕ1п Ө siny 
соѕӣ 


sing cos cosy + cos sind 
—sing cosÓ siny + cos cosy, 
sing sin 0 


cosp cos cosy — sing sin 
—cos@pcosé@siny — sing cosy 
cos p 510 0 


or = 


(iv) Rotational (or Revolutional) Coordinates (u,v, p). Let (u,v) be curvilinear coordinates (Sec- 
tion (1)) on the zp-plane. The rotational coordinates (и, о, p) are given by the combination of 
х=рсо$ф, y = psing with the coordinates on the zp-plane. We have 

ds? = p? dw? + а? dv? + p? dy’, 
where p, q are the corresponding values for the coordinates (u,v). 
(v) Generalized Cylindrical Coordinates (и, о,2). These are a combination of curvilinear coordi- 
nates (u,v) on the xy-plane with z. We have 

ds? = p? du? + q? dv? + dz’. 


For various selections of (u,v) we have coordinates as follows: 


Е Rotational Са 
А Coordinate System Men n 
Coordinate System 
Linear rectangular Circular cylindrical Linear rectangular 
coordinates coordinates coordinates 


Polar coordinates Circular cylindrical 


Spherical coordinates 


0) coordinates 
Elliptic coordinates Spheroidal coordinates Elliptic cylindrical 
(D) coordinates 
Parabolic coordinates Rotational parabolic Parabolic cylindrical 
((1)(iii)) coordinates? coordinates 
Equilateral hyperbolic Rotational hyperbolic Hyperbolic cylindrical 
coordinates ((1)(iv)) coordinates coordinates 
Bipolar coordinates Toroidal coordinates? Bipolar cylindrical 
((1)(у)) Bipolar coordinates coordinates 


Notes 
(1) When the p-axis is a minor or major axis, we have prolate or oblate spheroidal coordi- 
nates, respectively. 
(2) We take the z-axis as the common principal axis of the parabolas. 
(3) Where the line passing through two fixed points is the p-axis. 
(4) Where the line passing through two fixed points is the z-axis. 


(vi) Ellipsoidal Coordinates (A, и, у) (Fig. 11). Among the family of confocal quadrics 


x? y z? 


+ + =] (a>b>c>0), 
a+p b2+p c2+p ( 
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there are three values of p for which the surface passes through a given point Р(х,у, 2). Denote 
the three values of p by À, p, v, where A> — c?» p> — b? >v > — а?. The surfaces corresponding 
to p=A, p= p, and р = are an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two 
sheets, respectively. We have 


x2= 5) 22 Pope C MERE 
vom b2)(a2 — c?) ? У (b2— с2)(Ь2 а?) A 
h 
2= GI IB ser m : h(a) =(  a?)( #+ a?)(» + о?). 
VO - B) >) Veze- 
; 20) 7 P)  ' 
VG-JG-4) . 


B= (V(t a(t 02) e). 
2р(>) 


4. Differential Geometry 


(D Classical Differential Geometry (— 111 Differential Geometry of Curves and Surfaces) 
(1) Plane Curves (Fig. 12). At a point P (xo,yo) on a curve y = f(x), the equation of the tangent 
line is y — yo f'(xo)(x — xo), 

РТ=|уүї y? /»i. 


and the tangential shadow TM = yo/ yo. The equation of the normal line is f’(x9)(y — yo) + (x — 
Xo) = 0, 


PN=(yoyl+ye |; 


and the normal shadow MN = yo yo. The slope of the tangent is tana = f'(xo) = yo. the curvature 
at P is 


ke 1/РО = f" (х) [V fx 
The coordinates of the center of curvature Q are 


(xo-/G)[ l tfo ] / f” (xo), f(x) +11 + f(x) ] / f” (хо). 


3⁄2 
] 


Fig. 12 


(2) Space Curves х, = x, (1) (i= 1,2,3), or х= x(t). The line element of a curve x —x(1) is 


ds= (dx) + (dx,) + (ахз) = 2 x2 dt ( = 73] 


The curvature is 


«y x-sS8/s 


For t= s (arc length), the curvature is k= (Zx), and the torsion is +=[det(x¿,xZ, 
xe’ )a21,23]/ к2, where ' = d/ds. When we denote Frenet's frame by (£m, $), we have =x’, 
n=f/«, {= х з (vector product). 
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The Frenet-Serret formulas are 
E=, w=- <+ om. 


(3) Surface in 3- Dimensional Space x, = x, (uj, u2) (a = 1,2,3). The first fundamental form of the 
surface is 


2 Xa IXa 


Зы Эш C72. g=det(g4)>0. 


бук = 
а = 1 
Let (g7) be the inverse matrix of ( 8%). The tangent plane at the point x is given by 
det(x,— х9, (дх„/ди)®, (Әх„/ди,)®)=0. 


The normal line at the point x is given by x, — x= tv, where t is a parameter, and v, is the 
unit normal vector, given by 


д (xə,x.) 
n= EI (a--1) 
V g 9 (uyu) 
The second fundamental form is 
3 3 
д?х„ 0r, Ox, 
=>, "uu, — ди, дщ, ` h z det (Л). 
a-1 «=1 


The mean curvature (or Сегтаїп”з curvature) is 
=lf(l l). 1 s уж 
8-3 y. +z) j У 8" 
jk 


and Н = 0 is the condition for the given surface to be a minimal surface. The Gaussian curvature 
(or total curvature) is 


1 h 


RR, 8” 


and K=0 is the condition for the surface to be developable. 
We use the notations of Riemannian geometry, with gx the fundamental tensor: 


3 
9 p a 9x, 
E = > { jk } E +hyv —(Gauss's formula). 


a=] 


Кон = hihi — hyh, (Gauss’s equation). h,,,7h,, (Codazzi-Mainardi equation). 


Rone R 1 a [Vg [2 __9 Vg [2 
К= 2 а = []) а Pd 


x p) C (4) 


д> IXa 
— = > hpg" iam, (Weingarten's formula). 


The third fundamental form is given by 


ONS p, y, 


= 


Эи, Su; = У g'hh,-2Hh,-Kg, det (jy) = K?g = Kh. 
a-1 54 

(4) Geodesic Curvature. Let C:u;= u,(s) be a curve on a surface S and p be the curvature 
of C at a point P. Let 0 be the angle between the osculating plane of C and the plane tangent 


to S. The geodesic curvature p, of C at P is given by 


du, 4 щ ; ) du; du, 
poscis E ate rrr 
d: i=1,2 
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pg =0 is the condition for C to be a geodesic. Let D be a simply connected domain on the 
surface S, whose boundary T consists of n smooth curves. Let 0, be the outer angle at the 
intersection of two consecutive curves (a = 1, ...,n). Then we have the Gauss-Bonnet formula: 


[cds ff Kas= n=: 


«=1 


(II) Riemannian Geometry, Tensor Calculus  (— 417 Tensor Calculus) 


In the present section, we use Einstein’s convention (omission of the summation symbol). 
(1) Numerical Tensor. 
1 (j=k) 


Kronecker's ó ó, 8, {= |, (Kk) 
J А 


о ((¿)=lk,)) 
БТ = det (8% JN x pst І ((J,) ={k,} and (j,) is an even permutation of (&,)), 
-1 (л) * (5) and (j) is an odd permutation of (k,). 


Н , ee Blin Jic Ja he 
Eddington’se g... =O) 775, e” бз, 


ёр, јеж =(n— pon *. де (аи) sane ^ala?...a! — e alat.. ap 
uL hy А 


(2) Fundamental Objects іп Riemannian Geometry. Let g,, be the fundamental tensor, and ( g/^) 


be the inverse matrix of ( g). We put g=det(g,). 
The Christoffel symbol is 


[i]-l ia] Ba два ER] fi a |  9logVg 
jk 28 ax* ax ax? ={ i} (a= ax* ° 


which has the transformation rule 


| i (a дх/ àx* =Í i ) д?х! | 
гг i ik + matum 
jk]  9x'Vag) axk VJ 9x/ox* 


under a coordinate transformation. 
A geometrical object Г Ук with a similar transformation rule is called the coefficient of the 
affine connection. The torsion tensor is 


Sj T =T} 


The equation of a geodesic is 
аы {1 \ ae dt 
ds? jk] ds ds 
The covariant derivative of a tensor of weight W with respect to a coefficient of affine connec- 
tion T}, is given by 
q 
pe E = Тл: Ms Гах! + 5 T^- un s brh — > Dine E [a WIE, Vee 


„=1 pat 


For the Christoffel symbol, we denote the covariant derivative by ;/. Then we have the following 
formulas: 


Ska = 0, g**.,=0, 6j.,=0, VEE. ds 470, (1/,/ гв?” ^ = 


For a scalar f grad f —( fj), 
for а covariant vector v, ^ rotu =(v;,, — Vy ;) = (0v;/0x* — dv, /dx’), 


1 Age! 
J/g Ox! ` 


and for a contravariant vector v? — Чур=р? у= 


Beltrami's differential operator of the first kind is 


A f z gf, f... 
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8(Vg g” (af/ax*)) 
9x7 | 


For а domain D with sufficiently smooth boundary Г, we denote the directional derivative 
along the inner normal by д / ди, the volume element by dV, and the surface element on Г by dS. 
Then we have Green's formulas, 


à e. 0 
[ae dno) e - [| as, J (Aw — Ар) av = ILE 


l 


A, f= div grad f= 


We denote the curvature tensor with respect to the coefficients of a general affine connection 
Ti, by Bj, and by Ri, when Ti, = | » | We have the following formulas: 
ary, Oly 


Big ax == +I регеа 


Ry = ai Rik = — R; = R „= - - = Ad 5 
ijkl = Bai Ski jk C T| aint АРУ дӘхўх! а 


«a ((3(5)- (5)(4)): 


Bianchi's first identity Rj, + Ri + Rj, =0, 
(Ва + Biy + Bj ) =2( Sh + Sij + Sik )+4(S¿ Si + 55] + 5254); 


ied Og, ^ Og ди _ Og, | 


Bianchi's second identity Rigtm + Rim: А0, 


Biim + Bim + Bi = —2( Bina SË + Bia Sim + BA Sk ): 


Ricci's tensor Ry = — Ri; Ry; 
scalar curvature А z g^R, 
Ricci’s formula — Th Eid 1p 
kyo klslt Ks 
p 
= – Th. e joel B» + ТА Jp Ве +2Т/Лл 5, Sn т" ae В 
БҮ he > ЖОЖ oky eSt key kal a 


p=] 


where S and B are the torsion and curvature tensors given above, respectively, and W is the 
weight of the tensor T. 

(3) Special Riemannian Spaces (— 364 Riemannian Manifolds). In the present Section (3), n 
means the dimension of the space. 

(i) Space of Constant Curvature Ri, = p(guó;—2,0/; p= R/n(n— 1), 

(ii) Einstein Space Ry, = pgi, p= R/n, for n> 3, where R is a constant. 

(iii) Locally Symmetric Riemannian Space Rj,,,, — 0. 

(iv) Projectively Flat Space. Weyl's projective curvature tensor is defined by 


w= = Riu ta 


“Т (Кб Кб). 


The condition for the space to be projectively flat is given by Wiu=0, Rira = Кул. 
If n23, the latter condition follows from the former condition, and the space reduces to a 
space of constant curvature. If п = 2, the former condition W =0 always holds. 


R А 
(у) Concircularly Flat Space 25, = Rj, + — — (gô — 8101) = 0. This space reduces to a 


n(n—1) 
space of constant curvature. 
(vi) dn Flat Space. Weyl’s conformal curvature tensor is defined by 
i i R(g;ói — gjÀ;) 
См= Rat 5 (Ra ài — Кад в ву) Gay” 
Е EE M 
(n—2) 2(n—1)(n—2) 
The condition for the space to be conformally flat is given by Ci, =0, I7,.,— Пу. 
If n>4, the latter condition follows from the former condition, and if n = 3, the former condi- 
tion C=0 always holds. 
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5. Lie Algebras, Symmetric Riemannian Spaces, and 
Singularities 


(D The Classification of Complex Simple Lie Algebras and Compact Real Simple Lie Algebras 
(— 248 Lie Algebras) 


(1) Lie Algebra. The unitary restriction of a noncommutative finite-dimensional complex simple 
Lie algebra g is a compact real simple Lie algebra g,, and g is given by the complexification д 

of g,. There exists a bijective correspondence between the classifications of these two kinds of 

Lie algebras. Using Dynkin diagrams, the classification is done as in Fig. 14 (— 248 Lie Algebras). 
The system of fundamental roots (a,, ...,o;) of a simple Lie algebra g is in one-to-one corre- 
spondence with the vertices of a Dynkin diagram shown by simple circles in Fig. 14. The number 
of simple circles coincides with the rank / of g. The double circle in Fig. 14 means —1 times the 
highest root 0. Sometimes we mean by the term “Dynkin diagram" the diagram without the 
double circle and the lines issuing from it. Here we call the diagram with double circle representing 
— 6 the extended Dynkin diagram. Corresponding to the value of the inner product with respect 
to the Killing form — 2(0,, «,)/(a;, z;) (7 j) (which must be 0, 1, 2, or 3), we connect two vertices 
representing o; and o; as in Fig. 13. When the value is 0, we do not connect o; and о. In Fig. 13, 
the left circle corresponds to o; and the right circle to о. 


0 ° о 
1 o—o 
—2(aj,2;)/(a;,a;) = 
2 o<=o 
3 о<=0 
Fig. 13 
рр! 
O Es 
А! Q ә, Ф, ө, -—- (2 О O 
021) í 1 1 1 I 1 1 
1 2 3 4 3 2 
Е, O О O O © © ©) 
В, Lp uw. Bow "9 29 
Geo S ae aa оа 92 
©) 
—@ 
2 3 4 5 6 4 2 
Eg © O O O O O O O 
—@ 
с, "m 2 2 2 1 
(123) 09 
2 3 4 2 
ЕБ @——=—O 


1 1 
D, 0.2 2 2 2 2 
Š —>o——. 0 2 3 
024 6 G 
—@ 1 —@ 


Fig. 14 We have relations B, = С, = А,, C; = B,, and D, = Аз. (D,= А, + A,, which is not simple.) In this figure, 
the number at each vertex means the coefficient m; in 0 = È m;a;. 


From Fig. 14, we have the following information. 
(i) The quotient group of the automorphism group A (g) of g with respect to the inner automor- 
phism group 1 (g) is isomorphic to the automorphism group of the corresponding Dynkin dia- 
gram. The order of the latter group is 2 for A, (Г > 2) since the diagram is symmetric. It is also 
2 for D, (| > 5) and for Eg, and it is 6 (=3!) for D4. For all other cases, the order is 1. 
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(ii) The order of the center of the simply connected Lie group associated with g is equal to the 
index of the subgroup consisting of elements stabilizing — 0 in the group of automorphisms of 
the extended Dynkin diagram of g (S. Murakami). This index is equal to the order of the 
fundamental group of the adjoint group of g and the number of connected Lie groups, whose 
Lie algebra is g. 
(iii) Any parabolic Lie subalgebra of g is isomorphic to a subalgebra generated by the root vector 
X, (and elements of the Cartan subalgebra) such that а = X n;a; where (a, ...,oj) is a system 
of fundamental roots, n; > 0 (i— 1, ...,7) or n; « 0 (= L, ...,7), and n;=0 for a; belonging to a 
fixed subset S of (a, ...,aj). 

Hence, isomorphism classes of parabolic Lie subalgebras are in one-to-one correspondence 
with the set of subsets S of (a, ...,aj). | 
(iv) Maximal Lie subalgebra f of g with the same rank / as g. The Lie subalgebra f is classified 
by the following rule. First we remove a vertex a; from the Dynkin diagram. If the number m, 
attached to the vertex is 1, f is given by the product of the simple Lie algebra corresponding to 
the Dynkin diagram after removing the vertex o; and a one-dimensional Lie subalgebra. If т, > 1, 
f is given by the diagram after removing a; from the extended Dynkin diagram. 


(2) Lie Groups. The classical complex simple Lie groups of rank n represented by A, B, C, D (in 
Cartan's symbolism) are the complex special linear group SL(n + 1, C), the complex special 
orthogonal group 50(2п + 1, C), the complex symplectic group Sp(n, C), and the complex special 
orthogonal group SO(2n, C), respectively. The classical compact simple Lie groups of rank n 
represented by A, B, C, D are the special unitary group SU (n + 1), the special orthogonal group 
SO Qn + 1), the unitary-symplectic group Sp(n), and the special orthogonal group SO(2n), respec- 
tively (— 60 Classical Groups). 


Complex Compact Dimension 
Form Form 


Cartan's 
Symbol 


An SL(n+1,C) SU(n+1) n 
B, SO(2n+1,C) SO(2n+1) n 
C, Sp (n, C) Sp(n) n 
D, SO (2n, C) SO (2n) n 
G; Аш Aut 2 
F, | Aut S° Аш $ 4 
6 
7 
8 


Here G is the Cayley algebra over R, G* is the complexification of ©, & is the Jordan algebra 
of Hermitian matrices of order 3 over (5, X is the complexification of X, and AutA is the 
automorphism group of A. 


(II) Classification of Noncompact Real Simple Lie Algebras 


Classical Cases 


Cartan's Symbol Noncompact Real Maximal Compact 
Simple Lie Algebra g Lie Algebra of g 
AI 8l(p - 1; R) 3u(p +1) 
All 8l(n; H) 8p(n) 
АШ 8u(p,q; C) 8u(p)+ 8u(q) 
BI 80( p,q; R) 80(р) + 80(4) (ptq-2m-*l) 
BH $o(1,n — 1; В) $0(n—1) (п=2т+1) 
CI $p(p; R) u(p) 
CII u(p,q; H) &p( p) t 5р(4) 
DI 80( p,q; R) 8o(p)$o(qg) (p+q=2m) 
DII 80(1,n — 1; R) ёо(п – 1) (n22m) 
DIII 80(р; Н) u(2p) 
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Here the field F is the real field R, the complex field C, or the quaternion field H (R c C c H). 
Н is an algebra over R. For a quaternion x= xo+ xii + x> j + xsk (xo, Xj, X5, x4 € R), we put 


X= Xo — X4i — X> j — X3k, 
x* = xo + xii — X> j+ xk. 


Then gl (n; F)= (set of all square matrices over F of order n), 


8l(n; F) = (4 €al(n; F)|trA =0}, 
80(p,q; F) - (A €gl(p aq; Р)ГА*1, + 1,,4 =0}, 


where J, ; is the symmetric transformation of the Euclidean space R?*? with respect to R”, i.e., 


AI 0——0——0— ---- —0—0 EI peer 
AII 9$——0——9— ----—0——9 
PO a EH Ис. 5, 
АШ a | Z xe 
ЕШ 
C O 
ка 
EN кз 
BI 0——0— ----—0—9— ---- —9—9 
BH 0——9—-9— ---- —9—9—59 EV ашу —o——o 
CI 0——0— ----—09——0«—0 
EVI 
cll 
EW М E 
( oo — 
EVI AEG NU 
DI o—o—---- ) 
EK 
l —— 
DII —— FI о——о==о—о 
9—o0—9—---- FI €——e—e€—-o 


рш 


so e G o 
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1,,, is the diagonal sum of the unit matrix J, of order p and — 1,. We have 
30(n; F)=80(n,0; F), 
u(p,q; Е)= {A Egl(p+9;F)| 41, ,+1,,,4 =0}, 
u(n; F)=u(n,0; F), 
8b(n; F)- [А €gl Qn; F)|'AJ * JA =0), 


where J is the matrix of an alternating form 27_ (x; y; 4, Xi +n Yi) of order 2л. 

A noncompact real simple Lie algebra g is classified by the relation of the complex 
conjugation operator g with respect to the complexification a° of g. The results are given by 
Satake's diagram (Fig. 15). 

In the diagram, the fundamental root corresponding to a black circle is multiplied by — 1 
under o for a suitable choice of Cartan subalgebra, and the arc with an arrow means that two 
elements corresponding to both ends of the arc are mutually transformed by a specia! transfor- 
mation p such that o — pw (w € W). 


(III) Classification of Irreducible Symmetric Riemannian Spaces (— 412 Symmetric Riemannian 
Spaces and Real Forms) 


A simply connected irreducible symmetric Riemannian space M = G/ K is either a space in the 
following table or a simply connected compact simple Lie group mentioned in (I). The noncom- 
pact forms uniquely corresponding to the compact symmetric Riemannian space are in one-to- 
one correspondence with the noncompact real simple Lie algebras mentioned in (ID. 


Dimension 


Cartan's 
Symbol 


AI SU(n)/SO(n) (n»2) (n— D(n-2)/2 
All SUQn)/Sp(n) (n>1) (n— D2n- D) n-1 
АШ U(p+q)/U(p)X Ula) (p> q> l) 2р4 4 
BDI 50(р+ 4)/ 50(р)х 50(4) (р>9>2,р+д%4) pq q 
BDII $О(п+1)/$О(п) (n»2) п 1 
DIII SOQD/U(I) (1>4) 11-1) U/2] 
CI Sp(n)/ (п) (n23) n(n- 1) n 
CH Sp(p*q)/Sp(p)xSp(a) (р>д>1) 4pq q 
EI Е,/ Sp(4) 42 6 
ЕП Е,/50(2):50(6) 40 4 
ЕШ Е, / Spin(10)-SO (2) 32 2 
EIV Е,/ F, 26 2 
EV E, / SU(8) 70 7 
EVI E,/Spin(12)-SU(2) 64 4 
EVII E/E: SO(2) 54 3 
EVIII E,/Spin(16) 128 8 
EIX E,/E,- SU() 112 4 
FI F,/Sp(3): SUQ) 28 4 
FII F,/Spin(9) 16 1 
С G,/SO(4) 8 | 2 
Notes 


The group G= О(р+ q) in АШ is not effective, unless it is replaced by 50(р +9). To be 
precise, K — Sp(4) in EI should be replaced by its quotient group factored by a subgroup of order 
2 of its center. K in ЕП is not a direct product of simple groups; the order of its fundamental 
group z,(K) is 2. To be precise, К in EV or ЕУП should be replaced by its quotient group 
factored by a subgroup of order 2 of its center. The K's in EII, EIII, EVI, EVII, EIX, and FI are 
not direct products. The fundamental group z, (K) of K is the infinite cyclic group Z for ЕШ, 
EVII; for all other cases, the order of z,(K) is 2. 

In ЕШ, ЕУП, the groups Es, Е; are adjoint groups of compact simple Lie algebras. In other 
cases, Ё, and Е, (Eg, F4 and G, also) are simply connected Lie groups. 

The compact symmetric Riemannian space M is a complex Grassmann manifold for АШ, 

a real Grassmann manifold for BDI, a sphere for BDII, a quaternion Grassmann manifold for 
CII, and a Cayley projective plane for FII. 
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(IV) Isomorphic Relations among Classical Lie Algebras 


The isomorphic relations among the classical Lie algebras over R or C are all given in the 
following table. In the table, we denote, for example, the real form of type AI of the complex Lie 
algebra with rank 3 by А; in Cartan's symbolism. When there are nonisomorphic real forms of 
the same type and same rank (e.g., in the case of D,D we distinguish them by the rank of the 
corresponding symmetric Riemannian space and denote them by, e.g., D3I,, where p is the index 
of total isotropy of the sesquilinear form which is invariant under the corresponding Lie algebra. 


Cartan's Symbol Isomorphisms among Classical Lie Algebras 


A=B =C; 812, C) = 80 (3, С) 8р (1,0); šu 2)=8o(3)= 8p(1) 
B,=C, ёо (5, С) == 8p 2, С); 5о(5) = 8p 2) 
Аз= D; 81(4, C) = 8o (6, C); 8и (4) = 80(6) 
A, [=A ,TI=B 1=C,I 31(2,R)=8u(1, 1; C)=30(2,1;R)=8p(1;R) 
B,L =G 30 (3,2; R)= 8p (2, R) 
В =C H 80(4,1;R)=u(i,1;H) 
AsI= D.I, 31(4, R) = 80 (3,3; R) 
AII = DyI, 81(2, Н) =8о(5,1; R) 


А,Ш,= 04, 
АЗШ, = DjIII 
D4L = р, 
D,-A,XA;* 
Djl; - AL X Aj] 
DII =A, X A,I* 
Dol, = A,* 


8ц(2,2; C) =80(4,2; R) 
8u(3, 1; C) z80(3; Н) 
80(6,2; R) = 8o (4, H) 
80(4,С) = 81(2, С) X 81 (2, C); 8о (4) == 8и (2) x šu (2) 
80(2,2; К) = 81(2, R) х 81(2; R) 
80(2; Н) = 8и (2) х 81(2; В) 
80(3, 1; R)& 8102, C) 


Note 
(*) In these 3 cases, there are isomorphisms given by the replacement of 8[(2, C) 


or 8u (2) by isomorphic Lie algebras of type B, or type C, due to the isomorphism 
A =B =C.. 


(V) Lists of Normal Forms of Singularities with Modulus Number m=0, 1, and2 (— 418 Theory 
of Singularities) 


Letters A, ..., Z stand here for stable equivalence classes of function germs (or families of function 


germs). 


(1) Simple Singularities (т —0). There are 2 infinite series А, D, and 3 “exceptional” singularities Eç, 
E}, Es: 


Normal form Restrictions 


x" +y? +z? 


Notation 


D, x" 14 xy? +22 nz4 
Eg x*+y? +22 

E, x3y+y3 +22 

Е, х +y? +22 


(2) Unimodular Singularities (т = 1). There are 3 families of parabolic singularities, one series of 
hyperbolic singularities (with 3 subscripts), and 14 families of exceptional singularities. 


The parabolic singularities 


Restrictions 


а? +27 +0 
a* — 64 +0 
a6 —432 40 


Notation | Normal form 


P,—E, 
X, — E, 
J, = Ёз 


x? y) +23 + axyz 
x*+yt+z2+axyz 
x8 +y? +22 + axyz 
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The hyperbolic singularities 
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Notation 


Normal form 


Restrictions 


Т, 


The 14 exceptional families 


par 


xP+yt+z'+axyz 


111 
ax, —r—---«1 
p q r 


|: Gabrielov | Dolgachëv Gabrielov | Dolgachëv 
Notation | Normal form numbers | numbers Notation | Normal form numbers | numbers 
Ki хэ y! zà +axy5 237 237 ГАА x* + xy* +22 +ауё 256 344 
Kis x3 4 xy5 +z? +ay® 238 245 Qio xi+yt+yz2F+axy |334 239 
К х%+у®#+:2?+аху% 239 334 Qi x3+y2z+xz +a |33 5 247 
Zi х?у+у? +22 b axy* 245 238 Qiz х%+у*+у:2?+аху+ 1336 336 
Ziz x?’y+xyt +z? +ах?у | 2 4 6 246 Su xt+y?24+xz7+ax3z | 3 4 4 256 
Zs xy y +22 + axy? 247 335 Si; x2y+y2z+xz3+az | 3 4 5 345 
Wi х*+ y5 +z? +ax? y? 255 255 0, x? +y? +zt+axyz? |444 444 


— 


(3) Bimodular Singularities (m — 2). There are 8 infinite series and 14 exceptional families. In all the 


formulas, a — ag +4; y. 


The 8 infinite series of bimodular singularities 


Notation Normal form Restriction Milnor number 
Ji х? bx? y? +y? +z2 + exy? 43 +270 16 

Jz.p хэ +х?2у? +22 +ау?*? р>0, а,%0 16+ p 
21.0 у(х? + dx2y2 + exy? + y?) + z? 4d? +27 +0 15 

Zi.» yo? +x? y! c ay?*n +2? p»0,a, 0 154p 
Wo x*cax?y +y + 2 а2 +4 15 

LAM. x* + x? y) + ay®*? +2? p>0,a Z0 154p 
Wi (х? + y3)? axy* + 2? q>0,a 0 15+24—1 
Wi (x? + у?)? tax? ye z q>0,a #0 154-2q 
0,0 x? + yz? c ax? y! + xy* а #4 14 

Q;, x? +yz? +x? y? + az*? p>0,a 0 14+р 
S,.o x2z +yz? + y?  azy? а2 +4 14 

S, x?z +yz? x? y? c ay5*? p»0,ag x0 144 p 

SË 24-1 x^z- yz! + zy? + axy?*à q>0, ay 0 14+24—1 
Sa X!z yz? b zy! + ax? y?! 4>0, ao #0 14+24 
0.0 X + х2? +ху%+ау?: ag(a2 + 1) x0 14 

U, 24-1 x? xz? + ху? + ay! *2z? q>0, ap #0 14+2q-1 
Ubi XM xz? xy) +ay? *4z q>0, ay 40 | 14+24 


x? y? z? c axy? 

X xy! +2? o ay! О 
x3+yll +2? +axy? Oy, 
x3y+ Š +22 + axy? Qis 
x! y хуб +z? + ay? Sis 
x?y +y? +22 +аху' Siz 
xt + xy? +22 +ау' 0,6 


Normal form 
x* y! +z? +ax?y* 
x? +yz? y! +z? +аху 
x? yz? + xy) +2? +ау 
х? p yz? +y? +z? +axy® 
х?:+ yz? +xyt+z2+ay 
x2z+yz2  y$ +z2 + azy* 
x5-p xz? y5 +z? +ах?у? 
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Adjacency relations between simple and simply elliptic singularities 


Adjacency relations among unimodular singularities 


|< 
[кызыык кы 8725 Tos 
ты Tas Ло= És E 
i X = Ë, 
P,= E, 
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6. Topology 


(1) A-Cobordism Groups of Homotopy Spheres and Groups of Differentiable Structures on 
Combinatorizl Spheres 


(1) The Structure of the h-Cobordism Group 0, of n-Dimensional Homotopy Spheres. In the 
following table, values of 8, have the following meanings: 0 means that the group consists only 
of the identity element, an integer / means that the group is isomorphic to the cyclic group of 
order /, 2! means that the group is the direct sum of / groups of order 2, + means the direct sum, 
and ? means that the structure of the group is unknown. 


n 123 45 6 7 8 9 10 11 12 13 14 15 16 17 18 
23 or 2* or 


62 00 ? 0 0 0 28 2 4+2 6 92 0 3 2 8128432 2 4+2 8+2 


(2) The Group Г, of Differentiable Structures on the n-Dimensional Combinatorial Sphere. 


Г,20, (n23) T,=0 


(II) Adem's Formula Concerning Steenrod Operators Sq and A (— 64 Cohomology Operations) 


For the cohomology operators Sq and Z, we have 


(a2) /b —c—1 А 

b +b 

Sq*Sq’= y 5 Sq*'***Sq* (a<2b). 
c=0 a—Lc 
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Qm ub -o(p-)-1 
== (у pul 


c-0 


}у (a < pb), 


[e/p] 
PePe = > f Opa tbc Ge 
c=0 


(b—c)(p—1) 
a—pc 
a—1)/p i = ==} 

2 y er c)(p— 1) 


eue (a « pb). 
а—рс—1 


с=0 


Several simple cases оѓ the formula above are as follows. 


Sq! Sq?" = 542"*!, Sq!'Sq2"t1 = 0, 

Sq? Sq*" = Sq*"*? + Sq*"*! Sq', 54284"! = Sq*"*?Sq', 

Sq? Sq***? =Sq*"*3Sq! Sq? Sq*"*? =Sq*"*5 + Sq*"**8q', 

Sgt Sq" = Sq9"** + Sq9"* 3 Sq! + Sq9n*? Sq, Sq^Sq9"*! = Sg?"** Sq! + 84°"*3 54°, 
$4#845"*? = Sg?" ^ Sq? Sg^ Sq?"* = Sq8"* 5Sq, 

Sq^ Sq9"** = Sq®"*7 Sq! + Sq®"*°Sq* Sq* Sq9"* 5 = gq9"*? + Sq9"*8 Sq! + 848"+7802, 
Sq* Sq*"* 6 = Sq87*19 + 84°"*® Sq’, Sq*Sq*"*7 = 54%"! + 59%" $42, 


PP — (n-- 1)g"*1, 
PEP” = п. 69m 4 gn, 


(II) Cohomology Ring H*(7,n;Z,) of Eilenberg-MacLane Complex (— 70 Complexes) 


Z means the set of integers, and Z, = Z/pZ, where p is a prime number. 

(1) The case p 22, 7=Z or Zy (f > 1). The degree of a finite sequence J =(i,,i,_j, ..., i4) of 
positive integers is defined by d (I) i4 L+ ... +i,. If such a sequence satisfies i, > 2i, (k = 
l,...,r- 1), it is called admissible, and we define its excess by 


e(1)=(i,-2i,_,)+ ... t(i-2rj)-*i,-2i,— d(I). 


Further, we put Sq! = Sq} Sq- ... Sq. Then we have H*(Z,;, n; Z;) = Z;[Sq! u,|I is admissible, 
e(D) « n), H*(Z, n;Z;) = Z;[Sq'u,|I is admissible, e(I) « n, i, > 1]. 

Here, u,e H"(n, п; Z;) is the fundamental cohomology class. I = @ (empty) is also admissible, 
and for this case we put n(I) = e(1) 20, Sq! = 1. Due to the Künneth theorem, we have 


H*(n + 7,n;Z,) = Н*(т,п;2,)® H*(a',n;Z,) 
if 7 is finitely generated. In particular, we have 
Н*(7.,,\; 7) = Zlu], 
H*(Z,,2; Z3) =Z,|[ up, Sq, Sq?Sq uy, ..., Sq?" Sq?  ... quy... |, 
H*(25,3; Z5) = 1,[ из, Sq? Sq? ^ ...Sg!u, 540 * P Sq €^... 
54 +184 '...5аиз|ғ>20, s>0]. 


(2) The case 2, 7=Z or Z,; (f > 1). We define the degree of a finite sequence [= (i, i, |, 
.. 14, ig) of nonnegative integers by d (1) i, + ... + ij + ig. The sequence J is called admissible 
if it satisfies the following conditions: 


i22 (p—-1)*& (А, is а nonnegative integer, e =0 or 1 (0< k < r)), and 
i= 0 or 1, ij > 2p —2, ik+1 > Pik (1<k<r— 1). 


We define its excess by e(T)=pi,—(p— 1)d (1). Further, we put @! = 8*é 89M8", and 
assume that u, € H” (m,n; Z) is the fundamental cohomology class. Then we have 


H*(Z p,n; Z,) - Z,[2' u,|I is admissible, e(J) « n(p— 1), n-- d(1) is even] 
@ Az (P! u,|I is admissible, e(I) « n(p— 1), n+ d(I) is odd). 


H*(Z,n;Z) is given by the above formula when the admissible sequence is J with i= 0. 
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(IV) Cohomology Ring of Compact Connected Lie Groups (— 427 Topology of Lie Groups and 
Homogeneous Spaces) 


(1) General Remarks. Let G be a compact connected Lie group with rank / and dimension n. 
We have H*(G; В) 2 Ag(x;, ..., xj), where Ak(x,, ..., xj) means the exterior algebra over K of a 
linear space V= Kx, +... + Kx, with the basis (x,,..., xj) over К. We define a new degree in 
Ak; -s X1) by putting deg x; = т, (m, is odd) (1 «ix I), where m, +... + m, 2n. The = means 
isomorphism as graded rings. 

(2) Classical Compact Simple Lie Groups. We set deg x; =i. 


H*(U(n);R) = Ngh Xp x4 X251) 
H*(SU(n);R)= Ag X3; X5, ate R) 
H*(Sp(n); R) = Am(xa x5 ...,X4n— |), 
H*(SO (п); Z;) =(Having ху, хз, ...,X,— asa simple system of generators) 

=Z,[xi, xs, ve Xana ap lim 1, әл”) 

(n= [n/2], s(i) is the least integer satisfying 2®(2i—1)> n) 

H*(SO Qn;K)a Х№к(х3 X3, Хап $ X2 1) 
H*(SO(2n—- 1); К) = Ax(%3X7, ..., ха 5), Where K is a commutative field whose 


characteristic is not 2. 
For 50 (п), Sg°(x)=(} )xisa ForSU(n), p*Ga-0- (5, yuicieno-o 


a(p—1)/2 TERS 
For Sp(n), Фа( ха) = (1) а ая 1а reza - n 


(3) Exceptional Compact Simple Lie Groups. n and m, (1 < i < /) given in (1) are as follows. 
С: п= 14, mj-3, 11. 


Fy: n=52, m=3, 11, 15, 23. 
Eg: n=78, m,=3, 9, 11, 15, 17, 23. 
Ej: ne133, m;=3, 11, 15, 19, 23, 27, 35. 


Es: п= 248, m,=3, 15, 23, 27, 35, 39, 47, 59. 


(4) p-Torsion Groups of Exceptional Groups. The p-torsion groups of exceptional Lie groups 
are unit groups except when p=2 for G4; p=2, 3 for F4, Eg, Ej; and p 22, 3, 5 for Es. The 
cohomology ring of Z, as a coefficient group in these exceptional cases is given as follows. Here 
we put ерх; i. 


H*(65:25) =Z,[x,]/(x3) @ Az (Sa?) 
H*( Fy; Z,) =Z,[x;]/(x3) @ Az,( Sq2xy, x is $4®х |), 
H*( Fy; 23) Z5 [8975 ]/((8P x3) )@ Az (xs 95,1), 91); 
H*(Eg; Z,) = Z,[x,]/(x3) @ Az,( Sq2xs, Sq^Sq^xs, X15, Sq*Sq*Sq?x3, Sq*x s), 
H*(Eg; Z4) = Z,| Š ®!х› ]/((8 9x3) )@ Az (Xs 9 o, xs, ху, 9 3x3); 
H* (Ey; Z5) = Za | ху Sq?x3, $4554°х ] / (<Í, (Sa?x3) 5 (Sq Sq2xs) ) 
® Az (xis, Sq*Sq Sq x, Sq*x is, Sq^Sq*x s), 
H*( Ey; Zs) =23| 89x, ]/((8975) ) 8 Az (23 911, F'xi 92 91xy хуу, х5); 
H* Es; 25) =Z;| x3, Sq). Sa Sa^. ]/ (x35, (Sx). (Sa^Sqhxs). xis) 
@ Az ( SqSSq*Sq xs, Sq*x is, Sq*Sq*x s, 542545413), 
H*( Eg: Zs) Z5 [ 89x36 P 9, ] /((89x (899935) 
B Az (x5, 915, x1, 99 9 1c, PX is as Хз» Хау), 


H*( Eg; Zs) =Zs| 8 9'x, ]/((8 9'x,))8 Az (x3 Plaz, X15, 9 5x15, Хуу, X35 X39, Хат). 
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(V) Cohomology Rings of Classifying Spaces 
Groups and Homogeneous Spaces C) 


(— 56 Characteristic Classes, 427 Topology of Lie 


(1 Let H*(G; К) = Ak(x,, X2, ..., x,). Then the deg x, are odd and the x; may be assumed to be 
transgressive. y; being its image, the following formula holds: 


H*(BG; K) 2 К[у,, ya. ...,у,] (Borel’s theorem). 


(2) H*(BU(n))=H*(BGL(n, C)) - Z[c;, c5, ...,с,], 
H*(BSU(n)) = H*(BSL(n, С))= Z[c;, ...,c,], 

H*(BSp(n)) = Z[q,, 42. ---,9,], 

H*(BO(n); K;) - H*(BGL(n, R); Z,)= K;[wi,w5, ..., Wal 
H*(BSO(n); Kj) 2 H*(BSL(n, В); Z;) = K;[w;, ...,w,], 
H*(BSO(Qm- 1); K)= K[pi, pa. .... Pa]. 

H*(BSO(2m); K)2 К[р,,р›,...,р„-1, Z]: 


Here, K denotes a field of characteristic #2, and К, is the field of characteristic 2. The c; denote 
the ith Chern classes and the q; the ith symplectic Pontryagin classes, the w, the ith Stiefel- Whitney 
classes. Moreover, the p; denote the ith Pontryagin classes, and у the Euler class. Their degrees are 
given as follows: deg c; = 21, deg q; = deg p; = 4i, deg w; =i, and deg y —2m. 


(3) Wu's Formula. Let H?(BSO(n); Z,)=Z,[w2, ..., 
We have 


1 i—j+t—1 
Sq/w,= ( Ja 
O<t<j t 


i—J+t—1 
Sq” c= ( Jae 
O<t<j t 


Here the symbol (?) denotes the binomial coefficient for a > b; (6)= 1, and (2) = 0 otherwise. 


Wr] and H*(BU(n), Z2) = Zlec ‚ Сз,» са). 


(со = 1). 


(VI) Homotopy Groups of Spheres (— 202 Homotopy Theory) 


Table of the (n+ k)th Homotopy Group z,.,($") of the n-Dimensional Sphere $". The table 
represents Abelian groups. 0 stands for the unit group; integer / the cyclic group of order /; оо the 
infinite cyclic group; 2! the direct sum of J groups of order 2; and + means the direct sum. 


В, «0 0 1 2 3 4 5 6 ? 8 9 10 11 12 13 
1 0 [ж о о 0 о о 0 0 0 0 0 0 0 0 
2 0 p o 2 2 i2 2 2 3 15 2 22 12+2 84+22 22 
3|0 œ ES 2 12 2 2 3 15 2 2 1242 8442? 2 6 
4| 0 2 A ю+12 22 2 24+3 15 2 22 120-1242 84425 26 24642 
510 æ 2 2 É E" К 22-2 2 30 2 23 72+2 504+ 22 23 6+2 
610 æ 2 2 24 КУ оо 2 60 2442 23 72+2 504+4 240 6 
710 æ 2 2 24 0 ЕХ 2 120 23 24 24+2 504+ 2 0 6 
8|0 < 2 2 24 0 0 Д п É оо + 120 24 25 24+24+2 504+2 0 6+2 
9] 0 о 2 2 24 0 0 2 Е 240 a 2 24 24+2 504+2 “0 6 
10| 0 o 2 2 24 0 0 2 240 2 e +2 12+2 504 12 6 
1110 o 2 2 24 0 0 2 240 22 оз! 6+2 504 2 6+2 
2| 0 æ 2 2 24 0 0 2 240 22 23 ES 6 7 Ё oo + 504 2 6+2 
13} 0 < 2 2 24 0 0 2 240 22 23 6 E 504 н 2 6 
1410 o 2 2 24 0 0 2 240 22 23 6 504 Ë E | оо +3 

»15| 0 o 2 2 24 0 0 2 240 22 2 6 504 0 3 
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Table of the (n + k)th Homotopy Group z, ,(S") of the n-Dimensional Sphere S" (Continued) 


22 

1 0 0 0 0 0 0 0 0 0 

2 30 30 6+2 12+22 12+22 132+2 22 2 

3 30 30 6+2 12+22 1242? 13242 22 2 210 

4 | 2520+6+2 30 6+6+2 24+12+4+22 120412425 132+25 26 24422 9240-642 
5 6+2 30+2 22 4+2? 24+2? 264+2 6+2? 6+2 90+22 

6 12+2 60+2 504+ 22 24 24+6+2 1056+8 480+12 6 180+22 
7 24+4 120+23 24 24 24+2 264+2 24 6+2 72+23 

8 | 2404+24+4 120+25 27 6+24 504+24+2 264+2 24+3 1242? 1440+24+ 24 
9 16+4 240+ 23 24 24 24+2 264+2 24 6+22 144+23 
10 16+2 240422? 24042 23 24422 264-6 5044-24 6422 1444642 
11 16+2 240+2 2 23 8+4+2 264 +23 24+2? 24 4842? 
12 48+4+2 240+2 2 24 480+4+4+2 264+25 24+25 642^ 2016-1242? 
13 16-2 4804-2 2 24 8-842 264 - 25 24423 442 16-22 
14 8+2 480+2 24+2 24 8+8+2 264+4+2 240+24 4+2? 16+2? 
15 4+2 480+2 23 25 8+8+2 264-22 24 23 16+23 
16 2+2 100 +480+2 2% 26 24+8+8+2 264+ 22 24 24 240+16+23 
17 2+2 48042 | 23 25 8+8+2 264+22 24 23 16+23 
18 2+2 480+2 22 Ё oo + 24 8-442 26442 24412 23 16+ 22 

к а I 
19 2+2 480+2 22 24 | 8+ 2? 26442 2442 25 16+2? 
ы Бри emm I 
20 2+2 480+2 22 24 8+2 | © +264+2 24+2? 24 16+22 
m So 
21 242 480-- 2 22 24 8+2 264+2 | 24+2 23 8+2? 
и] 
22 2+2 480+ 2 22 24 8+2 264+2 24 | со + 22 4+ 22 
Tan TA 

23 2+2 480+2 22 24 8+2 264+2 24 22 е 23 
>24 2+2 480+ 2 22 25 842 2642 24 22 22 


Remarks 

(1) When n » k+]1 (below the broken line in the table), т, ,(S") is independent of л and is 
isomorphic with the kth stable homotopy group С. 

(2) Let 1, € 7, (S") be the identity on $^; q,€ z,(S2), »4E77(S*), os € r | (S9) be the Hopf 
mapping 53—52, S75 S4, 5 1555 (induced mapping in the homotopy class), respectively; and 
[5.25] € Tam —1 (52) (т -= 1,2,4) be the Whitehead product of tz». These objects generate 
infinite cyclic groups which are direct factors of т, , ,( S”) corresponding to the original map- 
pings. 

(8)m,+2= E"N» Php Еа, o,,g-— E"og (п> 1) (E is the suspension) are the generator 
for z, + ,(S"), which contains the mappings. 

(4) The orders of the following compositions are 2:gs, ,.7 


7,97,41(022) vov, 43 (и> 5), 0,^0,,;(n216), mor, 1(n93,4), 
0291 +3 (074,5), Ta ° 6, +1 (n > 7), G, °T +7 (n > 8), Vio? буз, 0102018, 


Tin ? +19 152 (n 22) Vn? Pa +39 P L 6 (n > 4), On ° 0,47? 05.14 (n 29). 


(VII) The Homotopy Groups z,(G) of Compact Connected Lie Groups G 
Here the group G is one of the following: 


50 (п) (п> 2), Spin(n)(n23), U(n)(n>1), SU(n) (n>2), 
Sp(n)(n>1), G, F, Eg E, Ез. 


(1) The Fundamental Group 7,(G). 


o (G=U(n)(n>1), SO(2)), 
m(G)e412  (G=SO(n) (n>3)), 
О (forall other groups С). 
(2) Isomorphic Relations (k > 2). 
v (U (n)) = z, (SU (n)) (n > 2), 
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7, (U (1)) = z, (SO (2)) =0. 

m, (Spin(n)) = v, (SO (n)) (n > 3), 

m, Spin(3)) = v, (Sp(1)) = v, (SU Q)) = z, (S°), 
m, (Spin(4)) = m, (Spin (3)) + z, (S? ), 

T, ( Spin(5)) = m, (Sp (2)), 

mr (Spin(6)) = m, (SU (4)). 


App. A, Table 6.VII 


Spin (3), 


n4(SO(4)) = oo + о. 


Spin (5)), 


SO(3, SO(S) Spin(3), Spin(5)), 


G, Е, Eg Ep Es). 


(3) The Homotopy Group 2,(G) (k > 2). 

n (G)=0. 

m,(G)200 (GASO(2), U(1), SO(4), $рїп(4)), 
2+2 (G=SO(4), Spin(4)), 

m4(G) = 2 (G=Sp(n), SU(2), SO(3), SO(5), 
0 (G=SU(n) (n>3), SO(n) (n>6), С, Е, Е, E, Es). 
2+2 (G=SO(4), Spin(4)), 

(с)]2 (6759700 SUO), 

T8775) o (С=50(п) (п>3), SO(6), Spin(6), 
0 (С= 50 (п), Spin(n) (п> 7), 

m, (G), k > 6. 


Gkl|6 7 8 9 10 T 12 13 14 15 
ООС 2 3_ 15 2 2 1242 84422 2 
SQ | 0 o 0 0 ү 120 2.7 Ê 4+2 1680 2 
Sp3) |0 o 0 O 0 со 2 2 1080 _ 2 _ 
Sp4 | 0 o 0 0 0 oo 2 2 0 oo 
SUQ |12 2 2 3 2 2 12+3 84+ 22 

503) | 6 0 Q2 3 30 4 60 6 8442 36 
SUM) | 0. c, 24 2. 120+2 4 60 4 168042 72+2 
SU) | 0 o 0 c, 120 _ 0 360 4 1680 6 
SU( | 0 o 0 œ 0 ° | 720__2_ , 504042 6 
SU | 0 co 0 o 0 оо 0 o 15040 0 
50(8) 0 оо 0 со 0 оо 0 oo 0 ° 
SO(5) | 0 æ 0 0 120 2 2 4+2 1680 2 
SO( | 0 o 24 2 12042 4 60 4 168042 7242 
SO) | 0. w 2 2 8 0+2 0 2 2520+8+2 21 
SO(8) | 01 e+e 2 2448 042 0 2 252041204842 27 


r 


l 
I 
8 
8 
8 + 
N 


| 


4 
18 
it 8 
8 


r 
d 


8 8 
+ + 
мю м 


D 
о 8 8 
No 


8+2 oo +23 
8 oo + 22 
8 oo +2 
о +2 
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(4) Stable Homotopy Groups. For sufficiently large л for fixed k, the homotopy groups for 
classical compact simple Lie groups С = Sp(n), SU (n), SO (n) become stable. We denote them 
by the following notations. Here we assume k > 2. 


m (Sp) = z, CSp(n)) (n 2(k—1)/4), 
тИ) = т(О(п)) = т (50(п)) (n2(k*1)/2), 
тп(0) = m, (SO (п)) (п> К+ 2). 


Вой periodicity theorem 


œ (kz3,7 (mod8)), 
m(Sp)=\2 (к=4,5 (mod8)), 
0 (k=0, 1,2,6 (mod 8)). 


оо (kz3,7 (mod8)), 
m (0) 2 (k 0,1 (mod8)), 
0 (k=2,4,5,6 (mod8)). 


œ (kzl (mod2)), 
7, ( U) = 

0 (k=0(mod2)). 
(5 Metastable Homotopy Groups. 


(a,b) means the greatest common divisor of two integers a and b. 


Tan (SU (n)) = n!. 


2 (n even), 


72541 (SU (n)) 0 (n odd) 


R 


R 


Tan+2(SU (n)) (n+1)!/2 (nodd). 


(24,n) (n even), 


(24,7 +3)/2 (n odd). 


Kos (n even, > 4), 
asso) 


(n - 2)1(24, n)/48 (n even, > 4), 
(п+2)!(24, n--3)/24 (n odd). 


735 45(SU (n)) = manes (U (n+ 1)). 


rane SUC) | 


256 (U (n 1)) (n=2,3 (mod4), n > 3), 


500) =) Tn+6(U(nt+1))+2 (nz0,1 (mod4)). 


(2n+1)! (n even), 


T4n+2(Sp(n)) = 2(2n+1)! (n odd). 


Tan+3(Sp(n)) = 


2. 
Tan+4(Sp(n)) = | : 


+2 (neven), 
(n odd). 


(24, n-2)*2 (neven), 


Ta + 5 ( Sp(n))= (24, п+2) (n odd). 


(2n+3)!(24,n+2)/12 (n even), 


па) (2п+3)!(24, п+2)/24 (n odd). 


Tas 1 Sp (n)) = 2. 
тал+в(5р(п))==2+2. 
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The homotopy groups т, ,(SO (n)) for n > 16,32 i2 — 1 are determined by the isomorphism 
7, + (SO (n))= m, (O )+T,+i+i(Vi+s+ n isa (R)) 
and the homotopy groups of V,,,, m(R) given below. 
(6) Homotopy Groups of Real Stiefel Manifolds „у , ,, (R) = O (m n)/ I, x O (n). 
Trek Viti) )= T, +K ( S" ). 
т„-к(Ум+ьт)=0 (k>1). 
уБ | (n22s—1, m>2), 


V. ~~ 
7, ( m+n,m oo (n 225). 


To kV m en m) (k= 1,2,3,4,5) are given in the following table. 


8s 8s+1 85+2 8s+3 8s+4 85+5 


2|]|% 2 4 22 4 22 4 22 4 22 4 22 4 22 
7,42] 3 |œ? 2 2+00 22 4+ oo 2 2+ oo 22 4+ oo 2 2- oo 22 4+ oo 2 
>4| 0 2 22 8 0 2 22 8 0 2 2? 8 0 
212 2 2 ©+12+2 2 2442 2 2442 2 22444 22 2442 2 2442 
312 2 2 o41244 2 1242 2 24+4 22 1242 22 24+4 2 12+2 
7,4,3] 4 [2 co 2 о2+12+4 22 12+ 22 24+4+о 2 1240 22 24+4+® 22 12+® 
>50 0 2 12+4+® 2 12 2 24+8 2 12 2? 4+48 2 12 
2 |2 122 co+2 22424 22 24 2 24 2 24 2 24 2 24 
з |2 0 w+4 24 23 2 4 22 22 2 4 22 22 2 
maal 4 | 2 0 4+ 25 22 2 8 23 2 2 8 23 2 2 
5 |æ 0 4+х? 24 24 oc 2 8+ оо 22 2 8+ оо 22 2 
»6|0 0 4+0 23 2 0 8 2 0 2 16 2 0 0 
2 |12 2 2 23 0 © 0 0 0 0 0 0 0 0 
7545| 3 |122 © 2+24 24 24 +2 24 2 24 2 24 2 24 2 
4|0 o 23 25 2 +4 2 22 2 4 22 22 2 4 


(VIII) Immersion and Embedding of Projective Spaces (— 114 Differential Topology) 


We denote immersion by c, and embedding by ©. P"(A) is an n-dimensional real or complex 
projective space where A=R or C, k{P"(A)} is the integer k such that P"(A) C R* and P"(A)¢ 
R*^!, and k{P"(A)} is the integer k such that P'(A)C R* and P"(A)g R* *. 

In the table, for example, numbers 9—11 in the row k(P"(R)] for n=6 mean РК) R$, 
РВ) cR!!. 


2 5 6 7 8 9 10 11 12 
k(P'(R)) |2 4 9 9~11 9—12 16 17 17—19 oe 
k(P'(R) |2 3 7 7 7 8 15 15 16 16 17—19 
k(P"(O) |3 7 15 17 22 22-25 31 33 38 38—41 
k(P'(OQ) |3 7 8—9 15 16—17 22 22-25 31 32—33 38 38—41 


2-3 


2-2 (r>s>0) 


2n 2n—-1 2n—3—2n-]1 dA 
2n-1 2n—3 2n—-4 2n—6 Bs 
4n-1 4n —3 4n—-2 s 4n-2 
4n—1 4n —4—4n—3 4n—2 vs 4n—2 


k{P"(R)} 
k {P"(R)} 
k (P'(O)) 
k (P*(Oj 
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7. Knot Theory (— 255 Knot Theory) 


Let k be a projection on a plane of a knot K. We color the domains separated by k, white and 
black alternatively. The outermost (unbounded) domain determined by К is colored white. In 
Fig. 16, hatching means black. Take a point (a black point in Fig. 16) in each black domain. The 
self-intersections of k are represented by white points (Fig. 16). Through each white point we 
draw a line segment connecting the black points in the black regions meeting at the white point. 
In Fig. 16, we show this as a broken line. We assign the signature + if the torsion of K at the 
intersection of k has the orientation of a right-hand screw (as in Fig. 17, left), and the signature — 
if the orientation is opposite (as in Fig. 17, right). The picture of the line segments with signatures 
is called the graph corresponding to the projection k of the knot K. Given such a graph, we can 
reconstruct the original knot K. 


Fig. 17 


Fig. 18 shows the classification table of knots for which the numbers of intersections of К are 
3 to 8 when we minimize the intersections. The projection of k is described by a solid line, and 
the graph by broken lines. We omit the signatures since for each graph from 3, to 8,5 they are 
all + or all —. Such knots are called alternating knots. 


8. Ineq ualities (— 88 Convex Analysis, 211 Inequalities) 


(1) |a+b|<la|+|5|, 


а= b| > ||a| — |l]. 
For real a,, we have Da? > 0, and the equality holds only if all a, =0. 
(2) n!«n"«(nyy (n23) 
e"> n"/n!. 
n^ <31⁄3 (п 53). 
(3) 2/-«(sinx)/x«1 (0<х<т/2) (Jordan’s inequality). 
(4) Denote the elementary symmetric polynomials of positive numbers а, ...,а, > 0 by S, 
(r1, ...,n). Then 


sus s es e m [A 


If at least one equality holds, then a, =... = a,. In particular, from the two external terms, we 
have the following inequalities concerning mean values: 


l 
n, у= 1 v=} Р 


For weighted means, we have 


S Xa П а (ХА, =1, X20) 


р= | p=] 


(5) When a,>0, b,>0,p>1,q>1,(1/p)+(1/g)=1, 


p=} p=] р= 1 


Р VPr n 1/4 Р 
| > 1 | >, e» > $, ab, (Holders inequality). 


The equality holds only if (а,) = с(2,) (c is a constant). 
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ФУ Ы 


SO 
SA 


Fig. 18 
Classification table 


SOW SB 
< Z 7 N 
эво 
LY £3 «бө 
SREE 
Оез 
CP ы 99 $ 
ЫР do 


SV 
m 


of knots. The signa from 3, to 8g are all + or all —. 


When p=q= 2,thei inequality is cid puit nequality, the Cauchy-Schwarz inequality, 
hav 


or Bunyakovskii’ 


nequality. As special ca 


(£a) n (a,>0), 
d pu] ® 

n 2 n 
($4) <a( $ #) TRU 
р= 1 p=} 


When 0< p < 1, we have an inequality by reversing the inequality sign in Hólder's inequality. 
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(6) When a, >0, b,>0, p >0, and (a,) and (5,) are not proportional, we have 


n 1/р п Vp n 1/p 
| Y (a * b) | s| У (a) > вә” (pzl)  (Minkowski's inequality). 


›=1 


p=] v=) 


The integral inequality corresponding to (5) or (6) has the same name 


(7) Ifa,>0, > a, => a,,=1, b,20, 
TET 
bd 
=1 ›=1 


v p=1 
In particular, for the determinant А = det(a,,), 


lA? < П | > s 
v=1\p=1 
The equality in this holds only if all rows are mutually orthogonal. If all |a,,| < M, we have 


|A|<n"/?M" — (Hadamard's estimation). 
(8) Suppose that a function f(x) is continuous, strictly monotone increasing in x > 0, and 


f (0) 2 0. Denote the inverse function of f by f 71. For a,b >0, we have 


ab « (* fG)dxe (^17 (x)de 
0 


and the equality holds only if b= f(a). 
In particular, for f(x)= x^^! (p 1), we have 


(Young's inequality), 


p q 
PP sah 


p q 
where (1/p) +(1/q)= 1. 


(9) Hop,q>1,(1/p)+(1/q)=1,a,2 


s. а) [ох 
< а, 
р.и = 0 ptrtl obs > d Р É | 


and the equality holds only when the right-hand side vanishes 


0, b, > 0, 
1/4 
(Hilbert's inequality), 


(10) For a continuous function f(x) 2 0 (0 < x < oo), we put 


F(x)= (^f. 
0 
and assume that p > 1. Then 
F(x) P p \ re Р 
| (27) f [f(x)] ах 


© 
ins 
and the equality holds only if f(x) is identically 0. 
Further, if f(x) > 0, 


fr e| овда ax <e |“ 00 


(Hardy's inequality), 


(Carleman's inequality). 


(11) Let a < x <£ < b, p> 1, and 


sup s= J: f(t)dt=0(x). 


Then 
Li [0 GI] ax < = 2! f |f(x)/?dx — (Hardy-Littlewood supremum theorem). 
(12) If f(x) is piecewise smooth in 0 < x < z and /(0) = /(т) =0 
f "i noy dx > J. "U GJ dx — (Wirtinger's inequality), 
0 


and the equality holds only if f(x) is a constant multiple of sinx 
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9. Differential and Integral Calculus 


(I) Derivatives and Primitive Functions  (— 106 Differential Calculus, 216 Integral Calculus) 


T 


Е(х)= f fo) dx f(x)= F'(x) 
aq + Ву (а, В constants) | ag’ + By’ 
vv gy +o 
ф/у (9550) (Фф — 9/4? 
log|g] (9250) 9' / 9 (logarithmic differentiation) 
$(g) (composite) (d /dg):q' 
c (constant) 0 
y” nx"! 
x"*l/(n4l) x" (n#-1) 
log|x| 1/х 
log || (log,e)/ x 
x(logx — 1) logx 
ехрх=е* ехрх=е* 
ах (а>0) a*loga 
x* x*(1+logx) 
(х—1)е* хе* 
sin x COS X 
cosx —Sin x 
tanx sec2x 
cotx — соѕес2х 
secx sec x tan x 
cosec x — cosec x cot x 
sinh x —(e*—e *)/2 cosh x 
coshx =(e*+e~*)/2 sinh x 
tanh x = sinh x /cosh x sech2x 
. cothx = cosh x /sinh x — cosech?x 
sech x = 1/cosh x — sech x tanh x 
cosech x = 1 /sinh x — cosech x coth x 
arcsinx (|F|« 7/2) 1/V1- x2 
arccosx (0< F« v) -1/vi1-xi 
arctanx (|Е|<т/2) 1/(1+ x?) 
агссоїх (|F|« 7/2) —1/(1+ x? 
arcsecx (0c F« m) V/|x| V x?-1 
arccosecx ([F|« 7/2) -A|x| Vx*-1 
arcsinh x =log(x + V x?4 1) 1/Vx2 +1 
arc cosh x = log(x + Мх?-1 ) 1/Vx1-1 
1 1+х arctanhx  (|x| « 1) 1 
pes 1-x ч | arccothx (|x|>1) 1—х? 
arcsech x -1/ xV1- х? 
arccosech x — 1/|х| VT+ x? 
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Е(х)= f fx) dx 


жө | >ш 


(1/a)arctan(x/a) 
(xV1-x? +arcsinx)/2 
[xVx241 +log(x+ Vx?x1 )]/2 
— log|cos x| 
log | sin x| 
Іор | tan x| 
log| tan[(a /4) + (x /2)]| 
log | tan(x /2)| 
(x/2)—(1/4)sin2x 
sin x — x COS x 
COS x + xsinx 
nsin mx sinnx + mcosmx cosnx 


2 „2 
nm 
joint ( ) 


pbx bsinax — acosax 
a2+ b2 

e bx b cosax + asinax 
a+b? 

xarcsinx + V 1— x? 


xarctan x —(1/2)log(1 + x?) 


деф) k=1,...40 


(II) Recurrence Formulas for Indefinite Integrals 


dx А NE 
(D L,25]—— (т 15 а positive integer). 
[055 
ы x 2т-3 
T Im- 0437 2m=2 


(2) „= x 
| GE 


1752 


f(x) F'(x) 


1 
2.172 


X —a 
1/(x? + a?) 
Vi-x? 
Мх2+1 


{ап х 


cot x 
1/sin x cosx 
secx 
cosec x 
sin?x 
xsinx 


X COS X 


sin mx COS nx 
ebxsinax 
ех cosax 


arcsin x 
arctanx 


У, det(9j...95, 19,9) + 1 


Фа) 2а 


т 1 (т> 2); 


dx (т is an integer, a #0). 


I = атсїап х. 


The case m < 0 is reduced to the case т > 0 by the change of variable 1/х = t. 


„= el yng a bee = 


(2m- Db | (т De, 


ma 2ma 


(1/ Va Jlog|2ax +b +2Va V ax? bx c | 


h= е! : 2ax tb 
arc sin —————— 
V-a V b? — 4ac 


m-l 


(a>0), 
(a<0); 


In this case, for the integrand to be a real function it is necessary that b?—4ac > 0. 


(3) L,= "еа (т is an integer). 


I, x"e* —ml, 1; I= e*, I_ = Ех, 
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where Ei is the exponential integral function (— Table 19.II.3, this Appendix). 


(4) L,,= f x"(logx)'dx (m,n are integers, n > 0). 


xm+1 


Ima = Повх)" л Igo Жр (me D), Lm Повх н) 
(5 һ= f x™sinx dx, J, = f x"cosxdx (m is a nonnegative integer). 

1, = — x" cosx + mJ, _ = x*“*'1(msinx— xcosx) - т(т— D£, _;, 

Im = x"sinx — ml,,_ = х" (хіп х + mcosx)— m(m-— 1)J, 5; 

[= —cosx, 

Jo sinx, 
(6) „= f sin"x-cos"xdx (m,n are integers). 


sin"*lxcos" "ly — 4—] 


I = 
min m+n m+n Ina-2 
(т + п-=0), 

ARR —sin"-!xcos"*ly | т—1 
"un m+n m+n "2" 

—sin"*lycos"'*!x m+n+2 
I — +I ~ Une] mee (n= — 1), 

sin"*!xcos"*!x т+п+2 ; 
Imn ажр 5 mad mens (ms — l); 
I 1=(sin?x)/2, I o= — cosx, 1,-,7-log|cosx|  lIo,—sinx, Јр =x, 


_1у,-у=1ов|їап[(х /2)+ (т /4)]|, 1_1,у=1ов|зїпх]|, 
1_,о=1ов|ап(х /2)|, 1. , -log|tanx]|. 


tan”~! 
—1 


x 


In, -n= f tan” dx = — 1-2 -(m- 2(m 1). 


(III) Derivatives of Higher Order 


gy X(2)e090-7?  (Leibniz's formula) 
p-0 
п- 1 
xt (k—v)x*~" 
v=0 
(x +a)” n! 
expx expx 
ах (a0) a*(loga)" 
logx (—1)"-(яп—1)!/х” 
Sin x sin[x + (пт /2)] 
Cos x cos[x + (nz /2)] 
е cos bx r"e"*cos(bx + пд) (where а = rcos0, b = rsin0) 
n—1 
25 (— DAS l \@- )!!Qn-2» - 3! (14 x) -0/2-*(1 — x Dont 
arcsinx = 
(where (2r — 1)!!=1-3-5-...-(2v-1), (-D!=1) 
arctanx (—1)'-!(n— I)!sin"8sinnÜ ^ (where x=cot0) 


j--4 


f ( 1 ) = 272" ( 1 ) = uut tl 


f P /* 


App. À, Table 9.IV 1754 
Differential and Integral Calculus 


Higher-order derivatives of a composite function g(r)z f(x (t), ...,x,(t)) 


dg & of dx; n of d?x, n д dx, dx; 
а 2 9х; dt’ 28 - дх; dt? +2, дхдх, dt dt’ 


n af dx; n 9? dx; dx п 9 ах, dx; dx, 
de 2 ах дї 2,2 Sx д1 а t 2 адаа а а 


For a function z= z (xi, ...,x,) determined implicitly by F(z; x), ...,x,) 20, we have 
a Ё az Pes F Fy + Fo Fyz ‚Жк, 
x; F,' 9x,0x, F, F2 F? 


Schwarzian derivative: 


3 2 
озо (25) (8) a(S) @)!. { у;х}) 9S0exy — (ax * b)/(ex +), 


о) (tia - eiae (Go) (@+ 9/9 dx) = (эх). 


(IV) The Taylor Expansion and Remainder 


If f(x) is n times continuously differentiable in the interval [a,5] (i.e., of class C"), 


n-i = y: 
i. S em. 


p-0 


f?(a) + R, (Taylor's formula). 


R, is called the remainder, and is represented as follows: 


(b-a)'(b-£) * 


(л) 
PEU SS) 


R,= mm (b= x)" f(x)dx = 
(b-a) 


= (1—0 "f?(a--0(b—a) (n>p>0, 0<0<1, а<ё<Ь, £=a+Ü0(b-- a) 
(n— 1)!р 


(Roche-Schlómilch remainder); 


= 2 (b—a) FAE (Lagrange's remainder); 


= E (b-aYb—£) ' SE) (Cauchy’s remainder). 


If f(x,y) is m times continuously differentiable in a neighborhood of a point (xo, Yo) 
т—1 À 
1 9 9 
f (xo t hys + k) = > xx +k) J xo, yo) + Rm 


gute Я 
= x 1 l pe J oo) +R, 


Ир! m 
O0<nu+r<m-l;u,r 20 Bp: dx ay 


1 (,9 a y” 


If all partial derivatives up to order m — 1 are totally differentiable, 


v 


m-l n 
foi thy ....%, + h,) = >F nf > h, iy еа. Xn) + Rm 
v=0 u=1 
А ^ Mf Haf l, aa Xn) " 
рт. +К,, 
] " дхү!...дхи" "t 
where the > means the sum for v, ...,», in the domain O € y, ... +v, < m— 1; рь ..., 7,20. 


The remainder R,, is expressed as 


m 


n 
> „л f Ga 8h, ....x Oh) (061). 
= m 
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(V) Definite Integrals [4] 


In the following formulas, we assume that т, n are positive integers. ëó,,, is Kronecker's delta 

(mn = 0 or 1 for m= n or m = n), T is the gamma function, B is the beta function, and C is the 

Euler constant. 

For simplicity, we put 

1:3:5-...(m- 2) m 2 20* V? T[(m/2) + 1]/ Vz  m!/207 9"? [Gm — 1) /2]! 

m!!= (m is odd), 
2:4-6: ...-(m- 2) m2"? T[(m/2) + 1] 22772 (m/2)! 

(m is even). 
In an n-dimensional real space, the volume of the domain 


[ra 7p) 

p" nT(n/p)- 
For p —2, this is the volume of the unit hypersphere, which is 
т"/? _ | (22) ^ /n!! (n is even), 

Г[(п/2) +1] | 2022)" 7 /nt! (nis odd). 


|х\|Р+...+)]х„Р<1 (p>0) is 


The surface area of the (n — 1)-dimensional unit hypersphere 


|a she. dr rum. | Ол)" (н 0). (ав еме) 


T(n/2) | A27)? /(n—2)! (nis odd). 


p-1 
| *х?-'е-*ах= [` (log | ) dx=T(p). 
0 0 


x 


Ep Tee T(a+1) 
f> (og) e= у" (Rep,Req> - 1). 

| geheim cade ba ofc ut E _ Г(р)Г(4) 
L* (1—x)* dx А е ro. 
J> x^ qo 1 Plat D/clr[o- (Cae + 1)/c} ] 

о (I+x°) * c T(1+b) 


(Rec>0; Rea,Reb>—1;Reb> a.) 


ala- x)” '(x-pyt! (a-b)?! 
Í x — с|Р+4 r= m С 


(0<c<b<a or 0<b<a<c;Rep,Req>0). 


55 1 т(2п)! (29 — 1)! 
а а rd ay 
-œ (1+ х2) 22^ (n!) (2n)!! 
co x^" T 
x= ———— Fx n (2т+1<2п). 
= | +x?” nsin[(2m + 1)z /2n] Clean 
a-1 
oo x e IP ONE. 
ТЕ; 4 T(a)T(1— a) Sina (0«a« 1). 


Q Эле je ere а 
0 n!/2 (р=2п+1). 


f lee- е0) =(ь-ауут (a,b > 0). [e tomas т. : 
0 0 


—2ах/,. 
© _ 2 (qe e 7 Vm oo ] T 
ex (а?/ х?) 4 = > 0). a — = — 
J š 2 (a>0) о e*+te ax a 4a ` 


© x T 
| eee ee (a>0). 


o x _ r'log(1/x) т? 
f = с ы: M dmt. 


e*—e* 1-x? 
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1 log(1/x) |. т? 1 аа C 
a= f ex 9m eate 97€ 
Pise © * +1 ] _т? 
p e г) = [от ан 
Іов х т/2 ; т 
———— dx = log sin x dx = — = log2. 
Í V1— х? | à е 
log(1 + l l e (—1D"' 
f UED a= Z log2. f idee - f^ a= ш. оаа 
о 1+х 8 1 l+x? п=0 (2п+1) 
2 
о (logx) 167? | xP— xq p*l 
———— dx= : dx =10 Q0» - 1). 
Í l+x+x? 81 V3 o logx MES (p.q ) 
[ов Повх|ахе |“ Повгаг= - C= —0.57721.... 
0 0 
Í "sin mx sinnx dx = f Cosmx cosnx dx = был = 
0 0 2° 
i [1-(—1)"°"]—7— (men); 
j sin mx cosnx dx = m'—n 
9 0 (mz n). 
te. a Q dm lp Pel grt ( -i) 
F sin?x cos?x dx 58 — 79 Rep,Req> 5 |5 
(т /2)(р—1)!!(4—1)!!/(р+)!! (p,q are even positive integers), 


(р—1)!!(4—1)!!/(р+4)!! 


(p,q are positive integers not both even). 


т/2 р = 7/2 vs Г[(р+1)/2] X. 
J sin?x dx J cosPx dx = ) TÍG/241 (Rep » — 1); 


_[(т/2)(2п0—1)!!/(2я)!! (p=2n), 
Qn)!t/Qn D! (р=2п+1). 


É sin(x?)dx= f^ cos(x?) dx = кы: к=} ey cosx dx -V5 (Fresnel integral). 
es om 0 


о sinax , T ^ tanx m 
a dx= 5 (a>0). Í == ах 5 


(take Cauchy’s principal value at x = (n + iy) 


esin^*ly | z Qn-1t æ ѕіпх , m æ sin(x?) л 
m dx= > (Ол! ` f ах= =. f dx= 4. 
c Sin qx ag?! 
= 0<р<2). 
о x? š; 2T(p)sin( рт /2) 05259 
2 
SEPA = тесі, [SSO dem т (р+ес2е) (a>0). 
о 1+x2 2 o 1+x2 
o^ ѕіпах T Е. æ хѕіпах » 
dx=—(1—e 2) (a>0). a2 4 х= Лета (a>0). 
Í x(1 x2) 2“ na Í 1+ х? 2 
оо sin2m+ !x cos?"x eo sin?" + lx cos? ly т (2m - 1)!!(2и — 1)! 
атакага ce ni ьа ce От. ы 
х 0 х 2 (2m+2n)!! 


т/2 (a>b>0, 


f Зас OSD ax= 17/4 (a=b>0), (Dirichlet’s discontinuous factor). 


x 
0 (b>a>0) 
B. loc c 28 т 
Í ГҒасозх X“ og (la| < 1). Í “a rapan Е Jab (ab 50). 


т xsinx т? 
— =. 
0 1+cos*x 
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j: cos nx fe za^/(1—a?) (|a|« D, 
0 l—2acosx +a? т/а"(а2—1) (lal|> 1). 
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10. Series (- 379 Series) 


(D Finite Series 


(1) S,=1+2*+...+n* (kisan integer). For k >0, we have 
ee Busi (2+1)~ Bear) _ š s ena 
kl 2 i k+l 
where B, is a Bernoulli number and B,(x) is a Bernoulli polynomial. In particular, 
5о= п, Sj=n(n+1)/2, S,=n(n+1)@Qn+1)/6, S,=n?(n+1)/4, 
84= п(п+ 1)(2п + 1)(3n?+3n-1)/30. 
For k «0 and k= – /, 
S .,2a- [C D'/0— D! ]Ed'"logrG9/ x] 
1 1 < (Bii (I+i—1)! 1 


= р M -1 =з EN 
(I-1)(n+1) ' jaa ee MT (I-1)! (a4 1)*' 


x-ntl 


For 1= 1, the second term in the latter formula is replaced by log[1/(n+ 1)]. Here Г is the gamma 
function, and the constants c, are 


_ | C (Euler constant) (/=1), 


WT £0) (¢ isthe Riemann zeta function) (7 2 2). 
a : on (itm-))!_ 1 (n+m) 
(2) ти 5 GD ES] mD” 


£ G+m-1)! m-l 


$ temas S i5) 2", 


і= 1 і= | 


(1—1)! 1 | 1 n! 


= (m—-D! (n+m-1! 


(geometric progression) 


2o, [а(а®—1)/(а-1) (a=) 
> а | п (a=1) 


i= 


Ш +1 

У (a+jdy=(n+ a+ = ) d= av] (а+а+ nd) (arithmetic progression) 
j=0 

ae СОИ п ‚ (п+1)8 / B 

> sin(a+jB)=sin[a + $ B )in-— sin-;, 


j-0 


App. А, Table 10.П 1758 
Series 


Ў cos(a- jf) cos(a + 5 8) gece DEP a” sin, 


j=0 


n 
Y cosec2/a = cot(a/2) — cot2"a. 
j=0 


(ID) Convergence Criteria for Positive Series > а, 


In the present Section II, we assume that a, >0. 

Cauchy’s criterion: The series converges when lim sup Ja, « 1 and it diverges when 

lim вир 1/а, > 1. 

d'Alembert's criterion: The series converges when limsupa,., /a, < 1 and diverges when 

lim infa, , /a, 1. 

Raabe’s criterion: The series converges when lim infn[(a,/a,,,)—1]>1 and diverges when 
limsupn[(a,/a,,,) — 1] « 1. 

Kummer’s criterion: For a positive divergent series Y (1/b,), the series У а, converges when 
lim inf[(b,a,/a, ,,) — b... ] » 0 and diverges when limsup[(b,a,/a, +1) — b,., ] « 0 diverges. 
Gauss's criterion: Suppose a,/a, +; = 1 -- (k/n) + (6,/n?), where A> 1 and {6,} is bounded. 
Then the series У, a, converges when К> 1; and diverges when k« 1. 

Schlómilch's criterion: For a decreasing positive sequence а, |0, let n, be an increasing sequence 
of positive integers and suppose that (n, — n,.,)/(n,., —n.) is bounded. Then the two series 
La, and L(n,,,—n,)a,, converge or diverge simultaneously. 

Logarithmic criterion: For a positive integer k, we put 


log, x =log(log,_, x), log, x=logx. 


Then for sufficiently large n we have 
The first logarithmic criterion: If 


<0, р>1 then Xa, converges, 


a, — l/(nlog, п...1ов,- n(log, nÍ 20, р<1 then Ya, diverges 


The second logarithmic criterion: If 


disi n login log, in log,n I 

a M+) jog(n+1) log, i(n+1)L log,(n+1) 

<0, p>1 then Za, converges, 

20, р<1 then Za, diverges. 

(HD Infinite Series 
i-] i-1 
Е _1 

Ni | 2 =log2, > s АВ ) = Í (Leibniz's formula), 
i-1 pej 550 
МА ж. NE С 


Z 2iQi-)Qi-2 4 ' 


99 (21)! 1 _@ со 1 1 rs | | 
2 y» P Tl 2 a -log(1 + i)- C (C is Euler's constant). 
Putting 
S] e ci s (1), 2 CDT 
{n= Z x. «(л)= E ———‚ Bas E ——, є(п)= > —— 
> : 2 (2i— 1) > d i=1 Qi- 1) 
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Series 
we have 
(2 Qn)" (227 — 1)?" 
2 = — —— В š == L———— ; 
кше 2(2лу e ACn) 205) 5” 
(22^—1—1)у?" QU 
B(2n)= (Ол)! В, (290+ 1) = 33g 2n- 


where B, is a Bernoulli number, and E, is an Euler number. 
{О)=т?/6, {(4) =т*/90, ¿(6)= т /945. 
а(2)= т2/8, а(4) =т*/96, а(6) = т%/960. 
В (2) = т2/12, В(4) =77*/720, B(6)=31z5/30240. 
Е(1) = 7/4, (2) = 0.9159655941 77219 0150546035 14932... (Catalan's constant), 


e(3)=7°/32, e(5)=575/1536, e(7)=61z?/92160. 


(IV) Power Series (— 339 Power Series) 


(1) Binomial Series (1 + x)* = >> 24“ pe This converges always in |х| < 1. If a > 0, it converges 


in -1<х<1,апаі — 1 < a <0, it converges in -1« х < 1. Меп а is O or a positive integer, 
it reduces to a polynomial and converges in |х| < оо. 


l 


= У (— x! (х|<1), 
i=0 


l+ x 
ю (-D"'Q)! . l = (-D'QD! , 
V1 => = Б (|x| < 1), => — (|х|<1). 
i-o (2i - 1)22:(;1)2 Vitx imo 27(i!) 
(2) Elementary Transcendental Functions (— 131 Elementary Functions). 
oo i n 
== = зш 1 ы x= 
е*=ехрх= > 7 Jim (1+ =) ‚ a*=exp(xloga) (|x|« oo). 
э (D, x—1)2i41 
108(1+ х)= > — x! (-1<х<1), logx=2 2 (= Г) i (0 « x < оо). 
= i EY 
: = (-1)' 2i+1 = (-1)' 2; 
sinx= iT", COSx= — — x^ < oo). 
inx= 2 iD saa gp l) 
oo 22i 221 _ 1 p» | 
tanx= > 0221088 vii (Ixl <5) (B; is a Bernoulli number), 
rai (2i)! 
1 5228, | i 
tx=—— t 21-1 ш 
Ue ODE (0<11<3), 
o Ey „ 
secx= > om x (Б <5) (E; is an Euler number), 
1 2 (27'—2)B,, , 
cosecx= +Y 271 (0<|x|<m). 
э QD y 5 ай 


arcsinx= Y arctanx = х (|x|< 1). 


i-0 iG 2i+1 (xl * 1), 
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(V) Partial Fractions for Elementary Functions 
ia 1 


У Ss dicm S cd. 
Í x | x2— m" 


tanx= > 


п=0 (2n 1)°т2— 4x2 


о (—1) (2п0—1 e (|) 
secx -4 > Pon Ur А созесх = + +2x 2 г). 
nat Ол—1)°т2—4х? | х2—п?т 
secx= X ————————у, созесх= > ———;. 
Дый [x* (Qn 02/2) ] n= ceo (x+ пт) 


(VD Infinite Products (— 379 Series F) 


шы Г(1+а) 


= А x —*/9 ш p Сх m 
- (Wallis formula), 1 (1+ "SL E Г(1+а+х) 


(С is Euler's constant). 


H (i zy )-vs /r( 392-3). 


n=1 


I 1/(l—p~°)=(s) (p ranges over all prime numbers, s> 1), 
p 
oo 


x? sx rT X sinx Е 4x? 
П (1-- г) $ cos% = MBX Jj [ез ео | асов 
п= 1 


п= 1 


со oo oo 
For |q|<1, putting q= [Í (1-47), m= П d+9"-5, w= П a-47-5, 


n=l n-i n-l 


© 
q = I] (1-47) wehave qiqqs=1. 
n=} 
Further, putting q = e/7, we have the following formulas concerning -functions (— 134 Elliptic 
Functions): 


3, (0,7) = 4442, 95 (0,7) =24'/*44, 93 (0,7) = 445, 91 (0,7) =20q'/4G3 


11. Fourier Analysis 


(I) Fourier Series (— 159 Fourier Series) 


(1) Fourier coefficients a= 1 J "f (x)dx, а„= Z f F (x)cos "72 dx 
0 


nx 


b, - f f(x )sin —— dx. 
"= =| f(x) (<x<a), 


Fourier cosine series — ag Y a,ços— 
a f(-x) (—а<х<0). 


ns 
oc 
Fourier sine series Y 4,sin 17% = | F(x) беде: 
—/(—х) (-а<х<0). 

The next table shows the Fourier coefficients of the functions F(x) directly in the following 
manner from a given function f(x) on the interval [0, a]. For x in [— а,0] and when the cosine 
series (a,) is in question, we set f(x) = f(— x), and when the sine series (5, } is in question we 
set f(x) = — f(— x). Thus f(x) is extended in two ways to functions on [— а, a]. The functions 
F (x) are the periodic continuations of such functions. We remark that the sum of the Fourier 
series given by the Fourier coefficients in the right hand side has, in general, some singularities 
(discontinuity of the function or its higher derivatives, for example) at the points given by the 
integral multiples of a. We assume that u is not an integer. 
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f(x) ao 
1 1 
x a 
2 
2 
x? E 
ka 
kx e“—1 
° ka 
2m umx sin рт 
a um 
. BTX 1 — cos pa 
sin —— 
a um 
1-X? l 
1 - 2A cos( qx / a) - A? 
Asin(gx/a) 
] – 2А cos(7x / a) +? 
В,„(х/2а) 0 
В,„+1(х/а) 
log sin(ax /2а) —log2 
(1/2)cot(7x /2a) 


Note 
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a, (n=1,2,...) b, (n=1,2,...) 
0 [1+(—1)"*!]2а/пт 
[icy cynt 
n?n? пт 


„ 4а? һ-12а? n+1 4а? 
(i (pede ——{1+(—1) pcc 


2ka| (- "e^ —1] 2na[ 1—(—1)" ]e^ 


Ka? + n?n? К?а? + n?n? 
2 ysinum 2 [(— 0)" соѕрт– 1] 
С =— — 
7 р-п 7 u-n 
2 u[1- C7 1)" соѕрт | 2 nsinpz 
^n о лу se C-l 
т p-n т p-m 
2^ (B| <D 
A" (Al<1) 


(— 1)"+12(2т)! /(2пт)" 
(—1)"*2(2т+1)!/(2лт)?” +! 
—1/п 


1 


(1)The Fourier series does not converge in the sense of Cauchy, but it is summable, for example, 
by the Cesaro summation of the first order. 


oo 
(2) У (- yi =log(2cos5 


п= 1 


9 cos(2n— 1)х 


2 


) Cs«x«n) 5 Sam (т-у) 202258. 


n=] n 


xd x 
= > !og|cot + | (0<х<2т, хәт), 


=, 2n-1 
š sn(2n—1)x | 7/4 (0<х<т), 
“у end —т/4 (m«x«2m). 
S cosnx _ | ; T 
> " = 400-1т)2- ту (0«x«2«) 
S Sinnx x 2f 
d ca = - xlog2- f log{ sin 5) d (0 « x « 2). 
п=1 1 0 
© qn © qan 
> 77 cosnx = е“°°°^соз(а зїп х)— 1, > r Sinnx = e#°**sin(a sin x). 
n=l" n=1 ` 
S | COSNX | тсоѕах 1 
2d ni-q! 2asinan 22 тека 
со ` . 
n—-1nsinnx _ mvsinax _ 
2 (0900 (— r< x<m). 


ji n2—q? 2sinam 


In the final two formulas, we assume that a is not an integer. 


(II) Fourier Transforms 


(— 160 Fourier Transform) 


The Fourier transform Z [ f] and the inverse Fourier transform F [а] for integrable functions f 


and g are defined as 
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FUIF IE = Q2 [ee as 


f [g(0]7 #1910) = ex | neat XE =X Fy X462 +... + Xue. 


In some textbooks the factor (2x) "? is deleted or the symbols i and — i are switched when 
defining 2 and Z. However, conversion of the formulas above to ones due to other definitions 
is straightforward. These transforms are also defined for some nonintegrable functions, or even 
more generally for ttempered distributions. The Fourier transform Z and the inverse Fourier 
transform ¥ defined on the space of tempered distributions S’ = 5^'(R") are linear horneomorphic 
mappings from S” to itself. Useful formulas of these transforms are given in the table below, 
where a — (4,05, ...,0,) (x;—0, 1,2, ...), |а| - à, - 5 +... +G, C is tEuler’s constant, 4€ C, and 
Z, -(meZ|mz 0]. 
Case 1. п= 1. First we explain the meaning of the symbols appearing in the table: 

x, =max(x, 0) (the positive part of x), 

x. =max(— x,0) (the negative part of x), 

х^ and x? are understood in the sense of finite parts (— 125 Distributions and Hyperfunctions), 

(x + ie 2 exp[4 Log(x + ie)] (в #0; Log is the principal value of log) 

— (x? + £2)? exp[iA Arg(x + ie)] (—л<Агр2<л), 
(x+i0)*=lim(x+ie)* (limit in the sense of distributions). 
et0 


Then the following formula holds: 


(x X i0) = х^ е"? 
Pfx" = хт 4-(—1)"x" (meZ) (Pf is the finite part). 


In the special case m= —1, Pfx ^! coincides with Cauchy's principal value p.v.x  !. 


T (c ^) #[T](e #7) 
ó(x) Jn 
P(x) (polynomial) „Ол P(d/d£)ó(£) 
p.v. 1/x JJ 7/2 іѕрп ё 
Pfx^" Jn/2 ((—iY"/(m—1)]£"7 sgn ё (meN, Z) 
xi TOI) sasa gai 4 ginta] 
„От 
Г(4+1) —in(A41)/2 5 4 
=— са +10 A€Z 
| m (2+0) (242) 
хт СА (meZ,) 
а niye) | 
Жа — Ç m-i ^  xm-1 m- 11 ‚7, 
x onim — Àj Š = sgná—6" 'log|¿| | (meN, Z) 
xà x e NM 
I(A4 1) in(A*1)/2 Н | 
Жынды, ~i0 1#7, 
| Ju evo enm 
x" Cg Uo CIPRO (meZ,) 
xe es с [e 2 t+ emt sane — E77! log] J (meN, 2) 
= n Ов [< тє №, 
nx (m— 1) LN j š 
(x+ io^ [2r e"? T(-2]577 (€2,) 
(x—i0)* [/2r e" ?/T(-2]z7^* (АФ) 
(x X i0)" =x” NT (me Z.) 
x log|x| y 7/2 isgn ё: (C +log|¿|) 
e= fg Ja[2 ett (a>0) 
И (х> 0) 1 1 0 
0 (х<0 Javi (92% 
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TEP’) | #[T](e%) 
—alxl < 
NEM Vat Ja v e+e (a>0) 
Vixi /а2 + 22 
—by/ х2+а2 2 ab 2 2 
a в +b?) (a>0,b>0) 
x° +a EZ аа о 0.b>0 
ET SG. s 
arctan(x/a) — /mj2 іѕвпа-(е719/8) (aeR,az0) 
sin ax 1 1 
iq Jer As ар тҮ) MES 
cosax УЛ. 1 1 
сазы r 7, 
P = JSt (т m n) 16d 
sinax b" л/2 (lél«lal) 
x 0 (1£] 1a 
2. vt 
d SINUM MS L ra- «(y Jae) (Rev<1/2, a»0) 
0 (хї> a) e 
0 (Ix| <а) (Sy 
едан (|х|> a) -—яг@®- v) y Naši) (—1/2< Веу< 1/2, a>0) 
1 2 ña 
GP rara wale) K,(al|šl) (Rev» —1/2, a»0) 


Case 2. п> 1. Let rz /x} - X +... +x? and p J/ £2 4 C2 ...-- £2, where x —(x))eR" and 


6 —(E)eR". If f eL,(R") depends only on r, then Z[ f] depends only on p and is expressed as 


ZUflp»-»" na f" SOE Ја зу (тр) dr. 


The constant C іп the table stands for Euler's number. 


TEP) Z[T](cs) 
ó(x) (2x)? 
P(x) (polynomial) (2n)"? PGH 

à 20 (n4 А)/2) 4 
Pfr ayy МР", ks, Ak —n—22,) 
rm (2ny"?(—A)"5(6) (meZ.) 

oe (—1)"p?" 1 Г) +m) 
D заа 2982 йл сос 1 metn 

24 p КАК asa) 

(1472) xp Ge) 
(ry Qny"(1—A)"ó(£) (meZ.) 

: 209p (44/2) e gal 2, 1 D(1-2)2) 1 TC 4/2) 
Fires EST "P LE T (n-- 202) Bd 

(A¢2Z,, 4é—n—2Z,) 
7?" logr (—1)”712 Э+зт-а1 mt (n/2) + m) Pf p=" 2" 
11a P(n2)+m) 
n2 тыы сын GAP 
4- (2x) |1082- 32645 Do r« es] Ay'é(6 (meZ,) 

хта (-1)" anf 2 1. 181,1 (22m? 

DE RIO t mpm К AED? j'3T(23m) 
LILO +m) ODM) Coz.) 
ja атаа Teynemyo Mees 

ae 2" {n+l a 


The Fourier transform mentioned above is a transformation in the family of complex-valued func- 
tions or distributions. Similar transformations in the family of real-valued functions are frequently 
used in applications: 
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oo 
Fourier cosine transform AC -f F(t)cosut dt. 
0 


F() (t>0), 


2 o 
Inverse transform т [ /.(и)сов ut ди = р (= 00) 


© 


Fourier sine transform f. (u) -| F(t)sinut dt. 
0 


F(t (t>0), 


2 oo 
Inverse transform = | : fs(u)sinut du = n F(-1) (t«0) 


The Fourier transform can be expressed in terms of these transforms. For example (in R4), 


stp La fic ones 7 | Lf() — f( — t)]sinut dt. 


1 (0<г<а) sinau 1 — cosau 
0 (a<!) u u 
go (diverges) (7/2)sgnu 
t"! (0<а<1) I'(a)cos(a/2)u © l'(a)sin(za /2)u ^? 
1/(a? 4 1?) me 7" /2а [e ^ ^ Ei(au) — e^ Ei( — au)]/ a? 
e7“ а/(а?+ и?) и/(а?+ и?) 
e (ReÀ>0) Мт /4А e 0/* e /9g(u/2VA )/ VÀ O 
e^ Vz /4X (u/4X)e A 
sinat т/2 (0<и<а) 1 а+и 
| (a>0) Ü Gen z log 4—7| 
tanh(z1/2) cosech u 
sech(at /2) sech и 
| cos(varcsin м) sin(varcsin и) 
== = EE SSS (0<и<1) 
Һа) (Qer» -1) s ee 
y t ep > — eus р — Ж 
(и Vu2— 1 ) эў (и- Ми?-1) i 
= = = Sit: cos (1«u) 
Ми?-1 Ми?—1 
PU REO 0 (0< 
Jar) | Мац? (О <и<а) 
0 1/ Ми? а? (а<и) 
2 arcsinu 
Z ASINU (осш 
| T п VI (0c u « 1) 
No(t) e ET =, >= 
log(u— Vu?—1 
Vi2-1 Ты рыш, (<и) 
ш Ми? 1 
Кд!) т/2М1+и? (arcsinhu)/ V 1 + u? 


Notes 
(2) Ei is the exponential integral function (— Table 19.11.3, this Appendix). 


(3) We put g(x)= [еа 
0 


12. Laplace Transforms and Operational Calculus 


(D Laplace Transforms  (— 240 Laplace Transform) 
oo 
Laplace transform V(p)s / e PF(t)dt (Кер:>0). 
0 


F(t) (t>0), 
0 (<0). 


Inverse transform (Bromwich integral) 55 Ј etio pi V(p)dp = | 
c— ioo 
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(Viep? -pY 


Vip? 


1/р Jt) (Rer>-1) 


Ма?+р? =p)” 
_{0 (0<г<а) А 1 ( 
-a-f | Gen e Pp T, (at) (Rev »0) PP 
[x/a] (integral part) 1/p(e^? — 1) 
Qa) Tl» + (1/2)] 
("l (Rea 0) T(a)/p* tJ, (at) (Rer> -i) Ут; 24 21072 
m (p +a 
ес“ 1/(р+а) 
Lanka = v/2y (хуг) х” EE: 
atja 1 R. >0, >0 + “Г t А е х? /4р 
е ( еа а ) (р а) (а) (Веу> – 1) 22р”! 
e^" F(t) (а> 0) V(pt+a) 
(1-671 log(1-* p^!) Je) +p)" 
(z) 4g 27/41 p MeV? (x >0) Jo(x Vt) е 2/4 /р 
log(V1+p? -р) 
u а) у Ке NINE 4 
logt (logp + C)/p No(t) = = 
Мт+р? 
Гү 
sinat а/(р?+ a?) L, (0)? r 
cosat 
sin(x Vt ) t*L (1) a) = (>) 
E р 


"3 а-н" ® 
š - т 
17 V?cos(xV1 ) 2 (2п+ Vy p^*6/m 


Vm /p e-*/*? Hons (Vt) 
2n41 


t7 lsin xt arctan(x/p) 


110811 + (а? / р?)] 


x^ (1-— соѕах) 


Hap (Vt) 


Vt 


(17 p) 


т Qn— D! 
Мт (2n Dn rem 


sinhat 


a/(p? — а?) 


p/(p2— а?) 


coshat 


Notes 
(1) C is Euler's constant. 
(2) L, (1) is a Laguerre polynomial. 
(3) H, (t) is a Hermite polynomial. 
(4) Qn + Dt = Qn4 D2n- Dn – 3)...5:3-1. 


(II) Operational Calculus (— 306 Operational Calculus) 


Heaviside function (unit function) 1()= E 
1 (t>0). 
Dirac delta function (unit impulse function) 6(t)= lim gU €) — (t е)]. 
е0 
When an operator Q(p) operates on 1(/) and the result is A (t) we write Q(p)l(r)— A(t). 
In the following table (i) of general formulas, we assume the relations Q;(p)1(t) = A,(t) 
(i2 1,2). 


Carson's integral — Q(p)2p j ° e PA (dt (Rep>0. 
0 


Q 
Laplace transform V(p)= ae) = f en Pt (t)dt. 
0 
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(i) General Formulas 


(п) Examples 


ES SLM 
Q(p) A(t) Q(p)=pV(p) A(t) 

Q (p) + Qp) A(t) + A(t) p è) 
а®\(р) aA (t) 1/p” (n20,1,2, ...) (1^ / nVAG) 
pp) AO) (70) + 4100) р/(р+а) (e (0) 

p2/(p2+ а?) (соѕаг)\( г) 
To) Гаде ар/(р?+ а?) біта) 
0 
Q (ap) A\(t/a) 
a а 2 
{р/(р+а)]д(р+ау)у| e “A (t) (Rea20) at + = * (otag tay +... o 

1 { п B, п В, 

— Q (p)Q Ai(T)AX(1 — 7) d — (e — pt 

„(р | [AA ndr DR 2 о 

t ш В, 
= аатта =Q(0)1()+ Y. ет 
0 к=1 Pk 
13. Conformal Mappings (- 77 Conformal Mappings) 
Original Domain Image Domain Mapping Function 
PEN Z— Zo ; 
|2] € 1 (unit disk) Iw] «1 pi cec iZol<1, le|21 (general form) 
шы: 
2—2 
Imz > 0 (upper half-plane) Iw[« t wee——, Imzy>0, |el[=1 (general form) 
2 — 20 
Imz » 0 (upper half-plane) Imw>0 w= ate a,b,c,d are real; ad-- be >0 
(general form) 
O<argz<a Imw>0 уу т/а 
(angular domain) 
|2|< L Imz»0 1+2 2 
I = 
(upper semidisk) ug ( 1—2 ) 
0 argz <a, 2 
7/ 
Iz] «1 Imw>0 -( 125) 
(fan shape) l-z 
<a m. «p Y 
a « àrg——— І 
2—9 O<argw<y wale 2 
(circular triangle) 4 
0cImz«q Imw>0 yw = е"2/" 
(parallel strip) 
Rez « 0, 
0<Imz<y Imw>0, |w|<1 w=e7/n 
(semiparallel strip) 
у?>4сх+с?), 
z=x+i i, c»0 Imw>0 w=Vz —ic 
(exterior of a parabola) 
y? «4cl(x + с?), 
ves _. TVz 
2=х+іу, c>0 Imw>0 w= isec 


2i 
(interior ot a parabola) re 
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Original Domain Image Domain Mapping Function 
`2 
[с+ (1/0) 
2 
y у 2_4 1 
+— I. wl>c _žZtVz "Rr 
[c- (1 Jol | 2 w 
2=х+іу, c>] 
(exterior of an ellipse) 
2 2 
x = = <4, 7 
cosa sina 3 т(т—2« 
а= x+ iy, Imw>0 [tt 4. 
0<а<т/2 
(exterior of а hyperbola) 
2 2 
= T — >4, т 
cosa sin“ 1|{г+\/;21—4 V 
x>0, ео 2 
z= x+ iy, Imw>0 
7 
0<а<т/2 [> |" 
(right-hand side interior 2 
of a hyperbola) 
Slit domain with boundary = l 
ы. [Rew| <2, Imw=0 итек. 
|21<1 Slit domain with boundary T z 
|w| > 1/4, argw =À (1+ e D) 
Slit domain with boundary 
>1/41/P 
lel<! dara w=z— z 
argw=)-+ (2jm / p), (1+ e^ PA?) 
J=0,...,p—1 
-т/2< Ке2<т/2 Slit domain with boundary mco 
(parallel strip) |Ке»| > 1, Imw=0 
-—-т<12< Slit domain with boundary cpu 


(parallel strip) 


Arbitrary circle 
or half plane 


Arbitrary circle 
or half-plane 


Imz 50 


Imz>0 


Rew< -l,Imw=+7 


Interior of an n-gon 


Exterior of an n-gon 


Interior of an 
equilateral triangle 


Interior of an 
isosceles right triangle 


n 
w=c f° | (r7 z)* dte c (c0, 


j=l 


c' are constants), where the inverse image 
of the vertex with the inner angle аут (j= 
l,...,n) is z = 2,. When 2, = оо, we omit the 


factor (1— z,)%* ^! (Schwarz-Christoffel 


transformation) 


n 
w=c f - 57? II (—z)!79dt c 


j=l 


(c 0, с’ are constants), where the inverse 
image of the vertex with the inner angle оул 
(j=1,...,n) is z = Zj, and the inverse image 


of oo is z= p 


3/^—t 


1 
т dt 


1 


Eod 
5 /t?(1 =t) í 
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Original Domain Image Domain Mapping Function 
А : х 2 1 
Interior of a right triangle w= —— —— dt 
Imz>0 

with one angle 7/6 9 $Pü-)t 

Interior of a afa; m-2/n 
1 = | (l-t dt 

ie regular n-gon A j ( ) 
0 < Re z< 01, A , 
0«Imz «os/i Imw>0 w= P (z|2w),2w 3) (Ф is the Weierstrass Q- 
(rectangle) function) 

O— w=sn(z,k), 
0cImz« K^ Imw 0 z= ["— d 
(rectangle)? L а-)(1-к??) 

| (sn is Jacobi's sn function) 

ы, logg < Rew < 0, 

(upper half- OcImw«-T w=logz 

ring domain) (rectangle) 

ES cL »=\УА СВ? ЕТЕ а | 
lz| «1 4 В? 2K Jo (1—2)(1-к22) 
w=ut+v, A>B>0; 0) 

(interior of an ellipse) llo gat t 3 = £ 
interior of (a) 3 (#7) -к( ) 
Imz>0 Ve ы UM wh ca С ` 
circular polygon 7 . . 
(А (2) is a rational function) 
ENT 
“|; t-alt) s жү. гї) 5g 
ЖЕ 
Interior of an ИЕ: 172-%(1- t) : ч 2%) $ à qi 
equilateral circular triangle А 
|2| < 1 with inner angle The vertices are the images of 
т/к,1<К< о z= 1, e2ri/3, and e*ri/3: and 
[s] 1105/6) +(1/2)1г02/3) 
dz |o Т[(1/6)+(1/2Ю)]Г(4/3) 
Interior of a circular [r^"a-»y 770-2 7^4 
Imz>0 triangle with inner m. 
angles za, 7B, тү, | злая, a m 
at B4 y«1O J (1-0) (1— t zi) dt 
irl 1, J=J(1), r=os/oy J= g2/ (82 — 2783) (the 


-1/2<Rer<0 ImJ >0 absolute invariant of the elliptic modular 
function); J(e?7/5) 20, J(i)=1, Ј(оо)= оо 


À=)(r), T=03/w), А (е, e)/ (ei — ез); 


\т+1/2|< 1/2, ImÀ<0 4 [A@- (1T 
d т J( = — s 
кеңес? "T xcypo)- 1f 
M-1)=00, A(0)-1, A(co)-0 
Notes 


(1) K, K', k' are the usual notations in the in the theory of elliptic integrals: 
1 


Ке f ——— LL — a, K= /'—— ____ 

о V(1-2)(1— 26) о Va-2y- x22) 
(2) When a + 8+ y ^ 1, the circular triangle is mapped into the ordinary linear triangle by 
a suitable linear transformation, and we can apply the Schwarz-Christoffel transformation. 
When a+ В+ у> 1, we have a similar mapping function replacing the integral representa- 
tions of hypergeometric functions in the formula by the corresponding integral representa- 
tions of the hypergeometric functions converging at a, B, and y. 


dt, к2+ к=]. 
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14. Ordinary Differential Equations 


(D Solution by Quadrature 


a,b,c,... are integral constants. 

(1) Solution of the First-Order Differential Equations (— 313 Ordinary Differential Equations). 
(i) Separated type dy / dx = X (x) Y (y). The general solution is 

YO) = [°X (x)dx+ c. 


(ii) Homogeneous ordinary differential equation dy / dx = f( y / x). Putting y = ux, we have 
du / dx -[ f (u) - ијх, and the equation reduces to type (i). The general solution is 


vem dts] e) 


(iii) Linear ordinary differential equation of the first order. dy / dx + p(x) y + q(x)=0. The general 
solution is 


yale facon ras] / Po 


where 


P(x)=exp| рода 


(iv) Bernoulli’s differential equation dy / dx + p(x) y + q(x) y? —0 (a 50, 1). Putting z 2 y! ^^, the 
equation is transformed into 

dz / dx - (1 a) p(x)z - (1—0)g (x) 30, 
which reduces to (iii). 
(у) Riccati's differential equation dy / dx + ay?= Бх". If m= —2, 4k /(1—2k) (k an integer), this 
is solved by quadrature. In general, it is reduced to Bessel's differential equation by ay = u' / u. 
(vi) Generalized Riccati differential equation dy / dx + p(x) y? + q(x) y + r(x)=0. If we know one, 
two, or three special solutions y = y;(x), the general solution is represented as follows. When у(х) 
is one known special solution, 


yes) РО)/ [ f POP dte], 
where 


P(x)=exp] - f {4069)+2р(х)уу(х)} & 


When у(х), ya(x) are the known solutions, 


š cexp| Грод 367,69) dx. 


y—y2(x) 
When у(х), ¥2(x), уз(х) are known solutions, 

y-»,0) E Уз(х) — A (x) 

»-»x00 “уз(х)—уз(х) 


(vii) Exact differential equation P (x,y)dx + Q (x,y)dy =0. If the left-hand side is an exact 
differential form, the condition is дР/ ду = д0 / 0x. The general solution is 


[race f(0- $ ређе 


(viii) Integrating factors. A function M (x,y) is called an integrating factor of a differential 
equation P (x,y)dx + Q (x,y)dy 70, if M (x, y) P (x,y)dx + Q (x.y)dy] is an exact differential 
form dp(x,y). If we know an integrating factor, the general solution is given by ф(х,у) = c. If we 
know two independent integrating factors М and N, the general solution is given by M/ N = c. 
(ix) Clairaut’s differential equation y = xp + f(p) (p = dy / dx). The general solution is the family 
of straight lines y = cx + f (c), and the singular solution is the envelope of this family, which is 
given by eliminating p from the original equation and x + f’( p)=0. 

(x) Lagrange's differential equation y = xp(p)+ W(p) (p= dy / dx). Differentiation with respect 
to x reduces the equation to a linear differential equation [p( p) – рах / dp) + g'(p)x + 4 (р) = 0 
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with respect to x, p (see (iii)). The general solution of the original equation is given by eliminating 
p from the original equation and the solution of the latter linear equation. The parameter p may 
represent the solution. If the equation p= ф(р) has a solution p = po, we have a solution y = рох + 
V (po) (straight line). This solution is sometimes the singular solution. 
(xi) Singular solutions. The singular solution of f(x,y,p)=0 is included in the equation resulting 
from eliminating p from f=0 and 9f/ др = 0, though the eliminant may contain various curves 
that are not the singular solutions. 
(xii) System of differential equations. 

eq. (1)  dxidy:dz- P:Q:R. 
A function M(x, y, z) is called a Jacobi's last multiplier for eq. (1) if M is a solution of a partial 
differential equation (0M P/0x) -- (OM Q/Oy) - (OM R/0z) 2 0. If we know two independent last 
multipliers M and N, then M/N —c is a solution of eq. (1). If we know a last multiplier M and 
a solution f —a of eq. (1), we may find another solution of (1) as follows: solving f =a with re- 
spect to z and inserting the solution into eq. (1), we see that M(Qdx — Pdy)/f, is an exact differen- 
tial form dG(x, y, a) in three variables x, y, and a. Then G(x, y, f(x, y, 2)) = b is another solution of 
eq. (1). 


(2) Solutions of Higher-Order Ordinary Differential Equations. The following (i)~(iv) are several 
examples of depression. 

() (х,у, y & * 9, ,.,,y 0) 20 (0 — k < n). Set y ? — z; the equation reduces to one of ће (n— 
k)th order in z. 

(ii) f Cy y" y", -y = 0. This is reduced to (n — 1)st order if we consider у’ =p as a variable 
dependent on y. 

(ш) y" = f( y). The general solution is given by 


х=а® f 2 f 004r dy. 


We have a similar formula for y ? = f( y@ 25, 
(iv) Homogeneous ordinary differential equation of higher order. If the left-hand side of F(x,y, 
y’, y 0) 20 satisfies the homogeneity relation F(x, py, py’, ..., py?) =p°F (x,y,y', ....™), the 
equation is reduced to one of the (n — 1)st order in и by и=у'/у. 

If F satisfies F (px, p! y,p/^ ! y’, ..., p!" yz p"F(x,y,y', ..., y), then u=y/x!, t -logx 
reduces the equation to one of type (ii) not containing /. 
(v) Euler's linear ordinary differential equation. 


pa (x)x" y? * pai (x)x"7 yD... +p (xy  poGx) y = q(x) 
is reduced to a linear equation by r—logx. 
(vi) Linear ordinary differential equations of higher order (exact equations). A necessary and 
sufficient condition that L[y]= 5 opjG) y? — X (x) is an exact differential form is 
Z/.o( — 1) pf? =0, and then the first integral of the equation is given by 


n-|)n-j-l 
У X (-U'»8ay9- [Х(х)ах+с. 
j^0 К=0 


(vii) Linear ordinary differential equation of higher order (depression). 


n 
Llyl= > poy? =X (x). 

ј=0 
If we know mutually independent special solutions у(х), ...,у,„(х) for the homogeneous linear 
ordinary differential equation L[ у]= 0, the equation is reduced to the (n — m)th linear ordinary 
differential equation with respect to z by a transformation z= A( y), where A(y)=0 is the mth 
linear ordinary differential equation with solutions у(х), ...,y,,(x). For example, if m= 1, the 
equation is reduced to the (1 — l)st linear ordinary differential equation with respect to z by the 
transformation 


у(х) exi) f 2G)dx. 
Also, if n — m = 2, the general solution is 


у=сууу+ соу f Туз4х+у› | Ty ds, 


where T(x)= X (x)/[y1 (x)y>(x) —y,(x)yi(x)]. The denominator of the last expression is the 
Wronskian of y, and у». 
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(viii) Regular singularity. For a linear ordinary differential equation of higher order, 
eq (lI — xy? х" lp (x) pO +... +p, (x)y =0, 


the point х = 0 is its regular singularity if р(х), ...,p,(x) are analytic at x=0. 
We put po— 1 and 


oo n 
> 7 (о)х’'= Dd р„—у(х)р(р—1)...(о—/+1). 
yz) j=0 

If p is a root of the characteristic equation / (р) =0 and p+1,p+2,... are not roots, we can 
determine the coefficients c, uniquely from 


m 
eq. (2) > c fn- (p+ v)=0 (m=1,2,...), 
v=0 
starting from a fixed value со (0), and the series у = x° Z%_oc,x” converges and represents a 
solution of eq. (1). If the differences of all pairs of roots of the determining equation are not 
integers, we have n linearly independent solutions of eq. (1) applying the process for each 
characteristic root. 

If there are roots whose differences are integers (including multiple roots), we denote such a 
system of roots by p), ...,p,. We arrange them in increasing order, and denote the multiplicities 
of the roots by e), ...,e;, respectively. Put g =p, — p, (к= 1,2, ...,/50-9 qi <q, <... < qı). Take 
N > q; and a constant c (0). Let À be a parameter, and starting from со= c (À)= cl. , fo(A + 
К), we determine c, = c, (^) uniquely by the relation (2). Putting 


тер tes t...te (k-l...])  forhin m,,,«h«m,-— 1, 
the series 


EN 
ед. (3) у= Sa^ 
v=0 


h 


«Qe - Ya 5 (к) өн 


v=0 j=0 


A= pk 
converges and gives e, independent solutions of eq. (1). Hence for k=1,...,/, we may have 
У! ek =m, mutually independent solutions of (1). Applying this process to every characteristic 
root, we have finally n independent solutions of (1) (Frobenius method). 

In the practical computation of the solution, since it is known to have the expression (3), we 
often determine its coefficients successively by the method of undetermined coefficients. 


(3) Solution of Linear Ordinary Differential Equations with Constant Coefficient (— 252 Linear 
Ordinary Differential Equations). Let o;, a, be constants. We consider the following linear 
ordinary differential equation of higher order (eq. (1)) and system of linear ordinary differential 
equations (eq. (2)). 


n 


eq. (1) > ay? = X (x). 
i=0 


n 
ед. (2) у= У ayy, + X (x) (j=1,...,n). 
=l 
(i) The general solution of the homogeneous equation (cofactor) is given by the following 
formulas: 


Гог ед. (1) у= х/ехр\х (j=0,1,...,e —l;k=1,...,m), 


т 
Ёог ед. (2) у(х) = X рж(х)ехрлх (/=1,...,п), 
k-1 


where À,, ...,À,, are the roots of the characteristic equation of eq. (1) or eq. (2) given by 
n 


eq. (1) > ал‘ =0, 
i=0 


eq. (2) det( Qi unm Аё. ) = 0, 


respectively. We denote the multiplicities of the roots by e,, ..., €m (e +... +e, =n); р(х) is а 
polynomial of degree at most e, — 1 containing e, arbitrary constants. 

If all the coefficients in the original equation are real, and the root 2, = ш, +iv, is imaginary, 
then 4, = 4, — iv, is also a root with the same multiplicity. Then we may replace exp 4,x and 
exp 4, x by exp u x cos v, x and exp 4, xsin v, x, and in this way we can represent the solution using 
real functions. 
(ii) Inhomogenous equation. The solution of an inhomogeneous linear ordinary differential equa- 
tion is given by the method of variation of parameters or by the method described in Section 


(2) (мій). 
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We explain the method of variation of parameters for eq. (2). First we use (i) to find a funda- 
mental system of n independent solutions у; = qj, (x) (k = 1, ..., n) by (i)). Inserting у; = 
24-10. )9, (x) into eq. (2), we have a system of linear equations in the c£ (x). Solving for the 
с, (х) and integrating, we have c, (x). 

Special forms of X (x) or Х,(х) determine the form of the solutions, and the parameters may 
be found by the method of undetermined coefficients. The following table shows some examples 
of special solutions for eq. (1). In the table, а, К, a, b, c, are constants, p,, q, are polynomials of 
degree r, and 7, is the operator defined by 


IyF- 1 |sinax f cosax- F (x) dx — cosax f sina РО) | (a 5-0). 


X(x) Condition Special Solution 


bx) A=0 is ап m-tuple root of(1’) x™q,(x) 
ke™ à= a is anm-tuple root of (1^) cx "eo 
e%p, (x) À = а is anm-tuple root of (1” х"а,(х)е% 


ссоѕ(ах + b) + c sin(ax + Б) 


cos(ax + b) | (1)=@(А?) +А 02), and 
sin(ax + b) ф(- a?) + aj(— a2)= 0 
(1) = g0)/fQ?) and fA?) 

is divisible by (А2+ a2)" 
(but not by (A? + a2)" *!) 


cos(ax + b) 
sin(ax + b) 


cos(ax + b) 
sin(ax + b) 


«uri 


(II) Riemann's P-Function and Special Functions. (— 253 Linear Ordinary Differential 
Equations (Global Theory)) 


(1) Some Examples Expressed by Elementary Functions. А,В are integral constants. 


, 


dT 4 5 ом 
ш j (х=) [4+ Blos( ==?) (uo ш). 


c 


x—c 


a b с A-1 pot x-1 
РЛ gu v x -A*€B[G-a) (x-b) (x—c) dx (At+ptv=1). 
0 0 0 
These are for finite a, b, c. If c= oo, x — c should be replaced by 1. 
© 0 ; 
pio _ | Ae%+Be%2 (asca'), 
a 9 0 x| |em(Ax+B) (aca). 
a 0 1 
© 0 
кте = аху.6— 1 
Р ru A -A* Bfe x° lqx (a0). 
0 0 0 
со 0 
Р e are conem a p fectus] (a= а’). 


Riemann's P-function is reduced to Gauss's hypergeometric function with parameters а =À + u 
+, B=Atpty’, у= 1 +А+А by transforming а, b, c to 0, 1, oo by a suitable linear transforma- 
tion and by putting z = x "^(x — 1) “у. 


(2) Representation of Special Functions by Riemann's P-function. 
(i) Gauss's hypergeometric differential equation x(1— x) y" +[y—(a+ B + D)x]y' — afly = 0. 


0 1 с© 
y=P; 0 0 а х}. 
l-y v-a-B В 
A special solution is F(a,,y;x) (— 206 Hypergeometric Functions). 
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(ii) Confluent hypergeometric differential equation xy" — (x — н) y' - y = 0. 


00 0 
MM 
yer 0 A 0 x [Í 
l p-A 1-р 


A special solution is 


sS FA+K IJ) хк 
Osa) 2 TA) T(n+k) mü 


(iii) Whittaker's differential equation y" + | — i + 


LE 
+ 
~ 
— 
s 
A 
— 
Í 

= 

` 


© 0 
sas 
у=Р+\ 1⁄2 k \/2+п xf 
е dem 
Special solutions are My, (x), Wen (x). 
(iv) Bessel's differential equation х?у” + xy’ +(x2— »?) y =0. 


© 0 
2 m 
y=P1 | 1/2 v xp 
—il/2 — 


Special solutions are J,(x), N,(x) (— 39 Bessel Functions). When m=0, 1,2, ..., Jm-12(%)= 
(—1)"27*12 4712 ym-1/2 й"(сов x)/d(x2)". 
(v) Hermite's different equation (parabolic cylindrical equation) y" —2xy' + 2ny=0. 
© 0 
—Àq iwvwr—.. 
У=Ріо -nf 0 xí: 
1 (n+1)/2 1/2 

When n=0,1,2,..., the Hermite polynomial H,(x)=(— 127 "/2e* d^(e-*/ dx" is the solu- 
tion. 
(vi) Laguerre's differential equation xy" +(I— x+ D y'+ ny = 0. 


© 0 
SS 


y=P 0 —n 0 x{' 
1 i-n*l -iI 
When n=0, 1,2, ..., the Laguerre polynomial Li(x)=(1/n!)x~'e* d"(x"*!e *)/dx" is the 
solution. 
(vii) Jacobi's differential equation x(1— x)y" + [g —(p+ D)x]y' +n(n+ p)y=0. 


0 1 © 
y=P\1-q q-p р+п x). 
0 0 —n 
When n=0,1,2,..., the Jacobi polynomial 
I(g)x! (1-х) а [хе (1) 7] 
Г(п+ а) ах” 


С,(р,9;х) = 


15 the solution. 
(уш) Legendre's differential equation (1— х2) y" —2xy' + n(n+1)y = 0. 


1 -1 ° 
y-P40 O ntl x}. 
0 0 —n 


When n —0,1,2, ..., the general solution is 


P асга вога Га 
x (x2-1)""! 


The Legendre polynomial P,(x)=[d” ((x?— 1)") / dx"]/2"n! is a special solution. 
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(3) Solution by Cylindrical Functions of Ordinary Linear Differential Equations of the Second 
Order. We denote cylindrical functions by C,(x) (— 39 Bessel Functions). 


Equation Solution 


+120, =x°C,( Bx”) 


2 2 
«?— 
+ (Beet EO lun 
x 


y” + | zx -2Bwer |y'+ y = x“exp(iBxY)C,( Bx") 


» E | 
— - Prr =2a)ix1 =? |y=0 


у"+ [zw] 4 уте fu(x)dx] C2) 


У Ух Со, (ax ”) 
у= Ce") 
у= С,( Вх) 
у = C,(ix) (modified 
Bessel function) 


1- S +u) —u(x)— "m p -0 


у" +а?>?х?”-?у=0 


у”+(е?^—›?уу=0 
x? y" + ху'+(В?х?—›»?уу=0 
x2y"+xy'—(x2+2)y=0 


(III) Transformation Groups and Invariants 


Let U = tot 1] — be the infinitesimal transformation of a given continuous transformation group 


ду 
д 
of two variables, and U' = m idcm HT PE rias that of its extended group. 
We have 
an dn дё ›4& 
š x rm >) dx ` 
We put 
dy d?y 
PER’ =— 
x dx 


Leta, B and y be invariants of the Oth, first, and second order, respectively. The general form 
of the diffferential equation of the first or of the second order invariant under U is given by 
$(a, 8) =0 (or B= F(a)), and Y(a,B,y)—0 (or y= G(a,B)), respectively, where F, Ф, V, С 
denote arbitrary functions of the corresponding variables. 


Group With Infinitesimal 


Transformation U Invariants Note 
i х 
0 1 0 х р r (1) 
1 0 0 y Р г (1) 
=y x 1+p? х?+у? | (у= хр)/(х+ур) r/((+p22⁄2 Q) 
0 y р х р/у г/у (3) 
х 0 = р у хр xr (3) 
x y 0 у/х р xr 
x —y —2p Xy xp xr (4) 
ux vy (и юр |у*/х”| x! "/p or px/y fux nl 
и y 0 JX — py p r 
0 h(x) h'(x) x h(x)p— h'(x)y h(x)r - h"(x)y 
1 kG) ro KG) (5) 
k 0 -k 2 — - — — + —— 
(>) (0274 y Pp kG) x » KO 
p r k'(y)p? 
0 k k'(y)p TS —— (6) 
xi i kO) KO) kO) 


h(x) 0 = А(х)р y h(x)p (h(x)r+ h(x)h'(x)p 
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C pa || w | = | 


A(x) ГУ dy 
0 |h(x)k h'(x)k ? : 
(x)k(y) Ө ко) EO) T КО) (7) 
2 
xh(x) h'(x)(y — xp) = (»- 5) (525-1) 
+ h'(x) 
1-р x+y 
y х?—у? io cy or aap 


(x—yp)/(1 + p)(x — y) 


Notes 
(1) Parallel translation. 
(2) Rotation. 
(3) Affine transformation. 
(4) Similar transformation; the equation is a homogeneous differential equation. 
(5) Linear differential equation. 
(6) Separated variable type. 
(7) When k(y)= y", the equation is Bernoulli’s differential equation. 


Reference 


[1] A. R. Forsyth, A treatise on differential equations, Macmillan, fourth edition, 1914. 


15. Total and Partial Differential Equations 


(I) Total Differential Equations (— 428 Total Differential Equations) 


Suppose we are given a system of total differential equations 
а= 5 Py (xiz)dx, (j=1,2,...,m). 
k-1 
A condition for complete integrability is given by 
OP, (x; z) NS OP, (x;z) UE. «y ӘР (x;z) 


——— P, (x; z)= 
Ox д2, yz) - д2, 
1 i i i і 


Py (х; z). 


Under this condition, the solution with the initial condition (x9, ..., х0; 20,...,20) is obtained as 
follows: First, solve the system of differential equations dz;/dx, = Pj, (x1, x$, ..., xp; z) in x, with 
the initial condition z,(x?)= z?, and denote the solution by 2,= ф(х). Next, considering x, as а 
parameter, solve the system of differential equations dz;/dx; = Р,,(х,, X2, X$, ..., x9; z) in x, with 
the initial condition z,(x$) = ,(x,), and denote the solution by 2,= 9,(x,, x2). Repeat the pro- 
cess, until we finally have z;— ¢;(x,,...,X,), which is the solution of the original equation. Or, 
if we have m independent first integrals f(x; 2) = c; of the equation dz;/dx, = P, (x; z), we may 
transform the equation into du; = Ур; Qs (x; u)dx, by the transformation и; = /;(х; z). Since the 
Q(x; u) do not involve x, and the equation is a completely integrable total differential equation, 
we have reduced the number of variables. We obtain the general solution by repeating this 
process n times. 

For 


P Gy. z)dx + Q (x,y,z) dy + R (x,y,z)dz -0 
(n=3,m=1), the complete integrability condition is 


ðQ Әк ƏR ӘР Р 9QY- 
ТЕЗЕК ЕЕ УЕ 
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(ID Solution of Partial Differential Equations of First Order (— 322 Partial Differential 
Equations (Methods of Integration), 324 Partial Differential Equations of First Order) 


Let z be a function of x and y, and 
р=д2/дх, g=0z/dy, г=9д?>/дх?, s=0d7z/dxdy, t=d7z/dy?. 
We consider a partial differential equation of the first order F(x,y,z,p,q)=0. 


(1) The Lagrange-Charpit Method. We consider the auxiliary equation 


dx | O d _ -dp __—44 
F, ЕЁ, pF*qF, F,*tpF, F,tqF,; 


which is a system of ordinary differential equations. Let С (x,y,z,p,q) = a be the solution of the 
auxiliary equation. Using this together with the original equation F=0, we obtain p = Р(х,у, 2,а), 
а= Q (х,у, z,a), and the complete solution by integrating dz = P dx+ Q dy. If we know another 
solution of the auxiliary equation Н (x,y,z,p,q)= b independent of G= a, we have the complete 
solution 2 = Ф(х, у,а,Б) by eliminating p and q from F=0, G=a, and H— b. 


(2 Solution of Various Standard Forms of Partial Differential Equations of the First Order. 

The integration constants are a, b. 

(i) (p, q) 20. The complete solution is z — ax + ф(а)у + b, where the function t= g(a) is defined 

by f(t, a) 20. 

(ii) f(px, а) 2 0, f(x, ау) =0, f(p/z, q/z)=0. These equations reduce to (i) if x=e*%, у=е!, z=e%, 
respectively. 

(iii) f(x, p, q) = 0. If we can solve for p = F(x,q), the complete solution is z= f F(x,a)dx + ay + b. 
A similar procedure applies to f( y, p, q) = 0. 

(iv) f(z.p, q) 20. Solve f(z,1,ar) = 0 for t= F(z,a). The complete solution is then given by x + 

ay + b= f dz / F (z,a). If we eliminate a and b from the complete solution (x, y, z,a, 5) =0 and 
9@/da=00/db=0, we have the singular solution of the original equation. 

(v) Separated variable type f(x,p)= g( y, 4). Solve the two ordinary differential equations f(x,p) 
= а and g(y,q) = a for the solutions р = P (x,a) and а= Q(y,a), respectively. Then the complete 
solution is z= f P (x,a)dx * f Q (y,a)dy + b. 

(vi) Lagrange's partial differential equation Pp + Qq = R. Here P, Q, R are functions of x, y, and 
z. Denote the solutions of the system of differential equations dx : dy :dz = P: Q: R by u(x,y,z)= 
a, v(x,y,z) = b. Then the general solution is ®(u,v)=0, where Ф is an arbitrary function. A 


similar method is applicable to 
n 


9 
> Р,(х\, та = R(xi,...,x,). 
: х; 
j=1 J 

If we have n independent solutions и (х) = a; of a system of n differential equations dx; / P, = 

dz / К (j=1,...,n), the general solution is given by ®(u),...,u,)=0. 

(vii) Clairaut's partial differential equation z = px + q y + f(p,q). The complete solution is given 
by the family of planes z = ax + by + f (a,b). The singular solution as the envelope of the family 
of planes is given by eliminating p and q from the original equation and x= — 9// др and 


у= — 0f/9q. 


(III) Solutions of Partial Differential Equations of Second Order (— 322 Partial Differential 
Equations (Methods of Integration)) 


(1) Quadrature. Here ф and y are arbitrary functions. 
(i) r= f(x). The general solution is z= f Í f(x) dx dx + ф(у)х+ (y). A similar rule applies to 
t= f(y). 
(ii) s= f(x, y). The general solution is z= f Í f(x, y) dx dy + ф(х) + (у). 
(iii) Wave equation. r—t=0. The general solution is z= @(x+ y) +W(x — y). 
(iv) Laplace’s differential equation. r+t=0. Let x+ iy=¿ and ф, y be complex analytic func- 
tions of ¢. The general solution is z= ф({) + v (C), and a real solution is z= (C) + Ф(О. 
(v) r+ Mp= N, where M and N are functions of x and y. The general solution is given by z= 
{ГГ Lx, y)N (x,y)dx+ e(y)1/LGc y) dx + Y (y), L(x, y) 2 exp | [M (x. y) dx]. In the integration, y is 
considered a constant. 

A similar method is applicable to s+ Mp=N,s+Mq=N, and ғ+ Ма = №. 
(vi) Monge-Ampére partial differential equation. Rr 4- 55+ Tt + U(rt ^5?) = V, where R, S, T, U, V 
are functions of x, y, z, p, q. 
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First, in the case U —0, we take auxiliary equations 
eq. (1) кау?+ Tdx? — S dx dy =0, 
ед. (2) Rdpdy+Tdqdx=Vdxdy. 


Equation (1) is decomposed into two linear differential forms X,dx + Y,dy=0 (і= 1,2). The 
combination with (2) gives a solution и,(х,у,2,р,4) = aj, vj(X,y, z,p, q) = b, (i= 1,2), and we have 
intermediate integrals F;(u;,v;)=0 (i= 1,2) for an arbitrary function F;. We have the solution 
of the original equation by solving the intermediate integrals. If $25 4RT, two intermediate 
integrals are distinct, and hence we can solve them in the form p = P (x,y,z), а = Q (x,y,z), and 
then we may integrate dz = P dx + Q dy. 

Next, in the case U0, let À, and À, be the solutions of U2X2+ USA+ TR + UV = 0. We have 
two auxiliary equations 


A, Udy + T dx + Udp = 0, хау + Tdx + U dp —0, 
À. Udx+ Кау + Udq —0, л Udx+ Кау + Udq=0, 


and from the solutions и; — a;, v; — b; (i= 1,2), we have intermediate integrals F;(u;, v;) =0 (i= 1,2). 
If 4(TR + UV) £S?, A, 4 4, we have two different intermediate integrals F,=0. Solving the simul- 
taneous equations F;=0 in p= P (x, у, 2), а = Q(x, у, 2), we may also find the solution by integrat- 
ing dz = Pdx + Q dy. 

(vii) Poisson’s differential equation. P = (rt — s?)"Q, where P = P(p, q, r, s, t) is homogeneous with 
respect to r, s, t and we assume that Q = Q(x, у, z) satisfies 20/02 # oo for x, y, z when rt = 52. The 
equation P(p, o(p), ғ, ro'(p), r(o'(p)]?) «0 is then an ordinary differential equation in @ as a func- 
tion of p. We first solve this for o, and then solve a partial differential equation of the first order 
q= ф(р) by the method (II) (2) (i). 


(2) Intermediate Integrals. Let f(x,y,z,p,q,r,5,t) be polynomials with respect to r, s, t. Suppose 
that f(x,y, z,p,q,r,s, t) = 0 has the first integral u(x,y,z,p, q) —0. We insert 


= (56+ ди Ij ди jaa E ди "3 ди 


Эх P m^ др’ y 434 94 


into the original equation, and replace all the coefficients that are polynomials of s by 0. We thus 
obtain a system of differential equations in и. If u and v are two independent solutions of this 
system, an intermediate integral of the original equation is given in the form ®(u,v)=0. 


(3) Initial Value Problem for a Hyperbolic Partial Differential Equation L[u]=u,, + au, + bu, 
+cu=h. 


u(&n)=[(uR),+(uR),]/2+ f f R Goys&mhGoy) dx dy 


DEG 


where À is the hatched region in Fig. 19, and the conormal n’ is the mirror image of the normal 
n with respect to x= y. 


u(&n) - (uR)c* J RG +адф+ (Rue buat ff R (х,у; & т) Gy) dx dy 


4.) (acos(n, x) + bcosimy))uR | ds 


(characteristic initial value problem). 


Fig. 19 Fig. 20 


Here [0 is the hatched rectangular region in Fig. 20. R (x,y; ё, т) is the Riemann function; it 
satisfies 


M [R (x,y;š,m)] 0, 
R,— bR -0 (on х=), 
R,- aR -0 (on у=), 
R(&m&)-1. 
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Example (i). uy, = h(x,y). R (x,y; 1) = 1. 
ul, n) = ilu, +us] + 3 f. [%соз(л,х)+ и, соз(л,у) ] ds f f h Gc) dx dy. 
A А 


Example (ii). Telegraph equation u,, + cu=0 (c >0). К(х,у;&т)= Jo(2 V с(х—&)(у =n) ). 
Example (iii). u,, + y its +u,)=0 (n= a constant >0). 

(x-&(y—7) | 

(x+y)(£+m) J 


ken (уал = 


(IV) Contact Transformations (— 82 Contact Transformations) 


We consider a transformation (x), ...,x,3Z)>(X1,...,X,3Z). We put p; д2 / 3x, Р,= д7/8Х, 
(j=1,...,n). The transformation is called a contact transformation if there exists a function 
p(x, z, p) 50 satisfying dZ — Z P, dX; = p(x, z,p)(dz – Х p;dxj). 

A transformation given by (2n + 1) equations Q=0, 40/9Х,+ P,99/0Z 20, 9Q/dx; + 
p ;9 Q / д2 =0 generated by a generating function Q(x,z, X, Z) is a contact transformation. 


WN Transformation Name 


X=-—p, P, Legendre's 


J 
2=Ў p;x; — 2 transformation 


Generating Function 


Zx X +z+Z 


= —p,Z, 
p= -QX,- x)/GZ— 


Z/QZ- 2) Pedal transformation 


EX? +Z?—-Ex X; -zZ 


X;= x — apl +> p]) 1⁄2, 
1 Р,=р, 


Z=z;+a(1 *Ep)- Ve 


Z(X, х) +Z- zy. - a? Similarity 


X; = xj — pjz, 


J 


2 722 „2 
У(Х, 5) – 272—2 


T- | Р;= -р( рр 1), 


2=2(5р2- 1)? 


(V) Fundamental Solutions (— 320 Partial Differential Equations Н) 


A function (or a generalized function such as a distribution) T satisfying LT = 8 (8 is the Dirac 
delta function) for a linear differential operator L is called the fundamental (or elementary) 
solution of L. In the following table, we put 
n 92 9 2 n-i 9 2 п 
. m g= -5 — = У х2, 1(x)= 


2 
OX_ = OX; i=} 


1 (x>0) 
0 (x<0) 


J, is the Bessel function of the first kind; K, and J, are the modified Bessel functions. ( —Table 
19.IV, this Appendix.) 


(Heaviside function). 


s=] VX XI X-i (if x, 0 and the quantity under the radical sign is positive), 


0 (otherwise). 


(For Pf (finite part) — 125 Distributions and Hyperfunctions.) 


Operator ` Fundamental Solution 
d/dx 1(x) 
d” ~ /т—1)! (x>0) 
dx" 0 (x <0) 
0" / àx,0x,... 0x, 1(x,)1(x,)...1(x,) 
ty ey Go /-D 
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Operator Fundamental Solution 


-[(2)A-2«^|- (>з) 


А 
(1/2«)logr (n=2) 
Ji pei 2 n/2 Е n—2m is a positive nandi 
K 2 )/2 (m—1)! i Uk ДЕ n-2m pm a negative odd integer 
m 
Е п 2^(m — 1)12"/2 il (2k — n) logr а С) 
r(5 )/2"бт—1)!т ij p \һ=0,1,2,... 
k*m-h 
А S 2л" т—(п/2) 
uus) бй eee 
^ ! 
Tý (Pf s2m77)/gq 0/27 122" m — DIT(m 0 — (n/2)] 
(0/4) (m/2) Im- Vis) — (0) 
(E ry” Al m -—(n/2) (0/2) 
(A is real and #0) A o si У (М8 ) Q<0) 


Е" I i E 2 = 
om v] co Уг) (x, > 0) 


ә 1 ә? \" 
OX, > 25] 
0 (x, « 0) 


(VI) Solution of Boundary Value Problems (— 188 Green's Functions, 323 Partial Differential 
Equations of Elliptic Type, 327 Partial Differential Equations of Parabolic Type) 


Llu] = Au, +2Bu,, + Cu, + Du, + Eu, + Fu, 
M [v] * (Аь)„„+2(Во)„+ (Co), — (Do), — (Ev), + Fo. 
Green's formula J fella —uM [v]} dxdy= Аб (va оз) + Que} as 


гази А cos(n, х) + Bcos(n,y) = Pcos(n', x), 
ш Bcos(n,x)+ Ccos(n,y)= Pcos(n',y). 


О=(4,+ B,— D )cos(n,x)+ (B, + C, — E )cos(n,y). 


The integration contour C is the boundary of the domain D (Fig. 21), n is the inner normal of 
C, and п’, called the conormal, is given by (1). 


Fig. 21 


(D Elliptic Partial Differential Equation L[u]=u,, + u, + au, + bu, + cu = h. 


иба) — fu &+ f [6 Gorimh Goode. 


Неге С (х,у; & n) is Green's function, which satisfies M (G (x,y;£ m) = 0 in the interior of D 
except at (x,y)= (£, т), and 


G(x,y3& 7) = —(1/2т)їовү(х—) + (у= n) + a regular function, 


С (x,y; n)=0 ((x,y)€ C). 
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2 
(2) Laplace's Differential Equation in the 2-Dimensional Case a + — =0. 
x 


u(x,y)=u(r,p)=Ref(z) (z= x+iy=re'). 
(1) Interior of a disk (r < 1). 
_ 1 e? +2 z "TEL l-r? 
f(z)= =— Ir [ra ü (1, 9) ; ^^ ú (r,0) di ü (1,9) 1 -2rcos(0 — g)*r 


(Poisson's integration formula). 


> % 


(1) Annulus (0 < q < r« l). 


© 2 27. 
O= S Даа de (Pa ets dp aloge | 
т“ 0 0 
(Villat's integration formula). 


-"(iogreg) а= [51 "(&(,9)-3(59)dp 2-41 

MEUS MEET MUS AT [ss Zn {a (1,9) 7 (4,9) de, а= - 21084. 

Here $, and {з are the Weierstrass {-functions (— 134 Elliptic Functions) with the fundamental 
periods 2o, and 23. 


(ш) Half-plane (у > 0). fat | Б um 0) 1 (e u(50)y 


; 45 и(х,у)= = 


22 
=% (x-i) +y 
(3) Laplace’s Differential e in the 3-Dimensional Case. 

(i) Interior of a sphere (r < 1). 


= 2 
ü(r,o,0)7 ral T ü (1,6, ej)!" — an84044, 
(1—2rcosy 4 2)? 
where 
cos y = cos Ө со$ + sin Osin 0 cos(® — ç). 
(ii) Half-space (z > 0). 


oc (2,1,0) 
u(x,y,z)= >= ы y; 46а. 
ЛЛ, (G-^ o9 2)" 


(4) Equation of Oscillation (Helmholtz Differential Equation) Au + k?u —0. Let u, be the nor- 
malized eigenfunction with the same boundary condition for the eigenvalue К„. Green's function 
is 


и„(Р)и (О) 
СВО 
k; 
Boundary 
Domain Condition Eigenvalue Eigenfunction 
rectangl п? m° : X y 
ectangle =, Кат = T Zt sinnm—sinmr- 
0<х<а, O«y«b d 
(n, m=1,2,...) 
circle O<r<a u=0 Kam is the root of J, (kx) =0 Jn (k, rye * mm 


Кот 15 the root of 
annuus b«r«a u=0 J, (ka)N,, (kb) 
— J,, (kb) N,, (ka) =0 


а. Nn лг = 
Ja Knam® N,(k,,a) 


fan shape 0 Кот is the root of J, (ka) =0 | 
O<r<a, 0<ф<а u= rama) Jp (knmr)sin up 
rectangular parallelepiped 2 SIRE 
ди _ Bajo ee x PNE: 
O<x<a, O«y«b, 3479 kum = T F + b ш cosnm— Cosma + cos ir^ 


0«z«c 
k,, is the root of y, (ka) —0, 
sphere 0«r«a —=0 where V, (Kur) PI^ (cos0)* me 
y. (p) =Ут/2 Јл ^ a72X(0) 


2 2 
(5) Heat Equation. e =кДи (а- — +... + LI ; K iS a positive constant), Boundary condi- 
Xm 
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tion: hu — k ди/ дп = p, where h and k are nonnegative constants with h + k= 1, and ф is a given 


function. 
| EEr e D +G(P,Q,t— r) (Ф(0,т) 45. 


u(P,t)= [sc Q,1)u(Q, O)dVotn fd ДА 
Here V is the domain, and S is its boundary. С (Р, О, г) is the oe solution that satisfies 
9С / д1 = кАС in V and КӘС /дп= АС on S, and further in the neighborhood of P= Q, t=0, it 
has the form G(P,Q,1)=(4xt)~"/2e~®’/4*" +. terms of lower degree (R= РО). 
(i) – о < x< co, G= U(x —t£,D), where U(x,t)=e7*/*"/V4axt (similar in the following case 
(i). 
(ii) O< x « oo. u(0, t) z 0: G-U(x—£)-—-U(x-£r) 


ди = hu: G= U(x—t,t) + U(x+&)— 2he f т (x — n, t) dn. 


дх 
(ш) O< x « /. u(0, t) = u(1,r) =0: o=0 r) (5 J 
бое ано сә), 
и0,)= “(1,1 =0: o= (FP r) (a r) 
(= h- ) 


Here 9 is the elliptic theta function: $ (x|r) = 94(x,7) 21--2Xe 7" cos2nm x. 
(iv) 0€ x < oo, 0 « y « co. u(x,0,t) = u(0,y, t) 20: 
G-(e-C-9 7n e — C+ 67/480) (e 7 0 — т/а =e 0+) ак) Иду, 


(уу) 0<х<а | O«y«b. и=0 оп the boundary: 
_ 4 а <Š 2 n? \ |. max. тт&. пту . nm 
Gm ELM e GUN а ЭШ sin sin. 


"T ТЕПП 


. lax. hŠ т . m : ‚опт 
X sin P sin sin ы nee S 


(vii) 0 < r < оо. Spherically symmetric. |х|= r, l= r: 
G= (e -(r- ry Ак _ e at "УЎ/акгу Barr (rt) 7. 
(уш) 0< r< a. Spherically symmetric. и= 0 on the boundary: 


1 enr TI Tr 
= sZ š e esj ТР PTP. 
тат” < a a 


(ix) a < r < oc. Spherically symmetric. Кди / dr — һи==0 on the boundary: 


G= SONS Саң" i5 е n4 Д. e tr 240 /4к _ ah м k (Amit) ^ 
Sarr’ (ткі) a 


2 
хер а( Т^) +(r+r'— -2a) к) 


хене m 4 ак Vkt | (енсх= f 7772). 
KÍ x 


(x) 0& r< оо. Axially symmetric: G= e *"/ ^ (rr /2к)/4тк. 
(xi) 0 < r < a. Axially symmetric. kon — hu —0 on the boundary: 
ЕЕ Ж Jo (ran)Jo (r'an) 
© ra) А {Jolaa,)} + {J (aa) Y 
where а, is given by ka,J (aa,) — h Jo(aa,,) = 0. 


e sa t/a 


3 
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16. Elliptic Integrals and Elliptic Functions 


(D Elliptic Integrals (— 134 Elliptic Functions) 


(1) Legendre-Jacobi Standard Form. 


Elliptic integral of the first kind 


° d n а | 
Е(К,Ф) = Eg rur cur E = (k is the modulus). 
Vi-Esmy Jy  vVa-2Pu-xep?) 


Elliptic integral of the second kind 


V >. _ 12,2 
E(kp)= [У-шу w- f ud dt. 


0 


Elliptic integral of the third kind 


f dy Г. й 
II(g,n,k)= == == at 
o (1+ піп) sity Л Qa?) Va-Pa - 202) 


When 97 7/2, elliptic integrals of the first and the second kinds are called complete elliptic 
integrals: 


m/l 1 
K(k)= F(k ^ dod 
af” Vi анаи 2 (5: 2 ) 


Е(Ю=Е e f М1 251024 a [Ve F(- 5.5: 


where F is the hypergeometric function. 
K(k)=K(Vl1-kK')=K'k), — E()- E(VI-K )2 Ek) (К2=1- К; k' is the 
complementary modulus). 


l |- Au» 
4Va — 


EK'+ E'K— KK'= Э (Legendre's relation). « 


k V 1—k?*sin* 


(2) Change of Variables. 


Е 1 = singcosg | dE E-F 


indep- tang: F( үс 42a FORRO: 


E( ipe t] qp EU k Fkgp- LE sing. 


sin x= 


(1+ k)sing 2Vk | 
—————: F| ——, xX =(1+ А) F(k,9), 
kate! FU Te x)ea nore 


г. 


pe V1- k2sin2 g 
1+ksin’@ 
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k, sing, 
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sing 


к —itang 


ksing 


| 


(3) Transformation into Standard Form. 


E V1- к25іп2ф 


Е(К\,Ф\) 


—ФЕ(К,ф) i[E(k,~)— Е(К,ф)— V 1 — &?sin?g tang] 


x LE C69) — КР(К,Ф)] 


(i) The following are reducible to elliptic integrals of the first kind (we assume a> b > 0 for 


parameters). 


АЕ(К,Ф) 


F dt 
1 Vep-1 
f dt 
1 Vi-2 


j: dt 
0 Vier 


| dt 
o V(a2— 12)(Ь2— 12) 


f dt 
b V (a? — (à — p?) 
f dt 


f dt 
о V(a2+ 2)(b2+ 2) 


Ql 


alo 


J Ë: d: 
o V(a2— 2)(b2 + 2) 


1 dt 
p V (a3 12)(2 — p?) 


1— 
атссо$ 1 


i7 G/x* 
arcsin E UT 
1—(5b/a) 
1—-(a/xY. 
1-(b/xY. 


arcsin 


arctan = 
b 


| hi G/ay 
arcsin UA 
1+(6/x) 


b 
arc cos — 
x 


(ii) The following are reducible to elliptic integrals of the second kind (we assume a > b >0 for 
parameters). 
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AE(k,q) A k 9 
P a2— р b Р < 
I! Vo dt a 3 arcsin y 
0 
4 24,2 
Í iue Va? 4 b? = : arccos% 
a^—t a+b 
X 
T 2+а? dt a+ b° — =: жебе? 
eV r—b? b2 Val b? "` x 
Xx 2 
2 2 14 (b 
P fra d а? + Б? == = агсѕіп ч 
pub Vat p? 1+(x/a) 
° 
I a2+ 12 a Ма? – b? х 
RT arctan — 
А (62+ 12) b2 a b 
x 2 | Vap? | fl~(b/x) 
5 arcsin} / — ; 
b PV (2 b2)(a2 — 12) ab © 1—(Ь/а) 


(ID Elliptic Theta Functions 


(1) For Imt>0, we put q=e™ and define 


1784 


89 (u,7) = 04 (и,т)=1+2 Y (— 1) 4" cos2nmu, 


n=] 


oo 2 
9, (и,т)=2 Y, (— 1) 'aln+(/2] sin(2n+ 1)ти, 


n-0 


oo 
9, (u,7)=2 У q^ * 0/2 cos(2n + Dru, 
n=0 


oo 
$4(u,7) 8142 Y q" cos2nmu. 


п=1 


Each of the four functions 9; (/=0, 1,2,3) as a function of two variables и and т satisfies the 
following partial differential equation 
920 (u,7) 00 (u,7) 
=4ri І 
ди? дт 
(2) Mutual Relations. 


90 (u) + 92(u) = 90и) + 93(u), 


90(и)= Ед и) + (и), 
9 и)= – 900и) + k03(w), 9и) = Кдф(и)— k'92(u), 
where k is the modulus such that iK'(k)/ K (k)= т, апа К' is the corresponding complementary 
modulus. 
k=93(0)/930), — k'—05(0)/83(0). 
2i” (0) _ 2 (0) " 85 (0) n 90 (0) 
$:(0 00) — 9,(0 (0) 
(3) Pseudoperiodicity. In the following table, the only variables in are u and т. m and n are 
integers. 


$1(0) = 705(0)94(0) 99(0), 
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Increment of и Bo $i 9, 9, Exponential Factor 
m+ nr (—1)' (CDS (-1"9, 94 dipsa 
l X (2u + nr)] 
m=z tnt 9, (-)"*!, (-1)"*"8, (= 1) 
1 ny, m + n; т. 
m (n^ z) (-1y$, (=) (-1)"$, 9 exp| - (n 5)" 
1 1 «(2e 2) 
m— 5+("+ x)" 9; 9 (-)"*"Àg (= D9, 
eros u= m m+ nr mt» mt; 
+(n+5)r + nr +(n+5)r 


оо 
(4) Expansion into Infinite Products. We рш Q= П (1— 42"). Then we have 


п= 1 


oo 
9,(и)= Q I] (1—242"- !соѕ2ти+ 4*77?), 


п=1 


9, (и) =2Qoq'/* sin mu П (1— 242" соѕ2ти+ q^"), 


п= | 


9, (и) =2004'/соѕти [| (1+ 242" соѕ2ли+ 4°"), 


n=] 


оо 
9, (и) = Qo [| (12477! соѕ2ти+ д" 2). 


n=] 


(III) Jacobi’s Elliptic Functions 


(1) We express the modulus k and the complementary modulus as follows. 
= о) 
830) 92 (0)` 
Then we have 


K (k) = к= 92 (0), 


2+k2=1 


K'(k)= K'= – irK. 


The relation between q and k is 


Q) 


а=е"тж=е- "(К /К), 


q= таан) 


E kaa MET 217 
Functions sn, cn, dn; Addition Theorem. 


1 9 (u/2K) 


snu OS аманына 
Vk 9 (u/2K) 
вп?и+сп?и=1, пи + k2sn2 = 1. 
sn(u-- р) = snucnvdno+snvenudnu 
1 — k?sn?usn?o i 
2 
qara Í djs Ee cn en ene 
| — k2sn2⁄ sn?c 
dsnu dcnu 
=cnudnu, = —snudnu, 
du du 


+1!°1, + 150 pis, 107,5, vie due 


9; (u/2K) 
3o(u/2K)' 


сп(и, к) = ү 


1- VI- k? 
I+ VI- € 


94(u/2K) 


dn(u,k) =Vk' 99 (u/2K) . 


cnucno—snudnusnodno 


1 — &?sn?u sn2o 


— k?snucnu. 
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(3) Periodicity. In the next table, m and n are integers. 


Increment of u snu cnu dnu 
2mK+2niK' (—1)/"5пи (-1)"*"cnu (—- I) dnu 
E m _yym+1 CNU уплу SDU ari l 
(2m—1)K+2niK (—1) dum (= 1) t rk Jau (— lk das 
2 -1 1 „dnu : спи 
, — үз L. ee —)ymntntl pene nip LE. 
2mK + (2n+4+ iK (—1)"k ail (-1) ik m i(— 1) tum 
26 ; _ Iym+1 -ı dnu Lgymnp -1_1_ _ тууру SNU 
(2т-1)К+ (20+ iK' (– 1)" А тч (= "КЕ nu (—1)"К en 
Zeros u= 2пК +2тїК' (2n+1)K+2mik’ (2n+1)K+(2m+1)iK’ 
Poles u= 2nK + (2m+ 1)iK’ 2nK +(2m+ l)iK’ 2nK * (2m t iK" 
Fundamental periods 4K, 2iK' 4K, 2K+2iK’ 2K, 4iK’ 


(4) Change of Variables. In the next table, the second column, for example, means the relation 
sn(ku,1/k)=ksn(u,k). 


u k sn сп ап 
ки 1/k ksn dn cn 
iu k' i= L dn 
cn cn cn 
k , Sn cn l 

k'u t k dn dn dn 
k ., Sn 1 cn 
iku UE ik n ds dn 
ik'u l in’ 50. dn l 
k cn cn cn 

1— ksn? 

(eu PA CU E а 
1+ 1+ ksn2 1+ ksn2 К 


(Gauss's transformation) 


l-k sncn 1—(1+')sn2 1—(1— k’)sn? 
(1 k'u ; (I K)—— —————— 
l+k dn dn (Landen’s transformation) 
(Ku (E | I+VE Апеп а-у „ VXI*K) _ dae VE 
2 I+VE J 1-VK (i+dn)(k’+dn) — 1-Vk I-Vk уға) 4 dn) 
2(1 - K^) 
(1+dn)(k’+dn) 
Litas. canes 
acobi’s transformation. sn(iu, К) = i ————, iu,k)= — —-, 
en(u, k’) en(u,k’) 
dn(u, k^) 
dn(iu,k)= ———-. 
a) cn(u,k’) 
(5) Amplitude. | E" 
The inverse function p =am(u, k) of u(k, ф) = F(k,q) -f LE 
o V1- Кіп 


is called the amplitude. 
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sn(u, к) = sing = sinam(u, К), cn(u,k)= соѕф = соѕат(и, k), 
dn(u,k)= V 1— K?sin?g = V 1— k2sn2(u,k) . 


и) [ÁM x —sn(u, К). 
0 vV(-23- x?) 


am(u, k)= Z A > — 1 (пту) (qm e» e *(/K) 
m^ =i n(1+ q?) 2K | 
ат(6, 1) = gd0 (Gudermann function). 


(IV) Weierstrass's Elliptic Functions 


(1) Weierstrass's @ -function. For the fundamental periods 2w,, 2003, we have 


1 d 1 1 
(= + У, 


nm = es (2no, + 2mo3) 


l E 24554 83 38283 8 
= z + 39% t 28 “t 1200" * 6160“ 
! l 
g=0 5 ————,, руе моу, — 
n,m (Опо +2тоз)“ I n (2nw + 12mo,) 


where У’ means the sum over all integers except m= n=0. 
P(—u)= @(u). Putting о = — (ш +3), e= P(o у) (/= 1,2,3) we have 
eite, te= 0, €1€5 + езез+ ese) = — 83/4, eyexes = g3/4. 


ёФ'(и)=4 /4ди= —2Y l 


ma (u—2no, —2mo4) 


£"(u) -4[ e(u)— e, ] [ 9(u)— e;] [ P(u)— es] =403(и) – g, P(u)— gs. 
Addition theorem 


e'Q)- e'(e) T 
Ф(и+о)= – Ф ё +] — 
(и+о) = – P(u)— #(ь) Pu) Plo) 
, G7 996-79) 
Ф(и+ о) = —OF i,k,1)= (1,2,3). 
(u+o)= m (j,k,1)=(1,2,3) 
Using theta functions corresponding to +=os/oy, 
m d*logd,(u/2w,) AENA 
#(шу=-—————————!- те (ш)=— 5 l 
©| du 12e, [M EHO 
Ф'(и)= = 1 ә? (0)9, (u/20,)9, (и /2в,)® (u/2o,) 
40} 9, (0) 9, (0)8? (и/20,) 
The relations to Jacobi's elliptic functions are 
qz ехр(ітоз/о)). 
u сп?и ап?и 1 
?|———|=е,+(е|—ез)——— =e +(e, — ез) —— -et(e-e)—-, 
= 1+ (е к» 2+ (е з) st (е e), 
where the modulus is k= aa ; K(k)=w Ve- e. 
17 €3 


Q) $-function. 


{сд=1 + | l + _ pe 


и „pm | u—2nw – 2тоз (no, + 2me;)! 2no, +2тоз 


d URP фиш 1 U yu S. 

u 60 140" ^ 8400" ~ 18480" 
= (£i/o)u-* dlogd, (u/2w,)/du. 

$ (и) = – Р(и). 
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Pseudoperiodicity. Putting n;= £(e) (j=1,2,3) ме have 
§(ut2nw, +2тоз) = £ (u) + 25g + 2mm, (n,m=0, +1, X2, ...), 
o1 9 (0) 
12e, 9;(0) ' 
11193 — 1594 = 59; — 119? = 1395 — роз = ті / 2 (Legendre's relation). 
1 £"G)- £"(o) 


Addition theorem {(и+о) = (и) + (0) + > Plu) tlo) ` 


n= m1 +T + т =0, 


(3) o-function. 


1 » 2 n,m-0, +1, 
e) su IT (1 sa Jes oce ti moms) mM 
ndn 2nw, +2тоз 2nw,+2mw, 2\2nw,+2ma,; (n,m) #(0,0) 
82 s 83 7 83 9 


SU ae OS et ee =H 
j 24.3.5 23.3.5.7 29.32.5.7 


=2 qu? 9, (и/201) 
= 20 VP “HO (0) 


{ (и) =0'(и)/о(и). о(–и)= —o(u). 
Pseudoperiodicity. o(u +2no, + 2тоз) = (— 1) * ^ *"^texp(2 my + 2my3)(ut nw, + тоз)|о(и). 
(4) Cosigma functions 6, 0), оз. 


o(u +o) -( н 


кре sa P э @ (j21,2,3; 9,= 9). 
mama T. аше RSS, a = ER, where a-Vece =. 
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17. Gamma Functions and Related Functions 


(D Gamma Functions and Beta Functions (— 174 Gamma Function) 


In this Section (I), C means Euler's constant, B, means a Bernoulli number, £ means the Rie- 
mann zeta function. 


(1) Gamma function. res | e't? ldt (Rez>0) 
0 


1 (0+) 
=—— e tt dt. 
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In the last integral, the integration contour goes once around the positive real axis in the positive 
direction. 


D(n-l)jn!  (n2012,.) T(1⁄2)= Ут. 


n—1 


T(z+ 1) = zT(z), Гб) г) = —, П r(z+ Z) -Om 900/0 Qi, 
$10 72 pa n 
1 - Cz т 2 —2/п = = 1. sin 72 ES =: = {Оп+1) 2п+1 
TG) =ze H (1+ 3L А Іов Г(1 + z) 5108—22 Cz > nal? 
(lz|< 1). 
IT(x+i 2 oo 2 
I = JI 1 (1+ 4 z) (x,y are real and x > 0). 
T(x) n=0 (x+n) 
Asymptotic expansion (Stirling formula). 
n-1 
Lm. =u oo =] B Я 1—2n 
T(z) ez?! V2az |$ = | (Jargz| « v) 
{су т. a- l 1 139 571 2: 
meuf m) E + _ _ +O(z °) |. 
12z 288z? 518407?  2488320;^ 


(2) Beta Function. Pae fir ota (Rex, Веу>0) 
= T(x)TCy) /T(x +y). 
(3) Incomplete Gamma Function. 
уб) [Perle tdt TG) = хе ул „„(х) (Rev >0). 


(4) Incomplete Beta Function. B,(x,y)= f “l-J 14 (0<a<1). 
0 


(5) Polygamma Functions. y(z)m Z tog T(z) 


T(z) cool ef =ш M Е 1 1 
Б T(z) zi E Е ет 2 (3 Ei 


n=0 
"(у= А l M(z)= Э (сй k=1.2 
do 2, (z+n) s 2, (zn)! | т; 


(ID Combinatorial Problems (— 330 Permutations and Combinations) 


Factorial n!- п(п— 1)(п—2)...3-2.1. 0!=1. 
_ a(a—1)...(a—r+1) 


Binomial coefficient ( 2) тт 


(1) Number of Permutations of л Elements Taken r at a Time. 
„Р, = n(n-1)...(n-r* 1) = nt/(n—-r)!. 


Number of combinations of n elements taken r at a time 


Се Cin germ aeu 16g 


Number of multiple permutations „П„=п'. 
(п+г—1)! 


Number of multiple combinations nA, = p+ 4107 ———.p 
г\(п— 1)! 


Number of circular permutations „Р,/ғ. 
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n 
(2) Binomial Theorem. (a+ Ьу = У ( | jar 714 
r=0 
n! 


pil p! 


Multinomial theorem (a,+...+a,)"=2> ahi ap. 


The latter summation runs over all nonnegative integers satisfying р; +... +p, = n. 


References 


See references to Table 16, this Appendix. 


18. Hypergeometric Functions and Spherical Functions 


(D Hypergeometric Function (— 206 Hypergeometric Functions) 


(l) H tric Functi F(a,b ) $ Г(а+п) I(b-n) Tle) z” 
ergeometric Function. а,0;с;2)= samasaa 
урет O20 2 TG) ТЬ) Г(с+л)т! 


The fundamental system of solutions of the hypergeometric differential equation 
2 
P La. *[c- (a b Da айыб at z =0 is given by 
dz? dz 
u = F(a,b;c;z), uz! *F(a-ctl, b—-c*tl;2-c;z) (c#0, – 1, -2, ...). 
F(a,b;c;z)= F(b,a;c;z). dF /dz=(ab/c)F(a+1, bl; c+1; z). 
Г(с)Г(с—-а—Ь) 
F(a,b;c; ])= ———— Re(a+b— 0). 
ert йу "y oU 
I(c) 


1 
Е(а,Ь;с;2)= ————— | !:° 0-077 (0-02) "dt (R Reb >0, 1), 
(a,b;c;z) FIG) sh (1— 0) (1— iz) (Rec»Reb»0, |z|< D 


"a Г(с) io Г(а+5)Г(Ь+5)Г(— 5) 


F(a,b;c;z)= у— TOTO) J- io Г(с+) 


(— zy ds. 


(2 Transformations of the Hypergeometric Function. 
` . = < a — Ae . 2 
F(a,b; e; гу=(1—г) F(a,c bie; ) 
-(1—zy-*^*F(c—a,c—b; c; z) 


sn s oco « 2 


асаба ОЕ Ver eee ee, eee 
PUT) V E 15 


T(c)T(a- b) 


Lg каш 
T(1-2) OPE 


F(b.c- a; b—a-ctl; i5) 
l-z 


T(c)T(c— a — Б) 


-————————- F(a,b;atb—ccl;l- 
Гаросу ee i. 


Г(с)Г(а+Ь—с) 


+(1—:2)°—°—® TG F(c—a,c—b; c—a—b+1; 1-2) 
 IXorm(5-a), .., MERE 
OC a F(a.1 cta; l-b*a; i) 

Г(с)Г(а – Б) 


ALASED] a оса = TN Jl 
та а. F(5.1 cb 1 a+b; 2). 
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(3) Riemann's Differential Equation (— Table 14.II, this Appendix). 
| Lease вв 1-ү-ү | 


dz z—a z—b Zz—c dz 
aa(a—b)(a—-c) | BB'(b—cY(b—a) | vy'(c- aY(c— b) u " 
QE pc |e ee - 


Here we have ata’+$+f’+y+y'=1 (Fuchsian relation). The solution of this equation 
is given by Riemann's P-function 


a b c 
u=Pia В Y z 
a’ В' Y 


ЕЛЕСИ 


‚ (с—Ь)(2-а) 
(с—а)(:—Ь) 
(a — о',8— В',ү— y' #integer). 


We have 24 representations of Ше above function by interchanging the parameters a, b, c; a, 
a’; B, B'; y, ү in the right-hand side. 


(4) Barnes's Extended Hypergeometric Function. 


o (a), Ca), ул 
F, жж оў y Nesey ; TT ? 
АСТ a T B, z)= 2 (В, ), < (Bo), n! 


=] (a+ n)/I(a). F (a,b; c;z)=,F;(a,b;c;z). ofo(x)=e*, 1Fo(a; x)=(1— x) °. 


where (a),=a(atl)...(atn-—1) 


(5) Appell's Hypergeometric Functions of Two Variables. 


F(a; B,B'; y; х,у)= > $ (Gu (SUP), x" у" 


m=0 n=0 m'n!(Y) man 


FGBB yy ixy= Ў Ў Cnr Р» om ya 
m=0n=0 m!n!(y),. Cy), 


> 


F;(a,0’; B, B's y3x,y) = > y Cam (0,8), (Bn xm у" 


E 


m=0 n=0 m!n!(y),,, 
F(a; В; ү,ү;х,у)= > Ў СИЕ n, 


m=0 n=0 m!n!(y),,(y' ), 


(6) Representation of Various Special Functions by Hypergeometric Functions. 


(1-xy-F(-»b;b;x)  e7™= (=) (tanhx)F(1+ 5, a 


;l+n; хес), 


log(1-4- х)= ХЕ (1,1; 2; —x), zoer =х(5 1; pz) 


sinnx = n(sinx) F( 5" em ag: ) 


. š 2 
2 , 2 › ose p 


созлх= FF, = 23 5: sin’x) =(cos.x)F( a 


arcsinx = xF5. "E 53x), arctanx= xF( 3 1; 2: -») 


„© п—1)!! Ps esa 
Po, (x)=(— 1) om nasa; x; x ) 
» ,Qn* D Sod ug . | 
Pony (x) =(— 1) "Qm" ^ [nt 5: x ) (spherical function), 
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where 


n=0,1,2,...; m!!= | т(т— 2)...4:2 (m even), 


Qt-(-D!-1. 
m(m-—2)...3-1 (modd), 


1 1 л 11 и 
Kosri "i 1; 9, boy=Zr(-5, y 1; 3 (complete elliptic integral). 


x x2 xve ix 1 
E C“ rle- oe py va 12 te |. 
Ao)? (o а 2*Г(у+ 1)! ( = ) 


ех = Jum F(a,b;a;x/b)- ,Fy(a;a;x) 9 Ех). 
— 00 


(П) Legendre Function (— 393 Spherical Functions) 


1792 


(1) Legendre Functions. The generalized spherical function corresponding to the rotation group 


of 3-dimensional space is the solution of the following differential equation. 


d?u du 
—22y€ 574€. 
(1—2 ne 2z E + 


4 


2 
m 
»(vt1)— i ғ 0 


= 


When u =0, the equation is Legendre's differential equation, and the fundamental system of 


solutions is given by the following two kind of functions. 


Legendre function of the first kind W, (z)= P,(2)=2F;( — v, vt]; 1; бас, 


/ 


Legendre function of the second kind 


ias 27* 'T[» - (3/2)] d 


T(v* 1) Мт ха y*2 rl. dos du 
241 2 ° 3:55 v 27 i ` 


Q,(x)= y[9,(x+i0)+@,(x-— i0)] 


(cosvm) P, (x) P, (— x) 


: 1 ; —1 1). 
Рр (p= integer; <х<1) 


= 


Recurrence formulas: 


PZ=P_,-12). Q-Q-  (z¿)=n(cotvm)B,(2) ^ (v integer). 


@,(—z)=e**"B (z) —(2/л) (віп ул) Q(z), S,(-z2--—e*""Q,G) (+ =sgn(Im z)). 


(22— D)d8,(z2)/ dz = (v + DIB, iG) — z, (2), 
(2>+1)2%,(г)= (> + 1)%,„ (z) + 998, _ (2), 
(22—1)49,(2)/ dz = (v )[Q,, (2) - zQ,(z)), 
(22+ ])zQ,(z)=(y+ ID, у (z)+ y, (2). 


Wes ct tare OE a(S Ай ; p+ 3: i) 
нат PEU E ( Ln 35 1-41) 
P,(cos0)= чан 21 »( — = — T P, (cos?) (rz integer; O < 0 « 7). 
Estimation: |P,(cos0)| < = |Q,(cos0)| < I (0<0<т; »»1). 
PO=L PO-- D (>) 


ES r+l\ =” 
9,97 ——( cos yn) : )r( >). 
(2) The Case » 2 (=0,1,2,...). In the following, the symbol !! means 


uz] m(m—2)...4:2 (m even), 
~ | m(m—2)...5-3-1 (m odd). 
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The function P, is a polynomial of degree n (Legendre polynomial) and is represented as follows: 


P, Gm xu Z = (ee =p 


_ Ол)! m l-n, |. 1 
2"(nt)° к T 5": 259 5) 

_ Qn- , п(п—1) 2-2, п(п—1)(п—2)(п— ee 

EE um рл)" 24-Qn-DQn-3 СЇ 


(Qm+2j-1)!! E 


Py. (z)= >Y С) Оту“ 


j=0 
(2т+2)+1)1 ya 


Poms i(2)= > C U Tr DiOm = ЭЭЙ, D'Qm 258 z 


2n)  .. 
P, (cos8)= ( ) ;e "r5. EDT > ni pu) 


22^ (n!) 

- E + 10» cos(n —2)0 + n ay cos(n—4)6 
+ 733 2 cos(n—6)0+... 
J] ee 

0 (n odd). 
= а етут [inn 005 - ек) Ñ sin(n + 3)6 


1-3-(nt+1(n+2) _ - 
1:2-(2n 3) 2n 5) sin(n + 5)0 + ... (ad infinitum) (0<0< т). 


Laplace-Mehler integral representation 


P,(cos8)= + Í "(со0 + isin0cosg)"dp 


Ку sl BED. шз 
0 @ 


T7 COS 9 — cos ш соѕ0 — созф 


=e 
Et. а. ue ( ) («= 2.5 Уго). 
Р,()=1, Р,(–1)=(— 1)", Pans (0) =0, 
Dr na бл)! (- D'Qa-1) 
Р,,(0) =( l) 22^ (a? Е (2n)!! 
Recurrence formulas: nP,(z)—(2n—1)zP,_ (2) +(п– DP, _,(z)=0, 


2 dP, п(п+1) 
(z -D— = nGP,— Py) = j>— Ama] (Pri Pn- = (n+ D(P,, Pp). 


= К Заз al - 1 
©,,(z)= sa So Се 1) log — 


= 


ntl 


szni f”. dccem 2 yn 
oo X. 
=2 f (2 (ay 


n d" п (oo d 
— " eye] €» 
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2.(2n)!! 1-(n+1) 
= ——— +1)0+ ——— 
О„(со$8) Qna DU ) 1-(2л +3) cos(n +3)0 
1-3-(n+1)(n+2) 
—— +5)8+... 0<0 à 
T nd M ls 
I+ x 1 1+х 
О„(х )= xu dx" | P 1)" log1— x] > P.(x)log 1—х 
п 
1 
= jP,G)log 115 - 2 jh). 
1+х Б 1+х _ ы lix 3 
000)= 5 > log LX 1—х? Q (x)= 2 log 1—х 1, Q(x) = q 3x? Гов -—— = 2 x. 
(3) Generating Functions. 
2 h"P, (z) (1А & min[z € V z^— 1 |), 
END БЕНЕН ( 
452b a h2 
V1-2hz +h Dias z+ VP-1)). 
(If — 1 < z < 1, the right-hand side is equal to 1.) 
oc — 
A У (27+ DP (NA) (Ie V?-1]|«|z* №221 |). 
n=0 
= = 2 99, 
аа ора VI Ae E LN aso Resi nel 
V1-2itz4z Vz?^-1 n=0 


= ond ,  cosü-z/r, x,y real, 
143 5+ У 


X bu +x?+y? тет + x2+ y2 —— | 


(Here the square root of a complex number is taken so that its real part is positive.) 


oo Ме уе НЫР 
I+ > eJ (n V 2+y2 ) (Rez »0), 


n=] 
L+ > +5 $ = 178, r-!p, _ (cos0) (0<0<21я; 2 real). 
+14 Кан ^ (Qn n—1 , 


(4) Integrals of Legendre Polynomials. 
Que MEA 2 
Orthogonal relations: (m P, (z)P,,(z)dz = nm ar 
ELO (k=0,1,...,n— l). 
-1 


ANS Os n +2) 


(n even), 
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Lx (A n 1) - n—1)...(AÀ 1) 
f ?5.&- 
0 (A- D(A-3)...(àÀ n2) 
Оо Rex D. 
2(m— nc 1)(m-n-3)...(m* n—1) | . 
f P. (ost )sin mb do = (m— n)(m—n-42)...(m*n) URBES eee), 
0 


0 (otherwise). 


(5) Conical Function (Kegelfunktion). This is the Legendre function corresponding to the case 


p= —(1/2)* À (А is a real parameter), 


42 08 , GT) | 
P_a/yy+a(cos0)=1+ 22 sin2 3 t mae m S es. 


P amsal x)= P La73- (X). 
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(Ш) Associated Legendre Functions (— 393 Spherical Functions) 


(1) Associated Legendre Functions. The fundamental system of solutions of the differential 
equation in (ID (1) is given by the following two kind of functions when #= 0. 
Associated Legendre function of the first kind: 


1 2+1} 1—2 
qu = rl: l-u: 
O= m ) 2Fi( Vv 1; 1 p 2 ) 


2—1 
where we take the branch satisfying arg[(z + 1)/(z — 1)]^? =0 for z> 1 in the expression raised to 


the (u/2)th power. 
Associated Legendre function of the second kind: 


ей" T (v+ uk 1) / 


DT» TD G2] 


EC vV+u+2 v+u+1 3 1 
(z? — 1)? ; g E 2 , 2 V $ 


where we take the branch satisfying arg(z? — 1)#2 =0 for z>1 in (22 — 12, and argz "^ ! =0 
for z>0 in z^" ^ !, respectively. 


P! (x) se l#"/2B 4 (x + i0) = e" (x — 10) 


#/2 = 
l (1x) Fi (-v,v+1; 1-5; 45%) (-1<х<1). 


~ Тр) 1-х 
Ор (х) еи е 0) + ейи 00) ]/2 
T(r* ucl) 
mu H mc pe -1 1 
таш | (x)cos ur р" (| (-1<х<1) 


Integral representations: 


p/2 +1 a—1/2 
ва —À 6 D — =a 
2u Va ГЇ + (1/2)] ap (т+\У/*—1) 


(Ren = 1, |arg(z + DI < z). 


2.1 n-2 oo inh 2,+1 
(у= (22— 1) (sinh:) сей 
2°Г(н—>)Г(>+1) А (2+со$һ)” 


(Rez > -1,larg(z+1)|< v, Rey» — 1, Re(p—v)>0). 


АТА r[u+(1/2]G2- D^? f? cosh[y+(1/2)]: 


——p @ 
Г(и+>»+1)Г(и—»>) А (z 4 cosh ))" U 2 i 


(Rez > — 1, |arg(z X 1)| « v, Re(u+y)> — 1, Re(u—>)>0). 


_ [j2 Ginha)* * eosh[ (v. (1/2)) t] dt 1 
мена) a тоа (созһа — cosh r^" /? (a>0 Ren <>). 


ing)" i 1/2)}Ф|а 
rene тгл] eos[ {>+( / м. (ooo Ren). 
0 


-yut(1/2)] (cose — cos ) 
TQ 1)27"(sind)" u + 
P, " (cos0)= DIES ш; oad B+ (172) 
Г(и+1)Г(и+>+1)Г(и—>») J, (14210086 + 1?) 
(Re( u - v») > – 1, Re( y») > 0). 
Р," (cos0)= — 1— f ÍU (tsin0 )t" dt (0«0«5 Re( p+) > -1) 
H T(v+ pt) Jo É 2' 


eine T(z+ + 1) 


oe)= 
avi 2+! T(»-1) 


-DP (*'a-g'cG-)77*^!ar 
=] 


(Ке(>+ u) > - 1, Rev» — 1,|arg(z + 1)|< т). 
e"" (snha)” f° -lr*(/2)r 
£I (cosha) = 3) — o UE 
T[- 4-7 (1/2)] „ (cosht— cosha) 


(a>0, Reu «1/2, Re(p+ n) > — 1). 
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Recurrence formulas: 
(2?= DABE (2)/ dz = (v — w+ DBE, (z) — (z 282), 
(22+ 12887 (2) = Gr — p+ DB 1(2) + Gt py. (2), 
$^ , (2)= (2), 


T(rv—- gu 1) 


= = o iun 
Bp ane Г(>+и+1) 


©; (2), 


(1— х?)аРЁ(х)/ ах = (v + 1)хР(х)— (» — w+ 1)РУ, (x). 

The case when p is an integer m(m=0,1,2,...) and > is also an integer n: 
PP **(x) x 2(m + D)x(1— х2) P+ (x) + (n— mXn+ m+ 1) P(x) =0. 
Qn )xPP" (x) -(n- т+ Р" (х) -(п+ m)P™ (x)=0 (0<т<п- 2), 
(x2— D) P7" (x)/ dx — (n — m+ 1) PP, (x) +(n+ 1)xP™(x)=0, 
PP (x)- P^ (x)= (2и + D) VI-x? Pr- (x). 


T(r—u- 1) 


SO" Tot et) 


[ut - Fe" (sinum)O4(2)], 
Of (z)sin[G + u)z]— QË,- (z)sin[(» — р) т] = те” (cos vr) 2 (z), 


PEC 2) m e* "BE (z)—(2/m)fsin(v + р) те "TO, (z) — (x = —sgn(Im2), 
£(-z)95—e*""OS(z) (+ =sgn(Imz)). 


: zT(l gu v) 

ет OE (cosha) = ————— —38-"- VA(cotha (Recosha » 0). 

vorm ^ e 
e TOE (xx 10) =e * inr/2| Q (x) = (iz /2) P (x). 

in(» + 
Qt, (x)= mo u)r QG)- TODO CORN P(x), 
sin(v — p)ar sin(v — p)ar 
_ I(»—gu-1) 2. 
P. H жа jane la == — ы 
„ ^(x) ТОЖЕ) [cos uns (x) 7 sinp; œ], 


P#(— x)=[cos(y + u)r]P/ (x) — Q /z)[sin(p + uv] OF (>), 


QO} (— х) = —[cos(y + u)r|Q#(x)+ (z /2)[sin(p + u)r] P (x). 
T(1+>+m)(z2— Ds 
T(1-» — т)т!2" 


Ф "(2) = (22 1) "2 | Kt J * P,(z)(dz)". 


qmo, (z) 
dx" ^" 


T qam (z) 
›Е(т-—›,т+ә+1;т+1; l 2)=@-1y"— А 


w'o- 5 


dz" 


0002) = (22 1)"/2 аиа) (22—10) 0 | ©... (^b, cda. 


m/2 


T(1+>+m)(1-— x?) 


POs C D Tür mmm 


2Fi(m—», m+v+1; mtl; >) 


- ЕИ d"P, (x) 
=(—1) (1— х7) = и» 
-m =(]— y2) m/2 1 1 ma(. „Г(-т+1) т 
P," (x)- (12 х?) J - f Py (ay dx)" = (— D" oe P709. 
d"Q, (x) T(#—m+1 
оло) Da - n2. Qr") C 0D gno) 


The values at the origin are 


Мт 2^ 


pa, езе сы L eee 
T[(» — р) /2+ 1]T[C— » — p+ 1) /2] 


» (0) 
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dP (0) К 2#+1sin[z(>+ р) /2IT[( + p+ 2)/2] _ Ут 28+! 
dx Ti- р+ 1) /2]Ут T[G = в+ /2lr[C- r- р) /2]' 


v+u | o 
Ti- y -2)/2] 

ptg T[(» un. 2)/2] 

( 2 ‚лел 


O#(0)= —2^7!vz sin( 


dor (0 _ 
0; 0) =2#\/л cos 
dx 


(2) Generating Functions. 


(cos + isin0sing)'= P,(cos0)+2 У леу = (cos mp) Р," (cos 0). 
т= 1 
sinvr < 1 1 
TH > э y Sq АЙРА. ГАРУУ TH 
P^ ^ (cos) 87: PX 1) (= күү)?» (cos) _(0<#<т,и>0). 
(3) Orthogonal Relations. 
+1 m " | 2 (п+ m)! 
Si Р! (x) Pg T nn” 
4n (n+m)! 


2т 
+i(m-—m')e pm т' 
Í, dp |" sin de Р," (cos8) P7" (cos8) 40 = Inl (rom)! nyt Oa Sram 


(4) Addition Theorems. 
g(zt- Vzi-1 {2-1 cosg) & B, GB, () +2 $ (— "9" (2)B7 "(£)cosmg 
т=1 


(Rez>0, Rej >0, larg(z - 1)| < z, Jarg($ — 1)| < v). 
S,(u'- Và -1 Vr?-1 cosp) 2 à, (S, () +2 5 (— (о) "(r)cosmp 
m=) 


(г, real, 1<t’<t, r== negative integer, p real). 


P,(cos@ cos’ +sin§ sin 9’ cosq) = P,(cos0) P,(cos0^) -2 У (— 1)"P,"" (cos0") P" (cos0")cosmg 
т= 1 
T(»- m4 1) 


= P, (cos8 )Р, (cos8' )+2 > Томат)" 


Р," (cos8)P," (cos6')cos mp 


(0<0<т, 0<6'<т, 0--0' < т, q real). 


О, (cos0 соѕ0' + sin sin 9’ cosp)= P,(cos0^)Q, (соѕ0) +2 У (—1)"P, "(cos0") Q" (cos0)cosmg 
m=1 
(0<0'<т/2, 00m, @+@'< т, g real). 
E at —— oo 
(тт + Мт2+1 Мт2+ 1 cosha)= Í 
(т i S884) PN (m— n — Y)!(m- n)! 


OQ" (ir) gn (ir'e - n 


, 


(т, т’, а>0). 
(5) Asymptotic Expansions. 
2'T[> + (1/2)] pe 2-*-IT[-»- (172)] 


(„ү z 
ы Мт T(v- u 1) Va T(- u-v) 


z-t [1+0(272)] 


(0+ (1/2) integer, largz| < т, ||» 1). 
Va ет T(r+ ul) 


== =p] -2 
Q(z) aa ri»xG/2] [1+ oG )] 
(» - (1/2)= negative integer, largz| < v, |2|>1). 
2 Г(и+р+1) cos[ (v (1/2)) 8 — (7/4) - (ym /2)] 
РР 0)= -1 
Е (соѕ0) Va TGA] SP [1+0(,7')] 


(e«80«m—e, e>0, |v|»1/e). 
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Biot A 
” Vs Tl» (3/2)] T 
оо (5 tur (5 -к+1)г(>+)) cos (»+ po + e | 
Ven san 
чч yp. “(енун men] 


(In the final two formulas the series converges when у + u= negative integer, р + (1/2) # negative 
integer, 7/6 < 0 « 5т/6.) 


+107) 
(6+2) |. P," (cos0)— EE M ER o(sin*5) 


(7 = (22+ Dsin(0/2)). 


(6) Estimation. When v > 1, y—pt+1>0, p> 0, 


EE 8 ү 1 
T(v1) V»msinó/ (sing)*’ 


E P ы 1 
T+) \»sinĝ/  (sing)"' 


Di 4 » l 


|Р, (cos0)| < 


|@,*# (cos8)| < 


|Р," (cos0)| < 


TG+D rsin) Ging)” 
: T(v*m*l, 4 e? | 
tm 0 mu cr Cre eN) ` 
|О,*” (cos80)| < T +1) I = (sin0)” 


(7) Torus Functions. These are solutions of the differential equation 


The fundamental system of solutions is given by 
387 aa Xcoshw), Oz a a(coshq). 

The asymptotic expansion when m = 0 is 

3B, a7 (coshq) 


—1)te"~ 9/9" | 22 [n - (1/2 
-C — (1/2)] йов4+)е7?"›К\(у,п+у;л+1;е7%"}+А4+В А 


 T[n+(/2)]Vz | тп(л—1)! 
Неге 
Ge 4 (/2)[n— 0⁄2) z „ /2)G/2)[n — (1/2)][n — G/2)] . 
1:(n—1) 1:2.(n— D(n-2) 
+ Qn- 310-1), ОР 
[Qn-2) | 
r[n+(1/2)] & rl/+(⁄2))r[n+ I+ (1/2)] ES 
ü m2(n— 1)! 1=1 — pna hint t= misa Pn tare AQ 
where 
u, lel „+t, a= t + +... p uy u. 
References 


See references to Table 16, this Appendix. 
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19. Functions of Confluent Type and Bessel Functions 


(D Hypergeometric Function of Confluent Type  (— 167 Functions of Confluent Type) 


(1) Kummer Functions. 


€ T(a-n) Г(с) z* 


v(z) = Е, (а; c; 2-2 TG) Tiern) m 


T(c) 1 21 1 с-а-1 
Т ee S dt (0<Rea<R 
T(a)r(c—a) fre (2—0) (0 Rea < Rec) 


T(c)2!~°¢ Ей ed = 
= “ eh (ено (р) 40) dt (0<Rea<Rec). 
Г(а)Г(с—а)“ TM e" ы. (1+0) ( еа< Rec) 


The fundamental system of solutions of the confluent hypergeometric differential equation 
(Kummer's differential equation) 


ae +(c-2) 2 -av=0, 
when c 250, — 1, —2, ..., is given by 
é(nmiF(a;c;z) | éyXz)mzl *"F(a-ctli2-c;z) 
4,Е (a; c; z)/dz=(a/c),F\(a+1;c+1;z), 
VFi(aie;z) = e7 Fi(e- a;c; — z), 
аЕ(а+1;с+1; 2) = (а с) Еа; с+1;2) + o F (a;c;z), 
а Е (а+ 1; с;2) =(2+2а- с) Е (а; с;2) +(с– а) Е (а 1; с; 2). 
Putting (а), = а(а+1)...(а+п—1)=Г(а+ n)/T(a) we have 


2 1 z** (a) is 
im, To (a;c;z)=——— — Fi (а+п+1;п+2;2) (n20,1,2, ...). 


(n4 1)! 
Asymptotic expansion: 
| v (a),(a-c+1), =й _„ 5 (c-a), (l-a), 
Sez У a (=z) Вее у —— a", 
n=0 E n-0 
, -a Š (aM(a- ctl), -n -e & (c-a), (l-a), 
OANT. 2 > TT EC V vd + Bjez7 * Y — 7 
nz { n=0 ` 
(12|Ж|а|, |2| Ж |с|, —3т/2 «argz < 7/2, c 7 integer), 
where 
A =e ""T(c)/I(c— a), B,=T(c)/T(a), 
A42 e^ (-c*T(2— c)/T(l — a), Bj,-TQ- c)/T(a- c* 1). 


(2) The fundamental system of solutions at z = 0 of the hypergeometric differential equation of 
confluent type 


Фи du [к ,Q/)—-w] — 
и u=0 


is given by 


z0/2tue-: F[(1/2) u- к; £2u + 1; 2]. 


(ID Whittaker Functions (— 167 Functions of Confluent Type) 


(D A pair of linearly independent solutions of Whittaker's differential equation 


2 1/4) – u? 
OW Р O0OM-PL 4 
dz2 4 z z2 
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is given by M, , ,(z)=z*#*(12)e-z2 F [Eu — kx (1/2; +2u+ 1; z]. 
Whittaker functions: 

Г(—2д) Г(2џ) 
Г[(1/2) - u — к] T[(1/2)+n— к] 


When 2р is an integer, the above definition of W, ,(z) loses meaning, but by taking the limit 
with respect to u we can define it in terms of the following integrals. 


z9^* 0/26 72/2 


Ж) = M, (z)+ M, -„(2) = W, -p (2). 


W. (229 —————À @ арик A/D] + 7)" * 0/03. 
i PET 
K5—z к (1/2) 
к ны ы ы а x di 
T[ & (1/2) - к] 0 z 


(Ке[и+(1/2)—к]>0, |argz|<z). 


Е, ee f T(s- к) 5- n 0/2]T[ 7 s € 0/2], 
[371 z)— 


PL = T[- «y (0/2)]TI — к= + 072)] 
M, +a (z)=(—1)z#*0/2e-2/2Qu+ Y), F C E29 152) (120,1,2, ...). 
Mey (z)= p ie DIM аа (ez). 

TQg4 1) 
T[ i (072) - к] 
(– 37/2 <агвг2 « v/2, 2—5 —1,-2,...). 

Ty 1) e WW... (ez) + T(2p+1) 
T[ u- (0/2) к] i Г[ + 0/2) + x] 

(—-/2«argz «37/2, 2p – 1, —2,...). 
W, (2) = 2 W, amu cart 10/2) x+ R]W,_ „(ш) 
= 21/28, ary asa 10/2) к АИ, ар (2). 

zdW, (z)/dz =[x—(z/2)]W,, C) - [ 2— (к 12) ] wi (2). 

When x is sufficiently large we have 


M.) 1/27 (2p + Dk 7*7 0/97!/5cos[ 2(zx)"?— Шт — (т/4) |, 


Ty 4 1) 


inle—p—(1/2)) yy (z) 
— a "UE 
Tu (072) + к] z 


M, ,(z)= eW _„„(е”т)+ 


M,,,(z)= СИТ Оруз А (z) 


W, (z)— — (4: / x) " exp( — к+ к1ор к)зїп[ 9) ^ — vk — (7/4) ] 
Иа (2) ~ (2 /4к)  exp(x— kloge— 2(z«) ^^). 
Asymptotic expansion: 


W, (ee *P"z* 


х (1+ $ Dé -te- mque = fe C2] sc 


п\2" 
(2) Representation of Various Special Functions by Whittaker Functions. 


(i) Probability integral (error function) erfx=O(x)= = хет dt 


Va 0 


= | тхе ҮЛҮ (х2) 


3 5 7 
drole eH e) 
| : 


Asymptotic expansion: 


Vm no A ud NERIS LC NERIS 
— @(x)]= 7x ( 2d T gy "RESI 


i9 vs )-ec- iso. 
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where C (x), S(x) are the following Fresnel integrals. 


СО) [coss a= i + sin x^ o[ 5), 


S(x)= [iing dey - 200s} х? +0(4). 


(ii) Logarithmic integral 


._ {2 dt "m = 
Liz= Í log: ; (When z> 1, take Cauchy's principal value at t= 1.) 


= —(log1/z) "zW _ , «(—logz). 
Liz is sometimes written as liz. 


(3) Exponential Integral 


р I 
Eix= f у z dt (When x > 0, take the Cauchy's principal value at t =0 while integrating.) 
mn 
= C+log|x| + pu za (x real, #0) 


N (n-1)! со 

=e* SCENES e 

2 d 2, п\(п- №) 
nxN 


Cosine integral ДА а. 
0 


К” 


1 1 
ереже + у) + +8 


ЕТИ x sin 
Sine integral Six= ‘Mere = Id 


А o sins 
Sixz— NU dt=Six— 7. 
br 2 


А . ВЕ : Е xf 1! 2! 3! 
Asymptotic expansion Еііх= Сіх+іѕіхае t M (ip? * (EU 1 


(HD Bessel Functions (— 39 Bessel Functions) 


(1) Cylindrical Functions. A cylindrical function Z, is a solution of Bessel’s differential equation 


q2z, 1 42, p2 
dz? кт dz +(-%)®- 


Recurrence formulas: 
Z,-1(z) + 2,1(2) = (22/2)2, (2), Z,-  (z)— Z, 44 (z)=24Z,(z)/ dz. 
Jat lZ, (z)dz = z”*1Z , | (z), f: ~'Z, 41 (z)dz = — z “”Z, (z). 


As special solutions, we have the following three kinds of functions. 
G) Bessel function (Bessel function of the first kind). 


„үгү CD quy Maliz) 
2,0)=(5) 2, поті Ve (202) "2^ T( 1) 


(largz| < v). 


J, (ez) = eim] (2). 
J 4G) 2-0, (2). 


F e 1 d\"(si 
ESTE 2 NU (222) (n20,1,2, ...). 


(i) Neumann function (Bessel function of the second kind). 


] (v integer; |argz|< 7), 


n © (—1)' 
N, (2)=2J,(2)(C+log5)- 2(3) Ё at! 


GG SG)" [zi 


1-20 m= 


=p 


=A 
N,G)= sin >” 


(5 ) lp) (1+ n)] 
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N_,(z)=(- D'N, (2) (n=0,1,2,...; largz| < z). 
№, (e 772) = e im” N, еу (2). 


№, +а/2(2)= (— 1)"* руа): 


(ш) Hankel function (Bessel function of the third kind). 


Q) 


Н? (z)&J, (z) + iN, (z), 

HO(z)zJ, (2) — iN, (2). 

HP (iz/2) = – 21е"? (zz) ^W, (2). 

H®(z)=e”"H(z), HO(z)9e-'""H?(z). H£(x)-Hf"(x) (xv real). 
Integral Representation. 


Hansen-Bessel formula J, (275 = -f Тыш costo in[t — (7/2) gy 
=g 


i 


7^ rm. 
Í e" *95! cos nt dt 
T J0 


- [eos sint —n)dt (п=0,1,2,...). 
9 
Mehler's formula Jo(x)9 i f “sin(x cosh 7) dt, 
0 


No(x)=- 2 Í *cos(xcoshidt (х>0). 


2(2/2)' > 
Poisson’s formula J,(z)= PE C a J / 2cos(z cos t)sin?" t dt (Rev > z) 
Va Tv +(1/2)] o 2 
2/2)" z C 
N,(z)= PERI Ж [| /2sin(z sin Dcos2”rar— f Д 
Vs T[» +(1/2) 1 ^o 0 


(Rez>0, Rer» – 1/2). 


Schlafli’s formula Ј,(2)= 1 f "cos(z sint — и) — m f * ezsnhie-”" dy (Rez>0, 
0 0 


lf"; ЧИ _ ] (>° —sinhir i -rt 
N,G)= z "іп іти vt) dt _ e [е -F(cosvr)e "]dt (Rez>0. 


LG 3s f rex Pf 2(‹-®)| "141 (c>0, Jargz| «m, Кер> —– 1). 


2(x/2) ' oo sin xt 
Jp Í 2 -py m dt, 
Ут T[(1/2-»]^. (?— 
2(x/2) ' oc  Cosxt 1 1 
ME Уеа бы" (х>® -у<ке»<;) 
JG) 5 [COP enamide (Rez>0, 
— eo 


(The contour goes once around the negative real axis in the positive direction.) 


Sommerfeld's formula J, (o l «f От Т 199 созо: (0/21 д, 
— T+ ico 


HO(z)= T e costa lt 0/21 q, 


—n+ioo 


HOXz)- MM (—m«argz «v, 0<7<т). 


HO) = = S eh сорга (O<argz< т; when >=0, it holds also at z=0). 


— iva 
Hz)- ie (2/2) f7 erisin? tde 


Va Tv  (1/2)] 70 
(O<argz<7, Rev>-1/2; when z=0, -1/2«Rev« 1/2). 
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e 7/2 


Hz) = –і F eU Q2, dt (0 <argz < т; when argz 20, – 1 < Ке < 1). 
0 


(3) Generating Function. 


— + 1 оо 
БЕ > [r +(— OTY), 


п=1 


со oo 
exp(izcos0)2 X 177, (2)е" = Ј(2) +2 У) i"J,(z)cosn0. 


nono nzl 


Ја =2 Y Loa. 


n=0 


1 
= 


Kapteyn’s series 
п= 1 


1+ Vi-z za 


Schlómilch's series. Supposing that f(x) is twice continuously differentiable with respect 
to the real variable x in 0 < x < т, we have { 

oo 
fG)e gay È ax) (0<x<m, 


п= 1 


2 fr т/2,, . 
where — dg=2f(0)+ Š T du Í /2p(u sinp)do, 


2x > JL, ,(2nz) dem 
n=1 


Ni 


1-z? 


— 2 7/2 
„= s и], и (и ѕіп ф)соѕ пф аф. 


1= Ј0(2)+2 S Ja) - UK Of +2 > [J, CF. 


n=1 n=] 


(4) Addition Theorem. For the cylindrical function Z,, we have 


eZ, (kR)- 2, J,(kp)Z, , ,(kr)e"* 
п=—‹ 


4, r—pe 9? 
(К = V r^-p? -2rpcosg , 0<ф< 7, ейі TP LÁ. 0c p«r, 


r — pe? 
k is an arbitrary complex number), 


2,(КК) =Vk- "T(v) > (w+ p) а ва tm L Ceos) 


m=0 


(v z negative integer). 


exp[(—1)'7'ikR] „CDt 2 
келш = = m s 2т+ 1)J,, kp) HO, kr) P, (cos 
R 5 Үр PR masako Hi^ a 2 ( kr) Pm (COS q) 


(171,2). 


oo 
eikpcosq — ( 2 » i"(2m + 1)7,„ + 072 (0) Pm (cos q) 


m=0 


=2’T(r) > (p+ т)і"Ј, + m(kpkp)~"Cy(cosp) — (>5=0,—1,—2,...), 


т=0 
where P, is a Legendre polynomial, and C) is a Gegenbauer polynomial. 


(5) Infinite Products and Partial Fractions. Let j, , be the zeros of z ^ 'J,(z) in ascending order 
with respect to the real part. We have 


4 (z/2) "T z 
LT тукту Il (1- =} (pe 1,-2,—3,...). 


Note that if v is real and greater than — 1, all zeros are real. 


n=1 
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Kneser-Sommerfeld formula 


mJ, (xz) 
4J, (z) 


J, (J, x), on X) 
i Ма) 


[J, 2)N, (X2) - №,(2)2,(Х2)|= I 


(O<x<X<1, Rez>0). 
(6) Definite Integrals. 


т/2 "mu z m т Sin(z sin ) 
J. J,(z.c088 )cos 8 d9 = >- Í 2, (да, f JQOdto = f 2T cos ph d. 


sinĝ 

o a au (b/2a)T( u+») (42 utytl =) 

J,(bt)t"" а= F , — —; рф — 
fe ie a" Tv) ^M 2 2 ý а? 

(Ке(а+ ib) > 0, Re(a—ib)>0, Re(u+v)>0). 
оо a I У 1 
Í e "J, (bt)t’ dt= рр y = (nes =; Rea» mbi). 
ч —ay 

[A-1094 - = ) (Rev>0, Rea-|Imb]). 
0 Я 4 


tdr otk V+ ke 
Vr- V+ 
(r,x real; —т/2<агв\/т?—К? <a/2, O<argk< r). 
eg Vn tx 
Vr x? 
(r,x real; O<argVk2— c? <a, O<argk< m). 


Sommerfeld's formula J J (ye IVP = e 
0 


Weyrich's formula 5 if У етно VR т? )ат= 
— eo 


Weber-Sonine formula 


адет? а= (a/2p) ГЇ + ш) /2] n vt ==) 
0 


; etl; — 

2p"T(» +1) 2 Š 4р? 

(Ке(и+>»)>0, largp|« 7/4, а>0), 
кадета — gef (Re»»-1, |argp| « 7/4). 

9 (2р?) 
Sonine-Schafheitlin formula 

a*T[(utv—A+ 1) /2] 

2" *IT[(- kr A D/2]TCu 1) 


f 2. (а0)2, (Ы): ^а = 
0 


и+>—А+1 p-vp-At] 2 
xn ( ft. aS e 
(Ке(и+>—А+1)>0, ReA»-1, 0<а< Б). 


(7) Asymptotic Expansion. 
(1) Hankel’s asymptotic representation. We put 


[4,? — 1211452 — 32]... K (Qm- D] 


my! (m=1,2,3,...); (>,0)=1. 


(>,т)= 


For |z»l»|, |z|> 1, 


ANC um [ M-1 m(»,2 
J,(z)— = cos[ z "Eug 2c 1) m +0 (lz |^ i 
i м-1 m(v,2m+1 M-1 
- КаРа pene Fe ] 


(— л «argz < m), 


1805 App. А, Table 19.1V 
Confluent Functions, Bessel Functions 


M-1 
N,(z-M— (7-4) zc» TAR rod zt Е) 
м-1 m(v,2m+1) ETUR 
+2 = 3-3) 500-0 торт +004 Ж ] 
(—7«argz < m), 
HO) = 2 (..m T7 > (y, m) + O(|z| ^) (— т <argz <27) 
»Xz)- == exp| i(2 ) i) РА Су" £ , 


M-I 
HOG) =y ехр| i(z 2-2] 5, Grot (—27 « argz < m). 


Gi) Debye's asymptotic representation. 


v=x, 1—(v/x)>e, v/x-sina, when 1 (р/х)> (3/ x)» ?, 


H(O(x)— Fe өрх {cosa + (a _ 5 sina] | 
т 


іт/4 1 5 3е3"і/4 
е 
il X *(g + zga) 2x? 


77 385 3. 5e57i/4 
+ (798 + 57g anat 34sg tan’ e) to 


(X =[— x cos(a/2)]!?). 
v=x, (r/x)-l»& v/x=cosho, when |5??—x?|/?»1, |>y2— x2J3/2, 251 


H/D(x)— Fa ехрх(о cosho — sinh c)] 
т 


1l _/1_5 7 3 3 71 2, 385 4, s) 3:5 
х[х+*(#- 24 coth P +(e 576 (Otho + 5де Coth "OT 
(X =[— xsinh(o/2)] 2). 
When v=x, |x—»|«x!, x»1, x—»-6, 


61/3e L š E EET s)» 


HO(x)~ 


31/2 1/3 5 4/3 


* (335 - н + P je nee Э) * «| 
(iii) Watson-Nicholson formula. When x,»»0, w-[(x/vy^ - 1/2, 
H,O(x) 237 Vw exp[( — 1}+ 1 ((z /6) + (ж —(w?/3) - arctanw))]H ()(vw3/3) + О|ьт || 
(= 1,2). 
(ТУ) Functions Related їо Bessel Functions 


(1) Modified Bessel Functions. 
I (se "^, (e 27) 
_ © (z/2)* 
Е nao MT (p+ n+1) 


K,(2)= eH Moz у= — in eee in/2z) 


I_,(z)—1,(z) 


= 7 = 7 1/2 
MEC TT ig Wo, (22). 
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Recurrence formulas: 

1,_ (2) — «i27 Qr/2),G), 

1,-1(@)+ 1,+1(2)=21,(2). 

K, (z)— K, iG) - (27/2)K,(2), 

K, (2) * K, 4) = —2K,(2), 

К_„(2)= K,(z). 


Airy's integral: [cose іх)а = т\т Jij (EE) (=)! 


°° 1 2xVx 
|. cos(t? + tx)dt= + Vx к wo | (x 50). 


H. Weber's formula: + ет e toy “| e. | - f e= (at)J,(bt)tdt 
2р 2р 0 


(Ҝеу> – 1, Jargp| «7/4; a,b>0). 


4sin( ш — 


v)a © З 
atson s formula: r4 ;M)-—7 z 2)= м zsinhtie 1 
Watson's formul J,G)N,G) - J,(2)N, (2) = f K, „(Ог віп ђе? 4 


(Ке2>0, Ке(и—>»)<1), 
J,(z) a _ км) = — [ког sinh е 2" dr (Rez » 0). 
Nicholson's formula: J2(z)+ №2) = 5 Í boi K(2z sinh t)cosh 2 vt dt (Rez > 0). 
Dixon-Ferrar formula: ЈД(2) + N2(z)= бсо f ? K>,(2z sinh t) dt 
(Rez >0; - + <Rer<? 


(2) Kelvin Functions. ber,(z)+ ibei,(z)=J,(e*3™/4z), 
her, (z) + i hei, (2) = He *?7/47), 
ker,(z) = ~ (7 /2)hei, (z), 
kei, (z) = (z /2)her, (2). 
When » is an integer n, — ber, (x)— ibei, (x) e (— 1)7, (Vi x), 
her,(x)— ihei,(x)2 (—1) *'H(U(Vi x) (х real). 


2(z/2) 


(3) Struve Function. H,(x)z T«a/2]vs- 


f 7/^sin(z cos0)sin2°0 40 
0 
" 09 (— 1)" (z/2y ?"*' 
ny TI m (3/2)]T[» m (3/2)] 
Anger function: J,(z)= t f б соз(>0 — 251п0)40. 
7 Jo 
Н. Е. Weber function: Е,(2)= 1 [опо – z sin0)49. 
0 


2 
Putting gart pops v2, 


dz? dz 
»tl | 
VyB,G)= сы У,Ј,(2) = Grkine 
r[r+(1/2)] Vv = 
gegra Pn; аил 


7T 
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When р is an integer п, J,(z)= 7,(2). 


[dto 242) + FOH -IDAN 


Ја = zNo(2)+ EIN (2)Hol2) Noz) HC) 


[n/2] уту 
| n(n—j—1) ; "m 
(4) Neumann Polynomials. 0,()= > NUNTII (n 1s а positive integer), 
j-0 ji(t/2) 
Ot) = 1/1. 
1 оо 
755 =1+2 > 046 (l> lz). 
n=] 


Schlafli polynomials: S, (= = L2 (t) —cog 7 | (n is a positive integer), 


So(t)=0. 
V,,Sn(X)=2n+2(x — n)sin((nz/2) (V, is the same operator defined in (3)). 


T(e+ т) 1-т 
m2 ( 


Lommel polynomials: Rz) ——— 1 
T()(z/2) 2 


LM. у =m 
2 > 5, 3 

1-»—m; -2) 
= (nz /2sinvm)J, 4 ,(2)J -r+ (+C D"J _, uv (2)4, (2)] 


(m is a nonnegative integer). 
References 


See references to Table 16, this Appendix. 


20. Systems of Orthogonal Functions (— 317 Orthogonal Functions) 


[ Pal 2) рнхр) dx =, A, 


Notation p, (x) Weight ф(х) 

Legendre P, (x) 2/02п+1) 
Gegenbauer C?(x) (1— x?y70/2 | 2zT Qv + п) /22" (п + p)n![T (2) 
Chebyshev Т,(х) (7-1 *1) (1— x?) 1⁄2 т(п=0); 7/2 (п > 1) 

Hermite H, (x) (— со, + co) Vig -n! 

n! [TG T(a + п y 1 
ош бабат; х) hp C " NC + 5 
Laguerre L2(x) T(atn+1)/n! 


For Legendre polynomials P, (x) — Table 18.11, this Appendix. 


(D Gegenbauer Polynomials (Gegenbauer Functions) 


Š Г(п+2>) Е m 1 1-t 
(1) =—n , ; ; 
a= raat ee = yt; = 


Г(2у+и)Г[у+(1/2)1[ 1 (1/4)- (v/2) 
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; ; 2 2\-» — S r n c!+0/2), -- 1 аР, (1) 
Generating function — (1—2at- o?) PA C; (na^. С/х) = a-o ш 


nI(2v+n) 
tota 


Orthogonal relation f " (sin229)C”(cos0)C”(cos0)d0 = 
0 


(ID Chebyshev (Tschebyscheff) Polynomials 


(1) Chebyshev Polynomial (Chebyshev Function of the First Kind) 
T (x)zcos(narccos x) 
=(1/2)| (x+iV1 =x? ) +(x—i V1-x? )] 


= F(n, — n; 1/2; (1— x)/2) 


[n/2] : Я 
= (—1)/[5,)х”-®(1— x?) 
> (2) 


(= 1)" (1 х2) а" (1 х2) 
(2n = 1)! dx" , 


Chebyshev function of the second kind 

U,, (x) =sin(n arc cos x) 
-a20| iV y -(x- ivit ) | 
ae D'n а" (1 2 x2) 07? 

~ Qn- D dx"! 


T(x), U,(x) are mutually linearly independent solutions of Chebyshev’s differential equation 
(1 — x?)y" — ху +n? y 20. Recurrence relations are 


Tai (x) 2xT, (x) + T, - (x)=0, Ung (x) - 2xU, (x)  U, | (x) 80. 


Generating function: 


1—? S l 1 
— = То(х)+2 > Т„(х\”, —— = 
1-240? ^? P Ú 1-20х+72 VI- x „= 


Orthogonal relation: 


oo 


Ок (x)t”. 
0 


мт т 0 (тзп), +1 s = 
m (x) = ros PME [ U, (x) U, (x) me (m= n=0), 
a VI-x Б eane: d Vi-x? 0 (otherwise). 


Orthogonality in finite sums. Let ug, t}, ..., uz be the zeros of Ty, (x). All zeros are real and 
situated in the interval (— 1,1). Then we have 


k 0 (m#n, or m2 nz k- 1), 
2 Tin (Uj) Ty (и) = (k+1)/2 (l<m=n<k), 
ios kl (m=n=0). 


Let p, (х) be the best approximation of x" in — 1 < x < 1 by polynomials of degree at most n — 1. 
Then we have x"— p,(x) -27"* IT (x). 
(2) Expansions by T, (x). 


e= ау+2 Ў L(a)T,G). 


nzi 


oo 
sinax=2 у, (— 1) Jansi (@) Tanai (x), 


n=0 


соѕах = Jo (a)+2 Ў (= Do, (a) T;, (x), 


n=] 
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oo 
log(1 + xsin2a) 221ogcosa —2 > T (-tana)'T, (x), 


n=] 
oo — 2n+1 
„(М2 -1) 
arctanx =2 >) ( 1) n+] T, 41x). 


(III) Parabolic Cylinder Functions (Weber Functions) (— 167 Functions of Confluent Type) 
Parabolic cylinder functions: 


Dx yx ааа аа Way «v2, -y 27/2) 


- n 20/402), -1/2 K -4(2?/2) Mam-om, ee] 
T[(1 —v)/2] T(—v/2) 


zs 1 —v 1 z2 2: 1—v 3 22 
— 9/2 2-2/4 за ра. i ap 
xdi Vrai Í 2:52! =) п ( 2 '2' aji 


The solutions of Weber’s differential equation 


2 2 
atre 


are given by 
D, (z), р,(- 2), D_,_ (iz), D_,_  (— iz), 
and the following relations hold among them. 
D, (2) = [TG + 1) / V27 Гев (iz) c e "p. , (—iz)] 
= е^", (- г) + [V2s /T(-»)]e^*** 77D. , (iz) 
= е"), (— z)+ | М2т /T(- р) |е +0*/2р_, , (— iz). 


Integral representation: 


— 22/4 
D,(z)- ГС) 


Генна idt (Веу <0). 
0 


со п 

E E Сей 1 etico 

е (22/4) 21- (02/2) — > Е DG зш]. ÜT(-»)D,(z)dv (с<0, argt| « 7/4). 
n=0 


Recurrence formula: 
D,41(z)— zD, (z)+~D,_(z)=0, ар, (z)/dz+(1/2)zD, (z) -»D, .,(z2) 20. 


2 Vm 
= 201 p;(0)=- 
Hass "8 


Asymptotic expansion: 


-— »(»-1) »(»—-0D(»-2)»-3) _ 3 
D, (z)=z e /4; — s (largz|< 37}: 


20+ Du 


ix I» 


2 x _p a 
D_,(z)=e?/4/2 1-ert( —) , ef(x)E—— | e "dt (error function). 
V2 vZ Va J 


(IV) Hermite Polynomials 


For the parabolic cylinder functions, when v is an integer n, we have 


D, (2) (— 1)'ez/44n (e77/2)/ dz^S e-? "^H, (z/ V2 ) 
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where H, (x) is the Hermite polynomial 
Н„(х)=2"/%(— 1)"еа" (e 2) / dx" =e” D, (V2 x). 


A Hermite polynomial is more often defined by the following function He, (x) (e.g, in W.F. 
Magnus, F. Oberhettinger, and R. P. Soni [1]. 


He,(x)=(— I)'e*?q" (e-*/2) /dx" = e>/4p, (x) = Н, (x/ V2 ) 
The function y = Н, (х) is a solution of Hermite's differential equation 
y" —2xy' * 2ny =0. 


H, (x) is a polynomial in x of degree n, and is an even or odd function according to whether п 
is even or odd. 


Hy, (x) (7 D'Qn- D!! F, (— n;1/2; х2), 
Hon (x) =(- 1) Qn D! V2 xF, (— 1053/2; х2). 
Recurrence formula: 
Н, +1 (x)= V2 xH, (x) - nH, (x)= V2 xH, (x)— H; (x)/ V2 , 
Н, (х) = V2 nH, (х). 


(— 1)" Qa)! 


n! =(—1)"(2n— l)!!, A, +1 (0)=0. 


Hj, (0) = 
Generating function: 


oo 
еМ 1х-(0/2) = Y H, (x)t^/n!. 
n=0 


Orthogonal relation: 


Í i ?H, (x) Hm (x)e dx = 8, n! Vm . 


(V) Jacobi Polynomials 
С, (a,y;x)=F(-n,atn;y;x) 


ү-«Г(ү+л) q” 
I(y) dx" 


= x!-Y(1— x) а 1- x). 
These satisfy Jacobi's differential equation x(1— x)y” +[y — (e + 1)x] y” + n(a + n) y = 0. 
Orthogonal relation: 


п!Г(а+п-ү+ Dro» 
(a +2n)[(a n)(y- n) "" 


1 a- 
j xY-1(1—x)° 'G, (o, y; x) G, (o, y; x) dx 
0 


(Rey>0, Re(a— y)» —D. 


Representation of other functions: 


р,0х)=6(11: 55), 7,0-6(0.5:75*). 


gay Mg 


TQr-4n) l I+x 
ppl. du 
T(2v)-n! (nr po) 
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(VD Laguerre Functions 


(1) Laguerre Functions. 


T(a+v+1) 
T@+ l)F(v4- 1) 


_ T(a+v+1) 
— T(at DT (v4 1) 


These satisfy Laguerre's differential equation 


zd? [L(9 (z)]/ dz? + (a +1— z)a [Lt (2)]/ dz + Lf? (z) 2 0. 


L®(z)= z €*U2 ez Moria (2) 


íF,(— v; a 1; z), 


(2) Laguerre Polynomials. When v is an integer n (n=0,1,2,...), the function L(?(x) reduces 
to a polynomial of degree n as follows. 


Laguerre polynomials: 


= tx 


e*x 
Ly (x)= — 


ext) Y (are) 


(-1)"n! 


LPS ЦРО), RO= Cu 


x"L?(x) (m=0,1,2,...). 


Recurrence formulas: 
т®(х)=(—х+2п+ a - 1)LÉ9 (x) - (n a — 1)L(4(x), 
xd|L(9?(x)]/dx = nL(9(x) -(n-- a)LI&,(x) (n=2,3,...). 


Generating function: 


= Y L(x)" (unen. 
n=0 


e —xt/(1— 1) 
(1 ni 1)" +1 
Orthogonal relations: 


[e Le (x) LO dx = Snnl (atn+1)/nt=6,,,00 + a)( n : g ) 
0 


Hy, ) = (=D LEY), H3, (х) = (7 2n! V2 xL£ (x). 


(3) Sonine Polynomials. 


Е „у 
5! вар" (x). 


(VII) Orthogonal Polynomials 


n я x(x—1)...(x—k+1) 
P, ,(x)= 2 een REED 


(where n, m are positive integers and n <m). 
We have the same polynomials if we replace x* in P,(1—2x) by 
х(х- 1)...(х= kD)/m(m—D...(m—k-1) (k20,1, ...,n). 
Orthogonality in finite sums: 
m (т+п+ 1)! (т n)! 
> Р (ОР (k)=8,,— MaM 
к= 0 (2n+1)(m!) 


Chebyshev’s q functions: 


1)"(m-1)! 
Qn(m, x) = Pa (x), Em (x)= [27(n)* /Qn)! |а, (тх — 1). 


For given data y, at m points x,— x, + (k — 1) (к= 1, ..., m) that are equally spaced with 
step h, the least square approximation among the polynomials Q(x) of degree n( « m), i.e., the 


polynomial that minimizes the square sum of the residues S= У [ y, — Q(x,)]^ is given by the 
к=1 
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following formula (— 19 Analog Computation): 


Bi 


Q(x)= Xie = +1), S= Éo-2 (S. 


В, = > эм), S, = 5 [& m (DT. 


i=l i=1 


References 


See references to Table 16, this Appendix. 


21. Interpolation (— 223 Interpolation) 


(1) Lagrange’s Interpolation Polynomial. 


(x — х)(х— x,)...(x—x,_ (x — 5,4)... (x— x,) 
feos » E —xo)(x, ху)...(х,— ота) soo 


Aitken's interpolation scheme. The interpolation polynomial f(x) corresponding to the value 
У, = fx) (520,1, ..., n) is given inductively by the following procedure. The order of xo, x4, 
ох, iS quite arbitrary. 
Ро(х)=у, (s=0,1,...,n), 
Psi = [G7 х) p Q0 7 Gy x) p, (x) |/(x,—x) Go k- Lk 2, .... n), 
F(X) = p,,,(x). 
(2) Interpolation for Equally Spaced Points. When the points x, lie in the order of their sub- 


scripts at a uniform distance Л (x, = xo + sh), we make the following difference table (Ax = А). 
Forward difference: 


AEA Efa ThS) ДА-А, 


Difference 
Variable Value of Function | (Ist) (2nd) (3rd) (4th) 


Backward difference: 

Aj = -AlS 
Central difference: 

бр бру 80р 95 675 A. 
Newton interpolation formula (forward type): 


и(и— 1) u(u—1)(u—2) 
f (xt uAx) =f (xo) + үү dot у 48+ 3i A) 
и(и– 1)(и ~ 2)(и– 3) 
Gauss's interpolation formula (forward type): 


f (xot uAx) = (xg) + 720+ Е ) А? + ашы ы, 


A и(и— шо D(u-2) 


Na us 
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Stirling's interpolation formula: 


A +A 2 u(u2—1) 02,442, u?(u?- 1l 
(qui eee ы Ж н 


Bessel's interpolation formula: 


Xot Xi f(x) + f(x ) р 1 2 1 A +A U 2 1 3 
/( 2 + од) =M Tr + 7 (° -4) z7 tale = |3 
4 4 
Lf ly. 9\ 4-244, 
tgl 4 )(° 1) 2r 


Everett's interpolation formula: 


2. 2_ 2. 
Saot uhx) o f(y Ex) =f (x9) + © ae e ЕЕ s 
uto 2. 2 
pagr ЕЕ DG eiie pedea) 


(3) Interpolation for Functions of Two Variables. Let x,, = xo + mAx, y, yo nAy 
(m and n are integers). We define the finite differences as follows: 


A (xo.yo) = f 1,9) — f (хоу), 

A,(x9,¥o) = f(xo,y1) — f (xo,yo), 

А (хоуо) & A Gxi,yo) 7 A (xo. yo) = 82 (ху), 

A (Xoyo) = А„(х,уо) > A,(xo,yo) = A (хоу) 7 A.(xo.yo), 

А2(хо,уо) = Д, (хоу) — A (xo. уе) = 62 (xo, yi); 
Newton's formula: 

f (xo uAx,yo+ vAy) = f (xo yo) + (uA, + vA, )(xo.yo) 

+ (1/2)[ u(u— 1)A? +2uvA + v(v— DA; | (x00) + Un 

Everett’s formula. Putting s=1—u,t=1—v we have 

f (xo ux, yo+ vAy) = stf (хо,уо) + sof (хоу) + utf (x yo) + uof (х,у) 

— (1/6) | usC1 + s) (182 (xo yo) + 082 (хоу) ) + us (1 + w) (62 (xi,yo) + 82 Gas») 


Tot(14 t){ sò; (Xo. yo) + uô? Gy) t ot(1 + v)(s8 (хоу) + uj Gy) ] uus 


References 


[1] F. J. Thompson, Table of the coefficients of Everett's central-difference interpolation formula, 
Tracts for computers, no. V, Cambridge Univ. Press, 1921. 

[2] M. Lindow, Numerische Infinitesimalrechnung, Dummler, Berlin, 1928. 

[3] H. T. Davis, Tables of the higher mathematical functions I, Principia Press, Bloomington, 
1933. 

[4] K. Hayashi and S. Moriguti, Table of higher transcendental functions (in Japanese), Iwanami, 
second revised edition, 1967. 


22. Distribution of Typical Random Variables 
(— 341 Probability Measures, 374 Sampling Distributions) 


In the following table, Nos. 1-13 are 1-dimensional continuous distributions, and Nos. 20-21 are 
k-dimensional continuous distributions, for which the distribution density is the one with respect 
to Lebesgue measure. Nos. 14—19 are 1-dimensional discrete distributions, and Nos. 22-24 are 
k-dimensional discrete distributions, where the density function P (x) means the probability at 
the point x. 

The characteristic function, average, and variance are given only for those represented in a 
simple form. 
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No. Name Symbol Density Function Domains 
1 Normal N(,02) 1 сю. «x« 
orma ‚0 ex —oo«x« oo 
Š (2za2) ^ р 202 
1 1 (logy — n)" 
2 Logarithmic normal р p O-zy« oo 
(2202) ^ У 20? 
3 Gamma I(p,o) [T(p)]^ lo "7x27 le - x/e O-zx« oo 
4 Exponential e(u,o) (1/o)exp(—(x— ц)/о) h< x < оо 
5 Two-sided exponential (1/2a)e - lc = o < x< oo 
6 Chi square x2(n) 27"/[Г(п/2)у]-1х“/2—1е-х/2 0<х< oo 
7 Beta В(р,д) (BQ. gl xP 1— xy! 0<х<1 
(т +п)/2 
t/n-i[ ] 
8 F F(m,n) on (шул) " 0<х< о 
К.=1В(т/2,п/2)] (m/n)" 
-(m+x)/2 
Kre™ (1 2z ç 
9 £ z(m,n) к | ле /л)] 3 —% < z< 00 
Kp=lB(m/2,n/2)] (т/п)”” 
10 t t(n) [Va B(n/2,1/2)]- 1 - (2/n)]- "+ 0/2 — oo < t < co 
-1 
(x-a? 
11 Cauchy C(1,0) (70)7! bp — c < x< oo 
c 
One-side stable =1/2y -3/2 EN 
12 for exponent 1/2 с(2т) x exp( — c2/2x) O«x«oo 
13 Uniform rectangular U(a, B) 1/(B— a) acx«B 
l4 Binomial Bin(n,p) M x=0,1,2,...,n 
15 Poisson P(A) eM хі x=0,1,2,... 
x integer 
16 Hypergeometric H(N.n,p) ( Jo y) O« x< Np, 
O«n-x«Nq 
17 Negative binomial NB(m,p) T(m + x)[T(m)x!] ` Ip qx x=0,1,2,... 
18 Geometric G(p) ра" x=0,1,2,... 
19 Logarithmic K,q*/x, Kp = — 1/logp x=1.2,3,... 
(ny "^z|- i — 
idi i = Ir +9 Xk 
20 Multidimensional normal N(p, X) x expl =(y= юх (х и) /2], i 
x (xy x), pm n од), Z= (oy) 
TG t+... юу у) aa ee 
Ue xen Xp ох > 0, 


21 Dirichlet TG»)... Po.) ! 


xit.. tx 
Xk+ iml Out ... + xk) 


=k 

nx, xal m... pitt, Xp s Xk 

22 Multinomial Мп, (рд) АО ылд -0,,...,n 
Xp, 1m n— Qt ... + x) ЖОЕ dA EU 
a : Npi Y... Í NPk+i (x) X|... Xk integers 

23 Multidimensional НМ, n, (p) xi Xk+ nb бех € Np, 

hypergeometric 

Xp. pmn- Gt ...+ xk) (i=1,...,k + 1) 

; ; T(m+xi+ ... + xk) Xp... Xk 

24 Negative polynomial 1 k 
uon. у, PEP T+. PRS =0,1,2,... 


T(m)x,!...x,! 


1815 
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Conditions for Characteristic Mean Variance No. 
Parameters Function 
2,2 
— ° < g < c, i ot 3 
ex] e 1 
o>0 5 (= 2 ) i x 
— %% < k < eo, eut(o?/2) етеде _ e9) 2 
o>0 
po»0 (1— io) ^ op о 3 
—-o«u«o,e»0 e" (1 — iat)! ute o? 4 
o>0 (1+ 0277! 0 20? 5 
n positive integer (1-2i0)- "7? n 2n 6 
P pq 
р.9 >0 PIE DESC UMEN 7 
p*4 (p+q)(p+q+I) 
o n 2n? (m n—2) 
m,n positive integers —— (n>2) — ro (n»4) 8 
n-2 m(n—2) (n—4) 
m, n positive integers 9 
n positive integer O(n>1) n/(n—2) (n»2) 10 
E bur o. 995 ехр(іш — о|г|) попе попе 11 
0<с<о exp[ — c|z|!/2(1 — it /]z])] none none 12 
—oca«f«o (e?P! — eie) / it( 8— о) («+ 8)/2 (8—-ay/12 13 


—— ————————————————————————————Ó————— 


р+9= 1,р,9>0, 


й + gyn 14 
п positive integer (pe"+ q) np пра 
A>0 exp[ - A(1— e)] À À 15 
Inl wr `! 
ptq-lpq0, (Nq) (NM) | das N n) 
М, Np,n positive integers X F(—n,— Np; Nq — n+ 1; ей), np NI 16 
Non mi m! /(m— n)! 
p+q= ,p,.q>0, p” m md T 
m»0 (1- get)" p p 
P q 
p+q=l,p,q>0 — se > = 18 
с 1 — ge" p р? 
p+q=l1,p,q>0 — Ку log(1— qe“) Kiq/p K,q(1 - K, g)/p? 19 
= € ..., My ; 
; [99/1 
« oo, Z symmetric exor -—— ) V (x;) = ор. 
e i 2 E(x, = p; 20 
positive definite Cov(x, ху) = a; 
quadratic form ty sty) 
V (x;) 
E (xi) = Сър +... + rua >Р), 
yy eo Pk 120 _ vi Cov(x; ху) = — Сир, 21 
vit. +k CHC to. rui) 
xG t... me 10) 
+... 4+ = 1, 
е ТТИК ТЕ Vx) e np(1 — p), 5 
Py oDPk+1 Р\ eR DK Pk*1 i) = пр; Cov(xi, х) = —npip; 
п positive integer 
Pit... + Beam V (xi) = Cnp,(1 — р), 
, Pk +12>0, x)= —Cnpp, 
P Pk EG) =S; Cov(x, xp Cnp;p; 2 
N, Np, ..., Np,,n gana 
positive integers N-1 
Potpit... +p k= 
| | тр; V (x,) = mp,( po + pi) / pš, 
1, рор, ·...Рк Р (1—руе'%—... — ppe” Е(ху= — 1) = тр\ру+р, /Pà 24 
Po Cov(x,,x;) = mpip; / pà 


>0, m>0 
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Remarks 

1. Reproducing property with respect to u, o?. 

2. X=log Y: №(џ,02). 

3. Reproducing property with respect to p. 

4. e(0,0) 2 T(1,o). 

6. n is the number of degrees of freedom; reproducing property with respect to n. 

8. m and n are the numbers of degrees of freedom. 

9. e? 2 F(m,n). 

10. n is the number of degrees of freedom. 

11. C(0,1) = /(1); reproducing property with respect to u and o. 

14. Reproducing property with respect to n. 

15. Reproducing property with respect to A. 

17. Reproducing property with respect to m. 

18. G(p)= NB (lp). 

20. Generalization of normal distribution; reproducing property with respect to u and Z. 
22. Generalization of binomial distribution; reproducing property with respect to n. 

23. Generalization of hypergeometric distribution. 

24. Generalization of negative binomial distribution; reproducing property with respect to m. 


23. Statistical Estimation and Statistical Hypothesis 
Testing 


Listed below are some frequently used and well-investigated statistical procedures. (Concerning 
main probability distributions — 398 Statistical Decision Functions, 399 Statistical Estimation, 
400 Statistical Hypothesis Testing). The following notations and conventions are adopted, unless 
otherwise stated. 

Immediately after the heading number, the distribution is indicated by the symbol as defined 
in Table 22, this Appendix. It is to be understood that a random sample (x,, X2, ..., x,) is ob- 
served from this distribution. Where two distributions are involved, samples (x4, ..., x,,) and 
(y... ж„) are understood to be observed from the respective distributions. 

Next, a necessary and sufficient statistic based on the sample is marked with * when it is com- 
plete, and * otherwise. Then appears the sampling distribution of this statistic. For those statistics 
consisting of several independent components, the distribution of these are shown. Greek lower- 
case letters except х and y denote unknown parameters. Italic lowercase letters denote constants, 
each taking arbitrary real values. Italic capital letters denote constants whose values are specified 
in each procedure; repeated occurrences of the same letter under the same heading number specify 
a certain common real value. 

Problems of point estimation, interval estimation, and hypothesis testing are presented, with 
corresponding estimators, confidence intervals, and tests (critical regions) as their solutions. All 
the confidence intervals here are those constructed from UMP unbiased tests, having 1 —« as 
confidence levels. Alternative hypotheses are understood to be the negations of corresponding 
null hypotheses. Significance levels of all the tests are а. The following symbols are attached to 
each procedure to describe its properties. 

For estimators: 

ПМУ: uniformly minimum variance unbiased. 

ML: maximum likelihood. 

AD: admissibility with respect to quadratic loss function. 

IAD: inadmissibility with respect to quadratic loss function. 
For tests: 

UMP: uniformly most powerful. 

UMPU: uniformly most powerful unbiased. 

UMPI( ) uniformly most powerful invariant with respect to the product of transformation 

groups shown in( ). 

LR: likelihood ratio. 

O: group of orthogonal transformations. 

L: group of shift transformations. 

S: group of change of scales. 

AD: admissibility with respect to simple loss function. 
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IAD: inadmissibility with respect to simple loss function. (Note that UMPU implies AD.) 
The following symbols denote 100(1 — a)% points of respective distributions, a being 

sufficiently small. 

u(a): standard normal distribution. 

1(о): t-distribution with f degrees of freedom. 

x}(a): x? distribution with f degrees of freedom. 

FP (а): F-distribution with (f,,f,) degrees of freedom. 


(D N( p57). — Ex*. N(np,nb?). 
Point estimation of ш. x= Xx: UMV,ML, AD. 
Interval estimation of u. (s: u(a/2) Ta ) 
п 
Hypothesis [u < k]. x>k+ u(a)—— : UMP,LR. 


n 
Hypothesis [h < u « l]. x< h—C or х>1+ C: UMPU,LR. 


Q) N(ao?. ZQG;—ay*. exl. (07x? is the o?-multiplication of a random variable obeying 
the x2(n) distribution. We use similar notations in the following.) 


У(х;-а ^ 
Point estimation of o?. =, UMV,ML,IAD. 


Interval estimation of о?. (AX(x, — a, BX(x,— a)2. 
Hypothesis [o? xk]. (xj -ay»xl(a): UMP,LR. 
Hypothesis [02= к]. X(x,— a < Ak or E(x,- a» Вк: UMPU. 


Ex i N (nu, na? 
ONT PH 22) 
Z(x-x) o^x? 
Point estimation of y. x: UMV,ML, AD. 


VEG - zY 
Interval estimation of p. | x € t, (a / 2j ue a | 
V n(n—1) 
Y— t, 
Hypothesis [ u < k]. se > аз. UMPU,LR. 
VEG. - zy V n(n- 1) 
К |x—k| t,- (a /2) 
Hypothesis [e А].  ———— ——— > —! —  .: UMPU,LR,UMPI(S, O) for k=0. 
VE (s - zy V n(n— 1) 
—: X(x-x) Z(x-x) 
Point estimation of o?. a7  UMVJAD. —: MLIAD. 


Г[(п – 1) /2] (x,- xy | 
V2 T(n/2) not 
Interval estimation of о2. (АЎ(х,— xy, BX(x,— X). 
Hypothesis [02 < k]. E(x,- x »x2 ,(a)k: UMP, LR. 
Hypothesis [02= А]. X(x,— X < Ak or X(x,— x)? > Bk: UMPU. 
Hypothesis [o? > k]. E(x- Х)?<х2_1(1—в)к: UMPU, UMPI(L). 


Hypothesis Е < k]; —* E: UMPI(S), AD. 
VEG s) 


(4) Bin(N,8). Xx*. Bin(Nn,0). 
Point estimation of 0. P UMV, ML, AD. 
Hypothesis [0 < К], x>A: UMP. 
Hypothesis [л<0< /]. x<Borx>C: UMPU. 


Point estimation of o. UMV,IAD. 


(5 H(N,m,0)(n2l) x*. 
Point estimation of 0. Ах. ОМУ, Ар. 
Hypothesis [0 < k. х> 4: UMP. 
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(6) NB(N,0) Xx*. NB(Nn,0). 


б ў А n— , t . 
Point estimation of 0. Nn*Xx-1 (1 when the denominator is 0): UMV, AD. 
Nn, 
ЗУР МІ. 


Hypothesis [0 < А]. Хх; < 4: UMP. 
Hypothesis [л<0 < /]. Ух <В ог Zx,> C: UMPU. 
(7) P(A). Ex*. P(nm) 
Point estimation of A. x: ОМУ, ML, AD. 
Hypothesis [À < А]. x>A: UMP. 
Hypothesis [л <А < /]. x«Borx»C: UMPU. 
(8 G(0) ZXx*. NB(n,0). 
For the point estimation of 0 and hypothesis testing — (6). 
(9) U[0,0]. max x;*. 
Point estimation of 0. maxx: ML, IAD. Я 
Hypothesis [0 < К]. maxx,>(1—a)!/"k: UMP. 
Hypothesis [0 = k]. maxx; < ka!/" or тахх,> k: UMP. 


(10) U[£ n]. (minx; тахх,)*. . 
птіпх; – maxx; 


n+] 


maxx: ОМУ, IAD. 


Point estimation of é. UMV, IAD. minx: ML, IAD. 


п—1 
. NEM +n minx,;+max x; 
Point estimation of ое: e ge ОМУ, AD. 


Hypothesis [q —£ < К]. maxx,— minx; > ка!/": UMP. 


(11) u|e- 1,04 2) (minx, maxx;)*. 


min x; + max x; 


Point estimation of 0. ML, AD. 


2 
Hypothesis {0 < А]. minx, >k+ 4 ат" or max,» K+ у: UMP. 
б e. 
(12) e( lisa Bs J: | Rem 
min x; e( u,o / n) 


Ex- n min x; 


Point estimation of o. UMYV, IAD. x-minx: ML, IAD. 


-l miny- ср ОМУ, AD. minx: ML, IAD. 
Hypothesis [o < k,u= А]. Ух, <А ог Zx, > kloge "+h: UMP. 
Hypothesis [л <o < 1]. Ex,-nminx;« А or Ex,- nminx;» В: UMPU. 


Point estimation of д. 


nminx, — k nminx;—k 


Hypothesis [u= k]. Sx-—nminx, Or Yx-—nminx, >C: UMPU. 
(13) T(p,o). У х,*. Г(лр,о). 
Point estimation of о. i ОМУ, ML, IAD. 


Interval estimation of о. (C2 x;, DX x;). 
Hypothesis [o < k]. 2x,;>A: UMP. 
Hypothesis [2 К]. Ух, < Ck or Ex,» Dk: UMPU. 


N (ij, a?) ES Ronan 


14 
Pe N ( ux, b2). Ху N (n; uz, n;b?) 


Point estimation of и, и. х—у: ОМУ, МІ, AD. 


"M 2 b? 
Interval estimation of u, — pp. (х —y+u(a/2) |—+— |. 


2 b2 
Hypothesis и, —tj&k]. x-y>k+u(a) |-—-—: UMP, LR. 
n, n, 
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/ 2 2 
Hypothesis [ш – m= к]. |x—y—k|>u(a/2) 7 + > : UMPU, UMPI(L), LR. 
1 2 


: N (u0 ` |N(m uf. 
15) i . N . 
( N (1,0). Paz- E Z(i- yy? (n ta, 1507) 
AME уту СТО. 2 
Point estimation of uj — 4j. x-y: ОМУ, ML, AD. 


А 4 = 1 1 52 
== — yt = „== <—— = 
Interval estimation of ш — fy. |: FE t, ea 2(a/2)V J + : SENTIS | 


f (x—y—k)Vnin, V nit п —2 
Hypothesis [ ш = р < К]. t= Va > 1,1+л,-2(9): UMPU, 
VH +n, VS 


UMPI(L), LR. 
Hypothesis [ui — = К]. |t] t, +„„-2(9): UMPU, UMPI(L), LR. 
2 2 


$ ` $ LI 
27 ОМУ, ТАР. TETE ML, IAD. 


Interval estimation of o?. (As?, Bs?). 

Hypothesis [o? < А]. S х2 +n -:(0)к: UMP, LR. 

Hypothesis [o?2 k]. s?« Ak or s?» Bk: UMPU. 

Hypothesis [o? > А]. 5?» x2,4,4,-;(1  a)k: UMPU, UMPI(L), LR. 


Point estimation of o?. 


N(wpo?) |Xx S(x- 
(16) : ro 
N (403). | Ey, У(у—ў) 
Bea) xe) 
X(n-yy  XQu-)| 
ol | (nj—1) E(x - X) 
< К |. 


Interval estimation of 


ої 
o3 


Hypothesis | »Fh-(ak: UMPU, UMPI(L, S), LR. 


ol (n,— 1) X(x-y) 2—1 
c) Е 
> 3 Ex, 2(x,—x), " _ 
(17) N (r M2, 87, 02, p). 2, 2(x —x)(y,— y) 
È уь 2Z(y,— y) , 
EE Z(x =y) 
Point estimation of р. r= ——————————————: ML. 
VEG o-s 
. t, 1 (a/2) 
Hypothesis [о = 0]. |r] > ———————————: UMPU, LR. 


үп-1(«/2)*+п—2 
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Numerical T ables Prime Numbers and Primitive Roots 
2 


Indices Modulo p 

— Numbers and Euler Numbers 
а Numbers of Algebraic Number Fields 
кыы of Finite Groups; 
Crystallographic Groups 

мш ды Constants 

а of Polynomial Approximations 


1. Prime Numbers and Primitive Roots (— 297 Number Theory, 


Elementary 


In the following table, p is a prime number and r is a corresponding primitive root. 


p r p r p r 
2 79 3 191 19 311 17 439 17 577 5 709 2 857 3 
32 83 2 193 5 313 17 43 2 587 2 719 11 859 2 
5 2 89 3 197 2 317 2 49 3 593 3 7237 5 863 5 
7 3 97 5 199 3 331 3 457 13 599 7 733 7 87] 2 
11 2 101 2 211 2 337 19 41 2 601 7 739 3 881 3 
13 2 103 5 223 3 347 2 463 3 607 3 743 5 883 2 
17 3 107 2 227 2 349 2 467 2 613 2 751 3 887 5 
19 2 109 11 229 7 353 3 479 13 617 3 757 2 907 2 
23 5 13 3 233 3 359 7 487 3 619 2 761 7 911 17 
29 2 127 3 239 7 367 11 491 2 631 3 769 11 919 7 
31 3 131 2 241 7 373 2 499 7 641 3 773 2 929 3 
37 2 137 3 251 11 379 2 503 5 643 11 787 2 937 5 
41 7 139 2 257 3 383 5 509 2 647 5 797 2 94 2 
43 3 149 2 263 5 389 2 521 3 653 2 809 3 947 2 
47 5 151 7 269 2 397 5 523 2 659 2 811 3 953 3 
53 2 157 5 271 43 400 3 541 2 661 2 821 2 967 5 
59 2 163 2 277 5 400 29 547 2 673 5 823 3 971 11 
61 2 167 5 281 3 419 2 557 2 677 2 827 2 97] 3 
67 2 173 2 283 3 4M 2 563 2 683 5 89 2 983 5 
"17 179 2 293 2 43 27 569 3 691 3 839 11 991 7 
73 5 181 2 307 5 433 5 571 3 7001 2 853 2 997 7 


*Mersenne numbers. À prime number of the form 2? — 1 is called a Mersenne number. There exist 
27 such p's less than 44500: p —2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, 127, 521, 607, 1279, 
2203, 2281, 3217, 4253, 4423, 9689, 9941, 11213, 19937, 21701, 23209, 44497. The even perfect 
numbers are the numbers of the form 2? ! (2? — 1), where 2? — 1 is a Mersenne number. 


2. Indices Modulo р (^ 297 Number Theory, Elementary) 


Let r be a primitive root corresponding to a prime number p. The index | —Ind,a of a with respect 
to the basis r is the integer l in O« (« p — 1 satisfying r'z a(mod p). az b(mod p) is equivalent to 
Ind, a Ind, b(mod(p — 1)). The index satisfies the following congruence relations with respect to 
mod(p — 1): Ind, ab s Ind, a + Ind, b, Ind, a" znInd,a, Ind,az Ind,r Ind, a. 
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We can solve congruence equations using these relations. The following is a table of indices. 


l 13 17 19 

9 x 

7 4 — 

12 5 10 — 

9 14 7 15 
25 18 21 9 
23 11 7 4 
30 11 7 35 
37 9 7 3l 
3 3 38 19 

7 11 16 45 

6 24 10 37 
25 45 40 38 
15 40 47 26 
59 19 64 10 
31 39 4 16 
55 59 21 62 
6 34 21 32 
244 77 56 4] 
84 23 6 35 
86 25 89 81 
13 66 30 96 
61 72 70 80 
22 14 29 78 

1 101 87 105 
74 22 5 99 
68 94 38 84 
56 18 43 35 
122 25 38 46 
76 64 107 61 
109 53 124 84 
82 23 124 120 
28 26 40 124 
4 51 57 125 
28 103 53 58 
23 130 73 33 
15 114 166 54 
62 164 175 135 
85 112 98 1 
183 141 31 145 
22 25 159 154 
189 172 123 55 
162 144 199 154 
107 147 144 172 
28 61 99 178 
42 195 24 52 


233 29 3 
20 — 
27 9 — 
15 21 9 
4 33 12 
16 41 34 
5 35 3 
39 46 33 
15 28 49 
57 35 59 
28 44 4 
15 68 11 
46 35 11 
26 11 56 
60 12 38 
57 59 31 
7] 13 46 
86 91 84 
24 86 57 
62 32 27 
3 98 34 
41 89 50 
121 113 46 
23 51 29 
125 91 73 
27 94 56 
95 120 132 
145 42 34 
135 129 62 
9 107 6 
99 150 90 
20 144 102 
135 118 62 
53 48 99 
134 33 175 
162 123 82 
120 36 141 
118 70 164 
21 179 115 
163 128 82 
34 8 197 
131 191 175 


37 


41 


43 


124 


115 


113 


47 


124 


218 
193 


(table continued оп following page) 


App. B, Table 3 1822 
Bernoulli Numbers and Fuler Numbers 


2 31 37 41 43 4 
132 182 8 85 25 139 


165 222 


3 
239 7| 66 74 138 1 4 43 52 155 63 160 188 31 99 15 113 
241 7|190 182 138 1 25 47 111 85 5 154 151 73 6 219 114 
251 11 | 135 6 80 218 1 162 184 233 134 203 226 187 64 77 85 
257 3| 48 1 55 85 196 106 120 125 28 94 242 219 19 207 61 
263 5|190 50 1 79 166 62 126 43 156 221 136 170 17 154 65 
269 1 109 208 19 230 142 105 223 176 187 259 56 200 254 32 


43 | 266 153 220 98 92 15 16 261 75 45 222 182 156 1 213 
5 | 147 188 1 22 7 222 103 252 208 74 47 87 126 55 218 
3|204 1 186 182 253 9 166 221 197 172 62 135 23 132 75 


3. Bernoulli Numbers and Euler Numbers (— 177 Generating 


Functions) 


B, are Bernoulli numbers; E, are Euler numbers. 


Denominator of B, B, E, 

6 0.16667 1 

30 0.03333 5 

42 0.02381 61 

30 0.03333 1385 

66 0.07576 50521 

12 691 2730 0.25311 2702765 

14 7 6 1.16667 199360981 

16 3617 510 7.09216 19391512145 

18 43867 798 54.97118 2404879675441 

20 174611 330 529.12424 370371188237525 
22 854513 138 6192.12319 6.934887 x 10!5 
24 236364091 2730 86580.25311 1.551453 x 10? 
26 8553103 6 1425517.16667 4.087073 x 10?! 
28 23749461029 27298231.06782 1.252260 x 1024 
30 8615841276005 601580873.90064 4.415439 x 1026 


4. Class Numbers of Algebraic Number Fields 


(1) Class Numbers of Real Quadratic Field (— 347 Quadratic Fields) 


Let k= Q( Vm ), where m is a positive integer without square factor (1 < m < 501). А is the class 
number (in the wider sense) of k. The — sign in the row of N (e) means that the norm N (e) of 
the fundamental unitis — 1. When N (e) = + 1, the class number in the narrow sense is 2h, and 
when № (c) = — 1, the class number in the narrow sense is also A. 
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15 2 101 
17 1 — | 102 
19 1 103 
21 1 105 
22 1 106 
23 1 107 
26 2 -— |109 
29 | — |110 
30 2 111 
31 1 113 
33 1 114 
34 2 115 
35 2 118 
37 1 - |119 
38 1! 122 
39 2 123 
4 1 = |17 
42 2 129 
43 1 130 
46 1 131 
47 1 133 
51 2 134 
53 1 — | 137 
55 2 138 
57 1 139 
58 2 ~ |141 
59 | 142 
61 1 = | 143 
62 1 145 
65 2 — | 146 
66 2 149 
67 1 151 
69 1 154 
70 2 155 
71 1 157 
73 1 — |158 
74 2 — |159 
77 1 161 
78 2 163 
79 3 165 
8 4 -— |166 
83 1 167 


—— М — = N ммм +> ND м — — — — hA — м мм ммм м — — B2 N) — NY — 


N(e) 


211 
213 


217 
218 


229 


230 


237 
238 


One can find a table of fundamental units and representatives of ideal classes for 0 <m < 2025 in 
E. L. Ince, Cycles of reduced ideals in quadratic fields, Royal Society, London, 1968. 


(ID Class Numbers of Imaginary Quadratic Fields 


(— 347 Quadratic Fields) 


Let k 2 Q(V — m ), where m is a positive integer without square factor (1 < m < 509). h is the 
class number of К. In the present case, there is no distinction between the class numbers in the 


wider and narrow senses. 


-li 


m him him 
l 1165 8,129 
2 1166 8 (130 
3 1167 1[131 
5 2/69 38.133 
6 2170 41134 
7 1171 74 137 

10 2|73 4 | 138 
ll 1174 10 [139 
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469 16 
470 20 


mem 


É P. OO oo о IO Ov Š ь Q P CA ъ со 


479 25 
481 16 


— 


@ Мә O @ OS tƏ oo 00 00 м ON G QN со л + 


497 24 
498 8 
499 3 
501 16 


pi w 


506 28 
509 30 


h 
2 
4 
2 
4 
1 
4 
2 
3 
6 
6 
4 
3 
4 
4 
2 1 
2 
6 
4 
8 
4 
1 
4 
5 
2 
6 
4 
4 
2 
3 
6 
8 
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There are only 9 instances of m for which л = 1, and only 18 instances of m for which ^ —2 (Baker, 


Stark). All these cases are in this table. 


One can find a table of structures of the ideal class groups and representatives of ideal classes 
for m « 24000 in H. Wada, A table of ideal class groups of imaginary quadratic fields, Proc. Japan 


Acad., 46 (1970), 401—403. 
(III) Class Numbers of Cyclotomic Fields 


Cyclotomic field k = Q(e?"/!) (1 < l< 100; І prime). h, is the first factor of the class number of k 
(— 14 Algebraic Number Fields). 


hy 


41-1861 
67 67:12739 
71 72.79241 
3.59.233 | 73 89:134353 


І hy 


79 5-53-37791] 

83 3-279405653 

89 113-118401449 
97 577:3457-206209 


— MN Ww 

m — — — 
— 
~ 


h,>1 for / » 19 (Uchida). 


5. Characters of Finite Groups; Crystallographic Groups 


(1) Symmetric Groups S,, Alternating Groups A, (3 < n < 7), and Mathieu Groups M, (n = 
11,12,22,23,24) 


(1) In each table, the first column gives the representation of the conjugate class as we represent 
a permutation by the product of cyclic permutations. For example, (32)? means the conjugate 


class containing (123)(45)(67). 
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(2) The second column gives the order of the centralizer of the elements of the conjugate class. 
(3) In the table of S,, the first row gives the type of Young diagram corresponding to each 
irreducible character. For example, [3,22, 1] means T (3,2,2, 1). 

(4) In the table of A,, when we restrict the self-conjugate character of S, (the character with *) 
to A,, it is decomposed into two mutually algebraically conjugate irreducible characters, and 
therefore we show only one of them. The other irreducible character of A, is given by the 
restriction to A, of the character of S, that is not self-conjugate. 

(5) In the table of M,, each character with a bar over the degree is one of the two mutually 
algebraically conjugate characters. 


S, (a mpBu pr 2,0] 1 
(1) 24 | 1 3 2 3 l 
Q)4 | 1 1 0 -1 =] 
з) 3 | 1 0 -1 0 1 
(4) 4 | 1 -1 0 1 —1 
aos | 1 -1 2 -1 1 
s | 05) 40 m2 BF pu mr i 
(1) 120| 1 4 5 6 5 4 1 
Q 102 |1 2 1 0 -1 -2 e 
3) 6| 1 l -1 0 -1 l l 
4 4 | 1 0 -1 0 1 -1 
Q? 8 | 1 0 l -2 l 0 l 
(90) 6 | 1 -1 l 0 =| l -1 
6) 5 |1 -1 0 1 0 -1 l 


[6] [5,1] [42] 1412) [9] (3.20 [2] [3,12] ^r] [2,1%] [19] 
1 5 9 10 S 6 5 0 9 5 1 
p.e 2 td 0 -1 -2 -3 -3 -i 
1 2 0 1 -1 -2 -1 1 0 AE 
1 1 -l 0 — 0 1 0 l =l -~l 
I 1 gd —2 1 0 | -2 1 D. ui 
I 0 0 -1 1 о -1 1 0 0 -1 
I 0 -I 0 0 l 0 0 -1 0 | 
1 -1 0 Jt 0 0 0 -I 0 I -=l 
1 -1 ] 0 -I 0 -1 0 1 —1 o] 
1 -1 3 -2 -3 0 y 2 3 1 -I 
| elo 0 1 2 — 2 1 -1 1 


App. B, Table 5.1 
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(l) 


(3) 


(2)? 
(5) 
(5) 

(4)(2) 
(3) 


6 14 6 
1 4 6 5 4 5 1 0 -l -5 —4 —4 
(3) 72 1 3 2 3 -1 -1 -3 2 -3 -1 _1 3 2 3 
(4) 24 1 2 0 1 —2 = —1 0 1 1 2 —1 0 —2 
(2)? 48 1 2 2 —1 2 —1 1 —4 1 —1 2 _1 2 2 
(32) 12 1 1 0 —1 1 =f 1 0 _1 l -1 1 0 —1 
(5) 10 1 1 -1 0 =] 0 1 0 1 0 —1 0 -| 1 
(6) 6 l Ü -1 0 0 1 0 0 0 _1 0 0 1 0 
(42) 8 1 0 0 —1 0 1 —1 0 —1 1 0 -i 0 0 
(> 48 |1 0 2 -3 0 1 =3 0 3 -1 0 3 -2 0 
(32 18]|1 0 -I 0 2 -1 0 2 -1 2 0 -1 0 
(502) 10 1 -1 1 0 -l 0 1 0 -1 0 1 0 -1 1 
(32? 24|1 -1 2 -] -1 -1 1 2 1 -1 -1 -1 2 -1 
(43) 12 1 =l 0 1 1 -1 _1 0 ] 1 _1 -i 0 1 
(7) 7 1 -1 0 l 0 0 0 -1 0 0 0 1 0 —1 
(1) 2520 10 
(3) 36 1 
QP 24 —2 
(5) 5 0 
(420) 4 0 
(32 9 l 
B2 1 l 
(7) 7 Єз 
(7) 7 £3 
My (1) gj ıl 10 11 55 45 44 16 10 
(2)4 48! 1 2 3 -1 -3 4 0 -2 
(4)? 8 |1 2 -1 -1 0 0 0 
(3)? 18| 1 1 2 l 0 -] -2 l 
(5)? 5 |1 0 1 0 0 –1 1 0 
(8)(2) 8| 1 0 —1 1 =] 0 0 +iV2 
(8)(2) 8l 1 0 —1 1 _1 0 0 Siva 
(0000) 6] 1 —1 0 —1 0 1 0 | 
(11) l| 1 -] 0 0 0 ex -] 
(11) ll| 1 _1 0 0 0 ег – 1 
g=11-10-9-8=7920. 
М} (1) g/l 11 11 $55 55 55 45 54 66 99 120 144 176 
(2 1921 3 3 -1-17 -3 6 2 3 -8 0 O 
(4d 3211 3 -i 3 —-1-1 1 2 —-2 -1 9 © O 
Gy 54/1 2 2 l 1 1 0 0 3 0 3 0 -4 
(Sp 10|1 1 l 0 0 0 0 -I 1 -1 0 -1 1 
( @ 28]|1 1 -1-1 1] -1 -1 0 0 1 0 0 O 
OOD 6|1 0 0 —1 -1 1 0 0 -1 O 1 0 0 
а) ито 0 0 0 O 1 -1 0 0 -1 1 O 
(s WILLE 0 0 0 0 0 1 -1 O € pd 0 
(° 240|1 -1 -1 -5 -5 -5 5 6 6 -1 0 4 -4 
(1000) 10|1 -1 -1 0 0 0 о 1 l -1 0 -1 I 
(22 32]1 -1 3 -1 3 -1 1 2 -2 -1 0 0 O 
(3)* 36/1 -1 -1 1 1 l 3 0 0 3 0 —3 -l 
(6)? 1 1 0 O 0 -1 
(8)(4) 1 1 0 0 0 0 


g=12-11- 


10-9-8=95040. 
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My (1) g|l 21 55 154 210 280 231 385 99 45 
(238 38441 5 7 10 2 -8 7 1 3 -3 
(3) 36/1 3 1 1 3 1 -3-2 0 0 
(5)* 5|1 1 0 -1 O 0 l 0 -1 O 
(442? 1611 1 -1 2 -2 0 -1 1 -1 1 
(430; 3211 1 3 -2-2 0 -1 1 3 | 
(TP 710 -1 0 0 0 0 0 1 e 
(7) 710 -1 0 0 0 0 0 1 ё 

BAAD 81 -1 J 0 0 0 -1 1 -1 -1 

(6pGyQy 12]1 -1 1 1 -1 1 1 — 0 O 

(11)? 1|1-1 0 0 1 & 0 0 O 1 

(11)? uli -1 0 0 1 s 0 0 O 1 
d 


g=22-21-20-48 = 443520. 


My, (1) g |1 22 230 231 770 1035 2024 45 990 231 253 896 
(DE 268811 6 22 7 -4 2 8 з ~18 7 nB 0 
(3) 18014 5 6 5 0 -1 0 0 -3 | -4 
(54 5 112 0 1 0 0 -1 0 0 1 —2 I 
(oy 3214 2 2 -l -2 =f 0 l 2 -=l 1] 0 
(7 14]1] 1 -1 0 0 —- 1 ef ef 0 | 0 
T 4/1 1 -1 0 0 -I ! s ee 0 0 
(95/0 8 |1 0 0 -1 0 1 0 -1 0 -1-1 0 

(023222 1211 0 1 -2 1 0 -1 0 O l 1 0 
(11)? l| 1 0 —- 0 0 1 0 1 0 0 0 ef 
(11)? 11|10 -1 0 0 l 0 1 0 0 0 ёе 

(456)3) 15|1 -1 0 1 0 0 -1 0 0 ef 1 l 

(0593 15 [1 -1 0 1 0 0 -1 0 0 s 1 l 

49000) 141|]1-1 1 0 0 -l 1 -eet 0 -1 0 

(140070) 14|1-1 1 0 0 >i 1 —s ef 0 -1 0 
(23) 23 |1 -1 0 1 a 0 0 -1 1 1 0 -1 
(23) 23|1 -1 0 1 & 0 0 -1 1 1 0 -1 


g=23-22-21-20-48 = 10200960. 


M.A (124 g |1 23 7:36 23.1] 23.77 55:64 45 22-45 23.45 23.45 11:21 770 
(2)8 21.2011 7 28 13 -21 64 -3 -18 -21 27 7 _ 14 
(3)° 27-40|1 5 9 10 16 10 0 0 0 -3 5 
(5) 60 |1 3 2 3 1 0 0 0 0 0 1 0 
(4)4(2)2 128 |] 3 4 1 —5 0 1 2 3 -1 -1 -2 
(° 42 |1 2 0 1 0 —1 e£ eF 2e -1 0 0 
(7)3 42 12 0 1 0 -1 e es 2.5 _1 0 0 

OAAR 16 || 1 0 -] -1 0 -i 0 _1 1 -1 0 
(6)2(3)2(2)2 24 |1 | 1 -2 0 -2 O 0 0 0 1 l 
(11)? l {1 1—1 0 0 0 1 0 1 1 0 0 
(53) 15 {1 0 -1 0 1 0 0 0 0 0 es 0 
(150505) 15 |1 0 -1 0 1 0 0 0 0 0 £g 0 
(447) 14 |1 0 0 = 1 0 l о —є; ef 0 ~1 0 0 
(100) 14 |1 0 0 _1 0 1 =e} t 0 —1 0 0 
(23) 2 |1 0 -1 0 0 1 -1 1 0 0 і eg 
(23) 23 |1 0 -1 0 0 1 -1 1 0 0 1 73 
(12? 12 |1 ~1 0 1 -1 0 1 1 -1 0 0 l 
(6) 24 |1 ~1 0 l -1 0 -1 -1] 1 2 0 1 
(4)° 96 [1—1 0 1 -1 0 1 -2 -1 3 3 ~2 
(3 7-72 )1 -1 0 1 7 -8 3 3 -3 6 0 —7 
(2)!2 15:21 ~1 12 —ì 11 0 5 -10 -5 35 -9 10 
(1022 20 |1-1 2 -1 1 0 0 0 0 0 1 0 
(21)(3) 21 |1 —1 0 1 0 -l eg e7 -e4 -i 0 0 
(21)(3) 21 |1 —1 0 1 0 -l s еў 2 -1 0 0 
YQ» 3:27 |1 —1 4 -3 3 0 -3 6 3 3 -1 2 
(02640) 12 |l —1 1 0 0 0 0 0 0 0 -1 -1 
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23.21 23.55 23.88 23.99 23.144 23:11:21 23.7.36 77:72 11-35-27 


а)“ g 


(2)8 21-2!0 | 35 49 8 21 48 49 -28 —56 —21 
(3)° 27-40 | 6 5 -1 0 0 —15 -9 9 0 
(54 6 |-2 O -1 -3 -3 3 1 -1 0 
(4)4(2)? 128 3 l 0 1 0 -3 4 0 -1 
(y 42 0 -2 1 2 1 0 0 0 0 
(7) 42 0 -2 l 2 l 0 0 0 0 
(8)2(4)(2) 16 -1 1 0 -1 0 -1 0 0 1 
(6)2(3)202)2 24 1 -] 0 0 l -1 1 0 
(11)? 11 -1 0 0 0 l 0 -1 0 0 
(15)(5)(3) 15 1 0 -1 0 0 0 1 -1 0 
(15)(5)(3) 15 l 0 -1 0 0 0 1 -1 0 
(14)(7)(2) 14 0 0 1 0 -1 0 0 0 0 
(14)(7)(2) 14 0 0 l 0 -1 0 0 0 0 
(23) 23 0 0 0 0 0 0 0 1 -1 
(23) 23 0 0 0 0 0 0 0 1 -1 
(12)? 12 0 0 0 0 9 9 9 0 0 
(6)4 24 0 0 0 2 -2 0 0 0 0 
(4)6 96 3 -3 0 -3 0 -3 0 0 3 
(3)8 7.72 | 0 8 8 6 -6 0 0 0 0 
Q" 15:2 | 3 -15 24  -19 16 9 36 24 —45 
(10)?(2)? 20 -2 0 -1 1 1 -1 1 -1 0 
(21)(3) 21 0 1 1 -1 1 0 0 0 0 
(21)(3) 21 0 1 1 -1 1 0 0 0 0 
(4305 3:27 | 3 -7 8 -3 0 l -4 -8 3 
(12)(6)(4)(2) 12 | 0 -1 -1 0 0 l -1 1 0 


24:23-22:21: 20:48 = 244823040. 


(II) General Linear Groups GL(2, q), Unitary Groups U (2, q), and Special Linear Groups SL(, 4) 
(q is a power of a prime) (— 151 Finite Groups I) 


(1) The notations are as follows. e=exp[27V—1 /(q—1), | m-exp[2z V —1 /(4?—1)], 
с=ехр[27У —1 /(q--1)) pis the generator of the multiplicative group of GF(q) —(0), «is 
the generator of the multiplicative group of GF(g?) — (0), 07! 2 a, B is an element of GL(2,q) 
with order 4?— 1, and B,— B?! 

(2) The first column gives a representative of the conjugate class. 


General Linear Group GL (, 4). 
Xa (1) Х„(4) 


g2na ger"? (q+ 1)" да (q— Dn па(а+1) 


gn(a+b) gn(a+b) ma+nb 4 „тЬ+ла 0 


p a E 0 єтї n)a EN qa +1) 
| p? 
un" | 
B* є" — g" 0 —(m” +q“) 
(1) 1<а<4-1, 1<b<q-1, a#b(modq-), 1<с<4?—1, c#0 (тойд+1). 
(2) We assume that 1 < n < q—l, for X,(,X,(g, 1<m<n<q-l,for Y, 1<п<4?—1 
for Z,, n#0(modq+ 1). Here, Z, = Z,, when п= n'q(modq? - 1). 


Unitary Group U (2, 4). 
F i — a у= == ee O O 


X, (1) X; (q) Үп Z, 
C .) g^": дв?” (q — Doe * n)s (q+ 1)o'* 
a 
a ) o 0 — gtn) с" 
1 a 
lu ) gst) —о"@+ — (o ms tnt + gmt + ns) 0 
« 
e 35) g^" o nu 0 q" Egone 
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a? wW“ 
ТИ 
(2)1<5<4+1, 1<1<4+1, s#t(modq+l), 1<и<4°—1, 
— u'q (modq? - 1) и, и' gives the same conjugate class. 

(3) The ranges are 1< n < q +1 for X;(1), Х,(4), 1<m<n<q+1 for Y, ,, 
Z,, n 30 (тойд — 1). When n’= — пд (mod q? — 1), we have Z; = Z;. 


Special Linear Group SL (2,2") (the case when д = 2"). 
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| are the canonical forms of an element of U(2, q) in GL(2, 42). 


и #0 (тойд — 1). When u = 


1«n«q?- | for 


Y, Zm 
К » 1 4 q+1 4—1 
1 
—1 
Е jj | 1 ! 
d E | | grape ra 0 
p 
B£ 1 _1 0 —(o"* + o me) 
(1) 1<a<(q—-2)/2, l<c<q/2. 
2)l«n«(q-2/2, l<m<q/2. 


Special Linear Group SL(2,q) (q= power of an odd prime number, e=(q—1)/2, e’ =(q+1)/2). 


+1 ‚4—1 

а Да cx {ей ы Хаин ds me 
_(1 Й . : 
P,-(1 | 1 0 l | i À 
= 1 uu = + 
һ=( ; T 1 0 1 І н Az 

PZ li ws ну -(-)0" — (-nme* — (ne 

d pom (507 spp (Dar (А 
(^ = dE page 0 (=) 0 

í i. d 0 - (0° +07”) 0 -(—1у 


@)1<а<(@-—3у2, 1<с<(4—1)2, 1«n«(—3)?, 
®={-1+[(—1)4]'2}/2 и®={1+[(—14]'2}/2. 


(2) The last two columns mean two characters (with the same signs), respectively. 


1<т<(9 — 1)/2, 


(III) Ree group Re(q), Suzuki Group 52(4), and Janko Group J. 


Ree group Re(4) (q =32"+1=3m2. 
The order of Re(4) is g*(q?-- 1(q—1), q92 qq 1, m, 2 q--3m- 1l, m —-q—3m«1. 


1 1|l1 g 4 qq (q-lmm,/2 (q-1mm./2 т(42-1) +1 
J 2 |1 = q —q -(9-1)/2 (4—1)/2 0 q+1 
X 311 -(q-D) 0 q -C(q+m)/2 (q—m)/2 -m l 

Y 911 1 0 0 m m _m 1 

T 3|1 1 0 0 a a 2a 1 
T! 3|1 l 0 0 a a 2a 1 
YT 9|1 1 0 0 B B - p 1 
YT! 9 |1 1 0 0 B B -p l 
JT 6|1 =] 0 0 Y —y 0 1 
JT-! 6|1 -1 0 0 Y -y 0 l 
R° l l 1 1 0 0 0 p^ cp "^ 
sh 1 3 -1 -3 l -1 0 0 
ЈК 1 -1 1 -1 0 0 0 p'^-p-'^ 
JS? 1 =l -1 1 l -I 0 0 
ys 1 0 -1 0 -1 0 -1 0 
W: 1 0 —-1 0 0 1 1 0 
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x; Y, Ү; 7, z; 

l 1 ИЕ] (4— 1)4 (4—1) (42— Dm, (q?—1)m_ 

J 2 —(4+1) 34-1) —(4—1) 0 0 

Х 3 1 24—1 24—1 —ту —m_ 

y 9 l _1 -1 -1 -1 

T 3 1 =j _1 —3m—1 3m—1 
T 3 l -1 -1 -3m-1 3m-1 
YT 9 1 -1 -1 =| -1 
YT! 9 l -1 -1 -1 -] 
JT 6 -1 -3 l 0 0 
JT! 6 -1 -3 l 0 0 

R” pto" 0 0 0 0 

5» 0 a(vb) (АБ) 0 0 
ЈК“ — (p^ + p #4) 0 0 0 0 
JS 0 o (pb) с'(АЬ) 0 9 

2 
ys 0 0 0 — Y (o9* 40787) 0 
i=0 
2 | | 
W: 0 0 0 0 — У w+ wo) 
і=0 


(1) The first column gives а representative of conjugate class, апа the second column gives its 
order. The orders of R, S, V, W are (q — 1)/2, (q + 1)/4, m_, m, , respectively. R, S, T are commuta- 
tive with J. 
(2) К°— ЕС“, үз ун 9 V s= V yw руб рул, Wi — W t — W ta W te Неге 
we fix an integer 6 satisfying ó?= 1 [mod(q+ 1)/4], (6 — 1, (q +1)/4) =1. 
Som SB SPS EnS TST, Јура ура. — JSb- JS -5, 

where 4 ~ В means that А and B are mutually conjugate. 
(3) p» exp4r V -1 /(g-1), о=ехр2тУ- 1 /m.), w=exp(2zV — 1 /m,), 

с zexp[8r V -1 /(4+1)]. 
(4) 1< u <(q—3)/4, 1 <À « (4—3)/8. 
Here > is considered mod(q + 1)/4 and 


Y,= Y,, = 62" Y_,= Y_, = Y_,52, 
к is considered modm_ and 

Z,- Zg47 Z= Z_,= Zoa” Z vg 
т is considered modm, and 


ZZ, 2Z-Z aZ Ze. 


EL 


2 
(5) (vb) e — Y (o bb +07"), o (À b)= y> (ооё! + о 799) — (о^®8° + g АЫ?) 


i=0 i=0 
—m+mV—q —-m-N-q 1- V-q 
(6) a= — —. B= — 4. ү= те We show one of the two mutually 


complex conjugate characters, for the characters А, B, С. 
Suzuki group Sz(4). The order of 52(4) is 42(42+ 1)(q — 1) (qg=22n+1,2q = r?). 


X, Ya z, 
1 1⁄2 +1 (4—т+1)(4—1) (4+ +1)(4-1) r(q-D/2 r(q-1)/2 
с 1 0 1 r-i -r-] -r/2 -r/2 

e |1 0 1 -1 -1 rV-1⁄2 -rV-1J2 
pit 0 1 -1 -1 -rV-1/2 rV-172 
ví |1 1 xg 0 0 0 0 

ті |1 -1 0 - (eB + ef + ey + ег Ba) 0 1 1 

тў |! -! 0 0 — (e] + e2 eg Y" + ez Y) -1 -1 


(1) The first column gives a representative of the conjugate class. 

(2) ту, 71, m, are the elements of order q—1 q+r+1,q—r+ 1, respectively. 

(3) ву, ё, е) are the primitive q— 1, q+r+1,q—r+1 roots of 1, respectively. 

(4) пі and zç ' are mutually conjugate elements, and hence X, and X _, give the same character. 
i, a run over the representatives of mod q— 1, and i,a#0 (тойд - 1). 
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(5) vi, т, т{#, ny% are mutually conjugate, and hence Ys, Y_g, Yg,, Y gq give the same 
character. j, В run over the representatives of mod q- r+ 1, and j, 8 X 0 (mod qt r+ 1). 

(6) af, т; E, тА, my *4 are mutually conjugate, and hence Z,, Z_,, Zyp Z 4 give the same 
character. k, y run over the representatives of mod q— r+ 1, and k, y#0 (mod q— r+ 1). 


Janko Group J. 


сл 
c 
-— 
5) 
© 
— 
e 
— 
° 


© O — со оосо м 


@ O — @ @ @— — ° t> 


оо ! 


(1) The order of J is 8-3-5-7- 11-19 = 175560. 

(2) The first column gives the order of the elements of each conjugate class. 

(3) р=ехр(27У = 1 /19), X, =р+р?+рё+р!! +p! ol8, A, p? p^ p16 4 o3 5E VJ, 
A47 pttp? +p +рб+0!10+р!, е =(1+ V5 )/2. 
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(IV) Three-Dimensional Crystal Classes (— 92 Crystallographic Groups) 


Crystal System | Geometric Crystal Classes Arithmetic Crystal Classes Number of 
; (2) 
Bravais Types Schoenflies | International Space Groups 
Notation Notation” 
Short Full 
4 
Triclinic C, 1 1 (Р, 1) 1 
Р 5,(С,) 1 1 (Р, 1) 2 
Monoclinic C; 2 2 (Р, 2) (С, 2) 3-5 
P, C Gi m m (P, m) (C, m) 6-9 
2 
Con 2/m (P, 2/m) (C, 2/m) 10-15 
Orthorhombic | D,(V) 222 222 (P, 222) (C, 222) (Е, 222) (1,222) 16-24 
P,C,F,l Ca mm2 mm2 (P, mm2) (C, mm2) (A, mm2) (F, mm2) 
(I, тт?) I 25-46 
222 
D4(V,) mmm ——— | (P, mmm) (C, mmm) (Е, mmm) (1, mmm) 47-74 
ттт 
Tetragonal C, 4 4 (P,4) (1,4) 75-80 
P,I S, 4 4 (Р,4) (1,4) 81-82 
4 
Cay 4/m A (P,4/m) (1,4/т) 83—88 
D, 422 422 (P, 422)? (1,422) 89-98 
Cy 4mm 4mm (P, ‚4тт) (1,4тт) 99-110 
Dya(Va) 42m 42m (P, 42m) (P, 4m2) (1, 4m2) (1, 42m) 111-122 
422 
Dan 4/mmm | ——— | (P,4/mmm) (1, 4/mmm) 123-142 
mmm 
Trigonal C, 3 3 (Р, 3) (R,3) 143-146 
P, R S,(Cs) 3 3 (P,3) (К, 3) 147-148 
D; 32 32 (P, 312) (P, 321)™ (R, 32) 149-155 
Cz, 3m 3m (P, 3m1) (P, 31m) (R, 3m) 156-161 
= =2 = = = 
Оз 3m 3= (P,31m) (Р, 3m1) (К, 3m) 162—167 
Hexagonal C 6 6 (Р, 6) 168—173 
Р Can 6 6 (P,6) -174 
6 
Cen 6/m — (P, 6/m) 175-176 
m 
Dg 622 622 (P, 622) 177-182 


1833 App. B, Table 6 
Miscellaneous Constants 


A ee а оа 2 
Crystal System | Geometric Crystal Classes Arithmetic Crystal Classes Number of 
: (2) 
Bravais Types Schoenflies | International Space Groups 
Notation Notation”) 
Hexagonal Ce, (P,6mm) _ 183-186 
P Da, (P, 6m2) (P,62m) 187-190 
Icon) Den (P, 6/mmm) 191-194 
Cubic T (P, 23) (F, 23) (1, 23) 195-199 
Р,Е,1 T, (P, m3) (F, m3) (4, m3) 200-206 
о (Р, 432/19 (Е, 432) (I, 432) 207-214 
T, 43m 43m (P,43m) (F, 43m) (1, 43m) 215-220 
4-2 
O, m3m Au m (P, m3m) (Е, m3m) (1, m3m) 221-230 
m 
Notes 


(1) The notation is based upon International tables for X-ray crystallography I, Kynoch, 1969. In 
each crystal system, the lowest class is a holohedry. 

(2) These correspond to the consecutive numbers of space groups in the book cited in (1). 
(3)-(10) Enantiomorphic pairs arise from these classes: two pairs for (4), (8), (9), and one pair for 
the others. 

For the shapes of Bravais lattices — 92 Crystallographic Groups E, Fig. 3. 


6. Miscellaneous Constants 


V2 2141421 35623 73095, V 10 =3.16227 76601 68379. 


V2 — 1.25992 10498 94873. V/100 —4.64158 88336 12779. 
Іов102 = 0.30102 99956 63981 = 1 /3.32192 80948 87364. 


(D Base of Natural Logarithm e (1000 decimals) 


е= 2.71828 18284 59045 23536 02874 71352 66249 77572 47093 69995 95749 66967 62772 40766 30353 54759 
45713 82178 52516 64274 27466 39193 20030 59921 81741 35966 29043 57290 03342 95260 59563 07381 
32328 62794 34907 63233 82988 07531 95251 01901 15738 34187 93070 21540 89149 93488 41675 09244 
76146 06680 82264 80016 84774 11853 74234 54424 37107 53907 77449 92069 55170 27618 38606 26133 
13845 83000 75204 49338 26560 29760 67371 13200 70932 87091 27443 74704 72306 96977 20931 01416 
92836 81902 55151 08657 46377 21112 52389 78442 50569 53696 77078 54499 69967 94686 44549 05987 
93163 68892 30098 79312 77361 78215 42499 92295 76351 48220 82698 95193 66803 31825 28869 39849 
64651 05820 93923 98294 88793 32036 25094 43117 30123 81970 68416 14039 70198 37679 32068 32823 
76464 80429 53118 02328 78250 98194 55815 30175 67173 61332 06981 12509 96181 88159 30416 90351 
59888 85193 45807 27386 67385 89422 87922 84998 92086 80582 57492 79610 48419 84443 63463 24496 
84875 60233 62482 70419 78623 20900 21609 90235 30436 99418 49164 31409 34317 38143 64054 62531 
52096 18369 08887 07016 76839 64243 78140 59271 45635 49061 30310 72085 10383 75051 01157 47704 
17189 86106 87396 96552 12671 54688 95703 50354. 


e (in octal) = 2.55760 52130 50535 5. 
1 /e=0.36787 94411 71442, e? = 7.38905 60989 30650 = 1 /0.13533 52832 36613, 
Ve = 1.64872 12707 00128 = 1 /0.60653 06597 12633. 
log, 10 = 2.30258 50929 94046 = 1 /0.43429 44819 03252, 
log,2 = 0.69314 71805 59945 = 1 / 1.44269 50408 88964. 


(ID The Number т (1000 decimals) (— 328 Pi(z)) 
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п= 3.14159 26535 89793 23846 26433 83279 50288 41971 69399 37510 58209 74944 59230 78164 06286 20899 


86280 34825 34211 70679 82148 08651 32823 06647 09384 46095 50582 23172 53594 08128 48111 74502 
84102 70193 85211 05559 64462 29489 54930 38196 44288 10975 66593 34461 28475 64823 37867 83165 
27120 19091 45648 56692 34603 48610 45432 66482 13393 60726 02491 41273 72458 70066 06315 58817 
48815 20920 96282 92540 91715 36436 78925 90360 01133 05305 48820 46652 13841 46951 94151 16094 
33057 27036 57595 91953 09218 61173 81932 61179 31051 18548 07446 23799 62749 56735 18857 52724 
89122 79381 83011 94912 98336 73362 44065 66430 86021 39494 63952 24737 19070 21798 60943 70277 
05392 17176 29317 67523 84674 81846 76694 05132 00056 81271 45263 56082 77857 71342 75778 96091 
73637 17872 14684 40901 22495 34301 46549 58537 10507 92279 68925 89235 42019 95611 21290 21960 
86403 44181 59813 62977 47713 09960 51870 72113 49999 99837 29780 49951 05973 17328 16096 31859 
50244 59455 34690 83026 42522 30825 33446 85035 26193 11881 71010 00313 78387 52886 58753 32083 
81420 61717 76691 47303 59825 34904 28755 46873 11595 62863 88235 37875 93751 95778 18577 80532 
17122 68066 13001 92787 66111 95909 21642 01989. 


т (in octal) = 3.11037 55242 10264 3. 
1/5 —0.31830 98861 83791, т? = 9.86960 44010 89359 = 1/0.10132 11836 42338, 


Va 


= 1.77245 38509 05516 = 1/0.56418 95835 47756, 


М2т = 2.50662 82746 31001 = 1 /0.39894 22804 01433, 
Мт/2 = 1.25331 41373 15500 = 1 /0.79788 45608 02865, 


Ўт 


= 1.46459 18875 61523 = 1 /0.68278 40632 55296. 


log пут = 0.49714 98726 94134, log, = 1.14472 98858 49400. 


(III) Radian rad 


| rad = 57° .29577 95130 82321 = 3437'.74677 07849 393 = 20626 4" 80624 70964. 
1° =0.01745 32925 19943 rad, 1'=0.00029 08882 08666 rad, 1” —0.00000 48481 36811 rad. 


(IV) Euler's Constant C (100 decimals) (— 174 Gamma Function) 


C = 0.57721 56649 01532 86060 65120 90082 40243 10421 59335 93992 
35988 05767 23488 48677 26777 66467 09369 47063 29174 67495. 


e= 1.78107 24179 90197 98522. 


s= y 1. 
jl 
n S, n S, n S, n S, 
3 1.83333 333 6 2.45000 000 15 3.31822 899 100 5.18737 752 
4 2.08333 333 8 2.71785 714 20 3.59773 966 500 6.79282 343 
5 2.28333 333 10 2.92896 825 50 4.79920 534 1000 7.48547 086 
7. Coefficients of Polynomial Approximations 


In this table, we give some typical examples of approximation formulas for computation of func- 
tions on a digital computer (— 19 Analog Computation, 336 Polynomial Approximation). 


(D Exponential Function 


(1) 


Putting ро * 17 att 5(4 is an integer, — i «»«4) we have 


e*=2%(y),0(y) = Хау‘, which gives an approximation by a polynomial of the 7th degree, 


where the maximal error is 3 х 107 !!. 


Q) 


497-0.70710 67811 6, a, =0.49012 90717 2, а, =0.16986 57957 2, a4: 0.03924 73321 5, 
a4 = 0.00680 09712, а; = 0.00094 28173, a,=0.00010 93869, аз; = 0.00001 0826. 
An approximation by a polynomial of the 11th degree: ех = Хах‘ (— 1 < х < 0). 
Maximal error 1 x 107 '?. 

ao = 0.99999 99999 990, a, = 0.99999 99999 995, а, = 0.50000 00000 747, 

a, 0.16666 66666 812, a,=0.04166 66657 960, а; = 0.00833 33332 174, 

dg = 0.00138 88925 998, а; = 0.00019 84130 955, аз = 0.00002 47944 428, 

ag — 0.00000 27550 711, ay = 0.00000 02819 019, а, = 0.00000 00255 791. 
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(3 e*=1+ xX ( logV2 < x «logV2 ). 


Maximal error 1.4x 107 4 
ka= 1.00000 00000 00327 1. k =0.10713 50664 56464 2, 
—0.00059 45898 69018 8, &4— 0.02380 17331 57418 6. 


(II) Logarithmic Function 


(1) An approximation by a polynomial of the lIth degree: log(I + x)Xa;x'! (0< x < 1). 
Maximal error 1.1 x 1071. 


—0.00000 00001 10, a, =0.99999 99654 98, ay = — 0.49999 82537 98, 
4,—0.33329 85059 64, — a,— —0.24963 72428 65. а; = 0.19773 31015 60, 
а= —0.15744 88954 13, a5 = 0.11712 91156 18, ag = — 0.07364 03719 14, 


—0.03469 74937 56, а= — 0.01046 82295 69. a = 0.00148 19917 22. 


Ep = | _ 
(2) For 1 < x <2. and putting y= — S (3+2У2 ) (-1< у < 1), then logx = logV2 + 
x+ 


>| a, y"'*! gives an approximation by a polynomial of the 11th degree (0 < í < 5), where the 
maximal error is 9.2x 107 P5. 
dy = 0.34314 57505 076106, а = 0.00336 70892 56222 5, а, — 0.00005 94707 04347 4, 
= ().00000 12504 99776 2, а, = 0.00000 00285 68292 8, а; = 0.00000 00007 43713 9. 


(HI) Trigonometric Functions 


(1) We put S =р+ 5 d +1 + g (P is an integer: q=0, 1; r=0,1; —1<2< 1), and s=sin re 
= соѕ 12 
с = 4: 


If r=0, sinx z(— 1)45, cosx «(— 1)#с, 
If rz 1, sinx =(— 1X, cosx = -(— 1)45. 
Here s and c are computed by the following approximation formulas. Putting — z2/2- y, 
5(у) = sin(zz /4)2 Уа, y’, c(y) = cos(zz / A) Ў, Б, y’ gives an approximation by a polynomial 
of the 5th degree, where the maximal errors аге s: 2x10 5, c: 2x10? 
dg = 0.78539 81633 97426, а; =0.16149 10243 75338, а, = 0.00996 15782 61200, 
a, = 0.00029 26094 99152, а, = 0.00000 50133 389, а= 0.00000 00555 1357. 
bo = 0.99999 99999 999, b, =0.61685 02750 601, Ь,= 0.06341 73767 885, 
b, = 0.00260 79335 007, b 47: 0.00005 74476 09, bs = 0.00000 07765 93. 
sin(zx/2). I "E -— 
(2) — A: =2X>(—I)'a,x2i (—1<x <1). This gives an approximation by a polynomial of 10th 
degree (0 <i < 5), where the maximal error is 2.67 x 10 11, 
ag = 1.57079 63267 682, a,=0.64596 40955 820, a,=0.07969 26037 435, 
a,~=0.00468 16578 837, a,=0.00016 02547 767, a,=0.00000 34318 696. 
TX. ad x | . 
(3) tan— = x| kot 7 +... + +— | (continued fraction) (—1«x«l) 
4 | I [7 | 


Maximal error 9.8x 1012, 
ко= 0.78539 81634 9907, k = 6.19229 46807 1350, А, = — 0.65449 83095 2316, 
Ку= 520.24599 06398 9939, К„= — 0.07797 95098 7751. 


(IV) Inverse Trigonometric Functions 


(1) An approximation by a polynomial of the 21st degree (0 « i « 10): 
arcsinx = Bax? +? (|х| < 1/ V2 ). 
Maximal error 107 10 
ay = 1.00000 00005 3, а; =0.16666 65754 5, a, 0.07500 46066 5, a4— 0.04453 58425 7. 
= 0.03175 26509 6, а; =0.01176 582819, а, = 0.06921 261857, a,= — 0.14821 09628 8, 
а= 0.32889 76635 2, a= —0.35020 41201 5, а= 0.19740 50325 0. 
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(2) Putting х= м+и (и = 1,3,2,7; -i <u< 1), v= : (le| « 4 


arc tan x —arctanw + [(ю), (о) = arctanv. 
The values of arctanw: 
arctan(1/8)— 0.12435 49945 46711, arctan(3/8) — 0.35877 06702 70611, 
arctan(5/8) —0.55859 93153 43560, arctan(7/8) — 0.71882 99996 21623. 
1(с) is computed by an approximation by a polynomial of the 9th degree (0 < ; < 4), where 
(v)=arctano = X(— yq 62it1 
Maximal error 1.6 х 107 P. 
dg = 0.99999 99999 9992, a, —0.33333 33328 220, a, = 0.19999 97377 6, 


аз = 0.14280 9976, 44 0.10763 60. 
x! х 
(3) агсїапх = «(к= Ik. +... + m (continued fraction) (C 1 < x < 1). 
] 6 


Maximal error 3.6 x 107 !9. 

Ко= 0.99999 99936 2, К, = — 3.00000 30869 4, k,= — 0.55556 97728 4, 
ку= — 15.77401 81127 3, 

Ка= — 0.16190 80978 0, К, = – 44.57191 79508 8, k |= — 0.10810 67493 1. 


(У) Gamma Function 


An approximation by a polynomial of the 8th degree: 
Г(2+х)= Sax! (-1/2<x<1/2). 
Maximal error 7.6 x 1078. 
а= 0.99999 9926, a, —0.42278 4604, a4, —0.41184 9671, a4-:0.08156 52323, 


a,—0.07406 48982. а; = – 0.00012 51376 7, aę=0.01229 95771, a= — 0.00349 61289, 
ав= 0.00213 85778. 


(VI) Normal Distribution 


© 1 è 
(1) =| NE rom r (0x x < oo). This gives an approximation by a polynomial 
л ух ах 
of the 6th degree. 


Maximal error 2.8 x 1077. 
ao = 0.07052 30784, а, =0.04228 20123, а, = 0.00927 05272, 
a,=0.00015 20143, a,=0.0002765672, а, = 0.00004 30638. 


(2) P(xa : | "et, 


Jon 
2x? a, 
4P(x)(1— P(x))= E] [ +x* (a =] (0x x « оо). 


Maximal error 2 x 107°. 
49—0.0055, а, =0.0551, a,—144. 
(3) The inverse function of (2) 


1/2 
LE zt ) ‚ у= —108[4Р(х)(1— P(x))] (0x y « оо). 
yta, 


Maximal error 4.9 х 107“. 
Ay = 2.06117 86, а, = —5.7262204, а, = 11.64059 5. 


Statistical Tables for 
Reference 


Statistical Tabies 


[1] J. A. Greenwood and H. O. Hartley, Guide 
to tables in mathematical statistics, Princeton 
Univ. Press, 1962. 

[2] Research Group for Statistical Sciences (T. 
Kitagawa and M. Masuyama, eds.) New statis- 
tical tables (Japanese), explanation p. 264, 
table p. 214, Kawade, 1952. 

[3] R. A. Fisher and F. Yates, Statistical tables 
for biological, agricultural and medical re- 
search, explanation p. 30, table p. 137, Oliver 
& Boyd, third edition, 1948. 

[4] E. S. Pearson and H. O. Hartley, Bio- 
metrika tables for statisticians, explanation 

p. 104, table p. 154, Cambridge Univ. Press, 
third edition, 1970. 

[5] K. Pearson, Tables for statisticians and 
biometricians I, 1930, explanation p. 83, table 
p. 143; П, 1931, explanation p. 250, table p. 262, 
Cambridge Univ. Press. 

[6] Statistical tables JSA-1972 (Japanese), 
table p. 454, explanation p. 260, Japanese 
Standards Association, 1972. 


Tables of Special Statistical Values 


[8] Harvard Univ., Tables of the cumulative 
binomial probability distribution, Harvard, 
1955, 


n 

> V E 5 dec., 

p = 0.01(0.01)0.50, 

n = 1(1)50(2)100(10)200(20)500(50)1000. 

[9] National Bureau of Standards, NBS ap- 
plied mathematica! series, no. 6, Tables of 
the binomial probability distribution, 1950, 
(ie ^-! and the partial sum: 7 dec, p= 
0.01(0.01)0.50, я = 2(1)49. 

[10] T. Kitagawa, Table of Poisson distribu- 
tion (Japanese), Baihükan, 1951, e ^ "m/i!: 
7-8 dec., m = 0.001(0.001)1.000(0.01)10.00. 
[11] G. J. Lieberman and D. B. Owen, Tables 
of the hypergeometric probability distribu- 


tion, Stanford, 1961, (х) N-K)/ (N); 


6 dec.. N = 2(1)50(10)100(100)2000, n = 
СМ /2), k  I(1)2. 
[12] National Bureau of Standards, NBS no. 


23, Tables of normal probability functions, 
1942, 
g(x)=(1/ V2 )exp( - 3x7), 


фху= f" p(x)dx: 15 dec., 
х = 0(0.00001)1.0000(0.001)8.285. 


[13] К. Pearson, Tables of the incomplete 
beta-functions, Cambridge, second edition, 
1968, L (p. 9): 8 dec., p, q = 0.5(0.5) 11(1)50. 
[14] K. Pearson, Tables of the incomplete 
gamma-function, Cambridge, 1922, revised 
edition, 1951, 


р f «V 2*1 q / eeXoP /T( p + D) dv: 


7 dec., p = 0.0(0.1)5.0(0.2)50.0, и = 0.1(0.1)20.0; 
p= — 1.0(0.05)0.0, u= 0.1(0.1)51.3. 

[15] N. V. Smirnov, Tables for the distribution 
and density function of the t-distribution, 
Pergamon, 1961, 6 dec., f= 1(1)35, r= 
0(0.01)3.00(0.02)4.50(0.05)6.50. 

[16] G. J. Resnikoff and G. J. Lieberman, 
Tables of the non-central r-distribution, Stan- 
ford, 1957. 

[17] F. N. David, Tables of the ordinates and 
probability integral of the distribution of the 
correlation coefficient in small samples, Cam- 
bridge, 1938. 

[18] D. B. Owen, The bivariate normal proba- 
bility distribution, Sandia Corp., 1957, 

T (h,a): 6 dec., a = 0.000(0.025)1.000, oo, h = 


0.00(0.01)3.50(0.05)4.75, T (h,a) 


_ fh ax | xy? 
"Mose )®& 
[19] National Bureau of Standards, NBS no. 


50, Tables of the bivariate normal distribution 
function and related functions, 1959, L(h.k.r) 


роо ро 1 

J, J 2т\/1—'г? 
x? y2— 2rxy 

x exp NNUS 


r= + 0.00(0.05)0.95(0.01)0.99, 
h, k =0.0(0.1)4.0. 


o dx: 6 dec., 


Tables of Allocation 


[20] T. Kitagawa and M. Midome, Table of 
allocation of elements for experimental design 
(Japanese), Baihükan, 1953. 

[21] R. C. Bose, W. H. Clatworthy, and S. S. 
Shrikhande, Tables of partially balanced de- 
signs with two associate classes, North Caro- 
lina Agric. Expt. Station Tech. Bull., 1954 
(table of PBIBD). 


Numerical Tables for 
Reference 


General Tables 


[1] M. Boll, Tables numériques universelles, 
Dunod, 1947. 

[2] P. Barlow, Barlow's tables, Robinson, 
1814, third edition, 1930. 

[3] W. Shibagaki, 0.0196 table of elementary 
functions (Japanese), Kyóritu, 1952. 

[4] K. Hayashi, Table of higher functions 
(Japanese), Iwanami, second edition, 1967. 
[5] E. Jahnke and F. Emde, Funktionentafeln 
mit Formelin und Kurven, Teubner, second 
edition 1933 (English translation: Tables of 
functions with formulae and curves, Dover, 
fourth edition, 1945). 

[6] Y. Yoshida and M. Yoshida, Mathematical 
tables (Japanese), Baihükan, 1958. 

[7] M. Abramowitz and I. A. Stegun (eds.), 
Handbook of mathematical functions with 
formulas, graphs and mathematical tables, 
National Bureau of Standards, 1964 (Dover, 
1965). 

[8] A. Fletcher et al. (eds.), Index of mathe- 
matical tables I, II, Scientific Computing 
Service, Addison-Wesley, second edition, 
1962. 


Multiplication Table 


[9] A. L. Crelle, Rechentafeln weiche alles 
Mutiplicieren und Dividiren mit Zahlen unter 
1000 ersparen, bei grósseren Zahlen aber die 
Rechung erleichtern und sicherer machen, 

W. de Gruyter, new edition 1944. 


Table of Prime Numbers 


[10] D. N. Lehmer, List of prime numbers 
from 1 to 10,006,721, Carnegie Institution of 
Washington, 1914. 


Series of Tables of Functions 


[11] British Association for the Advancement 
of Science, Mathematical tables, vol. 2, 
Emden functions, 1932; vol. 6, Bessel func- 
tions, pt. 1, 1937; vol. 8, Number-divisor 
tables, 1940; vol. 9, Tables of powers giving 
integral powers of integrals, 1940; vol. 10, 
Bessel functions, pt. 2, 1952. 

[12] Harvard University, Computation 
Laboratory, Annals, vol. 2, Tables of the 
modified Hankel functions of order one-third 
and their derivatives, 1945; vol. 3, Tables of 
the Bessel functions of the first kind of orders 


zero and one, 1947; vol. 14, Orders seventy- 
nine through one hundred thirty-five, 1951; 
vol. 18, Tables of generalized sine- and 
cosine-integral functions, pt. 1, 1949; vol. 19, 
pt. 2, 1949; vol. 20, Tables of inverse hyper- 
bolic functions, 1949; vol. 21, Tables of tke 
generalized exponential-integral functions, 
1949. 

[13] National Bureau of Standards, Applied 
Mathematics Series (AMS), AMS 1, Tables 
of the Bessel functions Y,(x), Y,(x), Кох), 
K(x), 0 < x < 1, 1948; AMS 5, Tables of sines 
and cosines to fifteen decimal places at 
hundredths of a degree, 1949; AMS 11, Table 
of arctangents of rational numbers, 1951; 
AMS 14, Tables of the exponential function 
ех (including e^ >), 1951; AMS 16, Tables 

of n! and T(n + 5) for the first thousand val- 
ues of n, 1951; AMS 23, Tables of normal 
probability functions, 1953; AMS 25, Tables 
of the Bessel functions Yo( x), Y;(x), Кох), 

K (x), 0« x < 1, 1952; AMS 26, Tables of 
Arctan x, 1953; Tables of 10*, 1953; AMS 
32, Table of sine and cosine integrals for 
arguments from 10 to 100, 1954; AMS 34, 
Table of the gamma function for complex 
arguments, 1954; AMS 36, Tabies of circular 
and hyperbolic sines and cosines for radian 
arguments, 1953; AMS 40, Table of secants 
and cosecants to nine significant figures at 
hundredths of a degree, 1954; AMS 41, 
Tables of the error function and its derivative, 
1954; AMS 43, Tables of sines and cosines 
for radian arguments, 1955; AMS 45, Table 
of hyperbolic sines and cosines, 1955; AMS 
46, Table of the descending exponential, 1955. 


Tables of Special Functions 


[14] Akademiya Nauk SSSR, Tables of the 
exponential integral functions, 1954. 

[15] J. Brownlee, Table of log r(x), Tracts for 
computers, no. 9, Cambridge Univ. Press, 
1923. 

[16] L. Dolansky and M. P. Dolansky, Table 
of log;(1/p), p'log,(1/p) and p'log,(1/p) + 
(1—p)log,(1/(1 — p), МІТ. Research Lab. of 
Electronics tech. report 227, 1952. 

[17] L. M. Milne-Thomson, Die elliptischen 
Funktionen von Jacobi, Springer, 1931; En- 
glish translation: Jacobian elliptic function 
tables, Dover, 1950. 

[18] H. T. Davis, Tables of the higher math- 
ematical functions, Principia Press, vol. 1, 
Gamma function, 1933; vol. 2, Polygamma 
functions, 1935; vol. 3, Arithmetical tables, 
1962. 

[19] R. G. Selfridge and J. E. Maxfield, A 
table of the incomplete elliptic integral of the 
third kind, Dover, 1958. 
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[20] W. Shibagaki, 0.01% table of modified 
Bessel functions and the method of numerical 
computation for them (Japanese), Baihükan, 
1955. 

[21] W. Shibagaki, Theory and application 

of gamma function, Appendix. Table of 
gamma function of complex variable effective 
up to 6 decimals (Japanese), Iwanami, 1952. 
[22] L. J. Slater, A short table of the Laguerre 
polynomials, Proc. IEE, monograph no. 103c, 
1955, 46—50. 

[23] G. N. Watson, A treatise on the theory 
of Bessel functions, Appendix, Cambridge 
Univ. Press, 1922, second edition, 1958. 

See also Statistical Tables for Reference. 


Tables of Approximation Formulas of 
Functions 


[24] S. Hitotumatu, Approximation formula 
(Japanese) Takeuti, 1963. 

[25] T. Uno (ed.), Approximation formulas 
of functions for computers 1-3, Joint research 
work for mathematical sciences, pt. IV, sec- 
tion 5, 1961-1963 (Japanese, mimeographed). 
[26] Z. Yamauti, S. Moriguti, and S. Hito- 
tumatu (eds.), Numerical methods for elec- 
tronic computers (Japanese), Baihükan, I, 
1965; II, 1967. 

[27] C. Hastings (ed.), Approximations for 
digital computers, Princeton, 1955. 

[28] A. J. W. Duijvestijn and A. J. Dekkers, 
Chebyshev approximations of some transcen- 
dental functions for use in digital computing, 
Philips Research Reports, 16 (1961), 145—174. 
[29] L. A. Lyusternik, O. A. Chervonenkis, 
and A. P. Yanpol’skii, Mathematical analysis: 
functions, limits, series, continued fractions, 
Pergamon, 1965. (Original in Russian, 1963.) 
[30] J. F. Hart et al. (eds.), Computer approxi- 
mations, Wiley, 1968. 
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Journals 


Abh. Akad. Wiss. Góttingen 
Abhandlungen der Akademie der Wissen- 
schaften in Góttingen (Góttingen) 


Abh. Bayer. Akad. Wiss. Math.-Nat. Kl. 
Abhandlungen der Bayerschen Akademie der 
Wissenschaften. Mathematisch-Naturwis- 
senschaftliche Klasse (Munich) 


Abh. Math. Sem. Univ. Hamburg 
Abhandlungen aus dem Mathematischen 
Seminar der Universitat Hamburg (Hamburg) 


Acta Arith. 
Acta Arithmetica, Polska Akademia Nauk, 
Instytut Matematyczny (Warsaw) 


Acta Informat. 
Acta Informatica (Berlin) 


Acta Math. 
Acta Mathematica (Uppsala) 


Acta Math. Acad. Sci. Hungar. 
Acta Mathematica Academiae Scientiarum 
Hungaricae (Budapest) 


Acta Math. Sinica 
Acta Mathematica Sinica (Peking). Chinese 
Math. Acta is its English translation 


Acta Sci. Math. Szeged. 
Acta Universitatis Szegediensis, Acta Scien- 
tiarum Mathematicarum (Szeged) 


Actualités Sci. Ind. 
Actualités Scientifiques et Industrielles (Paris) 


Advances in Math. 
Advances in Mathematics (New York) 


Aequationes Math. 
Aequationes Mathematicae (Basel- Waterloo) 


Algebra and Logic 
Algebra and Logic (New York). Translation of 
Algebra 1 Logika 


Algebra i Logika 

Akademiya Nauk SSSR Sibirskoe Otdelenie. 
Institut Matematiki. Algebra i Logika 
(Novosibirsk). Translated as Algebra and 
Logic 

Algebra Universalis 

Algebra Universalis (Basel) 


Amer. J. Math. 
American Journal of Mathematics (Baltimore) 


Amer. Math. Monthly 
The American Mathematical Monthly 
(Menasha) 


Amer. Math. Soc. Colloq. Publ. 
American Mathematical Society Colloquium 
Publications (Providence) 


Amer. Math. Soc. Math. Surveys 
American Mathematical Society Mathematical 
Surveys (Providence) 


Amer. Math. Soc. Proc. Symp. Pure Math. 
American Mathematical Society Proceedings 
of Symposia in Pure Mathematics (Provi- 
dence) 

Amer. Math. Soc. Transl. 

American Mathematical Society Translations 
(Providence) 


Amer. Math. Soc. Transl. Math. Monographs 
American Mathematical Society Translations 
of Mathematical Monographs (Providence) 


Ann. Acad. Sci. Fenn. 

Suomalaisen Tiedeakatemian Toimituksia, 
Annales Academiae Scientiarum Fennicae. 
Series A. I. Mathematica (Helsinki) 


Ann. der Phys. 
Annalen der Physik (Leipzig) 


Ann. Fac. Sci. Univ. Toulouse 

Annales de la Faculté des Sciences de l'Uni- 
versité de Toulouse pour les Sciences 
Mathématiques et les Sciences Physiques 
(Toulouse) 


Ann. Inst. Fourier 
Annales de l'Institut Fourier, Université de 
Grenoble (Grenoble) 


Ann. Inst. H. Poincaré 
Annales de l'Institut Henri Poincaré (Paris) 


Ann. Inst. Statist. Math. 
Annals of the Institute of Statistical Mathe- 
matics (Tokyo) 


Ann. Mat. Pura Appl. 
Annali di Matematica Pura ed Applicata 
(Bologna) 


Ann. Math. Statist. 
The Annals of Mathematical Statistics 
(Baltimore) 


Ann. Math. 
Annals of Mathematics (Princeton) 


Ann. Physique 
Annales de Physique (Paris) 


Ann. Probability 
The Annals of Probability (San Francisco) 


Ann. Polon. Math. 
Annales Polonici Mathematici. Polska 
Akademia Nauk (Warsaw) 


Ann. Roumaines Math. 

Annales Roumaines de Mathématiques. 
Journal de l'Institut Mathématique Roumain 
(Bucharest) 


Ann. Sci. Ecole Norm. Sup. 
Annales Scientifiques de l'Ecole Normale 
Supérieure (Paris) 


1841 


Ann. Scuola Norm. Sup. Pisa 
Annali della Scuola Normale Superiore de 
Pisa, Scienze Fisiche e Matematiche (Pisa) 


Ann. Statist. 
The Annals of Statistics (San Francisco) 


Arch. History Exact Sci. 
Archive for History of Exact Sciences 
(Berlin-New York) 


Arch. Math. 
Archiv der Mathematik (Basel-Stuttgart) 


Arch. Rational Mech. Anal. 
Archive for Rational Mechanics and Analysis 
(Berlin) 


Ark. Mat. 
Arkiv fór Matematik (Stockholm) 


Ark. Mat. Astr. Fys. 
Arkiv för Matematik, Astronomi och Fysik 
(Uppsala) 


Astérique 
Astérique. La Société Mathématique de 
France (Paris) 


Atti Accad. Naz. Lincei, Mem. 
Atti della Accademia Nazionale dei Lincei, 
Memorie (Rome) 


Atti Accad. Naz. Lincei, Rend. 
Atti della Accademia Nazionale dei Lincei, 
Rendiconti (Rome) 


Automat. Control Comput. Sci. 

Automatic Control and Computer Sciences 
(New York). Translation of Avtomatika 1 
Vychislitel'naya Tekhnik. Akademiya Nauk 
Latviiskoi SSR (Riga) 


Bell System Tech. J. 
The Bell System Technical Journal (New 
York) 


Biometrika 
Biometrika, A Journal for the Statistical 
Study of Biological Problems (London) 


Bol. Soc. Mat. Sáo Paulo 
Boletim da Sociedade de Matemática de Sao 
Paulo (Sao Paulo) 


Bull. Acad. Pol. Sci. 
Bulletin de l'Academie Polonaise des Sciences 
(Warsaw) 


Bull. Amer. Math. Soc. 
Bulletin of the American Mathematical 
Society (Providence) 


Bull. Calcutta Math. Soc. 
Bulletin of the Calcutta Mathematical Society 
(Calcutta) 


Bull. Math. Statist. 
Bulletin of Mathematical Statistics (Fukuoka, 
Japan) 


Journals 


Bull. Nat. Res. Council 
Bulletin of the National Research Council 
(Washington) 


Bull. Sci. Math. 
Bulletin des Sciences Mathématiques (Paris) 


Bull. Soc. Math. Belg. 
Bulletin de la Société Mathématique de 
Belgique (Brussels) 


Bull. Soc. Math. France 
Bulletin de la Société Mathématique de 
France (Paris) 


Bull. Soc. Roy. Sci. Liége 

Bulletin de la Société Royale des Sciences de 
Liége (Liége) 

C. R. Acad. Sci. Paris 


Comptes Rendus Hebdomadaires des Séances 
de l'Académie des Sciences (Paris) 


Canad. J. Math. 
Canadian Journal of Mathematics (Toronto) 


Casopis Pést. Mat. 
Casopis pro Péstováni Matematiky, Ces- 
koslovenská Akademie Véd (Prague) 


Colloq. Math. _ 
Colloquium Mathematicum (Warsaw) 


Comm. ACM 
Communications of the Association for 
Computing Machinery (New York) 


Comm. Math. Phys. 
Communications in Mathematical Physics 
(Berlin) 


Comm. Pure Appl. Math. 
Communications on Pure and Applied 
Mathematics (New York) 


Comment. Math. Helv. 
Commentarii Mathematici Helvetici (Zurich) 


Compositio Math. 
Compositio Mathematica (Groningen) 


Comput. J. 
The Computer Journal (London) 


Crelles J. 
= J. Reine Angew. Math. 


CWI Newslett. 
Centrum voor Wiskunde en Informatica. 
Newsletter (Amsterdam) 


Cybernetics 
Cybernetics (New York). Translation of 
Kibernetika (Kiev) 


Czech. Math. J. 
Czechoslovak Mathematical Journal (Prague) 


Deutsche Math. 
Deutsche Mathematik (Berlin) 


Journals 


Differentsial'nye Uravneniya 
Differentsial'nye Uravneniya (Minsk). Trans- 
lated as Differential Equations 


Differential Equations 
Differentia] Equations (New York). Transla- 
tion of Differentsia’nye Uravneniya 


Dokl. Akad. Nauk SSSR 

Doklady Akademii Nauk SSSR 

(Moscow). Soviet Math. Dokl. is the English 
translation of its mathematics section 


Duke Math. J. 
Duke Mathematical Journal (Durham) 


Econometrica 
Econometrica, Journal of the Econometric 
Society (Chicago) 


Edinburgh Math. Notes 
The Edinburgh Mathematical Notes (Edin- 
burgh) 


Enseignement Math. 
L'Enseignement Mathématique (Geneva) 


Enzykl. Math. 

Enzyklopädie der Mathematischen Wissen- 
schaften mit Einschluss ihrer Anwendungen 
(Berlin) 


Erg. Angew. Math. 
Ergebnisse der Angewandte Mathematik 
(Berlin-New York) 


Erg. Math. 
Ergebnisse der Mathematik und ihrer Grenz- 
gebiete (Berlin-New York) 


Fund. Math. 
Fundamenta Mathematicae (Warsaw) 


Funkcial. Ekvac. 

Fako de l'Funkcialaj Ekvacioj Japana 
Matematika Societo. Funkcialaj Ekvacioj 
(Serio Internacia) (Kobe, Japan) 


Functional Anal. Appl. 

Functional Analysis and its Applications 
(New York). Translation of Funktsional. Anal. 
Prilozhen. 


Funktsional. Anal. Prilozhen. 

Funktsional’nyi Analiz i ego Prilozheniya. 
Akademiya Nauk SSSR (Moscow). Translated 
as Functional Anal. Appl. 


General Topology and Appl. 
General Topology and its Applications 
(Amsterdam) 


Hiroshima Math. J. 
Hiroshima Mathematical Journal. Hiroshima 
Univ. (Hiroshima, Japan) 


Hokkaido Math. J. 
Hokkaido Mathematical Journal. Hokkaido 
Univ. (Sapporo, Japan) 


1842 


IBM J. Res. Develop. 
IBM Journal of Research and Development 
(Armonk, N.Y.) 


Hllinois J. Math. 
Illinois Journal of Mathematics (Urbana) 


Indag. Math. 
Indagationes Mathematicae = Nederl. Akad. 
Wetensch. Proc. 


Indian J. Math. 
Indian Journal of Mathematics (Allahabad) 


Indiana Univ. Math. J. 
Indiana University Mathematics Journal 
(Bloomington) 


Information and Control 
Information and Control (New York) 


Inventiones Math. 
Inventiones Mathematicae (Berlin) 


Izv. Akad. Nauk SSSR 

Izvestiya Akademii Nauk SSSR (Moscow). 
Math. USSR-Izv. is the English translation 
of its mathematics section 


J. Algebra 
Journal of Algebra (New York) 


J. Analyse Math. 
Journal d'Analyse Mathématiques (Jerusalem) 


J. Appl. Math. Mech. 

Journal of Applied Mathematics and 
Mechanics (New York). Translation of Prikl. 
Mat. Mekh. 


J. Approximation Theory 
Journal of Approximation Theory (New York) 


J. Assoc. Comput. Mach. (J. ACM) 
Journal of the Association for Computing 
Machinery (New York) 


J. Austral. Math. Soc. 

The Journal of the Australian Mathematical 
Society (Sydney) 

J. Combinatorial Theory 


Journal of Combinatorial Theory. Series A 
and Series B (New York) 


J. Comput. System Sci. 
Journal of Computer and System Sciences 
(New York) 


J. Differential Equations 
Journal of Differential Equations (New York) 


J. Differential Geometry 
Journal of Differential Geometry (Bethlehem, 
Pa.) 


J. Ecole Polytech. 
Journal de l'Ecole Polytechnique (Paris) 


J. Fac. Sci. Hokkaido Univ. 

Journal of the Faculty of Science, Hokkaido 
University. Series I. Mathematics (Sapporo, 
Japan) 
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J. Fac. Sci. Univ. Tokyo 
Journal of the Faculty of Science, University 
of Tokyo. Section I. (Tokyo) 


J. Franklin Inst. 
Journal of the Franklin Institute (Phila- 
delphia) 


J. Functional Anal. 
Journal of Functional Analysis (New York) 


J. Indian Math. Soc. 
The Journal of the Indian Mathematical 
Society (Madras) 


J. Inst. Elec. Engrs. 
Journal of the Institution of Electrical En- 
gineers (London) 


J. Inst. Polytech. Osaka City Univ. 

Journal of the Institute of Polytechnics, Osaka 
City University. Series A. Mathematics 
(Osaka) 


J. London Math. Soc. 
The Journal of the London Mathematical 
Society (London) 


J. Math. Anal. Appl. 
Journal of Mathematical Analysis and Ap- 
plications (New York) 


J. Math. and Phys. 

Journal of Mathematics and Physics (Cam- 
bridge, Massachusetts, for issues prior to 1975; 
for 1975 and later, New York) 


J. Math. Econom. 
Journal of Mathematical Economics 
(Amsterdam) 


J. Math. Kyoto Univ. 
Journal of Mathematics of Kyoto University 
(Kyoto) 


J. Math. Mech. 
Journal of Mathematics and Mechanics 
(Bloomington) 


J. Math. Pures Appl. 
Journal de Mathématiques Pures et Ap- 
pliquées (Paris) 


J. Math. Soc. Japan 
Journal of the Mathematical Society of Japan 
(Tokyo) 


J. Mathematical Phys. 
Journal of Mathematical Physics (New York) 


J. Multivariate Anal. 
Journal of Multivariate Analysis (New York) 


J. Number Theory 
Journal of Number Theory (New York) 


J. Operations Res. Soc. Japan 
Journal of the Operations Research Society 
of Japan (Tokyo) 


Journals 


J. Optimization Theory Appl. 
Journal of Optimization Theory and Applica- 
tions (New York) 


J. Phys. Soc. Japan 

Journal of the Physical Society of Japan 
(Tokyo) 

J. Pure Appl. Algebra 

Journal of Pure and Applied Algebra 
(Amsterdam) 


J. Rational Mech. Anal. 
Journal of Rational Mechanics and Analysis 
(Bloomington) 


J. Reine Angew. Math. 
Journal für die Reine und Angewandte 
Mathematik (Berlin). — Crelles J. 


J. Res. Nat. Bur. Standards 

Journal of Research of the National Bureau 
of Standards. Section B. Mathematics and 
Mathematical Physics (Washington) 


J. Sci. Hiroshima Univ. 

Journal of Science of Hiroshima Untversity. 
Series A (Mathematics, Physics, Chemistry); 
Series A-I. (Mathematics) (Hiroshima) 


J. Soviet Math. 

Journal of Soviet Mathematics (New York). 
Translation of (1) Itogi Nauki—Seriya 
Matematika (Progress in Science— Mathe- 
matical Series); (2) Problemy Matematichesk- 
ogo Analiza (Problems in Mathematical 
Analysis); (3) Zap. Nauchn. Sem. Leningrad. 
Otdel. Mat. Inst. Steklov. 


J. Symbolic Logic 

The Journal of Symbolic Logic (New Bruns- 
wick) 

Japan. J. Math. 

Japanese Journal of Mathematics (Tokyo) 


Jber. Deutsch. Math. Verein. (Jber. D.M.V.) 
Jahresbericht der Deutschen Mathematiker 
Vereinigung (Stuttgart) 


Kibernetika (Kiev) 

Otdelenie Matematiki, Mekhaniki ií Kiber- 
netiki Akademii Nauk Ukrainskoi SSR. 
Kibernetika (Kiev). Translated as Cybernetics 


Kódai Math. Sem. Rep. | 
Kódai Mathematical Seminar Reports 
(Tokyo) 


Linear Algebra and Appl. 
Linear Algebra and Its Applications (New 
York) 


Linear and Multilinear Algebra. 
Linear and Multilinear Algebra (New York) 


Mat. Sb. 
Matematicheskii Sbornik (Recueil Mathéma- 


tique). Akademiya Nauk SSSR (Moscow). 
Translated as Math. USSR-Sb. 


Journals 


Mat. Tidsskr. À 
Matematisk Tidsskrift. А (Copenhagen) 


Mat. Zametki 

Matematicheskii Zametki. 

Akademiya Nauk SSSR (Moscow). Translated 
as Math. Notes 


Math. Ann. 
Mathematische Annalen (Berlin-Góttingen- 
Heidelberg) 


Math. Comp. 
Mathematics of Computation (Providence). 
Formerly Math. Tables Aids Comput. 


Math. J. Okayama Univ. 

Mathematical Journal of Okayama University 
(Okayama, Japan) 

Math. Japonicae 

Mathematica Japonicae (Osaka) 


Math. Nachr. 
Mathematische Nachrichten (Berlin) 


Math. Notes 

Mathematical Notes of the Academy of 
Sciences of the USSR (New York). Trans- 
lation of Mat. Zametki 


Math. Rev. 
Mathematical Reviews (Ann Arbor) 


Math. Scand. 
Mathematica Scandinavica (Copenhagen) 


Math. Student 
The Mathematical Student (Madras) 


Math. Tables Aids Comput. (MTAC) 
Mathematical Tables and Other Aids to 
Computation (Washington). Name changed 
to Mathematics of Computation in 1960 
(vol. 14ff.) 


Math. USSR-Izv. 
Mathematics of the USSR-Izvestiya (Provi- 
dence). Translation of Izv. Akad. Nauk SSSR 


Math. USSR-Sb. 
Mathematics of the USSR-Sbornik (Provi- 
dence). Translation of Mat. Sb. 


Math. Z. 
Mathematische Zeitschrift (Berlin-Góttingen- 
Heidelberg) 


Mathematika 
Mathematika, A Journal of Pure and Applied 
Mathematics (London) 


Meed. Lunds Univ. Mat. Sem. 

Meddelanden frán Lunds Universitets 
Matematiska Seminarium = Communications 
du Séminaire Mathématique de l'Université 
de Lund (Lund) 


Mem. Amer. Math. Soc. 
Memoirs of the American Mathematical 
Society (Providence) 
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Mem. Coll. Sci. Univ. Kyóto 
Memoirs of the College of Science, University 
of Kyóto. Series A (Kyoto) 


Mem. Fac. Sci. Kyushu Univ. 

Memoirs of the Faculty of Science, Kyushu 
University. Series A. Mathematics (Fukuoka, 
Japan) 


Mémor. Sci. Math. 
Mémorial des Sciences Mathématiques (Paris) 


Michigan Math. J. 
The Michigan Mathematical Journal (Ann 
Arbor) 


Mitt. Math. Ges. Hamburg 
Mitteilungen der Mathematischen 
Gesellschaft in Hamburg (Hamburg) 


Monatsh. Math. Phys. 
Monatschefte für Mathematik und Physik 
(Vienna) 


Monatsh. Math. 
Monatshefte für Mathematik (Vienna) 


Monograf. Mat. 
Monografje Matematyczne (Warsaw) 


Moscow Univ. Math. Bull. 

Moscow University Mathematics Bulletin 
(New York). Translation of the mathematics 
section of Vestnik Moskov. Univ., Ser. I, Mat. 
Mekh. 


Nachr. Akad. Wiss. Góttingen 
Nachrichten der Akademie der Wissenschaften 
in Göttingen. Math.-Phys. Kl. (Géttingen) 


Nagoya Math. J. 
Nagoya Mathematical Journal (Nagoya) 


Nederl. Akad. Wetensch. Proc. 

Koninklijke Nederlandse Akademie van 
Wetenschappen, Proceedings. Series A. 
Mathematical Sciences (Amsterdam) — Indag. 
Math., Proc. Acad. Amsterdam 


Nieuw Arch. Wisk. 
Nieuw Archief voor Wiskunde (Groningen) 


Numerische Math. 
Numerische Mathematik (Berlin-Góttingen- 
Heidelberg) 


Nuovo Cimento 
Il Nuovo Cimento (Bologna) 


Osaka J. Math. 
Osaka Journal of Mathematics (Osaka) 


Osaka Math. J. 
Osaka Mathematical Journal (Osaka) 


Pacific J. Math. 
Pacific Journal of Mathematics (Berkeley) 


Philos. Trans. Roy. Soc. London 
Philosophical Transactions of the Royal 
Society of London. Series A (London) 


1845 


Phys. Rev. 
The Physical Review (New York) 


Portugal. Math. 
Portugaliae Mathematica (Lisbon) 


Prikl. Mat. Mekh. 

Adademiya Nauk SSSR. Otdelenie Tekhnich- 
eskikh Nauk. Institut Mekhaniki Prikladnaya 
Matematika 1i Mekhanika (Moscow). Trans- 
lated as J. Appl. Mat. Mech. 


Proc. Acad. Amsterdam 
— Nederl. Akad. Wetensch. Proc. 


Proc. Amer. Math. Soc. 
Proceedings of the American Mathematical 
Society (Providence) 


Proc. Cambridge Philos. Soc. 
Proceedings of the Cambridge Philosophical 
Society (Cambridge) 


Proc. Imp. Acad. Tokyo 
Proceedings of the Imperial Academy (Tokyo) 


Proc. Japan Acad. 
Proceedings of the Japan Academy (Tokyo) 


Proc. London Math. Soc. 
Proceedings of the London Mathematical 
Society (London) 


Proc. Nat. Acad. Sci. US 

Proceedings of the National Academy of 
Sciences of the United States of America 
(Washington) 


Proc. Phys.-Math. Soc. Japan 
Proceedings of the Physico- Mathematical 
Society of Japan (Tokyo) 


Proc. Roy. Soc. London 
Proceedings of the Royal Society of London. 
Series А (London) 


Proc. Steklov Inst. Math. 

Proceedings of the Steklov Institute of 
Mathematics (Providence). Translation of 
Trudy Mat. Inst. Steklov. 


Prog. Theoret. Phys. 
Progress of Theoretical Physics (Kyoto) 


Publ. Inst. Math. 
Publications de l'Institut Mathématique 
(Belgrade) 


Publ. Inst. Math. Univ. Strasbourg 
Publications de l'Institut de Mathématiques 
de l'Université de Strasbourg (Strasbourg) 


Publ. Math. Inst. HES 
Publications Mathématiques de l'Institut des 
Hautes Etudes Scientifiques (Paris) 


Publ. Res. Inst. Math. Sci. 
Publications of the Research Institute for 
Mathematical Sciences (Kyoto) 


Journals 


Quart. Appl. Math. 
Quarterly of Applied Mathematics (Provi- 
dence) 


Quart. J. Math. 
The Quarterly Journal of Mathematics, Ox- 
ford. Second Series (Oxford) 


Quart. J. Mech. Appl. Math. 
The Quarterly Journal of Mechanics and 
Applied Mathematics (Oxford) 


Rend. Circ. Mat. Palermo 
Rendiconti del Circolo Matematico de 
Palermo (Palermo) 


Rend. Sem. Mat. Univ. Padova 
Rendiconti del Seminario Matematico 
dell'Universitá di Padova (Padua) 


Rev. Mat. Hisp. Amer. 
Revista Matemática Hispafio-Americana 
(Madrid) 


Rev. Mod. Phys. 
Reviews of Modern Physics (New York) 


Rev. Un. Mat. Argentina 
Revista de la Unión Matematica Argentina 
(Buenos Aires) 


Rev. Univ. Tucuman 

Revista Universidad Nacional de Tucuman, 
Facultad de Ciencias Exactas y Tecnologia. 
Serie A. Matematicas y Fisica Teorica 
(Tucuman) 


Roczniki Polsk. Towar. Mat. 

Roczniki Polskiego Towarzystwa Matema- 
tycznego. Serja I. Prace Matematyczne 
(Krakow) 


Rozprawy Mat. 
Rozprawy Matematyczne, Polska Akademia 
Nauk, Instytut Matematyczny (Warsaw) 


Russian Math. Surveys. 
Russian Mathematical Surveys (London). 
Translation of Uspekhi Mat. Nauk 


Sammul. Góschen 
Sammulung Géschen (Leipzig) 


Sankhya 
Sankhya, The Indian Journal of Statistics. 
Series A and Series B (Calcutta) 


S.-B. Berlin. Math. Ges. 
Sitzungsberichte der Berliner Mathematischen 
Gesellschaft (Berlin) 


S.-B. Deutsch. Akad. Wiss. Berlin 
Sitzungsberichte der Deutschen Akademie 
der Wissenschaften zu Berlin, Mathematisch- 
Naturwissenschaftliche Klasse (Berlin) 


S.-B. Heidelberger Akad. Wiss. 
Sitzungsberichte der Heidelberger Akademie 
der Wissenschaften, Mathematisch-Natur- 
wissenschaftliche Klasse (Heidelberg) 


Journals 


S.-B. Math.-Nat. КІ. Bayer. Akad. Wiss. 
Sitzungsberichte der Mathematisch-Natur- 
wissenschaflichen Klasse der Bayerischen 
Akademie der Wissenschaften zu München 
(Munich) 


S.-B. Óster. Akad. Wiss. 
Sitzungsberichte der Osterreichische Akade- 
mie der Wissenschaften (Vienna) 


S.-B. Phys.-Med. Soz. Erlangen 
Sitzungsberichte der Physikalisch- 
Medizinischen Sozietat zu Erlangen (Erlangen) 


S.-B. Preuss. Akad. Wiss. 

Sitzungsberichte der Preussischen Akademie 
der Wissenschaften. Physikalisch-Mathema- 
tische Klasse (Berlin) 


Schr. Math. Inst. u. Inst. Angew. Math. Univ. 
Berlin 

Schriften des Mathematischen Instituts und 
des Instituts für Angewandte Mathematik der 
Universitat Berlin (Berlin) 


Schr. Math. Inst. Univ. Münster 
Schriftenrethe des Mathematischen Instituts 
der Universitat Münster (Münster) 


Sci. Papers Coll. Gen. Ed. Univ. Tokyo 
Scientific Papers of the College of General 
Education, University of Tokyo (Tokyo) 


Sci. Rep. Tokyo K yoiku Daigaku 
Science Reports of the Tokyo Kyoiku 
Daigaku. Section A (Tokyo) 


Scripta Math. 

Scripta Mathematica. A Quarterly Journal 
devoted to the Philosophy, History, and Ex- 
pository Treatment of Mathematics (New 
York) 


Sém. Bourbaki 

Séminaire Bourbaki (Paris) 

SIAM J. Appl. Math. 

SIAM Journal of Applied Mathematics. А 
Publication of the Society for Industrial and 
Applied Mathematics (Philadelphia) 

SIAM J. Comput. 

SIAM Journal on Computing (Philadelphia) 
SIAM J. Control 

SIAM Journal on Control (Philadelphia) 


SIAM J. Math. Anal. 

SIAM Journal on Mathematical Analysis 
(Philadelphia) 

SIAM J. Numer. Anal. 

SIAM Journal on Numerical. Analysis 
(Philadelphia) 

SIAM Rev. 

SIAM Review (Philadelphia) 


Siberian Math. J. 
Siberian Mathematical Journal (New York). 
Translation of Sibirsk. Mat. Zh. 
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Sibirsk. Mat. Zh. 

Akademiya Nauk SSSR. Sibirskoe Otdelenie. 
Sibirskii Matematicheskii Zhurnal (Moscow). 
Translated as Siberian Math. J. 


Skr. Norske Vid. Akad. Oslo 

Skrifter Utgitt av det Norske Videnskaps- 
Akademii Oslo. Matematisk-Naturvidens- 
kapelig Klasse (Oslo) 


Soviet Math. Dokl. 

Soviet Mathematics, Doklady (Providence). 
Translation of mathematical section of Dokl. 
Akad. Nauk SSSR 


SRI J. 
Stanford Research Institute Journal (Menlo 
Park) 


Studia Math. 
Studia Mathematica. (Wroclaw) 


Sübutu-kaisi 

Nihon Sügaku-buturi-gakkai Kaisi (Tokyo) 
Sügaku 

Sügaku, Mathematical Society of Japan 
(Tokyo) 


Summa Brasil. Math. 
Summa Brasiliensis Mathematicae (Rio de 
Janeiro) 


Tensor 
Tensor (Chigasaki, Japan) 


Teor. Veroyatnost. i Primenen. 

Teoriya Veroyatnostei i ee Primenenie. 
Akademiya Nauk SSSR (Moscow). Translated 
as Theor. Prob. Appl. 


Theor. Prob. Appl. 

Theory of Probability and Its Applications. 
Society for Industrial and Applied Mathe- 
matics. English translation of Teor. Veroyat- 
nost. i Primenen. (Philadelphia) 


Tóhoku Math. J. 
The Tóhoku Mathematical Journal (Sendai, 
Japan) 


Tóhoku-rihó 
Tóhoku Teikokudaigaku Rikahókoku 
(Sendai, Japan) 


Topology 
Topology. An International Journal of 
Mathematics (Oxford) 


Trans. Amer. Math. Soc. 
Transactions of the American Mathematical 
Society (Providence) 


Trans. Moscow Math. Soc. 

Transactions of the Moscow Mathematical 
Society (Providence). Translation of Trudy 
Moskov. Mat. Obshch. 


Trudy Mat. Inst. Steklov. 
Trudy Matematicheskogo Instituta im. V. A. 


1847 


Steklova. Akademiya Nauk SSSR (Moscow- 
Leningrad). Translated as Proc. Steklov Inst. 
Math. 


Trudy Moskov. Obshch. 

Trudy Moskovskogo Matematicheskogo 
Obshchestva (Moscow). Translated as Trans. 
Moscow Math. Soc. 


Tsukuba J. Math. 
Tsukuba Journal of Mathematics. Univ. 
Tsukuba (Ibaraki, Japan) 


Ukrain. Mat. Zh. 

Akademiya Nauk Ukrainskoi SSR. Institut 
Matematiki. Ukrainskit Matematicheskii 
Zhurnal (Kiev). Translated as Ukrainian 
Math. J. 


Ukrainian Math. J. 
Ukrainian Mathematical Journal (New York). 
Translation of Ukrain. Mat. Zh. 


Uspekhi Mat. Nauk 

Uspekhi Matematicheskikh Nauk (Moscow- 
Leningrad). Translated as Russian Math. 
Surveys 


Vestnik Moskov. Univ. 

Vestnik Moskovskogo Universiteta. I, Mate- 
matika i Mekhanika (Moscow). Mathematical 
section translated as Moscow Univ. Math. 
Bull. 


Vierteljschr. Naturf. Ges. Zürich 
Vierteljahrsschrifte der Naturforschenden 
Gesellschaft in Zürich (Zurich) 


Z. Angew. Math. Mech. (Z.A.M.M.) 
Zeitschrift für Angewandte Mathematik und 
Mechanik, Ingenieurwissenschaftliche For- 
schungsarbeiten (Berlin) 


Z. Angew. Math. Phys. (Z. A.M.P.) 
Zeitschrift für Angewandte Mathematik und 
Physik (Basel) 

Z. Wahrscheinlichkeitstheorie 


Zeitschrift für Wahrscheinlichkeitstheorie und 
Verwandte Gebiete (Berlin) 


Zbl. Angew. Math. 
Zentralblatt für Angewandte Mathematik 
(Berlin) 


Zbl. Math. 
Zentralblatt für Mathematik und ihre Grenz- 
gebiete (Berlin-Góttingen-Heidelberg) 


Zh. Eksper. Teoret. Fiz. 
Zhurnal Eksperimental’noi i Teoreticheskoi 
Fiziki (Moscow) 


Journals 


Publishers 


Academic Press 
Academic Press Inc., New York-London 


Addison-Wesley 

Addison-Wesley Publishing Company, Inc., 
Reading (Massachusetts)-Menlo Park (Сай- 
fornia)-London-Don Mills (Ontario) 
Akadémiai Kiadó 

A kiadásért felós: az Adadémiat Kiadó 1gaza- 
tója (Publishing House of the Hungarian 
Academy of Sciences), Budapest 


Akademie-Verlag 
Berlin 


Akademische Verlag. 
Akademische Verlagsgesellschaft, Leipzig 


Allen 
W.H. Allen & Co. Ltd., London 


Allen & Unwin 
Allen & Unwin, Inc., Winchester (Massachu- 
setts) 


Allyn & Bacon 
Allyn & Bacon, Inc., Newton (Massachusetts) 


Almqvist and Wiksell 
Almqvist och Wiksell Förlag, Stockholm 


Asakura 
Asakura-syoten, Tokyo 


Aschelhoug 

H. Aschelhoug and Company, Oslo 
Baihûkan 

Tokyo 

Benjamin 

W. A. Benjamin, Inc., New York-London 
Birkhäuser 

Birkhäuser Verlag, Basel-Stuttgart 


Blackie 
Blackie & Son Ltd., London-Glasgow 


Cambridge Univ. Press 

Cambridge University Press, London-New 
York 

Chapman & Hall 

Chapman & Hall Ltd., London 


Chelsea 
Chelsea Publishing Company, New York 


Clarendon Press 
Oxford University Press, Oxford 


Cremona 
Edizioni Cremonese, Rome 


de Gruyter 
Walter de Gruyter and Company, Berlin 


Dekker 
Marcel Dekker, Inc., New York 


Deutscher Verlag der Wiss. 
Deutscher Verlag der Wissenschaften, Berlin 


Dover 
Dover Publications, Inc., New York 


Dunod 
Dunod, Editeur, Paris 


Elsevier 
Elsevier Publishing Company, Amsterdam- 
London-New York 


Fizmatgiz 
Gosudarstvennoe Izdateľstvo Fiziko- 
Matematicheskoi Literatury, Moscow 


Gauthier-Villars 

Gauthier-Villars & Сі, Editeur, Paris 
Ginn 

Ginn and Company, Waltham (Massachu- 
setts)- Toronto-London 


Gordon & Breach 
Gordon & Breach, Science Publishers Ltd., 
London 


Goztekhizdat 
Gosudarstvennoe Izdatel'stvo Tekhniko- 
Teoreticheskoi Literatury, Moscow 


Griffin 
Charles Griffin and Company Ltd., London 


Hafner 
Hafner Publishing Company, New York 


Harper & Row 
Harper & Row Publishers, New York- 
Evanston-London 


Hermann 
Hermann & C*, Paris 


Hirokawa 
Hirokawa-syoten, Tokyo 


Hirzel 
Verlag von S. Hirzel, Leipzig 


Holden-Day 
Holden-Day, Inc., San Francisco-London- 
Amsterdam 


Holt, Rinehart and Winston 
Holt, Rinehart and Winston, Inc., New York- 
Chicago-San Francisco-Toronto-London 


Interscience 
Interscience Publishers, Inc., New York- 
London 


Iwanami 
Iwanami Shoten, Tokyo 


Kawade 
Kawade-syobó, Tokyo 


Kinokoniya 
Kinokoniya Company, Tokyo 
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Kyóritu 

Kyóritu-syuppan, Tokyo 

Lippincott 

J. B. Lippincott Company, Philadelphia 


Longman 
Longman Group, Ltd., Harlow (Essex) 


Longmans, Green 

Longmans, Green and Company, Ltd., 
London-New York-Toronto-Bombay- 
Calcutta-Madras 


Macmillan 
The Macmillan Company, New York-London 


Maki 
Maki-syoten, Tokyo 


Maruzen 
Maruzen Company Ltd., Tokyo 


Masson 
Masson еї Сі, Paris 


Math-Sci Press 
Math-Sci Press, Brookline (Massachusetts) 


McGraw-Hill 
McGraw-Hill Book Company, Inc., New 
York-London-Toronto 


Methuen 
Methuen and Company Ltd., London 


MIT Press 
The MIT Press, Cambridge (Massachusetts)- 
London 


Nauka 
Izdatel'stvo Nauka, Moscow 


Noordhoff 
P. Noordhoff Ltd., Groningen 


North-Holland 
North-Holland Publishing Company, 
Amsterdam 


Oldenbourg 
Verlag von R. Oldenbourg, Munich-Vienna 


Oliver & Boyd 
Oliver & Boyd Ltd., Edinburgh-London 


Oxford Univ. Press 
Oxford University Press, London-New York 


Pergamon 
Pergamon Press, Oxford-London-Edinburgh- 
New York-Paris-Frankfurt 


Polish Scientific Publishers 
Panstwowe Wydawnictwo Naukowe, Warsaw 


Prentice-Hall 
Prentice-Hall, Inc., Englewood Cliffs (New 
Jersey) 


Princeton Univ. Press 
Princeton University Press, Princeton 


Publishers 


Random House 
Random House, Inc., New York 


Sibundó 

Tokyo 

Springer 

Springer-Verlag, Berlin (-Góttingen)- 
Heidelberg-New York 

Teubner 

B. G. Teubner Verlagsgesellschaft, Leipzig- 
Stuttgart 

Tókai 

Tókai-syobó, Tokyo 

Tokyo-tosyo 

Tokyo 


Tokyo Univ. Press 
Tokyo University Press, Tokyo 


Ungar 
Frederick Ungar Publishing Company, New 
York 


Univ. of Tokyo Press 
University of Tokyo Press, Tokyo 


Utida-rókakuho 
Tokyo 
Van Nostrand 


D. Van Nostrand Company, Inc., Toronto- 
New York-London 


Vandenhoeck & Ruprecht 

Góttingen 

Veit 

Verlag von Veit & Company, Leipzig 
Vieweg 

Friedr Vieweg und Sohn Verlagsgesellschaft 
mbH, Wiesbaden 

Wiley 

Wiley & Sons, Inc., New York-London 


Wiley-Interscience 
Wiley & Sons, Inc., New York-London 


Zanichelli 
Nicola Zanichelli Editore, Bologna 


Special Notation 


This list contains the notation commonly and frequently used throughout this work. The symbol * 
means that the same notation is used with more than one meaning. For more detailed definitions 


or further properties of the notation, see the articles cited. 


Article 
and 
Notation Example Definition Section 
I. Logic 
V VxF(x) Universal quantifier (for all x, F(x)  411B, C 
holds) 
3 3xF(x) Existential quantifier (there exists 411B, C 
an x such that F(x) holds) 
^. & AAB, A&B Conjunction, logical product 411B* 
(A and B) 
v АУ В Disjunction, logical sum (А ог В) 411B* 
ul JA Negation (not A) 411B 
>, D, = A->B, A=B Implication (A implies B) 411B* 
ө, <, = A+B Equivalence (A and Bare logically 411В 
equivalent) 
IL Sets 
€ xeX Membership (element x is a 381A 
member of the set X) 
Ф x€ X Nonmembership (element x is not 381A 
a member of the set X) 
c AcB Inclusion (A is a subset of B) 381A 
Ф АФВ Noninclusion (А is not a subset 381A 
of B) 
= ASB Proper inclusion (A is a proper 381A 
subset of B) 
[^] Empty set 381A 
U, U AUB, (ЈА, Union, join 381B, D* 
п, Г\ АПВ,[\А, Intersection, meet 381B, D* 
C A‘, C(A) Complement (of a set A) 381B 
—, ` A-B, ANB Difference (A — B= AN B*) 381B 
AxB Cartesian product (of A and B) 381B* 
К, ~ xRy, х~у Equivalence relation 135A* 
(for two elements x, y) 
/ A/R Quotient set (set of equivalence 135B* 
classes of A with respect to an 
equivalence relation R) 
II IL A, Cartesian product (of the A,) 381E 
x. LI XA, Ца, Direct sum (of the A,) 381E 
B B(A) Power set (set of all subsets of A) 381E 
B^ Set of all mappings from A to B 381C 
{|} {x|P(x)} Set of all elements x with the 381A 


property P(x) 
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Notation 


i 


limsup, lim 
lim inf, lim 


lim 


III. Order 
(2) 
С. 1] 
(, J 
L.) 


< 


U, v 
П, л 
IV. Algebra 


mod 


det, | | 


Special Notation 


Article 
and 

Example Definition Section 

{ау} ел Family with index set А 165D 

{а„} Sequence (of numbers, points, 165D 
functions, or sets) 

X, | X|, # X Cardinal number (of the set X) 49A* 

N, Aleph (transfinite cardinal) 49E 

f:X- Y Mapping ( f from X to Y) 381C* 

f:XeoY Mapping (where f(X) = Y, but 381C 
not in the present volumes) 

14, id, Identity mapping 381C 
(identity function) 

су(х), у(х) Characteristic function 381C 
(representing function) 

ЛА Restriction (of a mapping f to A) 381C* 

gof Composite (of mappings f and g) 381C 

limsup A, Superior limit (of the sequence 270C* 
of sets A,) 

liminf A, Inferior limit (of the sequence 270C* 
of sets A,) 

lim A, Limit (of the sequence of sets A,) 270C* 

lim A, Inductive limit (of A,) 210B 

lim A; Projective limit (of A,) 210B 

(a, b) Open interval (x|a « x <b} 355C* 

[a,b] Closed interval (x|a &x « b] 355C* 

(а, b] Half-open-interval (x|a « x <b} 355C 

[a, b) Half-open interval {х|а<х « b] 355C 

max A Maximum (of A) 311B 

min A Minimum (of A) 311B 

sup A Supremum, least upper bound 311B 
(of A) 

inf A Infimum, greatest lower bound 311B 
(of A) 

a«b Very large (b is very large 
compared to a) 

aUb,avb Join of a, b in an ordered set 243A* 

aNb,anb Meet of a, b in an ordered set 243A* 

az b (тойи) Modulo (a and b are congruent 297G 
modulo n) 

ajb Divisibility (a divides b) 297A* 

alb Nondivisibility (a does not 297A 
divide b) 

det A, | А| Determinant (of а square matrix 103А* 


4) 
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Article 
and 
Notation Example Definition Section 
tr, Sp tr A, SpA Trace (of a square matrix A) 269F 
bx. tA; At, AT, A’ Transpose (of a matrix A) 269B 
I I, Unit matrix (of degree n) 269A 
Ej Matrix unit (matrix whose 269B 
(i, j)-component is 1 and all others 
are 0) 
e» АФВ Kronecker product (of two 269C* 
matrices А and B) 
= Ме=М Isomorphism (of two algebraic 256B 
systems M and N) 
/ M/N Quotient space (of an algebraic 256F* 
system M by N) 
dim dim M Dimension (of a linear space, etc.) 256C 
Im Im f Image (of a mapping f) 27TE* 
Ker Ker f Kernel (of a mapping f) 277E 
Coim Coim f Coimage (of a mapping f) 277E 
Coker Coker f Cokernel (of a mapping f) 277E 
бу» Ó Kronecker delta (6,,=1 and 269A 
6,=0 for iZ j) 
(y (а, b), a-b Inner product (of two vectors 442B* 
a and b) 
Г, J >x [a,b], a x b Vector product (of two 3- 442C* 
dimensional vectors a and b) 
@ M@N Tensor product (of two modules 271), 2561* 
М and N) 
Hom Hom(M, N) Set of all homomorphisms 277B 
(from M to N) 
Hom, Hom,(M, N) Set of all A-homomorphisms 277E 
(of an A-module M to 
an A-module N) 
Tor Tor,(M, N) Torsion product (of M, N) 200D 
Ext Ext"(M, N) Extension (of M, N) 200G 
A, AP ^ M, ^"M Exterior algebra (of a linear space 2560 
M), pth exterior product (of M) 
V. Algebraic Systems 
N Set of all natural numbers 294A 
Z Set of all rational integers 294A 
Zin Z/mZ (set of all residue classes 297G* 
modulo m) 
Q Set of all rational numbers 294A 
R Set of all real numbers 294A 
С Set of all complex numbers 294А 
H Set of all quaternions 29B 
GF(q), F, Finite field (with q elements) 149M 


1853 Special Notation 
Article 
and 
Notation Example Definition Section 
q, p-adic number field 439F 
(p is a prime) 
Z, Ring of p-adic integers 439F 
Г] k(x4,.... Xand Polynomial ring (of variables 369А 
Xj, -.., X, With coefficients in k) 
( ) k(x,,...,X,) Field extension 149D 
(of k by x,, ..., x,) 
[E 11! k[[xXx,,...,x,]] Formal power series ring (with 370A 
coefficients in K). 
Note: The symbols N, Z, Q, R, C, 
and H stand for sets, each with its 
own natural mathematical 
structure 
VL Groups 
GL GL(V), GL(n, К) General linear group (over V, 60B 
or over K of degree n) 
SL SL(n, К) Special linear group (over K of 60B 
degree n) 
PSL PSL(n, K) Projective special linear group 60B 
(over K of degree n) 
U U (n) Unitary group (of degree n) 60F 
SU SU (n) Special unitary group (of degree n) 60Е 
0 O(n) Orthogonal group (of degree n) 601 
SQ SO(n) Special orthogonal group, 60I 
rotation group (of degree n) 
Spin Spin(n) Spinor group (of degree n) 61D 
Sp Sp(n) Symplectic group (of degree n) 60L 
[For PGL(n, K), LF(n, К), PU (n), Sp(n), PSp(n, K)— 60 Classical Groups] 
VII. Topology (Convergence) 
> a,—4d Convergence (sequence a, 87B, E* 
converges to a) 
bM аа, a, ча Convergence monotonically 87B 
decreasing 
[vt а. [а,а, ла Convergence monotonically 87B 
increasing 
fim lim a, Limit (of a sequence a,) 87B, E* 
lim sup, lim limsupa, lima, Superior limit (of a sequence а,) 87C* 
lim inf, lim lim infa,, lim a, Inferior limit (of a sequence a,) 87C* 
ac ul Ег E, CIE Closure (of a set Е) 425B 
i ° Int EŻ, E°, Int E Interior (of a set E) 425B 
p, d р(х, y), d(x, y) Distance (between two points 273B* 
x and y) 
П х Norm (of х) 37B 
Lim. Lim. f, Limit in the mean (of a 168B 


sequence fy) 
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Article 
and 

Notation Example Definition Section 

s-lim s-lim x, Strong limit (of a sequence x,) 37B 

w-lim w-lim x, Weak limit (of a sequence x,) 37E 

~ f=g Homotopy (of two mappings 202B 

f and g) 
AE X = Y Homeomorphism (of two 425G 
topological spaces X and Y) 

VIII. Geometry and Algebraic Topology 

E" Euclidean space (of dimension n) 140 

Р" Projective space 343B 

(of dimension n) 
$" Spherical surface 140 
(of dimension n) 
т" Torus (of dimension n) 422E 
Н" H"(X, А) n-dimensional cohomology group 201Н 
(of X with coefficients in A) 
H, H,(X, A) n-dimensional homology group 201G 
(of X with coefficients in A) 
H,(C) (of chain complex C) 201B 
Tn Tr, (X) n-dimensional homotopy group 202J, 170 
(of X) 

д oC Boundary (of C) 201B 

Ó óf Coboundary (of f) 201H* 

Sq Sqix Streenrod square (of x) 64B 

2 P(x) Steenrod pth power (of x) 64B 

— 2122 Cup product (of z, and z;) 201I 

= ZZ Cap product (of z, and z;) 201K 

A MAN Exterior product (of two 105Q* 

differential forms w and 7) 
d do Exterior derivative (of a 105Q 
differential form c) 

grad grad o Gradient (of a function q) 442D 

rot rotu Rotation (of a vector u) 442D 

div divu Divergence (of a vector u) 442D 

A Аф Laplacian (of a function ф) 323A 

Г] Le d'Alembertian (of a function q) 130A 

D Do Differential operator 112A* 

D(u,,...,u,) | Ou; dei ди; Jacobian determinant (of 208B 

e š 

D(x,,...,x,) |Óx; š ôx; (u,,...,u,) with respect to 

(x4,...,X,)) 

Q(u,,...,u,) (Ou; Jacobian matrix (of (u,,...,u,) 208B 

O(x,,...,X,) óx; with respect to (x,,..., x,)) 

IX. Function Spaces 

C C(Q) Space of continuous functions 168B(1) 


(on Q) 
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Space of functions such that | f |” 


Space of functions of class C' 


Notation Example Definition 

z L,(Q), L,(a,b) 
is integrable on Q 

C! С'1)(1<1< co) 

2 2(Q) Space of C? functions with 
compact support 

é &(Q) Space of C? functions 


Article 
and 
Section 


168B(2) 


168B(9) 
168B(13) 


168B(13) 


[For A(Q), A(Q), A,(Q), BQ)( = D,«(0)), BMO(R"), BV(Q), c, С; Co(Q), C, (9), C; (9), Q, @ (Q), 
9 un(9), Zi» (Q), Em (Q), 6 (Q), HR"), H'O), H; (Q), A(R"), (^) A(x), X: 2^(«®), 1,, 

Lipa (Q), m, M (Q), OQ), @, (Q), ^, s, S(Q), wi(Q)— 168 Function Spaces. For @(Q) (Space of 
Sato hyperfunctions), 2'(Q), &'(Q), б, Oy, F (R")— 125 Distributions and Hyperfunctions] 


X. Functions 


|| 


Ке 


Im 


arg 


exp 


log, Log 


sin x, cos x, tan x, sec x, 
Cosec x, cotan x 


arcsin x, arccos x, arctan x 


Arcsin x, Arccosx, Arctan x 


[| 


Rez 


Imz 


N| 


argz 
[x] 

I(x) = O(g(x)) 
f(x) = 0(g(x)) 
F(x) ~ g(x) 


D(T) 

R(T) 

supp f 
р.у. fa f(x)dx 


Pff f(x)dx 
ô (x), ó, 


expx 


logx, Logx 


Absolute value (of a complex 
number z) 


Real part (of a complex 
number z) 


Imaginary part (of a complex 
number z) 


Complex conjugate (of a complex 
number z) 


Argument (of a complex 
number z) 


Gauss symbol (greatest integer 
not exceeding a real number a) 


Landau's notation (f(x)/g(x) 
is bounded for xa) 


Landau’s notation (f(x)/g(x) 
tends to 0 for xa) 


Infinite or infinitesimal of the 
same order (for xa) 


Domain (of an operator T) 
Range (of an operator T) 
Support (of a function f) 


Cauchy's principal value (of 
an integral) 


Finite part (of an integral) 


Dirac's delta function 
(measure or distribution) 


Exponential function 
(expx = e?) 


Natural logarithmic function and 
its principal value, respectively 


Trigonometric functions 


Inverse trigonometric functions 


Principal value of inverse 
trigonometric functions 


74B* 


74А 


74A* 


74А 


74С 


83A 


87G 


87G 


87G* 


251A 
251A 
168B(1) 
216D 


125C 
125C* 


113D, 269H 


131D, G 


131E 


131E 
131E 
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Notation Example Definition 
sinh x, cosh x, tanh x Hyperbolic functions 
п 
( ) С ( | aG Binomial coefficient, combination 
F. 

P Р Permutation 

! n! Factorial (of n) 

Фф qn) Euler function 

u a(n) Möbius function 

& C(z) Riemann zeta function 

J, J,(z) Bessel function of the first kind 

Г r(x) Gamma function 

B B(x, y) Beta function 

F F(a, B, y; 2) Gauss's hypergeometric function 

abc 
P P< H у>»х Riemann's P function 
РИ u y 

Li Li(x) Logarithmic integral 

XI. Probability 

P, Pr P(E), Pr(e) Probability (of an event) 

E E(X) Mean or expectation (of a 
random variable X) 

Vo? V(X), a?(X) Variance (of a random variable X) 

p p(x, Y) Correlation coefficient (of two 
random variables X and Y) 

Р(|) P(E|F) Conditional probability (of an 
event E under the condition F) 

E(]) E(X|Y) Conditional mean (of a random 
variable X under the condition Y) 

N N(m,c?) One-dimensional normal 
distribution (with mean m and 
variance o?) 

М№а, X) Multidimensional normal dis- 

tribution (with mean vector д 
and variance matrix X) 

P P(A) Poisson distribution (with 


parameter 2) 
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Article 
and 
Section 
131F 


330 


330 
330 
295C* 
295C 
450B* 
39B 
174А 
174С 
206А 


253В 


167D 


342B* 
342C 


342C 
342C* 


342E 


542E 


Appendix A, 
Table 22 


Appendix A, 
Table 22 


Appendix A, 
Table 22* 


Systematic List of Articles Dr Quadnatie Sp: 
16. Clifford Algebras 61 


17. Differential Rings 113 
18. Witt Vectors 449 
19. Valuations 439 


Logic and Foundations 
1. Foundations of Mathematics Art. 156 


Peron Systems 35 20. Adeles and Ideles 6 
3. Paradoxes 319 
: А 21. Cayley Algebras 54 
4. Symbolic Logic 411 
. ; 22, Jordan Algebras 231 
5. Axiomatic Set Theory 33 23. Modules 277 
6. Model Theory 276 i ; 
i 24. Homological Algebra 200 
7. Nonstandard Analysis 293 
И 25. Hopf Algebras 203 
ae ae Appendix A, Table 1. Algebraic Equations 
9. Recursive Functions 356 PP I bi q 
10. Decision Problem 97 IV 
11. Constructive Ordinal Numbers 81 Group Theory 
12. Analytic Sets 22 1. Groups 190 
2. Abelian Groups 2 
П 3. Free Groups 161 
Sets, General Topology, and Categories sr p 
1. Sets 381 4. Finite Groups 151 
2. Relations 358 5. Classical Groups 60 
3. Equivalence Relations 135 6. Topological Groups 423 
4. Functions ]65 7. Topological Abelian Groups 422 
5. Axiom of Choice and Equivalents 34 8. Compact Groups 69 
6. Cardinal Numbers 49 9. Lie Groups 249 
7. Structures 409 ]0. Lie Algebras 248 
8. Permutations and Combinations 330 11. Algebraic Groups 13 
9 Numbers 294 12. Homogeneous Spaces 199 
10. Real Numbers 355 13. Symmetric Riemannian Spaces and Real 
Forms 412 


11. Complex Numbers 74 
12. Ordering 311 

13. Ordinal Numbers 312 
14. Lattices 243 

15. Boolean Algebras 42 
16. Topological Spaces 425 


14. Discontinuous Groups 122 

15. Crystallographic Groups 92 

16. Representations 362 

17. Unitary Representations 437 

18. Invariants and Covariants 226 
Appendix А, Table 5. Lie Algebras, Symmetric 


17. Metric Spaces 273 Riemannian Spaces, and Singularities 

18. Plane Domains 333 Appendix B, Table 5. Characters of Finite 
19. Convergence 87 Groups and Crystallographic Groups 

20. Connectedness 79 у 

21. Dimension Theory 117 Number Theory 


22. Uniform Spaces 436 

23. Uniform Convergence 435 

24. Categortes and Functors 52 

25. Inductive Limits and Projective Limits 


1. Number Theory 296 

2. Number Theory, Elementary 297 
3. Continued Fractions 83 

4. Number-Theoretic Functions 295 
5. Additive Number Theory 4 
6 
7 
8 


210 

26. Sheaves 383 . Partitions of Numbers 328 
HI . Distribution of Prime Numbers 123 
Algebra . Lattice-Point Problems 242 

1. Algebra 8 9. Diophantine Equations 118 

2. Matrices 269 10. Geometry of Numbers 182 

3. Determinants 103 11. Transcendental Numbers 430 

4. Polynomials 337 12. Quadratic Fields 347 

5. Algebraic Equations 10 13. Algebraic Number Fields 14 

6. Fields 149 14. Class Field Theory 59 

7. Galois Theory 172 15. Complex Multiplication 73 

8. Linear Spaces 256 16. Fermat's Problem 145 

9. Rings 368 17. Local Fields 257 
10. Associative Algebras 29 18. Arithmetic of Associative Algebras 27 
11. Commutative Rings 67 19. Zeta Functions 450 
12. Noetherian Rings 284 Appendix B, Table 1. Prime Numbers and 
13. Rings of Polynomials 369 Primitive Roots 


14. Rings of Power Series 370 Appendix B, Table 2. Indices Modulo p 


Systematic List of Articles 


Appendix B, Table 4. Class Numbers of 
Algebraic Number Fields 


VI 
Euclidean and Projective Geometry 


1. Geometry Art. 181 
2. Foundations of Geometry 155 
3. Euclidean Geometry 139 
4. Euclidean Spaces 140 
5. Geometric Construction 179 
6. Regular Polyhedra 357 
7. Рі (л) 332 
8. Trigonometry 432 
9. Сопіс Sections 78 
10. Quadric Surfaces 350 
11. Convex Sets 89 
12. Vectors 442 
13. Coordinates 90 
14. Projective Geometry 343 
15. Affine Geometry 7 
16. Non-Euclidean Geometry 285 
17. Conformal Geometry 76 
18. Erlangen Program 137 
19. Continuous Geometry 85 
20. Curves 93 
21. Surfaces 410 
22. Four-Color Problem 157 
Appendix A, Table 2. Trigonometry 


Appendix А, Table 3. Vector Analysis and 
Coordinate Systems 


VII 
Differential Geometry 


‚ Geodesics 178 

‚ Symmetric Spaces 413 

. G-Structures 191 

9. Complex Manifolds 72 
10. Káhler Manifolds 232 
11. Harmonic Integrals 194 


12. Differential Geometry of Curves and 
Surfaces 111 


13. Riemannian Submanifolds 365 
14. Minimal Submanifolds 275 

15. Harmonic Mappings 195 

16. Morse Theory 279 


17. Differential Geometry in Specific Spaces 
110 


18. Finsler Spaces 152 

19. Integral Geometry 218 
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Ando, Tsuyoshi (1932-) 310.H 

Ando, Y. 304r 

Andreotti, Aldo (1924—80) 32.Е 72.r 

Andrews, David Е. 371.H 

Andrews, Frank С. 419.r 

Andrianov, Anatolii N. (1936-) 32.F 

Andronov, Aleksandr Aleksandrovich (1901—52) 
126.A, І, т 290.r 318.r 

Anger, Carl Theodor (1803-58) 39.G App. A, 
Table 19.IV 

Anikin, S. A. 146.A 

Anosov, Dmitrii Viktorovich (1936-) 126.А, Ј 
136.G 

Antiphon (fl. 430? в.с.) 187 

Antoine, Louis August (1888-1971) 65.G 

Anzai, Hirotada (1919—55) 136.Е 

Apéry, Roger (1916-) 182.6 


Name Index 
Apollonius (of Perga) 


Apollonius (of Perga) (262—с. 200 в.с.) 179.A 181 
187 App. A, Table 3.V 

Apostol, Т. M. 106.r216.r 

Appel, Kenneth [.(1932-) 157.А 186.r 

Appell, Paul-Emile (1855-1930) 11.r 206.D, r 
393.E, r 428.r App. A, Table 18.1 App. А, 
Table 20.r 

Arakelov, S. Yu. 9.r 118.Е 

Arakelyan, Norair Unanovich 1641 

Araki, Huzihiro (1932-) 150.р, E 212.B, r 308.1, r 
351.L 377.r 402.G 

Araki, Shoro (1930—) 427.B 

Aramata, Hideo (1905-47) 450.D 

Aramovich, I. 198г 

Arbib, Michael Anthony (1940-) 75.1 95.r 

Arbuthnot, John (1667-1735) 371.A 

Archibald, Raymond Clare (1875—1955) 187г 

Archimedes (c. 287-212 в.с) 20 78.F 93.H 149.N 
155.B, D 187 243.G 310.C 332 355.B 439.C 

Archytas (of Taras) (c. 430-c. 365 в.с.) 187 

Arens, Richard Friedrich (1919-) 36.М 424.N 

Arf, Cahit (1910-) 114J 

Argand, Jean Robert (1768-1822) 74.C 

Arima, Reiko (— Sakamoto, Reiko) 

Arima, Yoriyuki (1714—83) 230 

Arimoto, Suguru (1936-) 213.Е, Е, г 

Aristotle (384—322 в.с.) 187 

Ariyama, Masataka (1929-) 446.r 

Arkhangel’skii, Aleksandr Vladimirovich (1938-) 
273.K, г 425.F, S, Y, CC, r 

Arnauld, Antoine (1612—94) 265 

Arnoff, E. Leonard (1922-) 307.A 

Arnold, Leslie К. 136.С 

Arnol'd, Vladimir Igorevich (1937-) 82.г 126.A, L, 
M, r 136.r 196 219.r 271.r 402.r 418.E 420.G App. 
A, Table 5, r 

Aronszajn, Nachman (1907-80) 112.Н 188.r 273.K 
323J 338.E 

Arraut, José Luis (1938—) 126.H 

Arrow, Kenneth Joseph (1921—) 227г 292.E, г 

Arsenin, Vasilii Yakovlevich 22.С, Е, г 

Artin, Emil (1898-1962) 4А 6.E, F, r7. r8 14.F, 
К, О, R, S, О, r 28 29.r 59.A, C, E, H, г 60.r 65.G 
118.F 123.F 149.N 151.1 155.G 172.F, r 174.r 196 
198.B, r 200.N 235.F 257.H, т 277.1 284.4, G 295.E 
343.r 368.F, г 439.L, г 450.A, G, P, R 

Artin, Michael (1934-) 15.7 16.0, W, r 126.K 210.r 
418.С 450.0, r 

Arveson, William В. (1934—)  36.r 308.г 

Aryabhata (Arya-Bhatta) (c. 476-c. 550) 209 332 
432.C 

Arzelà, Cesare (1847—1912) 168.В 216.В 435.D 

Asada, Kenji (1946-) 274.r 345.B 

Asano, Keizo (1910-) 8 29.1 

Asano, Kiyoshi (1938—-) 41.D 

Aschbacher, Michael George (1944—) 151.J 

Ascher, Edgar 92.r 

Ascoli, Giulio (1843-96) 168.В 435.D 

Ash, Avner Dolnick (1949-) 16.г 

Assmus, Edward F., Jr. (1931—) 200.К 

Athreya, Krishna B. 44.C 

Atiyah, Michael Francis (1929—) 16.r 20 68.F 80.G, 
r 109 114.E 147.0 153.C 183 237.А, Н, r 323.К 
325.) 345.A 366.A—D, г 390.1, J 391.L, N, r 426 
431.D 437.X 

Atkin, Arthur O. L. (1935-) 328 

Atsuji, Masahiko (1922-) 425.Y 

Aubin, Jean-Pierre 286.X 

Aubin, Thierry Emilien (1942-) 183. 232.C 
364.Н, r 


1876 


Audley, Robert John (1928-) 346.r 

Auerbach, Herman (1902—42) 270.3 

Aumann, Robert John (1930-) 173.D, E, г 443.A 

Auslander, Joseph (1930-) 126.D 

Auslander, Louis (1928-) 105.г 136.G 152.C 279.C 
437.U 

Auslander, Maurice (1926-) 29.K 200.K, L 284.G 

Avery, J. 377.r 

Avez, André 126.r 136.r 402.r 

Ах, James В. 14.D 118.B, F 276.E, r 450J 

Ayoub, Raymond George (1923-) 4.1 123.r 295.r 
328.r 

Azencott, Robert Guy (1943-) 136.6 

Azima, Naonobu (1739-98) 230 

Aziz, Abdul Kadir 303. 

Azra, Jean-Pierre (1935-) 171г 

Azumaya Goro (1920-) 8.«, r 29.1, K. r 67.D 172r 
200.L 362.r 368.r 


B 


Babbage, Charles (1792-1871) 75.A 

Bachelier, Louis (1870—1946) 45.A 

Bachet de Méziriac, Claude Gaspar (1581-1638) 
296.A 

Bachmann, Paul Gustav Heinrich (1837-1920) 
297.I 

Bacon, Francis (1561-1626) 401.E 

Baer, Reinhold (1902—79) 2.F 122.В 2001, К 

Bagemihl, Frederick (1920-) 62.C-E 

Bahadur, Raghu Raj (1924—)  396.r 398.r 399.N, г 
400.K, r 

Bahmann, Н. 97.B 

Bailey, Norman T. J. 40.r 

Baillon, Jean-Bernard (1951-) 286.Ү 

Baily, Walter Lewis, Jr. (1930—) 16.7 32.Е, Н 122г 
194.r 

Baiocchi, Claudio 440.г 

Baire, René Louis (1874—1932) 2021 C, L 84.D, r 
126.H 273.B, J 425.N 

Bairstow, L. 301.E 

Baker, Alan (1939-) 118.D 182.6, r 196 347.E 
430.D, r 

Baker, George Allen, Jr. (1932-) 142.r 

Baker, Henry Frederick (1866-1956) 9.1 15.1 78.r 
350.r 

Baker, Kenneth К. 376.r 

Bakhshali (c. 3rd century) 209 

Balaban, Tadeusz 325.K 

Balakrishnan, А. У. (1922-) 378.D 

Balas, Egon 215.C, г 

Baldwin, John T. (1944-) 276.F 

Ваһап, Roger 386.r 

Ball, W. W. Rouse 157r 

Banach, Stefan (1892—1945) 20 23.G 36А, Е 37.A, 
B, E, F, H, I, O, r 105.7. 162 168.r 246.G 286.K, Z 
310.F, I 424.C, H, J, X 442.r 

Banerjee, Kali S. (1914—) 102г 

Bang, Thøger Sophus Vilhelm (1917—) 58.Е 

Banica (Bănică), Constantin (1942-) 23.r 

Baouendi, M. Salah (1937-) 323.N 345.A 

Barankin, Edward William (1920-) 396.r 399.D, r 

Barban, Mark Borisovich (1935-) 123.Е 

Barbey, Klaus 164.r 

Barbosa, João Lucas Marquês 275.B 

Barbu, Viorel (1941—) 88.r 440.r 

Barden, Dennis 65.C 

Bardos, Claude Williams (1940-) 204.Е 

Bargmann, Valentine (1908—) 258.г 437.EE 

Bar-Hillel, Yehoshua (1915—75) 96.r 


1877 


Bari, Nina Karlovna (1901—61) 159.J 

Barlow, Peter (1776-1862) NTR 

Barlow, William (1845-1934) 92.F 

Barnes, Ernest William (1874—1953)  206.C App. A, 
Table 18.I 

Barr, Michael (1937-) 200.г 

Barrow, Isaac (1630—77) 265 283 

Barth, Wolf Paul (1942-) 16r 

Bartle, Robert Gardner (1927-) 68.М 443.4, G 

Bartlett, Maurice Stevenson (1910—)  40.r 44.r 280.J 
407.r 421.C, r 

Barwise, Jon 356.r 

Bashforth, F. 303.E 

Bass, Hyman (1932-) 122.Е 200.r 237, J, г 

Bass, Robert Wauchope (1930-) 289.0 

Bastin, J. 351.r 

Batchelder, Paul M. 104г 

Batchelor, George Keith (1920-) 205.r 433.C, г 

Bateman, Paul Trevier (1919~) 4.D 348.K 

Bauer, Friedrich Ludwig (1924-) 302г 

Bauer, Heinz (1928-) 193.0 

Baum, Paul Frank (1936-) 366.Е 427.B 

Bayer, Pilar 450г 

Bayes, Thomas (1702-61) 342.А, Е 396.J 398.В 
399.F 401.B, E 403.G 405.1 

Bazilevich, Ivan Evgen'evich 438.В 

Beale, E. M. L. 292.r 349r 

Beals, Richard William (1938—) 320.г 345.A, B 

Beardon, Alan Frank (1940-) 234г 

Beatley, Ralph 139.r 

Beauville, Arnaud (1947-) 15.r 

Bebutov, M. 126.E 

Becchi, C. M. 150.G 

Beck, James У. 200.0, r 

Beckenbach, Edwin Ford (1906-82) 211.г 

Becker, Oskar Joachim (1889-1964) 156.г 187.r 

Beckmann, Petr(1924-) 332 

Bede Venerabilis (673-735) 372 

Beer, Stafford (1926-) 95.r 

Beeson, Н. 275.C 

Beez, R. 365.E 

Behnke, Heinrich (1898-1979) 21.H, Q 23.E 198.r 
367.В, G, I, r 

Behrends, Ralph Eugene (1926-) 132г 

Behrens, W. V. 400.G 

Belardinelli, Giuseppe  206.r 

Belavin, A. A. 80r 

Belinfante, Frederik Ј. 150.B 

Bell, Eric Temple (1883-1960) 177.D 

Bell, James Frederick (1914—) 33.r 

Bell, John Stewart (1928-) 351.L 

Bell, Steve 344.D 

Bellissard, Jean Vincent (1946-) 3511. 

Bellman, Richard (Ernest) (1920-84) 86.A, Е 127.A, 
D, E, G, r 163.B 211.r 291.r 314.r 394.r 405.B, r 

Belov, Nikolai Vasil'evich (1891—) 92.r 

Beltrami, Eugenio (1835—1900) 109 194.B 285.A 
352.B App. A, Table 4.II 

Belyaev, Yurii Konstantinovich (1932-) 176.6 

Bendat, Julius S. (1923—) 212г 

Bender, Helmut (1942-)  151.J 

Benders, J. Е. 215г 

Bendikson (Bendixson), Ivar Otto (1861—1936) 
107.A 126.1 

Bengel, Günter (1939-) 112.D 

Bénilan, Philippe (1940-) 162 

Bensoussan, Alain (1940—) | 405.r 

Bérard-Bergery, Lionel (1945-) 364.r 

Berens, Hubert (1936-) 224.Е, r 378.r 

Berezin, Feliks Aleksandrovich (1931-80) 377г 


Name Index 
Bieberbach, Ludwig 


Berg, Christian (1944-) 338.г 

Berg, Ira David (1931-) 331.E 390.1 

Berge, Claude (1926-) 186.r 281.r 282.r 

Berger, Charles A. (1937-) 251.К, L 

Berger, James Orvis (1950—) 398.г 

Berger, M.(1926-) 109.», г, 178.4, C 391.B, С, r 

Berger, Melvyn (1939—) 286.г 

Berger, Toby (1940-) 213.E 

Bergh, Jöran (1941-) 224r 

Bergman, Stefan (1895—1977) 21.0 77.7 188.G, r 
326.C 

Berkovitz, Leonard D. (1924-) 86.F 108.4, B 

Berlekamp, Elwyn К. (1940-)  63.r 

Bernays, Paul Isaak (1888—1977) ЗЗ.А, C, r 97.» 
156г 411.7, r 

Bernoulli family 20 38 107.A 266 

Bernoulli, Daniel (1700—82) 20 38 205.B 301.J 
342.A 396.B 

Bernoulli, Jakob (1654-1705) 38 46.A 93.H 136.D— 
Е 177.B 250.A 342.A 3791 App. A, Table 14.I 
App. B, Table 3.T 

Bernoulli, Jakob (1759-89) 38 

Bernoulli, Johann (1667-1748) 38 46.4 93.H 163.B 
165.A 

Bernoulli, Johann (1710—90) 38 

Bernoulli, Johann (1744-1807) 38 

Bernoulli, Nikolaus (1687—1759) 38 

Bernoulli, Nikolaus (1695-1726) 38 

Bernshtein, І. №. 125.EE 154.G 418.H, г 

Bernshtein, Sergei Natanovich (1880-1968) 49.B 
58.E 196 240.E 255.D 261.A 275.A, Е 3231 334.C 
336A, C, F 

Bernshtein, Vladimir 121.r 

Bernstein, Allen R. 276.Е, r 293.D 

Bernstein, Felix (1878—1956) 228.А 

Berry, G.G. 319.B 

Berry, L. Gérard (1948-) 40.D 

Bers, Lipman (1914-) 21.r 23.r 111.r 122.1, r 204.G 
234.D, r 275.A 320.r 326.r 327.r 352.В-Е, г 367.r 
416.*, г 

Berstel, Jean (1941—) 3l.r 

Berthelot, Pierre (1943-)  16.r 366.r 450.Q 

Bertini, Eugenio (1846-1933) 15.C 

Bertrand, Joseph Louis François (1822—1900) 
111.F 123.A 

Berwald, L. (1883-?) 152.C 

Berztiss, Alfs Т. 96.г 

Besikovich (Besicovitch), Abram Samoilovich (1891— 
1970) 18.4, С 246.К 

Besov, Oleg Vladimirovich (1933-) 168.В, г 

Bessaga, Czesław (1932-)  286.D 443.D 

Besse, Arthur L. 109.r 178.r 

Besse, J. 198.N 

Bessel, Friedrich Wilhelm (1784-1846) 39.А, B, D, 
G 197.С 223.C App. A, Tables 14.17, 19.11, IV, 
21.111, IV 

Besson, Gerard (1955-) 391.F 

Betti, Enrico (1823-92) 105.А 200.K 201.A, B 426 

Beurling, Arne (Karl-August) (1905-) 62.В, E 
125.А, U 143.А 164.G, I 169.E 192.0 251.L 
338.Q, r 352.C 

Bézout, Étienne (1739-83) 9.В 12.B 

Bhaskara (1114—85?) 209 296.A 

Bhatia, Nam Parshad (1932-) 86.г 126.r 

Bhattacharya, Rabindra Nath (1937-) 374.Е, г 

Bhattacharyya, А. 399.0, г 

Bianchi, Luigi (1856—1928) 80.) 365.) 417.B 

Bickel, Peter John (1940-) 371. 

Bidal, Pierre 194.Е 

Bieberbach, Ludwig (1886-1982) 43.r 77.E 89.C 


Name Index 
Biedenharn, Lawrence C. 


92.F, r 107.r 179.В, r 198.r 254.r 288.r 339. 429.г 
438.В, С 

Biedenharn, Lawrence C. (1922-)  353.r 

Biezeno, Cornelis Benjamin (1888-1975) 19.г 

Biggeri, Carlos 121.C 

Biggs, Norman Linstead (1941-) 157г 

Billera, Louis J. (1943-) 173.E 

Billingsley, Patrick P. (1925-) 45.r 136.r 250r 
341.r 374.r 

Binet, Jacques Philippe Marie (1786-1856) 174.A 
295.A 

Bing, Rudolf Н. (1914-86) 65.Е, С 79.D 273.K 
382.D 425.AA 

Birch, Bryan John (1931-) 4.Е 118.С-Е 450.5 

Birkeland, R. 206.D 

Birkhoff, Garrett (1911-) 8.r 87.r 103.r 183.1 243.r 
248.J 310.A 311.r 343r 443.A, E Н 

Birkhoff, George David (1884—1944)  30.r 107.A 
109 111.1 126.A, E 136.A, B 139.r 153.B, D 157.A 
162 253.C 254.D 279.A 286.D 420.F 

Birman, Joan $. (1922-) 235.г 

Birman, Mikhail Shlemovich (1928-) 331.Е 

Birnbaum, Allan (1923-76) 399.С, r 400.r 

Birtel, Frank Thomas (1932-) 164г 

Bisconcini, Giulio 420.C 

Bishop, Errett А. (1928-83) 164.D—F, J, K 367.r 

Bishop, Richard L. (1931-) 105.т 178.r 417.r 

Bishop, Yvonne M. M. 280.r 403.r 

Bitsadze, Andrei Vasil'evich (1916-) 326r 

Bjerknes, Carl Anton (1825-1903) 1.r 

Bjórck, Аке (1934-) 302.r 

Björck, Göran (1930-) 125.r 

Bjork, Jan-Erik 112.r 125.EE 274г 

Bjorken, James Daniel (1934-)  132.r 146.A, C 150.r 

Blackman, В. В. 421г 

Blackwell, David (Harold) (1919—) 22.Н 398.r 
399.C 

Blahut, Richard Е. (1937-) 213г 

Blair, David E. (1940-) 110.Е 364.G 

Blakers, Albert Laurence (1917-) 202.M 

Blanchard, André (1928-) 72.r 

Blanc-Lapierre, André Joseph (1915-) 395.г 

Bland, Robert С. (1948-) 255.С 

Blaschke, Wilhelm (1885—1962) 43.F 76.r 89.C, r 
109.*, r 110.C, r 111.r 178.G 218.A, C, H 228.г 

Blatt, John Markus 353г 

Blattner, Robert James (1931-) 437.W, EE 

Bleaney, В.І. 130.г 

Bleuler, Konrad (1912-) 150.6 

Bloch, André (1893-1948) 21.3, О 77.Е 2721. 
429.D 

Bloch, Felix (1905-) 353.г 402.H 

Bloch, Spencer 16.R 

Block, Henry David (1920-78) 420.С 

Bloxham, M. J.D. 386.C 

Blum, Julius Rubin (1922—82) 136.E 

Blum, Manuel 71.D,r 

Blumenthal, Ludwig Otto (1876-1944) 32.G 122.E 

Blumenthal, Robert McCallum (1931-) 5.r 261.В, г 

Boas, Ralph Philip, Jr. (1912-) 58.г 220.D 240.K 
429.r 

Bócher, Maxime (1867—1918) 107.A 167.E 193.D 

Bochner, Salomon (1899-1982) 5.r 18.А, г 21.0, r 
36.L 80.r 109.«, г 125.A 160.C, r 164.G 192.B, О 
194.G 261.F 327.r 341.C, J, r 367.F 378.D 443.A, 
C,H 

Bodewig, Ewald 298г 

Boerner, Hermann (1906-82) 362г 

Boetius, Anicius Manlius Torquatus Severinus 
(с. 480-524) 372 


1878 


Bogolyubov, Nikolai Nikolaevich (1909-) 125.W 
136.H 146.A 150.1 212.B 290.A, D 361.r 402.J 

Böhme, Reinhold (1944—) 275.С 

Bohnenblust, (Henri) Frederic (1906—) 28 310.A, G 

Bohr, Harald (1887-1951) 18.A, B, Н, г 69.B 121.B, 
C 123.r 450.1 

Bohr, Niels Henrik David (1885—1962) 351.A 

Bokshtein (Bockstein), Meer Feliksovich (1913-) 
64.B 117.F 

Bol, Gerrit (1906—) 110.г 

Boll, Marcel (1886-) NTR 

Bolley, Pierre (1943-) 323.N 

Boltyanskii, Vladimir Grigor'evich (1925-) 86.г 
89.r 117.F 127.G 

Boltzmann, Ludwig (1844—1906) 41А, В, г 136.A 
402.B, H, r 403.B, r 

Bolyai, Janos (Johann) (1802-60) 35А 181 267 
285.A 

Bolza, Oskar (1857—1942) 46.r 

Bolzano, Bernard (1781—1848) 140 273.F 

Bombieri, Enrico (1940-) 15.7 72.K 118.B 123.D, 
E, r 151.) 275.F 438.C 450.P, Q 

Bompiani, Enrico (1889—1975) 110.Е 

Bonnesen, Tommy (1873-)  89.r 228.4 

Bonnet, Ossian Pierre (1819-92) 109 111.H 275.A, 
C 364.D App. A, Table 41 

Bonsall, Frank Featherstone (1920-) 310.Н 

Bony, Jean-Michel (1942-) 274г 

Book, D. L. 304г 

Boole, George (1815—64) 33.E 42.A- D, r 104.r 
156.В 243.E 267 379.J 411.A, г 

Boone, William Werner (1920-83) 97.*, г 161.B 

Boothby, William M.(1918-) 110. E 

Borchardt, Carl Wilhelm (1817-80)  229.r 

Borchers, Hans-Jürgen (1926-) 150.Е 

Borel, Armand (1923—-) 12.B 13.A, С, r 16.Z 32.H, 
r 56.r 73.r 122.F, С, r 147.K 148.E, r 199.r 203.A 
248.0 249.J, V, г 366.D 383.r 384.D 427.B, r 431.r 
437.Q 450.r App. A, Table 6.V 

Borel, Emile (1871-1956) 20 21.0 22.4, G 58.D 
83.B 124.B 156.C 198.Q, r 261.D 270.B, С, G, J 
272.E, F 273.F 339.D 342.A, B 379.0 429.B 

Borevich, Zenon Ivanovich (1922-)  14.r 297.r 347г 

Borges, Carlos J. Rego (1939-) 273.К 425.Y 

Borisovich, Yurii Grigor’evich (1930-)  286.r 

Born, Max (1882-1970) 402.5 446.r 

Borovkov, Aleksandr Alekseevich (1931-) 260.H 

Borsuk, Karol (1905—82) 79.С, г 153 B 202.B, I 
382. A, C 

Bortolotti, Ettore (1866-1947) 417.Е 

Bose, Raj Chandra (1901—-) 63.D 241.B STR 

Bose, Satyendra Nath (1894-1974) 132.А, С 35LH 
377.B 402.E 

Bott, Raoul (1923—) 105.г 109 153.C 154.F-H 
178.G 202.V, r 237.D, H, r 248r 272.1. 279.D 
325.] 345.A 366.1 391.N, r 413.1 427.E, г 437.0 
App. A, Table 6. VII 

Bouligand, Georges (1889—?) 120.0 

Bouquet, Jean-Claude (1819—85) 107.A 111.F 
288.B 289.B 

Bourbaki, Nicolas 8 13.r 20.r 22.r 34.r 35.r 60.r 6l.r 
67.r 74.т 84.r 87.r 88.r 103.r 105.r 106.r 122.r 131.г 
135.r 149.r 162 168.C 172.r 187.r 216.r 221.r 225.r 
248.r 249.r 256.r 265.r 266.r 267.r 270.r 277.r 284.г 
310.1 311.r 312.r 337.r 348.r 355.r 360.r 362.r 368.r 
379.r 381.r 409.r 423.r 424.1, т 425.8, W, Y, CC, r 
435.r 436.r 443.A 

Bourgin, David С. 201г 

Bourgne, Robert 171г 

Bourguignon, Jean-Pierre (1947—) 80.r 364.r 


1879 


Bourion, Georges 339.Е 

Boussinesq, Joseph (1842-1929) 387.B, Е 

Boutroux, Pierre Léon (1880-1922) 265.г 288.B, 
C,r 

Bowen, Rufus (1947-78) 126A, J, K, r 136.C, G, r 
234r 

Bowman, Frank (1891-1983)  39.r 

Box, George E. P. (1919—)  102.r 128.r 301.L 371.A 
421.G,r 

Boyle, James M. 298r 

Bradley, G.J. 92r 

Bradley, Ralph Allan (1923-) 346.С 

Brahmagupta (598—660) 118.А 209 

Bram, Joseph (1926—) 291г 

Brams, Steven John (1940-) 173.r 

Brandt, Heinrich (1886—1954) 190.P 241.C 

Branges, Louis de (1932-) 176.K 438.C 

Bratteli, Ola (1946-) 36.Н, К, r 308.r 402.G, r 

Brauer, Richard Dagobert (1901—77)  14.E 27.D, 
Е 29.E, F, K 118.C 151J, г 362.G, I, г 427.B 
450.D, G, L 

Braun, Hel (1914-) 32.H 122.Е 231.r 

Brauner, Karl 418г 

Bravais, Auguste (1811-63) 92.B, F App. B, 
Table 5.IV 

Bredikhin, Boris Maksimovich (1920-) 123.E 

Bredon, Glen E. (1932-)  383.r 431.r 

Breiman, Leo (1928-)  260.r 342.r 

Brelot, Marcel (1903-) 120.С, Е, т 193.J, L, N, U 
207.C 338.G, H 

Bremermann, Hans-Joachim (1926-) 21.р, І 

Bremmer, Hendricus (1904-)  240.r 

Brent, Richard Peirce (1946-) 123.В 142.A 4501 

Breuer, Manfred 390.J 

Brewster, Sir David (1781-1868) 283.г 
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89.D, E 118.C 122.E, F 182A, C-E, r 196 211.C 
255.B 258.A 296.A 348.D, G, K 359.B App. A, 
Table 8 

Minlos, Robert Adol'fovich (1931—) 258.r 341.J 
424.T 

Minorsky, Nicholas (1885-) 163.B 

Minsky, Marvin С. 385.r 

Minsky, M. L. 75r 

Minty, George James (1929-)  281.r 286.C 

Miranda, Carlo (1912-82) 323.r 

Mirimanov, D. 145 

Mishchenko, Еурепії Frolovich (1922-) 86.г 

Mishkis, Anatolii Dmitrievich 163.B 

Misiurewicz, Michał (1948-) 126.K 

Misner, Charles William (1932-) 359г 

Mitchell, Andrew Ronald 223г 

Mitchell, Benjamin Evans (1920-) 52.N, r 2001 

Mitome, Michiwo (1909-76) STR 

Mitropol'skii, Yurii Alekseevich (1917-) 290.D, F 

Mitsui, Takayoshi (1929-) 4.F, r 123.F 328 

Mittag-Leffler, Gustav Magnus (1846—1927) 47 267 

272.A 

Mityagin, Boris Samuilovich (1937-) 424.8 

Miura, Robert Mitsuru(1938-) 387.В 

Miwa, Megumu (1934-) 118.Е 

Miwa, Tetsuji (1949--) 112.R 253.E 387.C 

Miyadera, Isao (1925—) 162 378.B 

Miyajima, Kimio (1948-) 72.6 

Miyajima, Shizuo (1948) 310.H 

Miyakawa, Tetsuro (1948—) 204.C 

Miyake, Katsuya (1941—) 167 

Miyakoda, Tsuyako (1947-) 301.C 

Miyanishi, Masayoshi(1940-) 15.Н, г 

Miyaoka, Yoichi (1949—) 72.К, г 

Miyata, Takehiko (1939-83) 226r 

Miyoshi, Tetsuhiko (1938-)  304.r 

Mizohata, Sigeru (1924-) 112.В, D, P 274. B, G, T 
320.1, r 321.F, С, r 323.М 325.6, H 345.A 

Mizukami, Masumi (1951 ) I6.r 

Mizumoto, Hisao (1929-) 367.1 

Mizutani, Akira (1946-) 304г 

Mizutani, Tadayoshi(1945-) 154.G 

Mobius, August Ferdinand (1790—1868) 66.С 74.E 
76.А 267 295.C 410.B 

Moedomo, S. 443.H 

Mohr, Georg (1640-97) 179.B 

Moise, Edwin Evariste (1918—) 65.С 70.C 79.D 93.r 
139.r 410.r 

Moiseiwitsch, Benjamin Lawrence (1927-) 441.г 

Moishezon, Boris Gershevich (1937-) 16.E, U, W 
72. 

Molchanov, Stanislav Alekseevich 115.D 340г 

Moldestad, Johan (1946-) 356.F, г 
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Moler, Cleve B. (1939—) 298.r 302.r 

Monge, Gaspard (1746-1818) 107.B 109 158 181 

255.E 266 267 278.A 324.F 

Monin, Andrei Sergeevich | 433.r 

Montel, Paul Antoine Aristide (1876—1975) 272.F 

424.0 435.Е, r 

Montgomery, Deane (1909—) 196 249.V, г 423.N 

431.r 

Montgomery, Hugh L.(1944-) 14.L 123.E,r 

Montucla, Jean Étienne (1725—99) 187.r 

Mook, Dent T. 290.г 

Moon, Philip Burton (1907-) 130.7 

Moore, Calvin С. (1936-) 122.F 

Moore, Eliakim Hastings (1862-1932) 87.H, K, r 

Moore, John Colemar(1923-) 147.r 200.r 203.r 

Moore, John Douglas 365J 

Moore, Robert Lee (1882-1974) 65.F 273.K 
425.AA 426 

Moran, Patrick Alfred Pierce (1917-) 218.r 

Morawetz, Cathleen Synge (1923-) 112.8 345.A 

Mordell, Louis Joel (1888-1972) 118.А, Е 

Morera, Giacinto (1856—1909) 198.А 

Morf, Martin (1944-) 86.r 

Morgan, Frank 275.C 

Morgenstern, Oskar (1902-77) 173.А, D 376.r 

Mori, Akira (1924—55) 352.B, C 367.E 

Mori, Hiroshi (1944-) 275.F 

Mori, Mitsuya (1927-) 59.H 

Mori, Shigefumi (1951—)  16.R, г 364r 

Mon, Shin'ichi (1913—-) 207.C, г 

Mori, Shinziro (1893—1979) 284.G 

Moriguti, Sigeiti (1916-) 299.В 389.r NTR 

Morimoto, Akihiko (1927-) 110.E 126.J 344.C 

Morimoto, Haruki (1930-) 399.r 

Morimoto, Hiroko(1941—) 224.Е 

Morimoto, Mituo(1942-) 125.BB, DD 162 

Morimune, Kimio (1946-) 128.C 

Morishima, Таго (1903-) 145.» 

Morita, Kiti (1915-) 8 117.A, C, E, r 273.K 425.8, 
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Morita, Masato (1927-) 353r 

Morita, Reiko (1934-) 353.г 

Morita, Shigeyuki (1946-) 154.6 

Morita, Yasuo (1945-) 450.0 

Moriya, Mikao (1906-82) 59.G,H 

Morlet, Claude 147.0 

Morley, Edward Williams (1838-1923) 359.A 

Morley, Michael 276.F, г 

Morrey, Charles Bradfield, Jr. (1907-84)  46.r 78.r 
112.D 125.A 194.Е, r 195 246.C 275.A, С, г 323r 
334.D 350.r 352.B 

Morris, Peter D. 443.H 

Morrow, James 72.K 

Morse, Harold Marston (1892-1977) 109 114.4, 
F 126.5 178.A 275.B 279.A-F 286.N, Q, r 418.F 

Morse, Philip McCord (1903-) 25.т 133.r 227.г 

Morton, Keith W.(1930-) 304г 

Moschovakis, Yiannis Nicholas (1938-) 22.D,F, 
H, r 33.r 356.G, r 

Moser, Jürgen (Kurt) (1928-) 21.P 55.r 126.A, L, r 
136.r 286.J, r 323.L 344.B 420.C, G 

Moser, William O. J. (1927-) 92.r 122г 151. 161.r 

Mosher, Robert Е. 64.r 70.r 

Mosteller, (Charles) Frederick (1916-) 346.С, G 

Mostow, George Daniel (1923-) 13.r 32.r 122.F, G 
249.r 

Mostowski, Andrzej (1913-75) 33.0, r 356€, H 

Motohashi, Yoichi (1944—) 123.E 

Motoo, Minoru (1927-) 44.Е 115.С, D, r 26l.r 

Moulin, M. 375.F 
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Moulton, Forest Ray (1872-1952) 55.r 303.E 

Moussu, Robert (1941—) 154.Н 

Moyal, José E. 44r 

Muchnik, Al'bert Aramovich (1934-) 356.D 

Mugibayashi, Nobumichi (1926-) 125.BB 

Muhly, Paul Scott (1944—) 164.Н 

Muirhead, Robb John (1946-) 280.г 

Mukherjee, Bishwa Nath 346r 

Müller, Claus Ernst Friedrich (1920-) 323.J 393.r 

Muller, David Eugene (1924-) 301.C 

Müller, Werner (1949—) 391.M 

Müller-Breslau, Heinrich Franz Bernhard (1851— 
1925) 19.r 

Mullikin, Thomas Wilson (1928-) 44r 

Mullis, Clifford T. (1943-) 86.D 

Munford, David Bryant (1937-) 3.A, N, r9J,r 
12.B 15.Е, Е, r 16.R, W, Y, Z, r 32.7 72.G 226r 
418.D 

Munkres, James Raymond (1930-) 70.r 105.r 
114.C,r 

Müntz, C. H. 336A 

Munzner, Hans-Friedrich 365.1 

Murakami, Shingo (1927-) 32.r 122.F 384г App. A, 
Table 5.1 

Muramatu, Toshinobu (1933-) 168.В 224.E 
251.0 

Murasugi, Kunio (1929-) 235.А, E, r 

Murata, Hiroshi (1945-) 75.r 

Murray, Francis Joseph (1911—) 136.Е 308.F 

Murre, Jacob P. (1929-) 16.W 

Murthy, M. Pavaman 237. 

Muskhelishvili, Nikolai Ivanovich (1891—1976) 
217.r 222.r 253r 

Muto, Yosio (1912-) 364.Е, г 

Mutou, Hideo (1953-) 391.E 

Mycielski, Jan (1932-) 22.Н 33.Е, г 

Myers, Sumner Byron (1910-55) 152.C 178.B 

Myrberg, Pekka Juhana (1892-1976) 367.Е 


N 


Nachbin, Leopoldo (1922-) 21.1 37.M 425.BB 

Nagaev, Sergei Viktrovich (1932—) 250.r 

Nagamati, Sigeaki(1945—) 125.ВВ 

Nagami, Keió (1925-) 117.А, С, г 273 K, r 425. Y, 

AA, CC, т 

Nagano, Tadashi(1930-) 191.r 275.F 279.C 344.C 

364.F 365.F, К 

Naganuma, Hidehisa (1941-) 4501. 

Nagao, Hirosi (1925-) 151.H 200.L 362.I 

Nagasawa, Masao (1933-) 44r 

Nagase, Michihiro (1944-) 251.0 

Nagata, Jun-iti (1925-) 117.С 273.K, r 425.r 

Nagata, Masayoshi (1927-) 8 12.B 13.1 15.r 16.D, 
T, У, АА, r 67.1, г 196 226.G, r 277.r 284.E, G 
369.r 370.r 

Nagell, Trygve (1895—) 118.D 

Nagumo, Mitio (1905—) 162 286.Z, r316.E, r 
323.D 

Naim, Linda 120.Е 207.C 

Naimark (Neumark), Mark Aronovich (1909-78) 
36.G, r 107.r 112.7 192.r 252.r 258.r 308.D 315.r 
437.W, EE 

Naito, Hiroo (1950-) 365.Е, N 

Nakada, Hitoshi (1951-) 136.C 

Nakagami, Yoshiomi (1940-) 308.г 

Nakagawa, Hisao (1933-) 365.L 

Nakai, Mitsuru (1933-) 169.1 207.C, D 

Nakai, Yoshikazu (1920-) 15.С, Е 16.E,r 

Nakajima, Kazufumi (1948-) 384.r 
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Nakamura, Iku (1947-) 72.K 

Nakamura, Kenjiro (1947-79) 310.г 

Nakamura, Michiko (1937-) 424.Х 

Nakamura, Tokushi (1930-) 70.Е, г 

Nakane, Genkei (1662-1733) 230 

Nakanishi, Noboru (1932 ) 146A С 

Nakanishi, Shizu (1924—) 100.A, r 

Nakano, Hidegoró (1909—74) 162 310.4 436r 

Nakano, Shigeo (1923-) 21.L 72.H 147.0 232.r 

Nakano, Tadao (1926—) 132.A 

Nakao, Shintaro (1946—) 340г 

Nakaoka, Minoru (1925-) 70.Е, г 153.B 202.P 
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Nakayama, Mikio (1947-) 173.Е 

Nakayama, Tadasi (1912-64) 6.E 8 29.H, I 59.H 
67.D 172.A 200.K - N 243.G 

Nakazi, Takahiko (1944-) 164.G 

Namba, Kanji (1939-) 33r 

Namba, Makoto (1943-) 9.E 72.r 

Nambu, Yoichiro (1921-) 132.С 

Namikawa, Yukihiko (1945-) 16.Z 

Namioka, Isaac (1928-) 310.1 424г 

Napier, John (1550-1617) 131.D 265 432.C 
App A, Tables 2.1], IIT 

Narasimhan, Mudumbai $. (1932-) 112.D 

Narasimhan, Raghavan (1937-) 23.r 367.G 

Naruki, Isao (1944-) 21.P, Q 344.D 
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286.3 323.L 327.G, r 365.B 

Navier, Louis Marie Henri (1785-1836)  204.B, 
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Nedoma, Лї 213.F 

Ne'eman, Yuval (1925-) 132.0, г 

Nehari, Zeev (1915-78) 77.r 367.G 438.B 

Nelson, Joseph Edward (1932-) 115.0 150.F 176.F 
293.E, г 341.1 437.5 

Nemytskii, Viktor Vladimirovich (1900-) 126.Е, г 
394.r 

Nernst, Hermann Walter (1864—1941) 419.А 

Neron, André (1922-) 3. M, N, r IS.D 16.P 

Nersesyan, A. A. 164J 

Nesbitt, Cecil James (1912-)  29.r 362.r 368.r 

Netto, Eugen (1846—1919) 177.r 330.r 

Neubüser, Joachim E. F. G. (1932-) 92.F 

Neugebauer, Otto (Eduard) (1899—) 24.r 

Neuhoff, David L. 213.Е, F 

Neukirch, Jürgen (1937-) 450.r 

Neumann, Bernhard Hermann (1909—) 161.C 
190.M 

Neumann, Carl (Karl) Gottfried (1832—1925) 
39.B 120.A 188.H 193.F 217.D 323.F App. A, 
Tables 19.11, TV 

Neustadt, L. W. 292г 

Neuwirth, Lee P. (1933-) 235г 

Nevanlinna, Frithiof (1894-1977) 272.K 

Nevanlinna, Rolf Herman (1895—1980) 21.N 43r 
109 124.B 164.G 198.r 272.B, D, E, K, r 367.E, 
I, r 429.B 438.B 

Neveu, Jacques (1932-) 136.C 

Neville, Charles William (1941-) 164.К 

Newcomb, Robert Wayne (1933-) 282г 

Newcomb, Simon (1835-1909) 392г 

Newell, Allen 385.r 

Newhauser, George L. 215.r 

Newhouse, Sheldon Е. (1942-) 126.3, L, M 

Newlander, August, Jr. 72.r 

Newman, Charles Michael (1946-) 212.r 

Newman, Donald J. 328 
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Newman, Maxwell Herman Alexander (1897—1984) 
65.C, F 93.r 333.r 

Newton, Sir Isaac (1642-1727) 20 48.В, Е, Н 
107.А 126.A 205.C 223.C 254.D 265 271.A-C 
283 299.A 301.D 336.G 337.1338.A 418.D 
App. A, Table 21 

Newton, Roger Gerhard (1924-) 375.G, т 

Ney, Peter Е. (1930-) 44.C 

Neyman, Jerzy (1894—1981) 373.А, г 396.F 
400.B, D 401.B, C, F, G, r 

Nicholson, John William (1881—1955) App. A, 
Tables 19.III, IV 

Nickel, Karl L. E. (1924-) 222.r 301.G 

Nickerson, Helen Kelsall (1918-) 94.r 442.r 

Nicolaenko, Basil 41.D 

Nicolaus Cusanus (1401-64) 360 

Nicolescu, Miron (1903-75) 193г 

Nicomachus (50-150?) 187 

Nicomedes (П. 250? в.с.) 93.H 

Niederreiter, Harald С. (1944-) 182г 354г 

Nielsen, Niels (1865—1931) 167.г 174г 

Niino, Kiyoshi (1941-) 17.С 

Niiro, Fumio (1923-) 310.Н 

Nijenhuis, Albert (1926-) 72.В 

Nikaidó, Hukukane (1923-) 89.r 

Nikodým, Otto Martin (1878-) 270.L 323.E 380.C 
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Nikol'skii, Nikolai Kapitonovich (1940-) 251г 

Nikol’skii, Sergei Mikhailovich (1905-) 168.В 

Nilson, Edwin Norman (1917—) 223г 

Ninomiya, Nobuyuki (1924-) 338.С, D, J-M 

Nirenberg, Louis (1925-) 72.r 112.D, F, H 164.K 
168.B 262.B 274.1 286.Z, r 304.F 320.1 323.H, г 
345.A, В 365.J 

Nishi, Mieo(1924-) 12.B 

Nishida, Goro (1943-) 20217 

Nishida, Takaaki (1942-) 41.D, Е, r 204.F 263.D 
286.7. 

Nishijima, Kazuhiko (1926-) 132.А 150.r 

Nishikawa, Seiki (1948—) 195.r 

Nishimori, Toshiyuki (1947-) 154.G, Н 

Nishimura, Toshio (1926-) 156.Е 

Nishina, Yoshio (1890—1951) 351.G 

Nishino, Toshio (1932-) 21.L, Q 

Nishiura, Yasumasa (1950—) | 263.r 

Nisio, Makiko (1931—) | 45.r 260.J 405.r 

Nitecki, Zbigniew | 126.r 

Nitsche, Johannes C. С. (1925-) 275.С, г 334.F, г 

Niven, Ivan (1915-) 118г 

Nóbeling, Georg 117.D 246.r 

Noether, Amalie Emmy (1882-1935) 8 12.B 
16.D, X 27.D, E29.F 150.B 277.1 284.A, D, G 
368.F 450.L 

Noether, Max (1844-1921) 9.Е, Е, r 11.В, г 12.В 
15.B, D 16.1 366.C 

Nogi, Tatsuo (1941-) 304.Е 

Nohl, Craig R. 80.r 

Nomizu, Katsumi (1924-)  105.r 199.r 365.H, N, r 
412.7 413.1 417.r 

Nordin, Clas 323.M 

Norguet, François (1932-) 21.1 

Norkin, Sim Borisovich (1918—) 163.г 

Norlund (Nerlund), Niels Erik (1885—1981) 
104.В, т 379.7, Q 

Northcott, Douglas Geoffrey 67.1 200.r 277.r 284.r 

Norton, Richard Е. (1928-) 146.С 

Norton, Simon Phillips (1952-) 1511 

Noshiro, Kiyoshi (1906—76) 62.В, С, E 

Nourein, Abdel Wahab M. 301.Е 
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Novikov, Рёїт Sergeevich (1901-75) 22D, F, H 
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Novikov, Sergei Petrovich (1937-) 56.Е 114J 
126.N 154.B, D 387.C, r 
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Nusselt, Ernst Kraft Wilhelm (1882-1957) 116.B 

Nyikos, Peter J. 273.K 
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Obata, Morio (1926-) 364.Е, G, r 391.0 
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Ochan, Yurii Seménovich (1913-) 100.r 

Ochiai, Takushiro (1943-) 21.3, О I91.r 384.r 

Oda, Tadao (1940-) 16.7, г 72.K 

Oda, Takayuki (1950-) 450.5 

Odqvist, Folke К. С. 188г 

Oenopides (c. Sth century в.с.) 187 

Ogasawara, Tójiro (1910-78) 162 

Ogg, Andrew Р. (1934—) 32r 

Ogiue, Koichi (1941-) 110.Е 365.L, г 

Ogus, Arthur E. (1946-) 450r 

Oğuztöreli, Mehmet Namik (1923—)  163.r 222.r 

Oharu, Shinnosuke (1941-) 162 286.X 

Ohm, Georg Simon (1787-1854) 130.В 259 

Ohnishi, Masao (1923-) 411.J 

Ohtsuka, Makoto (1922-) 62.С, г 77 120.А 143.B 
193.r 207.C, r 246.4 338.C, D. M, r 

Ohya, Yujiro (1935-) 325.H, 1 345.A 

Oikawa, Kótaro (1928-) 48.r 77.E, г 367.r 

Ojanguren, Manuel (1940-) 29.r 

Ojima, Izumi (1949-) 150.G 

Oka, Kiyoshi (1901-78) 20 21.E, H, I, K, Q 23.D 
72.E 147.0 383.J 

Oka, Yukimasa (1942-) 136Е 

Okabe, Yasunori (1943-) 176.F 

Okada, Norio (1947-) 173.E 

Okada, Yoshitomo (1892-1957) 379.Р 

Okamoto, Kazuo (1948 ) 253.E 

Okamoto, Kiyosato (1935-) 437.AA 

Okamoto, Masashi (1923-) 280.r 

Okamoto, Shüichi (1951—) 306.А 

Okamura, Hiroshi (1905-48) 94.r 216.B 246.F 
316.0, r 

Okano, Hatsuo (1932-) 100.r 

Okonek, C. 16r 

Okubo, Кепјіго (1934-) 253.С 

Okugawa, Kotaro (1913-) 113 

Okumura, Masafumi (1936-) 110.Е 

Okuyama, Akihiro (1933-) 273.К 425.Y 

Oleinik, Oľga Arsen'evna (1925-) 112.0 323г 
325.Н 327.г 

Olive, David Ian (1937-) 146.т 386.C, г 

Olivieri, Е. 402.G 

Olkin, Ingram (1924-)  280.r 

Olmsted, John М. Н. (1911-) 106r 216.r 

Olum, Paul(1918-) 91.r 305.A, r 

Olver, Frank W. J. 30r 

O'Meara, Onorato Timothy (1928-) 348г 

Omnes, Roland Lucian (1931—) 150.г 

Omori, Hideki(1938-) 178.Е 183 286г 

Omura, Jim К. (1940-) 213.E 

O'Nan, Michael Е. 151.H, I 

O'Neil, Richard 224.E 

O'Neill, Barrett (1924-)  111.r 178.r 365.B, G 

O'Neill, Bernard V., Jr. 164.F 

Ono, Harumi (1932-) 301.Е 

Ono, Katuzi (1909-) 156.Е, т 
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Ono, Takashi (1928-) 13.Р 

Onsager, Lars (1903-76) 340.В 402.K 

Oono, Yosiro (1920-) 282г 

Oort, Frans(1935-) 9.7 

Oppenheim, Alexander 220.В 242.A 

Ord, J. Keith 374г 

Ordeshook, Peter С. 173.r 

Ore, Oystein (1899—1968) 157.r 190.1. 

Oresme, Nicole (c. 1320(30)-82) 372 

Orey, Steven (1928-) 260.J 

Orihara, Masae(1915-) 310.г 

Orlicz, Władysław (1903-) 168.В 443.D 

Ornstein, Donald S. (1934-) 5.G 136.B, C, E-G, r 
162 213.E, F 

Ornstein, Leonard Salomon (1880-1941) 451 

Ortega, James McDonogh (1932-) 301г 

Orzech, Morris (1942-) 29.r 

Oseen, William (1879-) 205.С 

Oseledets, Valerii Iustinovich (1940—) 136.B 

Osgood, William Fogg (1864-1943) 3.r 11.1 2t.H,r 
107.4 

Oshima, Toshio (1948 -) 274.г 437.CC, r 

Osikawa, Motosige (1939-) 136.Е 

Osima, Masaru (1912-) 109.r 275.A—E, r 334.F, r 
365.H 391.D 

Osterwalder, Konrad (1942-) 150.F 

Ostrogradskii, Mikhail Vasil'evich (1891-62) 94.Е 

Ostrowski, Alexander (1893-) 14.Е 58.F 88.А r 
106.r 121.C 205.r 216.1 272.F 301.1 339.E 388.B 
439.L 

Oswatitsch, Klaus (1910-)  207.C 

Otsuki, Nobukazu (1942-) 136.r 

Otsuki, Tominosuke (1917-) 275.А, Е 365.B 

Ouchi, Sunao (1945-) 378.Е 

Ovsyannikov, Lev Vasil'evich (1919-) 286.7. 

Owen, Donald В. STR 

Oxtoby, John Corning (1910-) 136.Н 

Ozawa, Mitsuru (1923-) 17.С 367.E 438.C 

Ozeki, Hideki (1931-) 3651, r 
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Paatero, Veikko(1903-) 198.г 

Pacioli, Luca (c. 1445—с. 1514) 360 

Padé, Henri Eugène (1863-1953) 142.E 

Page, Annie 123.D 

Paige, Christopher Conway (1939-) 241.С 

Painlevé, Paul (1863-1933) 198.G 288.A-D, г 
420.C 

Pal, J. 89.C 

Palais, Richard Sheldon (1931-) 80.r 105.Z, r 
183.*, т 191.G 279.A, E 286.0, r 431.r 

Palamodov, Viktor Pavlovich (1938-) 112.R 

Paley, Raymond Edward Alan Christopher (1907— 
33) 4$. 58.r 125.0, BB 159.G 160.E, С, r 168.B 
192.Е, r 272.K 295.E 317.В 

Palis, Jacob, Jr. 126.C, J, M, r 

Pan, Viktor Yakovlevich (1939-) 71.D 

Panofsky, Wolfgang Kurt German (1919-) 130r 

Papakyriakopoulos, Christos Dimitricu (1914-76) 
65.E 235.A 

Papanicolaou, George С. (1943-) 115.D 

Papert, Seymour 385г 

Pappus (of Alexandria) (fl. 320) 78.К 187 343.D 

Parasyuk (Parasiuk), Ostap Stepanovich (1921-) 
146.A 

Paris, Jeffrey В. (1944—) 33.г 

Parker, Ernest Tilden (1926-) 151.H 241.B 

Parreau, Michel (1923-) 164.К 193.G 207.C 367.E 

Parry, William (1934-) 136.С, г 
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Parseval, Marc Antoinc (1755-1836)  18.B 159.A 
160.C, H 192.M 197.C 220.B, C, E 

Parshin, Aleksei Nikolaevich 118.E 

Parthasarathy, Kalyanapuram Rangachari 213.F 
341.r 374.r 

Parzen, Emanuel (1929-) 421.0 

Pascal, Blaise (1623—62) 20 75.A 78.K 155.E 181 
265 329 330 342.4 343.E 

Pascal, Ernesto (1865-7?) 15.r 

Pascal, Étienne (1588-1651) 329 

Pasch, Moritz (1843-1930) 155.B 

Passman, Donald S. (1940-) 151г 

Pasta, J. 287.r 

Pasternack, Joel 154.H 

Pastur, Leonid Andreevich 340.г 
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Ahlfors finiteness theorem 234.р 
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adele group 
of an algebraic group  13.P 
of a linear algebraic group 6.С 
adele ring (of an algebraic number field) 6.C 
adeles and ideles 6 
Adem formula App. A, Table 6.II 
Adem relation 64.В 
adequacy 396J 
adherent point 425.B 
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adjacement matrix 186.G 
adjoin 
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right (linear mapping) 52.K 256.Q 
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adjoint boundary condition 315.B 
adjoint boundary value problem 315.B 
adjoint differential equations 252.K 
adjoint differential expression 252.K. 
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adjoint group 
isogenous to an algebraic group 13.N 
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ofa Lie algebra 248.H 
ofa Lie group 249.P 
adjoint Hilbert space 251.Е 
adjoint kernel (of a kernel of a potential) 338.В 
adjoint Lie algebra 248.B 
adjoint matrix 2691 
adjoint operator 
(on Banach spaces) 37.D 251.D 
(on Hilbert spaces) 251.E 
(of a linear partial differential operator) 322.E 
(of a microdifferential operator) 274.F 
(of a microlocal operator) 274.F 
adjoint representation 
ofa Lie algebra 248.В 
ofa Lie group 249.Р 
of a linear representation 362.E 
adjoint space (of a linear topological space) 424.D 
adjoint system 
(of a complete linear system on an algebraic 
surface) 15.D 
of differential equations 252.K 
adjunction formula 15.D 
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sampling inspection with 404.C 
seasonal 397.N 
Adler-Weisberger sum rule 132.C 
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(decision function) 398.B 
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admissible control 405.A 
admissible function 46.A 304.B 
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Ado theorem 248.Е 
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a.e. (almost everywhere) 270.D 
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affect (of an algebraic equation) 172.G 
affectless algebraic equation 172.G 
affine (morphism) 16.D 
affine algebraic group 13.А 
affine algebraic variety 16.A 
quasi- 16.C 
affine arcelement 110.C 
affine arc length 110.C 
affine binormal 110.C 
affine connection 80.H 286.L 
canonical(on К”) 80.J 
coefficients of 80.L 
affine coordinates 7.C 
affine curvature 110.C 
affine differential geometry 110.C 
affine frame (of an affine space) 7.C 
affine geometry 7 
in the narrower sense 7.E 
affine length 110.C 
affine locally symmetric space 80.J 
affinely congruent 7.E 
affine mapping 7.E 
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(function) 100.C 
(mapping in the plane) 246H 
(measure) 270.L 
(set function) 380.C 
(vector measure) 443.6 
generalized 100.С 
u- 380.C 
in the restricted sense 100.C 
in the sense of Tonelli ` 246.C 
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(infinite product) 379.G 
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uniformly 435.A 
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424.E 
absolutely integrable function 216.E 
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absolutely irreducible character 362.Е 
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locally 438.E 
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(linear k-step method) 303.G 
(system of differential equations) 291.E 
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abstract M space 310.G 
abstract Riemann surface 367.А 
abstract simplicia! complex 70.C 
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abundant number 297.D 
acceleration parameter 302.C 
acceptance 400.A 
acceptance region 400.A 
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accessible (from a region) 93.K 
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accumulated error 138.C 
accumulation point 87.C 425.0 
complete 425.0 
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action 431A 
R- 126B 
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reductive 226.B 
Z- 126B 
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action space 398.A 
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activity analysis 376 
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acute angle 139.D 
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strongly 304.C 
acyclic complex 200.С 200.H 
Adams-Bashforth method 303.Е 
Adams conjecture 237.1 
Adams-Moulton method 303.Е 
Adams operation 237.E 
adapted (stochastic process) 407.B 
adaptive scheme 299.С 
addition 
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(of natural numbers) 294.B 
(inaring) 368.A 
(of unfoldings) 51.D 
addition formula 
algebraic 3.М 
fore? 131.G 
for sine and cosine 432.A 
of trigonometric functions App. A, Table 2.1 
addition theorem 
of Bessel functions 39.B 
of cylindrical functions App. A, Table 19.1 
of Legendre functions 393.С 
of the g-function App. A, Table 16.IV 
ofsn,cn,dn App. A, Table 16.III 
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finitely 270.В 
additive functional 
(of a Markov process) 261.E 
martingale 261.Е 
natural 261.E 
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c- 270.B 

o, tail 342.6 

c-, topological 270.С 

с-, well-measurable 407.В 
simple 29.А 

solvable 231.A 

Staudt 343.С 

Steenrod 64.В 
supplemented 2001. 
symmetric 29.Н 

tensor (оп а linear space) 256.К 
Тһот 114.Н 

total matrix 269. В 

uniform 164.А 

uniserial 29.1 

uniserial, absolutely 29.1 
uniserial, generalized 29.1 
unitary 29.A 

universal enveloping (of a Lie algebra) 248.7 
vector App. A, Table 3.1 
von Neumann 308.С 

von Neumann, induced 308.C 
von Neumann, reduced 308.С 
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zero 29А 


algebra class (of central simple algebras) 29.E 
algebra class group  29.E 
algebra extension 29.D 200.L 
algebra homomorphism 29.A 
algebraic addition formula 3.M 
algebraic algebra 29.J 
algebraic analysis 125.А 
algebraically closed (in a field) 149.1 
algebraically closed field 149.1 
quasi- 118.F 
algebraically dependent (on a family of elements 
ofa field) 149.K 
algebraically dependent elements (of a ring) 369.A 
algebraically equivalent cycles 16.R 
algebraically equivalent to 0 (a divisor on an alge- 
braic variety) 16.P 
algebraically independent (over a field) 149.К 
algebraically independent elements (of a ring) 
369.A 
algebraically simple eigenvalue 390.Е 
algebraic branch point (of a Riemann surface) 
367.B 
algebraic closure 
ofafield 1491 
separable 257.E 
algebraic correspondence 9.Н 161 
group of classes of 9.H 
algebraic curves !1.A 
irreducible 11.B 
plane 9.B 
algebraic cycles 450.0 
algebraic differential equation 113 288.A 
algebraic dimension (of a compact complex mani- 
fold) 74.F 
algebraic element (of a field) 149.E 
algebraic equations 10, App. A, Table 1 
in m unknowns 10.А 
algebraic extension 149.E 
algebraic family (of cycles on an algebraic variety) 
16.R 
algebraic fiber space 72.I 
algebraic function 11.A 
algebraic function field 
over k of dimension! 9.D 
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over k of transcendence degree 1 9.D 
inn variable 149.K 
€-function of 450.Р 
algebraic fundamental group 16.0 
algebraic geometry 12.A 
algebraic groups 13 
absolutely simple 13.0 
affine 13.A 
almost simple 13.0 
connected 13.A 
isogenous 13.A 
k-almost simple 15.0 
k-anisotropic 13.6 
k-compact 13.G 
k-isotropic 13.G 
k-quasisplit 13.0 
k-simple 13.0 
k-solvable 13.F 
k-split 13.N 
linear 13.A 
nilpotent 13.F 
reductive 13.1 
semisimple 131 
simple 13.1. 
solvable 13.F 
unipotent 13.E 
algebraic group variety 13.B 
algebraic homotopy group 16.0 
algebraic integer 14.А 
algebraic K-theory 237.J 
higher 237.7 
algebraic Lie algebra 13.C 
algebraic linear functional 424.B 
algebraic multiplicity (of an eigenvalue) 309.В 
algebraic number 14А 
algebraic number fields 14 
relative 141 
algebraic pencil 15.C 
algebraic point (over a field) 369.С 
algebraic scheme 16.D 
algebraic sheaf, coherent 16.Е 72.F 
algebraic singularity (of an analytic function) 
198.M 
algebraic solution (of an algebraic equation) 10.D 
algebraic space 16.W 
algebraic subgroup 13.A 
algebraic surfaces 15 
algebraic system 
ofrequations 10 
in the wider sense 409.B 
algebraic topology 426 
algebraic torus 13.0 
algebraic varieties 16 16.C 
abstract 16.C 
affine 16А 
complex 16.T 
normal 16.F 
product 16.A 
projective 16.A 
quasi-affine 16.C 
quasiprojective 16.С 
algebra isomorphism 29.А 
algebroidal function(s) 17 
entire 17.B 
k-valued 17.A 
algorithm 97 356.C 
composite simplex 255.F 
division 297.A 
division (of polynomials) 337.С 
dual simplex 255.F 


Subject Index 
Alignment chart 


Euclidean 297.A 
Euclidean (of polynomials) 337.D 
fractional cutting planc 215.B 
greedy 66.G 
heuristic 215.Е 
partitioning 215.E 
primal-dual 255.F 
variable-step variable-order (VSVO) 303.Е 
VSVO 303.E 
aliases 102.I 
alignment chart 19.D 
allied series (of a trigonometric series) 159.A 
all-integer 215.В 
all-integer algorithm 215.В 
all-integer programming problem 215.A 
allocation, optimum 373.Е 
allocation process, multistage 127.А 
allowed homomorphism (between A-modules) 
277.E 
allowed submodule 277.С 
almost all 342.B 
almost all points of a variety 16.А 
almost certainly converge 342.D 
almost certainly occur 342.B 
almost complex manifold 72В 
stably 114.H 
weakly 114.H 
almost complex structure 72.B 
tensor field of (induced by a complex structure) 
72.B 
almost conformal 275.C 
almost contact manifold 110.Е 
almost contact metric structure  110.E 
almost contact structure 110.E 
almost effective action (on a set) 415.B 
almost effectively (act on a G-space) 431.A 
almost everywhere converge 342.D 
almost everywhere hold (in a measure space) 270.D 
almost finite memory channels 213.F 
almost G-invariant statistic 396.1 
almost invariant test 400.E 
almost parallelizable manifold 1141 
almost periodic (motion) 126.D 
almost periodic differential equation 290.A 
almost periodic functions 18 
analytic 18.D 
onagroup 18.F 
with respect top 18.C 
in the sense of Bohr 18.B 
uniformly 18.B 
almost periodic group, maximally 181 
almost periodic group, minimally 181 
almost simple algebraic group 13.1. 
k- 13.0 
almost subharmonic 193.T 
almost surely converge 342.D 
almost surely occur 342.B 
almost symplectic structure 191.В 
alphabet 31.B 63.A 213.B 
alternate angles 139.D 
alternating contravariant tensor 256.N 
alternating covariant tensor 256.N 
alternating direction implicit (ADI) method 304.Е 
alternating function 3371 
alternating group of degreen 151.G 
alternating knot 235.A 
alternating law (in a Lie algebra) 248.A 
alternating matrix 269.В 
alternating multilinear form 256.Н 
alternating multilinear mapping 256.Н 
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alternating polynomial 337.1 
simplest 337.1 
alternating series 379.С 
alternating tensor field 105.0 
alternative (in game theory) 173.B 
alternative algebra 231.А 
alternative field 231.A 
alternative hypothesis 400.A 
alternative theorem, Fredholm 68.Е 217.F 
alternizer 256.N 
altitude (of a commutative ring) 67.E 
altitude theorem, Krull 284.A 
amalgamated product (of a family of groups) 
190.M 
amalgamated sum 52.G 
ambient isotropic 65.D 
ambient isotropy 65.D 
ambig class (of a quadratic field) 347.F 
ambig ideal (of a quadratic field) 347.F 
ambiguous point 62.D 
amicable number 297.D 
Amitsur cohomology group 200.Р 
Amitsur complex 200.Р 
amount insured 214.A 
amount of inspection, expected 404.С 
amount of insurance 214.A 
Ampère equations, Мопре- 278, App. A, Table 
15.01 
Ampére transformation 82.A 
amphicheiral knot 235.A 
ample divisor 16.N 


very 16.N 
ample linear system 16.N 
very 16.N 


ample over S (of a sheaf on a scheme) 16.E 
relatively 16.E 
very 16.E 
ample vector bundle 16.Y 
amplification matrix 304.Е 
amplification operator of a scheme 304.Е 
amplitude 
(of a complex number) 74.C 
(function) App. A, Table 16.III 
(of an oscillation) 318.A 
(of time series data) 397.N 
(ofa wave) 446 
Feynman 146.В 
partial wave scattering 375.E 
probability 351.D 
scattering 375.С,Е 386.B 
amplitude function (of a Fourier integral operator) 
274.C 345.B 
AMU estimator, kth-order 399.0 
analog, difference 304.E 
analog computation 19 
analog computers 19.Е 
electronic 19.Е 
analog of de Rham’s theorem 21.L 
analog quantity 138.B 
analog simulation 385.A 
analysis 20 
activity 376 
algebraic 125.A 
backward 138.C 
backward error 302.B 
combinatorial 66.А 
consistency of 156.E 
convex 88 
design-of-experiment 403.D 
dimensional 116 
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Diophantine 296.А 
experimental 385.A 
factor 280.G 
forward 138.C 
function 20 
functional 162 
functional, nonlinear 286 
harmonic (on locally compact Abelian groups) 
192.G 
intrablock 102.D 
microlocal 274.A 345.A 
multivariate 280 
ofa network 282.C 
numerical 300 
principal component 280.Е 
regression 403.D 
spectral 390.А 
analysis of variance 400.Н 403.D 
multivariate 280.B 
table 400.H 
analytic 
(function) 21.B,C 198.A,H 
(predicate) 356.H 
complex, structure 72.A 
micro- (hyperfunction) 125.CC 
pseudo- (function) 352.B 
quasi- (function) 352.B 
quasi- (in the generalized sense) 58.F 
real 106.K 198.H 
analytical dynamics 271.F 
analytically continuable 198.1 
analytically hypoelliptic 112.р 323.1 
analytically independent elements 370.А 
analytically normal local ring 284.D 
analytically thin set 23.D 
analytically uniform spaces 125.5 
analytically unramified semilocal ring 284.D 
analytic almost periodic function 18.D 
analytic automorphism  21.J 
analytic capacity 169.F 
analytic continuation 198.G 
alongacurve 198.1 
direct 198.6 
uniqueness theorem of 198.1 
in the wider sense 198.0 
analytic covering space 23.E 
analytic curve 
in an analytic manifold 93.В 
in a Euclidean plane 93.B 
analytic differential (on a Riemann surface) 367.H 
analytic fiber bundle 
complex 147.0 
real 147.0 
analytic functions 198.A,H 
complex 198.H 
inverse 198.1, 
many-valued 198.J 
multiple-valued 198.J 
n-valued 198.J 
real 106.К 198.H 
in the sense of Weierstrass 198.1 
of several complex variables 21.B,C 
in the wider sense 198.0 
analytic geometry 181 
analytic hierarchy 356.Н 
analytic homomorphism (between Lie groups) 
249.N 
analytic index 
of a elliptic complex 237.H 
of an elliptic differential operator 237.H 


Subject Index 
Angle 


analytic isomorphism  21.J 
between Lie groups 249.N 
analyticity, set of 192.3 
analytic manifold 
complex 72.A 
real 105.C 
analytic mapping 21.J 
analytic measurable space 270.С 
analytic neighborhood 
of a function element in the wider sense 
198.0 
of a Riemann surface 367.А 
analytic number theory 296.В 
analytic operation 22.B 
analytic operation function 37.K 
analytic perturbation 331.0 
analytic polyhedron 21.G 
analytic prolongation 198.G 
analytic relations, invariance theorem of 198.К 
analytic representation (of GL(V)) 60.D 
analytic set 
(in set theory) 22 
(in the theory of analytic spaces) 23.B 
co- 22А 
complementary (in set theory) 22.A 
germ of. 23.B 
irreducible (at a point) 23.B 
principal 23.B 
purely d-dimensional 23.B 
purely d-dimensional (at a point) 23.B 
analytic sheaf 72.Е 
coherent 72.E 
analytic spaces 23 
Banach 23.G 
C- 23.Е 
general 23.G 
K-complete 23.Е 
normal 23.D 
in the sense of Behnke-Stein 23.E 
analytic structure 
complex 72.А 
real 105.D 
on a Riemann surface 367.А 
analytic submanifold, complex 72.А 
analytic subset (of a complex manifold) 72.Е 
analytic subspace 23.C,G 
analytic torsion 391.M 
analytic vector (with respect to a unitary representa- 
tion of a Lie group) 437.5 
analytic wave front set 274.D 
analyzer 
differential 19.E 
harmonic 19.E 
anchor ring 410.B 
ancient mathematics 24 
ancillary statistic 396.Н 401.C 
Anger function 39.G, App. A, Table 19.IV 
angle 139.D 155.B 
(of a geodesic triangle) 178.A,H 
(of hyperspheres) 76.А 
(of a spherical triangle) 432.B 
acute 139.D 
alternate 139.D 
corresponding 139.D 
eccentric (of a point on a hyperbola) 78.E 
eccentric (of a point on an ellipse) 78.D 
Euler 90.C 
general 139.D 
non-Euclidean (in a Klein model) 285.C 
obtuse 139.D 


Subject Index 
Angular derivative (of a holomorphic function) 


regular polyhedral 357.B 

right 139.D 

straight 139.D 

straightening of 114.F 

supplementary 139.D 

trisection of 179.A 

vertical 139.D 
angular derivative (of a holomorphic function) 

43.K 

angular domain 333.A 
angular frequency (of a sine wave) 446 
angular momentum  258.D 271.E 

integrals of 420.A 

intrinsic 415.G 

orbital 315.E 

theorem of 271.E 
angular momentum density 150.В 
angular transformation 374.D 
anharmonic ratio 343.D 
anisotropic 

(quadratic form) 13.G 

k- (algebraic group) 13.G 
annihilation operator 377.А 
annihilator 422.D 

left 29.H 

reciprocity of (in topological Abelian groups) 

422.E 

right 29.H 
annual aberration 392 
annual parallax 392 
annuity contract 214.B 
annular domain 333.A 
annulator 422.D 
annulus conjecture 65.C 
anomaly 

eccentric 309.B 

mean 309.B 

true 309.B 
Anosov diffeomorphism 126.7 136.G 
Anosov flow 126.J 136.G 
Anosov foliations 126.) 
Anosov vector field 126.) 
АМК (absolute neighborhood retract) 202.D,E 
antiautomorphism 

(ofa group) 190.D 

(ofa ring) 368.D 

principal (of a Clifford algebra) 61.В 
antiendomorphism 

(ofa group) 190.D 

(ofaring) 368.D 
antiequivalence (between categories) 52.H 
anti-Hermitian form 256.0 
anti-Hermitian matrix 269.1 
antiholomorphic 195.В 275.B 
antihomomorphism 

of groups 190.0 

of lattices 243.C 

of rings 368.D 
anti-isomorphic lattices 243.C 
anti-isomorphism 

of groups 190.D 

of lattices 243.C 

of ordered sets 311.F 

ofrings 368.D 
antinomy 319.A 
antiparticle 132.А 386.B 
antipodal points (оп a sphere) 140 
antipode 203.H 
anti-self-dual (G-connection) 80.Q 
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antisymmetric 
(Fock space) 377.A 
(multilinear form) 256.H 
(multilinear mapping) 256.H 
(relation) 358.A 
(tensor) 256.N 
law 311.A 
matrix 269.В 
antisymmetry, set of 164.E 
Antoine’s necklace 65.G 
apartment 13.R 
aperiodic 136.Е 260.B 
Apollonius problem (in geometric construction) 
179.A 
a posteriori distribution 388.В 
a posteriori probability 342.Е 
apparent force 271.D 
apparent singular point 254.1. 
Appell hypergeometric functions of two variables 
206.D, App. A, Table 18.1 
application 31.B 
approach 
Bayesian 401.B 
group-theoretic 215.С 
non-Bayesian 401.B 
S-matrix 132.C 
state-space 86.A 
approximate derivative (of a measurable function) 
100.B 
approximate functional equation (for zeta function) 
450.B 
approximately derivable (measurable function) 
100.B 
approximately finite (von Neumann algebra) 308.1 
approximately finite algebra 36.H 
approximately finite-dimensional 308.1 
approximation(s) 
best (of a continuous function) 326.В 
best (in evaluation of functions) 142.B 
best (of an irrational number) 83.B 
best polynomial, in the sense of Chebyshev 
336.H 
Diophantine 182.F 
full discrete 304.B 
least square 336.D 
oflinear type 142.B 
method of successive (for an elliptic partial dif- 
ferential equation) 323.D 
method of successive (for Fredholm integral 
equations of the second kind) 217.D 
method of successive (for ordinary differential 
equations) 316.D 
nth (of a differentiable function) !06.E 
Oseen 205.C 
overall, formula 303.С 
Padé 142.E 
Pauli 415.G 
Prandtl-Glauert 205.В 
polynomial. 336 
semidiscrcte 304.В 
simplicial (to a continuous mapping) 70.C 
Stokes 205.C 
Wilson-Hilferty 374.Е 
Yosida 286.X 
approximation method 
in physics 25 
projective 304.B 
approximation property 
(ofa Banach space) 37.L 
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bounded 37.L 
approximation theorem 
(on functions on a compact group) 69.B 
(on valuations) 439.G 
cellular 70.D 
Eichlers 27.D 
Kroneckers 422.K 
polynomial (for C?-functions) 58.Е 
simplicial 70.C 
Weierstrass 336.А 
a priori distribution 388.B 
least favorable 388.H 
a priori estimate 323.С 
іп L? sense 323.H 
a priori probability 342.F 
AR (absolute retract) 202.D 
Arabic numerals 26 
Arab mathematics 26 
Araki axioms, Haag- 150.Е 
Araki-Sewell inequality, Roepstorff- 402.6 
arbitrary constant 313.A 
arbitrary set 381.6 
arc(s) 93.B 186.B 
continuous 93.B 
Farey АВ 
geodesic 178.H 364.B 
joined Бу ап 79.В 
Jordan 81.D 93.B 
major 4B 
minor 4.B 
open 93.B 
pseudo- 79.B 
simple 93.В 
Агссоѕ 131.E 
arc cos (arc cosine) 131.E 
arc element 
affine 110.C 
conformal 110.D 
Archimedean lattice-ordered group 243.6 
Archimedean ordered field 149.N 
Archimedean unit (of a vector lattice) 310.B 
Archimedean valuation 14.F 439.C 
Archimedean vector lattice 310.С 
Archimedes axiom 
in geometry 155.B 
for real numbers 355.В 
Archimedes spiral 93.Н 
arc length 111.0 
affine 110.C 
representation in terms of (for a continuous 
arc) 246.A 
Arcsin 131.Е 
arcsin (агсѕіпе) 131.E 
arcsine law 
for Brownian motion 45.E 
for distribution function 250.D 
for random walk 260.E 
arcsine transformation 374.D 
Arctan 131.E 
arctan (arctangent) 131.E 
arcwise connected component 79.B 
arcwise connected space, locally 79.B 
area 246 
(Euclidean) 139.F 
(ofa polygon) 155.F 
(ofa set in R?) 216.F 
Banach (of a surface) 246.G 
of concentration 397.E 
definite, set of 216.F 
Geöcze (of a surface) 246.E 


Subject Index 
Ascending chain 


Gross (of a Borel set) 246.G 
inner 216.F 270.G 
Janzen (of a Borel set) 246.G 
Lebesgue (of a surface) 246.C 
mixed (of two ovals) 89.D 
outer 216.F 270.G 
Peano (of a surface) 246.F 
surface, of unit hypersphere App. A, Table 9.V 
areal element (in a Cartan space) 152.C 
areal functional 334.B 
areally mean p-valent 438.E 
area theorem 438.B 
Bers 234D 
Arens-Royden theorem 36.М 
Arens theorem, Mackey- 424.№ 
Arf-Kervaire invariant 114J 
Argand plane, Gauss- 74.C 
argument 
(of a complex number) 74.C 
behind-the-moon 351.К 
argument function 46.A 
argument principle 198.F 
arithmetical (predicate) 356.H 
arithmetical hierarchy 356.Н 
of degrees of recursive unsolvability 356.H 
arithmetically equivalent 
(lattices) 92.B 
(pairs) 92.B 
(structures) 276.D 
arithmetic crystal classes 92.B 
arithmetic function 295.A 
arithmetic genus 
(of an algebraic curve) 9.F 
(of an algebraic surface) 15.C 
(of a complete variety) 16.E 
(ofa divisor) 15.C 
virtual (of a divisor) 16.E 
arithmetic mean 211.C 397.C 
arithmetic of associative algebras 27 
arithmetico-geometric mean 134.B 
arithmetic operations 294.4 
arithmetic progression 3791, App. A, Table 101 
prime number theorem for 123.D 
arithmetic subgroup 13.P 122.F,G 
arithmetic unit 75.B 
arithmetization (of metamathematics) 185.C 
array 96.C 
balanced 102.L 
k- 330 
orthogonal 102.L 
arrow diagram 281.D 
Arrow-Hurwicz-Uzawa gradient method 292.E 
artificial variables 255.С 
Artin, E. 28 
Artin conjecture 450.G 
Artin general law of reciprocity 59.С 
Artin-Hasse function 257.H 
Artinian module 277.1 
Artinian ring 284.A 
left 368.F 
right 368.F 
Artin L-function 450.G,R 
Artin-Rees lemma 284.А 
Artin-Schreier extension (of a field) 172.F 
Artinsymbol 14.К 
Arzelà theorem, Ascoli- 168.В 435.D 
ascending central series (of a Lie algebra) 248.C 
ascending chain 
in an ordered set 311.C 
of subgroups ofa group 190.F 


Subject Index 
Ascending chain condition 


ascending chain condition 
in an ordered set 311.C 
for subgroups of a group 190.F 
Ascoli-Arzelà theorem 168.В 435.D 
Ascoli theorem 435.D 
a.s. consistent 399.K 
assembler 75.C 
associate (of an element of a ring) 67.H 
associated convergence radii 21.B 
associated diagrams (in irreducible representations 
of orthogonal groups) 60.J 
associated differential equation, Legendre's 393.А 
associated factor sets (of crossed products) 29.F 
associated factor sets (for extension of groups) 
190.N 
associated fiber bundle 147.0 
associated flow 136.F 
associated form (of a projective variety) 16.5 
associated graded ring 284.D 
associated integral equation (of a homogeneous) 
integral equation) 217.F 
associated Laguerre polynomials 317.D 
associated Legendre functions 393.С, App. A, 
Table 18.III 
associated prime ideal 67.Е 
associated principal bundle 147.D 
association, measure of 397.К 
association algebra 102.J 
association matrix 102.J 
associative, homotopy 203.D 
associative algebra(s) 102.J 231.A 
power 231.A 
associative law 
for the addition and multiplication of natural 
numbers 294.В 
in the algebra of sets 381.В 
for cardinal numbers 49.С 
for the composite of correspondences 358.В 
general (for group composition) 190.C 
for group composition 190.A 
ina lattice 243.A 
inaring 368.А 
associative multiplication of a graded algebra 
203.B 
assumed rate of interest 214.A 
assumption 
inverse 304.D 
Stokes 205.С 
asteroid 93.H 
astronomy, spherical 392 
asymmetric (factorial experiment) 102.H 
asymmetric Cauchy process 5.F 
asymptote (of an infinite branch) 93.G 
asymptotically developable (function) 30.A 
asymptotically distributed 374.D 
asymptotically efficient estimator 399.3 
first-order 399.0 
kth-order 399.0 
asymptotically mean unbiased 399.K 
asymptotically median unbiased estimator (AMU) 
kth-order 399.0 
asymptotically normal estimator 
best (BAN) 399.K 
consistent and (CAN) 399.K 
asymptotically normally distributed 399.K 
asymptotically optima] 354.D 
asymptotically stable 126.Е 286.5 394.B 
globally 126.F 
uniformly 163.G 
asymptotically unbiased 399.К 
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asymptotic bias 399.K 
asymptotic completeness 150.D 
asymptotic concentration 399.N 
asymptotic condition, LSZ 150.р 
asymptotic cone 350.B 
asymptotic convergence 168.B 
asymptotic covariance matrix 399.K 
asymptotic curve 110.B 111.H 
asymptotic direction 111.H 
asymptotic distribution, kth-order 399.0 
asymptotic efficiency 399.N 
second-order 399.0 
higher-order 399.0 
asymptotic expansion 30.A, App. A, Table 171 
(of a pseudodifferential operator) 345.A 
method of matched 112.B 
Mir ikshisundaram-Pleijel 391.В 
asymptotic fields 150.D 
asymptotic freedom 361.В 
asymptotic method 290.D 
asymptotic normality 399.K 
asymptotic path (for a meromorphic function) 
272.H 
asymptotic perturbation theory 331.D 
asymptotic power series 30.A 
asymptotic property (of solutions of a system of 
linear ordinary differential equations) 314.A 
asymptotic ratio set 308.1 
asymptotic ray 178.F 
asymptotic representation 
Debye 39.D, App. A, Table 19.11 
Hankel App. A, Table 19.III 
asymptotic sequence 30.A 
asymptotic series 30.А 
asymptotic set 62.A 
asymptotic solution 325.М 
asymptotic tangent 110.B 
asymptotic value of a meromorphic function 62.A 
272.H 
asymptotic valaue theorem, Lindelóf 43.С 
asynchronous system (of circuits) 75.B 
Atiyah-Bott fixed point theorem 153.C 
Atiyah-Singer fixed point theorem 153.C 
Atiyah-Singer index theorem 237.H 
equivariant 237.H 
atlas 105.C 
of class C" 105.D 
of class C" 105.D 
oriented 105.Е 
atled (nabla) 442.D 
atmospheric refraction 392 
at most (for cardinal numbers) 49.B 


atomic 
(measurable set) 270.D 
at 0 163.H 
atomic element (in a complemented modular lat- 
tice) 243.F 


atomic formula 276.A 411.D 
atomless 398.С 
atrandom 401.F 
attaching a handie 114.F 
attaching space 202.E 
attraction, domain of 374.G 
attractor 126.F 

strange 126.N 
attribute, sampling inspection by 404.C 
augmentation 

(ofan algebra) 200.M 

(of a chain complex) 200.C 

(ofa coalgebra) 203.F 
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(of a cochain complex) 200.F 
(of à complex in an Abelian category) 
200.H 
augmented algebra 200.М 
augmented chain complex 200.С 
autocorrelation 421.B 
autocorrelation coefficient 397.3 
autocovariance, sample 421.В 
automata 31 
automatic integration scheme 299.C 
automaton 31А 
deterministic linear bounded. 31.D 
finite ЗЕР 
nondeterministic linear bounded 31.D 
push-down 31.D 
automorphic form 450.0 
of dimension ~k 32.B 
oftypeU 437.DD 
of жери т 32A 
of weight k 32.B 
automorphic function(s) 32 
multiplicative 32.4 
with respect to Г 32.A 
automorphism 
(of an algebraic system)  409.C 
(ofa field) 149.B 
(ofagroup) 190.D 
{of an object in a category) 52.D 
(of a polarized Abelian variety) 3.G 
(of a probability space)  136.E 
(ofaring) 368.D 
analytic 21J 
anti- (ofa group) 190.0 
anti- (of a ring) 368.D 
differential 113 
Frobenius {of a prime ideal) 14.K 
group of (of a group) 190.D 
holomorphic 21.J 
inner (ofa group) 190.D 
inner (of a ring) 368.D 
inner, group of (of a group) 190.D 
inner, group of (of a Lie algebra) 248.Н 
involutive {of a Lie group) 412.B 
k-fold mixing 136.E 
Kolmogorov 136.Е 
metrically isomorphic {on a measure space) 
136.E 
modular 308.Н 
outer, group of (ofa group) 190.D 
outer, group of (of a Lie algebra) 248.H 
principal (of a Clifford algebra) 61.B 
shift 126J 
spatially isomorphic (on a measure space) 
136.E 
spectrally isomorphic (on a measure space) 
136.E 
strongly mixing 136.E 
weakly isomorphic 136.E 
weakly mixing 136.E 
automorphism group (of a Lie algebra) 248.А 
automorphy, factor of 32.4 
autonomous 163.0 290.4 
autoregressive Gaussian source 213.E 
autoregressive integrated moving average process 
421.G 
autoregressive moving average process 421.D 
autoregressive process 421.D 
auxiliary circle 78.0 
auxiliary equation, Charpit 320.0 
auxiliary units 414A 


Subject Index 
Axiom of the power set 


auxiliary variable 373.C 
average 211.C 
moving 397.N 
moving, process 421. D 
phase 402.C 
weighted moving 397.N 
average complexity 71.A 
average outgoing quality level 404.C 
average sample number 404.C 
averaging, method of 290.D 
AW*-algebra 36.H 
axial-vector currents, partially conserved 132.C 
axial visibility manifold 178.Е 
axiom(s) 35.A 411.1 
Archimedes (in geometry) 155.B 
Archimedes (for real numbers) 355.B 
congruence (ín geometry) 155.B 
Eilenberg-Steenrod 201.0 
Euclid 139.A 
first countability 425.Р 
the first separation 425.0 
the fourth separation 425.Q 
Fréchet 425.0 
Haag-Araki 150.Е 
Haag-Keslev 150.E 
Hausdorff 425.0 
Kolmogorov 425.0 
logical 337.C 411.1 
Martin. 33F 
mathematical 337.C 4111 
Osterwalder-Schrader 150.F 
Pasch 155.B 
second countability 425.P 
the second separation 425,0) 
system of 35.В 
the third separation 425.0 
Tietze’s first 425.Q 
Tietze’s second 425.0 
Tikhonov’s separation 425.Q 
Vietoris 425.0 
Wightman 150.D 
axiom A diffeomorphism 126.3 
axiom A flow 126.) 
axiomatic quantum field theory 150.0 
axiomatic set theory 36 156.E 
axiom A vector field 126.J 
axiomatization 35.A 
axiomatize (by specifying a system of axioms) 
35.B 
axiom of choice 33.B 34.A 
and continuum hypothesis, consistency of 
33.D i 
and continuum hypothesis, independence of 
33.0 
axiom of comprehension 33.В 381.6 
ахіот of constructibility 33.0 
axiom of determinacy 22.H 
axiom of determinateness 33.F 
axiom of e-induction 33.B 
axiom of extensionality 33.B 
axiom of foundation 33.В 
axiom of free mobility (in Euclidean geometry) 
139.B 
axiom of infinity 33.B 381.G 
axiom of linear completeness (in geometry) 155.В 
axiom of mathematical induction 294.B 
axiom of pairing 381.6 
axiom of parallels (in Euclidean geometry) 139.A 
155.B 
axiom of the power set 33.B 381.6 


Subject Index 
Axiom of reducibility (in symbolic logic) 


axiom of reducibility (in symboliclogic) 156.B 
411.K 
axiom of regularity 33.В 
axiom of replacement 33.В 381.G 
axiom of separation 33.В 
axiom of strong infinity 33.E 
axiom of subsets 33.В 381.G 
axiom of substitution 381.6 
axiom of the empty set. 33.B 
axiom of the sum set 33.B 
axiom of the unordered pair 33.В 
axiom of union 381.G 
axioms of continuity 
Dedekind’s 355.А 
axiom system(s) 35 
ofa structure 409.B 
ofatheory 411.1 
axis (axes) 
ofacircular cone 78.A 
conjugate (of a hyperbola) 78.C 
ofconvergence 240.B 
coordinate (of an affine frame) 7.C 
coordinate (of a Euclidean space) 140 
imaginary 74.C 
major (of an ellipse) 78.С 
minor (of an ellipse) 78.C 
optical 180.B 
ofa parabola 78.C 
principal (of a central conic) 78.С 
principal (of a parabola) 78.C 
principal (of a quadric surface) 350.B 
principal, of inertia 271.E 
principal, transformation to 390.B 
real 74.C 
of rotation (of a surface of revolution) 111.1 
transverse (of a hyperbola) 78.C 
хг (of a Euclidean space) 140 
Ax-Kochen isomorphism theorem 276.Е 
azimuth App. A, Table 3.V 
azimuthal quantum number 315.E 
Azumaya algebra 29.K 
Azumaya lemma, Krull- 67.D 


B 
В — beta 
BQ) 


(=, (Q)) 168.B 
(the space of hyperfunctions) 125.V 
В; „ (Besov spaces) 168.B 
B-KMS state 402.G 
f-shadowed 126.7 
f-iraced 126.5 
3B-measurable function 270.1 
*B-measurable set 270.C 
*B-regular measure 270.F 
3B-summable series 379.0 
|B|-summable series 379.0 
b-function 125.EE 418.H 
BN-pair 13.R 3431 
(B,N)-pair 151J 
B,set 22D 
B-complete (locally convex space) 424.X 
BA 102.L 
back substitution 302.B 
backward analysis 138.C 
backward difference 223.С, App. A, Table 21 
backward emission 320.A 
backward equation, Kolmogorov 115.A 260.F 
backward error analysis 302.В 
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backward interpolation formula 
Gauss 223.C 
Newton 223.C 
backward moving average representation 395.D 
canonical 395.D 
backward type 304.р,Е 
badly approximable 83.B 
Baer sum (of extensions) 200.K 
Bahadur efficiency 400.K 
Baire condition 425.1, 
Baire function 84.D 
Baire-Hausdorff theorem 273.J 425.N 
Baire measurable 270.1, 
Baire property 425.L 
Lebesgue measurability and 33.Е 
Baire set 126.Н 270.C 
Baire space 425.1. 
Baire zero-dimensional space 273.В 
Bairstow method 301.Е 
balanced array 102.L 
balanced fractional factorial design 102.1 
balanced incomplete block design 102.Е 
partially 102.J 
balanced mapping, A- 277.) 
balayage 338.L 
balayage principle 338.L 
ball 140 
n- 140 
open 140 
openn- 140 
spin 3511. 
unit 140 
unit (of a Banach space) 37.B 
ball knot, (р, 4)- 235.G 
ball pair 235.6 
ВАМ (best asymptotically normal) 399.К 
Banach-Alaoglu theorem 
(ina Banach space) 37.E 
(in a topological linear space) 424.H 
Banach algebra(s) 36.A 
Banach analytic space 23.6 
Banach area (of a surface) 246.G 
Banach (extension) theorem, Hahn- 
(in a normed space) 37.F 
(in a topological linear space) 424.С 
Banach integral 3101 
Banach lattice 310.F 
Banach Lie group 286.K 
Banach limit 37.F 
Banach manifold 105.7 
Banach space(s) 37.A,B 
reflexive 37.G 
regular 37.G 
Banach star algebra 36.Е 
Banach-Steinhaus theorem 
(ina Banach space) 37.H 
(in a topological linear space) 424.J 
Banach theorem 37.1 
band, Möbius 410.B 
bang-bang control 405.С 
Barankin theorem 399.D 
bar construction (of an Eilenberg-MacLane com- 
plex) 70.F 
bargaining set 173.D 
bargaining solution, Nash 173.C 
Barnes extended hypergeometric function 206.C, 
App. A, Table 18.1 
barrel (in a locally convex space) 4241 
barreled (locally convex space) 4241 
quasi- 4241 
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barrier 120.D 
absorbing 115.B 
reflecting 115.B,C 
Bartle-Dunford-Schwartz integral 443.G 
barycenter 
(of points of an affine space) 7.C 
(ofa rigid body) 271.E 
barycentric coordinates 
(in an affine space) 7.C 90.B 
(in a Euclidean complex) 70.B 
(in the polyhedron of a simplicial complex) 
70.C 
barycentric derived neighborhood, second 65.С 
barycentric refinement 425.R 
barycentric subdivision 
(of a Euclidean complex) 70.B 
(of a simplicial complex) 70.C 
baryons 132.B 
base 
(in a Banach space) 37.L 
(curve of a roulette) 93.H 
(of a logarithmic function) 131.B 
(ofa point range) 343.B 
(of a polymatroid) 66.F,G 
data 96.B 
filter 87.1 
local 425.E 
for the neighborhood system 425.Е 
normal 172.E 
open 425.F 
for the space 425.Е 
for the topology 425.F 
for the uniformity 436.В 
base functions 304.В 
base point 
ofa linear system 16.N 
ofaloop 170 
of a topological space 202.B 
base space 
ofa fiber bundle 147.B 
ofa fiber space 148.В 
of a Riemann surface 367.А 
base term (of a spectral sequence) 200.J 
base units 414.A 
Bashforth method, Adams- 303.Е 
basic components (of an m-dimensional surface) 
110.A 
basic concept (of a structure) 409.B 
basic equation 320.E 
basic feasible solution 255.A 
basic field (of linear space) 256.A 
basic form 255.А 
basic interval 4.B 
basic invariant 226.B 
basic limit theorem 260.C 
basic open set 425.F 
basic optimal solution 255.А 
basic property (of a structure) 409.B 
basic ring (of a module) 277.0 
basic set (for an Axiom A flow) 126J 
basic set (of a structure) 409.B 
basic solution 255.A 
feasible 255.A 
optimal 255.A 
basic space (of a probability space) 342.B 
basic surface (of a covering surface) 367.B 
basic variable 255.A 
basic vector field 80.Н 
basic Z,-extension 14.L 
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basin 126.F 
basis 
(ofan Abelian group) 2.B 
(in a Banach space) 37.L 
(of a homogeneous lattice) 182.B 
(of an ideal) 67.B 
(of a linear space) 256.E 
(ofa module) 277.G 
canonical 201.B 
canonical homology І.С 
Chevalley canonical 248.0 
dual 256.G 
minimal 14.B 
normal 172.E 
oforderrin М 4А 
orthonormal 197.C 
Schauder 37.1. 
strongly distinguished 418.F 
transcendence 149.K 
Weyl canonical 248.P 
basis theorem 
Hilbert (on Noetherian rings) 284.A 
Ritt (on differential polynomials) 113 
bath, heat 419.B 
Bayes estimator 399.G 
Bayes formula 342.Е 405.1 
Bayesian approach 401.B 
Bayesian model 403.G 
Bayes risk 398.B 
Bayes solution 398.В 
generalized 398.В 
in the wider sense 398.В 
Bayes sufficient o-field 396,7 
BCH (Base-Chaudhuri-Hooquenghem) code 63.D 
BDI, type (symmetric Riemannian spaces) 412.G 
BDII, type (symmetric Riemannian spaces) 412.G 
BDH (Brown-Douglas-Fillmore) theory 36.7 390.J 
behavior, Regge 386.С 
behavior strategy 173.В 
behind-the-moon argument 351.K 
Behnke-Stein, analytic space in the sense of 23.E 
Behnke-Stein theorem 21.H 
Behrens-Fisher problem 400.G 
Bellman equation 405.B 
Bellman function 127.G 
Bellman principle 405.B 
Bell inequality 351.1. 
Bell number 177.D 
belong 
(toaset) 381.A 
to the lower class with respect to local con- 
tinuity 45.F 
to the lower class with respect to uniform con- 
inuity 45.F 
to the upper class with respect to local con- 
tinuity 45.F 
to the upper class with respect to uniform con- 
linuity 45.F 
Beltrami differential equation 352.B 
Beltrami differential operator 
of the first kind App. A, Table 4.II 
of the second kind App. A, Table 4.11 
Beltrami operator, Laplace- 194.B 
Bergman kernel function 188.G 
Bergman metric 188.G 
Bernays-Gódel set theory 33.А 
Bernoulli 
loosely 136.F 
monotonely very weak 136.F 


Subject Index 
Bernoulli differential equation 


Bernoulli differential equation App. A, Table 14.1 
Bernoulli family 38 
Bernoulli lemniscate 93.Н 
Bernoulli method 301.J 
Bernoulli number 177.В 
Bernoulli polynomial 177.B 
Bernoulli process 136.E 
very weak 136.E 
weak 136.E 
Bernoulli sample 396.B 
Bernoulli shift 136.D 
generalized 136.D 
Bernoulli spiral 93.H 
Bernoulli theorem 205.В 
Bernoulli trials, sequence of 396.В 
Bernshtein inequality (for trigonometric polyno- 
mials) 336.C 
Bernshtein polynomial 366.A 418.H 
Sato- 125.EE 
Bernshtein problem 275.F 
generalized 275.F 
Bernshtein theorem 
(on cardinal numbers) 49.B 
(on the Laplace transform) 240.E 
(on minimal surfaces) 275.F 
‘Bers area theorem 234.D 
Bertini theorems 15.C 
Bertrand conjecture 123.А 
Bertrand curve 111.F 
Besov embedding theorem, Sobolev- 168.В 
Besovspace 168.B 
Bessaga-Pelczyfiski theorem 443.0 
Bessel differential equation 39.B, App. A, Table 
14.11 
Bessel formula, Hansen- App. A, Table 19.IIT 
Bessel function(s) 39, App. A, Table 19.III 
half 39.В 
modified 39.G 
spherical 39.B 
Bessel inequality 197.С 
Bessel integral 39.В 
Bessel interpolation formula App. A, Table 21 
Bessel series, Fourier- 39.D 
Bessel transform, Fourier- 39.D 
best (statistical decision function) 398.B 
best approximation 
(of a continuous function) 336.B 
(in evaluation of functions) 142.B 
(of an irrational number) 83.В 
in the sense of Chebyshev 336.Н 
best asymptotically normal estimator 399.K 
best invariant estimator 399.1 
best linear unbiased estimator (b.l.u.e.) 403.Е 
best polynomial approximation (in the sense of 
Chebyshev) 336.H 
beta density 397.D 
beta distribution 341.D, App. A, Table 22 
beta function 174.C, App. A, Table 17.I 
incomplete 174.С, App. A, Table 17.1 
beta-model, Luce 346.G 
better, uniformly (statistical decision function) 
398.B 
Betti group (of a complex) 201.B 
Betti number 
of a commutative Noetherian ring 200.K 
ofa complex 201.B 
between (two points in an ordered set) 311.B 
between-group variance 397.L 
Beurling generalized distribution 1251] 
Beurling-Kunugui, theorem, Iversen- 62.В 


1930 


Bezout theorem 12.B 
BG (= Bernays-Gódel set theory) 33.А 
Bhattacharyya inequality 399.D 
biadditive mapping 277.J 
bialgebra 203.G 
quotient 203.G 
semigroup 203.G 
universal enveloping 203.6 
bialgebra homomorphism 203.G 
Bianchi identities 80.J 417.B, App. A, Table 4П 
bias 399.C 
biaxial spherical harmonics 393.D 
BIBD (balanced incomplete block design) 102.Е 
bicharacteristic curve 325.А 
bicharacteristic strip 320.В 
bicompact 425.5 
bicomplex 200.H 
Bieberbach conjecture 438.C 
Biehler equality, Jacobi- 328 
biequicontinuous convergence, topology of 424.R 
bifurcation, Hopf 126.M 
bifurcation equation 286.V 
bifurcation method 290.D 
bifurcation point 
(in bifurcation theory) 126.M 286.R 
(in nonlinear integral equations) 217.M 
bifurcation set 51.F 418.F 
bifurcation theorem, Hopf 286.U 
bifurcation theory 286.R 
biharmonic (function) 193.0 
biholomorphic mapping 21.J 
biideal 203.G 
bijection 
(іп а category) 52.D 
(of sets) 381.C 
bijective mapping 381.С 
bilateral network |. 382.C 
bilincar form 
(on linear spaces) 256.H 
(on modules) 277.J 
(on topological linear spaces) 424.G 
associated with a quadratic form 256.H 
matrix of 256.H 
nondegenerate 256.H 
symmetric (associated with a quadratic form) 
348.A 
bilinear functional 424.G 
integral 424.R 
bilinear Hamiltonian 377.A 
bilinear mapping 
(of a linear space) 256.H 
(of a module) 277.1] 
canonical (on tensor products of linear spaces) 
256.1 
bilinear programming 264.D 
bilinear relations, Hodge-Riemann 16.V 
bimatrix game 173.С 
bimeasurable transformation 136.B 
bimodular germ (of an analytic function) 418.E 
bimodule 277.D 
A-B- 277.0 
binary quadratic form(s) 348.M 
primitive 348.M 
properly equivalent 348.M 
binary relation 358.A 411.G 
binding energy 351.D 
Binet formula 
(on Fibonacci sequence) 295.А 
(on gamma function) 174.A 
binomial coefficient 330, App. A, Table 17.II 
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binomial coefficient series 121.Е 
binomial distribution 341.D 397.F, App. A, 
Table 22 
negative 341.D 397.F, App. A, Table 22 
binomial equation 10.C 
binomial probability paper 19.B 
binomial series App. A, Table 10.1V 
binomial theorem 330, App. A, Table 17.11 
binormal 111.F 
affine ПОС 
bioassay 40.C 
biology, mathematical models in 263 
biometrics 40 
bipartite graph 186.C 
complete 186.C 
bipolar (relative to a pairing) 424.H 
bipolar coordinates 90.C 
bipolar cylindrical coordinates App. A, Table 3.V 
bipolar theorem 37.Е 424.H 
biprojective space 343.H 
biquadratic equation App. A, Table 1 
birational correspondence 16.1 
birational invariant 12.А 
birational isomorphism 
between Abelian varieties З.С 
between algebraic groups 13.A 
birational mapping 161 
birational transformation 16.1 
Birch-Swinnerton-Dyer conjecture 118.D 450.S 
biregular mapping (between prealgebraic varieties) 
16.C 
Birkhoff integrable (function)  443.E 
Birkhoff integral 443.E 
Birkhoff fixed-point theorem, Poincaré- 153.В 
Birkhoff-Witt theorem, Poincaré- (on Lie algebras) 
248.1] 
Birnbaum theorem 399.C 
birth and death process 260.G 
birth process 260.G 
birth rate, infinitesimal 260.6 
bispectral density function 421.C 
bispinor of rank (k,n) 258.B 
bit 75.B 213.B 
check 63.C 
information 63.С 
bivariate data 397.H 
bivariate distribution 397.H 
bivariate moments 397.Н 
bivariate normal density 3971 
Blackwell-Rao theorem 399.С 
Blakers-Massey theorem 202.M 
Blaschke manifold 178.G 
atapointp 178.G 
Blaschke product 43.F 
Blaschke sequence 43.F 
Bleuler formalism, Gupta- 105.G 
Bloch constant 77.F 
schlicht 77.F 
Bloch theorem  77.F 
block 
(bundle) 147.Q 
(of irreducible modular representations) 3621 
(of a permutation group) 151.H 
(of plots) 102.В 
complete 102.В 
incomplete 102.B 
initial 102.E 
block bundle 147.0 
normal 147.Q 
q- 147.0 
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Borel set(s) 


block code 63.A 213.F 
sliding 213.Е 
block design 102.B 
balanced incomplete 102.E 
efficiency-balanced 102.E 
optimal 102.Е 
randomized 102.В 
variance-balanced 102.Е 
block effect 102.B 
block size 102.B 
block structure, 4- 147.Q 
blowing up 
(of an analytic space) 23.D 
(of a complex manifold) 72.H 
(by an ideal sheaf) 16.K 
b.l.u.e (best linear unbiased estimator) 403.E 
Blumenthal zero-one law 261.B 
ВМО (bounded mean oscillation) 168.B 
Bochner integrable 443.C 
Bochner integral 443.C 
Bochner theorem 36.L 192.B 
body 
bounded star 182.C 
rigid 271.E 
body forces 271.G 
Bogolyubov inequality, Peierls- 212.В 
Bohr, almost periodic function in the sense of 
18.B 
Bohr compactification 18.Н 
Bokshtein homomorphism 64.В 
Bokshtein operation 64.B 
Boltzmann constant 402.B 
Boltzmann distribution law, Maxwell- 402.B 
Boltzmann equation 41.A 402.B 
Bolzano-Weierstrass theorem 140 273.F 
bond percolation process 340.D 
Bonnet formula, Gauss- 111.Н 364.D, App. А, 
Table 4.1 
Bonnet fundamental theorem 111.H 
Bonnet-Sasaki-Nitsche formula, Gauss- 275.С 
Boolean algebra 243.Е 
generalized 42.B 
Boolean lattice 42.A 243.E 
ofsets 243.E 
Boolean operations 42.A 
Boolean ring 42.C 
generalized 42.C 
Boolean space 42.D 
Boolean-valued set theory 33.E 
Borcher theorem 150.E 
bord (for a G-manifold) 431.E 
bordant 431.E 
border set 425.N 
Borel-Cantelli lemma 342.В 
Borel direction (of a meromorphic function) 272.F 
Borel embedding, generalized 384.D 
Borel exceptional value 272.E 
Borel exponential method, summable by 379.0 
Borel field 270.B,C 
Borel integral method, summable by 379.0 
Borel isomorphic 270.С 
Borel-Lebesgue theorem 273.Н 
mapping 270.С 
Borel measurable function 270.J 
Borel measure 270.G 
Borel method of summation 379.0 
Borel set(s) 
(in a Euclidean space) 270.C 
(in the strict sense) 270.C 
(in a topological space) 270.C 
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Borel space 


nearly 261.D 
Borelspace 270.C 
standard 270.C 
Borel subalgebra (of a semisimple Lie algebra) 
248.O 
Borel subgroup 
of ап algebraic group 13.G 
k- (of an algebraic group) 13.G 
ofa Lie group 249.J 
Borel subset 270.C 
Borel summable, absolute 379.0 
Borel theorem 
(on classifying spaces) App. A, Table 6.V 
(on meromorphic functions) 272.E 
Heine 273.F 
Borel-Weil theorem 437.0 
bornological 
locally convex space 4241 
ultra- (locally convex space) 424.W 
Borsuk-Ulam theorem  153.B 
Bortolotti covariant derivative, van der Waerden- 
417.E 
Bose particle 132.А 
Bose statistics 377.В 402.E 
boson 132.A 351.H 
Nambu-Goldstone 132.C 
Bott fixed point theorem, Atiyah- 153.C 
Bott generator 237.D 
Bott isomorphism 237.D 
Bott periodicity theorem 
on homotopy groups 202.V, App. A, Table 
6.VII 
in K-theory 237.D 
bound 
Froissart 386.B 
greatest lower (of a subset in an ordered set) 
311.B 
greatest lower (of a subset of a vector lattice) 
310.C 
Hamming 63.B 
least upper (of a subset in an ordered sct) 
311.B 
least upper (of a subset of a vector lattice) 
310.C 
lower (of a subset in an ordered set) 311.B 
Plotkin 63.B 
upper (of a subset in an ordered set) 311.B 
Varshamov-Gilbert-Sacks 63.В 
boundary (boundaries) 
(ofa convex cell) 7.D 
(cycle) 200.H 
(of a function algebra) 164.С 
(ofa manifold) 65.B 105.B 
(of a topological space) 425.N 
Choquet (for a function algebra) 164.C 
closed (for a function algebra) 164.С 
C'-manifold with 105.Е 
C’-manifold without 105.E 
differential manifold with, of class C" 105.E 
domain with regular 105.0 
domain with smooth 105,0 
dual Martin 2601 
entrace (of a diffusion process) 115.B 
exit (of a diffusion process) 115.B 
harmonic 207.B 
ideal 207.А 
Martin 207.C 2601 
module of 200.C 
natural (of an analytic function) 198.N 
natural (of a diffusion process) 115.B 
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Newton, of f in the coordinate 418.р 
nondegenerate Newton 418.D 
of null (open Riemann surface) 367.E 
pasting together 114.F 
of positive (open Riemann surface) 367.Е 
regular (of a diffusion process) 115.B 
relative 367.В 
Shilov (for a function algebra) 21.0 164.C 
Shilov (of a Siegel domain) 384.D 
surface with 410.B 
topological manifold with 105.В 
topological manifold without 105.B 
boundary cluster set 62.A 
boundary condition 315.A 323.F 
adjoint 315.B 
operator with 112.F 
boundary element (in a simply connected domain) 
333.B 
boundary function 160.E 
boundary group 234.B 
boundary homomorphism 
of homology exact sequence 201 1, 
in homotopy exact sequences 202.1. 
boundary layer 205.C 
boundary layer equation, Prandtl! 205.С 
boundary operator 200.С 
between chain groups 201.B 


linear 315.B 
partial 200.E 
total 200.E 


boundary point 
dual passive 260.H 
entrace 260.H 
exit 260.H 
irregular 120.D 
passive 260.H 
regular 120.D 
ofa subset 425.N 
boundary set 425.N 
boundary space 112.E 
boundary value 
(of a conformal mapping) 77.B 
(ofa hyperfunction) 125.V 
(relative to a differential operator) 112.E 
boundary value problem 315 
(for harmonic functions) 193.F 
(in numerical solution of ordinary differential 
equations) 303.H 
adjoint 315.B Š 
first (for elliptic differential equations) 323.С 
first (for harmonic functions) 193.F 
general 323.H 
homogeneous (of ordinary differential equa- 
tions) 315.B 
inhomogeneous (of ordinary differential equa- 
tions) 315.B 
of ordinary differential equations 315 
second (elliptic differential equations) 323.F 
second (for harmonic functions) 193.F 
self-adjoint 315.В 
solution of App. A, Table 15.VI 
third (for elliptic differential equations) 323.F 
third (for harmonic functions) 193.F 
two-point (of ordinary differential equations) 
315.A 
weak form of the (of partial differential equa- 
tions) 304.B 
bounded 
(in an affine space) 7.D 
(half-plane) 155.B 
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(metric space) 273.В 
(orderedset) 311.B 
(set in a topological linear space) 424.F 
(set of real numbers) 87.B 
(torsion group) 2.F 
(vector lattice) 310.B 
(vector measure) 443.G 
order 310.B 
relatively 331.В 
T- 311.B 
totally 273.B 
bounded, essentially (measurable function) 168.B 
bounded approximation property (of a Banach 
space) 37J 
bounded automaton, linear 
deterministic 31.D 
nondeterministic 31.D 
bounded domain 
divisible 284.F 
homogeneous 384.A 412.F 
irreducible symmetric 412.F 
sweepable 284.F 
symmetric 412.F 
bounded from above 
{in an ordered set) 311.B 
(for real numbers) 87.B 
bounded from below 
(for a filtration) 200.) 
(in an ordered set) 311.B 
(for real numbers) 87.B 
(for a spectral sequence) 200.7 
bounded functions 43.A 
bounded linear operator 37.С 
boundedly complete a-field 396.Е 
bounded matrix 269.K 
bounded mean oscillation (ВМО) 168.В 
bounded metric space, totally 273.В 
bounded motion 420.D 
bounded u-operator 356.B 
boundedness, abscissa of (of a Dirichlet series) 
121.B 
boundedness principle, upper (in potential theory) 
388.C 
boundedness theorem, uniform 37.Н 
bounded quantifier 356.В 
bounded set 
іл ап affine space 7.D 
іп a locally convex space 424.F 
ina metric space 273.B 
totally (in a metric space) 273.B 
bounded star Бойу 182.C 
bounded uniform space 
locally totally 436.Н 
totally 436.H 
bounded variation 
function of 166.B 
integrable process of 406.B 
mapping of 246.H 
in the sense of Tonelli 246.C 
set function of 380.B 
vector measure of 443.G 
bound state 351.D 
bound variable 411.C 
bouquet 202.F 
Bouquet differential equation, Briot- 288.В 289.B 
Bouquet formulas (on space curves) 111.F 
Bourbaki, Fréchet space in the sense of 424.1 
Boussinesq equation 387.F 
boxes 140 
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boxtopology 425.K 
brachistochrone 93.Н 
bracket 105.М 
Lagrange 84.A 324.D 
Poisson (of two functions) 105.M 
Poisson (of two vector fields) 271.F 324.C.D 
Toda 202.R 
bracket product (in a Lie algebra) 248.А 
Bradley-Terry model 346.С 
braid(s) 235.F 
closed 235.F 
braid group 235.F 
branch 
(of an analytic function) 198.J 
(of a curve of class C) 93.6 
(ofa graph) 282.A 
finite (of a curve of class Ct) 93.G 
infinite (of a curve of class C 93.6 
branch and bound methods 215.D 
branch divisor (in a covering of a nonsingular 
curve) 9I 
branched minimal immersion 275.B 
branched minimal surface 275.В 
branching Markov process 44.E 
branching processes 44 342.A 
age-dependent 44.Е 
continuous state 44.E 
Galton-Watson 44.B 
Markov 44.D 
multitype Markov 44.E 
branch point 
(of a covering surface) 367.B 
(ofan ordinary curve) 93.C 
algebraic (of a Riemann surface) 367.B 
fixed (of an algebraic differential equation) 
288.A 
logarithmic (of a Riemann surface) 367.B 
movable (of an algebraic differential equation) 
288.А 
branch source 282 С 
Brandt law 241.С 
Brauer character (of a modular representation) 
362.1 
Brauer group 
(of algebra classes) 29.E 
(ofa commutative ring) 29.K 
Brauer theorem 450.6 
Bravais class 92.B 
Bravais group 92.B 
Bravais lattice 92.B 
Bravais type 92.B 
simple 92.Е 
breadth (of an oval) 89.C 
Brelot solution, Perron- (of Dirichlet problem) 
120.C 
Brelot solution, Perron-Wiener- (of Dirichlet prob- 
lem) 120.C 
Brianchon theorem 
оп conic sections 78.K 
in projective geometry 343.Е 
bridge, Brownian 250.Е 374.E 
Brieskorn variety 418.D 
Brill-Noether number 9.Е 
Briot-Bouquet differential equation 288.B 289.B 
broken line 155.F 
broken symmetry 132.С 
Bromwich integral 240.D 322.D, App. A, Table 121 
Brouwer fixed-point theorem 153.В 
Brouwer mapping theorem 99.A 


Subject Index 
Brouwer theorem on the invariance of domain 


Brouwer theorem on the invariance of domain 
117.D 

Browder-Livesay invariant 114.L 

Brownian bridge 250.Е 374.E 

Brownian functional 1761 

Brownian тойоп 5.D 45 342.A 
d-dimensional 45.C 
{F,}- 45.B 406.B 
оп Lie groups 406.6 
with an N-dimensional time parameter 451 
Ornstein-Uhlenbeck 45.1 
right invariant 406.G 
space-time 45.F 

Brown-Shield-Zeller theorem 43.С 

BRS transformation 150.G 

Bruck-Ryser-Chowla theorem  102.E 

Bruhat decomposition (of an algebraic group) 13.K 
relative 13.0 

Brun theorems, Poincaré- 420.A 

Brun-Titchmarsh theorem 123.D 

Bucy filter, Kalman- 86.Е 405.G 

building 130.R 343.1 

bulk viscosity, coefficients of 205.C 

bundle(s) 
canonical 147.F 
complex conjugate 147.F 
complexline 72.F 
complex line, determined by a divisor 72.F 
conormal 274.E 
coordinate 147.B 
coordinate, equivalent 147.B 
cotangent 147.F 
cotangential sphere 274.E 
dual 147.F 
fiber 147.B 
fiber, associated 147.D 
fiber, of class С" 147.0 
fiber, complex analytic 
fiber, orientable 147.1. 
fiber, real analytic 147.0 
flat F- 154.B 
foliated 154.B,H 
frame, orthogonal 364.A 
frame, tangent orthogonal n- 364.A 
G- 147.B 
Hopf 147.E 
induced 147.G 
line 147.F 
Maslov 274.C 
normal 105.C 114.B 154.B,E 364.C 274.E 
normal block 147.Q 
normal k-vector 114J 
normal sphere 274.Е 
п-ѕрһеге 147.K 
n-universal 147.G 
principal 147.C 
principal, associated 
principal fiber 147.C 
product 147.E 
q-block 147.0 
quotient 16.Y 147.B 
reduced 147.J 
spin 237.F 
Spin 237.F 
sub- 16.Y 147.F 
tangent 105.H 147.F 154.B 286.K 
tangential sphere 274.E 
tangent r-frame 108.Н 147.F 
tautological line 16.Е 
tensor 147.F 


147.0 


147.D 
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trivial 147.E 
unit tangent sphere 126.1. 
universal 147.G,H 
vector 16.Y 147.F 
vector, ample 16.Y 
vector, complex 147.Е 
vector, cotangent 147.F 
vector, dual 147.F 
vector, indecomposable 16.Y 
vector, normal 105.1. 
vector, quaternion 147.F 
vector, quotient 16.Y 
vector, semistable 16.Y 
vector, stable (on algebraic varieties) 16.Y 
vector, stable (on topological spaces) 237.B 
vector, stably equivalent 237.В 
vector, tangent 108.H 147.F 
bundle group (of a fiber bundle) 147.5 
bundle mapping (map) 147.B 
bundle of homomorphisms  147.F 
bundle of p-vectors 147.Е 
bundle space (of a fiber bundle) 147.B 
Bunyakovskii inequality 211.C, App. A, Table 8 
Burali-Forti paradox 319.B 
Burnside conjecture 151.D 
Burnside problem  161.C 
restricted 161.С 
Burnside ring 431.F 
Burnside theorem 151.D 
burst error 63.E 
Bush-Mosteller model 346.G 


С 


€ (cardinal number of В) 49.A 
C'(Q) (the totality of I times continuously differenti- 
able functions in О) 168.B 
Со(О) (the totality of functions in C'(Q) whose 
supports are compact subsets of Q) 168.B 
c(asequencespace) 168.B 
C (complex numbers) 74.А 294.A 
x-equivalent (closed on G-manifolds) 431.F 
€-group 52.M 
€-theory, Serre 202.N 
C-analytic hierarchy 356.Н 
C-arithmetical hierarchy 356.H 
C-equivalent almost complex manifolds 
C-field 118.F 
C;(dfield 118.F 
C,set 22D 
{c, }-consistency, {c,}-consistent 399.K 
C*-algebra 36.G 
liminal 36.Е 
postliminal 36.E 
oftypeI 308.L 
C*-cross norm 36.H 
C*-dynamical system 36.К 
C*-group algebra (of a locally compact Hausdorff 
space) 36.L 
C*-tensor product, projective 36.Н 
(C,a)summation 379.M 
c,-bundle 237.F 
c,-mapping 237.G 
C-analytic space 23.E 
C-coveringspace 23.E 
C'-conjugacy, C’-conjugate 126.В 
C’-equivalence, C’-equivalent 126.B 
C’-flow 126.B 
C’-foliation 154.6 
C’-function in a C®-manifold 


114.H 


105.G 
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C'-manifold 105.D 
with boundary 105.Е 
without boundary 105.E 
compact 105.D 
paracompact - 105.D 
C'-mapping 105.J 
C'-norm 126.Н 
C’-structure 108.D 
subordinate to (for a C^-structure) 108.D 
on a topological manifold 114.В 
C'- Q-stable 126.H 
C’-structurally stable 126.H 
C’-triangulation 114.C 
C?-homomorphism (between Lie groups) 249.N 
C*?-isomorphism (between Lie groups) 249.N 
C*-function (of many variables) 58.В 
germ of (at the origin) 58.C 
preparation theorem for 58.C 
rapidly decreasing 168.B 
slowly increasing 125.0 
C?-functions and quasi-analytic functions 58 
C? topology, weak 401.С 
CA set (in set theory) 22.A 
Caianiello differential equation 291.F 
calculable function, effective 356.С 
calculable number 22.G 
calculation, graphical 19.В 
calculator 75.A 
calculus 
differential 106 
fundamental theorem of the infinitesimal 216.С 
Heaviside 306.А 
holomorphic functional 36.М 
infinitesimal (in nonstandard analysis) 273.D 
Kirby 1141, 
operational 251.G 306, App. A, Table 12.II 
predicate 411.J 
predicate, with equality 411.J 
propositional 411.F 
of residue 198.F 
stochastic 406.A 
tensor 417.A, App. A, Table 4.1 
calculus of variations 46 
classical theory of 46.C 
conditional problems іп 46.A 
fundamental lemma іп 46.B 
Calderon-Zygmund singular integral operator 
217.J 251.0 
Calderón-Zygmund type, kernel of 217.5 
Calkin algebra 36.Ј 
Callan-Symanzik equation 361.В 
Campbell-Hausdorff formula 249.R 
CAN estimator 399.K 
canceling 138.B 
cancellation law 
on the addition of natural numbers 294.B 
in a commutative semigroup 190.Р 
on the multiplication of natural numbers 294.B 
canonical affine connection (оп R”) 80.J 
canonical anticommutation relation 277.A 
canonical backward moving average representation 
395.D 
canonical basis (of a chain group of a finite simpli- 
cial complex) 201.B 
Chevalley (of a complex semisimple Lie algebra) 
248.Q 
Weyl (of a semisimple Lie algebra) 248.Р 
canonical bilinear mapping (on tensor products of 
linear spaces) 256.I 


Subject Index 
Canonical representation 


canonical bundle (of a differentiable manifold) 147.F 
canonical class (of an algebraic curve) 9.C 
canonical cohomology class (in Galois cohomology 
in class field theory) 59.Н 
canonical commutation relations 351.С 377.A,C 
canonical coordinates (of a Lie group) 
of the first kind 249.0 
of the second kind 249.Q 
canonical coordinate system (for a conic section) 
78.C 
canonical correlation coefficient 280.Е 374.C 
canonical decomposition (of a closed operator) 
251.E 
canonical decomposition theorem 86.С 
canonical divisor 
(of an algebraic curve) 9.C 
(of an algebraic variety) 16.0 
(of a Jacobian variety) 9.E 
(ofa Riemann surface) 11.D 
canonical element (in the representation of a functor) 


52.1, 
canonical ensemble 402.D 
grand 402.D 


canonical equation 324.Е 
Hamilton 271.F 
canonical field 377.С 
canonical form 
(of F(M)) 191.A 
(of a linear hypothesis) 400.H 
(of a regular submanifold of F(M)) 191.A 
of the equation (of a quadric surface) 350.B 
Khinchin (of an infinitely divisible probability 
distribution) 341.G 
Kolmogorov (of an infinitely divisible pro- 
bability distribution) 341.G 
Lévy (of an infinitely divisible probability 
distribution) 341.G 
Weierstrass (for an elliptic curve) 9.D 
Weierstrass (of the gamma function) 174.А 
canonical function (on a nonsingular curve) 9.E 
canonical homology basis 11.C 
canonical homomorphism 
(on direct products of rings) 368.E 
(on tensor products of algebras) 29.A 
canonical injection 
(from a direct summand) 381.E 
(in direct sums of modules) 277.F 
(in free products of groups) 190.M 
(from a subgroup) 190.D 
(from a subset) 381.C 
canonically bounded 200.J 
canonically polarized Jacobian variety 3.6 9.Е 
canonical measure 
(in a birth and death chain) 260.G 
(in a diffusion process) 115.B 
(in a Markov chain) 2601 
canonical model 251.N 
canonical 1-form (of the bundle of tangent n-frames) . 
80.H 
canonical parameter 
оѓапагс 111.D 
local (for power series) 339.A 
canonical product, Weierstrass 429.B 
canonical projection 
(on direct products of modules) 277.F 
(onto a quotient set) 135.B 
canonical representation 
(of a Gaussian process) 176.E 
generalized 176.E 


Subject Index 
Canonical scale 


canonicalscale 115.B 
canonicalscores 397.M 
canonical surjection 
(on direct products of groups) 190.L 
(to a factor group) 190.D 
(onto a quotient set) 135.B 
canonical transformation 271.F 
(concerning contact transformations) 82.В 
groupof 271.F 
homogeneous 82.B 
canonical variables (in analytical dynamics) 271.F 
canonical variates 280.E 
canonical vectorial form 417.С 
Cantelli lemma, Borel- 342.В 
Cantelli theorem, Glivenko- 374.Е 
Cantor, G. 47 
Cantor discontinuum 79.D 
Cantor intersection theorem 273.F 
Cantor-Lebesgue theorem 159.J 
Cantor normal form (for an ordinal number) 312.C 
Cantor set 79.D 
general 79.D 
Cantor's theory of real numbers 244.Е 
capability, error-correcting 63.B 
capacitable set 48.H 
capacitary dimension 48.G 
capacitary mass distribution 338.K 
capacitated network 281.C 
capacity 
(of discrete memeoryless channel) 213.F 
(of a prime ideal) 27.A 
(ofa set) 48 260.D 
(transportation and scheduling) 281.D 
x- 169.C 
analytic 169.F 
continuous analytic 164.1 
ergodic 213.F 
logarithmic 48.B 
Newtonian 48.B 
Newtonian exterior 48.Н 
Newtonian inner 48.F 
Newtonian interior 48.F 
Newtonian outer 48.H 
of order x 169.C 
stationary 213.F 
capacity constraint 281.D 
capillary wave 205.F 
cap product 
(of a cochain and a chain) 200.K 
(of a cohomology class and a homology class) 


201.K 
capture 
complete 420.D 
partial 420.D 
CAR 377A 


Carathéodory measure 270.E 
Carathéodory outer measure 270.E 
Carathéodory pseudodistance 21.0 
Cardano formula (on a cubic equation) 10.D, 
App. A, Table 1 
cardinality 33.F 
(of an ordinal number) 49.E 
(ofa set) 49.A 312.D 
cardinal number(s) 49.А 312.D 
comparability theorem for 49.B 
of continuum 49.А 
corresponding to an ordinal number 49.E 
finite 49А 
infinite 49.A 
measurable 33.E 
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of N 49А 
ofR 49А 
of all real-valued functions on [0,:] 49.А 
ofaset 49.A 312.D 
strongly compact 33.Е 
strongly inaccessible 33.Е 
transfinite 49.4 
weakly compact 33.E 
weakly inaccessible 33.E 
cardinal product (of a family of ordered sets) 311.F 
cardinal sum (of a family of ordered sets) 311.F 
cardioid 93.H 
Carleman condition, Denjoy- 168.B 
Carleman inequality App. A, Table 8 
Carleman theorem 
(on asymptotic expansions) 30.A 
(on bounded functions) 43.F 
Carleman type, kernel of 217.J 
carrier 
(of a differential form) 108.0 
(ofa distribution) 125.D 
(ofa function) 125.В 168.B 
(of a real-valued function) 425.R 
Carson integral App. A, Table 12.II 
Cartan, E. 50 
Cartan, differential form of Maurer- 249.R 
Cartan, system of differential equations of Maurer- 
249.R 
Cartan connection 80.M 
Cartan criterion of semisimplicity (on Lie algebras) 
248.F 
Cartan criterion of solvability (on Lie algebras) 
248.F 
Cartan formula 
for Steenrod pth power operations 64.B 
for Steenrod square operations 64В 
Cartan integer (of a semisimple Lie algebra) 248.N 
Cartan invariant (of a finite group) 3621 
Cartan involution 437.X 
Cartan-Káhler existence theorem 428.E 
Cartan-Mal’tsev-Iwasawa theorem (on maximal 
compact subgroups) 249.5 
Cartan maximum principle 338.1. 
Cartan pseudoconvex domain 21.1 
locally 211 
Cartan relative integral invariant 219.B 
Cartan subalgebra 
(ofa Lie algebra) 248.1 
(of a symmetric Riemannian space) 413.F 
Cartan subgroup 
(of an algebraic group) 13.H 
(ofa group) 249.1 
Cartan space 152.C 
Cartan theorem 
on analytic sheaves (H. Cartan) 72.E 
on representations of Lie algebras (E. Cartan) 
248.W 
Cartan-Thullen theorem 21.H 
Cartan-Weyl theorem 248.W 
Carter subgroup 151.0 
Cartesian coordinates (in an affine space) 7.C 
Cartesian product 
(of complexes) 70.C;E 
(of mappings) 381.C 
(of sets) 381.B.E 
Cartesian space 140 
Cartier divisor 16.M 
Cartier operator 9.E 
CA set 22А 
case complexity, worst 71.А 
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Casimir element (of a Lie algebra) 248.J 
Casorati determinant 104.D 
Casorati- Weierstrass theorem (on essential singular- 
ities) 198.D 
Cassini oval 93.H 
Casson handle 114.M 
Castelnuovo criterion 15.E 
Castelnuovo lemma 3.Е 9.H 
casus irreducibilis 10.D, App. A, Table 1 
Catalan constant App. A, Table 10.11 
catastrophe, elementary 51.Е 
catastrophe point 51.Е 
catastrophe set 51.F 
catastrophe theory 51 
categorical 
(data) 397.B 
(set of closed formulas) 276.F 
categorical system (of axioms) 35.B 
categoricity in powers 276.F 
categories and functors 52 
category 52.A 
Abelian 52.N 
of Abelian groups 52.В 
additive 52.N 
of analytic manifolds 52.B 
cohomology theory onthe 261.Q 
of commutative rings 52.B 
diagram inthe 52.C 
of differentiable manifolds 52.В 
dual 52.F 
exact 237.] 
Grothendieck 2001 
of groups 52.B 
homotopy, of topological spaces 52.В 
of left (right) R-modules 52.В 
oflinear spaces over R 52.B 
of pointed topological spaces 202.В 
PL 65А 
product 52А 
quotient 52.N 
ofrings 52.B 
set of the first 425.N 
set of the second 425.N 
ofsets 52.B 
shape 382.A 
of S-objects 52.6 
of topological spaces 52.В 
catenary 93.H 
catenoid 111.1 
Cauchy, A.L. 53 
Cauchy condensation test 379.B 
Cauchy condition (on D-integral and D(*)-integral) 
100.E 
Cauchy criterion (on the convergence of a sequence 
of real numbers) 87.С, App. A, Table 10.II 
Cauchy data 321.А 
Cauchy distribution 341.D, App. A, Table 22 
Cauchy existence theorem (for partial differential 
equations) 320.B 
Cauchy filter (on a uniform space) 436.G 
Cauchy-Hadamard formula 339.А 
Cauchy inequality 211.C, App. A, Table 8 
Cauchy integral formula 198.В 
Cauchy integral representation 21.C 
Cauchy integral test (for convergence) 379.B 
Cauchy integral theorem 198.А,В 
stronger form of 198.B 
Cauchy-Kovalevskaya existence theorem 321.А 
Cauchy-Kovalevskaya theorem, abstract 286.7. 
Cauchy net (in a uniform space) 436.G 


Subject Index 
Cell complex 


Cauchy polygon 316.C 
Cauchy principal value 
of an improper integral 216.D 
of the integral on infinite intervals 216.E 
Cauchy problem 
(of ordinary differential equations) 316.A 
(for partial differential equations) 315.A 320.B 
321.A 325.B 
abstract 286.X 
Cauchy process 5.F 
asymmetric 5.F 
symmetric 5.F 
Cauchy product (of two series) 379.F 
Cauchy remainder App.A, Table 9.IV 
Cauchy-Riemann (differential) equation 198.A 
274.G 
(for a holomorphic function of several complex 
variables) 21.C 
(for a holomorphic function of two complex 
variables) 320.F 
Cauchy-Riemann structure 344.А 
Cauchy-Schwarz inequality 211.C, App. A, Table 8 
Cauchy sequence 
(in an a-adic topology) 284.B 
(in a metric space) 273J 
(of rational numbers) 294.E 
(of real numbers) 355.B 
(in a uniform space) 436.G 
Cauchy sum (of a series) 379.A 
Cauchy theorem 379.F 
Cauchy transform 164.J 
causality, macroscopic 386.С 
cause, most probable 401.E 
caustic 325.1, 
Cayley algebras 54 
general 54 
Cayley number 54 
Cayley projective plane 54 
Cayley theorem (in group theory) 151.H 
Cayley theorem, Hamilton- 269.F 
Cayley transform (of a closed symmetric operator 
in a Hilbert space) 2511 
Cayley transformation 269.J 
CCP (chance-constrained programming) 408.B 
CCR 377.A 
CCR algebra 36.H 
Cech cohomology group (for topological spaces) 
201.L,P 
relative 201.M 
Cech cohomology group with coefficient sheaf F 
383.F 
Cech compactification, Stone- 207.С 
Cech complete space 425.T 436.1 
Cech homology group (for topological spaces) 
201.M 
relative 201.M 
ceiling function 136.D 
ceiling states 402.G 
celestial mechanics 55 
cell 70.D 
convex (in an affine space) 7.D 
fundamental (of a symmetric Riemann space) 
413.F 
n- (in a Hausdorff space) 70.D 
(п — q)-dual 65.B 
topological n- 140 
unit 140 
cell complex 70.D 
closure finite 70.D 
countable 70.0 


Subject Index 
Cell-like (CE) 


Euclidean 70.B 
finite 70.D 
locally countable 70.D 
locally finite 70.D 
regular 70.D 
cell-like (CE) 382.D 
cellular approximation theorem 70.D 
cellular cohomology group 201.Н 
cellular decomposition (of a Hausdorff space) 70.D 
cellular homology group 201.F,G 
cellular mapping (between cell complexes) 70.D 
CE mapping 382.D 
center 
(ofa central symmetry) 139.В 
(of a continuous geometry) 85.A 
(of gravity) 271.E 
(ofa group) 190.C 
(of a hyperbola or ellipse) 78.С 
(of a lattice) 243.E 
(of a Lie algebra) 248.C 
(of mass) 271.E 
(of a nonassociative algebra) 231.A 
(of a pencil of hyperplanes) 343.B 
(of a quadric hypersurface) 7.G 
(of a quadric surface) 350.A 
(of a regular polygon) 357.А 
(of a regular polyhedron) 357.B 
(ofa ring) 368.F 
(of a solid sphere) 140 
(ofa sphere) 1391 
(of a von Neumann algebra) 308.C 
centered process 5.B 
centering 5.B 
center manifold theorem 286.V 
center of curvature 111.E 
center of projection 343.В 
center surface 111.1 
central composite design 102.M 
central configuration 420.B 
central conic(s) 78.C 
central difference 223.С 304.E, App. A, Table 21 
central element (in a lattice) 243.E 
central extension (of a group) 190.N 
central figure 420.B 
centralizer 
(of a subset of a group) 190.C 
(of a subset of a ring) 368.Е 
central limit theorem 250.В 
central moment 397.С 
central motion 126.E 
central potential 315.E 
central processor 75.B 
central quadric hypersurface 7.Е 350.G 
central quadric surface 350.B 
central series 
ascending (of a Lie algebra) 248.C 
descending (of a Lie algebra) 248.C 
lower (ofa group) 190J 
upper (ofa group) 190.J 
central simple algebra 29.E 
similar 29.E 
central symmetry (of an affine space) 139.B 
centrifugal force 271.D 
certainly, almost 342.B,D 
certainty equivalent 408.B 
Cesàro method of summation of order х 379.М 
summable by 379.M 
Ceva theorem 7А 
CFL condition 304.Е 
CG method 302.р 
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chain 200.H 
ascending (of normal subgroups of a group) 
190.F 


ascending (in an ordered set) 311.C 
conservative 260.A 
descending (in a lattice) 243.F 
descending (of (normal) subgroups of a group) 
190.F 
descending (in an ordered set) 311.C 
equivalence 200.H 
general Markov 260.J 
homotopy 200.H 
irreducible (a Markov chain) 260.B 
Markov 260.A 
minimal 260.F 
normal(ina group) 190.G 
normal (in Markov chains) 260.0 
q- (of a chain complex) 201.B 
recurrent 260.B 
regular (of integral elements) 428.E 
u- 2601 
chain complex(es) 200.С,Н 201.B 
in an Abelian category 201.B 
of A-modules 200.C 
augmented 200.C 
double 200.E 
oriented simplicia] 201.C 
positive 200.H 
product double 200.E 
quotient 200.C 
relative 200.C 
singular (of a topological space) 201.E 
chain condition (in an ordered set) 311.C 
ascending (in an ordered set) 311.C 
descending (in an ordered set) 311.C 
chained metric space, well- 79.D 
chain equivalence 200.С 
chain homotopy 200.С 
chain mapping 200.С 201.B 
over an A-homomorphism 200.С 
chain recurrent 126.E 
chain recurrent set 126.E 
chain rule 106.C 
chain subcomplex 200.С 
chain theorem 14J 
chain transformation (between complexes) 200.H 
Chaitin complexity, Kolmogorov- 354.D 
chamber 
positive Weyl 248.R 
Weyl 13.5 248.R 
chamber complex 13.R 
chance-constrained programming 408.A 
chance constraint 408.A 
chance move 173.В 
change 
scalar (of a B-module) 277.1. 
time 261.F 406.B 
of variables (in integral calculus) 216.C 
channel 375.F 
almost finite memory 213.Е 
d-continuous 213.F 
discrete memoryless 213.F 
finite memory 213.F 
noisy 213.A 
test 213.E 
channel coding theory 213.A 
channel Hilbert space 375.F 
channel wave operators 375.F 
chaos 126.N 303.G 433.B 
propagation of 340.F 
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Chaplygin's differential equation 326.B 
Chapman complement theorem 382.B 
Chapman-Kolmogorov equality 261.А 
Chapman-Kolmogorov equation 260.А 
Chapman-Robbins-Kiefer inequality 399.D 
Chapman theorem (on (С, x)-summation) 379.M 
character 
(of an Abelian group) 2.G 
(of an algebraic group) 13.D 
(irreducible unitary representation) 437.V 
(of a linear representation) 362.Е 
(of a regular chain) 428.E 
(of a representation of a Lie group) 249.0 
(of a semi-invariant) 226.A 
(of a topological Abelian group) 422.B 
absolutely irreducible 362.Е 
Brauer (of a modular representation) 3621 
Chern (of a complex vector bundle) 237.B 
Dirichlet 295.D 
Hecke 6.D 
identity (of an Abelian group) 2.G 
integral (on the 1-dimensional homology group 
ofa Riemann surface) 11.E 
irreducible (of an irreducible representation) 
362.E 
Minkowski-Hasse (of a nondegenerate quadratic 
form) 348.D 
modular (of a modular representation) 362.1 
nonprimitive 450.C,E 
planar 367.G 
primitive 295.D 450.C,E 
principal (of an Abelian group) 2.G 
principal Dirichlet 295.D 
reduced (of an algebra) 362.E 
residue 295.D 
simple (of an irreducible representation) 362.E 
character formula, Weyl 2487. 
character group 
(of an Abelian group) 2.G 
(of a topological Abelian group) 422.B 
characteristic(s) 
(of a common logarithm) 131.C 
(of a field) 149.B 
Euler (of a finite Euclidean cellular complex) 
201.B 
Euler-Poincaré (of a finite Euclidean complex) 
16.E 201.B 
operating 404.C 
population 396.C 
quality 404.A 
sample 396.C 
Todd 366.B 
two-terminal 281.C 
characteristic class(es) 56 
(of an extension of a module) 200.K 
(of a fiber bundle) 147.K 
(of foliations) 154.6 
(of a vector bundle) 56.D 
«f (of a real oriented vector bundle) 237.F 
of codimension q 154.G 
ofa manifold 56.Е 
smooth, of foliations 154.6 
characteristic curve 
{of a network) 281.B 
(of a one-parameter family of surfaces) 111.1 
(of a partial differential equation) 320.B 
324.A,B 
characteristic equation 
(of a differential-difference equation) 163.F 
(for a homogeneous system of linear ordinary 


Subject Index 
Characteristic vector 


differential equations) 252J 
(of a linear difference equation) 104.E 
(of a linear ordinary differential equation) 
252.E 
(ofa matrix) 269.F 
(of a partial differential equation) 320.D 
(of a partial differential equation of hyperbolic 
type) 325.А,Е 
characteristic exponent 
(of an autonomous linear system) 163.F 
(of the Hill differential equation) 268.B 
(ofa variational equation) 394.C 
characteristic function(s) 
(of a density function) 397.G 
(of a graded R-module) 369.F 
(of a meromorphic function) 272.B 
(of an n-person cooperative game) 173.D 
(for an optical system) 180.C 
(of probability distributions) 341.C 
(ofa subset) 381.C 
empirical 396.C 
Hilbert (of a coherent sheaf) 16.E 
Hilbert (of a graded module) 369.F 
characteristic functional (of a probability distribu- 
tion) 407.C 
characteristic hyperplane (of a partial differential 
equation of hyperbolic type) 325.A 
characteristic hypersurface (of a partial differential 
equation of hyperbolic type) 325.A 
characteristic linear system (of an algebraic family) 
15.F 
characteristic line element 82.C 
characteristic manifold (of a partial differential 
equation) 320. B 
characteristic mapping (map) (in the classification 
theorem of fiber bundles) 147.G 
characteristic measure 407.D 
characteristic multiplier 
(of a closed orbit) 126.G 
(of a periodic linear system) 163.F 
characteristic number 
(of a compact operator) 68.1 
(ofa manifold) 56.F 
Lyapunov 314.A 
characteristic operator function 251.N 
characteristic polynomial 
(of a differentia! operator) 112.A 
(of a linear mapping) 269.1. 
(of a matrix) 269.F 
(of a partial differential operator) 321.A 
characteristic root 
(of a differential-difference equation) 163.A 
(of a linear mapping) 269.L 
(of a linear partial differential equation) 325.F 
(of a matrix) 269.F 
characteristic series (in a group) 190.G 
characteristic set 
(of an algebraic family on a generic component) 
15.F 
(of a partial differential operator) 320.B 
characteristic strip 320.0 324.B 
characteristic surface 320.В 
characteristic value | 
(of a linear operator) 390.A 
sample 396.C 
characteristic variety (of a system of microdifferential 
equations) 274.G 
characteristic vector 
(of a linear mapping) 269.L 
(of a linear operator) 390.А 
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Character module (of an algebraic group) 


character module (of an algebraic group) 13.D 
character system (of a genus of a quadratic field) 
347.F 
charge 150.B 
charge symmetry 415J 
Charpit method, Lagrange- 322.В, App. A, Table 
15.1 
Charpit subsidiary equation 82.С 320.0 
chart 
alignment 19.0 
control 404В 
intersection 19.D 
Châtelet group, Weil- 118.D 
Chebotarev density theorem 14.5 
Chebyshev formula 299.A 
Gauss- (in numerical integration) 299.A 
Chebyshev function App. A, Table 2011 
Chebyshev interpolation 233.А 366.J 
Chebyshev orthogonal polynomial 19.G 
Chebyshev polynomial 336.Н 
Chebyshev g-function 19.G, App. A, Table 20.VII 
simplest 19.6 
Chebyshev system 336.В 
Chebyshev theorem 336.В 
check bits 63.C 
check matrix, parity 63.С 
Cheng domain theorem, Courant- 391.H 
Chern character (of a complex vector bundle) 
237.B 
Chern class 
ofa C"-bundle 56.C 
ofa manifold 56.Е 
of a real 2n-dimensional almost complex 
manifold 147.N 
total 56.C 
of a U(n)-bundle 147.N 
universal 56.C 
Chern formula (in integral geometry) 218.0 
Chern number 56.F 
Cherwell-Wright differential equation 291.F 
Chevalley canonical basis (of a complex semisimple 
Lie algebra) 248.Q 
Chevalley complexification (of a compact Lie group) 
249.U 
Chevalley decomposition (on algebraic groups) 
13.1 
Chevalley group 1511 
Chevalley theorem (forms over finite fields) 118.B 
Chevalley theorem (on algebraic groups) 13.B 
Chevalley type (algebraic group) 13.N 
Chinese mathematics 57 
Chinese remainder theorem 297.G 
chi-square distribution 374.В, App. A, Table 22 
noncentral 374.B 
chi-square method, modified minimum 400.К 
chi-square test 400.G 
of goodness of fit 400.K 
choice, axiom of 33.B 34.A 
choice function 33.B 34.A 
choice process, multistage 127.A 
choice set 33.В 34.A 
Cholesky method 302.В 
Chomsky grammar 31.D 
Chomsky hierarchy 31.D 
Choquest boundary 164.C 
Chow coordinates (of a positive cycle) 16.8 
Chow-Kodaira theorem 72.F 
Chowla theorem, Bruck-Ryser- 102.Е 
Chowlemma 72.Н 
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Chow ring (of a projective variety) 16.R 
Chow theorem 
on an analytic submanifold of P“  72.F 
on the field of rational functions of an analytic 
space 23.D 
Chow variety 16S 
Christoffel-Darboux formula 317.р 
Christoffel symbol 80.L 111.H 417.D 
Christoffel transformation, Schwarz-  77.D, App. A, 
Table 13 
Christoffel transformation formula, Schwarz- 77.D 
chromatic number 157 186.1 
chromodynamics, quantum 132.C 
Chung-Erdós theorem 342.B 
Church's thesis 356.C 
circle(s) 140 
Apollonius App. A, Table 3.V 
auxiliary (of an ellipse) 78.D 
of convergence (of a power series) 339.A 
of curvature 111.E 
director (of an ellipse) 78.D 
great (of a sphere) 140 
inscribed (of a regular polygon) 357.A 
isometric 234.C 
of meromorphy (of a power series) 339.D 
open 140 
oscillating 111.Е 
quadrature of 179.A 
unit 74.C 140 
circled subset (of a topological linear space) 424.E 
circle geometry 76.C 
circle method 4.B 
circle problem, Gauss 242.А 
circle type, limit 1121 
circuit 66.G 
circuit matrix 254.В 
circular сопе 78.A 111.1 
oblique 350.B 
right 350.B 
circular cylinder 111.1 350.B 
circular cylindrical coordinates App. A, Table 3.V 
circular cylindrical surface 350.В 
circular disk 140 
circular domain 333.А 
circular frequency (of a simple harmonic motion) 
318.B 
circular function 131.F 432.A 
circular section 350.F 
circular unit 141, 
circulation (of a vector field) 205.B 442.D 
circumference 140 
circumferentially mean p-valent 438.E 
circumscribed circle (of a regular polygon) 357.A 
circumscribing sphere (of a simplex) 1391 
cissoidal curve 93.H 
cissoid of Diocles 93.H 
Clairaut differential equation App. A, Table 14.1 
Clairaut partial differential equation App. A, 
Table 15.11 
class 
(in axiomatic set theory) 33.C 381.G 
(of a lattice group) 13.P 
(ofa nilpotent group) 190.J 
(of a plane algebraic curve) 9.B 
(of a quadratic form)  348.H,I 
.-characteristic (of a real oriented vector 
bundle) 237.F 
algebra (of central simple algebras) 29.E 
ambig (of a quadratic field)  347.F 
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Bravais 92.B 

canonical (of an algebraic curve) 9.C 

canonical cohomology 59.H 

canonical divisor 11.0 

characteristic (of an extension of module) 
200.K 

characteristic (of a fiber bundle) 147.К 

characteristic (of foliations) 154.6 

characteristic (of a vector bundle) 56 

characteristic, of codimension q 154.G 

characteristic, of a manifold 56.F 

Chern (of a C"-bundle) 56.С 

Chern (of a manifold) 56.F 

Chern (of a real 2n-dimensional almost complex 
manifold) 147.N 

Chern (of a U(n)-bundle) 147.N 

cohomology 200.H 

combinational Pontryagin 56.H 

complete 398.В 

completely additive 270.B 

conjugacy (of an element of a group) 190.C 

countably additive 270.В 

crystal 92.B 

curve of the second 78.K 

differential divisor (of a Riemann surface) 11.D 

divisor (on a Riemann surface) 11.D 

Dynkin 270.B 

the Dynkin, theorem 270.B 

equivalence 135.B 

ergodic 260.В 

essentially complete 398.В 

Euler-Poincaré (of a manifold) 56.Е 

Euler-Poincaré (of an oriented R"-bundle) 56.B 

finitely additive 270.В 

fundamental (of an Eilenberg-MacLane space) 
70.F 

fundamental (of a Poincaré pair) 114.7 

fundamental (of the Thom complex MG) 
114.G 

fundamental, with coefficient Z, 65.В 

generalized Hardy 164.G 

Gevrey 58.G 125.0 

group of congruence 14.H 

Hardy 43.F 159.G 

Hilbert-Schmidt 68.1 

holosymmetric 92.B 

homology 200.Н 201.B 

homotopy 202.B 

ideal (of an algebraic number field) 14.Е 

ideal (of a Dedekind domain) 67.K 

ideal, in the narrow sense 14.G 343.F 

idele 6.D 

idele, group 6.D 

linear equivalence (of divisors) 16.M 

main 241.А 

mapping 202.B 

minimal complete 398.В 

monotone 270.B 

the monotone, theorem 270.B 

multiplicative 270.В 

nuclear 68.1 

oriented cobordism 114.Н 

Pontryagin (of a manifold) 56.Е 

Pontryagin (of an R"-bundle) 56.D 

proper 381.G 

q-dimensional homology 201.В 

of a quadratic form over an algebraic number 
field 348.H 

residue (modulo an ideal іп а ring) 368.F 


Subject Index 
Classical (state) 


Steifel-Whitney (of a differentiable manifold) 
147.M 
Stiefel- Whitney (of a manifold) 56.F 
Stiefel-Whitney (of an O(n)-bundle) 147.M 
Stiefel- Whitney (of an R"-bundle) 56.B 
Stiefel- Whitney (of a topological manifold) 
56.F 
surface of the second 350.D 
Todd 237.F 
total Chern 56.C 
total Pontryagin 56.D 
total Stiefel-Whitney 56.B 
trace 681 
universal Chern 56.C 
universal Euler-Poincaré 56.В 
universal Stiefel-Whitney 56.B 
unoriented cobordism 114.Н 
Wu (of a topological manifold) 56.F 
Zygmund 159.E 
class C^ 
function of 106.K 
function of (of many variables) 58.B 
mapping of 286.E 
oriented singular r-simplex of 108.T 
partition of unity of 108.5 
singular r-chain of 108.T 
singular r-cochain of 108.T 
class C* 
curve of (in a differentiable manifold) 93.В 
curve of (in a Euclidean plane) 93.B 
class C", function of 106.K 
class C”, function of 106.K 
class C! 
function of 106.K 
mapping of 286.E 
class С” 
atlas of 105.D 
coordinate neighborhood of 105.D 
diffeomorphism of 105.7 
differentiable manifold of 105.D 
differentiable manifold with boundary of 
105.E 
differentiable mapping of 105.J 
differentiable structure of 105.D 
fiber bundle of 147.0 
function of (in a C?-manifold) 
function of (at a point) 105.G 
functionally dependent of (components of a 
mapping) 208.C 
functional relation of 208.C 
mapping of 208.B 286.E 
nonsingular mapping of 208.В 
regular mapping of 208.B 
vector field of 105.M 
Z-action of 126.B 
class С', tensor field of 108.0 
class С°, mapping into Banach space of 286.E 
class (C°), semigroup of 378.В 
class D”, curve of 364.A 
class field 59.В 
absolute 59.А 
class field theory 59 
local 59.G 
class field tower problem 59.F 
class formation 59.H 
class function (on a compact group) 69.B 
class group divisor 11.D 
classical (potential) 402.G 
classical (state) 402.G 


105.G 


Subject Index 
Classical compact real simple Lie algebra 


classical compact real simple Lie algebra 248.Т 
classical compact simple Lie group 249.L 
classical complex simple Lie algebra 248.5 
classical complex simple Lie group 249.M 
classical descriptive set theory 356.H 
classical dynamical system 126.1, 136.G 
classical group(s) 60.A 

infinite 147.1 202.V 
classical logic 411.L 
classical mechanics 271.A 
classical risk theory 214.C 
classical solution (to Plateau's problem) 275.C 
classical statistical mechanics 402.A 


classical theory of the calculus of variations 46.С 


classification (with respect to an equivalence 
relation) 135.B 
classification theorem 
on a fiber bundle 147.G 
first (in the theory of obstructions) 305.B 
Hopf 2021 
second (in the theory of obstructions) 305.C 
third (in the theory of obstructions) 305.C 
classification theory of Riemann surfaces 367.Е 
classificatory procedure 280.1 
classifying mapping (map) (in the classification 
theorem of fiber bundles) 147.G 
classifying space 
(of a topological group)  174.G,H 
cohomology rings of App. A, Table 6. V 
for I7-structures 154.Е 
n- (of a topological group) 147.G 
class n 
function of 84.D 
projective set of 22.D 
class Ns, null set of 169.E 
class number 
(of an algebraic number field) 14.Е 
(of a Dedekind domain) 67.K 
(of a simple algebra) 27.D 
class of Abelian groups 202.№ 
class о, function of 84.D 
class 1 
function of 84.D 
function of at most 84.D 
class theorems, complete 398.D 
class £, function of 84.D 
class 0, function of 84.D 
Clebsch-Gordan coefficient 258.В 353.B 
Clenshaw-Curtis formulas 299.А 
Clifford algebras 61 
Clifford group 61.D 
reduced 61.D 
special 61.D 
Clifford number 61.A 
Clifford torus 275.F 
Clifford torus, generalized 275.F 
clinical trials 40.Е 
closable operator 251.D 
closed 
absolutely (space) 425.U 
algebraically (in a field) 149.1 
algebraically (field) 149.1 
boundary 164.C 
H- (space) 425.U 
hyperbolic, orbit 126.G 
integrally (ring) 67.1 
k- (algebraic set) 13.A 
multiplicatively, subset (of a ring) 67.1 
quasi-algebraically (field) 118.F 
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r- (space) 42510) 
real, field 149.N 
Zariski 16.A 
closed arc 93.В 
closed braid 235.F 
closed convex curve 111.E 
closed convex hull 424.H 
closed convex surface 1111 
closed covering 425.R 
closed curve, simple 93.В 
closed differential 367.Н 
closed differential form 105.0 
closed formula 276.A 299.A 
in predicatelogic 411J 
closed geodesic 178.G 
closed graph theorem 371 251.D 424.X 
closed group 362.J 
closed half-line (in affine geometry) 7.D 
closed half-space (of an affine space) 7.0 
closed ideals іп L,(G) 192.М 
closed image (of a variety) 16.1 
closed interval 140 
їп В 355.C 
closed linear subspace (of a Hilbert space) 197.Е 
closed manifold 105.В 
closed mapping 425.G 
closed operator (on a Banach space) 251.D 
closed orbit 126.D,G 
hyperbolic 126.6 
closed plane domain 333.A 
closed path 
(іп а graph) 186.F 
(in a topological space) 170 
direct 186.F 
space of 202.C 
closed range theorem  37J 
closed Riemann surface 367.A 
closed set 425.B 
locally 425J 
relative 425.J 
system of 425.B 
Zariski 16.A 
closed subalgebra 36.B 
closed subgroup (of a topological group) 423.D 
closed submanifold (of a C*^-manifold) 105.1. 
closed subsystem (of a root system) 13.L 
closed surface 410.B 
in a 3-dimensional Euclidean space 1111 
closed system 419.A 
closed system entropy 402.G 
closed term (of a language) 276.A 
closure 425.B 
(іп а matroid) 66.G 
(ofan operator) 251.D 
algebraic (of a field) 1491 
convex (in an affine space) 7.D 
integral (of a ring) 67.I 
Pythagorean (of a field) 155.C 
closure finite (cell complex) 70.D 
closure operator 425.B 
closure-preserving covering 425.X 
clothoid 93.H 
cloverleaf knot 235.C 
cluster 375.F 
cluster decomposition Hamiltonian 275.Е 
clustering property 402.G 
cluster point 425.0 
cluster set(s) 62А 
boundary 62.A 
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curvilinear 62.C 
interior 62.A 
cluster value 62.A 
cluster value theorem 43.6 
cn App. А, Table 16111 
coalgebra 203.F 
cocommutative 203.Е 
dual 203.F 
graded 203.B 
quotient 203.F 
coalgebra homomorphism 203.Е 
coanalytic set 22.A 
coarse moduli scheme 16.W 
coarse moduli space of curves of genusg 9.J 
coarser relation 135.C 
coarser topology 425.H 
cobordant 114.H 
foliated 154.Н 
h- 114] 
mod2 114Н 
normally 1147 
cobordism, knot 235.G 
cobordism class 114.H 
oriented 114.Н 
unoriented 114.H 
cobordism group 
complex 114.H 
oriented 114.H 
unoriented 114.H 
cobordism group of homotopy n-spheres, h- 1141 
cobordism ring 114.H 
complex 114.H 
cobordism theorem, h- 114.Е 
coboundary (coboundaries) 200.H 
(in a cochain complex) 201.H 
(in the theory of generalized analytic functions) 
164.H 
module of 200.F 
coboundary homomorphism (on cohomology 
groups) 201.L 
coboundary operator 200.F 
cobounded 201.P 
cochain(s) 200.H 201.H 
(products of) 201.K 
deformation 305.B 
finite (of a locally finite simplicial complex) 
201.P 
n- (for an associative algebra) 200.1. 
separation 305.B 
cochain complex 200.Е 201.H 
singular 201.H 
cochain equivalence 200.F 
cochain homotopy 200.Е 
cochain mapping 200.Е 201.H 
cochain subcomplex 200.F 
Cochran theorem 374.В 
cocommutative coalgebra 203.Е 
cocycle(s) 200.H 201.H 
(in the theory of generalized analytic functions) 
164.H 
continuous 200.N 
difference 305.В 
module of 200.F 
obstruction 147.L 305.B 
separation 305.B 
vanishing (on an algebraic variety) 16.0 
Codazzi, equation of 365.C 
Codazzi-Mainardi equations 11 l.H, App. А, 
Table 4.I 
code(s) 63.A 213.D 


Subject Index 
Coefficient(s) 


BHC (Bose-Chaundhuri-Hocquenghem) 63.D 
block 63.А 213.F 
convolutional 63.Е 
cyclic 63.D 
Goppa 63.E 
group 63.C 
Hamming 63.C 
linear 63.C 
perfect 63.B 
sliding block 213.E 
tree 213. E 
trellis 213.Е 
code word 63.А 
codimension 
(of an algebraic subvariety) 16.А 
(ofa C'-foliation) 154.B 
(of an element іп a complex) 13.R 
(of the germ of a singularity 51.С 
(ofa linear space) 256.F 
(ofa PL embedding) 65.D 
codimension q, characteristic class of 154.6 
coding rate 213.D 
coding theorem 
block 213.D 
noiseless source 213.D 
source 213.D,E 
coding theory 63 
channel 213.А 
source 213.A 
codomain (of a mapping) 381.C 
co-echelon space 168.B 
coefficient(s) 
(of a linear representation) 362.Е 
(of a system of algebraic equations) 10.A 
(of a term of a polynomial) 337.B 
of an affine connection 80.L 
autocorrelation 397.N 
binomial 330, App. A, Table 17.11 
of bulk viscosity 205.С 
canonical correlation 280.Е 374.C 
Clebsch-Gordan 258.A 353.B 
confidence 399.Q 
correlation (of two random variables) 342.C 
397.H 
of determination 397.H,J 
differential 106.A 
of excess 341.Н 396.C 
expansion 317.A 
Fourier 159.А 197.C 317.A, App. A, Table 11.1 
Fourier (of an almost periodic function) 18.B 
Gini, of concentration 397.D 
indeterminate, Lagrange method of 106.L 
Lagrange interpolation 223.A 
Legendre 393.B 
multipie correlation 397.J 
oforderp 110.A 
partial correlation 397.J 
partial differential 106.Е 
population correlation 396.D 
Racah 353.B 
reflection 387.D 
regression 397.H,J 403.D 
ofa Riemannian connection 80.1, 
sample correlation 396.D 
sample multiple correlation 397.J 
sample partial correlation 280.Е 
of shear viscosity 205.C 
of skewness 341.Н 
of thermal expansion 419.B 
torsion (of acomplex) 201.B 


Subject Index 
Coefficient field 


transmission 387.D 
transport 402.K 
universal, theorem 200.D,G,H 201.G,H 
of variation 397.C 
of viscosity 205.C 
Wigner 353.B 
coefficient field 
(of an affine space) 7.А 
(of a projective space) 343.C 
(of a semilocal ring) 284.D 
coefficient group (of the cohomology theory) 201.Q 
coefficient module 200.1. 
coefficient problem 438.C 
coefficient ring 
of a semilocal ring 284.D 
coefficient sheaf % 
Cech cohomology with 383.Е 
cohomology group with 383.Е 
coercive (boundary condition) 112.H 323.H 
cofactor (ofa minor) 103.D 
cofibering 202.G 
cofinal 
(ordinal numbers) 312.C 
(subset of a directed set) 311.D 
cofinality 312.С 
cofinality, cardinality and 33.Е 
cofinal object 52.D 
cofinal subnet 87.H 
cogenerator (of an Abelian category) 200.Н 
cographic 66.H 
Cohen theorem (on Noetherian rings) 284.A 
coherence 397.N 421.E 
coherent algebraic sheaf 16.E 72.F 
coherent analytic sheaf 72.E 
coherently oriented (pseudomanifold) 65.B 
coherent @-module 16.Е 
quasi- 16.E 
coherent sheaf of rings 16.E 
coherent vector 277.D 
Cohn-Vossen theorem 111.1 
cohomological dimension 
(of an associative algebra) 200.L 
(ofa scheme) 16.E 
(of a topological space) 117.F 
cohomological functor 200.1 
cohomology 6.Е 200.H 
equivariant 431.0 
exact sequence of 200.F 
Galois 200.3 
Gel'fand-Fuks 105.АА 
-ааіс 450.Q 
non-Abelian 200.М 
Tate 200.N 
Weil 440.0 
cohomology class 200.H 
canonical (in Galois cohomology in the class 
field theory) 59.H 
orientation 201.N 
cohomology exact sequence (for simplicial com- 
plexes) 201.L 
cohomology group(s) 201.H 
d- 72D 
Alexander 201.M 
Amitsur 200.P 
Cech (for topological spaces) 201.M,P 
Cech, with coefficient sheaf Z 383.Е 
cellular 201.H 
with coefficient sheaf 7 — 383.E 
de Rham 201.H 
Dolbeault 72.D 
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generalized (for CW complexes) 201.H 
Hochschild 200.L 
integral (of a topological space) 201.H 
local 125.W 
rational 200.0 
reduced (of a topological space) 201.H 
relative (sheaf cohomology) 125.W 
relative Alexander 201.M 
relative Cech 201.М 
singular, with compact supports 201.Р 
singular, of X with coefficients in G 201.H,R 
cohomology module 200.F 
cohomology operation(s) 64 
functional 202.8 
primary 64.B 
stable 64.B 
stable primary 64.B 
stable secondary 64.C 
cohomology ring 
of a compact connected Lie Group App. A, 
Table 6.IV 
de Rham (of a differential manifold) 105.R 
de Rham (of a topological space) 201.1 
of an Eilenberg-Maclane complex App. А, 
Table 6.11 
singular (of a topological space) 201.1 
cohomology sequence, exact 200.Н 
cohomology set 172.K 
cohomology spectral sequence 200.J 
cohomology theory (theories) 
Alexander-Kolmogorov-Spanier 201.M 
on the category of topological pairs 201.0 
complete 200.N 
with E-coefficient, generalized 202Т 
generalized 201.0 
cohomology vanishing theorems 194.6 
cohomotopy group 2021 
coideal 203.F 
coimage 
(of an A-homomorphism) 277.Е 
(of a homomorphism of presheaves of sheaves) 
383.D 
(of a morphism) 52.N 
coincidence number (of mappings) 153.B 
coincidence point (of mappings) 153.B 
coindex (of C?-function) 279.Е 
cokernel 
(of an A-homomorphism) 277.Е 
(of a homomorphism of presheaves or sheaves) 
383.D 
(ofa morphism) 52.N 
collapsing 65.C 
elementary 65.C 
collectionwise Hausdorff space 425.АА 
collectionwise normal space 425.AA 
collective 342.А 
Y- 354E 
collective risk theory 214.С 
collinear points 343.B 
collinear vectors 442.A 
collineation(s) 343.D 
group of 343.D 
projective 343.D 
projective, in the wider sense 343.D 
in the wider sense 343.D 
collocation method 303.I 
colocal (coalgebra) 203.1 
color conjecture, four 186.1 
colored symmetric group 92.D 
coloring (of a graph) 186.1 
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coloring, Тай 157.С 
color lattice 92.р 
color point group 92.D 
colors, number of 93.D 
color symmetric group 92.D 
column(s) (of a matrix) 269.A 
iterated series by (of a double series) 379.E 
repeated series by (of a double series) 379.E 
column finite matrix 269.K 
column nullity (of a matrix) 269.D 
column vector 269.A 
comass (on k-forms) 275.G 
Combescure, correspondence of 111.F 
combination 
k- 330 
linear (of elements in a linear space) 256.C 
linear (of ovals) 89.D 
multiple App. A, Table !17.II 
number of treatment 102.L 
combination theorem, Klein 234.D 
combinatorial analysis 66.А 
combinatorial equivalence 65.A 
combinatorially equivalent 65.A 
combinatorial manifold 65.С 
combinatorial mathematics 66.A 
combinatorial Pontryagin class 56.Н 
combinatorial problems App. A, Table 17.II 
combinatorial property 65.A 


combinatorial sphere, group of oriented differentiable 


structures оп 114.1 
combinatorial theory 66.А 
combinatorial topology 426 
combinatorial triangulation 65.С 
combinatorial triangulation problem  65.C 
combinatorics 66 
comb space 89.A 
commensurable 122.F 
common divisor (of elements of a ring) 67.H 
greatest 67.Н 297.A 
common logarithm 131.С 
common multiple (of elements of a ring) 67.H 
least 67.Н 297.A 
common notion 35.A 
communality 346.Е 
commutant 308.С 
commutation relations 
canonical 351.C 377.A 
normal 150.D 
commutative algebra 203.Е 
commutative diagram 52.С 
commutative field 368.В 
commutative group 2.А 190.A 
commutative law 
of addition (in a ring) 368.A 
on the addition of natural numbers 294.B 
in the algebra of sets 381.B 
on cardinal numbers 49.C 
for group composition 190.А 
in a lattice 243.А 
for multiplication (in a commutative ring) 
368.A 
on the multiplication of natural numbers 
294.B 
commutative Lie group 249.D 
commutatively convergent series 379.С 
commutative multiplication (of a graded algebra) 
203.B 
homotopy- 203.D 
commutative ring 368.A 
category of 52.B 


Subject Index 
Compact set 


commutativity, event 346.G 
commutator 
(of differential operators) 324.C 
(of two elements of a group) 190.H 
self- 251.K 
commutator group 190.H 
commutator subgroup 190.H 
commutor 368.E 
comonad 200.Q 
compact 
(continuous mapping) 286.D 
(kernel distribution} 125.L 
(linear operator) 68.B 
(topological space) 425.5 
linearly 422.1. 
locally 425.V 
locally linearly 422.L 
relatively (linear operator) 331.B 
relatively (maximum likelihood method) 
399.M 
relatively (subset) 273.F 425.S 
real- 425.BB 
sequentially 425.S 
c- 425.V 
T- 68.F331.B 
uniformly locally 425.У 
weakly (linear operator) 68.M 
compact algebraic group, k- 13.G 
compact cardinal number 
strongly 33.E 
weakly 33.E 
compact complex manifolds, family of 72.G 
compact C'-manifold | 105.D 
compact element (of a topological Abelian group) 
422.F 
compact foliation 154.H 


compact form (of a complex semisimple Lie algebra) 


248.P 
compact group 69.A 
compact homotopy class 286.D 
compactification 
(of a complex manifold) 72.K 
(of a Hausdorff space) 207.A 
(ofa topologicalspace) 425.T 
compactifying (kernel) 125.L 
Aleksandrov 207.С 
Bohr 18.H 
F- 207.С 
Kerékjártó-Stoilow 207.C 
Kuramochi 207.C 
Martin 207.C 
one-point (of a topological space) 425.T 
resolutive 207.B 
Royden 207.C 
Stone-Cech 207.С 425.T 
Wiener 207.C 
compact leaf 154.D 
compact metric space 273.F 
compactness theorem (in model theory) 276.E 
compact open C? topology 279.C 
compact-open topology 279.С 435.D 
compact operators 68 
compact real Lie algebra 248.Р 
compact real simple Lie algebra 
classical 248.T 
exceptional 248.T 
compact set 425.8 
in a metric space 273.F 
relatively 399.М 425.5 
uniform convergence оп 435.С 


Subject Index 
Compact simple Lie group 


compact simple Lie group 

classical 2491. 

exceptional 249.L 
compactspace 425.S 

countably 425.S 

locally 425.V 

real- 425.BB 

sequentially 425.5 

c- 425.V 

uniformly locally 425.V 
compact support (singular g-cochain) 201.Р 
compact type (symmetric Riemannian homogeneous 

space) 412.D | 
compactum, dyadic 79.D 
companion matrix 3011 
comparability theorem for cardinal numbers 49.B 
comparison, paired 346.С 
comparison test (for convergence) 379.B 
comparison theorem (in the theory of differential 
equations) 316.E 
metric 178.А 


triangle 178.4 
compass 179.A 
compatible 


with composition 409.C 
with C’-structure 114.B 
with the multiplication of a group 190.С 
with operation (of an operator domain) 277.C 
with operations in a linear space 256.F 
with topology 436.H 
with a triangulation (a C’-structure) 114.C 
compiler 75.C 
complement 
(of a decision problem) 71.B 
(іп lattice theory) 42.A 243.E 
(in set theory) 381.В 
orthogonal (of a subset of a Hilbert space) 
197.E 
relative (of two sets) 381.B 
complementary analytic set 22.A 
complementary degenerate series 437.W 
complementary degree 200.J 
complementary event 342.B 
complementary law of reciprocity 14.0 
complementary law of the Jacobi symbol 297.1 
complementary law of the Legendre symbol 
first 297.1 
second 297.1 
complementary modulus (in Jacobi elliptic func- 
tions} 134.J, App. A, Table 16.Ї 
complementary series 437.W 
complementary set 381.B 
complementary slackness, Tucker theorem on 
255.B 
complementary submodule 277.H 
complementary subspace (of a linear subspace) 
256.F 
complementation, law of (in a Boolean algebra) 
42.А 
complement conjecture, knot 235.В 
complemented (Banach space) 37.№ 
complemented lattice 243.Е 
complement theorem 382.В 
Chapman's 382.B 
completable topological group | 423.H 
complete 
(Abelian p-group) 2.D 
(algebraic variety) 16.0 
(increasing family of c-algebras) 407.В 
(logical system) 276.D 
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(metric space) 273.J 
(ordinary differential equation) 126.C 
(predicate) 356.H 
(recursively enumerable set) 356.р 
(set of closed formulas) 276.F 
(statistics) 396.E 
(system of axioms) 35.B 
(system of orthogonal functions) 317.A 
(topological group) 423.H 
(uniform space) 436.G 
(valuation) 439.D 
(vector lattice) 310.C 
(wave operator) 375.B,H 
(Zariski ring) 284.C 
B- (locally convex space) 424.X 
fully (locally convex space) 424.X 
holomorphically (domain) 21.F 
NP- 7LE 
at o (in the theory of deformation) 72.G 
quasi- (locally convex space) 424.F 
g- (vector lattice) 310.C 
weakly 1- manifold 21.L 
complete accumulation point 425.0 
complete additive group 2.E 
complete additivity (of the Lebesgue integral) 
221.C 
complete additivity (of a measure) 270.0 
complete additivity theorem, Pettis 443.6 
complete analytic space, K- 23.Е 
complete bipartite graph 186.С 
complete blocks 102.B 
complete capture 420.D 
complete class 398.В 
essentially 398.B 
minimal 398.B 
complete class theorems 398.D 
complete cohomology theory 200.N 
complete distributive law (in a lattice-ordered group) 
243.G 
complete elliptic integral App. A, Table 16.1 
of the first kind 134.B 
of the second kind 134.С 
complete form, theorem on 356.Н 
complete free resolution (of Z) 200.N 
complete graph 186.С 
complete hyperbolic manifolds 21.0 
complete induction 294.B 
complete integrability condition 428.С 
complete intersection 16.A 
complete lattice 243.0 
conditionally 243.D 
c- 243.0 
complete linear system 
оп ап algebraic curve 9.C 
on an algebraic variety 16.№ 
defined by a divisor 16.N 
complete local ring 284.р 
structure theorem of 284.D 
completely additive 
(arithmetic function) 295.B 
(measure) 270.D,E 
(vector measure) 443.G 
completely additive class 270.В 
completely additive set function 380.C 
completely continuous operator 68.B 
completely integrable 154.B 
completely integrable (system of independent 1- 
forms) 428.D 
completely integrally closed (ring) 671 
completely monotonic function 240.E,K 


1947 Subject Index 
Complex (es) 


completely multiplicative number-theoretic function 
295.B 
completely nonunitary 251.M 
completely normal space 425.0 
completely passive 402.6 
completely positive 36.Н 
completely positive entropy 136.E 
completely primary ring 368.H 
completely randomized design 102.A 
completely reducible A-module 277.Н 
completely reducible group 190,1, 
completely reducible linear representation 362.C 
completely regular space 425.0 
completely unstable flow 126.E 
complete manifold, weakly 1- 21.L 
complete mapping 241.B 
complete maximum principle 338.М 
complete measure 270.D 
complete measure space 270.0 
complete metric space 273J 
completeness 
(for a Cartan connection) 80.N 
(ofa logical system) 276.D 
(of the predicate calculus) 411.7 
asymptotic 150.D 
NP- 7LE 
theorem of (in geometry) 155.B 
completeness of real numbers |. 294, E 355.B 
completeness of scattering states 150.0 386.В 
completeness theorem, Gödel 411.J 
complete observation 405.C,D 
complete orthogonal system 217.6 
complete orthonormal set (Hilbert space) 197.С 
complete orthonormal system 217.6 
of fundamental functions 217.G 
complete pivoting 302.B 
complete predicate 356.H 
complete product measure space 270.Н 
complete quadrangle 343.С 
complete reducibility theorem, Poincaré З.С 
complete Reinhardt domain 21.B 
complete residue system modulo m 297.6 
complete ring (with respect to an ideal 7) 16.Х 
complete scheme, k- 16.Е 
complete set 241.B 
complete o-field 396.Е 
boundedly 396.E 
complete solution (of partial differential equations) 
320.C 
complete space 436.G 
Cech 425.T 4361 
Dieudonné 436.1 
holomorphically 23.Е 
topologically 4361 
complete system 
ofaxioms 35.B 
of independent linear partial differential equa- 
tions 324.C 
of inhomogeneous partial differential equations 
428.C 
of nonlinear partial differential equations 
428.C 
complete valuation 439.D 
complete vector lattice 310.C 
o- 310.C 
complete Zariski ring 284.С 
completion 
a-adic (of an R-module) 284.B 
of a field (with respect to a valuation) 439.D 


ofa measure space 270.D 

ofa metric space 273J 

и- 270.D 

of an ordered set 243.D 

ofa ring along an ideal 16.X 

of Spec(A) along V(I) 16.X 

of a T,-topological group 423.Н 

ofa uniform space 436.G 

ofa valuation 439.D 

of a valuation ring (of a valuation) 439.D 


complex(es) 70 


(in an Abelian category) 201.B 
(in buildings and BN pairs) 13.R 


(over an object of an Abelian category) 200.H 


é- 72.D 

abstract simplicial 70.С 

acychc 201.B 

Amitsur 200.P 

cell 70.D 

chain 200.C 

chain (in an Abelian category) 201.В 
chain, over С 201.C 

chain, over А 201.G 

chamber 13.R 

closure finite cell 70.D 

cochain, over Л 201.H 

cochain (in an Abelian category) 200.F,H 
cochain (of a simplicial complex) 201.Н 
countable cell 70.D 

countable simplicial 70.С 

Coxeter 13.R 

CW 70D 

de Rham 201.H 

de Rham (as an elliptic complex) 237.H 
Dolbeault 72.0 

double 200.H 

double chain 200.Е 

dual 65.B 

Eilenberg-MacLane 70.Е 

elliptic (on a compact C^-manifold) 237.H 
Euclidean 70.В 

Euclidean cell 70.B 

Euclidean simplicial 70.В 

finite cell 70.0 

finite simplicial 70.C 

geometric 70.B 

isomorphic simplicia! 70.С 
isomorphic s.s. 70.E 

Kan 70.E 

linear (in projective geometry) 343.E 
linear line 343.E 

locally countable cell 70.D 

locally countable simplicial 70.С 
locally finite cell 70.D 

locally finite simplicial 70.C 
minimal 70.Е 

multiple 200.Н 

negative 200.Н 

ordered (of a simplicial complex) 70.E 
ordered simplicial 70.C 

oriented simplicial chain 201.С 
Poincaré 114J 

positive 200.H 

positive chain 200.C 

Postnikov 70.G 

product 200.H 

product (of cell complexes) 70.D 
product double chain 200.Е 
quotient 2011. 


Subject Index 
Complex algebraic variety 


quotient chain 200.C 
rectilinear 70.B 
regular cell 70.D 
relative chain 200.C 
relative cochain 200.Е 
semisimplicial(s.s. 70.Е 
simplicial 65.A 70.C 
singular (of a topological space) 70.E 
singular chain (of a topological space) 201.E 
singular cochain 201.H 
space form 365.1. 
ss. 70.Е 
s.s., realization of 70.E 
standard (of a Lie algebra) 200.0 
Thom 114.G 
Thom, associated with (G,n) 114.G 
Thom, fundamental cohomology class of the 
114.G 
complex algebraic variety 16.Т 
complex analytic fiber bundle 147.0 
complex analytic function 198.H 
complex analytic manifold 72.A 
complex analytic structure (in a complex manifold) 
72.А 
complex analytic submanifold 72.А 
complex cobordism group 114.H 
complex cobordism ring 114.H 
complex conjugate bundle 147.F 
complex conjugate representation 362.F 
complex dimension (of a complex manifold) 72.A 
complex form (on a Fourier series) 159.A 
complex form (of a real Lie algebra) 248.P 
complex function 165.B 
complex Gaussian 176.B 
complex Gaussian process 176.C 
complex Gaussian random variable 176.В 
complex Gaussian system 176.B 
complex Grassmann manifold 199.В 
complex group (over a field) 60.L 
complex Hermitian homogeneous space 199.A 
complex Hilbert space 197.B 
complexification 
Chevalley 2491] 
of areal Lie algebra 248.P 
complex interpolation space 224.C 
complexity 
average 7LA 
ofcomputation 71 
Kolmogorov-Chaitin 354.0 
space 71.A 
time 71.A 
worst-case 71.A 
complex Lie algebra 248.А 
ofa complex Lie group 249.M 
complex Lie group 249.А 
complex linear space 256.А 
complex line bundle 72.F 
determined by а divisor 72.F 
complex manifold(s) 72 
almost 72.B 
compact, family of 72.G 
isomorphic 72А 
stably almost 114.Н 
weakly almost 114.Н 
complex multiplication 73 
complex number plane 74.C 
complex numbers 74.А 294.F 
conjugate 74А 
complex of lines 110.B 
complex orthogonal group 601 
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complex orthogonal matrix 269.] 
complex plane 74.С 
complex projective space 343.Е 
infinite-dimensional 56 
complex quadratic form 348.А,В 
complex representation (of a Lie group) 249.0 
complex simple Lie algebra 
classical 248.5 
exceptional 248.5 
complex simple Lie group 
classical 249.M 
exceptional 249.M 
complex space form 365.1. 
complex special orthogonal group 601 
complex spectral measure 390.р 
complex spectral representation 390.E 
complex spectral resolution 390.Е 
complex sphere 74.D 
complex spinor group 61.E 
complex Stiefel manifold 199.В 
complex structure 
(in a complex manifold) 72.А 
(pseudogroup structure) 105.Y 
(on R^?) З.Н 
(on a Riemann surface) 367.A 
almost 72.B 
deformation of 72.G 
tensor field of almost (induced by a complex 
structure) 72.B 
complex symplectic group 60.L 
complex topological linear space 424.A 
complex torus З.Н 
complex-valued function 165.B 
complex variable 165.C 
theory of functions of 198.Q 
complex vector bundle 147.Е 
component(s) 
(of a direct product set) 381.E 
(in graph theory) 186.F 
(of a matrix) 269.A 
(of a point in a projective space) 343.C 
(of a tensor of type (р, 4)) 256.7 
(ofa vector) 256.A 442.A 
(of a vector field) 105.M 
arcwise connected 79.В 
basic (of an m-dimensional surface) 110.A 
connected 79.A 186.F 
of degree n (of a graded A-module) 200.B 
embedded primary (of an ideal) 67.F 
fixed (of a linear system)  16.N 
ghost (of an infinite-dimensional vector) 449.A 
horizontal (of a homogeneous space) 110.A 
horizontal (of a vector field) 80.C 
identity (of a topological group) 423.F 
irreducible (of an algebraic variety) 16.A 
irreducible (of an analytic space) 23.C 
irreducible (of a linear representation) 362.D 
isolated primary (of an ideal) 67.F 
ith (of an element relative to a basis) 256.C 
ith (of an n-tuple) 256.А 
nilpotent (of a linear mapping) 269.1. 
orthogonal (of an element of a linear space) 
139.G 
path- 79.B 
primary (of an ideal) 67.F 
principal 280.F 
principal, analysis 280.F 
principal, of order p 110.A 
proper (of an intersection of subvarieties) 16.G 
Reeb 154.B 
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relative (of a Lie transformation group) 110.A 


secondary (of a homogeneous space) 110.A 
semisimple 269.L 
simple (of a semisimple ring) 368.G 
strongly connected 186.F 
unipotent (of a linear mapping) 2691, 
variable (of a linear system) 15.C 16.N 
vertical (of a vector field) 80.C 
component model 403.F 
components-of-variance model 403.С 
composite 
of cohomology operations 64.B 
of correspondences 358.В 
of homotopy classes 202.В 
of mappings 381.C 
of morphisms 52.A 
of subsets 436.A 
of valuations 439.F 
composite designs, central 102.М 
composite field 149.D 
composite function 106.1 
composite hypothesis 400.А 
composite number 297.B 
composite particles 132.А 
composition 
(of knots) 235.A 
(of probability distributions) 341.E 


external law of (of a set of another set) 409.A 


internal law of (of a set) 409.A 

law of (оп aset) 409.A 

secondary 202.R 
composition algebra 231.B 
composition factor 190.G 
composition factor series 190.G 
composition product (of functions) 192.H 
composition series 

(ina group) 190.G 

(in a lattice) 243.F 
composition theorem (in class field theory) 59.С 
compound Poisson process S.F 
comprehension, axiom of 33.B 381.G 
compressibility, isothermal 419.B 
compressible fluid 205.В 
compression, information 96.B 
computable (partial function) 31.B 
computation 

analog 19.A 

complexity of 71 

high-precision 138.В 
compute 31.В 71.В 
computers 75 

analog 19.E 

digital 75.В 

electronic 75.А 

electronic analog 19.Е 

hybrid 19.E 
comultiplication 203.B,F 

Hopf 203.D 
concatenation (of paths) 170 
concave function 88.А 

strictly 88.A 
concave programming problem 292.А 
concentration 

area of 397.E 

asymptotic 399.1. 

Gini coefficient of 397.Е 

measure of 397.E 

spectral 331.F 
concentration function 

maximal 341.E 


Subject Index 
Condition(s) 


mean 341.E 
concept 
basic (of structure) 409.B 
global (in differential geometry) 109 
in the large (in differential geometry) 109 
local (in differential geometry) 109 
in the small (in differential geometry) 109 
conchoidal curve 93.H 
conchoid of Nicomedes 93.Н 
concircularly flat space App. A, Table 4.II 
concordant 154.Е 
concurrent 
(in nonstandard analysis) 293.B 
(in projective geometry) 343.B 
condensation of singularities, principle of 37.H 
condensation point 425.0 
condensation test, Cauchy 379.В 
condition(s) 
adjoint boundary 315.B 
ascending chain (for (normal) subgroups of a 
group) 190.F 
ascending chain (in an ordered set) 311.C 
Baire 425.N 


boundary (for an ordinary differential equation) 


315.A 

boundary (for partial differential equations of 
elliptic type) 323.F 

boundary, operator with 112.F 

Cauchy (on the D-integral and the D(x)- 
integral) 100.E 

CFL (Courant-Friedrichs-Lewy) 304.Е 

chain (in an ordered set) 311.C 

complete integrability 428.C 

consistency 341.] 

Denjoy-Carleman 168.B 

descending chain (for (normal) subgroups of a 
group) 190.F 

descending chain (in an ordered set) 311.C 

entropy 204.G 

of finite character (for functions) 34.C 

of finite character (for sets) - 34.C 

finiteness, for integral extension 284.F 

Frobenius integrability 154.B 

Haar (on best approximation) 336.B 

Harnack (on the D-integral and the D(«)- 
integral) 100.E 

Holder, of ordera 84А 

initial (for ordinary differential equations) 
316.A 


initial (for partial differential equations) 321.A 


Jacobi 46.C 

KMS 308.H 

Levi 325.H 

Lindeberg 250.B 

Lipschitz 84.A 163.D 286.B 316.D 

Lipschitz, of отаег х 84А 

Lorentz 130.A 

LSZ asymptotic 150.0 

Lyapunov 250.B 

maximal (in an ordered set) 311.C 

minimal (in an ordered set) 311.C 

no cycle 126J 

Palais-Smale 279.E 286.Q 

Poincaré (in the Dirichlet problem) 120.A 

restricted minimal (in a commutative ring) 
284.A 

of R. Schmidt (in (C,a)-summation) 379.M 

Sommerfeld radiation 188.D 

spectrum 150.D 

strip 320.D 


Subject Index 
Conditional density 


strong transversality 126.J 
transversality 108.B 
of transversality (in the calculus of variations) 
46.B 
uniqueness (for solution of an ordinary differen- 
tial equation} 316.D 
von Neumann 304.Е 
Whitney, (b) 418.G 
Whitney, (b) at a point 418.G 
conditional density 397.] 
conditional distribution 397.I 
conditional entropy 213.B 
conditional expectation (of a random variable) 
342.E 
conditional inequality 211.A 
conditionality, principle of 401.C 
conditionally complete lattice 243.D 
conditionally convergent 379.С,Е 
conditionally o-complete lattice 243.D 
conditionally stable 394.р 
conditional mean (of a random variable) 342.E 
397.1 
conditional moments 397.J 
conditional probability 342.E 
regular 342.E 
conditional probability distribution 342.Е 
conditional problems in the calculus of variations 
46.А 
conditional relative extremum (of a function) 106.1, 
conditional self-intersection 213.B 
conditional stability 394.D 
condition number 302.А 
conductivity 130.B 
conductor 
(ofan Abelian extension) 14.Q 
(of a class field) 59.В 
(of Dirichlet L-functions) 450.C 
(of anideal group) 14.H 
(of a Gréssencharakter) 450.F 
(of Hecke L-functions) 450.Е 
(of a nonprimitive character or a primitive 
character) 450.C 
(of a quadratic field) 347.G 
(of a residue character) 295.D 
(of a subring of a principal order) 14.B 
p- (of norm-residue) 14Р 
conductor-ramification theorem (in class field the- 
ory 59.C 
conductor with a group character 450.G 
cone 
(ofa PL embedding) 65.D 
(in a projective space) 343.Е 
(of a simplicial complex) 70.С 
(over a space) 202.Е 
asymptotic 350.B 
circular 78.A 111.1 
conjugate convex 89.F 
convex 89.Е 
convex polyhedral 89.Е 
dual convex 89.F 
extension (of a PL embedding) 65.D 
future 258.A 
light 258.A 
Mach 205.В 
mapping 202.E 
natural positive 308.K 
oblique circular 350.B 
past 258.A 
quadric 350.В 
reduced (of a topological space) 202.F 
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reduced mapping 202.Е 
regular 384.A 
right circular 350.В 
self-dual regular 384.Е 
side 258.A 
confidence coefficient 399.0 
confidence interval 399.Q 
confidence level 399.0 
confidence limits 399.0 
confidence region 399.0 
invariance of 399.0 
unbiased 399.0 
uniformly most powerful 399.0 
uniformly most powerful unbiased 399.0 


configuration 
central 420.B 
Pascal 78.K 


configuration space 126.L 402.G 
confluent differential equation 167.A 
confluent hypergeometric differential equation 
167.A, App. A, Table 14.II 19.1 
confluent type 
function of 167.A 
hypergeometric function of 167.А, App. A, 
Table 19.1 
confocal central conics, family of 78.H 
confocal parabolas, family of 78.Н 
confocal quadrics, family of 350.E 
conformal 77.A 
almost 275.С 
conformal arc element 110.D 
conformal connection 80.P 
conformal correspondence (between surfaces) 1111 
conformal curvature 110.0 
conformal curvature tensor, Weyl 80.Р, App. A, 
Table 4.11 
conformal differential geometry 110.D 
conformal function, u- 352.В 
conformal geometry 76.A 
conformal invariant 77.E 
conformally equivalent 77.А 367.A 191.B 
conformally flat 191.B 
conformally flat space App. A, Table 4.II 
conformal mapping 198.A, App. A, Table 13 
generalized 2461 
extremal quasi- 352.С 
quasi- 352 
conformal space 76.A 
conformal structure 191.B 
conformal structure (on a Riemann surface) 367.A 
conformal torsion 110.0 
conformal transformation 80.Р 364.F 
confounded 
with blocks | 102J 
partially (with blocks) 102.7 
congruence 
(in geometry) 155.B 
(in number theory) 297.G 
linear (in projective geometry) 343.E 
of lines 110.B 
multiplicative 14.Н 
congruence axiom (of geometry) 155.В 
congruence classes modulo m*, group of 14.H 
congruence subgroup (of a modular group) 122.D 
principal, of level М 122.0 
congruence zeta function 450.Р 
congruent 
(figures) 139.C 
(segment) 155.B 
affinely 7.Е 
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in the Erlangen program 137 
congruent modulom 297.G 
congruent transformation(s) 139.B 
group of 285.C 
conic(s) 78.A 
central 78.С 
focal (of a quadric) 350.E 
pencil of 343.E 
conical function App. A, Table 18.II 
conical hypersurface, quadric 350.6 
conical surface 111.1 
quadric 350.B 
conic Lagrange manifold 274.С 345.B 
conic section(s) 78.А 
equation of 78.C 
canonical form of the equation of 78.C 
conjecture 
Adams (оп J-homomorphisms) 237.1 
annulus (on combinatorial manifolds) 65.С 
Artin (on Artin L-functions) 450.G 
Bieberbach (on univalent functions) 438.C 
Birch-Swinnerton-Dyer (on L-functions of 
elliptic curves) 118.D 450.5 
Burnside (on finite groups) 151.D 
C, (on Kodaira dimension) 72.H 
entropy 126.K 
four color 1861 
fundamental (in topology) 70.С 
generalized Poincaré 65.C 
general knot 235.B 
Hasse (on Hasse zeta function) 450.5 


Hodge (on cycles on algebraic varieties) 450.5 


Iwasawa main (on p-adic L-functions) 450J 

knot complement 235.B 

Leopoldt (on p-adic L-functions) 450.J 

Mordell (on Diophantine equations) 118.E 

Poincaré (on a characterization of spheres) 
65.C 

property P-(on knot groups) 235.B 


Ramanujan (on automorphic functions) 32.D 


Ramanujan-Petersson (on Hecke operators) 
32.D 
Sato (on Hasse zeta functions) 450.5 
Schreier (on simple groups) 151.1 
Seifert (on vector fields) 126.К 154.D 
Smith (on knot theory) 235.E 
stability 126.) 
Taniyama- Weil (on L-functions of elliptic 
curves) 450.5 
Tate (on Hasse ¢-functions) 450.5 
unknotting 235.Е 
Vandiver (on the class number of cyclotomic 
fields) 141, 
Weil (on congruence zeta functions) 450.Q 
conjugacy 
C'- 126.В 
topological 126.B 
conjugacy class (of an element of a group) 190.C 
conjugate 
(CG method) 302.D 
(diameter) 78.G 
(element) 149.J 
(point in a geodesic) 178.A 
(point in a projective space) 343.E 
(with respect to a quadric surface) 350.C 
(quaternion) 29.D 
(subset) 190.C 


C- 126.B 
harmonic (in projective geometry) 343.D 
Q- 126.H 


Subject Index 
Connected sequences of functors 


topological 126.B 
conjugate axis (of a hyperbola) 78.C 
conjugate complex number 74.А 
conjugate convex сопе 89.F 
conjugate differential (on Riemann surface) 367.Н 
conjugate exponent 168.C 
conjugate field 149.J 377.C 
conjugate Fourier integral 160.D 
conjugate function 159.E 160.D 
conjugate gradient (CG) method 302.D 
conjugate harmonic function 193.C 
conjugate hyperbola 78.E 
conjugate ideal (of a fractional ideal) 141 
conjugate operator 

(in Banach spaces) 37.D 

(of a differential operator) 125.F 

(ofalinear operator) 251.D 
conjugate planes (with respect to a quadric surface) 

350.C 

conjugate point(s) 

(in the calculus of variations) 46.C 

(in a Riemannian manifold) 364.C 
conjugate pole 350.С 
conjugate Radon transform 218.F 
conjugate representation 362.F 

complex 362.F 
conjugate series (of a trigonometric series) 159.A 
conjugate space 

(of a linear topological space) 424.0 

(ofa normed linear space) 37.D 
conjugation mapping (of a Hopf algebra) 203.E 
conjugation operator 164.К 
conjunction (of propositions) 411.B 
connected 

(affine algebraic group) 13.A 

(design) 102.K 

(graded module) 203.B 

(graph) 186.F 

(topological space) 79.A 

(treatment) 102.B 

arcwise (space) 79.B 

K- 186.F 

locally (at a point) 79.B 

locally (space) 79.A 

locally arcwise (at a point) 79.B 

locally arcwise (space) 79.B 

locally n- (at a point) 79.C 

locally n- (space) 79.C 

locally œ- (space) 79.C 

multiply (plane domain or space) 333.A 

n- (pair of topological spaces) 202.1. 

n-(space) 79.C 202.L 

n-ply (plane domain) 333.A 

w- (space) 79.C 

path- (space) 79.B 

simply (covering Lie group) 249.C 

simply (space) 79.С 170 

simply, group 13.3 

strongly (components) 186.F 
connected component 79.A 186.F 

arcwise- 79.В 

strongly 186.F 
connected Lie subgroup 249.D 
connectedness 79 186.F 

of real numbers 294.Е 
connectedness theorem 

general, due to W. Fulton and J. Hansen 16.1 

Zariski 16.X 
connected рагі 150.0 
connected sequences of functors 200.1 


Subject Index 
Connected set 


connectedset 79.A 
connected space 79.A 
connected sum 
(of oriented compact C”-manifolds) 114.Е 
(of 3-manifolds) 65.E 
connecting homomorphism 
іп cohomology 200.Е 
in homology 200.С 
on homology groups 201.C,L 
connecting morphism 200.H,I 
connection(s) 80 
affine 80.Н 286.1, 
affine, coefficients of 80.1, 
canonical affine (on R”) 80.J 
Cartan 80.М 
conformal 80.Р 
Euclidean 364.B 
Euclidean, manifold with 109 
flat 80.E 
Gauss-Manin (of a variety) 16.V 
Levi-Civita 364.B 
linear 80.H 
locally flat 80.Е 
metric 80.K 
normal 365.C 
projective 80.0 
Riemannian 80.K 364.B 
Riemannian, coefficients of 80.L 
connection form  80.E 417.B 
connection formula 
for the solutions of a differential equation 
253.A 
connection of spin and statistics 132.А 150.D 
connection problem 253.A 
connective fiber space, n- 148.D 
connectives, propositional 411.E 
connectivity (of a space) 201.A 
conoid, right 1111 
conoidal neighborhood 274.E 
conormal 323.F 
сопогта] bundle 274.E 
conormal sphere bundle 274.E 
co-NP 7LE 
conservation laws, even-oddness 150.D 
conservative (measurable transformation) 136.С 
conservative chain 260.A 
conservative process 261.B 
conserved axial-vector currents, partially 132.С 
consistency 
(condition in the multistep method) 303.E 
(of an estimator) 399.K 
(of a logical system) 276.D 
of analysis 156.Е 
of the axiom of choice and the continuum 
hypothesis 33.D 
{c,}- 399.K 
relative 156.D 
consistency condition 3411 
consistency proof 156.D 
of pure number theory 156.E 
consistent 
(finite difference scheme)  304.F 
(formal system) 4111 
(system of axioms) 35.B 
as. 399K 
fen} 399.K 
Fisher 399.K 
w- 156.Е 
consistent and asymptotically normal (CAN) 
estimator 399.K 
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consistent estimator 399.K 
consistent kernel (in potential theory) 338.Е 
consistent-mass scheme 304.D 
consistent test 400.K 
uniformly 400.K 
constant(s) 165.C 
arbitrary (in a general solution of a differential 
equation) 313.A 
Bloch 77.F 
Boltzmann 402.B 
dielectric 130.В 
empirical 19.F 
error 303.E 
Euler 174.A 
integral 216.C 
integration (in a general solution of a differential 
equation) 313.A 
isoperimetric 391.D 
Lagrange mcthod of variation of 252.D 
Landau 77.F 
method of variation of 55.В 2521 
phase (of a sine wave) 446 
Planck 115 
renormalization 150.D 
Robin 48.B 
schlicht Bloch 77.Е 
structural (of a Lie algebra) 248.C 
universal (in the theory of conformal mapping) 
TLF 
constant breadth, curve of 89.C 
constant curvature 
space of 364.D, App. A, Table 4.1 
surface of 1111 
constant function 381.C 
constant inclination, curve of 111.F 
constant mapping 381.C 
constant pressure, specific heat at 419.B 
constant sheaf 383.D 
locally constructible 16.AA 
constant stratum, p- 418.E 
constant-sum game 173.A 
constant term 
of a formal power series 376.A 
ofa polynomial 337.B 
unfolding 51.D 
constant variational formula  163.E 
constant volume, specific heat at 419.B 
constant width, curve of 111.E 
constituent (of an analytic or coanalytic set) 22.C 
constraint 102.L 264.B 
capacity 281.D 
chance 408.B 
unilateral 440.A 
constraint qualification 
Guignard 292.В 
Slater 292.B 
constraint set (of a minimization problem) 292.А 
constructibility, axiom of (in axiomatic set theory) 
33D 
constructible (set in axiomatic set theory) 33.D 
constructible sheaf 16.АА 
locally, constant 16.AA 
construction 
bar (of an Eilenberg-MacLane complex) 70.F 
geometric, problem 179.А 
GNS 308.D 
group measure space 136.F 
impossible, problem 179.A 
possible, problem 179.A 
W- (of an Eilenberg-MacLane complex) 70.F 
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construction problem (of class field tower) 59.Е 
constructive field theory 150.Е 
constructive method 156.D 
constructive ordinal numbers 81.В 
consumer’s risk 404.С 
contact, thermal 419.A 
contact element 428.E 
in a space with a Lie transformation group 
110.A 
contact form  110.E 
contact manifold 110.E 
contact metric structure 110.E 
contact network 282.В 
contact pair (in circle geometry)  76.C 
contact process 340.C 
contact structure 105.Ү 
contact transformations 82, App. A, Table 15.1V 
quantized 274.F 
contain 381.A 
physically 351.K 
content (of a tolerance region) 399.R 
Jordan 270.G 
mean 399.R 
context-free grammar 31.D 
context-sensitive grammar 31.D 
contiguous 399.M 
contingency table 397.К 400.K 
continuable, analytically 198.1 
continuation 
analytic 198.G 
analytic, along a curve 198.1 
analytic, in the wider sense 198.0 
direct analytic 198.6 
harmonic 193.М 198.G 
continuation method 301.М 
continuation theorem 
Hartogs 21.F 
Remmert-Stein 23.B 
Riemann 21.F 
unique 323J 
continued fractions 83.A 
finite 83.A 
infinite 83.A 
mixed periodic 83.С 
normal 83.E 
pure periodic 83.C 
recurring 83.B 
simple 83.A 
continuity 
absolute, space of 390.Е 
axioms of (in geometry) 155.B 
Dedekind axiom of (for real numbers) 355.A 
equation of (for a fluid) 205.A 
equation of (for electromagnetics) 130.A 204.B 
Hartogs theorem of 21.H 
interval of (for a probability distribution) 
341.C 
local 45.F 
modulus of (of a function) 84А 
modulus of, of kth order (of a continuous 
function) 336.C 
properties of 85.A 
of real numbers 294. E 
uniform 45.F 
continuity (*), generalized absolute 100.C 
in the restricted sense 100.C 
continuity principle 
for analytic functions of several complex vari- 
ables 21.H 
in potential theory 338.C 


Subject Index 
Continuous geometry 


quasi- (in potential theory) 3381 
continuity property for Cech theory 201.M 
continuity requirement, variational principles with 

relaxed 271.6 
continuity theorem 

Abel (for Dirichlet series) 339.B 

Abel (for power series) 121.D 

Lévy 341.F 
continuous 

(additive interval function) 380.B 

(flow) 136.D 

(function of ordinal numbers) 312.C 

(mapping) 84.A 425.G 

absolutely (function) 100.C 

absolutely (mapping in the plane) 246.H 

absolutely (measure) 270.1, 

absolutely (set function) 380.C 

absolutely (vector measure) 443.G 

absolutely, in the restricted sense 100.С 

absolutely, in the sense of Tonelli 246.C 

absolutely, (x) 100.С 

completely (operator) 68.D 

equi- 435.D 

equi-, semigroup of class (C?) 378.В 

generalized absolutely 100.С 

hypo- 4240 

left 84.B 

from the left 84.B 

in the mean 217.M 

in the mean (stochastic process) 407.A 

-absolutely 380.C 

with respect to the parameter (a distribution) 

125.H 

piecewise, function 84.B 

in probability 407.А 

right 84.B 

from the right 84.B 

separately (bilinear mapping) 424.Q 

strongly (function with values in a Banach 

space) 37.K 

uniformly 84.А 273.1 436.E 

uniformly, on a subset 436.G 

weakly (function with values in a Banach space) 

37.K 
continuous action (in topological dynamics) 126.B 
continuous additive interval function 380.B 
continuous analytic capacity 1647 
continuous arc(s) 93.B 
continuous cocycle 200.N 
continuous distribution (probability theory) 341.D 
continuous dynamical system 126.B 
continuous flow 

(in ergodic theory) 136.D 

(on a topological space) 126.B 
continuous functions 84 

absolutely 100.C 

generalized absolutely 100.С 

lower semi- 84.C 

lower semi- (at a point) 84.C 

onametric space 84.C 

piecewise 84.В 

quasi- 338.1 

right 84.B 

semi- (at a point) 84.C 

uniformly (in а metric space) 84.A 

uppersemi- 84.C 

upper semi- (at a point) 84.C 
continuous geometry 85 

irreducible 85.A 

reducible 85.A 


Subject Index 
Continuous homomorphism 


continuous homomorphism (between topological 
groups) 423J 
open 423J 
continuous image 425.6 
continuously differentiable function, n-times 106.K 
continuous mapping 425.G 
space of 435.D 
strongly 437.A 
uniformly (of metric spaces) 273.1 
uniformly (of uniform spaces) 436.E 
continuous plane curve 93.B 
continuous representation 
strongly (of a topological group) 69.B 
weakly (of a topological group) 69.B 
continuous semiflow 126.B 
continuous semimartingale 406.B 
continuous spectrum 390.A 
absolutely 390.Е 
of an integral equation 217.) 
continuous spin 258.C 
continuous state branching process 44.E 
continuous tensor product. 377.D 
continuum 79.D 
cardinal number of 49.А 
indecomposable 79.D 
irreducible 79.D 
Peano 93.D 
continuum hypothesis 49.D 
consistency of the axiom of choice and 33.0 
generalized 49.0 
independence of the axiom of choice апа 33.0 
contour(s) 
additivity of (in the curvilinear integral) 94.D 
of an integration 94.D 
contract, annuity 214.B 
contracted tensor 256.L 
contractible space 79.С 202.D 
locally 79.С 202.D 
locally, at a point 79.C 
contraction 
(ofa graph) 186.E 
(linear operator) 37.C 
(of a mapping) 381.С 
(ofa matroid) 66.H 
(ofa tensor) 256.1, 
sub- 186.E 
contraction principle 286.В 
contractive 251.№ 
purely 251.N 
purely, рагі 251.N 
contradiction 411.1 
contradictory formal system 4111 
contragredient (of a linear mapping) 256.G 
contragredient representation 362.Е 
contrast 
elementary 102.C 
normalized 102.С 
treatment 102.C 
contravariant functor 52.H 
contravariant index (of a component of a tensor) 
256.7 
contravariant of order ғ апа covariant of order s 
108.D 
contravariant spinor 258.B 
contravariant tensor 
alternating 256.N 
of degree p 256.) 
symmetric 256.N 
contravariant tensor algebra 256.K 


1954 


contravariant tensor field of orderr 105.0 
contravariant vector 256J 
contravariant vector field 105.0 
control 
admissible 405.А 
bang-bang 405.C 
feedback 405.С 
impulse 405.E 
inventory 227 
local 102.A 
optimal 46.D 86.B,C 405.A 
quality 404.A 
stochastic 342.А 405 
time-optimal 86.F 
control chart 404.В 
controllability 86.С 
controlled stochastic differential equation 405.A 
controlled tubular neighborhood system 418.G 
control limit 
lower 404.F 
upper 404.B 
control problem, time optimal 86.F 
control space (in static model in catastrophe theory) 
51.B 
control theory 86 
control unit 75.B 
convention 
Einstein. 256J 
Einstein summation | 417.B 
Maxwell 51.F 
perfect delay 51.Е 
converge 
(filter) 871 
(Infinite product) 379.G 
(ina metric space) 273.D 
(net) 87.H 
(sequence of lattices) 182.B 
(sequence of numbers) 87.B 355.B 
(series) 379.A 
(in a topological space) 87.E 
almost certainly 342.0 
almost everywhere 342.D 
almost surely 342.0 
in distribution 168.B 342.D 
in the mean of order p 342.D 
in the mean of power p 168.B 
in probability 342,D 
with probability 342.0 
strongly 37.B 
uniformly (in a uniform space) 435.A 
weakly (in a normed linear space) 37.E 
weakly (in a topological linear space) 424.H 
convergence 87 
(of a filter) 871 
(ofa net) 87.H 
(of probability measures) 341.F 
(of truncation errors) 303.B 
abscissa of (of a Dirichlet series) 121.B 
abscissa of (of a Laplace transform) 240.B,H 
absolute, abscissa of (Dirichlet series) 121.B 
absolute, abscissa of (of a Laplace transform) 
240.B 
associated, radii 21.B 
asymptotic 168.B 
axis of 240.B 
circle of (of a power series) 339.A 
exponent of 429.B 
generalized 331.C 
norm resolvent 331.C 


1955 


radius of (of a power series) 339.A 
relative uniform star 310.F 


simple, abscissa of (of a Dirichlet series) 121.B 


star 87.K 
strong (of operators) 251.C 
strong resolvent 331.C 
uniform 435 
uniform (of a series) 435.A 
uniform (of operators) 251.C 
uniform, abscissa of (of a Dirichlet series) 
121.B 
uniform, abscissa of (of a Laplace transform) 
240.B 
uniform, on compact sets 435.C 
weak (of operators) 251.C 
weak (of probability measures) 341.F 
weak (of a sequence of submodules) 200 
Weierstrass criterion for uniform 435.А 
convergence criterion for positive series App. A, 
Table 10.1 
convergence domain (of a power series) 21.B 
convergence in measure 168.B 
convergence method 354.B 
convergence theorem 
on distributions 125.6 
Lebesgue 221.C 
of martingales 262.В 
convergent 
(continued fraction) 83.A 
(double series) 379.E 
(filtration) 200.J 
(infinite integral) 216.E 
(sequence) 87.В 355.B 
(series) 379.A 
absolutely (double series) 379.E 
absolutely (infinite product) 379.G 
absolutely (Laplace-Stieltjes integral) 240.В 
absolutely (power series} 21.B 
absolutely (series) 379.C 
absolutely (series in a Banach space) 443.D 
commutatively 379.С 
conditionally 379.С,Е 
intermediate 83.В 
(о)- 87.1. 
(o-star 87.L 
order (in a vector lattice) 310.C 
pointwise 435.В 
principal 83.B 
simply 435.B 
unconditionally 379.С 
uniformly (on a family of sets) 435.C 


uniformly (sequence, series, or infinite product) 


435.A 
uniformly, in the wider sense 435.C 
uniformly absolutely 435.А 
convergent power series 370.В 
convergent power series ring 370.B 
convergent sequence 355.В 
convex 
(function on a С-ѕрасе) 178.H 
(function on a Riemannian manifold) 178.В 
(subset of a sphere) 274.E 
(subset of a sphere bundle) 274.E 
absolutely 424.E 
holomorphically, domain 21.H 
locally (linear topological space) 424.Е 
logarithmically (domain) 21.В 
matrix (of order т) 212.C 
operator 212.C 
properly 274.E 


Subject Index 
Coordinate(s) 


uniformly (normed linear space) 37.G 
convex analysis 88 
convex body 89.A 
convex cell (in an affine space) 7.D 
convex closure (in an affine space) 7.D 
convex cone 
conjugate 89.F 
dual 89.F 
convex curve, closed 111.E 
convex functions 88.A 
proper 88.D 
strictly 88.A 
convex hull 89.А 
(in an affine space) 7.D 
(of a boundary curve) 275.B 
(in linear programming) 255.D 
closed 424.Н 
convexity theorem 
Lyapunov 443.G 
M. Riesz 88.C 
convex neighborhood 364.С 
convex polyhedral сопе 89.F 
convex polyhedron 89.A 
convex programming 264.C 
convex programming problem 292.A 
convex rational polyhedral 16.7. 
convex set(s) 89 


absolutely (in a linear topological space) 424.E 


in an affine space 7.D 
P- (for a differential operator 112.C 
regularly 89.G 
strongly P- 112.C 
strongly separated 89.А 
convex surface, closed 111.1 
convolution 
(of arithmetic functions) 295.C 
(of distributions) 125.M 
(of functions) 159.A 192.H 
(of hyperfunctions) 125.X 
(of probability distributions) 341.E 
(in the theory of Hopf algebra) 203.H 
generalized (of distributions) 125.M 
convolutional code 63.E 
cooperative game 173.A,D 
coordinate(s) 90 
(of an element of a direct product of sets) 
381.E 
(in the real line) 355.E 
affine 7.C 
barycentric (in an affine space) 7.C 90.B 
barycentric (in a Euclidean simplicial complex) 
70.B 
barycentric (in the polyhedron of a simplicial 
complex) 70.C 
bipolar 90.С, App. A, Table 3.V 
bipolar cylindrical App. A, Table 3.V 
canonical (of a Lie group) 249.Q 
Cartesian (in an affine space) 7.C 
Chow (of a positive cycle) 16.8 
circular cylindrical App. A, Table 3.V 
curvilinear 90.С, App. A, Table 3.V 
cylindrical 90.С, App. A, Table 3.V 
ellipsoidal 90.C 133.A, App. A, Table 3.V 
elliptic 90.С 350.E, App. A, Table 3.V 
elliptic cylindrical App. A, Table 3.V 


equilateral hyperbolic 90.C, App. A, Table 3.V 


generalized (in analytical dynamics) 271.F 
generalized cylindrical App. А, Table 3.V 
geodesic 80.7 

geodesic polar 90.C 


Subject Index 
Coordinate axis 


Grassmann (in a Grassmann manifold) 90.B 
homogeneous (of a point in a projective space) 
343.C 
hyperbolic cylindrical App. A, Table 3.V 
hyperplane (of a hyperplane in a projective 
space) 343.C 
inhomogeneous (of a point with respect to a 
frame) 343.C 
isothermal 90.C 
ith (of an element relative to a basis) 256.C 
Klein line 90.B 
Kruskal 359.D 
line (of a line) 343.С 
local (on an algebraic variety) 16.0 
local (on a topological manifold) 105.C 
local, transformation of 90.D 
moving App. A, Table 3.IV 
multiplanar 90.C 
multipolar 90.C 
(n + 2)-hyperspherical 76.A 90.B 
normal 90.C 
oblique (in a Euclidean space) 90.В 
orthogonal curvilinear 90.C 
parabolic 90.C 
parabolic cylindrical App. A, Table 3.V 
parallel (in an affine space) 7.C 
pentaspherical 90.B 
plane (of a plane) 343.C 
Plücker (in a Grassmann manifold) 90.В 
polar 90.С, App. A, Table 3.V 
projective 343.C 
rectangular (in a Euclidean space) 90.B 
rectangular hyperbolic 90.C 
rotational App. A, Table 3.V 
rotational hyperbolic App. A, Table 3.V 
rotational parabolic App. A, Table 3.V 
spherical 90.C 133.D 
tangential polar 90.C 
tetracyclic 90.B 
trilinear 90.C 
tripolar 90.C 
coordinate axis 
of an affine frame 7.C 
ith (of a Euclidean space) 140 
coordinate bundle(s) 147.B 
equivalent 147.B 
coordinate curve (in a Euclidean space) 90.C 
coordinate function 
(of a fiber bundle) 147.B 
(in the Ritz method) 304.В 
coordinate hyperplane (of an affine frame) 7.C 
coordinate hypersurface (in a Euclidean space) 
90.C 
coordinate neighborhood 
of class С" 105.D 
of a fiber bundle 147.B 
ofa manifold 105.С 
coordinate ring (of an affine variety) 16.A 
homogeneous 16.A 
coordinate system 90.A 
(of a line in a projective space) 343.C 
geodesic, in the weak sense 232.A 
holomorphic local 72.A 
isothermal curvilinear App. A, Table 3.V 
l-adic 3.E 
local (of a topologicalspace) 90.D 105.C 
moving 90.B 
orthogonal, adapted to a flag 139.E 
orthogonal curvilinear App. А, Table 3.V 
projective 343.C 
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coordinate transformation (of a fiber bundle) 147.B 
(of a locally free 0,-Module) 16.E 
coplanar vectors 442.A 
coproduct 
of commutative algebras 29.A 
of an element in a graded coalgebra 203.В 
Hopf 203.D 
of two objects 52.Е 
coradical 293.F 
CORDIC 142.A 
core 173.D 
coregular representation (of an algebra) 362.Е 
corestriction (homomorphism of cohomology 
groups) 200.M 
Corioli force 271.0 
corner polyhedron 215.C 
Cornish-Fisher expansions 374.F 
Cornu spiral. 93.H 167.D 
Corona problem 43.G 
Corona theorem 1641 
coroot 13J 
correcting, error- 63.A 
correcting capability, error- 63.В 
correctly posed 
(initial value problem)  321.E 
(problems for partial differential equations) 
322.A 
corrector (in a multistep method) 303.E 
Milne 303.E 
correlation 343.D 
involutive 343.D 
Kendall rank 371.K 
serial 397.N 
serial cross 397.N 
Spearman rank 371.K 
correlation coefficient 
(of two random variables) 342.C 397.H 
canonical 280.E 374.C 
multiple 397.7 
partial 397.7 
population 396.D 
sample 396.D 
sample multiple 280.Е 
sample partial 280.E 
serial 421.B 
correlation inequalities 212.A 
correlation matrix 397.J 
correlation ratios 397.L 
correlation tensor 433.C 
correlogram 397.N 
correspond 358.В 
correspondence 358.В 
algebraic (of an algebraic variety) 16.I 
algebraic (of a nonsingular curve) 9.H 
algebraic, group of classes of 9.H 
birational 161 
of Combescure 111.Е 
conformal (between surfaces) 1111 
geodesic (between surfaces) 111.1 
homothetic (between surfaces) 1111 
inverse 358.B 
one-to-one 358.В 
similar (between surfaces) 111.1 
univalent 358.В 
correspondence principle 351.D 
correspondence ring (of a nonsingular curve) 9.H 
corresponding angles 139.D 
corresponding points (with respect to confocal 
quadrics) 350.E 
cos (cosine) 131.E 432.A 
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cos! 131.Е 
cosec (cosecant) 131.Е 432.A 
cosech (hyperbolic cosecant) 131.F 
cosemisimple 203.F 
coset 
double (of two subgroups of a group) 190.С 
left (ofa subgroup ofa group) 190.C 
right (of a subgroup of a group) 190.C 
coset space (of a topological group) 
left 423.E 
right 423.E 
cosh (hyperbolic cosine) 131.F 
cosigma functions 134.H, App. A, Table 16.IV 
cosine(s) 432.A 
first law of 432.A, App. A, Table 2.II 
hyperbolic 131.F 
integral 167.D 
law of (on spherical triangles) 432.B, App. A, 
Table 2.III 
optical direction 180.A 
second law of 432.A, App. A, Table 2.1 
cosine integral 167.D, App. A, Table 19.II 
cosine series, Fourier, App. A, Table 11.I 
cosine transform, Fourier 160.С, App. A, Table 
ЫП 
cospecialization (in étale topology) 16.AA 
cospectral density 397.№ 
cost 281.D 
imputed 255.B 
shadow 292.C 
unit 281.D 
cost of insurance 214.B 
cost of observation 398.Е 
cot (cotangent) 131.E 
cotangent(s) 432.A 
hyperbolic 131.F 
law of App. A, Table 2.1 
cotangent bundle 147.F 
cotangential sphere bundle 274.E 
cotangent vector bundle 147.F 
Cotes formula, Newton- (in numerical integration) 
299.A 
coth (hyperbolic cotangent) 131.F 
cotree 186.G 
cotriple 200.0 
counit 203.F 
counity (of a coalgebra) 203.B 
countability axioms 425.P 
countable additivity 270.B 
countable cell complex 70.0 
countable Lebesgue spectrum 136.Е 
countable model (of axiomatic set theory) 156.Е 
countable ordinal number 49.F 
countable set 49.A 
countable simplicial complex 70.C 
locally 70.C 
countably additive class 270.В 
countably compact space 425.5 
countably equivalent sets 136.С 
countably Hilbertian space 424.W 
countably infinite set 49.A 
countably normed space 424.W 
countably paracompact space 425.Y 
countably productive property 425.Y 
counting constants, principle of 16.5 
counting function (of a meromorphic function) 
272.B 
Courant-Cheng domain theorem 391.H 
Cousin problem 21.K 
first 2LK 


Subject Index 
Covering Lie group, simply connected 


second 21.K 
covariance (of two random variables) 342.C 397.H 
population 396.D 
sample 396.D 
covariance distribution 395.С 
covariance function 395.A,B 
sample 395.G 
covariance matrix 341.В 397.J 
asymptotic 399.K 
variance 341.В 397.J 
covariant 226.0 
absolute 226.D 
absolute multiple 226.Е 
with ground forms 226.D 
multiple 226.Е 
of an n-ary form of degree d 226.D 
relativistically 150.D 
covariant derivative 
(of a tensor field) 801 417.B, App. A, Table 4.II 
(of a vector field) 801 
(of a vector field along a curve) 80.I 
van der Waerden—Bortolotti 417.Е 
covariant differential 
(of a differential form) 80.G 
(of a tensor field) 80.1,L 417.B 
(of a vector field) 80.1 
covariant functor 52.H 
covariant index (of a component of a tensor) 256.7 
covariant spinor 258.B 
covariant tensor 
alternating 256.N 
ofdegreeq 256.7] 
symmetric 256.№ 
covariant tensor field of orders 105.0 
covariant vector 256.J 
covariant vector field 105.0 
covector, p- 256.0 
cover (а set) 381.D 
covering(s) 
(covering space) 91.A 
(curve) 91 
(ofa set) 381.D 425.R 
closed (of a set) 425.R 
closure-preserving 425.Х 
countable (of a set) 425.R 
degree of (of a nonsingular curve) 9.1 
discrete (of a set) 425.R 
£-(ofa metric space) 273.B 
finite (of a set) 425.R 
locally finite (of a set) 425.R 
mesh of (in a metric space) 273.B 
n-fold (space) 91.А 
normal(ofaset) 425.R 
open (ofa set) 425.R 
point-finite (of a set) 425.R 
regular (space) 91.A 
a-discrete (of a set) 425.R 
a-locally finite (of a set) 425.R 
star-finite (of a set) 425.R 
unramified (of a nonsingular curve) 9.I 
covering curve 9.I 
covering differentiable manifold 91.А 
covering dimension (of a normal space) 117.B 
covering family (in Grothendieck topology) 16.AA 
covering group (of a topological group) 91.A 423.0 
universal (of a topological group) 91.B 423.0 
covering homotopy property 148.В 
covering law 381.р 425.L 
covering Lie group, simply connected (of a Lie 
algebra) 249.C 


Subject Index 
Covering linkage invariant(s) 
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covering linkage invariant(s) 235.Е (of a function on ЕВ!) 106.L 
covering manifold 91.А (ofa harmonic function) 193 
covering mapping (map) 91.А (of a mapping и: В" > R”) 208.B 


covering space(s) 91 degenerate 106.L 279.B 
analytic 23.E nondegenerate 106.1. 279.B 286.N 
C- 23.E critical region 400.A 


critical value 
(in bifurcation theory) 286.R 
(of a C*-function on a manifold) 279.В 


in the sense of Cartan 23.E 
ramified 23.В 
universal 91.B 


covering surface(s) 367.В (of a C*-mapping ф: М > M') 105J 
Ahlfors theory of 367.B (of a contact process) 340.C 
with relative boundary 367.В (of an external magnetic field) 340.В 


unbounded 267.B 
universal 367.В 
unramified 367.В 

covering system, uniform 436.D 


(of a mapping и: R" В”) 208.B 
Crofton formula (in integral geometry) 
cross cap (a surface) 410.B 
crosscut(s) (of a plane domain) 


218.B 


333.A 


covering theorem, Vitali 380.0 fundamental sequence of (in a simply connected 
covering transformation 91.A domain) 333.B 
of an unramified unbounded covering surface crossed homomorphism (of an associative algebra) 
367.B 200.L 


covering transformation group 91.A 

Coxeter complex 13.R 

Coxeter diagram (of a complex semisimple Lie 
algebra) 248.5 

Coxeter group 13.R 

CPM 307.C 376 

Cramer-Castillon problem (in geometric construc- 
tion) 179.A 

Cramér-Rao inequality 399.D 


crossed product 
(in C*-algebra theory) 36.1 
(of a commutative ring and a group) 29.D 
(in von Neumann algebra theory) 308.7 
crossings 
normal 16.L 
only normal 16.1. 
crossing symmetry 132.C 386.B 
cross norm, C*- 36.H 


criterion function 
critical (Galton-Watson process) 
critical determinant 
critical exponent 
critical inclination problem 55.C 


Kummer 145, App. A, Table 10.11 
logarithmic App. A, Table 10.IT 
Nakai-Moishezon (of ampleness) 16.Е 
Nyquist's 86.A 

Raabe App. A, Table 10.11 

of ruled surfaces 15.E 

Schlomilch App. A, Table 10.1 
simplex 255.D 

Weierstrass, for uniform convergence 435.А 
Weyl 182.H 

127.A 

44.B 
182.B 

111.C 


critical lattice in M with respect to S 182.В 
critical manifold, nondegenerate 279.D,E 
critical path 376 
critical percolation probability 340.0 
critical point 
(of a С” -function on a manifold) 279.B 
(of a C^-mapping o: M > M”) 105.) 


(ofa flow) 126.D 


Cramer rule 269.M cross product 
Cramér theorem 399.М (of cohomology groups) 201.J 
crash duration 281.D (of homology groups) 201J 
creation operator 377.A (of vector bundles) 237.C 
Cremona transformation 161 cross ratio 343.р 
CR-equivalence 344.A cross section 
criterion (of a fiber bundle) 147.L 286.H 
Cartan, of semisimplicity (of Lie algebras) (of a fiber space) 148.D 
248.Е (of a flow) 126.C 
Cartan, of solvability (of Lie algebras) 248.F absorption 375.A 
Castelnuovo 15.E differential 375.А 386.B 
Cauchy  87.C, App. A, Table 10.II local (in a topological group) 147.E 
convergence, for positive series App. A, Table scattering 375.А 
10.1 total 386.В 
d'Alembert App. A, Table 10.1 total elastic 386.B 
Euler 297.H cross-sectional data 128.А 397.A 
Gauss App. A, Table 10.II cross spectral density function 421.E 
Jacobian (on regularity of local rings) 370.B Crout method 302.В 


CR structure 344.A 
crystal class 92.B 
arithmetic 92.B 
geometric 92.B 
3-dimensional 
crystal family 92.В 
crystallographic group 92 
crystallographic restriction 92.A 
crystallographic space group 92.A 
crystal system 92.B 
cube 357.B 
duplication of 
Hilbert 382.В 
unit 139.F 140 
unit n- 140 
cubic equation 10.D, App. A, Table 1 
cubic тар 157.B 
cubic Р 92.Е 
cubic resolvent App. А, Table 1 
cumulant 397.G 
factorial 397.G 
joint 397.1 
cumulative distribution 397.В 


App. B, Table 5.IV 


179.A 
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cumulative distribution curve 397.B 
cumulative distribution function 341.B 342.C 
cumulative distribution polygon 397.В 
cup product 
(of cohomology classes) 201.1 
(of derived functors) 200.K 
(in K-theory) 237.С 
cup product reduction theorem (on cohomology or 
homology groups) 200.M 
curl (of a differentiable vector field) 442.D 
current 125.R 
4-, density 150.B 
integral 275.G 
partially conserved axial-vector 132.C 
random 395. 
current algebra 132.C 
Curtis formulas, Clenshaw- 299.A 
curvature 
(ofa curve of class C”) 111.D 
(ofa plane curve) 111.E 
absolute (of a curve) 111.C 
affine 110.C 
circle of 111.E 
conformal 110.D 
constant, space of 364.D, App. A, Table 4.II 
constant, surface of 111.1 
Gaussian (of a surface) 111.H, App. A, Table 
4.1 
geodesic 111.H, App. A, Table 4.1 
S. Germain (of a surface) 111.H, App. A, Table 
41 
holomorphic sectional 364.0 
integral (of a surface) 111.H 
line of (on a surface) 111.H 
Lipschitz-Killing 279.С 
mean 364.D 
mean (of a surface) 111.H 365.D, App. A, 
Table 4.I 
mean, vector 365.D 
minimum, property 223.F 
negative 178.H 
nonpositive, G-space with 178.H 
normal (of a surface) 111.H 
principal (of a surface) 111.H 365.C 
radius of (of a plane curve) 111.Е 
radius of (of a space curve) 111.F 
radius of principal (of a surface) 111.H 
Ricci 364.D 
Riemannian 364.D 
scalar 364.D. App. A, Table 4.II 
sectional 364.D 
total (of an immersion) 365.0 
total (of a surface) 111.F,H, App. A, Table 4.I 
total Gaussian (of a surface) 111.H 
total mean 365.0 
curvature form 80.6 364.D 
curvature tensor 
(of an affine connection) 80.J,L 417.B 
(of a Fréchet manifold) 286.L 
(of a Riemannian manifold) 364.0 
projective App. A, Table 4.II 
Weyl conformal | 80.P, App. A, Table 41 
curve(s) 93 111.A 
algebraic 9.A 
analytic (in an analytic manifold) 93.B 
analytic (in a Euclidean plane) 93.B 
asymptotic 110.B 111.H 
Bertrand. 111.F 
bicharacteristic 325.А 
characteristic (network flow problem) 281.B 


Subject Index 
Curve(s) 


characteristic (of a 1-parameter family of 
surfaces) 1111 

characteristic (of a partial differential equation) 
320.B 324.A,B 

cissoidal 93.H 

of class C* (in a differentiable manifold) 93.В 

of class C* (in a Euclidean plane) 93.В 

closed convex 111.Е 

of constant breadth 89.C 

of constant inclination 111.F 

of constant width 111.E 

continuous plane 93.B 

coordinate (in a Euclidean space) 90.C 

covering 9.1 

Darboux 110.В 

Delaunay 93.H 

dual (of a plane algebraic curve) 9.B 

elliptic 9.C 

exceptional 15.G 

exponential 93.H 

of the first kind 15.6 

Fréchet 246.A 

fundamental (with respect to a birational 
mapping) 16.1 

fundamental theorem of the theory of 111.0 

general 93.D 

generating 1111 

hyperelliptic 9.D 

influence 371.1 

integral (of a Monge equation) 324.F 

integral (of ordinary differential equations) 
316.A 

Jordan 93.B 

logarithmic 93.Н 

Lorentz 397.F 

Mannheim 111.F 

meromorphic 272.L 

nodal] 391.H 

OC- 404С 

ordinary 93.C 

Peano 93J 

pedal 93.H 

plane App. A, Table 41 

planc algebraic 9.B 

of pursuit 93.H 

rational 9.C 

rational (in a Euclidean plane) 93.H 

rectifiable 93.F 

rolling (of a roulette) 93.H 

of the second class 78.K 

of the second order 78.1 

simple closed 93.B 

sine 93.H 

solution (of ordinary differential equations) 
316.A 

stable 9.K 

stationary 46.B 

stationary (of the Euler-Lagrange differential 
equations) 324.E 

of steepest descent 46.A 

timelike 324.А 

tooth 181Е 

іп a topological space 93.В 

transcendental 93.H 

u- ПІН 

unicursal 9.C 93.H 

unicursal ordinary 93.C 

universal 93.E 

v- ПІН 

variation 178A 


Subject Index 
Curve fitting 


curve fitting 19.F 
curve tracing 93.G 
curvilinear cluster set 62.C 
curvilinear coordinates 90.С, App. A, Table 3.V 
orthogonal 90.C 
planar App. A, Table 3.V 
in 3-dimensional space App. A, Table 3.V 
curvilinear coordinate system 
isothermal App. A, Table 3.V 
orthogonal App. A, Table 3.V 
curvilinear integrals 94А 
with respect to a line element 94.р 
with respect to a variable 94.D 
cushioned refinement 425.Х 
cusp 
ofacurve 93.G 
ofa Fuchsian group 122.C 
parabolic (of a Fuchsian group) 122.C 
of a plane algebraic curve 9.В 
cusp form 450.0 
in the case of one variable 32.B 
in Siegel half-space 32.F 
cuspidal parabolic subgroup 437.X 
cusp singularity 418.С 
cut 
(in a projective space) 343.B 
(of Q) 294.E 
(of R) 355.A 
disjunctive 215.C 
Gomory 215.B 
subadditive 215.C 
cut locus 178.A 
cutoff 150.C 
cut point (on a geodesic) 178.A 
cutset (in a graph) 186.G 
cutset matrix (of a graph), fundamental 186.G 
cutting (P^ by P”) 343.B 
cutting plane 215.B 
fractional, algorithm 215.B 
CW complex 70.D 
CW decomposition 70.D 
CW pair 2011. 
cybernetics 95 
cycle 
(on an algebraic variety) 16.M 
(of basic sets) 126.J 
(of a chain complex) 200.H 
(=cyclic permutation) 151.G 
(of time series data) 397.N 
algebraic 450.Q 
algebraically equivalent 16.R 
dividing (on an open Riemann surface) 367.1 
foliation 154.H 
fundamental (of an oriented pseudomanifold) 
65.А 
fundamental (іп а resolution of a singular point) 
418.C 
limit 126.1 
module of 200.С 
no, condition 126J 
numerically equivalent 16.Q 
one 16.R 
positive (on an algebraic variety) 16.M 
rationally equivalent 16.R 
Schubert 56.Е 
vanishing 418.F 
zero 16.R 
cycle index 66.Е 
cyclic algebra 29.6 
cyclic code 63.р 


1960 


cyclic determinant 103.G 
cyclic element 251.K 
cyclic equation 172.G 
Cyclic extension 172.B 
cyclic group 190.C 
cyclic Jacobi method 298.В 
cyclic part (of an ergodic class) 260.B 
cyclic representation (Banach algebra) 36.E 
cyclic representation (topological groups) 437.А 
cyclic subgroup (of a group) 190.C 
cyclic vector (of a representation space of a unitary 
representation) 437.A 
cyclide 90.B 
cyclide of Dupin 111.H 
cycloid 93.H 
cyclomatic number 186.G 
cyclotomic field 141, 
cyclotomic polynomial 14.L 
cyclotomic Z,-extension 14.L 
cyclotomy 296.A 
cylinder 
circular 111.1 350.B 
elliptic 350.B 
hyperbolic 350.В 
mapping 202.E 
parabolic 350.В 
cylinder function 
elliptic 268.B 
parabolic 167.C 
cylinder set 270.H 
п- 270.G 
cylindrical coordinates 90.С, App. A, Table 3.V 
bipolar App. A, Table 3.V 
circular App. A, Table 3.V 
elliptic App. A, Table 3.V 
generalized App. A, Table 3.V 
hyperbolic App. A, Table 3.V 
parabolic 167.С, App. A, Table 3.V 
cylindrical equation, parabolic App. A, Table 14.II 
cylindrical functions 39.В, App. A, Table 19.III 
cylindrical hypersurface, quadric 350.5 
cylindrical surface 1111 
circular 350.B 
elliptic 350.В 
hyperbolic 350.В 
parabolic 350.B 


D 


ó —delta 
BQ) 125.B 168.B 
P(Q) 125.B 
Zu, Fu, 168.В 
м,» Bu, 125.0 
21,09) (the totality of functions f(x) in C*(Q) such 
that for all а, D*f(x) belongs to L,(Q) with 
respect to Lebesgue measure) 168.B 
ó-measure 270.D 
A-refinement (of a covering) 425.R 
Al-set 22. D 
6-functor 2001 
universal 200.1 
O*-functor 200.1 
é-complex 72.D 
ó-cohomology groups 72.D 
d-continuous channels 213.F 
d-dimensional analytic set, purely 23.B 
d-trial path dependent 346.G 
d"-cohomology group 72.D 
D-sufficient o-field 396.J 


1961 


D-wave 315.Е 
D-integrable function 100.D 
D-integral 
definite 100.D 
indefinite 100.D 
D(x)integral 100.р 
d'Alembert criterion App. A, Table 10.П 
d'Alembertian 130.А 
d'Alembert method of reduction of order 252.F 
d'Alembert paradox 205.С 
d'Alembert solution 325.D 
damped oscillation 318.B 
damping ratio (of a damped oscillation) 318.B 
Daniell-Stone integrable function 310.1 
Daniell-Stone integra] 310.I 
Danilevskii method 298.0 
Darboux curve 110.B 
Darboux formula, Christoffel- 317.D 
Darboux frame 110.B 
Darboux quadric 110.B 
Darboux sum 216.A 
Darboux tangent 110.B 
Darboux theorem 216.А 428.A 
Darmois theorem, Skitovich- 374.Н 
data 96.B 
cross-sectional 128.A 
macroeconomic 128.A 
microeconomic 128.А 
scattering 287.С 387.C 
data analysis, statistical 397.A 
data base 96.B 
data processing 96 
data structures 96.B 
Davidenko’s method of differentiation with respect 
toa parameter 301.М 
death insurance 214.B 
death process 260.G 
birth and 260.6 
death rate, infinitesimal 260.G 
Debye asymptotic representation 39.Р, App. A, 
Table 19.1 
decidable number-theoretic predicate 356.С 
decision 127.A 
decision function(s) 398.A 
invariant 398.E 
minimax 398.B 
sequential 398.F 
space of 398.A 
statistical 398.A 
decision problem 71.B 97 186.J 
n- 398.A 
sequential 398.F 
statistical 398.A 
decision procedure, statistical 398.А 
decision process, Markov 127.E 
decision rule 
sequential 398.F 
terminal 398.F 
decision space 398.А 
decision theoretically sufficient o-field 396.7 
decoder 213.D 
decoding 63.A 
decomposable operator (on a Hilbert space) 308.G 
decompose (a polygon) 155.F 
decomposed into the direct sum of irreducible 
representations 437.G 
decomposition 
(ofaset) 381.D 
Bruhat (of an algebraic group) 13.K 
canonical (of a closed operator) 251.E 


Subject Index 
Decreasing real analytic function 


cellular (of a Hausdorff space) 70.D 
Chevalley (on algebraic groups) 13.1 
cluster, Hamiltonian 375.F 
CW 70.D 
de Rham (of a Riemannian manifold) 364.Е 
direct (ofa group) 190.L 
Doob-Meyer 262.С 
D-optimality 102.Е 
dual direct product (of a decomposition of a 
compact or discrete Abelian group) 422.H 
ergodic (of a Lebesgue measure space) 136.H 
Fefferman-Stein 168.В 
formula of Radon 125.CC 
Heegurard 65.C 
Iwasawa (of a connected semisimple Lie group) 
249.T 
Iwasawa (of a real semisimple Lie algebra) 
248.V 
Jordan (of an additive set function) 380.C 
Jordan (of a function of bounded variation) 
166.B 
Jordan (of a linear mapping) 269.1, 
Jordan (in an ordered linear space) 310.B 
Khinchin 395.B 
Lebesgue, theorem 270.1. 
Levi (on algebraic groups) 13.Q 
Levi (on Lie algebras) 248.F 
multiplicative Jordan (of a linear transforma- 
tion) 269.L 
Peirce (of a Jordan algebra) 231.B 
Peirce left (in a unitary ring) 368.F 
Peirce right (in a unitary ring) 368.F 
plane wave 125.CC 
polar 251.E 
relative Bruhat 13.0 
Riesz (in Markov process) 260.D 
Riesz (in martingale) 262.C 
Riesz (of a superharmonic or subharmonic 
function) 193.8 
semimartigale 406.B 
simplicial (of a topological space) 79.C 
singular value (SVD) 302.Е 
spectral 126J 
Wiener-It6 176.1 
Witt (of a quadratic form) 348.F 
Wold 395.D 
Zariski 15.D 
decomposition-equal polygons 155.F 
decomposition field (of a prime ideal) 14.К 
decomposition group (of a prime ideal) 14.K 
decomposition number (of a finite group) 3621 
generalized (of a finite group) 3621 
decomposition theorem 
canonical 86.C 
in class field theory 59.С 
for dimension 117.C 
Lebesgue (on a completely additive set function) 
380.C 
unique (for a 3-manifold) 65.E 
decreasing, monotone 380.В 
decreasing C?-function, rapidly 168.B 
decreasing distribution, rapidly 125.0 
decreasing Fourier hyperfunction, exponentially 
125.BB 
decreasing function 
monotone 166.A 
strictly 166.A 
strictly monotone 166.A 
decreasing real analytic function, exponentially 
125.BB 


Subject Index 
Decreasing sequence, monotonically 


decreasing sequence, monotonically (of real num- 
bers) 87.B 
rapidly 168.B 
decrement, logarithmic (of a damped oscillation) 
318.B 
Dedekind, J. W. R. 98 
Dedekind, test of du Bois-Reymond and 379.D 
Dedekind axiom of continuity (for real numbers) 
355.A 
Dedekind discriminant theorem 14.J 
Dedekind eta function 328.A 
Dedekind principle (in a modular lattice) 243.F 
Dedekind sum 328.A 
reciprocity law for 328.A 
Dedekind theory of real numbers 294.E 
Dedekind zeta function 14.С 450.D 
deep water wave 205.F 
defect 
(of a block of representations) 362.1 
(of a conjugate class in a group) 3621 
(of a meromorphic function) 272.E 
defect group 
of a block of representations 362.1 
(of a conjugate class in a group) 362.I 
deficiency 
(of an algebroidal function) 17.C 
(of a closed operator) 251.D 
(of a linear system on a surface) 15.C 
maximal (of an algebraic surface) 15.Е 
deficiency index 
(of a closed symmetric operator) 251.1 
(of a differential operator) 1121 
deficient number (in elementary theory of numbers) 
297.D 
defined along V’ (for a rational mapping) 161 
defined over k’ (for an algebraic variety) 16.А 
define recursively 356.С 
defining functions (of a hyperfunction) 125.V 
standard 1257 
defining ideal (of a formal spectrum) 16.X 
defining module (of a linear system) 16.3 
defining relations (among the generators of a group) 
161.4 
definite 
negative (function) 394.C 
negative (Hermitian form) 348.F 
negative (quadratic form) 348.B 
positive (function) 36.1. 192.B,J 394.C 437.B 
positive (Hermitian form) 348.Е 
positive (kernel) 217.H 
positive (matrix) 269.I 
positive (potential) 338.0 
positive (quadratic form) 348.В 
positive (sequence) 192.B 
semi- (Hermitian form) 348.F 
semi- (kernel) 217.H 
totally (quaternion algebra) 27.0 
definite D-integral 100.D 
definite integral 216.C, App. A, Table 9.V 
(of a hyperfunction) 125.X 
definite quadratic form 348.C 
definition 
field of 16.4 
first (of algebraic K-group) 237.J 
second (of algebraic K-group) 237J 
truth 185.D 
definition by mathematical induction 294.B 
definition by transfinite induction. 311.C 
deflation 
in homological algebra 200.М 


1962 


method for an eigenvalue problem 298.С 
deformation 
(of complex structures) 72.G 
(ofa graph) 186.E 
infinitesimal, to the direction 2/05 72.6 
isomonodromic 253.Е 
isospectral 387.C 
projective (between surfaces) 110.B 
of a scheme over a connected scherne 16.W 
ofasurface 110.A 
deformation cochain 305.В 
deformation retract 202.D 
neighborhood 202.D 
strong 202.D 
degeneracy (of energy eigenvalues) 351.H 
set of (of a holomorphic mapping between 
analytic spaces) 23.C 
degeneracy index 17.C 
degeneracy operator (in a semisimplicial complex) 
70.E 
degenerate 
(critical point) 106.L 279.B 
(eigenvalue) 390.А,В 
(mapping) 208.B 
(quadratic surface) 350.В 
(simplex) 70.Е 
totally 234.В 
degenerate kernel 217.F 
degenerate module 118.D 
degenerate series 
(of unitary representations of a complex semi- 
simple Lie group) 437.W 
complementary (of unitary representations of a 
complex semisimple Lie group) 437.W 
degree 
(of an algebraic element) 149.F 
(of an algebraic equation) 10.A 
(of an algebraic variety) 16.G 
(ofanangle) 139.D 
(of a central simple algebra) 29.Е 
(of a divisor class) 11.0 
(of a divisor of an algebraic curve) 9.C 
(of an element with respect to a prime ideal of a 
Dedekind domain) 439.F 
(of anextension) 149.F 
(ofa graph) 186.B 
(of a Jordan algebra) 231.B 
(of a linear representation) 362.D 
(of a matrix representation) 362.D 
(of an ordinary differential equation) 313.A 
(of a permutation representation) 362.B 
(ofa polynomial) 337.A 
(of a prime divisor) 9.D 
(of a rational homomorphism) 3.C 
(of a representation of a Lie algebra) 248.В 
(of a representation of a Lie group) 249.0 
(ofa square matrix) 269.A 
(of a term of a polynomial) 337.B 
(ofa valuation) 439.I 
(of a 0-сусІе on an algebraic variety) 16.M 
complementary (of a spectral sequence) 200.J 
of covering (of a nonsingular curve; 9I 
filtration 200.) 
formal (of a unitary representation) 437.M 
of freedom (of the dynamical system) 271.F 
of freedom (of error sum of squares) 403.E 
of freedom (of sampling distributions) 374.B 
in- 186.B 
Leray-Schauder 286.D 
local, of mapping 99.B 


1963 


mapping 99.A 
of mapping 99.A 
out- 186.B 
of the point 99.D 
of a prime divisor of an algebraic function field 
of dimension 1 9.0 
of ramification (of a branch point) 367.B 
of recursive unsolvability 97 
relative (of a finite extension) 257.D 
relative (of a prime ideal over a field) 141 
ofsymmetry 431.D 
total (of a spectral sequence) 200.J 
transcendence (of a field extension) 149.K 
of transcendency (of a field extension) 149.К 
of unsolvability 97 
degree k 
holomorphic differential forms of 72.A 
tensor space of 256.J 
degree п 
alternating group of 151.G 
component of 200.В 
general linear group of 60.В 
projective general linear group of 60.В 
Siegel modular function of 32.F 
Siegel modular group of 32.F 
Siegel space of 32.F 
Siegel upper half-space of 32.F 
special linear group of 60.В 
symmetric group of 151.6 
degree p, contravariant tensor of 256.J 
degree q, covariant tensor of 256.7 
degree r 
differential form of 105.Q 
differential form of (on an algebraic variety) 
16.0 
mean of (of a function with respect to a weight 
function) 211.C 
Dehn lemma (on 3-manifolds) 65.Е 
Dejon-Nickel method 301.G 
Delaunay curve 93.H 
delay convention, perfect 51.F 
delay-differential equation 163.A 
delayed recurrent event 260.C 
Delos problem (in geometric construction) 179.A 
delta, Kronecker 269.A, App. A, Table 4.II 
delta function, Dirac App. A, Table 12.II 
demography 40.D 
de Moivre formula 74.C 
de Moivre-Laplace theorem 250.В 
de Morgan law 381.В 
in a Boolean algebra 42А 
Denjoy-Carleman condition 168.В 
Denjoy integrable in the wider sense 100.D 
Denjoy integrals 100 
in the restricted sense 100.0 
Denjoy-Luzin theorem 159.1 
denominator, partial (of an infinite continued frac- 
tion) 83.A 
dense 
(set) 425.N 
(totally ordered set) 311.B 
locally 154.0 
nowhere 425.N 
relatively 126.Е 
Zariski 16А 
dense in itself 425.0 
denseness of rational numbers 355.В 
density 
(on a maximal torus) 248.Y 


Subject Index 
De Rham theorem (on а C*-manifold) 


(of a set of prime ideals) 145 
(of a subset of integers) 4.A 
angular momentum  150.B 
beta 397.D 

bivariate normal 397.I 
conditional 397.1 
cospectral 397.N 

electric Пих 130.A 

energy 195.B 

4-current 150.B 

free Lagrangian 150.B 
gamma 397.D 

joint 3971 

kinetic 218.A 

Lagrangian 150.В 
magnetic flux 130.4 

point of (of a measurable set of the real line) 


100.B 
posterior 401.B 
prior 401.B 


probability 341.D 
sojourn time 45.G 
density function 397.0 
bispectral 421.C 
marginal 397.1 
normal 397.р 
rational spectral 176.F 
density matrix 351.В 
density theorem 
(on discrete subgroups of a Lie group) 122.F 
Chebotarev 14.8 
Kaplansky 308.С 
Lebesgue 100.В 
von Neumann 308.С 
dependence, domain of 325.В 
dependent 
algebraically (elements of a ring) 369.A 
algebraically (on a family of elements of a field) 
149.K 
functionally (components of a mapping) 208.C 
functionally, of class С” (components of a 
mapping) 208.C 
linearly (elements in a linear space) 256.C 
linearly (elements in an additive group) 2.F. 
linearly (with respect to a difference equation) 
104.D 
path, d-trial 346.6 
dependent points 
(in an affine space) 7.A 
(in a projective space) 343.B 
dependent set 66.G 
dependent variable 165.C 
depending choice, principle of 33.F 
depth (of an ideal) 67.Е 
de Rham cohomology group 201.H 
de Rham cohomology group (of a differentiable 
manifold) 105.R 
de Rham cohomology ring (of a differentiable 
manifold) 105.R 
de Rham cohomology ring (of a topological space) 
201.] 
de Rham complex (as an elliptic complex) 237.Н 
de Rham decomposition (of a Riemannian manifold) 
364.E 
de Rham equations 274.G 
de Rham homology theory 1141, 
de Rham system, partial 274.G 
de Rham theorem (on a C*-manifold) 105.V 201.H 
analogof 21.L 


Subject Index 
Derivable 


derivable 
approximately (measurable function) 100.B 
in the general sense (a set function) 380.D 
in the ordinary sense (a set function) 380.D 
derivation 
(of an algebra) 200.L 
(of an algebraic function field) 16.0 
(of a commutative ring) 113 
(of a field) 149.L 
(ofa Lie algebra) 248.Н 
(of a linear operator in a C*-algebra) 36.K 
*- 36K 
inner (in an associative algebra) 200.1, 
inner (in a Lie algebra) 248.H 
invariant (on an Abelian variety) 3.Е 
омет К 149.L 
Lie algebra of 248.Н 
derivation tree 31.Е 
derivative 
(of a distribution) 125.E 
(ofa function) 106.A 
(of a holomorphic function) 198.A 
(ofa hyperfunction) 125.X 
(of a polynomial) 337.G 
(of an element in a differential ring) 113 
angular (of a holomorphic function) 43.K 
approximate (of a measurable function) 100.B 
covariant (of a tensor field) 801, App. A, 
Table 4.II 
covariant (of a tensor field in the direction of a 
tangent vector) 417.B 
covariant (of a vector field) 80.1 
covariant (of a vector field along a curve) 801 
directional 106.G 
distribution 125.E 
exterior (of a differential form) 105.Q 
first-order 106.A 
Fréchet 286.E 
free 235.C 
Gâteaux 286.E 
general (of a set function) 380.D 
generalized 125.E 
general lower (of a set function) 380.D 
general upper (of a set function) 380.D 
higher-order (of a differentiable function) 
106.D, App. A, Table 9 IIT 
higher-order partial 106.H 
Lagrangian 205.A 
left (on the left) 106.A 
Lie (of a differential form) 105.0 
Lie (of a tensor field) 105.0 
normal 106.G 
nth (of a differentiable function) 106.D 
ordinary (of a set function) 380.D 
ordinary lower (of a set function) 380.D 
ordinary upper (of a set function) 380.D 
partial 106.F,K 
partial, nth order 106.H 
atapoint 106.A 
Radon-Nikodym 380.C 
right (on the right) 106.A 
Schwarzian App. A, Table 9.III 
spherical (for an analytic or meromorphic 
function) 435.E 
variational 46.B 
weak 125.E 
derivatives and primitive functions App. A, Table 9.I 
derived (language) 31.D 
derived algebra (of a Lie algebra) 248.С 
derived function 106.А 


1964 


nth 106.D 
derived group (of a group) 190.H 
derived neighborhood 65.C 
second barycentric 65.C 
derived normal model (of a variety) 16.F 
derived series (of a Lie algebra) 248.C 
derived set (of a set) 425.0 
derived sheaf 125.W 
derived unit 414.Р 
Desarguesian geometry, non- 155.E 343.C 
Desargues theorem  155.E 343.C 
Descartes, R. 101 
folium of 93.H 
Descartes theorem  10.E 
descending central series (of a Lie algebra) 248.С 
descending chain 
(in a lattice) 243.F 
(of (normal) subgroups of a group) 190.F 
(in an ordered set) 311.C 


descending chain condition 


(for a (normal) subgroup of a group) 190.F 
(in an ordered set) 311.C 
descent 
curve of steepest 46.A 
line of swiftest 93.H 
method of steepest 212.C 
descriptive set theory 
classical 356.Н 
effective 356.Н 
design 
block (— block design) 
central composite 102.М 
completely randomized 102.A 
factorial 102.H 
first-order 102.М 
fractional factorial 1021 
second-order 102.M 
Youden square 102.K 
design matrix 102.А 403.D 
design-of-experiment analysis 403.D 
design of experiments 102 
designs for estimating parameters 102.M 
designs for exploring a response surface 102.M 
designs for two-way elimination of heterogeneity 
102.K 
desingularization (of an analytic space) 23.D 
de Sitter space 355.р 
desuspend 114.L 
detecting, error- 63.А 
determinacy 
axiom of 22.H 
projective 22.H 
determinant(s) 103 
(of an element of the general linear group over 
a noncommutative field) 60.0 
(of a nuclear operator) 68.1, 
Casorati 104.D 
critical 182.В 
cyclic 103.G 
Fredholm 217.E 
Gramian 103.С 208.E 
Hankel 142.E 
Hill 268.B 
infinite (in Hill's method of solution) 268.В 
Jacobian 208.B 
ofa lattice 182.B 
Lopatinski 325.K 
Pfaffian 103.G 
Vandermonde 103.G 
Wronskian 208.E 


1965 


determinantal equation, Hill 268.В 
determinant factor (of a matrix)  269.E 
determinateness, axiom of 33.F 
determination, coefficient of 397.H,J 
determination, orbit 309.А 
determined system 

of differential operators 112.R 

of partial differential equations 320.Е 
determining set (of a domain in С”) 21.C 
deterministic ` 

(in prediction theory) 395.D 

(Turing machine) 31.B 
deterministic linear bounded automaton 31.D 
deterministic process 127.B 
Deuring-Heilbronn phenomenon  123.D 
developable function, asymptotically 30.А 
developable space 425.АА 
developable surface 111.1 
development 

alongacurve 364.B 

ofacurve 80.N 111.H 364.B 
deviation 

large 250.B 

mean absolute 397.C 

standard 341.В 342.C 397.C 
deviation point 335.B 
devices, peripheral 75.B 
de Vries equation, Korteweg- 387.A 
(DF)-space 424.Р 
DFT (Discrete Fourier Transform) 142.D 
: diagonal (of a Cartesian product of sets) 381.B 

436.A 
diagonalizable (linear transformation) 269.L 
diagonalizable operator (in an Abelian von Neu- 
mann algebra) 308.G 


diagonal mapping (of a graded coalgebra) 203.B,F 


diagonal matrix 269.A 
diagonal morphism (in a category) 52.E 
diagonal partial sum (of a double series) 379.E 
diagonal sum (of a matrix) 269.F 
diagram 52.С 
(of a symmetric Riemann space) 413.F 
arrow 281.D 
associated (in irreducible representations of 
orthogonal groups) 60.J 
in a category 52.C 
commutative 52.C 


Coxeter (of a complex semisimple Lie algebra) 


248.5 


Dynkin (of а complex semisimple Lie algebra) 


248.S, App. А, Table 5.I 

extended Dynkin App. A, Table 5.1 

Feynman 146.B 

mutually associated 60.J 

Newton 254.D 

Satake (of a compact symmetric Riemannian 
space) 437.AA 

Satake (of a real semisimple Lie algebra) 
248.U, App. A, Table 5.II 

scatter 397.Н 


Schláfli (of a complex semisimple Lie algebra) 


248.5 

Young 362.H 

diameter 

(ofa central conic) 78.G 

(ofa solid sphere) 140 

(of a subset in a metric space) 273.B 

conjugate (of a diameter of a central conic) 
78.G 

transfinite 48.D 


Subject Index 
Differentiable 


diathermal wall 419.A 
dichotomy 398.С 
Dido’s problem 228.А 
dielectric constant 130.B 
Dieudonné complete 436.1 
Dieudonné theorem 425.X 
diffeomorphic C?-manifolds 105.J 
diffeomorphism(s) 
Anosov 126.7 136.G 
Axiom А 126.) 
Cr- (in nonlinear functional analysis) 286.E 
of class С" 105.J 
group of orientation-preserving 114.1 
horse-shoe 126.J 
minimal 126.N 
Morse-Smale 126.J 
Y- 136.G 
diffeotopy theorem 178.E 
difference 102.E 104.A 
backward 223.C, App. A, Table 21 
central 223.С 304.E, App. A, Table 21 
divided 223.D 
finite 223.C 
forward 304.E 
of the nth order 104.A 
primary 305.C 
second 104A 
symmetric 304.E 
of two sets 381.В 
difference analog 304.E 
difference cocycle 305.B 
difference-differential equation 163.A 
difference equation 104 
geometric 104.G 
homogeneous 104.C 
inhomogeneous 104.С 
linear 104.C 
nonhomogeneous 104.C 
difference group (of an additive group) 190.C 
difference method 303.А 
difference product 3371 
difference quotient 104.A 
difference scheme 304.F 
of backward type 304.Е 
of forward type 304.F 
difference set 102.Е 
difference table 223.С 
different 
(of an algebraic number field) 14.J 
(of a maximal order) 27.B 
relative 14J 
differentiable 
complex function 21.C 
Fréchet 286.E 
Gâteaux 286.E 
infinitely 106.K 
left (on the left) 106.A 
n-times 106.D 
n-times continuously 106.K 
with respect to the parameter (a distribution) 
125.H 
partially 106.F 
at a point (a complex function) 198.A 
at a point (a real function) 106.A 
right (on the right) 106.A 
іп the sense of Stolz 106.G 
onaset 106.A 
termwise (infinite series with function terms) 
379.H 
totally 21.C 106.G 


Subject Index 
Differentiable dynamical system of class С” 


differentiable dynamical system of class С" 126.B 
differentiable manifold(s) 105 
with boundary of class С" 105.E 
of class C" 105.D 
Riemann-Roch theorem for 237.6 
differentiable mapping of class С" 105J 
differential of (at a point) 105.J 
differentiable pinching problem — 178.E 
differentiable semigroup 378.Е 
differentiable slice theorem 431.C 
differentiable structure(s) 114.B 
ofclass C" 105.D 
group of oriented (on a combinatorial sphere) 
1141 
differentiable transformation group 431.С 
differential 
(=boundary operator) 200.H 
(=coboundary operator) 200.F 
(of a differentiable function) 106.В 
(of a differentiable mapping at a point) 105.J 
(of a function on a differentiable manifold) 
105.1 
(Fréchet derivative) 286.Е 
Abelian (of the first, second, third kind) 11.C 
367.H 
analytic (on a Riemann surface) 367.H 
conjugate (on a Riemann surface) 367.H 
covariant (of a differential form)  80.G 
covariant (of a tensor field) 80.1,L 417.B 
covariant (of a vector field) 801 
exterior (of a differential form) 105.Q 
harmonic (on a Riemann surface) 367.H 
holomorphic (on a Riemann surface) 367.Н 
kernel 188.6 
meromorphic (on a Riemann surface) 367.H 
nth (of a differentiable function) 106.D 
of nth order (of a differentiable function) 
106.D 
D- (on an algebraic curve) 9.F 
partial 200.H 
quadratic (on a Riemann surface) 11.D 
rth (Fréchet derivative) 286.E 
stochastic 406.C 
total 106.G 200.H 367.H 
differential analyzer 19.Е 
differential and integral calculus App. A, Table 9 
differential automorphism 113 
differential calculus 106 
differential coefficient 106.A 
partial 106.A 
differential cross section 375.А 386.B 
differential divisor (of an algebraic curve) 9.C 
differential divisor class (of a Riemann surface) 
1.0 
differential equation(s) 313.A 
adjoint 252.K 
algebraic 113 288.A 
almost periodic 290.А 
Beltrami 352.В 
Bernoulli App. A, Table 14.1 
Bessel 39.В, App. A, Table 14.IT 
Briot-Bouquet 288.B 289.B 
Caianiello 291.F 
Cauchy-Riemann 198.A 
Cauchy-Riemann (for a holomorphic function 
of several complex variables) 21.C 
Cauchy-Riemann (for a holomorphic function 
of two complex variables) 320.F 
Chaplygin 326.В 
Chebyshev App. A, Table 141 


1966 


Cherwell-Wright 291.F 

Clairaut App. A, Table 14.1 

Clairaut partial App. A, Table 15.II 

confluent 167.A 

confluent hypergeometric 167.A, App. A, 
Table 14.11 

delay 163.A 

with deviating argument 163.A 

difference- 163.A 

Duffing 290.С 

elliptic partial App. A, Table 15. VI 

Emden 291.F 

Euler (in dynamics of rigid bodies) 271.E 

Euler-Lagrange 46.B 

Euler linear ordinary App. A, Table 141 

exact App. A, Table 141 

Fokker-Planck partial 115.A 

functional- 163.A 

Gauss hypergeometric App. A, Table 14.II 

Gaussian 206.A 

generalized Lamé 167.Е 

generalized Riccati App. A, Table 14.I 

Hamilton 324.Е 

Hamilton-Jacobi 23.B 324. E 

Helmholtz 188.D, App. A, Table 15.VI 

Hermite App. A, Tables 14.II 20.111 

Hill 268.B 

Hodgkin-Huxley 291.Е 

hyperbolic 325 

hyperbolic partial 325 

hypergeometric 206.A, App. A, Table 18.1 

hyperspherical 393.E 

integro- 163.А 222 

integro-, of Fredholm type 222.4. 

integro-, of Volterra type 222.A 

Jacobi App. A, Tables 14.II 20.V 

Killing 364.F 

Kummer App. A, Table 19.] 

withlag 163.A 

Lagrange 320.A, App. A, Table 141 

Lagrange partial App. A, Table .5.II 

Laguerre App. A, Tables 14.11 20.VI 

Lame 113.B 

Laplace 323.А, App. A, Table 15 III 

Laplace, in the 2-dimensional case App. A, 
Table 15.VI 

Laplace, in the 3-dimensional case App. A, 
Table 15.VI 

Legendre 393.В, App. A, Table 14.1 

Legendre associated 393.A 

Liénard 290.C 

linear ordinary 232.A 313.A 

linear partial 320.A 

Lówner 438.B 

Mathieu 268.A 

matrix Riccati 86.E 

modified Mathieu 268.А 

Monge 324F 

Monge-Ampere 278.A, App. A, Table 15.10 

nonlinear ordinary 313.A 

nonlinear partial 320.A 

ordinary 313 

partial 313.А 320 

partial, of elliptic type 323 

partial, of hyperbolic type 325 

partial, of mixed type 326 

partial, of parabolic type 327 

Poisson 323.A, App. A, Table 15.1 

polytropic 291.F 

rational 288.А 
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related 254.F 
with retardation 163.A 
retarded 163.A 
Riccati App. A, Table 141 
Riemann App. A, Table 18.I 
self-adjoint 252.K 
self-adjoint system of 252.K 
stochastic 342.А 406 
Stokes 167.E 188.E 
strongly nonlinear 290.C 
system of, of Maurer-Cartan 249.R 
system of hyperbolic (in the sense of Petrovskii) 
325.G 
system of linear, of the first order 252.6 
system of ordinary 313.B 
system of partial, of order l (on a differentiable 
manifold) 428.F 
system of total 428.A 
Tissot-Pochhammer 206.С 
total 428.А, App. A, Table 15.1 
Tricomi 326.С 
van der Pol 290.C 
weakly nonlinear 290.C 
Weber 167.С, App. A, Table 20.III 
Webcer-Hermite 167.С 
Whittaker 167.В, App. A, Tables 14.11 19.H 
differential extension ring 113 
differentialfield 113 
Galois theory of 113 
differential form 105.0 
closed 105.0 
of degree! 105.0 
of degreer 105.0 
of degree r (on an algebraic variety) 16.0 
divisor of (on an algebraic variety) 16.0 
exact 105.0 
exterior, of degreer 105.0 
of the first kind (on an algebraic variety) 16.0 
of the first kind (on a nonsingular curve) 9.E 
harmonic 194.B 
holomorphic, of degreek 72.A 
invariant (on an Abelian variety) 3.F 
of Maurer-Cartan 249.R 
primitive 232.B 
of the second kind (on a nonsingular curve) 
9.E 
of the third kind (on a nonsingular curve) 9.E 
of type (r,s) 72.C 
differential geometry 109, App. A, Table 4 
affine 110.C 
conforma! 110.D 
projective 110.B 
differential geometry in specific spaces 110 
differential geometry of curves and surfaces 
ПІ 
differentialideal 113 
of a differential ring 113 
involutive 428.E 
prime (of a differential ring) 113 
semiprime (of a differential ring) 113 
sheaf on a real analytic manifold 428.Е 
differential index (in a covering of a nonsingular 
curve) 91 
differential invariant 
fundamental (of a surface) 110.B 
on an m-dimensional surface 110.A 
Poincaré 74.G 
differential law 107.A 
differential operator(s) 112 223.C 306.B 
Beltrami, of the first kind App. A, Table 4.II 


Subject Index 
Dimension 


Beltrami, of the second kind App. A, Table 
4.11 
elliptic 112.A 
ofthe kth order 237.H 
ordinary 112.A 
partial 112.A 
pseudo- 345 
strongly elliptic 112.6 323.H 
system of 112.R 
differential polynomial(s) 113 
ring of 113 
differential quotient (at a point) 106.A 
differential representation (of a unitary representa- 
tion ofa Lie group) 439.5 
differential rings 113 
differential subring 113 
differential system 1911 
restricted 191.1 
differential topology 114 
differential variable 113 
differentiation 
(in a commutative ring) 113 
(of a differential function) 106.A 
graphical 19.B 
higher (in a commutative ring) 113 
logarithmic App. A, Table 9.I 
numerical 299.E 
partial 106.Е 
theorem of termwise (on distribution) 125.G 
of a vector field App. A, Table 3.II 
diffraction (of waves) 446 
diffusion, Ehrenfest model of 260.A 
diffusion-convection equation 304.B 
diffusion kernel 338.3 
diffusion process 115 
on manifolds 115.D 
multidimensional 115.C 
digamma function 174.B 
digital computer 75.В 
digital quantity 138.В 
dihedral group  151.G 
dilatation 
in Laguerre geometry 76.B 
maximal 352.В 
dilated maximum principle (in potential theory) 
338.C 
dilation (of a linear operator) 251.M 
power 251.M 
strong 251.M 
unitary 251.M 
dilation theorem 251.М 
dimension 
(of an affine space) 7.A 
(of an algebraic variety) 16.A 
(of an analytic set) 23.B 
(of an automorphic form) 32.B 
(of a cell complex) 70.D 
(of a convex cell in an affine space) 7.D 
(of a divisor class on a Riemann surface) 11.D 
(of a Euclidean simplicial complex) 70.В 
(of a free module) 277.G 
(ofa Hilbert space) 197.C 
(ofa linear space) 256.C 
(of a linear system of divisors) 9.C 16.N 
(of a physical quantity) 116 
(ofa projective space) 343.B 
(of a simplicial complex) 70.С 
(of a topological space) 117 
algebraic (of an algebraic surface) 72.F 
capacity 48.G 


Subject Index 
Dimension — k 


cohomological (of an associative algebra) 
200.1. 
cohomological (of a scheme) 16.E 
cohomological (of a topological space) 117.Е 
complex (of a complex manifold) 72.A 
covering (of a normalspace) 117.B 
decomposition theorem for 117.C 
geometric (of a vector bundle) 114.D 
global (of an analytic set) 23.B 
global(ofa ring) 200.K 
harmonic (of a Heins end) 367.E 
Hausdorff 117.G 234.Е 246.K 
homological (of a module) 200.K 
homological (of a topological space) 117.Е 
injective (of a module) 200.K 
Kodaira (of a compact complex manifold) 721 
Krull 67.E 
large inductive 117.B 
Lebesgue (ofa normalspace) 117.B 
left global (of a ring) 200.K 
local (of an analytic set at a point) 23.B 
product theorem for 117.C 
projective (of a module) 200.K 
right global (of a ring) 200.K 
small inductive 117.В 
sum theorem for 117.C 
theorem on invariance of, of Euclidean spaces 
117.D 
weak (of a module) 200.K 
weak global (of a ring) 200.K 
dimension —k 
automorphic form of 32.B 
Fuchsian form of 32.B 
Hilbert modular form of 32.G 
Siegel modular form of 32.F 
dimensional analysis 116 
dimensional formula 116 
dimension function (on a continuous geometry) 
85.A 
dimension theorem 
(of affine geometry) 7.A 
(on modular lattice) 243.F 
(of projective geometry) 343.В 
dimension theory 117 
dimension type (of a topological space) 117.H 
Dini-Hukuhara theorem 314.D 
Dini-Lipschitz test (on the convergence of Fourier 
series) 159.B 
Dini series 39.С 
Dini surface 1111 
Dini test (on the convergence of Fourier series) 
159.B 
Dini theorem (on uniform convergence) 435.B 
Diocles, cissoid of 93.H 
Diophantine (relation) 97 
Diophantine analysis 296.А 
Diophantine approximation 182.F 
Diophantine equations 118 
Dirac delta function App. A, Table 12,П 
Dirac distribution 125.С 
Diracequation 377.С 415.G 
Dirac field, free 377.С 
Dirac y-matrix 415.6 
Dirac hole theory 415.G 
Dirac matrix 377.C 
direct analytic continuation 198.G 
direct circle 78.D 
direct closed path 186.Е 
direct decomposition (on a group) 190.L 
directed family 165.D 


1968 


directed graph 186.B 
directed set 311.D 
direct factor 
(of a direct product of sets) 381.E 
(ofa group) 190.L 
direct image (of a sheaf) 383.G 
direct integral 308.G 
of unitary representations 437.H 
direction 
asymptotic 111.Н 
Borel (of a meromorphic function) 272.F 
Julia (of a transcendental entire function) 
429.C 
positive (in a curvilinear integral) 198.B 
principal (of a surface) 111.H 
directional derivative 106.G 
direction ratio (of a line in an affine space) 7.F 
direct limit (of a direct system of sets) 210.B 
direct method 46.E 302.B 
direct path 186.F 
direct product 
(of algebras) 29.A 
(of distributions) 125.K 
(of a family of lattices) 243.C 
(of a family of ordered sets) 311.F 
(of a family of sets) 381.E 
(of a family of topological groups) 423.C 
(of a family of topological spaces) 425.K 
(ofgroups) 190.L 
(of G-sets)  362.B 
(of Lie groups) 249.H 
(of mappings) 381.C 
(of measurable transformations) 136.D 
(of modules) 277.F 
(of objects of a category) 52.E 
(ofrings) 368.E 
(of sets) 381.B 
(of sheaves) 383.1 
restricted (of an infinite number of groups) 
190.L 
restricted (of locally compact groups) 6.B 
semi- (of groups) 190.N 
direct product decomposition 190.L 
dual 422.H 
directrix (of an ellipse) 78.В 
of Wilczynski 110.В 
direct set, increasing 308.A 
direct sum 
(of a family of ordered sets) 311.F 
(of a family of sets) 381.E 
(of G-sets) 362.B 
(of Hilbert spaces) 197.E 
(of ideals of a ring) 368.F 
(of an infinite number of groups) 190.L 
(of Lie algebras) 248.A 
(of linear representations) 362.C 
(of linear spaces) 256.F 
(of modules) 277.B,F 
(of a mutually disjoint family of sets) 381.D 
(of quadratic forms) 348.E 
(of sheaves) 383.1 
(of topological groups) 423.C 
(of two objects) 52.E 
(of unitary representations) 437.G 
integral 308.G 
topological (of topological spaces) 425.M 
direct summand (of a direct sum of sets) 381.E 
direct system (of sets) 210.B 
direct transcendental singularity I98.P 
Dirichlet, P. G. L. 119 


1969 


Dirichlet algebra 164.B 
weak* 164.G 
Dirichlet character 295.D 
Dirichlet discontinuous factor App. A, Table 9.V 
Dirichlet distribution 341.D, App. A, Table 22 
Dirichlet divisor problem 242.A 
Dirichlet domain 120.A 
Dirichlet drawer principle 182.Е 
Dirichlet form 261.C 
regular 261.C 
Dirichlet function 84.D 221.A 
Dirichlet functional 334.C 
Dirichlet integral 
(in the Dirichlet problem) 120.F 
(in Fourier’s single integral theorem) 160.B 
Dirichlet kernel 159.В 
Dirichlet L-function 450.С 
Dirichlet principle 120.А 323.C 
Dirichlet problem 120 293.F 323.C 
Dirichlet problem with obstacle 440.В 
Dirichlet region 234.С 
Dirichlet series 121.A 
ordinary 121.A 
of the type {4,} 121.А 
Dirichlet space 338.0 
Dirichlet test (on Abel partial summation) 379.D 
Dirichlet test (on the convergence of Fourier series) 
159.B 
Dirichlet theorem 
(of absolute convergence) 379.С 
(on the distribution of primes in arithmetical 
progression) 123.D 
Dirichlet unit theorem 14.D 
discharge of double negation 411.1 
discharging 157.D 
disconnected, extremely 37.М 
disconnected metric space, totally 79.D 
discontinuity 
of the first kind 84.B 
fixed point of (of a stochastic process) 407.A 
at most of the first kind 84.B 
region of 234.A 
discontinuity formula 146.С 386.C 
discontinuity point 84.B 
of the first kind 84.B 
of the second kind 84.B 
discontinuous distribution, purely 341.D 
discontinuous factor, Dirichlet App. A, Table 9.V 
discontinuous groups 122 
of the first kind 122.B 
discontinuous transformation group 122.A 
properly 122.A 
discontinuum, Cantor 79.D 
discrete covering 425.R 
o- 425.R 
discrete C’-flow 126.B 
discrete dynamical system of class С" 126.B 
discrete flow 126.B 
of class С" 126.B 
discrete Fourier transform 142.D 
discrete mathematics 66.A 
discrete memoryless channels 213.Е 
discrete metric space 273.B 
discrete semiflow 126.B 
of class C" 126.B 
discrete series (of unitary representations of a semi- 
simple Lie group) 437.X 
discrete series, principal 258.C 
discrete set 425.0 


Subject Index 
Distance function 


discrete spectrum 136.Е 390.E 
quasi- 136.E 
discrete topological space 425.C 
discrete topology 425.С 
discrete uniformity 436.D 
discrete valuation 439.E 
discrete valuation ring 439.E 
discrete variable method 303.А 
discrete von Neumann algebra 308.Е 
discretization error 303.В 
discriminant 
(of an algebraic equation) 337.J 
(of an algebraic number field) 14.В 
(of a binary quadratic form) 348.М 
(of a curve of the second order) 78.1 
(of a family of curves) 93.1 
(of a quadratic form) 348.А 
(of a simple ring) 27.B 
fundamental 295.D 
relative 14] 
discriminant function, linear 280.I 
discriminant theorem, Dedekind 14.7 
disintegration 270.L 
disjoint family, mutually (of sets) 381.D 
disjoint sets 381.B 
disjoint sum  381.B 
disjoint union 381.B 
of a mutually disjoint family of sets 381.D 
disjoint unitary representations 437.C 
disjunction (of propositions) 411.B 
disjunctive cuts 215.C 
disjunctive programming 264.С 
disk 140 
circular 140 
n- 140 
open 140 
openn- 140 
unit 140 
disk algebra 164.В 
disk theorem (on meromorphic functions) 272.J 
dispersion 397.С 
dispersion relations 132.C 
dispersive 
(flow) 126.Е 
(linear operator) 286.Y 
dispersive wave 446 
displacement 
electric 130.А 
parallel (of a tangent vector space) 80.H 364.B 
parallel, along a curve 80.C 
dissection, Farey 4.B 
dissipative (operator) 251.) 286.C 
maximal 251.J 
dissipative part (of a state space) 260.B 
distance 
(in Euclidean geometry) 139.Е 
(in a metric space) 273.B 
Euclidean 139.E 
extremal 143.B 
Fréchet (between surfaces) 246.1 
Hamming 63.B 136.E 
Lévy 34LF 
Mahalanobis generalized 280.Е 
non-Euclidean (іп a Klein model)  285.C 
optical 180.A 
perihelion 309.B 
reduced extremal 143.B 
distance function 273.B 
pseudo- 273.B 


Subject Index 
Distinct differentiable structures 


distinct differentiable structures 114.В 
distinct system of parameters 284.D 
distinguishable, finitely (hypothesis) 400.K 
distinguished basis, strongly 418.F 
distinguished pseudopolynomial 21.E 
distortion function, rate 213.E 
distortion inequalities 438.B 
distortion measure 213.E 
distortion theorem 438.В 
distributed 
asymptotically 374.D 
uniformly 182.Н 
distribution(s) 125 
(on a differentiable manifold) 125.R 
(of random variables) 342.С 
(ofa vector bundle) 428.D 
а posteriori 398.B 
a priori 398.В 
asymptotically normal 399.К 
beta 341.D, App. A, Table 22 
Beurling generalized 125.0 
binomial 341.D 397.F, App. A, Table 22 
bivariate 397.H 
capacity mass 338.К 
Cauchy 341.D, App. A, Table 22 
chi-square 374.А, App. A, Table 22 
conditional probability 342.E 
continuous 341.D 
converge in (a sequence of random variables) 
342.D 
covariance 395.С 
cumulative 397.В 
Dirac 125.C 
Dirichlet 341.р, App. A, Table 22 
double, potential of 338.A 
entropy ofa 403.B 
equilibrium, Gibbs 136.C 
equilibrium mass 338.К 
exponential 341.D, App. A, Table 22 
exponential family of 396.6 
Е- 341.0 374.B, App. A, Table 22 
fiducial 401.F 
finite-dimensional 407.A 
of finite order 125.7 
function, empirical 374.0 
gamma 341.р, App. A, Table 22 
Gaussian 341.D 
geometric 341.D, App. A, Table 22 
hypergeometric 341.D 397.F, App. A, Table 22 
infinitely divisible 341.G 
initial 261.A 
initial law 406.D 
integrable 125.N 
invariant (of a Markov chain) 260.А 
invariant (second quantization) 377.C 
involutive (on a differentiable manifold) 428.D 
joint 342.C 
k-dimensional normal 341.D 
k-Erlang 260.H 
kth-order asymptotic 399.0 
L- 34LG 
lattice 341.D 
law, Maxwell-Boltzmann | 402.B 
least favorable 400.B 
least favorable a priori 398.H 
limit 250.A 
logarithmic App. A, Table 22 
logarithmic normal App. A, Table 22 
marginal 342.C 397.H 


1970 


multidimensional hypergeometric App. A, 
Table 22 

multidimensional normal App. A, Table 22 

multinomial 341.D 

multiple hypergeometric 341.D 

multivariate normal 397.J 

n-dimensional 342.C 

n-dimensional probability 342.С 

negative binomial 341.D 397.F, App. A, 
Table 22 

negative multinomial 341.0 

negative polynomial App. A, Table 22 

noncentral chi-square 374.B 

noncentral F- 374.В 

noncentral t- 374.В 

noncentral Wishart 374.С 

normal 341.D 397.C, App. A, Table 22 

one-dimensional probability, of a -andom 
variable 342.С 

one-side stable for exponent 1/2 App. A, 
Table 22 

operator-valued 150.D 

p-dimensional noncentral Wishart 374.С 

Pearson 397.D 

pluriharmonic 21.С 

Poisson 341.D 397.F, App. A, Table 22 

polynomial App. A, Table 22 

population 396.В 401.F 

positive 125.C 

posterior 401.B 403.G 

predictive 403.G 

of prime numbers 123 

prior 401.B 403.G 

probability 342.B, App. A, Table 22 

probability, of a random variable 342.C 

purely discontinuous 341.0 

quasistable 341.G 

random 395.Н 407.C 

random, with independent values at every point 
407.C 

random, in the wider sense 395.С 407.C 

rapidly decreasing 125.0 

rectangular App. A, Table 22 

sampling 374.A 

semistable 341.6 

simple, potential of 338.A 

simultaneous 342.С 

slowly increasing 125.N 

stable 341.G 

standard Gaussian 176.А 

standard normal 341.D 

strictly stationary random 395.H 

strongly stationary random 395.Н 

substituted 125.0 

t- 341.D 374.B, App. A, Table 22 

tempered 125.N 

two-sided exponential App. A, Table 22 

of typical random variables App. A, Table 22 

ultra-, of class {M,} or(M,) 125.U,BB 

uniform 341.D, App. A, Table 22 

unit 341.D 

value 124A 

of values of functions of a complex variable 
124 

waiting time |. 307.C 

weakly stationary random 395.С 

Wishart 374.С 

z- 341.D 374.B, App. A, Table 22 


distribution curve, cumulative 397.В 
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distribution derivative 125.Е 
distribution-free (test) 371.A 
distribution-free method 371.А 
distribution function 168.B 341.B 342.C 
cumulative 341.B 342.C 
empirical 250.F 396.C 
n-dimensional 342.С 
symmetric 341.H 
unimodal 341.H 
distribution kernel 338.Р 
distribution law, Maxwell-Boltzmann 402.В 
distribution polygon, cumulative 397.В 
distribution semigroup 378.Е 
distributive algebra 231.А 
distributive lattice 243.E 
distributive law 
(in algebra of sets) 381.B 
(on cardinal numbers) 49.C 
(in a lattice) 243.E 
(on natural numbers) 294.B 
(in a ring) 368.A 
complete (in a lattice-ordered group) 243.6 
disturbance 128.C 
diurnal aberration 392 
div (divergence) 442.D 
diverge 87.В,Е 379.A 
too 87D 
divergence 
(of a differentiable vector field) 442.D 
(of a vector field with respect to a Riemannian 
metric) 105.W 
(of a vector field with respect to a volume 
element) 105.W 
infrared 146.В 
ultraviolet 146.B 
divergence form 323.р 
divergence theorem 94.D 
divergent 
(double series) 379.E 
(infinite product) 379.6 
(integral) 216.E 
(sequence of real numbers) 87.B 
(series) 379.A 
properly 379.A 
divide (a bounded domain) 384.F 
divided difference 223.р 
dividing cycle (on an open Riemann surface) 367.1 
divisibility relation (in a ring) 67.H 
divisible 
(Abelian p-group)  2.D 
(additive group) 2.E 
(element of ring) 67.H 277.D 
(fractional ideal) 14.E 
(general Siegel domain) 384.F 
(number) 297.A 
divisible A-module 277.0 
divisible subgroup (of a discrete Abelian group) 
422.G 
division (of a pseudomanifold) 65.А 
simplicial 65.A 
division algebra 29.A 
division algorithm 
of natural numbers 297.A 
of polynomials 337.С 
division ring 368.B 
division theorem 
Späth type (for microdifferential operators) 
274.E 
Weierstrass type (for microdifferential opera- 
tors) 274E 


Subject Index 
Divisor 


divisor 

(in an algebraic curve) 9.C 

(of an algebraic function field of dimension 1) 
9.D 

(of an algebraic number field)  14.F 

(in an algebraic variety) 16.M 

(in a closed Riemann surface) 11.D 

(in a complex manifold) 72.F 

(of an element ofa ring) 67.H 

(of a fractional ideal) 14.Е 

(ofa number) 297.A 

ample 16.N 

branch (in a covering) 91 

canonical (of an algebraic curve) 9.С 

canonical (of an algebraic variety) 16.0 

canonical (of a Jacobian variety) 9.E 

canonical (of a Riemann surface) 11.D 

Cartier 16.M 

common (of elements of a ring) 67.H 

complete linear system defined by 16.N 

complex line bundle determined Бу 72.F 

differential (of an algebraic curve) 9.C 

of a differential form (on an algebraic variety) 
16.0 

effective (on an algebraic curve) 9.C 

effective (on a variety) 16M 

elementary (of a matrix) 269.E 

embedded prime (of an ideal) 67.F 

finite prime 439.Н 

of a function (on an algebraic curve) 9.C 

of a function (on an algebraic variety) 16.М 

greatest common 297.A 

greatest common (of an element of a ring) 
67.H 

imaginary infinite prime 439.Н 

infinite prime 439.H 

integral (of an algebraic curve) 9.C 

integral (of an algebraic number field) 14.F 

integral (on a Riemann surface) 11.D 

isolated prime (of an ideal) 67.Е 

k-rational (on an algebraic curve) 9.C 

linearly equivalent (of a complex manifold) 
72.F 

maximal prime (of an ideal) 67.Е 

minimal prime (of an ideal) 67.F 

nondegenerate 16.N 

nondegenerate (on an Abelian variety) 3.D 

numerically connected 232.D 

-linearly equivalent (on an algebraic curve) 
9.F 

pole (of a function on an algebraic variety) 
16.M 

positive (of an algebraic curve) 9.C 

positive (on a Riemann surface) 11.D 

prime (of an algebraic function field of dimen- 
sionl) 9.D 

prime (of an algebraic number field or an 
algebraic function field of one variable) 
439.H 

prime (of an ideal) 67.Е 

prime (on a Riemann surface) 11.D 

prime rational, over a field (on an algebraic 
curve) 9.C 

principal (on an algebraic curve) 9.C 

principal (on a Riemann surface) 11.D 

real infinite prime | 439.H 

real prime 439.H 

sheaf of ideals of (of a complex manifold) 72.F 

special 9.C 

very ample 16.N 
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Divisor class (on a Riemann surface) 


zero (of a function on an algebraic variety) 
16.M 
zero (ofa ring) 368.В 
zero, with respect to M/P 284.A 
divisor class (on a Riemann surface) 11.D 
canonical 11.D 
differential 11.D 
divisor class group (of a Riemann surface) 11.D 
divisor function 295.С 
generalized 295.C 
divisor group (of a compact complex manifold) 
72.F 
divisor problem, Dirichlet 242.A 
Dixmier theorem, Rellich- 351.С 
Dixon-Ferrar formula App. A, Table 19.IV 
DK method 301.F 
DKA method 301.F 
DLR equation 402.G 
dn App. A, Table 16.III 
dodecahedron 357.В 
Doetsch three-line theorem 43.Е 
Dolbeault cohomology group 72.D 
Dolbeault complex 72.D 
Dolbeault lemma  72.D 
Dolbeault theorem 72.D 
domain(s) 
(of a correspondence) 358.В 
(ofa mapping) 37.С 381.C 
(in a topological space) 79.A 
(of a variable) 165.C 
angular 333.A 
annular 333.A 
of attraction 374.G 
Brouwer theorem on the invariance of 117.D 
Cartan pseudoconvex 211 
circular 333.A 
of class C^^ 323.F 
closed plane 333.A 
complete Reinhardt 21.B 
convergence (of a power series) 21.B 
Courant-Cheng, theorem 391.H 
of dependence 325.B 
Dirichlet 120.A 
divisible bounded 284.Е 
d-pseudoconvex 21.6 
effective 88.D 
fundamental 234.C 
generated Siegel 384.Е 
holomorphically complete 21.F 
holomorphically convex 21.H 
ofholomorphy 21.F 
homogeneous bounded 384.A 412.F 
individual 411.H 
of influence 325.B 
integral 368.B 
of integration 216.F 
irreducible symmetric bounded 412.F 
Jordan 333.A 
Levi pseudoconvex 211 
ofa local homomorphism 423.0 
locally Cartan pseudoconvex 211 
locally Levi pseudoconvex  21.I 
nodal 391.H 
Noetherian 284.A 
Noetherian integral 284.А 
object 411.G 
of operator 409.A 
operator (ofa group) 190.E 
plane 333 
principal ideal 67.К 
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pseudoconvex 21.G 
with regular boundary (in a C?-manifold) 
105.U 
Reinhardt 21.B 
Siegel 384.А 
Siegel, generalized 384.F 
Siegel, irreducible 384.Е 
Siegel, of the first kind 384.A 
Siegel, of the second kind 384.А 
Siegel, of the third kind 384.A 
slit 333.A 
with smooth boundary (in a C*^-manifold) 
105.U 
spectrum of 391.A 
strongly pseudoconvex 21.6 
sweepable bounded 284.F 
symmetric bounded 412.F 
unique factorization 40.H 
universal 16.A 
Weil 21.6 
domain kernel (of a sequence of domains) 333.C 
dominant (of a sequence of functions) 435.A 
dominant integral form (on a Cartan subalgebra) 
248.W 
dominate (an imputation ofa game) 173.D 
dominated 
(by a family of topological spaces) 425.M 
(statistical structures) 396.F 
weakly (statistical structure) 396.Е 
dominated ergodic theorem 136.В 
dominating set 186.1 
domination, number of 186.1 


. domination principle 338.L 


inverse 338.L 
Donsker invariance principle 250.E 
Doob-Meyer decomposition theorem 262.D 
Doolittle method 302.В 
dotted indices 258.В 
dotted spinor of rank К 258.B 
Douady space 23.G 
double chain complex 200.E 
double complex 200.Н 
double coset (of two subgroups of a group) 190.C 
double distribution, potential of 338.А 
double exponential formula 299.В 
double integral 216.F 
double integral theorem, Fourier 160.B 
double layer, potential of 338.А 
double mathematical induction 294.B 
double negation, discharge of 411.I 
double point, rational 418.С 
double ratio 343.E 
double sampling inspection 404.C 
double sequence 379.E 
double series 379.E 
absolutely convergent 379.Е 
conditionally convergent 379.Е 
convergent 379.E 
divergent 379.E 
Weierstrass theorem of 379.H 
double suspension theorem 65.С 
double-valued representation 258.B 
doubly invariant 164.H 
doubly periodic function 134.Е 
Douglas algebra 1641 
Douglas functional 334.С 
Douglas-Rad6 solution (to Plateau’s problem) 
275.C 
downhill method 301.L 
down-ladder 206.В 
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drawer principle, Dirichlet 182.Е 
drift 
transformation by 261.F 
transformation of 406.B 
drift part 406.B 
dual 
(cell) 65.В 
(graded module) 203.B 
(graph) 186.H 
(matroid) 66.H 
(proposition in a projective space) 343.B 
(regular polyhedron) 357.B 
(symmetric Riemannian space) 412.D 
(topological group) 422.C 437.) 
dual algebra 203.F 
dual basis (of a linear space) 256.G 
dual bundle 147.F 
dual category 52.Е 
dual cell, (n — q)- 65.B 
dual coalgebra 203.Е 
dual complex 65.B 
dual cone 125.BB 
dual convex cone 89.F 
dual curve (of a plane algebraic curve) 9.B 
dual direct product decomposition 422.H 
dualframe 417.B 
dual homomorphism 


(of a homomorphism of algebraic tori) 13.D 


(of lattices) 243.C 
dual Hopf algebra 203.С 
dual isomorphism 
(of lattices) 243.C 
(between ordered sets) 311.E 
duality 
(in field theory) 150.E 
(for symmetric Riemannian space) 412.D 
Martineau-Harvey 125.Y 
Poincaré (in manifolds) 201.0 
Poincaré (in Weil cohomology) 450.Q 


principle of (in projective geometry) 343.B 


duality mapping 251.J 
duality principle 
(for closed convex cone) 89.F 
(for ordering) 311.A 
duality property (of linear space) 256.G 
duality theorem 
(on Abelian varieties) 3.D 
(of linear programming) 255.B 
(in mathematical programming) 292.D 
Alexander 201.0 
forQ-module 4221, 
Poincaré-Lefschetz 201.0 


Pontryagin (on topological Abelian groups) 


192.K 422.C 
Serre (on complex manifolds) 72.Е 
Serre (on projective varieties) 16.E 
of Takesaki 3081 
Tannaka (on compact groups) 69.D 
Tannaka (on compact Lie group) 249.U 
dual lattice 243.C 310.E 450.K 
dual linear space 256.G 
self- 256.H 
dually isomorphic (lattices) 243.C 
dual mapping (of a linear mapping) 256.G 
dual Martin boundary 2601 
dual module 277.K 
dual operator 
in Banach space 37.0 
of a differential operator 125.Е 
of a linear operator 251.D 
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é-flat 


dual ordering 311.A 
dual passive boundary point 260.1 
dual problem 255.В 349.B 
dual process 261.F 
dual representation 362.E 
dual resonance model 132.C 
dual semigroup 378.F 
dual space 
(ofa C*-algebra) 36.G 
(of a linear space) 256.G 
(of a linear topological space) 424.D 
(of a locally compact group) 437.) 
(of a normed linear space) 37.D 
(of a projective space) 343.B 
quasi- (of a locally compact group) 4371 
strong 424K 
dual subdivision 65.B 
dual vector bundle 147.Е 
du Bois-Reymond and Dedekind, test of 379.D 
du Bois Reymond problem 159.Н 
Duffing differential equation 290.С 
Duhamel method 322.р 
Duhem relation, Gibbs- 419.B 
dummy index (of a tensor) 256.J 
Dunford integrable 443.F 
Dunford integral 251.G 443.F 
Dunford-Pettis theorem 68.M 
Donford-Schwartz integral, Bartle- 443.G 
duo-trio test 346.D 
Dupin, cyclide of 111.H 
Dupin indicatrix 111.Н 
duplication of a cube 179.А 
Durand-Kerner-Aberth (DKA) method 301.Е 
Durand-Kerner (DK) method 301.Е 
Dvoretzky-Rogers theorem 443.D 
dyadic compactum 79.D 
dynamical system(s) 126 
classical 126.L 136.G 
continuous 126.B 
differential 126.B 
discrete 126.В 
linear 86.B 
dynamic programming 127 264.C 
dynamic programming model 307.С 
dynamics 
analytical 271.F 
fluid 205.A 
magnetofluid 259 
quantum flavor 132.D 
dynamo theory, hydromagnetic 259 
Dynkin class 270.B 
Dynkin class theorem 270.B 
Dynkin diagram (of a complex semisimple Lie 
algebra) 248.S 
extended App. A, Table 51 
Dynkin formula 261.C 
Dynkin representation of generator 261.C 


E 


e(topology) 424.R 

s, Eddington's App. A, Table 4.II 
é(Q)(-C"^(Q) 125.1 168.В 
é'(Q) 1251 

i ёму 168.В 

é-covering 273.В 

g-entropy 213.Е 

-expansion 111.С 

-factor 450.N 

-flat 178.D 
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é-Hermitian form 


é-Hermitian form 60.0 
£-independent partitions 136.E 
£-induction, axiom of 33.B 
£-neighborhood (of a point) 273.C 
t-number 312.C 
£-operator, Hilbert 411.J 
£-quantifier, Hilbert 411.) 
e-sphere (of a point) 273.C 
e-symbol, Hilbert 411. 
£-tensor product | 424.R 
£-theorem (in predicate logic) 411.J 
£-trace form 60.0 
&-function 46.C 
ó-space 193.N 
E-function 430.D 
E-optimality 102.Е 
Е waves 130.В 
Eberlein-Shmul'yan theorem. 37.G 
Eberlein theorem  424.V 
eccentric angle 
ofa point оп а hyperbola 78.E 
ofa point оп an ellipse 78.E 
eccentric anomaly 309.В 
eccentricity (of a conic section) 78.B 
echelon space 168.В 
ecliptic 392 
econometrics 128 
Eddington's e App. A, Table 4.II 
edge 
(of a convex cell in an affine space) 7.D 
(ina graph) 186.B 
(of a linear graph) 282.A 
reference 281.C 
edge homomorphism 200.) 
edge of the wedge theorem 125.W 
Edgeworth expansion 374.F 
effect 403.D 
block  102.B 
factorial 102.H 
fixed 102.A 
fixed, model 102.A 
main 102Н 
random 102.A 
random, model 102.A 
treatment 102.B 
effective descriptive set theory 356.Н 
effective divisor 
(on an algebraic curve) 9.C 
(on a variety) 16.М 
effective domain 88.0 
effective genus (of an algebraic curve) 9.C 
effectively (act on a G-space) 431.A 
almost 431.A 
effectively calculable function 356.C 
effectively given (object) 22.A 
effectively parametrized (at o) 72.G 
effect vector 102.A 
efficiency 399.0 
asymptotic 399.N 
Bahadur 400.K 
second-order 399.0 
second-order asymptotic 399.0 
efficiency-balanced block design 102.E 
efficient 
kth order asymptotic 399.0 
efficient estimator 399.D 
asymptotically 399.3 
first-order 399.0 
first-order asymptotic 399.0 
Egervary theorem, König- 281.E 
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Egorov theorem 270.1 
Ehrenfest model of diffusion 260.A 
Ehrenpreis-Malgrange theorem 112.3 
Eichler approximation theorem 27.0: 
eigenchain 390.H 
eigenelement (of a linear operator) 390.А 
eigenfunction 
(of a boundary value problem) 315.B 
(for an integral equation) 217.F 
(of a linear operator) 390.A 
generalized 375.С 
eigenspace 
(of a linear mapping) 269.L 
(of a linear operator) 390.A 
generalized 390.B 
in a weaker sense 269.L 
eigenvalue(s) 
(of a boundary value problem) 315.В 
(of an integral equation) 217.F 
(ofa linear mapping) 269.L 
(of a linear operator) 390.А 
(of the Mathieu equation) 268.B 
(of a matrix) 269.F 
degenerate 390.A 
generalized 375.C 
geometrically simple 390.А 
index of 217.F 
multiplicity of 217.F 
numerical computation of 298 
eigenvalue problem 390.А 
generalized 298.6 
eigenvector 
(of a linear mapping) 269.1. 
(ofa linear operator) 390.A 
(ofa matrix) 269.F 
generalized 390.B 
eightfold way 132.0 
eikonal 82.0 180.C 
eikonal equation 324.Е 325.L 
Eilenberg-MacLane complexes 70.Е 
Eilenberg-MacLane space 70.Е 
Eilenberg-MacLane spectrum 202.T 
Eilenberg-Postnikov invariants (of a CW complex) 
70.G 
Eilenberg-Steenrod axioms 201.0 
Eilenberg-Zilber theorem 201.J 
Einstein, A. 129 
Einstein convention (on tensors) 256.J 
Einstein-Kahler metric 232.С 
Einstein metric 3641 
Einstein relation (in diffusion) 1:8.A 
Einstein space 364.D, App. A, Table 4.1 
Einstein summation convention 417.B 
Eisenstein-Poincaré series 32.Е 
Eisenstein series. 32.C 
generalized 450.T 
Eisenstein theorem 337.F 
elastic, total, cross section 386.В 
elasticity 
modulus of, in shear 271.G 
modulus of, іп tension 271.G 
small-displacement theory cf 271.G 
theory of 271.G 
elastic limit 271.6 
elastic scattering 375.А 
elation 110.D 
electric displacement 130.А 
electric field 130.A 
electric flux density 130.A 
electric network 282.B 
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electric polarization 130.A 
electric susceptibility 130.В 
electric waves 130.В 
transverse 130.B 
electrodynamics, quantum 132.C 
electromagnetic wave 446 
theory of 130.B 
transverse 130.B 
electromagnetism 130 
electron 377.B 
electronic analog computer 19.Е 
electronic computer 75.A 
electrostatics 130.В 
clement(s) 381.A 
affine атс 110.C 
algebraic (of a field) 149.E 
areal (in a Cartan space) 152.C 
atomic (in a complemented modular lattice) 
243.F 
boundary (in a simply connected domain) 
333.B 
canonical (in the representation of a functor) 
52.1, 
Casimir (of a Lie algebra) 248.J 
central (in a lattice) 243.E 
compact (of a topological Abelian group) 
422.F 
conformalarc 110.D 
conjugate (in a field) 149.) 
conjugate (in a group) 190.C 
contact 428.E 
contact (in a space with a Lie transformation 
group) 110.A 
cyclic 251.7 
even (of a Clifford algebra) 61.B 
finite, method 304.С 
function 198.1 339.A 
function, in the wider sense 198.0 
gencralized nilpotent (in a commutative Banach 
algebra) 36.E 
generating 390.G 
greatest (in an ordered set) 311.B 
homogeneous (of a graded ring) 369.B 
homogeneous (of a homogeneous ring) 369.B 
hypersurface 324.B 
idempotent (of a ring) 368.В 450.0 
identity (of an algebraic system)  409.C 
identity (of a field) 149.4 
identity (of a group) 190.A 
identity (of a ring) 368.А 
inseparable (of a field) 149.Н 
integral (of a system of total differential equa- 
tions) 428.E 
inverse (ina group) 190.A 
inverse (in a ring) 368.B 
inverse function 198.L 
invertible (of a ring) 368.В 
irreducible (of a ring) 67.H 
isotropic (with respect to a quadratic form) 
348.E 
k-dimensionalintegral 191.1 
Kepler orbital 309.В 
least (in an ordered set) 311.B 
left inverse (of an element of a ring) 368.B 
line 111.C 
linearly dependent 2.E 
linearly independent 2.E 
matrix 351.B 
maximal (in an ordered set) 311.B 
maximum (in an ordered set) 311.B 


Subject Index 
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minimal (in an ordered set) 311.B 
minimum (in an ordered set) 311.B 
negative (of an ordered field) 149.N 
neutral (in a lattice) 243.F 
nilpotent (of a ring) 368.B 
odd (of a Clifford algebra) 61.В 
ordinary 1911 
ordinary integral 428.E 
oriented (in a covering manifold of a homoge- 
neous space) 110.А 
orthogonal (of a ring) 368.B 
osculating 309.D 
polar (of an analytic function in the wider sense) 
198.0 
polar (of an integral element} 428.E 
positive (of an ordered field) 149.N 
prime (ofa ring) 67.Н 
prime (for a valuation) 439.E 
primitive (of an extension of a field) 149.D 
projective line 110.B 
purely inseparable (of a field) 149.Н 
quasi-inverse (in a ring) 368.B 
quasi-invertible (of a ring) 368.B 
quasiregular (ofa ring) 368.В 
ramified 198.0 
rational 198.0 
regular (of a connected Lie group) 249.P 
regular (ofa ring) 368.B 
regular integral 428.Е 
right inverse (in a ring) 368.B 
separable (ofa field) 149.H 
singular (of a connected Lie group) 249.P 
singular (with respect to a quadratic form) 
348.Е 
surface 324В 
surface, union of 324.B 
torsion (of an A-module) 277.D 
transcendental (of a field) 149.Е 
transgressive (in the spectral sequence of a fiber 
space) 148.E 
triangular 304.C 
unit (ofa field) 149.A 
unit (ofa group) 190.A 
unit (of a ring) 368.A 
unity (of a field) 149.A 
unity (ofa ring) 368.А 
volume (of an oriented C*-manifold) 105.W 
volume, associated with a Riemannian metric 
105.W 
zero (of an additive group) 2.E 190.A 
zero (ofa field) 149.A 
zero (of a linear space) 256.A 
zero (ofa ring) 368.A 
elementarily equivalent structures 276.D 
elementary (Kleinian group) 234.A 
elementary (path) 186.F 
elementary Abelian functions 3.M 
elementary Abelian group 2.B 
elementary catastrophe 51.E 
elementary collapsing 65.C 
elementary contract 102.C 
elementary divisor 
(of a matrix) 269.E 
simple (of a matrix) 269.E 
elementary event(s) 342.В 
space of 342.B 
elementary extension 276.D 
elementary function(s) 131 
ofclassn 131.A 
elementary Hopf algebra 203.D 


Subject Index 
Elementary ideal 


elementary ideal 235.С 
elementary kernel (of a linear partial differential 
operator) 320.H 
elementary number theory 297 
fundamental theorem of, 297.C 
elementary particle(s) 132 
elementary solution App. A, Table 15.V 
(of a differential operator) 112.B 
(of a linear partial differential operator) 320.H 
(of partial differential equations of elliptic 
type 323.B 
elementary symmetric function 337.1 
elementary symmetric polynomial 337.1 
elementary topological Abelian group 422.E 
eliminate (variables from a family of polynomials) 
369.E 
elimination 
design for two-way, of heterogeneity | 102.K 
forward 302.B 
Gaussian 302.B 
Gauss-Jordan 302.B 
elimination method, Sylvester 369.E 
ellipse 78.A 
ellipsoid 350.В 
ofinertia 271.E 
of revolution 350.В 
ellipsoidal coordinates 90.С 133.A, App. A, Table 
3.V 
ellipsoidal harmonics 133.В 
four species of 133.C 
ellipsoidal type, special function of 389.А 
elliptic 
(differential operator) 112.A 323.A 237.H 
(pseudodifferential operator) 323.K 
(Riemann surface) 77.B 367.D 
(solution) 323.D 
analytically hypo- 3231 
analytic hypo- 112.D 
hypo- 112.D 189.С 323.1 
microlocally 345.А 
strongly 112.G 323.H 
elliptic omplex (on a compact C?-manifold) 237.Н 
elliptic coordinates 90.С 350.E, App. A, Table 3.V 
elliptic curve 9.C 
L-functions of 450.5 
elliptic cylinder 350.B 
elliptic cylinder function 268.В 
elliptic cylindrical coordinates App. A, Table 3.V 
elliptic cylindrical surface 350.В 
elliptic domain 77.В 
elliptic function(s) 134 
of the first kind 134.G 
Jacobi App. A, Table 16.III 
of the second kind 134.6 
of the third kind 134.H 
Weierstrass App. A, Table 16.IV 
elliptic function field 9.D 
elliptic geometry 285.A 
elliptic integral 11.C 134.А, App. A, Table 16.1 
complete App. A, Table 161 
of the first kind 134.A, App. A, Table 16.1 
of the first kind, complete 134.В 
of the first kind, incomplete 134.B 
of the second kind 134.A, App. A, Table 16.1 
of the second kind, complete 134.С 
of the third Кіпа 134.А, App. A, Table 16.1 
elliptic integrals and elliptic functions App. A, 
Table 16 
elliptic irrational function 134.A 
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elliptic modular group 122.D 
elliptic motions 55.А 
elliptic operator 323.H 
microlocally 345.А 
strongly 323.H 
elliptic paraboloid 350.В 
of revolution 350.В 
elliptic point 
(ofa Fuchsian group) 122.C 
(on a surface) 111.H 
elliptic quadric hypersurface 350.G 
elliptic singularity 418.C 
minimally 418.С 
elliptic space 285.С 
elliptic surface 72.K 
elliptic theta function 13411, App. A, Table 16.II 
elliptic transformation 74.Е 
elliptic type 323.A,D 
(Lie algebra) 191.D 
partial differential equation of 323, App. A, 
Table 15.VI 
elongation strain 271.G 
embedded 
(into a topological space) 425.J 
hyperbolically 21.0 
embedded Markov chain 260.H 
embedded primary component (of an ideal) 67.F 
embedded prime divisor (of an ideal) 67.Е 
embedding 105.К 
(of categories) 52.H 
(of a C?-manifold) 105.K 
(of a topological space) 425J 
formula of, form 303.р 
generalized Borel 384.D 
PL 65.D 
regular 105.K 
Tanaka 384.D 
toroidal 16.Z 
torus 167 
embedding principle (in dynamic programming) 
127.B 
embedding theorem 
full (of an Abelian category) 52.N 
Irwin 65.D 
Menger-Nobeling 117.D 
Sobolev-Besov 168.В 
Tikhonov 425.T 
Emden differential equation 291.F 
Emden function, Lane- 291.F 
emission 325.A 
backward 325.А 
forward 325.A 
empirical characteristic function 396.С 
empirical constant 19.F 
empirical distribution function 250.Е 374.E 396.C 
empirical formula 19.Е 
empiricism, French 156.C 
empty set 33.B 381.A 
axiom of 33.B 
enantiomorphic pair 92.A 
enantiomorphous 92.A 
encoder 213.D 
encoding 63.A 
end 
(ofanarc) 93.B 
(of a noncompact manifold) 178.F 
(ofasegment) 155.B 
(of a segment in an affine space) 7.D 
Heins 367.E 


1977 


lower (of a curvilinear integral) 94.D 
upper (of a curvilinear integral) 94.D 
endogenous variable 128.C 
endomorphism 
(of an algebraic system) 409.C 
(ofa group) 190.D 
(of a polarized Abelian variety) 3.6 
(of a probability space) 136.E 
(ofaring) 368.D 
anti- (ofa group) 190.D 
anti- (ofa ring) 368.D 
aperiodic 136.E 
entropy of 136.E 
exact (of a measure space) 136.E 
periodic (at a point) 136.E 
ring of (of an Abelian variety) З.С 
endomorphism ring 
(of an Abelian variety) 3.C 
(ofa module) 277.В 368.C 
endpoint 
(of an ordinary curve) 93.С 
left (of an interval) 355.C 
right (of an interval) 355.C 
end vertex 186.B 
energy 195.B 338.B 
binding 351.D 
free 340.В 402.G 
Gibbs free 419.C 
Helmholtz free 419.C 
internal 419.A 
kinetic 271.C 351.D 
mean 402.G 
mean free 340.В 402.G 
mutual 338.B 
potential 271.C 
rest 359.C 
total 271.C 
energy density 195.B 
energy equation (for a fluid) 205.A 
energy function 126.L 279.F 
energy inequality 325.C 
energy integral 420.A 
energy minimum principle 419.C 
Gibbs 419.C 
energy-momentum 4-vector 258.С 
energy-momentum operator 258.D 
energy-momentum tensor 150.В 359.D 
energy principle 338.D 
energy spectrum function 433.C 
energy spectrum tensor 433.C 
energy surface 126.L 402.C,G 
Enestróm theorem, Kakeya- (on an algebraic equa- 
tion) 10.E 
Engel theorem 248.Е 
engulfing lemma 65.С 
enlargement 293.B 
Enneper formula, Weierstrass- 275.A 
Enneper surface 275.B 
Enriques surface 72.K 
ensemble 402.D 
canonical 402.D 
grand canonical 402.D,G 
microcanonical 402.D 
Enskog method 217.N 
enthalpy 419.C 
enthalpy minimum principle 419.C 
entire algebroidal function 17.B 
entire function 429.4 
rational 429.A 
transcendental 429.A 


Subject Index 
Equation(s) 


entire linear transformation 74.Е 
entrance 281.C 
entrance boundary (of a diffusion process) 115.B 
entrance boundary point 2601 
entropy 212.B 
(ofanendomorphism) 136.Е 
(in information theory) 213.B 
(in statistical mechanics) 402.В 
(in thermodynamics) 419.A 
closed system 402.G 
completely positive 136.E 
conditional 213.B 
ofa distribution 403.B 
of the endomorphism ф 136.E 
£- (of source coding theorem) 213.E 
maximal 136.C,H 
mean 402.G 
open system 402.G 
ofa partition 136.E 
relative 212.B 
topological 136.H 
topological, of f with respect tox | 126.K 
entropy condition 204.6 
entropy conjecture 126.K 
entropy maximum principle 419.A 
entropy production, equation of 205.A 
entry (of a matrix) 269.A 
enumerable predicate, recursively 356.D 
enumerable set, recursively 356.D 
enumerating predicate 356.Н 
enumeration method, implicit 215.D 
enumeration theorem 356.H 
Pólya's 66.E 
envelope 
(of a family of curves) 93.1 
ofholomorphy 21.F 
injective 2001 
lower 338.М 
upper (of a family of subharmonic functions) 
193.R 
envelope power function 400.F 
enveloping algebra 231.A 
special universal (of a Jordan algebra) 231.C 
universal (of a Lie algebra) 248J 
enveloping surface 1111 
enveloping von Neumann algebra 36.G 
epicycloid 93.H 
epidemiology 40.E 
epimorphism (in a category) 52.D 200.0 
epitrochoid 93.H 
Epstein zeta function 450.K 
equality 
Chapman-Kolmogorov 261.A 
Jacobe-Beihler 328 
Parseval 18.В 159.А 160.C 192.K 197.C 
200.B,C,E 
equal weight, principle of 402.D 
equation(s) 
Abelian 172.G 
adjoint differential 252.K 
algebraic 10, App. A, Table 1 
algebraic differential 113 288.A 
approximate functional (for zeta function) 
450.B 
basic 320.E 
Bellman 405.В 
bifurcation 286.V 
binomial 10.C 
biquadratic App. A, Table 1 
Boltzmann 41.A 402.B 


Subject Index 
Equation(s) 


Boussinesq 387.F 

Briot-Bouquet differential 288.В 

Callan-Symanzik 361.B 

canonical 324Е 

canonical forms of the (of surfaces) 350.B 

Cauchy-Riemann (differential) 21.С 198.A 
274.G 320.F 

characteristic (for a homogeneous system of 
linear ordinary differential equations) 252J 

characteristic (of a linear difference equation) 
104. E 

characteristic (of a linear ordinary differential 
equation) 252.E 

characteristic (of a matrix) 269.F 

characteristic (of an autonomous linear system) 
163.F 

characteristic (of a partial differential equation) 
320.D 

characteristic (of a partial differential equation 
of hyperbolic type) 325.А,Е 

Chaplygin differential 326.В 

Chapman-Kolmogorov 260.А 261.A 

Charpit subsidiary 82.С 320.D 

of Codazzi 365.C 

Codazzi-Mainardi 111.H, App. A, Table 41 

of a conic section 78.C 

of a conic section, canonical form of 78.C 

of continuity 130.A 204.B 205.A 

cubic 10.D, App. A, Table 1 

cyclic 172.G 

delay-differential 163.A 

ае Rham 274.G 

difference — difference equation 

difference-differential 163.A 

differential — differential equation(s) 

diffusion-convection 304.B 

Diophantine 118.A 

Dirac 377.С 415.G 

DLR 402.G 

eikonal 324.Е 325.L 

energy (fora fluid) 205.A 

of entropy production 205.A 

Ernst 359.D 

estimating 399.P 

Euler (calculus of variations) 46.B 

Euler (of a perfect fluid) 204.E 

Euler, of motion (of a perfect fluid) 205.A 

Euler differential (dynamics of rigid bodies) 
271.E 

Euler-Lagrange 46.B 

evolution 378.G 

exterior field 359.D 

field 150.B 

Fokker-Planck 4021 

functional — functional equation 

functional-differential 163.A 

Galois 172.6 

of Gauss (on an isometric immersion) 365.С 

Gauss (on surfaces) 111.H 

Gel'fand-Levitan-Marchenko 287.C 387.D 

general] 172.G 

general Navier-Stokes | 204.F 

Hamilton differential 324.Е 

Hamilton-Jacobi 108.В 

Hamilton-Jacobi differential 271.F 324.E 

heat 327.А, App. A, Table 15.VI 

of heat conduction 327.A 

Hill determinantal 268.В 

indicial 254.C 

induction 259 


1978 


integral — integral equation(s) 

integrodifferential 163.А 222 

integrodifferential, of Fredholm type 222.A 

integrodifferential, of Volterra type 222.A 

interior field 359.D 

Kadomtsev-Petvyashvili 387.F 

Кау 387.B 

Kepler 309.B 

Klein-Gordon 377.С 415.G 

Kolmogorov backward 115.A 260.F 

Kolmogorov forward 115.А 260.F 

KGnigs-Schréder 44.B 

Korteweg-de Vries 387.А 

Lagrange, of motion 271.F 

Landau 146.С 

Landau-Nakanishi 146.C 

Langevin 45.1 402.K 

Lewy-Mizohata . 274.G 

likelihood 399.M 

linear 10.D 

linear, system of 269.M 

linear integral 217.A 

linear ordinary differential 252.А 

linear structure, system 128.С 

Lippman-Schwinger 375.C 

local (of a divisor on an open set) 16.M 

logistic 263.A 

master 402.1 

matrix Riccati differential 86.E 

Maxwell 130.A 

microdifferential 274.G 

minimal surface 275.A 

of motion (of a fluid) 205.A 

of motion (of a model) 264 

of motion (in Newtonian mechanics) 271.А 

of motion (of a particle in a gravitational field) 
359.D 

of motion, Euler (of a perfect fluid) 205.B 

of motion, Heisenberg 351.D 

of motion, Lagrange 271.F 

natural (of a curve) 111.D 

natural (of a surface) 110.A 

Navier-Stokes 204.B 205.C 

normal (in the method of least squares) 403.E 
302.E 397.J 

ordinary differential — ordinary differential 
equation(s) 

of oscillation App. A, Table 15.VI 

Painlevé 288.С 

parabolic cylindrical App. A, Table 14.II 

partial differential — partial differential 
equation(s) 

Pel 118A 

Pfaffian 428.A 

Pfaffian, system of 428.A 

Poisson 338.A 

Prandtl boundary layer 205.С 

Prandtl integrodifferential 222.C 

pressure 205.B ; 

primitive 172.G 

quadratic 10.D, App. A, Table 1 

quartic 10.D, App. A, Table 1 

radial 315.E 

random Schródinger 340.Е 

of a rarefied gas 41.A 

rational differential 288.A 

reciprocal 10.C 

regular local (at an integral point) 428.E 

renewal 260.C 

renormalization 111.B 


1979 


resolvent 251.F 
retarded differential 163.A 
Ricci 365.C 
Schlesinger 253.E 
Schrédinger 351.D 
secular 55.В 269.F 
self-adjoint differential 252.К 
self-adjoint system of differential 252.K 
Sine-Gordon 387.А 
singular integral 217.J 
of sound propagation 325.A 
specialfunctional 388 
of state 419.А 
structure (of an affine connection) 417.B 
structure (for a curvature form) 80.G 
structure (for a torsion form) 80.H 
of structure (of a Euclidean space) 111.B 
of structure (for relative components) 110.A 
system of 10.A 
system of linear ordinary differential 252.6 
telegraph 325.A, App. A, Table 15.III 
time-dependant Schrédinger 351.D 
time-independant Schródinger 351.D 
transport 325.L 
two-dimension KdV 387.Е 
variational 316.Е 394.C 
of a vibrating membrane 325.A 
ofa vibrating string 325.А 
wave 325.A 446.A, App. A, Table 15.III 
Wiener-Hopf integrodifferential 222.C 
Yang-Mills 80.0 
Yule-Walker 421.D 
equator (ofasphere) 140 
equiangular spiral 93.H 
equianharmonic range of points 343.р 
equicontinuous (family of mappings) 435.D 
equicontinuous group of class (C°)  378.C 
equicontinuous semigroup of class (C?) 378.В 
equidistant hypersurface (in hyperbolic geometry) 
285.C 
equilateral hyperbola 78.Е 
equilateral hyperbolic coordinates 90.C, App. A, 
Table 3.V 
equilateral triangle solution  420.B 
equilibrium, Nash 173.С 
equilibrium figures 55.D 
equilibrium Gibbs distribution 136.С 
equilibrium mass distribution 338.К 
equilibrium point 
(ofaflow) 126.D 
(in an N-person differential game) 108.C 
(in a two-person zero-sum game) 173.C 
equilibrium potential 260.D 
equilibrium principle 338.K 
equilibrium state 136.Н 340.B 419.A 
equilibrium statistical mechanics 402.A 
equilibrium system, transformation to 82.D 
equilong transformation 76.В 
equipollent sets 49.A 
equipotential surface 193.) 
equipotent sets 49.A 
equivalence 
(of categories) 52.H 
(in a category) 52.D 
(of complexes) 200.H 
(of coverings) 91.A 
anti- (of categories) 52.H 
chain 200.Н 
cochain 200.F 
combinatorial 65.A 


Subject Index 
Equivalent 


C- 126В 

CR- 344A 

homotopy 202.F 

Kakutani 136.F 

Lax, theorem 304.F 

natural 52J 

principle of (in insurance mathematics) 214.A 
principle of (in physics) 359.D 

simple homotopy 65.C 

topological 126.B 


equivalence class 135.B 


linear (of divisors) 16.M 


equivalence properties 135.A 
equivalence relations 135 358.A 


proper (in an analytic space) 23.E 


equivalent 


(additive functionals) 261.Е 

(arc) 246.A 

(coordinate bundle) 147.B 

(covering) 91.A 

(extension by a C*-algebra) 36 
(fiber bundle) 147.B 

(formula) 411.E 

(functions with respect to a subset of C") 21.E 
(G-structures) 191.A 

(knot) 235.A 

(linear representation) 362.C 
(measure) 225J 

(methods of summation) 379.1. 
(proposition) 411.B 

(quadratic form) 348.А 

(quadratic irrational numbers) 182.G 
(relation) 135.B 

(space group) 92.A 

(stochastic process) 407.A 

(surfaces in the sense of Fréchet) 2461 
(system of neighborhoods) 425.E 
(unfolding) 51.E 

(unitary representation) 437.A 
(valuation) 439.B 

(word) 31.B 

algebraically (cycles) 16.R 
algebraically, to 0 16Р 
arithmetically 92.В 276.D 

C- 114H 

certainty 408.В 

chain 200.C 

y 431Е 

combinatorially 65.A 

conformally 77.A 191.B 367.A 
countably (under a nonsingular bimeasurable 
transformation) 136.С 

C'- 126.В 

elementarily 276.D 

fiber homotopy (vector bundles) 237.1 
finitely (under a nonsingular bimeasurable 
transformation) 136.C 

flow 126.B 

T- (points) 122A 

geometrically 92.B 

homotopy (systems of topological spaces) 
202.F 

k- (C?-manifolds) 114.F 

linearly (divisors) 16.M 72.F 

locally (G-structure) 191.H 
numerically (cycles) 16.Q 

D-linearly, divisors 9.F 

Q- 126H 

(PL) 65.D 

properly (binary quadratic forms) 348.M 


Subject Index 
Equivalent affinity 


pseudoconformally 344.А 
quasi- (unitary representations) 437.C 
rationally (cycles) 16.R 
right 51.C 
simple homotopy 65.C 
stably (vector bundles) 237.В 
stably fiber homotopy (vector bundles) 237.1 
topologically 126.B,H 
uniformly (uniform spaces) 436.E 
unitarily (self-adjoint operators) 390.G 
equivalent affinity 7.E 
equivariant Atiyah-Singer index theorem 237.Н 
equivariant cohomology 431.D 
equivariant J-group 431.F 
equivariant J-homomorphism  431.F 
equivariant K-group 237.H 
equivariant mapping (map) 431.A 
equivariant point (of a mapping) 153.В 
equivariant point index (of a mapping) 153.В 
Eratosthenes’ sieve 297.B 
Erdós theorem, Chung- 342.В 
ergodic 
(Markov chain) 260.J 
(transformation) 136.B 
ergodic capacity 213.F 
ergodic class 260.B 
positive recurrent 260.B 
ergodic decomposition (of a Lebesgue mcasurc 
space) 136.H 
ergodic homeomorphism 
strictly 136 H 
uniquely 136.H 
ergodic hypothesis 136.A 402.C 
ergodic information source 213.С 
ergodic lemma, maximal 136.B 
ergodic Szemerédi theorem 136.C 
ergodic theorem  136.A,B 
Abelian 136.В 
dominated 136.В 
individual 136.B 
local 136.B 
mean 136.В 
multiplicative 136.B 
pointwise 136.B 
ratio 136.B 
subadditive 136.В 
ergodic theory 136 342.A 
Erlang distribution, k- 260.1 
Erlangen program 137 
Ernst equation 359.D 
error(s) 138.А 
accumulated 138.C 
burst 63.E 
discretization 303.B 
of the first kind 400.А 
ofinput data 138.B 
local truncation 303.E 
mean square 399.Е 403.E 
propagation of 138.C 
roundoff 138.В 303.B 
of the second kind 400.А 
theory of 138.A 
truncation 138.B 303.B 
error analysis 138 
backward 302.В 
error constant. 303.E 
error-correcting 63.А 
error-correcting capability 63.В 
error-detecting 63.A 
error estimate, one-step-two-half-steps 303.0 


1980 


error function 167.D, App. A, Table 19.II 
error matrix 405.6 
error probability 213.D 
error space 403.E 
error sum of squares (with n —s degree of freedom) 
403.E 
errorterm 403.D 
error vector 102.A 
essential (conformal transformation group) 364.F 
essentially bounded (measurable function) 168.B 
essentially complete class 398.В 
essentially normal 390.1 
essentially self-adjoint 251.Е 390.1 
essentially singular point (with respect to an analytic 
set) 21.M 
essentially unitary 390.1 
essential part 2601 
essential singularity 
(of an analytic function in the wider sense) 
198.P 
(of a complex function) 198.D 
essential spectrum 390.Е,Н 
essential support (of a distribution) 274.D 
essential supremum (of a measurable function) 
168.B 
Estes stimulus sampling model 346.G 
estimable (parametric function) 399.C 
estimable parameter 403.E 
linearly 403.E 
estimate 399.В 
a priori 323.C 
nonrandomized 399.B 
one-step-two-half-steps error 303.D 
Schauder 323.C 
estimating equation 399.P 
estimating function 399.Р 
likelihood 399.M 
estimating parameters, design for 102.М 
estimation 
Hadamard App. A, Table 8 
interval 399.Q 401.C 
point 371.H 399.B 401.C 
region 399.0 
statistical 399.A, App. A, Table 23 
estimation space 403.E 
estimator 399.В 
asymptotically efficient 399.3 
BAN 399.K,N 
based on an estimating function 399.P 
Bayes 399.Е 
best asymptotically normal 399.K 
best invariant 3991 
best linear unbiased 403.Е 
CAN 399.K 
consistent 399.К 
consistent and asymptotically normal 399.K 
efficient 399.D 
first-order asymptotic efficient 399.0 
first-order efficient 399.0 
generalized least squares 403.Е 
invariant 399] 
kth-order AMU 3990 
kth-order asymptotically median unbiased 
399.0 
L- 371.H 
least squares 403.E 
M- 371.H 
maximum likelihood 399.М 
mean unbiased 399.С 
median unbiased 399.С 


1981 


ML 399.M 
modal unbiased 399.С 
moment method 399.L 
Pitman 399.G 
R- 371.H 
randomized 399.В 
ratio 373.C 
state 86.E 
Stein shrinkage 399.G 
superefficient 399.3 
ОМУ unbiased 399.C 
unbiased 399.С 
uniformly minimum variance unbiased 399.С 
eta function 
(of a Riemann manifold) 391.L 
Dedekind 328.А 
étale morphism  16.F 
étale neighborhood 16.АА 
étale site 16.AA 
étale topology 16.AA 
Euclid axiom 139.A 
Euclidean algorithm 297.А 
of polynomials 337.0 
Euclidean cell complex 70.B 
Euclidean complex 70.В 
Euclidean connection 364.B 
manifold with 109 
Euclidean distance 139.E 
Euclidean field 150.F 
Euclidean field theory 150.F 
Euclidean geometry 139 
n-dimensional 139.B 181 
non- —-non-Euclidean geometry 285 
in the wider sense 139.B 
Euclidean group, locally 423.M 
Euclidean Markov field theory 150.F 
Euclidean method 150.F 
Euclidean polyhedron 70.B 
Euclidean simplicial complex 70.В 
Euclidean space(s) 140 
locally 259.В 425.V 
non- 285.A 
theorem on invariance of dimension of 117.D 
Euclidean space form 412.H 
Euclidean type (building) 13.R 
Euclid ring 67,1, 
Euler, L. 141 
Euler angles 90.C, App. A, Table 3.V 
Euler characteristic (of a finite Euclidean cellular 
complex) 201.B 
Euler class (of M) 201.N 
Euler constant 174.A 
Euler criterion 297.Н 
Euler differential equation (dynamics of rigid 
bodies) 271.E 
Euler equation 
(calculus of variations) 46.B 
(of a perfect fluid) 204.E 
Euler equation of motion (of a perfect fluid) 205.A 
Euler formula 131.G 
Euler function 295.C 
Euler graph 186.F 
Euler infinite product expansion 450.B 
Euler integral 
of the first kind 174.C 
of the second kind 174.A 
Euler-Lagrange differential equation 46.B 
Euler linear ordinary differential equation App. A, 
Table 14.I 
Euler-Maclaurin formula 379.J 


Subject Index 
Exact 


Euler method 
of describing the motion of a fluid 205.A 
of numerical solution of ordinary differential 
equations 303.Е 
summable by 379.Р 
ofsummation 379.Р 
Euler number 177.C 201.B, App. B, Table 4 
Euler path 186.F 
Euler-Poincaré characteristic 16.E 201.B 
Euler-Poincaré class 56.В 
(of a manifold) 56.F 
universal 56.В 
Euler-Poincaré formula 201.B,F 
Euler polynomial 177.C 
Euler product 450.В 
Euler relation 419.B 
Euler square 241.B 
Euler summation formula 295.Е 
Euler theorem on polyhedra 201.F 
Euler transformation (of infinite series) 3791 
evaluable (locally convex space) 4241 
evaluation and review technique program 376 
Evans-Selberg theorem 48.Е 338.H 
Evans theorem 48.E 
even element (of a Clifford algebra) 61.B 
even function 165.B 
even half-spinor 61.E 
even half-spin representation 61.Е 
even-oddness conservation laws | 150.D 
even permutation 151.G 
even state 415.H 
event(s) 281.D 342.B 
complementary 342.B 
delayed recurrent 260.C 
elementary 342.B 
exclusive 342.B 
impossible 342.B 
independent 342.B 
inferior limit 342.B 
intersection of 342.B 
measurable 342.В 
probability of an 342.В 
with probability 1 342.B 
product 342.B 
random 342.В 
recurrent 250.D 260.C 
space ofelementary 342.B 


sum 342.В 

superior limit 342.В 
sure 342.B 
symmetric 342.G 
tail 342.B 


event commutativity 346.G 
event horizon 359.D 
Everett formula (for functions of two variables) 
App. A, Table 21 
Everett interpolation formula App. A, Table 
21 
everywhere 
almost 270.D 342.D 
nearly 338.F 
quasi- 338.F 
evolute (ofa curve) 111.Е 
evolution equation 378 
evolution operator 378.G 
holomorphic 378.1 
exact 
(additive covariant functor) 2001 
(differential on a Riemann surface) 367.H 
(endomorphism) 136.Е 


Subject Index 
Exact differential equation 


(in Galois cohomology) 172.J 
(in sheaftheory) 383.C 


half- 200.I 
left- 200.1 
right- 2001 


exact differential equation App. A, Table 14.I 
exact differential form 105.0 
exact functor 52.N 
exact sampling theory 401.F 
exact sequence 
(of A-homomorphisms of A-modules) 277.E 
of cohomology 200.F 
cohomology 201.L 
of Ext 200.G 
fundamental (on cohomology groups) 200.M 
Gysin (of a fiber space) 148.E 
of homology 200.C 
homology (of a fiber space) 148.E 
homology (for simplicial complexes) 201.L 
homotopy 202.L 
homotopy (of a fiber space) 148.D 
homotopy (of a triad) 202.M 
homotopy (of a triple) 2021. 
Mayer-Vietoris (for a proper triple) 201.С 
Puppe 202.G 
reduced homology 201.F 
relative Mayer-Vietoris 201.L 
(R, S)- (of modules) 200.K 
short 2001 
of Tor 200.D 
Wang (of a fiber space) 148.E 
exceptional 
(Jordan algebra) 231.A 
(leaf) 154.D 
exceptional compact real simple Lie algebra 248.T 
exceptional compact simple Lie group 249.1. 
exceptional complex simple Lie algebra 248.5 
exceptional complex simple Lie group 249. М 
exceptional curve 15.G 
of the first kind 15.6 
of the second кіпа 15.G 
exceptional function, Julia 272.F 
exceptional orbit 431.C 
exceptional sets 192.R 
exceptional value 
(of a transcendental entire function) 429.B 
Borel 272.E 
Nevanlinna 272.E 
Picard 272.E 
excess 178.H, App. A, Table 6.III 
coefficient of 341.H 396.C 
spherical 432.B 
total 178.H 
excessive (function) 260.D 261.D 
&- 261.D 
excessive measure 261.F 
exchange 420.D 
exchange of stability 286.T 
excision isomorphism 201.F,L 
excluded middle, law of 156.С 411.L 
exclusive events 342.B 
exhaustion 178.F 
existence theorem 
(in class field theory) 59.С 
(for ordinary differential equations) 316.C 
Cartan-Káhler 191.1 428.E 
Cauchy 320.B 
Cauchy-Kovalevskaya 321.А 
existential proposition 411.B 
existential quantifier 411.C 


1982 


exit 281.C 
exit boundary (of a diffusion process) 115.B 
exit boundary point 2601 
exit time 261.В 
exogenous variable 128.C 
exotic sphere 114.В 
exp A (exponential function of matrix A) 269.H 
expansion 65.C 
asymptotic 30.A, App. A, Table 17.1 
asymptotic (of a pseudodifferential operator) 
345.A 
Cornish-Fisher 374.F 
Edgeworth 374.F 
е 36LC 
Laurent 198.D 
method of matched asymptotic 112.B 
Minakshisundaram-Pleijel asymptotic 391.B 
orthogonal 317.A 
partial wave 375.E 386.B 
Taylor (of an analytic function of several vari- 
ables) 21.B 
Taylor (of a holomorphic function) 339.A 
Taylor, and remainder App. A, Table 9.IV 
Taylor, formal 58.С 
expansion coefficient 317.A 
expansion formula, 4- 1341 
expansion method 205.B 
expansion theorem 306.B 
Hilbert-Schmidt 217.H 
Laplace (on determinants) 103.D 
expansive 126J 
expectation 115.B 342.C 
conditional 342.E 
mathematical 341.B А 
expectation value (of an operator) 351.В 
expected amount of inspection 404.C 
expected value (of a random variable) 342.C 
experiment(s) 
design of 102 
factorial 102.H 
S*factorial 102.H 
Statistical 398.G 
experimental analysis 385.A 
experimentation model 385.А 
explanatory variable 403.D 
explicit 
(difference equation in a multistep method) 
303.E 
(Runge-Kutta method) 303.D 
explicit function 165.C 
explicit method 303.Е 
explicit reciprocity laws 14.R 
explicit scheme 304.Е 
exploratory procedures 397.Q 
exploring a response surface, designs for 102.M 
explosion, Q- 126.J 
explosion time 406.D 
exponent 
(of an Abelian extension) 172.F 
(of an algebra class) 29.E 
(ofa finite group) 362.G 
(of a Kummer extension) 172.F 
(ofa power) 131.B 
(of a regular singular point) 254.C 
(of a stable distribution) 341.G 
characteristic (of an autonomous linear system) 
163.F 
characteristic (of the Hill differential equation) 
268.B 
characteristic (of a variational equation) 394.C 
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conjugate 168.C 
of convergence 429.B 
critical 111.C 
integral 167.D 
one-sided stable process of 5.F 
of the stable process 5.F 
subordinator of 5.F 
exponential curve 93.H 
exponential dichotomy 290.B 
exponential distribution 341.D, App. A, Table 22 
two-sided App. A, Table 22 
exponential family of distributions 396.G 
exponential formula 286.Х 
double 299.B 
exponential function 131.D 
with the basea 131.B 
ofan operator 306.C 
exponential generating function 177.A 
exponential group 437.0 
exponential Hilbert space 377.D 
exponential integral 167.D, App. A, Table 19.II 
exponential lattice 287.А 
exponential law (on cardinal numbers) 49.C 
exponentially decreasing Fourier hyperfunction 
125.BB 
exponentially decreasing real analytic function 
125.BB 
exponentially stable 163.G 394.B 
exponential mapping 
(of a Lie algebra into a Lie group) 249.Q 
(of a Riemannian manifold) 178.А 364.C 
exponential method, Borel 379.0 
exponential series 131.р 
exponential valuation 439.B 
p-adic 439.F 
exposed, strongly 443.H 
expression 
field of rational 337.H 
rational 337.H 
expx 131.D 
Ext 200.G 
exact sequence of 200.G 
Ext groups 200.G 
ExtR(A, В) 200K 
Ext)(M,N) 200.G 
extended Dynkin diagram App. A, Table 5.1 
extended hypergeometric function, Barnes 206.С 
extended real number 87.Е 
extension 
(ofa connection) 80.Е 
(of a field) 149.В 
(of a fractional ideal) 141 
(ofa group) 190.N 
(of an ideal of compact operators) 36.) 390.J 
(of an isomorphism of subfields) 149.D 
(ofa mapping) 381.C 
(of modules) 200.K 
(of an operator) 251.B 
(of a solution of an ordinary differential 
equation) 316.C 
(of a valuation) 439.B 
Abelian (of a field) 172.B 
algebra 200.1, 
algebraic (of a field) 149.Е 
Artin-Schreier (of a field) 172.F 
basic Z- 141, 
central (ofa group) 190.N 
of the coefficient ring 29.A 
cone 65.D 
cyclic (of a field) 172.B 


Subject Index 
External (in nonstandard analysis) 


cyclotomic 2,- 141, 
elementary 276.D 
finite 149.Е 
Friedrichs 112.1 251.E 
Galois 172.B 
T- 141 
group 200.M 
inseparable (of a field) 149.H 
Kummer (of a field) 172.F 
Lebesgue 270.D 
linear (of a rational mapping to an Abelian 
variety 9.E 
maximal Abelian 257.F 
maximal separable (of a field) 149.H 
natural (of an endomorphism) 136.E 
normal 149.G 251.K 
p- (of a field) 59.F 
p-adic 439.F 
purely inseparable (of a field) 149.H 
Pythagorean (of a field) 155.C 
regular (of a field) 149.K 
scalar(ofan algebra) 29.A 
scalar (of an A-module) 277.L 
scalar (of a linear representation) 362.F 
separable (of a field) 149.H,K 
separably generated (of a field) 149.K 
simple (of a field) 149.D 
split (ofa group) 190.N 
strong (of a differential operator) 112.E,F 
transcendental 149.E 
transitive (of a permutation group) 151.H 
unramified 141 257.D 
weak (of a differential operator) 112.E,F 
Z- 14L 
extensionality, axiom of (in axiomatic set theory) 
33.B 
extension field 149.B 
Picard-Vessiot 113 
strongly normal 113 
extension theorem 
first (in the theory of obstructions) 305.B 
Hahn-Banach 37.F 
Hopf (in measure) 270.E 
Kolmogorov 3411 
second (in the theory of obstructions) 305.С 
third (in the theory of obstructions) 305.C 
Tietze 425.Q 
Whitney 168.B 
extensive thermodynamical quantity 419.A 
exterior 
(ofan angle) 155.B 
(ofa polygon) 155.F 
(ofa segment) 155.B 
(of a subset) 425.N 
exterior algebra (of a linear space) 256.0 
exterior capacity, Newtonian 48.H 
exterior derivative (of a differential form) 105.0 
exterior differential form of degreer 105.0 
exterior field equation 359 
exterior point (of a subset) 425.N 
exterior power, p-fold 
(ofa linear space) 256.0 
(of a vector bundle) 147.F 
exterior problem (for the Dirichlet problem) 120.A 
exterior product 
(of differential forms) 105.Q 
(of elements of a linear space) 256.0 
(of a p-vector and a q-vector) 256.0 
(of two vectors) 442.C 
external (in nonstandard analysis) 293.B 


Subject Index 
External irregular point 


external irregular point 338.L 
externallanguage 75.C 
externallaw of composition 409.A 
externally stable set 1861 
external product 200.K. 
external space (in the static model in catastrophe 
theory) 51.B 
external variable 264 
extinction probability 44.В 
extrapolation 176.K 223.A 
extrapolation method 
polynomial 303.F 
rational 303.F 
extremal (Jordan curve) 275.C 
extremal distance 143.В 
reduced 143.B 
extremal function, Koebe 438.С 
extremal horizontal slit mapping 367.6 
extremal length 143 
defined by Hersch and Pfluger 143.А 
with weight 143.B 
extremal quasiconformal mapping 352.С 
extremal vertical slit mapping 367.G 
extremely disconnected 37.М 
extreme point 
of a convex set 89.А 
of a subset of a linear space 424.V 
extremum 
conditional relative (of a function) 106.L 
relative (of a function) 106.L 


F 


f (cardinal number of all real-valued functions 
on [0,1]) 49.A 
F, (finite field with q elements) 450.Q 
f-metric 136.Е 
fy-metric 136.Е 
F-compactification 207.C 
F-distribution 341.D 374.B, App. A, Table 22 
noncentral 374.B 
F-free (compact oriented G-manifold) 431.Е 
F-test 400.G 
(Е, F')-free (compact oriented G-manifold) 431.G 
Е, set 270.C 
(F)-space 4241 
face 
(ofa complex) 13.R 
(ofa convex cell) 7.D 
ith (of a singular q-simplex) 201.E 
q- (of an n-simplex) 70.В 
face operator (in a semisimplicial complex) 70.Е 
factor 
(of an element of a ring) 67.H 
(of a factorial experiment) 102.H 
(of a von Neumann algebra) 308.Е 
ofautomorphy 32А 
composition (in a composition factor series in 
agroup) 190.G 
determinant (of a matrix) 269.E 
direct (of a direct product of sets) 381.E 
direct (ofa group) 190.L 
Dirichlet discontinuous App. A, Table 9.V 
first (of a class number) 14.L 
integrating App. A, Table 141 
Krieger 3081 
p- (of an element of a group) 362.I 
Powers 3081 
proper (of an element of a ring) 67.H 
second (of a class number) 14.L 
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Ulm (of an Abelian p-group) 2.D 
factor A-module 277.С 
factor analysis 280.G 
factor analysis model 403.C 
factor group 190.C 
factorial 330, App. A, Table 17.П 
Jordan 330 
factorial cumulant 397.G 
factorial cumulant generating function 397.G 
factorial design 102.Н 
balanced fractional 1021 
fractional 102.1 
orthogonal fractional 102.1 
factorial effect 102.H 
factorial experiment 102.H 
S* 102.H 
factorial function 174.A 
factorial moment 397.G 
factorial moment generating functions 397.G 
factorial series 104.Е 121.E 
factorization 
incomplete 302.С 
regular 251.N 
triangular 302.B 
factorization method 206.B 
factorization theorem 
(of an H?-function) 43.F 
Neyman 396.F 
unique (in an integral domain) 67.H 
factor loading 280.G 346.F 
factor representation 
of a topological group 437.E 
of type I, Н, or III 437.E 
factor ring 368.E,F 
factor score 280.G 346.F 
factor set(s) 
(in cohomology of groups) 200.M 
(of a crossed product) 29.D 
(in extensions of groups) 190.N 
(of a projective representation) 362.J 
associated (in extensions of groups) 190.N 
factor transformation (of a measure-preserving 
transformation) 136.D 
Faddeev-Popov ghost 132.С 150.G 
fading memory 1631 
faithful 
(functor) 52.H 
(linear representation) 362.C 
(permutation representation) 362.B 
(weight on a von Neumann algebra) 308.D 
fully (functor) 52.H 
faithfully flat A-module 277.K 
faithfully flat morphism 16.D 
false 411.E 
regular 301.C 
false position, method of 301.C 
family 165.D 
algebraic (of cycles on an algebraic variety) 
16.R 
of compact complex manifolds 72.G 
of confocal central conics 78.Н 
of confocal parabolas 78.Н 
of confocal quadrics 350.E 
covering 16.AA 
crystal 92.B 
directed 165.D 
equicontinuous (of mappings) 435.D 
exponential, of distributions 396.6 
of frames (on a homogeneous space) 110.A 
of frames of order 1 110.B 
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of functions 165.B,D 
of functions indexed by a set 165.В 
indexed by a set 165.D 
of mappings 165.D 
normal (of functions) 435.E 
parameter space 72.G 
of points 165.0 
of quasi-analytic functions 58.А 
quasinormal (of analytic functions) 435.E 
separating 207.C 
ofsets 165.D 381.B,D 
of sets indexed by a set 381.D 
tight (of probability measures) 341.F 
uniform, of neighborhood system 436.0 
fan 16.4 
Fannes-Verbeure inequality, Roebstorff- 402.6 
FANR 382.C 
FAR 382.C 
Farcy arc 4.B 
Farey dissection 4.B 
Farey sequence 4В 
Farkas theorem, Minkowski- 255.B 
fast Fourier transform 142.D 
fast wave 259 
Fatou theorem 
on bounded functions in a disk 43.D 
on the Lebesgue integral 221.C 
favorable a priori distribution, least 398.Н 
F.D.generator 136.E 
F.D. process 136.E 
feasible (flow) 281.B 
feasible directions, method of (in nonlinear 
programming) 292.E 
feasible region 264.В 292.A 
feasible solution 255.A 264.B 
basic 255.A 
feedback control 405.С 
Fefferman-Stein decomposition 168.B 
Feit-Thompson theorem (on finite groups) 151.D 
Fejér kernel 159.C 
Fejér mean 159.C 
Fejér theorem 159.С 
Feller process 261.B 
Feller transition function 261.B 
Fermat, Р. de 144 
last theorem of 145 
Fermat number 297.F 
Fermat principle I80.A 441.C 
Fermat problem 145 
Fermat theorem 297.G 
fermions 132.A 351.H 
Fermi particle 132.A 
Fermi statistics 377.В 402.E 
Ferrar formula, Dixon- App. A, Table 19.IV 
Ferrari formula App. A, Table 1 
Feynman amplitude 146.B 
Feynman diagram 146.В 
Feynman graphs 146.А,В 386.C 
Feynman integrals 146 
Feynman-Kac formula 351.F 
Feynman-Kac-Nelson formula 150.F 
Feynman rule 146.A,B 


F.F. 136.F 
FFT 142.D 
fiber 


(of a fiber bundle) 147.B 

(of a fiber space) 148.B 

(ofa morphism) 16.D 

geometric (of a morphism) 16.D 

integration along (of a hyperfunction) 274.E 


Subject Index 
Field(s) 


fiber bundle(s) 147 
associated 147.D 
ofclass С" 147.0 
complex analytic 147.0 
equivalent 147.В 
isomorphic 147.B 
orientable 1471. 
principal 147.С 
real analytic 147.0 
fibered manifold 428.F 
fiber homotopy equivalent 237.1 
stably 2371 
fiber homotopy type, spherical G- 431.Е 
fibering, Hopf 147.E 
fiber mapping (map), linear 114.D 
fiber product 52.G 
fiber space(s) 72.1 148 
algebraic 72.1 
locally trivial 148.В 
n-connective 148.D 
spectral sequence of (of singular cohomology) 
148.E 
Spivak normal 114J 
fiber sum 52.G 
fiber term (of a spectral sequence) 200.J 
Fibonacci sequence 295.A 
fibration (of a topological space) 148.B 
fibration, Milnor 418.D 
fictitious state 260.F 
fiducial distribution 401.F 
fiducialinterval 401.F 
field(s) 149 
(of sets) 270.B 
(of stationary curves) 46.C 
absolute class 59.A 
algebraically closed 149.1 
algebraic function, in n variables 1491 
algebraic number 14.В 
alternative 231.A 
Anosov vector 126J 
Archimedean ordered 149.1 
asymptotic 150.D 
Axiom A vector 126.7 
basic (of a linear space) 256.A 
Borel 270.B,C 
C; 118.F 
Cí(d- 118.F 
canonical 377.C 
class 59.B 
coefficient (of an affine space) 7.A 
coefficient (of an algebra) 29.А 
coefficient (of a projective space) 343.C 
coefficient (of a semilocal ring) 284.D 
commutative 368.B 
composite 149.D 
conjugate 149.J 377.C 
cyclotomic 141, 
decomposition (of a prime ideal) 14.K 
of definition (for an algebraic variety) 16.A 
differential 113 
electric 130.B 
Euclidean 150.Е 
extension 149.B 
finite 149.C 
formal power series, in one variable 370.A 
of formal power series in one variable 370.A 
formally real 149.N 
free 150.A 
free Dirac 377.C 
free scalar 377.C 


Subject Index 
Field equation 


function 16А 

Galois 149.M 

Galois theory of differential 113 
ground (of an algebra) 29.A 
ground (of a linear space) 256.А 
Hamiltonian vector 126.1. 219.C 
holomorphic vector 72.A 
imaginary quadratic 347.A 
imperfect 149.H 

inertia (of a prime ideal) 14.K 
intermediate 149.D 
invariant 172.B 
Jacobi 178.A 
Lagrangian vector 
local 257.A 

local class 257.A 
local class, theory 59.G 
linearly disjoint 149.K 
magnetic 130.B 

of moduli 73.B 
Morse-Smale vector 126.J 


126.L 


noncommutative 149.A 
number 149.C 

ordered 149.N 

p-adic number 257.А 439.F 
perfect 149.H 


Picard-Vessiot extension 113 
power series, in one variable 370.A 
prime 149.B 

Pythagorean 139.В 155.C 
Pythagorean ordered 60.0 
quadratic 347.А 
quasi-algebraically closed 
of quotients 67.G 
ramification (of a prime ideal) 14.K 
random 407.В 

of rational expressions 337.Н 


118.F 


rational function, in п variables 149.K 
of rational functions 337.H 

real 149.N 

real closed 149.N 


real quadratic 347.A 

relative algebraic number 14.1 

residue class 149.С 368.F 

residue class (of a valuation) 439.B 

scalar 108.0 

scalar (in a 3-dimensional Euclidean space) 
442.D 

of scalars (of a linear space) 256.A 

skew 149.A 368.B 

splitting (for an algebra) 362.F 

splitting (for an algebraic torus) 13.D 

splitting (of a polynomial) 149.G 

strongly normal extension 113 

tension 195.B 

tensor — tensor field 

topological 423.P 

totally imaginary 14.F 

totally real 14.F 

transversal 136.G 

vector (in a differentiable manifold) 108.M 

vector (in a 3-dimensional Euclidean space) 


442.D 
Wightman 150.D 
Yang-Mills 150.G 
field equation 150.B 


exterior 339.D 
interior 339.D 
field theory 150 


constructive 150.F 
Euclidean 150.F 
Markov 150.F 
nonsymmetric unified 434.С 
quantum 150.С 
unified 434 
unitary 434.C 
fifth postulate (in Euclidean geometry) 139.A 
fifth problem of Hilbert 423.N 
figure(s) 137 
absolute (in the Erlangen program) 137 
central 420.B 
equilibrium 55.D 
fundamental (in a projective space) 343.B 
linear fundamental 343.B 
P'- 343.B 
file 96.B 
filing, inverted, scheme 96.Е 
fill-in 302.E 
filter 871 
Cauchy (on a uniform space) 436.G 
Kalman 86.Е 
Kalman-Bucy 86.Е 405.G 
linear 405.F 
maximal 871 
nonlinear 405.F,H 
Wiener 86.E 
filter base 87.1 
filtering 395.Е 
stochastic 342.A 405.F 
filtration 200.J 
discrete 200.J 
exhaustive 200.J 
filtration bounded from below 200.J 
filtration degree 200.J 
final object 52.D 
final set 
(of a correspondence) 358.В 
(of a linear operator) 251.E 
final state 31.B 
finely continuous 261.С 
finely open (set) 261.D 
fine moduli scheme 16.W 
finer relation 135.С 
finer topology 425.H 
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fine topology (on a class of measures) 261.D 338.E 


finitary standpoints 156.D 
finite 
(cell complex) 70.D 
(measure) 270.D 
(morphism) 16.D 
(potency) 49.A 
(simplicial complex) 70.C 
(triangulation) 70.C 
(von Neumann algebra) 308.E 
approximately 36.Н 3081 
geometrically 234С 
һурег- 3081 
locally — locally finite 
point- (covering) 425.R 
pro- group 210.C 
semi- 308I 
o- —-g-finite 
star- (covering) 425.R 
finite automaton 31.D 
finite-band potentials 387.E 
finite basis (for an ideal) 67.B 
finite branch (of a curve of class C*) 93,G 
finite character, condition of 34.C 


1987 


finite cochain (of a locally finite simplicial complex) 
201.P 
finite continued fraction 83.A 
finite covering (of a set) 425.R 
finite differences 223.С 
finite-dimensional distribution 407.A 
finite-dimensionallinear space 256.С 
finite-dimensional projective geometry 343.B 
finite-displacement theory 271.G 
finite element method 233.G 290.E 304.C 
finite extension 149.F 
finite field 149.C 
finite field Е, 149.М 
finite-gap potentials 387.E 
finite groups 151.A 190.C 
finite intersection property 425.5 
finite interval (in R) 355.С 
finite length 277.1 
finitely additive (vector measure) 443.G 
finitely additive class 270.В 
finitely additive measure 270.D 
finitely additive set function 380.B 
finitely determined process 136.E 
finitely distinguishable (hypothesis) 400.K 
finitely equivalent sets (under a nonsingular bi- 
measurable transformation) 136.С 
finitely fixed 136.Е 
finitely generated 
(A-module) 277.D 
(group) 190.C 
finitely presented (group) 161.A 
finite memory channel 213.F 
finiteness condition for integral extensions 284.F 
finiteness theorem 16.АА 
Ahlfors 234.D 
finite order (distribution) 125 
finite ordinal number 312.В 
finite part (of an integral) 125.C 
finite population 373.А 
finite presentation 16.E 
finite prime divisor 439.Н 
finite projective plane 241.B 
finite rank (bounded linear operator) 68.C 
finite sequence 165.D 
finite series 379.A, App. A, Table 10.1 
finite set 49.А 381.A 
hereditary 33.В 
finite subset property 396.F 
finite sum, orthogonality fora 19.6 317.D, App. A, 
Table 20. VII 
finite type 
(graded module) 203.B 
(module) 277.D 
(morphism of schemes) 16.D 
(OC-module) 16.Е 
algebraic space of 16.W 
locally of 16.D 
subshift of 126.1 
finite-type power series space 168.В 
finite-valued function  443.B 
finitistic (topological space) 431.B 
Finsler manifold 286.1. 
Finsler metric 152.A 
Finsler space 152 
firmware 75.С 
first axiom, Tietze 425.0 
first boundary value problem 193.F 323.C 
first category, set of 425.N 
first classfication theorem (in theory of obstructions) 
305.B 


Subject Index 
Fixed point 


first complementary law of the Legendre symbol 
297.1 
first countability axiom 425.P 
first definition (of algebraic K-group) 237.J 
first extension theorem (in the theory of obstruc- 
tions) 305.B 
first factor (of a class number) 141, 
first fundamental form (of a hypersurface) 111.G 
first fundamental quantities (of a surface) 111.H 
first fundamental theorem (Morse theory) 279.D 
first homotopy theorem (in the theory of obstruc- 
tions) 305.B 
first incompleteness theorem 185.C 
first-in first-out memory 96.E 
first-in last-out memory 96.E 
first integral (of a completely integrable system) 
428.D 
first isomorphism theorem (on topological groups) 
423.J 
first kind 
(integral equations of Fredholm type of the) 
217.A 
Abelian differential of 11.C 
Abelian integral of 11.C 
differential form of 16.0 
first law of cosines 432.А, App.A, Table 2.1 
first law of thermodynamics 419.A 
first maximum principle (in potential theory) 338.С 
first mean value theorem (for the Riemann integral) 
216.B 
first negative prolongational limit set 126.D 
first-order asymptotic efficient estimator 399.0 
first-order derivatives 106.A 
first-order designs 102.M 
first-order efficient estimator 399.0 
first-order predicate 411.K 
first-order predicate logic 411.K 
first positive prolongational limit set 126.D 
first problem, Cousin 21.K 
first prolongation (of P) 191.E 
first quadrant (of a spectral sequence) 200J 
first quartile 396.С 
first regular integral 126.H 
first-return mapping (map) 126.В 
first separation axiom 425.Q 
first variation 46.B 
first variation formula 178.A 
Fisher consistent 399.K 
Fisher expansions, Cornish- 374.F 
Fisher inequality 102.E 
Fisher information 399.D 
Fisher information matrix 399.D 
Fisher problem, Behrens- 400.G 
Fisher theorem 43.G 
Fisher theorem, Riesz- 168.В 317.A 
Fisher three principles 102.А 
Fisher-Yates-Terry normal score test 371.C 
Fisher z-transformation 374.D 
fisheye, Maxwell 180.A 
fit, chi-square test of goodness of 400.K 
fit, goodness of 397.Q 
fitting, curve 19.F 
five-disk theorem, Ahlfors 272.7] 
fixed branch points (of an algebraic differential 
equation) 288.A 
fixed component (of a linear system) 16.N 
fixed effect 102.A 
fixed-effect model 102.A 
fixed point 
(of a discontinuous group) 122.A 


Subject Index 
Fixed-point index (of a continuous mapping) 


(ofa flow) 126.D 
(ofa mapping) 153.A,D 
(of a transformation group) 431.A 
of discontinuity (of an additive process) 5.B 
of discontinuity (of a stochastic process) 407.A 
hyperbolic 126.6 
isolated 126.G 
fixed-point index (of a continuous mapping) 153.B 
fixed point method 138.B 
fixed-point theorem(s) 153 
Atiyah-Bott 153.C 
Atiyah-Singer 153.C 
Brouwer 153.B 
Kakutani 153.D 
Lefschetz 153.B 
Leray-Schauder 286.D 
Poincaré-Birkoff 153.В 
Schauder 153.D 286.D 
Tikhonov 153.D 
fixed singularity (of an algebraic differential 
equation) 288.A 
fixed variates 403.0 
fixed vector 442.A 
FKG 212.A 
FI (flèche) 52.А 
flabby resolution 125.W 
flabby sheaf 383.E 
flag (in an affine space) 139.B 
flag manifold 199.B 
proper 199.B 
flat 
(connection) 80.E 
(morphism of schemes) 16.D 
(Riemannian manifold) 364.E 
(sphere pair) 235.G 
conformally 191.B 
é- 178.D 
faithfully (A-module) 277.K 
faithfully (morphism of schemes) 16.D 
locally (connection) 80.E 
locally (PL embedding) 65.D 
locally (Riemannian manifold) 364.E 
normally (along a subscheme) 16.L 
flat A-module 277.K 
flat deformation 16.W 
flat F-bundle 154.B 
flat function 58.C 
flat point (of a surface) 111.H 
flat site 16AA 
flat space 
concircularly App. A, Table 4.II 
conformally App. A, Table 4.II 
projectively App. A, Table 4.II 
flavor dynamics, quantum 132.D 
Пех 9.B 
flip model, spin 340.C 
floating point method 138.B 
Floquet theorem 252J 268.В 
flow 
(in ergodic theory) 136.D 
(ona network) 281.B 
(оп a topological space) 126.B 
Anosov 126.B 136.G 
associated 136.F 
Axiom А 126.J 
built under a function 
C- 126B 
of class С" 126.B 
continuous 126.B 
discrete 126.B 


136.D 
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equivalent 126.B 
geodesic 126.1. 136.G 
harmonic 193.К 
homentropic 205.В 
horocycle 136.G 
hypersonic 205.C 
K- 136E 
Kolmogorov 136.E 
Kronecker 136.G 
laminar 205.Е 433.A 
maximum, minimum cut theorem 281 
maximum, problem 281 
measurable 136.D 
minimal 126.N 
minimum-cost, problem  281.C 
Morse-Smale 126J 
multicommodity, problem 281.F 
network, model 307.C 
network, problem 281 282.B 
S- 136 D 
single-commodity, problem 281.F 
special 136.D 
translational 126.L 136.G 
transonic 205.B 
transversal 136.G 
turbulent 205.E 433.A 
Ү-, 136G 
flow-shop scheduling problem 376 
fluctuation-dissipation theorem 402.K 
fluid 205.A 
compressible 205.B 
incompressible 205.B 
Newtonian 205.C 
non-Newtonian 205.C 
perfect 205.B 
fluid dynamics 205.A 
flux 
(of a regular tube) 193.K 
vector (through a surface) 442.D 
flux density 
electric 130.A 
magnetic 130.A 
focal conic (of a quadric) 350.E 
focallength 180.B 
focal point (of a submanifold of a Riemannian 
manifold) 364.C 
Fock representation 150.C 
Fock space 377.A 
antisymmetric 377.A 
symmetric 377.A 
focus 
(of a conic section ellipse) 78.B 
(of an optimal system) 180.B 
(of a quadric) 350.E 
Fokker-Planck partial differential equation’ 115.A 
402.1 
Foiag model, Sz. Nagy- 251.N 
folding (of a chamber complex) 13.R 
foliated bundle 154.B,H 
foliated cobordant (C"-foliations) 154.H 
foliated cobordism 154.Н 
foliated structure 105.Ү 
foliation 154 
Anosov 126J 


compact 154.H 
C'- 154.B,G 
LI 154H 


holomorphic 154.Н 
real analytic 154.H 
Reeb 154.B 
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Riemannian 154Н 
transverse to 154.H 


foliation cycles 154.H 

folium cartesii 93.H 

folium of Descartes 93.H 

foot of the perpendicular 139.E 
force 


apparent 271.D 
body 271.G 
centrifugal 271.D 
Corioli 271.D 
line of 193.J 
Lorentz 130.A 
restitutive 318.В 


forced oscillation 318.В 

force polygon 19.C 

Ford fundamental region 234.С 
forgetful functor 521 

form(s) 337.B 


anti-Hermitian 256.Q 

associated (of a projective variety) 16.5 

automorphic 437.DD 450.0 

automorphic, of weight k (or of dimension — К) 
32.B 

automorphic, of weight т 32.A 

basic (in linear programming) 255.A 

bilinear 256.Н 277.1 424.G 

bilinear, associated with a quadratic form 
256.H 

canonical (of F(M)) 191.A 

canonical (of a linear hypothesis) 400.H 

canonical, of the equation (of a quadric) 350.B 

canonical 1- (of the bundle of tangent n-frames) 
80.H 

Cantor normal 312.C 

compact (of a complex semisimple Lie algebra) 
248.P 

complex (of a Fourier series) 159.A 

complex (of a real Lie algebra) 248.Р 

complex space 365.1. 

connection 80.E 417.B 

contact 110.Е 

covariant of n-ary, of degree 4 226.D 

covariant with ground 226.D 

curvature 80.G 364.D 

cusp (in the case of one variable) 32.В 

cusp (in Siegel upper half-space) 32.F 

differential — differential form 

Dirichlet 261.C 

divergence 323.D 

dominant integral (on a Cartan subalgebra) 
248.W 

é-Hermitian 60.0 

-trace 60.0 

Euclidean space 412.H 

first fundamental 111.G, App. A, Table 41 

formula of embedding 303.D 

Fuchsian, of weight k (or of dimension — k) 
32.B 

fundamental (associated with a Hermitian 
metric) 232.A 

fundamental (of a Finsler space) 152.A 

games in partition-function 173.0 

generalized Levi 274.G 

ground 226.D 

Hermitian — Hermitian form 256.Q 

Hesse normal (of a hyperplane) 139.H 

Hilbert modular, of dimension —k 32.6 

Hilbert modular, of weight к 32.6 

holomorphic k- 72.A 


Subject Index 
Formally self-adjoint (differential operator) 


hyperbolic space 412.H 
integral (on a Cartan subalgebra) 248.W 
invariants of n-ary, of degreed 226.р 
Jordan normal 269.G 
k- (of an algebraic group) 13.M 
kernel 348.F 
Khinchin canonical 341.G 
Killing 248.B 
Kolmogorov canonical 341.G 
Legendre-Jacobi standard 134.А, App. А, 
Table 16.1 
Levi 344.A 
Lévy canonical 341.G 
limit of an indeterminate 106.Е 
linear (on an A-module) 277.E 
linear (on a linear space) 256.B 
modular, of level N 32.С 
multilinear 256.Н 
n-person 173.B-D 
norm 118.D 
normal (of an ordinal number) 312.C 
normal (of an ordinary differential equation) 
313.B 
normal (of partial differential equations)  321.B 
normal (of a partial differential equation of the 
first order) 324.E 
normal (of a surface) 410.B 
normal real (of a complex semisimple Lie 
algebra) 248.Q 
normic (in a field) 118.F 
Pfaffian 105.0 428.A 
polar (of a complex number) 74.C 
primitive 232.C 
pseudotensorial 80.G 
quadratic — quadratic form 
real (of a complex algebraic group) 60.0 
real (of a complex Lie algebra) 248.P 
reduced (of a linear structural equation system) . 
128.C 
regular Dirichlet 261.C 
second fundamental 111.G 365.C, App. A, 
Table 41 
sesquilinear —-sesquilinear form 
Siegel modular, of dimension —k 32.F 
Siegel modular, of weight к 32.F 
skew-Hermitian 256.0 
skew-symmetric multilinear 256.Н 
space 285.Е 412.H 
spherical space 412.H 
standard (of a difference equation) 104.C 
standard (of alatin square) 241.A 
symmetric multilinear 256.H 
symplectic 1261, 
tensorial 80.G 
third fundamental App. A, Table 41 
torsion 80.H | 
Welerstrass canonical (for an elliptic curve) 
9.D 
Welerstrass canonical (of the gamma function) 
174.A 
Weyl 351.C 
formal adjoint operator 322.E 
formal degree (of a unitary representation) 437.M 
formal dimension n, Poincaré pair of 114J 
formal geometry 16.X 
formal group 13.C 
formalism 156.A,D 
Gupta-Bleuler 150.G 
formally real field 149.N 
formally self-adjoint (differential operator) 112.1 


Subject Index 
Formally undecidable proposition 


formally undecidable proposition 185.C 
formal power series 370.A 
field of, in one variable 370.А 
ringsof 370.A 
formal power series field in one variable 370.A 
formal power series ring 370.A 
formal scheme 16.Х 
separated 16.X 
formal solution (for a system of ordinary differential 
equations) 289.C 
formal spectrum (of a Noetherian ring) 16.X 
formal system 156.р 4111 
formal Taylor expansion 58.С 
formal vector fields 105.АА 
formation 
class 59.H 
pattern 263.D 
formation, class 59.Н 
formation rule 411.D 
form ring 284.D 
formula(s) 411.D 
Abramov 136.E 
addition (for e7) 131.G 
addition (for sine and cosine) 432.A 
Adem App.A, Table 6.II 
algebraic addition 3.M 
atomic 411.D 
atomic(ofalanguage) 276.A 
Bayes 342.Е 4051 
Bessel interpolation App. A, Table 21 
Binet 174.А 295.A 
Bouquet (on space curves) 111.F 
Campbell-Hausdorff 249.R 
Cardano App. A, Table 1 
Cartan (for Steenrod pth power operations) 
64.B 
Cartan (for Steenrod square operations) 64.B 
Cauchy-Hadamard (on the radius of conver- 
gence) 339.A 
Cauchy integral 198.B 
Chebyshev (in numerical integration) 299.A 
Chern (in integral geometry) 218.0 
Christoffel-Darboux 317.р 
Clenshaw-Curtis 299.А 
closed 411.J 
closed (of a language) 276.A 
closed type (in numerical integration) 299.A 
connection 253.A 
constant variational 163.E 
Crofton (in integral geometry) 218.B 
decomposition, of Radon 125.СС 
De Moivre 74.C 
dimensional 116 
discontinuity 146.С 386.C 
Dixon-Ferrar App. A, Table 19.IV 
double exponential 299.В 
Dynkin 261.C 
of embedding form 303.0 
empirical 19.F 
Euler (for cos 2, 5іп 2,соѕћ z) 131.G 
Euler (fore?) 131.G 
Euler-Maclaurin 379.J 
Euler-Poincaré (for a finite Eulidean cellular 
complex) 201.B,F 
Euler summation 295.E 
Everett App. A, Table 21 
Everett interpolation 224.B, App. A, Table 21 
exponential 286.X 
Ferrari App. A, Table 1 
Feynman-Kac 315.F,G 
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Feynman-Kac-Nelson 150.G 

first variation 178.A 

Fourier inversion 160.C 

Fredholm 68.1. 

Frenet (on curves) 111.D 

Frenet-Serret (on curves) 111.D 

Gauss (on Gauss sum) 295.D 

Gauss (on harmonic functions) 193.D 

Gauss (for integration of a vector field) 
App. A, Table 3.Ш 

Gauss (for isometric immersion) 365.С 

Gauss (in numerical integration) 299.A 

Gauss (for the surface integral) 94.F 

Gauss (in theory of surfaces) 111.H, App. A, 
Table 4.I 

Gauss backward interpolation 223.С 

Gauss-Bonnet 111.H 364.D, App. A, Table 4.I 

Gauss-Bonnet-Sasaki-Nitsche 275.С 

Gauss-Chebyshev (in numerical integration) 
299.A 

Gauss forward interpolation 223.C 

Gauss-Hermite (in numerical integration) 
299.A 

Gauss integration (in the narrow sense) 299.A 

Gauss interpolation App. A, Table 21 

Gauss-Laguerre (in numerical integration) 
299.A 

Green (for differential operators) App. A, 
Table 15.VI 

Green (for harmonic functions) 193.D 

Green (for Laplace operator) App. А, 
Tables З.Ш 4.11 

Green (for ordinary differential equations) 
252K 

Green (for partial differential equations of 
parabolic type) 327.D 

Green (on the plane) 94.F 

Green-Stokes 94.F 

Hansen-Bessel App. A, Table 19.11 

Heron (for plane triangles) App. A, Table 2.II 

Heron (for spherical triangles) App. A, 
Table 2.11 

identically true 411.G 

IMT 299.B 

interpolation 223.A 

interpolatory 299.А 

inversion (for a characteristic function) 341.C 

inversion (of cosine transform) 160.C 

inversion (of Fourier transform) 160.C 

inversion (of Fourier transform of distributions) 
160.H 

inversion (of Fourier transform on a locally 
compact Abelian group) 192.K 

inversion (of generalized Fourier transform) 
220.B 

inversion (of Hilbert transform) 220.Е 

inversion (of integral transform) 220.A 

inversion (of Laplace-Stieltjes transform) 
240.D 

inversion (on a locally compact group) 437.L 

inversion (of Mellin transform) 220.C 

inversion (for a semigroup of operators) 2401 

inversion (of Stieltjes transform) 220.D 

Ió 45.G 406.B 

Jensen 198.F 

Klein-Nishina 415.G 

Kneser-Sommerfeld App. A, Table 19.III 

Kostant (on representations of compact Lie 
groups) 248.7 

Kronecker limit 450.В 


1991 


Kubo 402.K 

Kunneth (in an Abelian category) 200.H 

Künneth (in Weil cohomology) 450.Q 

Lagrange (for the vector triple product) 442.C 

ofalanguage 276.A 

lattice-point 222.B 

Lefschetz fixed-point 450.Q 

Leibniz (in differentiation) 106.D, App. A, 
Table 9.III 

Leibniz (in infinite series) App. A, Table 10.III 

Liouville 252.С 

Machin 332 

Mehler App. A, Table 19.11 

Milne-Simpson 303.Е 

Möbius inversion (in combinatorics) 66.С 

Möbius inversion (in number theory) 295.С 

Nakano-Nishijima-Gell-Mann 132.А 

Newton (on interpolation) App. A, Table 21 

Newton (on symmetric functions) 337.1 

Newton backward interpolation 223.C 

Newton-Cotes (in numerical integration) 
299.A 

Newton forward interpolation 223.С 

Newton interpolation App. A, Table 21 

Nicholson App. A, Table 19.IV 

open (in numerical integration) 299.A 

Ostrogradskii 94.F 

overall approximation 303.С 

Picard-Lefschetz 418.F 

Plancherel (on a unimodular locally compact 
group) 437.L 

Pliicker (on plane algebraic curves) 9.B 

Poincaré (in integral geometry) 218.C 

Poisson (on Bessel functions) App. A, 
Table 19.11 

Poisson (for a flat torus) 391.J 

Poisson integral 198.В 

Poisson summation 192.C,L 

prime 411.D 

prime (ofa language) 276.A 

principal, of integral geometry 218.C 

product (for the Hilbert norm-residue symbol) 
14.R 

product (on invariant Haar measures) 225.F 

product (for the norm-residue symbol) 14.0 

product (on valuations) 439.H 

q-expansion (on theta functions) 1341 

recurrence, for indefinite integrals App. A, 
Table 9.II 

reduction (of a surface) 110.A 

Ricci 417.B, App. A, Table 4.II 

Riemann-Hurwitz (on coverings of a non- 
singular curve) 9I 

Rodrigues 393.B 

Schläfli App. A, Table. 19.11 

Schwarz-Christoffel transformation 77.D 

second variation 178.A 

set-theoretic 33.В 

Sommerfeld App. A, Table 19.III 

Sonine-Schafheitlin App. A, Table 19.111 

Steinberg (on representations of compact 
Lie groups) 2487 

Stirling 174.A 212.C, App. A, Table 17.1 

Stirling interpolation App. A, Table 21 

Stokes 94.F 

Stokes (on a C?-manifold) 108.0 

Stokes (for integration of a vector field) 
App. A, Table 3.11 

Taylor (for a function of many variables) 
106.J 
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Fourier series 


Taylor (for a function of one variable) 106.E, 
App. A, Table 9.IV 
theoretical 19.E 
©- (on ideles) 6.F 
trace (on unitary representations) 437.DD 
transformation (for the generating function 
of the number of partitions) 328.A 
transformation (of a theta function) 3.1 
transformation (for theta series) 348.L 
Trotter product 351.F 
valid 411.G 
Villat integration App. A, Table 15.VI 
Wallis App. A, Table 10.VI 
Watson 39.D, App. A, Table 19.IV 
Watson-Nicholson App. A, Table 19.11 
Weber App. А, Table 19.IV 
Weber-Sonine App. A, Table 19.III 
Weierstrass-Enneper 275.A 
Weingarten (for isometric immersion) 365.C 
Weingarten (in theory of surfaces) 111.H, 
App. A, Table 4.I ` 
Weyl 323.M 
Weyl character (on representations of compact 
Lie groups) 2487 
Weyl integral 225.1 
Weyrich App. A, Table 19.III 
Wiener 160.B 
Wus App. A, Table 6.V 
Forti paradox, Burali- 319.B 
forward analysis 138.C 
forward difference 304.Е, App. A, Table 21 
forward emission 325.A 
forward equation, Kolmogorov 115.А 260.F 
forward interpolation formula 
Gauss 223.C 
Newton 223.C 
forward type 304.D,F 
foundation, axiom of 33.B 
foundations of geometry 155 
foundations of mathematics 156 
four arithmetic operations 294.А 
four color conjecture 186.1 
four-color problem 157 
4-current density 150.B 
four-group 151.G 
Fourier, J.B. J. 158 
Fourier analysis App. A, Table 11 
Fourier analysis on the adele group 6.F 
Fourier-Bessel series 39.D 
Fourier-Bessel transform 39.D 
Fourier coefficient 159.А, App. A, Table 11.1 
(of an almost periodic function) 18.B 
(in a Hilbert space) 197.C 
(in an orthogonal system) 317.A 
Fourier cosine series App. A, Table 11.T 
Fourier cosine transform 160.С, App. A, 
Table 11.II 
Fourier double integral theorem  160.B 
Fourier-Hermite polynomial 176.I 
Fourier hyperfunction 125.BB 
exponentially decreasing 125.ВВ 
modified 125.BB 
Fourier integral 160.A 
conjugate 160.р 
Fourier integral operator 274.С 345.B 
Fourier inversion formula 160.С 
Fourier kernel 220.B 
Fourier-Laplace transform 192.F 
Fourier reciprocity 160.С 
Fourier series 159, App. A, Table 11.1 
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Fourier sine series 


(of an almost periodic function) 18.B 
(ofa distribution) 125.P 
(in a Hilbert space) 197.С 

Fourier sine series App. A, Table 11.I 


Fourier sine transform 160.С, App. A, Table 11.II 


Fourier single integral theorem 160.C 
Fourier-Stieltjes transform 192.В,О 


Fourier theorem (on real roots of an algebraic 


equation) 10.E 
Fourier transform 160, App. A, Table 11.II 
(ofa distribution) 125.0 


(in topological Abelian groups) 36.1, 192.I 


discrete 142.D 

fast 142.D 

generalized 220.B 

inverse 125.0 
Fourier ultrahyperfunction 125.ВВ 
4-momentum operators 258.A,D 
fourth separation axiom 425.0 
four-vector 258.С 359.C 
four-vector, energy-momentum 258.C 
four-vertex theorem 111.E 
fractal 246.K 
fraction(s) 

continued 83 

partial App. A, Table 10.V 
fractional cutting algorithm 215.В 
fractional factorial design 1021 

balanced 102.1 

orthogonal 102. 
fractional group, linear 60.B 
fractional ideal 67.3 

of an algebraic number field 14.Е 

principal 67.K 
fractional power 378.D 
fractional programming 264.D 
fractional step 304.Е 
Fraenkel set theory, Zermelo- 33.A,B 
fractional transformation, linear 74.Е 
frame(s) 90.В 

(of an affine space) 7.C 

(of a C*-manifold) 191.A 

(in Е") 11LB 

(of a group manifold) 110.A 

(in projective geometry) 343.C 

(of areal line) 355.E 

affine 7.C 

bundle of tangent r- 105.Н 

Darboux 110.B 

dual 417.B 


family of (on a homogeneous space) 110.A 


family of, of order 1 110.B 
Frenet 110.A 111.D 
Gaussian (of a surface) 111.H 
k- (in R”) 199.B 

method of moving 110.A 
moving 90.B 111.C 417.B 
natural moving 417.B 
normal 110.B 

oforderO 110.C 
oforder1 110.B,C 

of order 2 110.B,C 

of order 3 110.B,C 
oforder4 110.B 


orthogonal (in a Euclidean space) 111.B 139.E 


orthogonal k- (in R”) 199.В 
orthogonal moving 417.D 
projective 343.C 

Stiefel manifold of k- 199.В 
stochastic moving 406.G 


tangent r- 105.H 
frame bundle 
orthogonal 364.A 
tangent orthogonal n- 364.А 
tangent r- 105.Н 147.F 
framedlink 114.L 
framing 114], 
Fréchet axiom 425.0 
Fréchet curve 246.A 
Fréchet derivative 286.E 
Fréchet differentiable function 286.Е 
Fréchet differential 286.E 
Fréchet distance (between surfaces) 246.1 
Fréchet L-space 87.K 
Fréchet manifold 286.K 
Fréchet space 
(quasinormed space) 37.0 
(topological linear space) 4241 
(topological space) 425.CC 
locally convex 424.1 
in the sense of Banach 37.0 
in the sense of Bourbaki 4241 
Fréchet surface 246.1 
Fréchet-Uryson space 425.CC 
Fredholm alternative theorem  68.E 217.F 
Fredholm determinant 217.E 
Fredholm first minor 217.E 
Fredholm formula 681. 
Fredholm integral equation 217.A 
of the first kind 217.A 
of the second kind 217.А 
of the third kind 217.A 
Fredholm mapping 286.E 
Fredholm operator 68.Е 251.D 
(in the sense of Grothendieck) 68.K 
Fredholm rth minor 217.E 
Fredholm type 
integral equation of 217.A 
integrodifferential equation of 222.А 
free 
(discontinuous group) 122.A 
distribution- 371A 
F- (oriented G-manifold) 431.E 
(Е, F’)- (oriented G-manifold) 431.E 
free Abelian group 2.С 
free additive group  2.E 
free derivative 235.C 
free Diracfield 377.С 
freedom 
asymptotic 361.B 


degrees of (of a dynamical system) 271.F 
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n degrees of (sampling distribution) 374.B,C 


free energy 340.B 402.G 
Gibbs 419.C 
Helmholtz 419.С 
mean 340.В 402.G 
free fields 150.A 
free grammar, context- 31.D 
free groups 161 
free Hamiltonian 351.р 
free homotopy 202.В 
free Lagrangian density 150.В 
freely act 122.A 431.A 
free module 277.G 
free product (of groups) 190.M 
free scalar field 377.С 
free semigroup 161.A 
free special Jordan algebra 231.А 
free vacuum vector 150.C 
free variable 411.C 
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free vector 442.A 
French empiricism 156.C 
Frenet formula 111.D 
Frenet frame 110.A 111.D 
Frenet-Serret formulas (on curves) 111.D, 
App. À, Table 4.I 
frequency 
(of an oscillation) 318.A 
(of samples) 396.C 397.B 
(of a translational flow) 126.L 136.G 
(ofa wave) 446 
angular (ofa wave) 446 
circular (of a simple harmonic motion) 318.B 
relative (of samples) 396.С 
frequency distribution 397.B 
frequency function 397.D 
frequency response function 421.E 
Fresnel integral 167.D, App. A, Tables 9.V 19.II 
Freudenthal theorem 202.0 
Friedrichs extension 112.1 251.1 
Friedrichs scheme 304.Е 
Friedrichs theorem 323.Н 326.D 
frieze group 92.F 
Frobenius algebra 29.Н 
quasi- 29.H 
Frobenius automorphism (of a prime ideal) 14.K 
Frobenius group  151.H 
Frobenius integrability condition 154.В 
Frobenius method App. A, Table 14.I 
Frobenius morphism  450.P 
Frobenius substitution (of a prime ideal) 14.K 
Frobenius theorem 
(on Abelian varieties) 3.D 
(on matrices with nonnegative entries) 269.N 
(on polynomials of a matrix) 390.В 
(on representations of finite groups) 362.G 
(on total differential equations and on foliations) 
154.B 286.H 428.D 
Frobenius theorem, Perron- 310.H 
Froissart bound 386.B 
Froissart-Martin bound 386.B 
frontier point (of a subset) 425.N 
front set, analytic wave 274.D 
front set, wave 274.В 345.A 
Frostman maximum principle 338.С 
Froude number 116.В 
Fubini theorem 221.E 
Fuchsian form of weight k (or of dimension — k) 
32.B 
Fuchsian function 32.B 
Fuchsian group 122.C 
of the first kind 122.C 
of the second kind 122.C 
Fuchsian relation 253.А, App. A, Table 18.1 
Fuchsian type (visibility manifold) 178.F 
Fuchsian type, equation of 253.A 
Fuchsoid group 122.C 
Fuks cohomology, Gel’fand- 105.АА 
full discrete approximation 304.B 
full embedding theorem (of an Abelian category) 
52.N 
full group 136.Е 258.A 
full homogeneous Lorentz group 258.А 
full inhomogeneous Lorentz group 258.А 
full international notation 92.E 
fulllinear group 60.B 
full matrix algebra 269.В 
full Poincaré group 258.A 
full subcategory 52А 
fully complete (locally convex space) 424.Y 
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Function(s) 


fully faithful functor 52.Н 
fully normal space 425.Х 
fully transitive 92.C 
Fulton and Hansen, general connectedness theorem 
of 161 
function(s) 165 381.C 
Abelian 3.J 
absolutely integrable 214.E 
additive interval 380.В 
additive set 380.С 
admissible 46.A 304.B 
Ahlfors 43.G 77.E 
algebraic 11.A 
almost periodic 18 
almost periodic, ona group 18.C 
almost periodic, with respect to p 18.C 
almost periodic, in the sense of Bohr 18.B 
a-excessive 261.D 
alternating 337.1 
amplitude (of a Fourier integral operator) 
274.C 345.B 
analytic — analytic function(s) 
analytic almost periodic 18.р 
analytic operator 37.K 
Anger 39.G, App. A, Table 19.IV 
Appell hypergeometric, of two variables 
206.D, App. A, Table 18.1 
argument 46.A 
arithmetic 295.A 
Artin-Hasse 257.H 
associated Legendre 383.С, App. А, 
Table 18.11 
asymptotically developable 30.A 
automorphic 32 
automorphic, with respect їо Г 32.A 
b- 125.EE 418.H 
B-measurable 270.J 
Baire 84.D 
Barnes extended hypergeometric 206.C, 
App. A, Table 18.I 
base 304.B 
Bellman 127.G 
Bergman kernel 188.G 
Bessel 39, App. A, Table 19.Ш 
beta 174.C, App. A, Table 17.1 
bispectral density 421.C 
Borel measurable 270J 
boundary 160.E 
bounded 43.A 
of bounded variation 166 
Busemann 178.F 
С®- (of many variables) 58.B 
C”-, slowly increasing 125.0 
Cr- in a C*-manifold 105.G 
canonical (on a nonsingular curve) 9.E 
characteristic (of a density function) 397.G 
characteristic (of a graded R-module) 369.F 
characteristic (of a meromorphic function) 
272.B 
characteristic (of an n-person cooperative game) 
173.D 
characteristic (for an optical system) 180.C 
characteristic (of a probability measure) 341.C 
characteristic (of a subset) 381.C 
characteristic operator 251.N 
Chebyshev App. A, Table 20.II 
Chebyshev q- 19.G, App. A, Table 20.VII 
choice 33.В 34.A 
circular 131.F 432.A 
class (on a compact group) 69.B 
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of class С", СО, C', С°, or C^ 106.K 

of class C” ata point 105.G 

of class С” in a C?-manifold 105.G 

of class C? (of many variables) 58.B 

of class n, 0, 1, é or w 84.D 

cn App. A, Table 16.11 

completely additive set 380.С 

completely monotonic 240.E,K 

completely multiplicative number-theoretic 
295.B 

complex 165.B 

complex-valued 165.B 

composite 1061 

concave 88.A 

of confluent type 167 

of confluent type and Bessel functions App. A, 
Table 19 

conical App. A, Table 18.II 

conjugate 159.Е 160.D 

conjugate harmonic 193.C 

constant 381.C 

continuous (on a metric space) 84 

continuous additive interval 380.B 

convex 88.А 

coordinate (of a fiber bundle) 147.B 

coordinate (in the Ritz method) 304.B 

cosigma 134.Н, App. A, Table 16.IV 

counting (of a meromorphic function) 272.B 

covariance 386.A 395.A 

criterion 127.A 

cross spectral density 421.E 

cumulative distribution 341.B 342.C 

cylindrical 39.В, App. A, Table 19.III 

Daniell-Stone integrable 310.Е 

decision | 398.A 

decision, space of 398.A 

Dedekind eta 328.A 

Dedekind zeta 14.С 450.D 

defining (of a hyperfunction) 125.V 

density 397.D 

derived 106.A 

digamma 174.В 

dimension (on a continuous geometry) 85.A 

D-integrable 100.D 

Dirac delta App. A, Table 12.1 

Dirichlet 84.D 221.A 

distance 273.B 

distribution 168.В 341.В 342.C 

divisor 295.C 

divisor of (on an algebraic curve) 9.C 

divisor of (on an algebraic variety) 16.M 

dn App. A, Table I6.ITI 

doubly periodic 134.E 

E- 430.0 

é- 46.C 

effectively calculable 356.C 

eigen- (of a boundary value problem) 315.B 

eigen- (for an integral equation) 271.F 

eigen- (of a linear operator) 390.A 

elementary 131 

elementary, of classn 131.A 

elementary Abelian 3.М 

elliptic 134 323.A,D 

elliptic, of the first kind 134.G 

elliptic, of the second Кіпа 134.G 

elliptic, of the third kind 134.H 

elliptic cylinder 268.В 

elliptic irrational 134.А 

elliptic theta 134.1, App. A, Table 16.1I 

empirical characteristic 396.C 
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empirical distribution 250.Е 374.E 396.C 

energy 126.L 279.F 

energy spectrum 433.C 

entire 429.A 

entire algebroidal 17.B 

envelope power 400.F 

error 167.D, App. A, Table 19.II 

estimating 399.D 

p 3911. 

Euler 295.C 

even 165.B 

explicit 165.С 

exponential 131.D 

exponential, with the basea 131.В 

exponential, of an operator 306.C 

exponential generating 177.A 

factorial 174.А 

family of quasi-analytic 58.A 

Feller transition 261.В 

finitely additive set 380.В 

finite-valued 443.В 

flat 58.C 

Fréchet differentiable 286.Е 

frequency 397.D 

frequency response 421.E 

Fuchsian 32.B 

gamma  150.D 174, App. A, Table 17.1 

Gel'fand-Shilov generalized 125.5 

generalized 125.5 

generalized divisor 295.C 

generalized rational 142.В 

general Mathieu 268.B 

general recursive 356.C,F 

generating (of an arithmetic function) 295.E 

generating (of a contact transformation) 
82.A 271.F 

generating (of a sequence of functions) 
177.A 

of Gevrey class 168.B 

global implicit, theorem 208.D 

grand partition 402.D 

Green 188.A 189.B 

Green (a-order) 45.D 

Green (of a boundary value problem) 315.B 

Green, method 402.J 

Gudermann 131.Е, App. A, Table 16.]II 

half-Bessel 39.В 

Hamiltonian 219.C 271.F 

Hankel 39.B, App. A, Table 19.ITY 

harmonic 193 

harmonic kernel 188.H 

hazard 397.0 

Heaviside 125.Е 306.B, App. A, Table 12.II 

Heyzeta 27.F 

higher transcendental 289.A 

Hilbert characteristic (of a coheren: sheaf on 
a projective variety) 16.E 

Hilbert modular 32.G 

Hill 268.E 

holomorphic 198 

holomorphic (of many variables) 21.С 

holomorphic (on an open set in a complex 
manifold) 72.A 

holomorphic, germ of 21.E 

hyper- 125.V 

hyperarithmetical 356.H 

hyperbolic 131.Е 

hypergeometric 206.A, App. A, Table 18.1 

hypergeometric (of the hyperspherical dif- 
ferential equation) 393.E 
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Function(s) 


hypergeometric, of confluent type 167.А, 
App. A, Table 19.1 

hypergeometric, with matrix argument 206.E 

identity 381.С 

implicit 165.С 208 

implicit, theorem 208.А 286.G 

implicit, theorem (in Banach algebra) 36.М 

implicit, theorem (in locally convex spaces) 
286.J 

impulse 306.В, App. A, Table 12.II 

incomplete beta 174.C, App. A, Table 17.I 

incomplete gamma 174.А, App. A, Table 17.1 

increment 380.В 

indicator (ofa subset) 342.E 376.C 

inner 43.F 

integral 429.A 

integral of, with respect to a volume element 
(on a C?-manifold) 105.W 

interpolation 223.A 

interval 380.A 

invariant decision 398.Е 

inverse 198.L 381.C 

inverse analytic 198.L 

inverse trigonometric 131.Е 

Jacobi elliptic App. A, Table 16.III 

joint density 397.J 

Julia exceptional 272.F 

jump 306.C 

K-pseudoanalytic 352.B 

K-quasiregular 352.В 

k-valued algebroidal 17.A 

Kelvin 39.С, App. A, Table 19.IV 

kernel 188.G 

Koebe extremal 438.C 

Kummer 167.A, App. A, Table 191 

L- —L-function 

Lagrangian 271.F 292.A 

Laguerre App. A, Table 20.VI 

å- 32C 

Lamé, of the first кіпа 133.В 

Lamé, of the first species 133.C 

Lamé, of the fourth species 133.C 

Lamé, of the second kind 133.C 

Lamé, of the second species 133.C 

Lamé, of the third species 133.C 

Lane-Emden 291.F 

Laplace spherical 393.A 

Lebesgue measurable 270.J 

Legendre 393.В, App. A, Table 18.II 

likelihood 374.3 399.M 

likelihood estimating 399.М 

linear 74E 

linear discriminant 2801 

linear fractional 74.E 

linear regression 397.H,J 403.D 

locally integrable 168.B 

logarithmic, to the basea 131.В 

loss 398.А 

lower limit 84.C 

lower semicontinuous (in a set) 84.C 

Lyapunov 126.Е 163.G 

major 100.F 

Mangoldt 123.B 

many-valued 165.B 

of many variables 165.C 

Mathieu 268 

Mathieu, of the first kind 268.В 

Mathieu, of the second kind 268.0 

maximal concentration 341.E 

mean concentration 341.E 


measurable 270 

measurable vector 308.G 

meromorphic 21.J 272 

meromorphic (on an analytic space) 23.D 

meromorphic (оп a complex manifold) 72.A 

minimax decision 398.В 

minor 100.F 

Möbius 66.С 295.C 

modified Bessel 39.G, App. A, Table 19.IV 

modified indicator 341.С 

modified Mathieu 268.A 

modified Mathieu, of the first kind 268.D 

modified Mathieu, of the second kind 268.D 

modified Mathieu, of the third kind 268.D 

modular (of a locally compact group) 225.D 

modular, of level N 32.C 

moment-generating 177.А 341.C 

monotone 166.A 

monotone decreasing 166.A 

monotone increasing 166.A 

monotonic 166.A 

Morse 279.B 

of at most class 1 84.D 

-conformal 352.В 

multidimensional gamma 374.С 

multiplicative 32А 

multiplicative automorphic 32.A 

multiplicity (of a mapping) 246.G 

multivalent 438 

multivalued 165.B 

Nash-Moser implicit, theorem 286.J 

n-dimensional distribution 342.С 

nth derived 106.D 

n-times continuously differentiable 106.K 

n-times differentiable 106.D 

of n variables 165.C 

nice (on a C?-manifold) 114.F 

nondecreasing 166.A 

nondegenerate theta 3.1 

nonincreasing 166.А 

nontangential maximal 168.В 

normal (of ordinal numbers) 312.C 

normal density 397.0 

null 3101 

number-theoretic 295.A 356.A 

objective 264.В 307.C 

odd 165.B 

operating 192.N 

order (of a meromorphic function) 272.B 

orthogonal 317, App. A, Table 20 

orthogonal, Haar system of 317.C 

orthogonal, Rademacher system of 317.C 

orthogonal, Walsh system of 317.С 

outer 43.F 

P-,ofRiemann 253.B 

fo-, of Weierstrass 134.Е, App. A, Table 16.IV 

Painlevé transcendental 288.C 

parabolic cylinder 167.C 

parametric 102.A 399.A 

partial 356.E 

partition 402.D 

payoff 173.B 

pentagamma 174.B 

periodic 134.Е 

phase (of a Fourier integral operator) 274.C 
345.B 

piecewise continuous 84.B 

plurisubharmonic 21.6 

point 380.A 

polygamma  174.B, App. A, Table 17.1 


Subject Index 
Function(s) 


positive rea] 282.С 

of positive type 192.B,J 

power 400.A 

primitive 216.C 

primitive, derivatives and App. A, Table 9.1 
primitive recursive 356.A,B,F 
probability generating 341.F 

proper (of a boundary value problem) 315.B 
proper convex 88.D 

propositional 411.C 

proximity (of a meromorphic function) 272.B 
pseudo- 125.C 

psi 174.B 

quadraticloss 398.А 399.E 
quasi-analytic 58.Е 

quasi-analytic, family of 58.А 
quasi-analytic, set of 58.F 
quasicontinuous 338.1 

radial maximal 168.B 

rank 66.F 

rapidly decreasing C?- 168.В 

rate distortion 213.E 

rational, field of 337.Н 

rational, ona variety 16А 

rational entire 429.A 

real 165.B 

real analytic 106.К 198.H 

real-valued 165.В 

recursive — recursive function(s) 
regression 397.1 

regular 198 

regular, on an open set (of a variety) 16.В 
regular, at asubvariety 16.B 
representative (of a compact Lie group) 249.U 
representing (of a predicate) 356.B 
representing (of a subset) 381.C 
reproduction 263.A 

Riemann (of a Cauchy problem) 325.D 
Riemann integrable 216.A 

Riemann P App. A, Tables 14.1 18.1 
Riemann theta 3.L 

Riemann (- 450.B 

right continuous 84.В 

right majorizing 316.E 

right superior 316.E 

risk 398.A 

sample 407.A 

sample covariance 395.6 

with scattered zeros 208.C 

schlicht 438.A 

Schwinger 150.F 

selection 354.E 

self-reciprocal 220.B 

semicontinuous (at a point) 84.C 
sequential decision 398.Е 

set 380 

of several variables 106.LJ 

shape 223.G 

Siegel modular, of degree n 32.F 

o-,of Weierstrass 134.F, App. A, Table 16.IV 
simple 221.В 443.B 

simple loss 398.A 

simplest Chebyshev q- 19.6 

simply periodic 134.Е 

single-valued 165.В 

singular inner function 43.F 

slope 46.C 

sn App. A, Table 16.III 

special App. A, Table 14.11 

special, of confluent type 389.A 
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special, of ellipsoidal type 389.А 

special, of hypergeometric type 289.А 

spherical (on a homogeneous space) 437.Y 

spherical Bessel 39.В 

spherical harmonic 193.С 

spheroidal wave 133.E 

standard defining 125.Z 

stationary 46.B 

statistical decision 398.А 

stream 205.B 

strictly concave 88.A 

strictly convex 88.A 

strictly decreasing 166.A 

strictly increasing 166.A 

strictly monotone 166.A 

strictly monotone (of ordinal numbers) 312.C 

strictly monotone decreasing 166.A 

strictly monotone increasing 166.A 

strictly monotonic 166.А 

structure 191.C 

Struve 39.С, App. A, Table 19.IV 

subharmonic 193.А 

superharmonic 193.Р 

supporting 125.0 

symmetric 337.1 

Szegó kernel 188.Н 

t- 150.D 

test 130.DD 400.A 

tetragamma 174.B 

Theodorsen 39.E 

theory of 198.0 

theory of, of a complex variable 198.0 

theta 1341 

theta (on a complex torus) 3I 

time ordered 150.D 

torus App. A, Table 18.III 

transcendental, of Painlevé 288.C 

transcendental entire 429.A 

transcendental meromorphic 272.А 

transfer 86.D 

transfinite logical choice 411.J 

transition (of a fiber bundle) 147.B 

transition (of a Markov chain) 250.A 261.B 

trigamma 174.В 

trigonometric 432.А, App. A, Table 2 

truncated Wightman 150.D 

truth 341.A411E 

ultradifferentiable 168.В 

uniformly almost periodic 18.В 

unit 306.В, App. A, Table 12.1 

universally measurable 270.1, 

upper limit 84.C 

upper semicontinuous 84.C 

value 108.B 

ona variety 16.А 

von Neumann 39.В 188.H, App. A, 
Table 19.III 

Wagner 39.E 

wave 351.D $ 

Weber 39.G 167.C, App. A, Tables 19.IV, 20.IV 

Weierstrass elliptic App. A, Table 16.IV 

Weierstrass g- 134.F, App. A, Table 16.IV 

Weierstrass sigma 134.Е, App. A, Table 16.1V 

weight (interpolatory) 299.A 

weight (for the mean of a function) 211.C 

weight (in orthogonality) 317.A 

Whittaker 167.B, App. A, Table 19.II 

Wightman 150.D 

X-valued holomorphic 251.G 

zeta — zeta functions 
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zona] spherica] (on a homogeneous space) 
437.Y 
functional 46.A 162 165.B 
additive (of a Markov process) 261.E 
algebraic linear 424.B 
analytic 168.C 
areal 334.B 
bilinear 424.G 
Brownian 176.I 
characteristic (of a probability distribution) 
407.C 
Dirichlet 334.С 
Douglas 334.C 
linear 37.С 197.F 424.B 
martingale additive 261.Е 
multiplicative (of a Markov process) 261.E 
multiplicative, transformation by (in Markov 
process) 261.F 
perfect additive 261.Е 
subadditive 88.B 
supporting (of а convex set) 89.G 
Yang-Mills 80.Q 
functional analysis 162 
functional analysis, nonlinear 286 
functional cohomology operation 202.S 
functional-differential equation 163 
system of 163.E 
functional equation 
Abel 388.D 
approximate (of zeta function) 450.B 
Schröder 388.р 
special 388.A 
of zeta function 450.B 
function algebra 164.A 
functionally dependent (components of mapping) 
208.C 
of class С" 208.C 
functional model 251.N 
functional paper 19.D 
functional ®-operation 202.8 
functional relation 208.С 
of class С" 208.C 
of gamma function 174.A 
function element 198.1 339.A 
inverse 198.L 
in the wider sense 198.0 
function field 
(of an algebraic curve over a field) 9.C 
(of an algebraic variety) 16.А 
Abelian 3J 
algebraic, over k of dimension 1 9.D 
algebraic, over k of transcendence degree 1 
9.D 
algebraic, in n variables 149.K 
elliptic 9.D 
rational, in n variables 149.K 
function group 234А 
function matrix 
rational 86.D 
transfer 86.В 
functions on a variety 16.А 
function space(s) 168 435.D 
test 125.5 
function symbol 411.H 
function-theoretic null sets 169 
function variable 411.H 
functor 52.H 
ð- 2001 
0%*- 2001 
additive 52.N 


Subject Index 
Fundamental period parallelogram 


adjoint 52.K 
cohomological 2001 
connected sequences of 2001 
contravariant 52.H 
covariant 52.H 
derived 2001 
exact 52.N 2001 
faithful 52.H 
forgetful 52.1 
fully faithful 52.H 
half-exact 200.1 
homological 200.1 
left adjoint 52.K 
left balanced 200.1 
left derived 20010 
left exact 200.1 
partial derived 2001 
relative derived 200.K 
representable 53.L 
right adjoint 52.K 
right balanced 2001 
right derived 2001,0 
right exact 2001 
spectral 200.J 
universal ð- 2001 
functorial isomorphism 53.) 
functorial morphism 53.) 
fundamental absolute neighborhood retract (FANR) 
382.C 
fundamental absolute retract (FAR) 382.C 
fundamental cell (of a symmetric Riemann space) 
413.F 
fundamental class 
(of an Eilenberg-MacLane space) 70.F 
(of a Poincaré pair) 114.) 
(ofa Thom complex) 114.G 
with coefficient Z, 65.В 
fundamental conjecture (in topology) 70.C 
fundamental curve (with respect to a birational 
mapping) 161 
fundamental cutset matrix 186.G 
fundamental cycle 
(of an oriented pseudomanifold) 65.B 
(in a resolution of a singularity) 418.С 
fundamental differential invariants (of a surface) 
110.B 
fundamental discriminant 295.D 
fundamental domain 234.C 
fundamental exact sequence 200.M 
fundamental figure(s) 343.B 
linear 343.B 
fundamental form 
(associated with a Hermitian metric) 232.A 
(of a Finsler space) 152.A 
first 111.G, App. A, Table 41 
second 111.6 360.G 365.C 
fundamental group 170 
algebraic 16.7 
fundamental homology class 201.N 
around К 201.N 
fundamental invariants (of a space with a Lie trans- 
formation group) 110.A 
fundamental kernel 320.H 
fundamental lemma 
in the calculus of variations 46.B 
Neyman-Pearson 400.B 
fundamental open set 122.B 
fundamental operator 163.Н 
fundamental period (of a periodic function) 134.E 
fundamental period parallelogram 134.Е 


Subject Index 
Fundamental point 


Íundamental point 
(with respect to a birational mapping) 161 
(of a projective space) 343.C 
fundamental quantities 
first ПЫН 
second 111.H 
fundamental region (of a discrete transformation 
group) 122.B 
Ford 234.C 
fundamental relations 
(of gamma functions) 174.A 
(among the generators of a group) 161.A 
(in thermodynamics) 419.A 
fundamental retract 382.С 
fundamental root system (of a semisimple Lie 
algebra) 248.N 
fundamental sequence 
of cross cuts (in a simply connected domain) 
333.B 
of rational numbers 294.E 
of real numbers 355.В 
їп а uniform space 436.G 
fundamental set (of a transformation group) 122.B 
fundamental solution(s) 
(of a differential operator) 112.В 189.C 
(of an elliptic equation) 323.B 
(of an evolution equation) 189.C 
(of a hyperbolic equation) 325.D 
(of a parabolic equation) 327.D 
(of a partial differential equation) 320.H 
system of (of a system of linear equations) 
269.M 
fundamental space 125.5 
fundamental subvariety (with respect to a birational 
mapping) 16.1 
fundamental system 
(of eigenfunctions to an eigenvalue for 
an integral equation) 217.F 
(for a linear difference equation) 104.D 
(of a root system) 13.J 
of irreducible representations (of a complex 
semisimple Lie algebra) 248.W 
of neighborhoods 425.Е 
of solutions (of a homogeneous linear ordinary 
differential equation) 252.B 
of solutions (of a homogeneous system of linear 
differential equations of the first order) 252.H 
fundamental tensor(s) 
(of a Finsler space) 152.А 
(of a Riemannian manifold) 364.A 
Lie 413.G 
second 417.F 
fundamental theorem(s) 
ofalgebra 10.E 
Bonnet (on surfaces) 111.H 
of calculus 216.C 
of elementary number theory 297.C 
the first (of Morse theory) 279.D 
Gentzen 411J 
Nevanlinna first 272.B 
Nevanlinna second 272.E 
of the principal ordero 14.С 
of projective algebraic varieties 72.F 
of projective geometry 343.D 
of proper mapping 16.X 
the second (of Morse theory) 279.D 
of Stein manifolds 21.L 72.E 
on symmetric polynomials 337.1 
of the theory of curves 111.0 
ofthe theory of surfaces 111.G 
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Thom 114.H 
of the topology of surfaces 410.В 
of ultraproducts 276.Е 
fundamental tieset matrix 186.G 
fundamental unit 414.A 116 
fundamental units (of an algebraic number field) 
14.D 
fundamental vector field 191.A 
fundamental vectors (in a vector space) 442.A 
future cone 258.A 


G 


y — gamma 
GL(n, k) (general linear group) 60.B 
y-matrices, Dirac 415.6 
y-perfect 186.J 
y-perfectness 186.J 
y-point of the kth order (of a holomorphic function) 
198.C 
I-equivalent (points) 122.A 
I-extension 141, 
T,-foliation 154.H 
T-structure 90.D 105.Y 
L structure 154.H 
I7-structure 154.E 
g-lattice (of a separable algebra) 27.A 
integral 27.A 
normal 27.A 
G-bundle 147.B 
G-connections, Yang-Mills 80.0 
G-fiber homotopy type, spherical 431.F 
G-group 172.) 
G-invariant 
(element) 226.A 
(statistics) 396.1 
almost 3961 
G-invariant measure 225.B 
G-isomorphism 191.A 
G-manifold 431.С 
oriented 431.E 
G-mapping (G-map) 362.В 431.A 
G-set 
k-ply transitive 362.В 
left 362.B 
quotient 362.B 
right 362.B 
simply transitive 362.В 
sub- 362.B 
G-space 178.Н 431.A 
with nonpositive curvature 178.H 
G-stationary 
strictly 395.1 
weakly 3951 
G-structure 191 
G-subset 362.В 
G-surface 178.H 
G-vector bundle 237.H 
G;-set 270.C 
gain, heat 419.A 
Galerkin method 290.Е 303.I 304.B 
Galilei transformation 359.С 
Galois, E. 171 
Galois cohomology 172.3 200.N 
Galois equation 172.G 
Galois extension (of a field) 172.B 
Galois field 149.M 
Galois group 
of an algebraic equation 172.G 
of a Galois extension 172.В 
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ofa polynomial 172.G 
Galoistheory 172 
of differential fields 113 
Galton-Watson process 44.B 
multi (k)-type 44.С 
game 
bimatrix 173.C 
constant-sum 173.А 
cooperative 173.A 
differential 108 
general-sum 173.А 
with infinitely many players 173.D 
matrix 173.C 
multistage 173.C 
noncooperative 173.A 
n-person, in extensive form 173.B 
n-person, in normal form 173.C 
n-person cooperative, in characteristic- 
function form 173.D 
in partition-function form 173.D 
without side payments 173.D 
zero-sum 173.A 
zero-sum two-person 108.B 
game-theoretic model 307.С 
game theory 173 
gamma density 397.D 
gamma distribution 341.D, App. A, Table 22 
gamma function 150.D 174, App. A, Table 17.I 
incomplete 174.4, App. A, Table 17.I 
multidimensional 374.C 
gamma function and related functions App. A, 
Table 17 
gap (at a point) 84.B 
gaptheorem 339.D 
Hadamard 339.D 
gap value (of a point on a Riemann surface) 11.D 
Garding, hyperbolic in the sense of 325.F 
Gárding inequality 112.G 323.H 
Garnier system 253.Е 
Garside-Jarratt-Mack method 301.N 
gases, kinetic theory of 402.B 
Gâteaux derivative 286.E 
Gâteaux differentiable 286.E 
gauge theory 105.G 
lattice 150.G 
gauge transformation 
(in electromagnetism) 130.A 
(in a lattice spin system) 402.G 
(of a principal fiber bundle) 80.0 
(in unified field theory) 434.B 
of the first kind 150.B 
Gauss, C. F. 175 
Gauss-Argand plane 74.C 
Gauss backward interpolation formula 223.С 
Gauss-Bonnet formula 111.H 364.D, App. A, 
Table 4.I 
Gauss-Bonnet-Sasaki-Nitsche formula 275.С 
Gauss-Chebyshev formula (in numerical integration) 
299.A 
Gauss circle problem 242.A 
Gauss criterion App. A, Table 10.II 
Gauss equation 
(on an isometric immersion) 365.C 
(on surfaces) 111.H 
Gauss formula 
(on Gauss sum) 295.D 
(on harmonic functions) 193.D 
(for integration of a vector field) App. A, 
Table 3.Ш 
(for isometric immersion) 365.C 


Subject Index 
Gel’fand-Pettis integrable 


(in numerical integration) 299.A 
(for the surface integral) 94.F 
(in theory of surfaces) 111.H, App. A, Table 41 
Gauss forward interpolation formula 223.C 
Gauss-Hermite formula (in numerical integration) 
299.A 
Gauss hypergeometric differential equation 
App. A, Table 14.II 
Gaussian 
(system of random variables) 176.A 
complex 176.B 
Gaussian curvature 
(ofa surface) 111.H, App. A, Table 4.1 
total (of a surface) 111.H 
Gaussian differential equation 206.A 
Gaussian distribution 341.р 
standard 176.A 
Gaussian elimination 302.B 
Gaussian frame (of a surface) 111.H 
Gaussian integer 14.U 
Gaussian plane 74.C 
Gaussian process 176 342.A 
complex 176.C 
N-ple Markov 176.F 
N-ple Markov, in the restricted sense 176.F 
stationary 176.C 
Gaussian random field 
Markov, in the McKean sense 176.F 
Markov, in the Nelson sense 176.F 
Gaussian random measure 407.D 
Gaussian random variable, complex 176.B 
Gaussian source, autoregressive 213.E 
Gaussian sum  295.D 450.C 
local 450.F 
Gaussian system 
(of random variables) 176.A 
complex 176.B 
Gaussian white noise 407.C 
Gauss integral 338.5 
Gauss integration formula (in the narrow sense) 
299.A 
Gauss interpolation formula App. A, Table 21 
Gauss-Jordan elimination 302.B 
Gauss kernel 327.D 
Gauss-Laguerre formula (in numerical integration) 
299.A 
Gauss-Manin connection (of a variety) 16.V 
Gauss mapping (in geometric optics) 180.B 
Gauss-Markov theorem 403.E 
Gauss-Seidel method 302.С 
Gauss series 206.A 
Gauss symbol 83.A 
Gauss theorem 
(on algebraic closedness of C) 10.E 
(on primitive polynomials) 337.D 
Gauss theorema egregium (on surfaces) 111.H 
Gauss transformation App. A, Table 16.HI 
Gauss variational problem 338.J 
G.C.D. (greatest common divisor) 67.H 297.A 
GCR algebra 36H 
Gegenbauer polynomials 317.D 393.E, App. A, 
Table 20.I 
Gel'fand-Fuks cohomology 105.AA 
Gelfand integrable 443.Е 
Gel'fand-Levitan-Marchenko equation 
(for KdV equations) 387.D 
(for nonlinear lattice) 287.С 
Gel'fand-Mazur theorem 36.Е 
Gel’fand-Naimark theorem 36.G 
Gel'fand-Pettis integrable 443.Е 


Subject Index 
Gel'fand-Pettis integral 


Gel'fand-Pettis integral 443.F 

Gel'fand- Pyatetskii-Shapiro reciprocity law 
437.DD 

Gel'fand representation (of a commutative Banach 
algebra) 36.E 

Gel'fand-Shilov generalized function 125.5 

Gel'fand theorem, Stone- 168.В 

Gel'fand topology 36.E 

Gel'fand transform 36.Е 

Gel'fand triplet 424.T 

Gell-Mann formula, Nakano-Nishijima- 132.А 

general addition theorem 388.С 

general analytic space 23.G 

general angle 139.D 

general associative law (for group composition) 
190.C 

general boundary value problem 323.H 

general Cantor set 79.0 

general Cayley algebra 54 

general connectedness theorem due to Fulton and 
Hansen 16] 

general curve 93.D 

general derivative (of a set function) 380.D 

general geometry of paths 152.С 

generalization (in étale topology) 16.AA 

generalized absolute continuity (ж) 100.С 

generalized absolute continuity in the restricted 
sense 100.C 

generalized absolutely continuous function 100.С 

generalized Bayes solution 398.В 

generalized Bernoulli shift 136.D 

generalized Bernshtein problem 275.F 

generalized Boolean algebra 42 В 

generalized Boolean ring 42.C 

generalized Borel embedding 384.D 

generalized Clifford torus 275.Е 

generalized cohomology theories 201.А 

generalized cohomology theory with E-coefficient 
202.T 

generalized conformal mapping 246.1 

generalized continuum hypothesis 49.D 

generalized convergence 331.С 

generalized convolution (of distributions) 125.M 

generalized coordinates (in analytical dynamics) 
271.Е 

generalized cylindrical coordinates App. А, 
Table 3.V 

generalized decomposition number (of a finite 
group) 3621 

generalized derivative 125.E 

generalized distance, Mahalanobis 280.E 

generalized distribution, Beurling 1250 

generalized divisor function 295.C 

generalized eigenfunction 375.С 

generalized eigenspace (of a linear operator) 
390.B 

generalized eigenvalue 375.С 

generalized eigenvalue problem  298.G 

generalized eigenvector 390.B 

generalized Eisenstein series | 450. T 

generalized Fourier transform 220.В 

generalized function 125.5 

generalized Hardy class 164.G 

generalized helix 111.F 

generalized homology theory 201.A 

generalized homology theory with E-coefficient 
202.T 

generalized Hopf homomorphism 202.0 

generalized Hopf invariant 202.0 

generalized Hurewicz theorem 202.N 


2000 


generalized isoperimetric problem 46.A 228.A 
generalized Jacobian (of a set function) 246.H 
generalized Jacobian variety 9.F 11.C 
generalized Lamé differential equation 167.Е 
generalized least squares estimator 403.E 
generalized Lebesgue measure 270.E 
generalized Levi form 274.G 
generalized limit 37.Е 
generalized minimal immersion 275.B 
generalized module 143.B 
generalized momentum  271.F 
generalized nilpotent (operator) 251.F 
generalized nilpotent element 36.Е 
generalized nilpotent group 190.K 
generalized peak point 164.D 
generalized peak set 164.D 
generalized Pfaff problem 428.В 
generalized Poincaré conjecture 65.C 
generalized quaternion group 151.В 
generalized rational function 142.B 
generalized Riccati differential equation App. A, 
Table 14.1 
generalized Riemann-Roch theorem (on algebraic 
curves) 9.F 
generalized Schlómilch series 39.С 
generalized solvable group 190.K 
generalized stochastic process 407.С 
generalized suspension theorem 202.T 
generalized Tauberian theorem 36.L 160.G 
of Wiener 192.D 
generalized topological space 425.D 
generalized trigonometric polynomial 18.B 
generalized trigonometric series 18.В 
generalized uniserial algebra 291 
generalized valuation 439.B 
generalized variance 280.Е 397.J 
generalized variance, sample 280.Е 
generalized wave operator 375.B 
generalized Whitehead theorem 202.N 
general knot conjecture 235.В 
general law of reciprocity 14.0 
Artin 59.C 
general linear group 60.В 226.B 256.D 
of degree n over К 60.В 226.B 256.D 
over a noncommutative field 60.0 
projective 60.B 
general linear hypothesis 400.С 
general linear Lie algebra 248.A 
general lower derivative (of a set function) 380.D 
general Markov chain  260J 
general Mathieu function 268.B 
general Navier-Stokes equations 204.F 
general position 
(complexes) 70.B 
(PL mappings) 65.D 
(in a projective space) 343.B 
theorem 65.D 
general principle of relativity 358 
general projective geometry 343.B 
gencral random walk 260.A 
general recursive function 356.С,Е 
general recursive predicate 356.C 
general recursive set 97 
general Runge-Kutta method 303.D 
general sense, derivable in the 380.D 
general set theory 33.B 
general solution 
(of a difference equation) 104.D 
(of an ordinary differential equation) 313.A 
(of a partial differential equation) 320.C 


2001 


(of a system of partial differential equations) 
428.B 
generalsum 173.A 
general theory 
of perturbations 420.Е 
of relativity 358 
general topology 426 
general type 72.H 
surface of 72.K 
general uniformization theorem 367.G 
general upper derivative (of a set function) 380.D 
generate 
(an A-module) 277.D 
(a completely additive class) 270.B 
(a field over К) 149.D 
(а filter) 871 
(ап ideal) 67.B 
(а linear subspace) 256.Е 
(а subgroup) 190.С 
(asubring) 368.Е 
(а topology) 425.Е 
generated, finitely 277.0 
generating curve 111.I 
generating element (with respect to a self-adjoint 
operator) 390.G 
generating function(s) 
(of an arithmetic function) 295.E 
(of a canonical transformation) 82.B 
(of a contact transformation) 82.A 
(of an infinitesimal transformation) 271.F 
(of a sequence of functions) 177.A 
exponential 177.A 
factorial cumulant- 397.G 
factorial moment 397.G 
joint moment 397.1,J 
moment- 177.А 341.C 397.G,J 
probability- .341.F 397.G 
generating line 
(ofa circular cone)  78.A 
(of a quadric hypersurface) 343.E 
(of a quadric surface) 350.B 
(of a ruled surface in differential geometry) 
111 
generating representation (of а compact Lie group) 
249.U 
generating space (of a quadric hypersurface) 343.E 
generator 
(of an Abelian category) 200.I 
(ofa cyclic code) 63.D 
(of an endomorphism) 136.Е 
(ofa group) 190.C 
(of a Markov process) 261.C 
(ofasemigroup) 378.D 
Вои 237.D 
Dynkin representation of 261.B 
F.D. 136.E 
infinitesimal 378.В 
system of (of an A-module) 277.D 
topological (of a compact Abelian group) 
136.D 
two-sided 136.Е 
generic (property) 126.Н 
generic point 16.A 
Gentzen fundamental theorem 411J 
genuine solution 323.G 
genus 
(of an algebraic curve) 9.C 
(of a differential ideal) 428.E 
(of an ideal group) 59.E 
(in integral representation theory) 362.K 


Subject Index 
Geometric realization (of the s.s. complex) 


(ofa knot) 235.A 
(ofalattice group) 13.P 
(of a quadratic field) 347.F 
(of a quadratic form) 348.Н 
(of a surface) 410.B 
(of a transcendental integral function) 429.B 
arithmetic (of an algebraic curve) 9.F 
arithmetic (of an algebraic surface) 15.С 
arithmetic (of a complete variety) 16.E 
arithmetic, of a divisor (on an algebraic surface) 
15.C 
boundary 410.B 
effective (of an algebraic curve) 9.C 
of the function field К/К 9.D 
geometric (of an algebraic surface) 15.E 
geometric (of a complete variety) 16.0 
geometric (of a singular point) 418.C 
i IS.E 
linear 15.G 
measure of (of a positive definite symmetric 
matrix) 348.K 
© (of an algebraic curve) 9.F 
principal (of an ideal group) 59.E 
principal (of a quadratic field) 347.F 
virtual arithmetic (of a divisor) 16.Е 
geocentric parallax 392 
Geócze area (of a surface) 246.E 
Geócze problem 246.D 
geodesic 80.1.1 111.H 178 364.C, App. A, Table 41 
null 359.D 
totally, submanifold 365.D 
geodesic arc 178.Н 364.B 
geodesic coordinates 80.J 
geodesic coordinate system in the weak sense 
232.A 
geodesic correspondence (between surfaces) 111.1 
geodesic curvature 1111, App. A, Table 4.1 
geodesic flow 126.1. 136.G 
geodesic line 178.Н 
geodesic point 111.H 365.D 
geodesic polar coordinates 90.С 
geodesic triangle 178.A 
geodesic variation 178.A 
geometrically finite 234.С 
geometrically reductive 226.B 
geometrically simple eigenvalue 390.A 
geometrical mean 397.C 
geometric complex 70.В 
geometric construction problem 179.A 
geometric crystal class 92.В 
geometric difference equation 104.G 
geometric dimension (of a vector bundle) 114.D 
geometric distribution 341.D, App. A, Table 22 
geometric fiber (of a morphism) 16.D 
geometric genus 
of an algebraic surface 15.E 
of a complete variety 16.0 
of a singular point 418.C 
geometric mean 
(ofa function) 211.C 
(of numbers) 211.C 
geometric multiplicity (of an eigenvalue) 390.А 
geometric number theory 296.B 
geometric optics 180 
geometric point (of a scheme) 16.D 
geometric probability 218.А 
geometric programming 264.D 
geometric progression 3791, App. A, Table 10.VI 
geometric quotient 16.W 
geometric realization (of the s.s. complex) 70.E 


Subject Index 
Geometric series 


geometric series 379.В, App. A, Table 101 
geometry 181 
affine 7 
affine, in the narrower sense 7.E 
affine differential 110.C 
algebraic 12.А 
analytic 181 
circle 76.C 
conformal 76.A 
conformal differential 110.D 
continuous 85.А 
differential 109 
differential, of curves and surfaces 111 
differential, in specific spaces 110 
elliptic 285.A 
Euclidean, in the wider sense 139.B 
finite-dimensional projective 343.В 
formal 16.X 
general, of paths 152.С 
general projective 343.B 
hyperbolic 285.A 
hypersphere 76.C 
integral 218.A 
Laguerre 76.B 
Lobachevskii non-Euclidean 285.А 
Möbius 76.A 
natural 110.A 
n-dimensional Euclidean 139.В 181 
non-Archimedean 155.р 
non-Desarguesian 155.D 343.C 
non-Euclidean 285.А 
parabolic 285.А 
plane 181 
projective 343.В 
projective, of paths 109 
projective differential 110.B 
pseudoconformal 344.А 
pure 181 
Riemannian 137, App. A, Table 4.1 
Riemann non-Euclidean 285.A 
solid 181 
space 181 
of a space subordinate to a group 137 
spectral 391 
sphere 76.C 
spherical 285.D 
onasurface 111.G 
synthetic 181 
wave 434.C 
geometry of numbers 182 
germ(s) 383.B 
of an analytic set 23.B 
of a C?-function at the origin 58.С 
of a holomorphic function 21.E 
irreducible 23.В 
reducible 23.B 
sheaf of, of holomorphic functions 23.C 
sheaf of, of regular functions 16.В 


Germain curvature (of a surface) 111.H, App. A, 


Table 4.I 
Gevrey class 58.G 125.0 325.I 
function of 168.B 


ghost component (of an infinite-dimensional vector) 


449.A 
ghost, Faddeev-Popov 132.С 150.G 
GHS inequality 212.A 
Gibbs distribution, equilibrium 136.C 
Gibbs-Duhem relation 419.B 
Gibbs free energy 419.C 

minimum principle 419.C 


Gibbs measure 136.C 
Gibbs phenomenon 159.D 
Gibbs state 340.В 
Gilbert-Sacks bound, Varsharmov 63.В 
Gill method, Runge-Kutta- 303.р 
Gini coefficient of concentration 397.Е 
Giraud theorem 323.C 
Girsanov theorem  406.B 
Girsanov transformation 406.B 
Girshick-Savage theorem 399.Е 
Givens method 298.D 
Givens transformation 302.E 
GKS first inequality 212.A 
GKS second inequality 212.A 
Glashow-Weinberg-Salam model 132.D 
Glauert approximation, Prandtl- 205.B 
Glauert law of similarity, Prandtl- 205.D 
g..b. (greatest lower bound) 311.B 
Gleason part (for a function algebra) 164.F 
Gleason theorem 351.1. 
glide operation 92.E 
glide reflection 92.E 
Glivenko-Cantelli theorem 374.Е 
global analysis 183 
global dimension 

(of an analytic set) 23.B 

(ofaring) 200.K 

left (ofa ring) 200.K 

right (ofa ring) 200.K 

weak (ofa ring) 200.K 
global discretization error 303.B 
global Hecke algebra 450.0 
global implicit function theorem 208.D 
globally asymptotically stable 126.Е 
globally symmetric Riemannian space 412.A 
global property (in differential geometry) 109 
global roundoff error 303.B 
global truncation error 303.B 
gluing theorem 211 
gluons 132.D 
GNS construction 308.D 
Godbillion-Vey ciasses 154.6 
Godel, Kurt 184 
Gödel completeness theorem 411.J 
Gödel incompleteness theorem 156.Е 
Gödel number(s) 185 356.C,E 
Gödel numbering 185.A 
Gödel set theory 33.C 

Bernays- 33.A 
Goldbach problem 4С 
Golden-Thompson inequality 212.B 
Goldstein method, Ince- 268.С 
Goldstone boson, Nambu- 132.С 
Goldstone theorem 132.C 
Gomory cut 215.B 
Goodner-Kelley theorem, Nachbin- 37.M 
goodness of fit 397.0 

test 401.E 
good reduction (of an Abelian variety) 3.N 

potential (of an Abelian variety) 3.N 
good resolution 418.C 
Goppa code 63.E 
Gordan coefficients, Clebsch- 258.В 353.B 
Gordan equation, Klein- 351.G 377.C 
Gordon equation, Sine- 387.А 
Gorenstein ring 200.K 
Goursat kernel, Pincherle- 217.F 
Goursat theorem 198.B 
grad (gradient) 442.D 
graded algebra 203.В 


2002 


2003 


graded A-module 200.B 
graded coalgebra 203.В 
graded Hopf algebra 203.C 
graded ideal 369.В 
graded module 
connected 203.B 
dual 203.B 
graded object 200.B 
graded ring 369.B 
associated 284.D 
gradient 442.D, App. A, Table 3.II 
gradient method 292.E 
Arrow-Hurwicz-Uzawa 292.E 
conjugate (CG) 302.D 
gradient projection method, Rosen 292.E 
Graeffe method 301.N 
Gramian (determinant) 103.G 208.E 
grammar 
Chomsky 31.D 
context-free 31.D 
context-sensitive 31.D 
regular 31.D 
Gram-Schmidt orthogonalization 317.A 
Gram theorem 226.E 
grand canonical ensemble 402.0 
grand partition function 402.D 
graph 186.B 
(ofa knot) App. A, Table 7 
(=linear graph) 282.A 
(ofa mapping) 381.C 
(of a meromorphic mapping) 23.D 
(of an operator) 251.B 
(ofa relation) 358.4 
bipartite 186.C 
complete 186.C 
complete bipartite 186.С 
direct 186.B 
Euler 186.F 
Feynman 146.А,В 386.C 
labeled 186.В 
linear 282.A 
oriented 186.В 
partial 186.C 
planar 186.H 
regular 186.C 
reoriented 186.B 
section 186.С 
sub- 186.D 
undirected 186.B 
unicursal, theorem (Euler’s) 186.F 
unlabeled 186.B 
unoriented 186.B 
graphic 66.H 
graphical calculation 19.B 
graphical differentiation 19.B 
graphical integration 19.B 
graphical mechanics 19.0 
graphical method of statistical inference 19.B 
graph norm 251.D 
graph theorem, closed 37.1 251.D 424.X 
graph theory 186 
Grashoff number 116.B 
Grassmann algebra (of a linear space) 256.0 
Grassmann coordinates (in a Grassmann manifold) 
90.B 
Grassmann manifold 119.В 427.D 
complex 199.B 
formed by oriented subspaces 199.B 
infinite 1471 


Subject Index 
Group(s) 


real 199.B 
Grauert theorem (on proper holomorphic mappings) 
23.E 72.E 
gravitation, law of universal 271.B 
gravitational units, system of 414.B 
gravity, center of 271.E 
gravity wave 205.F 
long 205.F 
grazing ray 325.L 
great circle (of a sphere) 140 
greater than (another compactification) 207.B 
greatest common divisor 67.H 297.A 
greatest element (in an ordered set) 311.B 
greatest lower bound (of an ordered set) 310.C 
311.B 
greedy algorithm 66.G 
Greek mathematics 187 
Greek quadratrix 187 
Greek quadrivium 187 
Greek three big problems 187 
Green formula 
(for differential operators) App. A, Table 15.VI 
(for harmonic functions) 193.D 
(for Laplace operator) App. A, Tables 3.1, 4.1 
(for ordinary differential equations) 252.K 
(for partial differential equations of parabolic 
typ) 327.D 
(on the plane) 94.F 
Green function method 402.7 
Green functions 188 189.B 
(a-order) 45.D | 
(of a boundary value problem) 315.B 
Green line 193J 
Green measure 193.] 
Green operator 189.A,B 194.C 
Green space 193.N 
Green-Stokes formula 94.F 
Green tensor 188.E 
Green theorem 105.W 
Griffith first inequality 212.A 
Griffith second inequality 212.A 
Gross area (of a Borel set) 246.G 
Grössencharakter 6.D 
Hecke L-function with 450.F 
Gross theorem 2721 
Grothendieck category 2001 
Grothendieck construction 237.B 
Grothendieck criterion of completeness 424.L 
Grothendieck group 
(of a compact Hausdorff space) 237.B 
(ofa ring) 237.J ` 
Grothendieck theorem of Riemann-Roch type 
366.D 
Grothendieck topology 16.AA 
ground field (of a linear space) 256.A 
ground form 226.D 
covariant with 226.E 
ground ring (of a module) 277.D 
group(s) 190.A 
Abelian 2 190.A 
Abelian linear 60.L 
absolute homology 201.L 
additive 2.Е 190.A 
adele (of an algebraic group) 13.Р 
adele (of a linear algebraic group) 6.С 
adjoint (isogenous to an algebraic group) 13.N 
adjoint (of a Lie algebra) 248.H 
adjoint (of a Lie group) 249.P 
of affine transformations 7.E 


Subject Index 
Group(s) 


affine Weyl (of a symmetric Riemann space) 
413.G 

algebra 192.Н 

algebra class 29.E 

algebraic 13 

algebraic fundamental 16.0 

algebraic homotopy 16.U 

alternating, of degreen 151.G 

automorphism (of a Lie algebra) 248.A 

of automorphisms (of a group) 190.D 

*-automorphism 36.К 

Betti (of a complex) 201.В 

black and white 92.D 

black and white point 92.D 

boundary 234.B 

braid 235.F 

Brauer (of algebra classes) 29.E 

Brauer (of a commutative ring) 29.K 

Bravais 92.B 

bundle (of a fiber bundle) 147.B 

€ 52M 

of canonical transformations 271.F 

category of 52.B 

cellular homology 201.F,G 

character (of an Abelian group) 2.G 

character (of a topological Abelian group) 
422.B 

Chevalley 1511 

of classes of algebraic correspondences 9.H 

classical 60.А 

Clifford 61.D 

closed 362.J 

coefficient (of a homology group) 201.Q 

cohomology (of a complex) 200.0 

cohomology (of a group) 200.M 

cohomology (of a Lie algebra) 200.0 

cohomology, with coefficient sheaf F 283.Е 

cohomotopy 2021 

of collineations 343.D 

color point 92.D 

color symmetry (colored symmetry) 92.D 

commutative 2.А 190.A 

commutator (of two elements) 190.H 

commutator (of two subsets of a group) 190.H 

compact 69.A 

completely reducible 190.1, 

complex 601, 

complex cobordism 114.H 

complex orthogonal 60.1 

complex special orthogonal 601 

complex symplectic 60.L 

of congruence classes modulo m* 14.Н 

of congruent transformations 285.С 

covering 91.A 423.0 

covering transformation 91.A 

Coxeter 13.R 

crystallographic 92.A 

crystallographic space 92.A 

cyclic 190.C 

decomposition (of a prime ideal) 14.K 

defect (of a block of representations) 3621 

defect (of a conjugate class in a group) 3621 

derived (of a group) 190.H 

difference (of an additive group) 190.C 

of differentiable structures on combinatorial 
spheres App. A, Table 6.1 

differentiable transformation 431.C 

dihedral 151.G 

direct product 190.L 

discontinuous, of the first kind 122.B 


2004 


discontinuous transformation 122.А 

divisor (of a compact complex manifold) 72.F 

divisor class (of a Riemann surface) 11.D 

elementary topological Abelian 422.E 

elliptic modular 122.D 

equicontinuous, of class (C°) 378.С 

equivariant J- 431.С 

exponential 437.U 

extension (cohomology of groups) 200.M 

factor 190.C 

finite 151.А 190.C 

finitely generated 190.С 

finitely presented 161.A 

of the first kind 122.C 

formal 13.C 

four- 151.G 

free 161.A 

free product (of the system of groups) 190.M 

frieze 92.F 

Frobenius 151.H 

Fuchsian 122.C 

Fuchsoid 122.C 

full 136.F 

full linear 60.В 

full Poincaré 258.A 

function 234.A 

fundamental (of a topological space) 170 

Galois (of an algebraic equation) 172.G 

Galois (of a Galois extension) 172.B 

Galois (of a polynomial) 172.G 

generalized nilpotent 190.K 

generalized quaternion 151.В 

generalized solvable 190.K 

general linear 60.В 226.B 

general linear (over a noncommutative field) 
60.0 

Grothendieck (of a compact Hausdorff space) 
237.B 

Grothendieck (of a ring) 237.J 

h-cobordism (of homotopy n-spheres) 114.I, 
App. A, Table 6.1 

Hamilton 151.B 

Hausdorff topological 423.B 

Hilbert modular 32.6 

holonomy 80.D 364.E 

homogeneous holonomy 364.E 

homogeneous Lorentz 359 

homology (of a chain complex) 201.B 

homology (ofa group) 200.M 

homology (of a Lie algebra) 200.0 

homology (of a polyhedron) 201.D 

homotopy 202.J 

hyper- 190.P 

icosahedral 151.G 

ideal, modulo m* 14.H 

ideal class 14.E 67.K 

idele 6.C 

idele class 6.D 

indecomposable 190.L 

inductive limit 210.C 

inductive system of 210.C 

inertia (of a finite Galois extension) 257.D 

inertia (of a prime ideal) 14.K 

infinite 190.С 

infinite classical 147.1 202.V 

infinite orthogonal 202.У 

infinite symplectic 202.У 

infinite unitary 202.У 

inhomogeneous Lorentz 359 

of inner automorphisms (of a group) 190.D 


2005 Subject Index 
Group(s) 


of inner automorphisms (of a Lie algebra) 
248.H 

integral homology (of a polyhedron) 201.D 

integral homology (of a simplicial complex) 
201.C 

integral singular homology 201.E 

isotropy 362.B 


J- 2371 
ofJanko-Reetype 151J 
k- 13A 


K- (of a compact Hausdorff space) 237.B 

Klein four- 151.G 

Kleinian 122.C 243.A 

knot 235.В 

L- 450.N 

lattice 182.B 

lattice (of a crystallographic group) 92.A 

lattice-ordered Archimedean 243.G 

Lie 249.A 423.M 

Lie transformation 431.C 

linear fractional 60.В 

linear isotropy (ata point) 199.A 

linear simple 151.1 

link 235.D 

little 258.C 

local Lie 423.L 

local Lie, of local transformations 431.6 

locally Euclidean 423.M 

local one-parameter, of local transformations 
105.N 

Lorentz 60.J 258 359.B 

magnetic 92.D 

Mathieu 151.H 

matric 226.B 

matrix 226.B 

maximally almost periodic 18.1 

minimally almost periodic 18.1 

mixed 190.P 

Móbius transformation 76.A 

modular 122.D 

monodromy (of an n-fold covering) 91.A 

monodromy (of a system of linear ordinary 
differential equations) 253.B 

monothetic 136.D 

of motions 139.B 

of motions in the wider sense 139.В 

multiplicative 190.A 

multiplicative (of a field) 149.А 190.B 

Néron-Severi (of a variety) 15.D 16.P 

nilpotent 151.С 190 

octahedral 151.G 

О 190Е 

one-parameter, of transformations (of a C^- 
manifold) 105.N 

one-parameter, of transformations of class С" 
126.B 

one-parameter semi-, of class СО 378.B 

one-parameter sub- 249.Q 

ordered 243.G 

ordered additive 439.В 

of orientation-preserving diffeomorphisms 
1141 

oriented cobordism 114.H 

of oriented differentiable structures on 
a combinatorial sphere 114.1 

orthogonal 60.1 139.B 151.1 

orthogonal (over a field with respect to 
a quadratic form) 60.K 

orthogonal (over a noncommutative field} 
60.0 


orthogonal transformation 60.1 

of outer automorphisms (of a group) 190.D 

of outer automorphisms (of a Lie algebra) 
248.H 

р- 151.В 

periodic 2А 

permutation 190.В 

permutation, of degreen 151.86 

n- 151Е 

z-solvable 151.F 

Picard (of a commutative ring) 237.J 

Poincaré 170 258.А 

point (of a crystallographic group) 92А 

polychromatic 92.D 

principal isotropy 431.С 

profinite 210.C 

projective class 200.K. 

projective general linear 60.В 

projective limit 210.C 

projective special linear 60.B,O 

projective special unitary 60.H 

projective symplectic 60.1. 

projective system of 210.С 

of projective transformations 343.D 

projective unitary 60.F 

proper Lorentz 60.J 258.A 359.B 

proper orthogonal 60.1 258.A 

pseudo- (of topological transformations) 
105.Ү 

p-torsion, of exceptional groups App. A, 
Table 6.IV 

qth homology 201.B 

quasi- 190.P 

quasi-Fuchsian 234.В 

quaternion 151.B 

quaternion unimodular 412.G 

quotient 190.C 

quotient (of a topological group) 423.E 

of quotients (of a commutative semigroup) 
190.P 

ramification (of a finite Galois extension) 
257.D 

ramification (of a prime ideal) 14.К 

rational cohomology 200.0 

reductive 13.Q 

Ree 1511 

of Ree type 151.7 

regular polyhedral 151.G 

relative homotopy 202.K 

relative singular homology 201.1, 

renormalization 111.A 

restricted holonomy 364.Е 

restricted homogeneous holonomy 364.E 

Riemann-Roch 366.D 

Riesz 36H 

rotation 60.1 258.A 

Schottky 234.В 

semi- 190.Р 396.A 

separated topological 423.B 

sequence of factor (of a normal chain) 190.G 

shape 382.C 

Siegel modular (of degree п) 32.F 

simple 190.С 

simply connected (isogenous to an algebraic 
group) 13.N 

singular homology 201.G,L 

solvable 151.D 1901 

space 92.A 

special Clifford 61.D 

special linear 60.В 


Subject Index 
Group algebra 


special linear (over a noncommutative fleld) 
60.O 

special orthogonal 60.LK 

special unitary 60.F,H,O 

spinor 60.161.D 

stability 362.B 

stable homotopy 202.Т 

stable homotopy (of classical group) 202.V 

stable homotopy (of the Thom spectrum) 
114.G 

Steinberg (of a ring) 237.J 

structure (of a fiber bundle) 147.B 

supersolvable 151.D 

Suzuki 1511 

symmetric 190.B 

symmetric, of degreen 151.G 

symplectic 60.L 1511 

symplectic (over a noncommutative field) 
60.0 

symplectic transformation 60.L 

Tate-Shafarevich 118.D 

tetrahedral 151.G 

theoretic approach 215.C 

Tits simple 151.1 

T,-topological 423.B 

topological 423 

topological Abelian 422.A 

topological transformation 431.A 

torsion 2.A 

torsion (of a finite simplicial complex) 201.B 

torus 422.E 

totally ordered 243.G 

totally ordered additive 439.B 

total monodromy 418.Е 

transformation 431, App. A, Table 14.11 

transitive permutation 151.H 

of translations 7.Е 258.A 

of twisted type 151.1 

type 1 308.L 437.E 

underlying (of topological group) 423.A 

unimodular 60.B 

unimodular locally compact 225.C 

unit (of an algebraic number field) 14.D 

unitary 60.F 1511 

unitary (over a field) 60.H 


unitary (relative to an e-Hermitian form) 60.0 


unitary symplectic 60.1, 

unitary transformation 60.F 

universal covering 91.В 423.0 

unoriented cobordism  114.H 

value (of a valuation) 439.B,C 

vector 422.E 

Wall 114J 

WC (Weil-Chátelet) 118.D 

weakly wandering under 136.F 

web 234.B 

weight 92.C 

Weil 6.E 450.H 

Weil-Chatelet 118.D 

Weyl (of an algebraic group) 13.H 

Weyl (ofa BN pair) 13.R 

Weyl (of a Coxeter complex) 13.R 

Weyl (of a root system) 13.J 

Weyl (of a semisimple Lie algebra) 248.R 

Weyl (of a symmetric Riemannian space) 
413.F 

Weyl, affine 413.F 

Weyl, k- 13.0 

White 92Р 

Whitehead (of a ring) 237.) 
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Witt (of nondegenerate quadratic forms) 
348.E 
Zassenhaus 151.Н 
groupalgebra 29.C 36.L 
C*- 36.1. 
group code 63.C 
group extension 200.M 
grouplike 203.F 
group manifold (of a Lie transformation group) 
110.A 
group measure space construction 136.F 
group minimization problem 215.C 
group object (ina category) 52.M 
groupoid 190.P 
hyper- 190 
group pair (of topological Abelian groups) 4221 
orthogonal 4221 
group ring (of a compact group) 69.A 
group scheme 16.H 
group system 235.B 
group theorem (on fractional ideals) 67.J 
group-theoretic approach 215.С 
group variety 13.B 16.H 
algebraic 13.B 
group velocity 446 
growth, infra-exponential 125.AA 
Grunsky inequality 438.B 
Gudermann function (Gudermannian) 131.F, 
App. A, Table 16.11 
guide, wave 130.B 
Guignard constraint qualification 292.B 
Gupta-Bleuler formalism 150.G 
Gysin exact sequence (of a fiber space) 148.Е 
Gysin homomorphism 201.0 
Gysin isomorphism, Thom- 114.G 
ofa fiber space 148.E 


H 


H, (Hardy spaces) 168.B 
H'(Q) (Sobolev spaces) 168.B 
Hi (Q) (Sobolev spaces) 168.B 
h-cobordant oriented manifolds 114.1 
h-cobordism group of n-dimensional homotopy 
spheres 1141, App. A, Table 6.1 
h-cobordism theorem 114.F 
H-function 402.B 
H-series, principal 437.X 
H-space 203.D 
H-theorem 402.В 
(H, p-summable 379.M 
H-closed space 425.U 
Haag-Araki axioms 150.E 
Haag-Kastler axioms 150.Е 
Haag-Ruelle scattering theory 150.D 
Наар theorem 150.С 
Haar condition (on best approximation) 336.В 
Haar measure 
left-invariant 225.C 
right-invariant 225.С 
Haar space 142.В 
Haar system of orthogonal functions 317.C 
Haar theorem 225.C 
Hadamard estimation App. A, Table 8 
Hadamard formula, Cauchy- 339.А 
Hadamard gap theorem 339.D 
Hadamard multiplication theorem 339.р 
Hadamard theorem 
(on meromorphic functions) 272.E 
(on singularities of power series) 339.D 
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Hadamard three-circle theorem 43.E 
hadrons 132.B 
Haefliger structure 154.Е 

Cr 154E 
Hahn-Banach (extension) theorem 

(ina normed space) 37.F 

(їп a topological linear space) 424С 
half Bessel function 39.В 
half-exact (functor) 200.I 
half-life 132.А 
half-line 155.B 

closed (in affine geometry) 7.D 
half-periodic solution (of Hill equation) 268.Е 
half-plane 155.В 333.A 
half-space 

of an affine space 7.D 

closed (of an affine space) 7.D 

principal (ofa flag) 139.B 

Siegel upper (of degree и) 32.F 

supporting (of a convex set) 89.A 
half-spinor (even, odd) 61.E 
half-spin representation (even, odd) 61.E 
half-trajectory 

negative 126.D 

positive 126.D 
half-width 132.А 
Hallsubgroup 151.Е 
Hallstr6m-Kametani theorem 124.C 
Halmos theorem, von Neumann- 136.Е 
Hamburger moment problem 240.K 
Hamilton canonical equation 271.F 
Hamilton-Cayley theorem 269.F 
Hamilton differential equation 324.Е 
Hamilton group 151.B 
Hamiltonian 271.Е 351.D 442.D 

bilinear 377.A 

cluster decomposition 375.Е 

free 351.D 
Hamiltonian function 219.C 271.F 
Hamiltonian operator 351.D 
Hamiltonian system 126.1, 
Hamiltonian vector field 126.1 219.C 
Hamilton-Jacobi differential equation 271.F 324.E 
Hamilton-Jacobi equation 108.B 
Hamilton path 186.F 
Hamilton principle 441.B 
Hamilton quaternion algebra 29.В 
Hammerstein integral equation 217.M 
Hamming bound (of a code) 63.B 
Hamming code 63.С 
Hamming distance 63.В 136.E 
handle 410.B 

attaching 114.F 

Casson 114K 

manifold with 114.F 
handlebody 114.F 
Hankel asymptotic representation App. А, 

Table 19.III 
Hankel determinant 142.E 
Hankel functions 39.В, App. A, Table 19.11 
Hankel transform 220.B 
Hansen, general connectedness theorem due to 
Fulton and 16.1 

Hansen-Bessel formula App. A, Table 19.III 
hard, NP- 71.Е 
hard Lefschetz theorem 450.Q 
hardware 75.C 
Hardy class 43.F 159.6 

generalized 164.Е 
Hardy inequality App. A, Table 8 
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Hasse norm-residue symbol, Hilbert- 


Hardy-Littlewood-Sobolev inequality 224.E 
Hardy-Littlewood supremum theorem App. A, 
Table 8 
Hardy-Littlewood theorem 
on bounded functions 43.E 
on trigonometric systems 317.В 
Hardy space 168.B 
Hardy theorem 
on bounded functions 43.E 
on the Cauchy product of two series 379.F 
harmonic 
(form) 194.B 
(function) 193.A 
(function on a state space) 260.D 
(mapping) 195.B 
harmonically separated points (in a projective space) 
343.D 
harmonic analyzer 19.E 
harmonic analysis 192 
harmonic boundary 207.B 
harmonic conjugates 343.D 
harmonic continuation 193.М 198.G 
harmonic differential (on a Riemann surface) 367.H 
harmonic dimension (of a Heins end) 367.E 
harmonic flow 193.K 
harmonic functions 193 
conjugate 193.C 
spherical 193.C 
harmonic integrals 194 
harmonic kernel function 188.Н 
harmonic majorant (of subharmonic function) 
193.5 
harmonic mapping 195 
harmonic mean 
(of a distribution) 397.C 
(ofa function) 211.C 
(of numbers) 211.C 
harmonic measure 
inner 169.B 
outer 169.B 
harmonic motion, simple 318.В 
harmonic oscillation 318.В 
harmonic range of points 343.D 
harmonics 
ellipsoidal 133.B 
ellipsoidal, of four species 133.C 
solid 393.A 
spherical 193.C 393.A 
surface 393.A 
tesseral 393.0 
zonal 393.D 
Harnack condition (on the D-integral) 100.Е 
Harnack first theorem 193.1 
Harnack lemma 1931 
Harnack second theorem 193.1 
Hartogs continuation theorem 21.F 
Hartogs-Osgood theorem 21.H 
Hartogs theorem 
of continuity 21.H 
ofholomorphy 21.C 
Hartshorne conjecture 16.R 
Harvey duality, Martineau- 125.Y 
hashing 96.B 
Hasse character, Minkowski- (of a nondegenerate 
quadratic form) 348.D 
Hasse conjecture 450.5 
Hasse function, Artin- 257.H 
Hasse invariant (of a central simple algebra over 
a p-adic field) 29.G 
Hasse norm-residue symbol, Hilbert- 14.R 


Subject Index 
Hasse principle 


Hasse principle 348.G 
Hasse theorem, Minkowski- (on quadratic forms 
over algebraic number fields) 348.G 
Hasse-Witt matrix 9.E 
Hasse zeta function 450.8 
Haupt theorem 268.E 
Hauptvermutung (in topology) 65.C 70.C 
Hausdorff axiom 425.0 
Hausdorff dimension 117.G 234.E 246.K 
Hausdorff formula, Campbell- 249.R 
Hausdorff measure 169.D 
Hausdorff moment problem 240.K 
Hausdorff space 425.Q 
collectionwise 425.AA 
Hausdorff theorem, Baire- 273.J 425.N 
Hausdorff topological group  423.B 
Hausdorff uniform space 436.С 
Hausdorff-Young inequality 224.Е 
Hausdorff-Young theorem  317.B 
Hawaiian earring 79.C 
hazard function 397.0 
hazard rate 397.0 
heat 
Joule 130.B 
specific, at constant pressure 419.B 
specific, at constant volume 419.B 
heat bath 419.B 
heat conduction, equation of 327.А 
heat equation 327.A, App. A, Table 15.VI 
heat gain 419.A 
heat loss 419.A 
Heaviside calculus 306.A 
Heaviside function 125.E 306.B, App. A, Table 12.11 
Hecke algebra 29.С 32.D 
global 450.0 
Hecke character 6.D 
Hecke L-function 450.Е 
with Gróssencharakter 450.F 
Hecke operator 32.D 
zeta function defined by 450.M 
Hecke ring 32.D 
Heegaard decomposition 65.С 
height 
(of an algebraic number) 430.B 
(of an element іп a lattice) 243.F 
(ofan ideal) 67.E 
(ofanisogeny) 3.F 
(of a lattice) 243.F 
(of a prime ideal) 67.E 
infinite (element of an Abelian p-group) 2.D 
Heilbronn phenomenon, Deuring- 123.D 
Heine-Borel theorem 273.F 
Heine series 206.С 
Heinsend 367.Е 
Heisenberg equation of motion 351.D 
Heisenberg picture 351.D 
Heisenberg uncertainty relation 351.C 
helicity 258.С 


helicoid 
ordinary 1111 
right 111.1 


helicoidal surface IILI 

Helinger-Hahn theorem 390.G 

helix 
generalized 111.F 
ordinary І.Е 

Helly theorem 94.B 

Helmholtz differential equation 188.D, App. A, 
Table 15.VI 

Helmholtz free energy 419.C 
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minimum principle 419.С 
Helmholtz theorem (on vector fields) 442.D, 
App. A, Table 3.III 
Helmholtz vorticity theorem 205.В 
Helson set 192.R 
hemisphere 
northern 140 
southern 140 
Henselian ring 370.С 
Henselization 370.С 
Hensel lemma 118.C 
Hensel ring 370.С 
Herbrand lemma 200.N 
Herbrand quotient 200.N 
hereditarily normal space 425.0 
hereditarily quotient mapping 425.G 
hereditarily weak topology 425.M 
hereditary finite set 33.B 
hereditary ring 200.K 
left 200.K 
right 200.K 
Herglotz integral representation 43.1 
Herglotz theorem 192.B 
Hermite differential equation App. A, Table 14.П 
Hermite differential equation, Weber- 167.С 
Hermite formula, Gauss- (in numerical integration) 
299.A 
Hermite interpolation polynomial 223.E 
Hermite polynomials 317.D, App. A, Table 20.IV 
Hermite polynomials, Fourier- 176.1 
Hermitian (integral operator) 251.0 
Hermitian form 256.0 348.F 
anti- 256.0 
é- 600 
indefinite 348.F 
negative definite 348.F 
positive definite 348.F 
semidefinite 398.F 
skew- 256.Q 
v- 384A 
Hermitian homogeneous space, complex 199.A 
Hermitian hyperbolic space 412.G 
Hermitian inner product 256.0 
Hermitian kernel 217.H 
Hermitian linear space 256.Q 
Hermitian matrix 26911 
anti- 2691 
skew 2691 
Hermitian metric 232.A 
Hermitian operator 251.E 
Hermitian space 
irreducible symmetric 412.E 
symmetric 412.E 
Heron formula 
(for plane triangles) App. A, Table 2.II 
(for spherical triangles) App. A, Table 2.III 
Hersch and Pfluger, extremal length defined by 
143.А 
Hersch problem 391.Е 
Hessenberg method 298.0 
Hesse normal form (of a hyperplane) 139.H 
Hessian 
(on a differential manifold) 279.В,Е 
(form) 226.D 
(of a plane algebraic curve) 9.B 
heterogeneity, design for two-way elimination of 
102.K 
heuristic algorithm 215.Е 
Hewitt-Savage zero-one law 342.G 
hexagon 155.F 
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hexagonal (system) 92.E 
hexahedron 357.В 
Hey zeta function 27.F 
hidden variable theories 351.L 
hierarchy 356.H 
analytic 356.H 
arithmetical 356.H 
arithmetical, of degrees of recursive unsolvability 
356.H 
C-analytic 356.H 
C-arithmetical 356.Н 
Chomsky 31.D 
hyperarithmetical, of degrees of recursive 
unsolvability 356.Н 
hierarchy theorem 356.H 
Higgs mechanism 132.D 
higher algebraic K-theory 237.J 
higher differentiation (in a commutative ring) 113 
higher order, of (for infinitesimals)  87.G 
higher-order derivative (of a differentiable function) 
106.D 
higher-order ordinary differential equation 
App. А, Table 141 
higher-order partial derivative 106.G 
higher-order predicate logic 411.K 
higher-transcendental function 389.А 
highest weight (of a representation of a Lie algebra) 
248.W 
high-precision computation 138.B 
Hilbert, D. 196 
Hilbert basis theorem 284.А 
Hilbert characteristic function 
(of a coherent sheaf) 16.E 
(of a graded module) 369.F 
Hilbert cube .382.B 
Hilbert e-operator 411J 
Hilbert e-quantifier 411.7 
Hilbert e-symbol 411.7 
Hilbert fifth problem 423.N 
Hilbert-Hasse norm-residue symbol 14.R 
Hilbertian space, countably 424.W 
Hilbert inequality App. A, Table 8 
Hilbert invariant integral 46.C 
Hilbert irreducibility theorem (on polynomials) 
337.F 
Hilbert manifold 105.Z 286.K 
Hilbert modular form 
of dimension —k 32.6 
of weight k 32.G 
Hilbert modular function 32.G 
Hilbert modular group 32.6 
Hilbert modular surface 15.Н 
Hilbert norm-residue symbol 14.R 
Hilbert Nullstellensatz 369.р 
Hilbert polynomial 
(of an algebraic curve) 9.F 
(of a coherent sheaf) 16.E 
(of a graded module) 369.F 
Hilbert problem (in calculus of variations) 46.A 
Hilbert problem, Riemann- 
(for integral equations) 217J 
(for ordinary differential equations) 253.D 
Hilbert scheme 16.5 
Hilbert-Schmidt class 68.1 
Hilbert-Schmidt expansion theorem 217.H 
Hilbert-Schmidt norm 68.1 
Hilbert-Schmidt type 
integral operator of 68.С 
kernel of 217.1 
Hilbert spaces 197 
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Holomorphic 


adjoint 251.E 
channel 375.F 
complex 197.В 
exponential 377.D 
physical 150.G 
pre- 197.B 
real 197.B 
rigged 424.T 
Hilbert-Speiser theorem 172J 
Hilbert system of axioms (foundations of geometry) 
155.B 
Hilbert syzygy theorem 369.F 
Hilbert theorem 90 172J 
Hilbert transform 160.0 220.E 
Hilbert zero point theorem 369.D 
Hilferty approximations, Wilson- 374.F 
Hill determinant 268.В 
Hill determinantal equation 268.В 
Hill differential equation 268.В 
Hille-Yosida theorem 378.В 
Hill function 268.Е 
Hill method of solution 268.В 
Hirsch theorem, Leray- 201.J 
Hirzebruch index theorem (for differentiable 
manifolds) 56.G 
Hirzebruch signature theorem (on algebraic surface) 
N.K 
Hirzebruch surface 15.G 
Hirzebruch theorem of Riemann-Roch type 366.B 
histogram 397.В 
Hitchcock method 301.Е 
hitting probability 5.6 
hitting time 260.B 261.B 407.B 
Hlawka theorem, Minkowski- 182.D 
Hochschild cohomology group 200.1, 
Hodge conjecture 450.5 
Hodge index theorem 15.D 
Hodge manifold 232.D 
Hodge metric 232.D 
Hodges-Lehmann theorem 399.E,H 
Hodge spectral sequence 16.0 
Hodge structure (of a vector space) 16.V 
mixed 16.V 
polarized 16.V 
Hodgkin-Huxley differential equation 291.F 
hodograph method 205.В 
hodograph plane 205.B 
hold almost everywhere (in a measure space) 270.D 
hold at almost all points 
іп а measure space 270.D 
Holder condition of order a 84А 
Holder inequality 211.C, App. A, Table 8 
Hólder integral inequality 211.C 
Holder method of order p, summable by 379.M 
Holder sequence, Jordan- (ina group) 190.G 
Holder space 168.В 
Holder theorem 104.F 
Holder theorem, Jordan- (in group theory) 190.G 
Holder theorem, Jordan- (on representations 
of algebras) 362.D 
hole theory, Dirac 415.G 
Holmgren type theorem (of Kashiwara-Kawai) 
125.DD 
Holmgren uniqueness theorem 321.F 
holohedral 92.B 
holohedry 92.B 
holomorphic 
(family of linear operators) 331.C 
(function) 198.A 
(in the sense of Riemann) 21.C 


Subject Index 
Holomorphically complete domain 


(vector-valued function) 37.K 
holomorphically complete domain 21.F 
holomorphically complete space 23.F 
holomorphically convex domain 21.H 
holomorphic automorphism  21.J 
holomorphic differential (on a Riemann surface) 

367.H 
holomorphic differential form of degree k 72.A 
holomorphic distribution (with respect to a param- 
eter) 125.H 
holomorphic evolution operator 378.1 
holomorphic foliation 154.Н 
holomorphic function(s) 198 

(on a complex manifold) 72.А 

(of many variables) 21.A,C 

germofa 21.E 

sheaf of germs of 23.C 383.D 
holomorphic functional calculus 36.M 
holomorphic hull 21.H 
holomorphic k-form 72А 
holomorphic local coordinate system 72.А 
holomorphic mapping 21.J 

(of a complex manifold) 72.A 

nondegenerate (between analytic spaces) 23.C 
holomorphic microfunction 274.Е 
holomorphic modification (of an analytic space) 

23.D 
holomorphic part (in a Laurent expansion) 198.D 
holomorphic sectional curvature 364.0 
holomorphic semigroup 378.D 
holomorphic tangent vector 72.A 
holomorphic vector field 72.А 
holomorphy 

domain of 21.F 

envelop of 21.F 

Hartogs theorem of 21.C 
holonomic (coherent &-module) 274.H 
holonomic systems 

with regular singularities 274.Н 

simple 274.H 
holonomy 154.C 
holonomy group 80.D 154.C 364.D 

homogeneous 364.E 

restricted 80.D 364.E 

restricted homogeneous 364.E 
holonomy homomorphism 154.С 

linear 154.C 
holosymmetric class 92.B 
homentropic flow 205.B 
homeomorphic 425.6 
homeomorphism 425.G 

minimal 136.H 

PL 65.A 

strictly ergodic 136.H 

uniquely ergodic 136.H 
homeomorphism problem 425.G 
homoclinic point 126.7 

transversal 126.7 
homogeneous 

(A-submodule) 200.B 

(boundary value problem) 315.В 

(difference equation) 104.C 

(lattice) 182.B 

(linear ordinary differential equation) 252.A 

(system of linear differential equations of 

the first order) 252.G 

spatially (process) 261.A 

temporally (additive process) 5.B 

temporally (process) 261.A 

weighted (analytic function) 418.D 
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homogeneous bounded domain 384.A 412.F 
homogeneous coordinate ring 16.А 
homogeneous coordinates 343.С 
homogeneous difference equation 104.C 
homogeneous element 

ofa graded ring 369.B 

ofa homogeneous ring 369.В 
homogeneous equations, system of linear 269.M 
homogeneous holonomy group 364.E 

restricted 364.Е 
homogeneous hypersurface 344.A 
homogeneous ideal 

of a graded ring 369.B 

of a polynomial ring 369.В 
homogeneous integral equation 217.F 
homogeneous Lorentz group 258.А 359 
homogeneously regular 275.C 
homogeneous Markov process 5.H 261.A 
homogeneous n-chain (for a group) 200.M 
homogeneous ordinary differential equation 

App. A, Table 14.1 

of higher order App. A, Table 14.1 
homogeneous part (of a formal power series) 370.A 
homogeneous polynomial 337.B 
homogeneous ring 369.В 
homogeneous Siegel domain, irreducible 384.Е 

topology of Lie groups апа 427 
homogeneous space(s) 199 249.F 362.B 

complex Hermitian 199.А 

Kahler 199.A 

linearly connected 199.A 

reductive 199.A 

Riemannian 199.A 

symmetric 412.B 

symmetric Riemannian 412.B 
homogeneous turbulence 433.C 
homological algebra 200 

relative 200.К 
homological dimension 

ofa module 200.K 

of a topological space 117.F 
homological functor 2001 
homological mapping 200.С 
homologous 201.B 
homologous to zero 198.B 
homology 200.H 

intrinsic 114.H 
homology basis, canonical 11.С 
homology class 200.H 

fundamental 201.N 

fundamental, around К 201.N 

q-dimensional 201.В 
homology exact sequence 201.L 

(of fiber space) 148.E 

reduced 201.F 
homology group(s) 

(of a chain complex) 201.B 

(ofa group) 200.M 

(of a Lie algebra) 200.0 

(ofa polyhedron) 201.D 

(of a simplicial complex) 201.G 

absolute 201.L 

Cech 201.M 

cellular 201.F,G 

with coefficients in G 201.G 

integral 201.C,D 

integral singular 201.E 

local 201.N 

reduced 201.E 

relative Cech 201.М 
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relative singular 201.L 
simplicial 201.D 
singular 201.G,L,R 
homology manifold 65.В 
homology module 200.С 
homology theory 201 
generalized 201.0 
generalized, with E-coefficient 202.T 
uniqueness theorem of 201.Q 
homomorphic 
(algebraic system) 409.C 
(groups) 190.D 
(topological groups) 423.J 
order (ordered sets) 311.E 
homomorphic image (of a measure-preserving 
transformation) 136.D 
homomorphism 
(of Abelian varieties) 3.C 
(of algebraic systems) 409.C 
(of fields) 149.B 
(of groups) 190.D 
(of lattices) 243.C 
(of Lie algebras) 248.A 
(of linear representations) 362.C 
(of presheaves) 383.A 
(of rings) 368.D 
(of sheaves) 363.В 
A- (of A-modules) 277.Е 
A-, of degree p (of graded A-modules) 200.В 
admissible (of Q-groups) 190.E 
algebra 29.А 
allowed (of A-modules) 277.E 
analytic (of Lie groups) 249.N 
anti- (of groups) 190.D 
anti- (of rings) 368.D 
bialgebra 203.6 
Bokshtein 64.B 
boundary (on homology groups) 201.L 
boundary (in homotopy exact sequences) 
202.L 
C°-(between Lie groups) 249.N 
canonical (on direct products of rings) 368.Е 
coalgebra 203.F 
coboundary (on cohomology groups) 201.L 
connecting (in homology) 200.C 201.L 
connecting (on homology groups) 201.C 
continuous (of topological groups) 423J 
crossed (of an associative algebra) 200.1. 
dual (of a homomorphism of algebraic tori) 
13.D 
dual (of lattices) 243.C 
edge 200J 
equivariant J- 431.F 
generalized Hopf 202.V 
Gysin 201.0 
holonomy 154.C 
Hopf algebra 203.H 
Hurewicz 202.N 
induced by a continuous mapping (between 
homotopy groups) 202.K 
J- (in homotopy theory) 202.V 
J-(in K-theory) 237.1 
Jordan (of Jordan algebras) 231.A 
lattice- 243.С 
local (of a topological group) 423.0 
module of (of modules) 277.B 
module of A- (of A-modules) 277.E 
Q- (of Q-groups) 190.E 
open continuous (of topological groups) 423.J 
operator (of A-modules) 277.E 
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Homotopy set 


operator (of Q-groups) 190.E 
order 311E 
rational (of Abelian varieties) З.С 
rational (of algebraic groups) 13.A 
ring 368.D 
ж- 36.F 
Umkehr 201.0 
unitary (of rings) 368.D 
zero (of two A-modules) 277.H 
homomorphism theorem 
on groups 190.D 
on Lie algebras 248.А 
on topological groups 423.J 
on topological linear spaces 424.Х 
homothetic correspondence (between surfaces) 
114.1 
homothety 
in conformal differential geometry 110.D 
in Euclidean geometry 139.В 
homotopic 154.E,F 202.B 
chain (chain mappings) 200.C 
integrably 154.F 
null- (continuous mapping) 202.B 
regularly (immersions) 114.D 
relative to a subspace 202.В 
to zero 202.B 
homotopy 202В 
composite 202.B 
free 202В 
linear 114.D 
restricted 202.В 
homotopy-associative (multiplication) 203.D 
homotopy category of topological spaces 52.В 
homotopy chain 200.C 
homotopy class 202.B 
compact 286.D 
homotopy cochain 200.F 
homotopy commutative (multiplication) 203.D 
homotopy equivalence 202.F 
simple 65.C 
weak 202.F 
homotopy equivalent systems (of topological 
spaces) 202.F 
homotopy exact sequence 202.1, 
of a fiber space 148.D 
ofa triad 202.М 
ofa triple 202.L 
homotopy extension property 202.E 
homotopy group(s) 202.J 
algebraic 16.U 
of a compact connected Lie group App. A, 
Table 6.VI1I 
realization theorem of 202.N 
of a real Stiefel manifold App. A, Table 6. VIT 
relative 202.K 
ofasphere App. A, Table 6.VI 
stable 202.T, App. A, Table 6.VII 
stable (of classical groups) 202.V 
stable (of the k-stem) 202.U 
stable (of Thom spectrum) 114.G 
ofatriad 202.M 
homotopy identity (of an Н-ѕрасе) 203.0 
homotopy invariance (of a homology group) 201.D 
homotopy invariant 202.B 
homotopy inverse (for an H-space) 203.D 
homotopy n-spheres 
groupof 1141 
h-cobordism group of 1141 
homotopy operations 202.0 
homotopy set 202.B 


Subject Index 
Homotopy sphere 


homotopy sphere 65.С 
homotopy theorem 
first (in obstruction theory) 305.B 
second (in obstruction theory) 305.С 
simple 65.С 
third (in obstruction theory) 305.С 
homotopy theory 202 
de Rham 114.L 
homotopy type 202.F 
(ofalink) 235.D 
spherical G-fiber 431.F 
homotopy type invariant 202.Е 
Hooke law 271.G 
Hopf algebra(s) 203 
dual 203.C 
elementary 203.D 
graded 203.C 
Hopf algebra homomorphism 203.Н 
Hopf bifurcation 126.M 
Hopf bundle 147.E 
Hopf classification theorem 2021 
Hopf comultiplication 203.D 
Hopf coproduct 203.D 
Hopf extension theorem 270.E 
Hopf fibering 147.E 
Hopf homomorphism, generalized (of homotopy 
groups of spheres) 202.U 
Hopf integrodifferential equation, Wiener- 222.C 
Hopfinvariant 202.U 
generalized 202.0 
modulop 202.5 
Hopf mapping (Hopf map) 147.E 
Hopf surface 72.K 
Hopf theorem (continuous vector field) 153.В 
Hopf weak solution 204.C 
horizon, event 359.Е 
horizontal components 
of a homogeneous space 110.A 
of a vector field 80.С 
horizontal slit mapping, extremal 367.G 
horizontal subspace 191.C 
horizontal vector (in a differentiable principal fiber 
bundie) 80.C 
Hórmander theorem 112.C,D 
horned sphere, Alexander 65.G 
Horner method 301.С 
horocycle flow 136.G 
horosphere 218.6 
horseshoe diffeomorphism 126.J 
Hosokawa polynomial 235.D 
Hotelling T? statistic 280.В 
noncentra] 374.C 
Householder method 298.D 
Householder transformation 302.Е 
Hugoniot relation, Rankine- 204.6 205.B 
Hukuhara theorem, Dini- 314.D 
Hukuhara problem 315.С 
huil 
closed convex 424.Н 
convex 89.A 
convex (in an affine space) 7.D 
convex (of a boundary curve) 275.A 
convex (in linear programming) 255.D 
holomorphic 21.H 
hull-kernel topology 36.D 
human death and survival, model of 214.A 
Hunt process 261.B 
Hunt-Stein lemma 400.Е 
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Hurewicz homorphism 202.N 
Hurewicz isomorphism theorem 202.N 
Hurewicz-Steenrod isomorphism theorem 148.D 
Hurewicz theorem, generalized 202.N 
Hurewicz-Uzawa gradient method, Arrow- 292.E 
Hurwitz formula, Riemann- (on coverings of 
a nonsingular curve) 91 
Hurwitz relation 
(on homomorphisms of Abelian varieties) 3.K 
Riemann- 367.B 
Hurwitz theorem 10.Е 
Hurwitz zeta function 450.В 
Huxley differential equation, Hodgkin- 291.F 
Huygens principle 325.В 446 
in the wider sense 325.D 
hybrid computer 19.E 
hydrodynamics 205 
hydromagnetic dynamo theory 259 
hydromagnetics 259 
hydrostatics 205.A 
hyperalgebra 203.1 
hyperarithmetical function 356.H 
hyperarithmetical hierarchy of degrees of recursive 
unsolvability 356.H 
hyperarithmetical predicate 356.Н 
hyperbola 78.A 
conjugate 78.E 
equilateral 78.E 
rectangular 78.E 
hyperbolic 
(closed invariant set of a dynamical system) 
126.J 
(differential operator) 112.A 325.H 
(linear mapping) 126.G 
(partial differential equation) 325.A,E 
(Riemann surface) 367.D,E 
(simply connected domain) 77.B 
(space form) 412.H 
complete 21.0 
regularly 325.A,F 
in the sense of Gárding 325.Е 
in the sense of Petrovskii 325.F 
in the strict sense 325.Е 
strongly 325.H 
symmetric (in the sense of Friedrichs) 325.G 
weakly 325.H 
hyperbolically embedded 21.0 
hyperbolic closed orbit 126.G 
hyperbolic coordinates 
equilateral 90.C, App. A, Table 3.V 
rectangular 90.C 
hyperbolic cosecant 131.F 
hyperbolic cosine 131.F 
hyperbolic cotangent 131.F 
hyperbolic cylinder 350.В 
hyperbolic cylindrical coordinates App. A, 
Table 3.V 
hyperbolic cylindrical surface 350.B 
hyperbolic differential equations, system of (in 
the sense of Petrovski) 325.G 
hyperbolic-elliptic motion 420.D 
hyperbolic fixed point 126.G 
hyperbolic function 131.F 
hyperbolic geometry 285.A 
hyperbolic knot 235.E 
hyperbolic manifold 21.0 235.E 
hyperbolic motion 420.D 
hyperbolic-parabolic motion 420.D 
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hyperbolic paraboloid 350.В 
hyperbolic plane 122.C 
hyperbolic point (оп а surface) 111.H 
hyperbolic quadric hypersurface 350.1 
hyperbolic secant 131.F 
hyperbolic sine 131.Е 
hyperbolic singular point 126.G 
hyperbolic space 285.С 
Hermitian 412.G 
quaternion 412.G 
real 412.G 
hyperbolic spiral 93.H 
hyperbolic tangent 131.Е 
hyperbolic transformation 76.F 
hyperbolic type, partial differential equation of 
321.E 325 
hyperbolic type, primitive 92.C 
hyperboloidic position 350.В 
hyperboloid of one sheet 350.В 
hyperboloid of revolution of one or two sheets 
350.B 
hyperboloid of two sheets 350.В 
hypercohomology 200.) 
hyperconstructive ordinal 81.Е 
hypercubic type, primitive 92.C 
hyperelliptic curve 9.D 
hyperelliptic integral 11.C 
hyperelliptic Riemann surface IIC 
hyperelliptic surface 72.К 
hyperfinite 293.В 308.1 
hyperfunction 125 
in the Dirichlet problem 120.C 
exponentially decreasing Fourier 125.ВВ 
Fourier 125.BB 
Fourier ultra- 125.ВВ 
modified Fourier 125.ВВ 
Sato 125.V 
hypergeometric differential equation 260.A, 
App. A, Table 181 
confluent 167.A, App. A, Tables 14.IL19.I 
Gauss App. А, Table 14.II 
hypergeometric distribution 341.D 397.F, 
App. A, Table 22 
multidimensional App. A, Table 22 
multiple 341.D 
hypergeometric function(s) 209, App. A, Table 18.1 
Appell, of two variables 206.Р, App. A, 
Table 18.1 
Barnes extended 206.6, App. A, Table 18.1 
of confluent type 167.A, App. A, Table 19.1 
of the hyperspherical differential equation 
393.E 
with matrix argument 206.E 
and spherical functions App. A, Table 18 
hypergeometric integral 253.В 
hypergeometric series 206.А 
hypergeometric type, special function of 389.А 
hypergroup 190.P 
hypergroupoid 190.Р 
hyperinvariant (under an operator) 251.1. 
hyperplanar symmetry (of an affine space) 139.B 
hyperplane(s) 
in an affine space 7.А 
characteristic (of a partial differential equation 
ofhyperbolic type) 325.A 
at infinity (in affine geometry) 7.B 
pencil of (in a projective space) 343.В 
in а projective space 343.В 
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Hypotrochoid 


regression 403.D 
tangent (of a quadric hypersurface) 343.E 
hyperplane coordinates 
of an affine frame 7.C 
in projective geometry 343.C 
hyperplane section 4181 
hyperquadric 
in an affine space 350.G 
in a projective space 343.D 3501 
hypersonic flow | 205.C 
hypersphere 76.A 
imaginary 76.А 
limiting (in hyperbolic geometry) 285.С 
non-Euclidean 285.C 
oriented real 76.A 
point 76.A 
proper (in hyperbolic geometry) 285.C 
real 76.A 
hypersphere geometry 76.A 
hyperspherical coordinates, (n--2)- 76.А 90.B 
hyperspherical differential equation  393.E 
hypersurface(s) 
(of an algebraic variety) 16.A 
(in a Euclidean space) 111.A 
central quadric 350.G 
characteristic (of a partial differential equation 
of hyperbolic type) 325.A 
coordinate (in a Euclidean space) 90.С 
elliptic quadric 350.G 
homogeneous 344.A 
hyperbolic quadric 350.G 
integral (partial differential equations) 320.A 
noncentral quadric 350.G 
nondegenerate 344A 
parabolic quadric 350.G 
pencil of quadric 343.E 
properly (n — 1)-dimensional quadric 350.G 
quadric 343.р 350.G,I 
quadric conical 350.Q 
quadric cylindrical 350.0 
regular quadric 343.Е 
singular quadric (of the hth species) 343.E 
spherical real 344.C 
hypersurface element(s) 82.А 324.B 
union of 82.A 
hypocontinuous (bilinear mapping) 424.0 
hypocylcoid 93.Н 
hypo-Dirichlet 164.B 
hypoelliptic 112.р 189.C 3231 
analytically 112.0 323.1 
hypofunction (in the Dirichlet problem) 120.C 
hyponormal 251.К 
hypothesis 
alternative 400.A 
composite 400.A 
continuum  — continuum hypothesis 
ergodic 136.А 402.C 
general linear 400.H 
Lindelöf 123.C 
null 400.A 
Riemann 450.B,P 
simple 400.A 
statistical 400.A 
Suslin 33.F 
hypothesis testing 401.C, App. A, Table 23 
statistical 400, App. A, Table 23 
hypothetical infinite population 397.Р 
hypotrochoid 93.H 


Subject Index 
i-genus 


i-genus 15.E 
I-adic topology (of a ring) 16.X 
ith component (of an n-tuple) 256.А,С 
ith coordinate 256.C 
ith coordinate axis (of a Euclidean space) 140 
icosahedral group 151.6 
icosahedron 357.B 
ideal(s) 
(ofanalgebra) 29.A 
(of an algebraic number field) 14.B 
(ofa lattice) 42.C 
(ofa Lie algebra) 248.A 
(of a ring) 368.F 
Abelian (of a Lie algebra) 248.С 
Alexander (of a knot) 235.C 
ambig (of a quadratic field) 347.F 
conjugate (of a fractional ideal) 141 
defining (of a formal spectrum) 16.X 
differential (of a differential ring) 113 
differential (on a real analytic manifold) 428.E 
elementary 235.C 
fractional (of an algebraic number field) 14.E 
graded 369.B 
homogeneous (of a graded ring) 369.B 
homogeneous (of a polynomial ring) 369.B 
integral (of an algebraic number field) 14.C 
integral left 27.A 
integral right 27.A 
integral two-sided р- 27.А 
involutive differential 428.Е 
largest nilpotent (of a Lie algebra) 248.0 
left (of a ring) 368.Е 
left o- 27.4 
maximal 67.C 
maximal (left or right) 368.F 
maximal (with respect to $) 67.C 
maximal, space (of a Banach algebra) 36.E 
minimal (left or right) 368.F 
mixed 284.D 
nilpotent (of a Lie algebra) 248.С 
order (of a vector lattice) 310.B 
p-primary 67.F 
primary 67.F 
prime 67.C 
prime (of a maximal order) 27.A 
prime differential (of a differential ring) 113 
primitive (of a Banach algebra) 36.Е 
principal 67.K 
principal (of an algebraic number field) 14.E 
principal, theorem (in class field theory) 59.0 
principal fractional 67.К 
pure 284.D 
right (ofa ring) 368.F 
righto, 27.A 
semiprime (of a commutative ring) 113 
semiprime differential (of a differential ring) 
113 
sheaf of (of a divisor of a complex manifold) 
72.F 
solvable (of a Lie algebra) 248.С 
two-sided (of a ring) 368.P 
two-sidedo- 27.А 
unmixed 284.D 
valuation (of a valuation) 439.B 
ideal boundary 207.A 
in the narrow sense 14.G 
ideal class 14.Е 
ideal class group 14.E 67.K 


2014 


ideal group modulo m*  14.H 
ideal point (in hyperbolic geometry) 285.С 
idele (of an algebraic number field) 6.C 
principal 6.С 
idele class 6.D 
idele class group 6.D 
idele group 6.C 
idempotent element (of a ring) 368.B 
elementary 450.0 
primitive 368.B 
idempotent law (in a lattice) 243.A 
idempotent measure 192.P 
idempotent set (of a ring) 368.В 
idempotent theorem 36.М 
identically true formula 411.G 
identification (in factor analysis) 280.G 
identification space (by a partition) 425,1, 
identified equation 128.C 
just 128.C 
over- 128.С 
identity (identities) 231.A 
Bianchi 80 417.B 
Bianchi first App. A, Table 4.1 
Bianchi second App. A, Table 4.П 
homotopy (of an H-space) 203.D 
Jacobi (on the bracket of two vector fields) 
105.M 
Jacobi (іп a Lie algebra) 248.А 
Jacobi (with respect to Whitehead product) 
202.P 
in Jordan algebras 231.A 
Lagrange 252.K 
Parseval 18.В 159.А 160.C 192.K 197.C 
220.B,C,E 
resolution of 390.0 
theorem of (of one variable) 198.C 
theorem of (of several variables) 21.C 
identity character (of an Abelian group) 2.G 


identity component (of a topological group) 423.F 


identity element 
of an algebraic system  409.C 
ofa field 149.А 
ofa group 190.A 
of a local Lie group 423.L 
ofa ring 368.A 
identity function 381.C 
identity mapping 381.С 
identity matrix 269.A 
identity operator (in a linear space) 37.C 
identity relation 1021 
Ihara zeta function 450.U 
Ikehara-Landau theorem, Wiener- 123.В 
ill-conditioned (coefficient matrix in numerical 
solution of linear equations) 302.0 
image 
(of a group homomorphism) 190.D 
(of a linear mapping) 256.F 
(ofa line in P?) 343.E 
(ofa mapping) 381.C 
(ofa morphism) 52.N 
(of an operator homomorphism) 277.Е 
(of a sheaf homomorphism) 383.D 
closed (of a variety) 18.1 
continuous 425.G 
direct (of a sheaf) 383.G 
homomorphic (of a measure preserving 
transformation) 136.D 
inverse (of aset) 381.C 
inverse (of a sheaf) 383.G 
inverse (of a uniformity) 436.E 
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perfect 425.CC 
perfect inverse 425.СС 
image measure 270.K 
imaginary axis 74.C 
imaginary field, totally 14.Е 
imaginary hypersphere 76.A 
imaginary infinite prime divisor 439.H 
imaginary number 74.A 
purely 74.A 
imaginary рагі 74.A 
imaginary prime divisor 439.H 
imaginary quadratic field 347.А 
imaginary root (of an algebraic equation) 10.E 
imaginary transformation, Jacobi’s 134. App. A, 
Table 16.11 
imaginary unit 74.A 294.F 
imbedded Markov chain 260.H 
imbedding 105.K 
imbedding principle 127.B 
immersed submanifold (of a Euclidean space) 
LILA 
immersion 
(of a C*?-manifold) 105.K 
(of a Riemann surface) 367.6 
branched minimal 275.B 
generalized minimal 275.B 
isometric 365.A 
Kähler 365.L 
minimal 275.A 
minimum 365.0 
tight 365.0 
totally real 365.T 
imperfect field | 149.H 
implication 411.B 
strict 4111. 
implicit 
(difference equation in a multistep method) 
303.E 
(Runge-Kutta method) 303.D 
implicit enumeration method 215.D 
implicit functions 165.С 208 
implicit function theorem 208.А 286.G 
(in Banach algebras) 36.M 
(in locally convex spaces) 286.7 
global 208.D 
Nash-Moser 286J 
implicit method 303.E 
implicit scheme 304.Е 
impossible construction problem 179.A 
impossible event 342.B 
impredicative (object) 156.B 
imprimitive (permutation group) 151.H 
improper integral 216.D,E 
convergent 216.E 
divergent 216.E 
improper Riemann integral 216.E 
improvement, iterative 302.C 
impulse control 405.E 
impulse function 306.B, App. A, Table 12.II 
imputation 173.D 
imputed costs 292.B 
imputed prices 292.C 
IMT formula 299.B 
inaccessible, strongly 33.Е 
inaccessible cardinal number 
strongly 33.E 
weakly 33.E 
inaccessible ordinal number 
strongly 312.E 
weakly 312.E 
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Independent 


Ince definition 268.D 
Ince-Goldstein method 268.С 
incidence matrix 
ofa block design 102.B 
ofagraph 186.G 
incidence number 146.В 201.B 
incidence relation 282.A 
inclination, curve of constant 111.F 
inclination problem, critical 55.C 
inclusion 381.C 
inclusion mapping 381.С 
incoming wave operator 375.B 
incompatible system (of partial differential 
equations) 428.B 
incomplete beta function App. A, Table 17.I 
incomplete blocks 102.B 
incomplete elliptic integral of the first kind 134.B 
incomplete factorization 302.С 
incomplete gamma function 174.A, App. A, 
Table 17.1 
incompleteness theorem, Gödel 156.Е 
first 185.C 
second 185.C 
incompressible (measurable transformation) 136.C 
incompressible fluid 205.В 
inconsistent problem (of geometric construction) 
179.A 
inconsistent system (of algebraic equations) 10.A 
increasing (sequence function or distribution) 
monotone 166.А 380.B 
monotonically 87.В 
non- 166.A 
slowly (C*-function) 125.0 
slowly (distribution) 125.N 
slowly (in the sense of Deny) 338.0 
slowly, sequence 168.В 
strictly 166.A 
strictly monotone 166.A 
increasing directed set 308.A 
increasing process 406.В 
integrable 406.B 
increment 
ofafunction 106.B 
process with independent 5.B 
increment function 380.В 
Ind (large inductive dimension) 117.B 
ind (small inductive dimension) 117.B 
indecomposable A-module 277.1 
indecomposable continuum 79.D 
indecomposable group 190.1, 
indecomposable linear representation 362.C 
indecomposable vector bundle 16.Ү 
indefinite D-integral 100.D 
indefinite Hermitian form 348.Е 
indefinite integral 198.В 
in Lebesgue integral 221.D 
in Riemann integral 216.С 
indefinite quadratic form 348.С 
indefinite sum (of a function) 104.B 
in degree 186.B 
independence, number of 186.1 
independence theorem (on valuations) 439.G 
independent 
(axioms) 35,B 
(complexes) 70.B 
(differential operators) 324.C 
(events) 342.B 
(frequency) 126.L 
(partitions) 136.E 
(points) 7.A 


Subject Index 
Independent increments, process with 


(random variables) 342.C 
algebraically 149.К 369.A 
analytically (in a complete ring) 370.A 
g- (partitions) 136.E 
linearly 2.Е 256.C,E 277.G 
path 346.G 
independent increments, process with 5.B 
independent of the past history 406.0 
independent process 136.Е 
independent set 66.G 186.1 
independent system, maximal (of an additive group) 
2.E 
independent variable 165.С 
independent vector 66.F 
indeterminacy, set of points of (of a proper 
meromorphic mapping) 23.D 
indeterminate 369.A 
in the algebraic sense 337.С 
indeterminate coefficients, Lagrange’s method of 
106.L 
indeterminate form, limit of 106.E 
indeterminate system (of algebraic equations) 10.A 
Ind,a 297.G 
index 
(of a central simple algebra) 29.G 
(of a critical point) 279.В,Е 286.N 
(of a divisor) 3.D 
(of an e-Hermitian form) 60.0 
(of an eigenvalue) 217.F 
(ofa Fredholm mapping) 286.E 
(of a Fredholm operator) 68.F 251.D 
(of a manifold) 56.G 
(ofa number) 297.G 
(of an orthogonal array) 1021. 
(of a quadratic form) 348.Е 
(of a recursive function) 356.F 
(of the Riemann-Hilbert problem) 217.) 
(of a stable distribution) 341.G 
(ofa stable process) 5.F 
(ofa subgroup) 190.C 
analytic (of an elliptic complex) 237.H 
analytic (of an elliptic differential operator) 
237.H 
contravariant (of a component of a tensor) 
256 
covariant (of a component of a tensor) 256.J 
cycle 66.E 
deficiency (of a closed symmetric operator) 
251.I 
deficiency (of a differential operator) 112.I 
degeneracy 17.C 
differential (in a covering of a nonsingular 
curve) 9.I 
dummy (ofa tensor) 256.) 
fixed-point (of a continuous mapping) 153.B 
of inertia (of a quadratic form) 348.E 
Keller-Maslov 274.C 
Kronecker 201.H 
multi- 112.A 
o-speciality (of a divisor) 9.F 
p- (on a central simple algebra) 29.6 
ramification (of an algebroidal function) 
17.C 
ramification (of a finite extension) 257.D 
ramification (of a prime ideal) 14.I 
ramification (of a valuation) 4391 
ramification, relative (of a prime ideal) 141 
of relative nullity 365.р 
Schur (of a central simple algebra) 29.E 
Schur (of an irreducible representation) 362.F 
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of a singular point (of a continuous vector field) 
153.B 
speciality (of a divisor) 9.C 15.D 
topological (of an elliptic complex) 237.H 
of total isotropy (of a quadratic form) 348.E 
indexing set (of a family of elements) 381.D 
index set 
(of a balanced array) 102.L 
(ofafamily) 165.D 381.D 
index theorem 
Atiyah-Singer 237.Н 
for differentiable manifolds 56.G 
Hirzebruch (for differentiable manifolds) 56.G 
of Hodge 15.D 
Morse 279.F 
Indian mathematics 209 
indicator function 
modified 341.С 
ofasubset 342.E 
indicatrix 
Dupin 111.H 
spherical (of a space curve) 111.F 
indicial equation 254.С 
indirect least squares method 128.C 
indirect transcendental singularity (of an analytic 
function) 198.P 
indiscrete pseudometric space 273.B 
indiscrete topology 425.С 
individual 411.H 
individual domain 411.H 
individual ergodic theorem 136.B 
individual risk theory 214.С 
individual symbol 411.H 
individual variables 411.H 
indivisibilis 265 
induced 
(Cartan connection) 80.0 
(unfolding) 51.D 
induced bundle 147.G 
induced homomorphism 202.K 
induced module 277.1. 
induced representation 
(of a finite group) 362.G 
(of a unitary representation) 437.0 
induced topology 425.1 
induced von Neumann algebra 308.С 
induction 
(of a von Neumann algebra) 308.С 
axiom of mathematical 294.В 
complete 294.B 
double mathematical 294.B 
magnetic 130.А 
mathematical 294.B 
multiple mathematical 294.B 
transfinite (in a well-ordered set) 311.C 
induction equation 259 
inductive dimension 
small 117.B 
large 117.B 
inductive limit 
(in a category) 210.D 
(of an inductive system of sets) 210.B 
(of a sequence of topological spaces) 425.M 
{of sheaves) 383.I 
strictly (of a sequence of locally convex spaces) 
424.W 
inductive limit and projective limit 210 
inductive limit group 210.С 
inductive limit space 210.С 
inductively ordered set 34.С 
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inductive system 
(їп а category) 210.D 
(of groups) 210.C 
(of sets) 210.B 
of topological spaces 210.C 

inelastic (scattering) 375.A 

inequality (inequalities) 211, App. A, Table 8 
absolute 211A 
Bells 351.L 
Bernshtein (for trigonometric polynomials) 
336.C 
Bessel 197.C 
Bhattacharyya 399.D 
Bunyakovskii 211.C, App. A, Table 8 
Carleman App. A, Table 8 
Cauchy 211.C, App. A, Table 8 
Cauchy-Schwarz 211.C, App. A, Table 8 
Chapman-Robbins-Kiefer 399.р 
Chebyshev 342.С 
conditional 211.A 
correlation 212.A 
Cramér-Rao 399.D 
distortion 438.B 
energy 325.C 
Fisher 102.E 
FKG 212.A 
Garding 112.6 
GHS 212.A 
GKS first. 212.A 
GKS second 212.A 
Golden-Thompson 212.B 
Griffiths’s first 212.A 
Griffiths’s second 212.А 
Grunsky 438.В 
Hardy App. A, Table 8 
Hardy-Littlewood-Sobalen 224.E 
Haussdorff-Young 224.Е 
Hilbert App. A, Table 8 
Holder 211.C, App. A, Table 8 
Holder integral 211.C 
isoperimetric 228.В 
Jordan App. A, Table 8 
Klein 212.В 
Markov (for polynomials) 336.C 
maximal (maximal ergodic lemma)  136.B 
Minkowski 211.C, App. A, Table 8 
Morse 279.D,E 
Peierls-Bogolyubov 212.B 
Powers-Stermer 212.В 
quasivariational 440.D 
Riemann’s period 3.L 
Riemann-Roch (on algebraic surfaces) 15.D 
Roepstorff-Araki-Sewell 402.G 
Roepstorff-Fannes-Verbeure 402.G 
Schwarz 211.C 
stationary variational 440.B 
triangle 273.А 
variational, of evolution 440.C 
von Neumann 251.M 
Wirtinger App. A, Table 8 
Wolfowitz 399.J 
Young 224.Е, App. A, Table 8 

inertia 
ellipsoid of 271.E 
index of (of an a quadratic form) 348.B 
law of 271A 
law of, Sylvester (on a quadratic form) 348.B 
moment of 271.E 
principal axis of 271.E 
principal moment of 271.E 


Subject Index f 
Infinitesimal transformation 


product of 271.E 
inertia field (of a prime ideal) 14.K 
inertia group 14.K 257.D 
inertial system 271.0 359 
inf (infimum) 311.В 
inference 
rule of 4111 
statistical 401 
statistical, graphical method of 19.B 
inferior limit 
(of a sequence of real numbers) 87.C 
(of a sequence of subsets of a set) 270.C 
inferior limit event 342.В 
infimum 
(of an ordered set) 311.B 
(of a subset of a vector lattice) 310.C 
infinite, purely (von Neumann algebra) 308.E 
infinite branch (of a curve of class CE) 93.G 
infinite cardinal number 49.A 
infinite classical group 147.1 202. V 
infinite continued fraction 83.A 
infinite determinant (in Hill's method of solution) 
268.B 
infinite-dimensional complex projective space 56.C 
infinite-dimensionallinear space 256.С 
infinite-dimensional normalspace 117.B 
infinite-dimensional real projective space 56.В 
infinite Grassmann manifold 1471 
infinite group 190.C 
infinite height (element of an Abelian p-group) 2.D 
infinite interval 355.C 
infinite lens space 91.C 
infinitely differentiable (function) 106.К 
infinitely divisible distribution 341.6 
infinitely recurrent (measurable transformation) 
136.C 
infinite matrix 269.K 
infinite order (of an element ina group) 190.C 
infinite orthogonal group 202.V 
infinite population 401.E 
infinite prime divisor 439.H 
imaginary 439.H 
rea] 439.H 
infinite product 379.G, App. A, Table 10.VI 
divergent 379.G 
infinite product expansion, Euler's 436.B 450.B 
infinite sequence 165.D 
infinite series 379.А, App. A, Table 10.11 
infinite set 49.F 381.A 
countably 49.A 
infinitesimal 
(for a function) 87.G 
(for a hyperreal number) 293.D 
(for a sequence of random variables) 250.В 
order of (of a function) 87.G 
infinitesimal birth rate 260.G 
infinitesimal calculus (in nonstandard analysis) 
293.D 
infinitesimal death rate 260.С 
infinitesimal deformation to the direction 0/0s 
72.G 
infinitesimal element (in nonstandard Hilbert space) 
276.E 
infinitesimal generator (of a semigroup) 378.B 
infinitesimal motion (of a Riemannian manifold) 
364.E 
infinitesimal real number 276.Е 
infinitesimal transformation 
(of a differentiable transformation group) 
431.G 


Subject Index 
Infinitesimal wedge 


(of a one-parameter transformation group) 
105.N 
infinitesimal wedge 125.У 
infinite Stiefel manifold 147.1 
infinite symplectic group 202.V 
infinite type (Lie algebra) 191.D 
infinite type power series space 168.B 
infinite unitary group 202.V 
infinity 87.D,G 
axiom of 33.B 381.G 
axiom of strong 33.E 
hyperplane at (in affine geometry) 7.B 
minus 87.D 
negative 87.D 355.C 
order of (of a function) 87.G 
plus 87.D 
pointat 7.B 74.D 178.F 285.C 
positive 87.D 355.C 
regular at the point аг 193.B 
space at (in affine geometry)  7.B 
inflation 200.M 
inflection, point of 9.B 93.G 
influence, domain of 325.В 
influence curve 3711 
information 
Fisher 399.D 
limited (in maximum likelihood method) 
128.C 
loss of 138.B 
mutual 213.E 
self- 213.B 
information bit 63.C 
information compression 96.B 
information matrix 102.1 399.D 
information number, Kullback-Leibler (K-L) 
398.G 
information retrieval 96.F 
information retrieval system 96.F 
information sciences 75.Е 
information set 173.B 
information source 213.A 
ergodic 213.C 
information theory 213 
informatiques 75.F 
informative, more (statistical experiment) 398.G 
infra-exponential growth | 125.AA, BB 
infrared divergence 132.C 146.B 
ingoing subspaces 375.Н 
inhomogeneous 
(boundary value problem) 315.B 
(difference equation) 104.C 
(linear ordinary differential equation) 252.A 
(system of linear differential equations) 252.G 
inhomogeneous coordinates 343.С 
inhomogeneous lattice (in R”) 182.В 
inhomogeneous Lorentz group 359.B 
inhomogeneous polarization 3.G 
initial blocks 102.Е 
initial-boundary value problem 325.К 
initial condition 
(for ordinary differential equations) 316.A 
(for partial differential equations) 321.A 
initial data 321.A 
initial distribution 
(of a Markov process) 261.A 
(for a stochastic differential equation) 406.D 
initial function (of a functional-differential 
equation) 163.C 
initial law (for a stochastic differential equation) 
406.D 
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initial number 312.D 
initial object 52.D 
initial ordinal number 49.Е 
initial phase (of a simple harmonic motion) 318.B 
initial point 
(of a curvilinear integral) 94.D ` 
(ofa path) 170 
(of a position vector) 7.A 
(ofa vector) 442.A 
initial set 
(of a correspondence) 358.В 
(of a linear operator) 251.E 
initial state 31.В 
initial surface 321.А 
initial term (of an infinite continued fraction) 
83.A 
initial value 
(for an ordinary differential equation) 316.A 
(for a partial differential equation) 321.A 
(for a stochastic differential equation) 406.D 
initial value problem 
(for functional-differential equations) 163.D 
(for hyperbolic partial differential equations) 
App. A, Table 15.III 
(for integrodifferential equations) 222.B 
(for ordinary differential equations) 313.C 
316.A 
(for partial differential equations) 321.A 
Navier-Stokes 204.В 
singular (for partial differential equations of 
mixed type) 326.C 
initial vertex 186.B 
injection 381.C 
(ina category) 52.D 
(homomorphism of cohomology groups) 
200.M 
canonical 381.C,E 
canonical (on direct sums of modules) 277.Е 
canonical (on free products of group) 190[M 
canonical (from a subgroup) 190.D 
natural (from a subgroup) 190.D 
injective 
(Banach space) 37.M 
(C*-algebra) 36.H 
(mapping) 381.C 
(object in an Abelian category) 2001 
injective A-module 277.K 
injective class 200.0 
injective dimension 200.К 
injective envelope 200.1 
injective module, (R,S)- 200.K 
injective resolution (in an Abelian category) 2001 
j- 200.0 
right (of an A-module) 200.Е 
injectivity, rational 200.0 
injectivity radius 178.С 
inner area 216.Е 270.G 
inner automorphism(s) 
(ofa group) 190.D 
(ofa ring) 368.D 
group of (of a group) 190.р 
group of (of a Lie algebra) 248.Н 
inner capacity, Newtonian 48.F 
inner derivation 
(of an associative algebra) 200.L 
(ofa Lie algebra) 248.H 
inner function 43.F 
inner harmonic measure 169.B 
inner measure 270.E 
Lebesgue 270.Е 
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inner product 
(in a Hermitian linear space) 256.О 
(їп а Hilbert space) 197.B 
(of hyperspheres) 76.A 
(between a linear space and its dual space) 
256.G 
(in a metric vector space) 256.H 
(of a pair of linear spaces) 424.G 
(of vectors) 256.A 442.B 
Hermitian 256.Q 
inner product space 442.B 
inner solution 112.B 
inner topology (of a Lie subgroup) 249.Е 
inner transformation (in the sense of Stoilow) 
367.B 
inner variable 112.B 
inner volume 270.6 
innovation 405.H 
input, Poisson 260.H 
input data, error of 138.B 
inrevolvable oval 89.Е 
inscribe (in a sphere) 139.1 
inscribed circle (of a regular polygon) 357.A 
inseparable, purely (rational mapping) 16.1 
inseparable element (of a field) 149.H 
purely 149.H 
inseparable extension (of a field) 149.H 
purely 149.H 
inseparable polynomial 337.G 
inspection 
expected amount of 404.C 
sampling (— sampling inspection) 404.C 
instantaneous state 260.Е 261.B 
in-state 150.D 386.A 
instruction 31.В 
single-address 75.С 
insurance 
amount of 214A 
cost of 214.B 
death 214.B 
mixed 214.В 
survival 214.В 
insured, amount 214.A 
integer(s) 294.C 
algebraic 14.A 
Cartan (of a semisimple Lie algebra) 248.N 
Gaussian 14.0 
p-adic 439.F 
p-adic, ring of 439.F 
rational 294.В 
integer polyhedron 215.C 
integer programming 215 264.C 
integer programming problem 
all 215.A 
mixed 215.A 
pure 215.A 
0-1 215.A 
integrability 
(of multivalued vector functions) 443.1 
strong 443.1 
integrability condition, complete 428.C 
integrable 
(function) 221.B 
(G-structure) 191.A 
(increasing process) 262.D 406.B 
(representation) 437.X 
(in the sense of Riemann) 216.A 
absolutely 216.E,F 
Birkhoff (function) 443.E 
Bochner (function) 443.C 


Subject Index 
Integral(s) 


completely (system of independent 1-forms) 
154.B 428.D 
D- (function) 100.D 
Daniell-Stone (function) 3101 
Denjoy (іп the wider sense) 100.D 
Dunford 443.F 
Gel'fand-Pettis (function) 443.F 
Lebesgue (function) 221.B 
locally, function 168.B 
и- (function) 221.B 
Perron (function) 100.F 
Pettis 443.F 
Riemann (function) 216.A 
scalarly 443.F,I 
square (function) 168.B 
square (unitary representation) 437.M 
termwise (series) 216.B 
uniformly (family of random variables) 262.А 
weakly (function) 443.E 
integrable distribution 125.№ 
integrable increasing process 262.D 406.B 
integrable process of bounded variation 406.B 
integrable system 287.A 
integrably homotopic 154.F 
integral(s) 
(of differential forms) 105.T 
(of a distribution with respect to 2) 125.H 
(ofa function) 221.B 
(=integrally dependent) 671 
(of a Monge-Ampére equation) 278.B 
(of multivalued vector functions) 4431 
(scheme) 16.D 
Abelian 11.C 
action 80.Q 
Airy App. A, Table 19.1V 
almost (element of a ring) 67.1 
of angular momentum 420.A 
Banach 310.1 
Bartle-Dunford-Schwartz 443.6 
Bessel 39.B 
Birkhoff 443.E 
Bochner 443.C 
Bromwich 240.0 322.D, App. A, Table 121 
Carson App. A, Table 12.11 
of Cauchy type 198.B 
of the center of mass 420.A 
complete additivity of the (in Lebesgue integral) 
221.C 
complete elliptic App. A, Table 16.I 
complete elliptic, of the first kind 134.В 
complete elliptic, of the second kind 134.C 
conjugate Fourier 160.D 
constant 216.C 
cosine 167.D, App. A, Table 19.II 
curvilinear 94.A 
curvilinear (with respect to a line element) 
94.D 
curvilinear (with respect to a variable) 94.D 
D(*)- 100.D 
Daniell-Stone 31011 
definite App. A, Table 9.V 
definite (of a hyperfunction) 125.X 
definite (in a Riemann integral) 216.C 
definite D- 100.р 
Denjoy 100 
Denjoy (in the restricted sense) 100.D 
Denjoy (in the wide sense) 100.0 
direct 308.G 
direct (of unitary representations) 437.H 
Dirichlet (in Dirichlet problem) 120.F 


Subject Index 
Integral bilinear functional 


Dirichlet (in Fourier's single integral theorem) 
160.B 

double (in Riemann integral) 216.F 

Dunford 251.G 443.F 

elliptic 11.C 134.4, App. A, Table 16.1 

elliptic, of the first kind 134.А 

elliptic, of the second kind 134.4 

elliptic, of the third kind 134.A 

energy 420.A 

Euler, of the first kind 174.С 

Euler, of the second kind 174.C 

exponential 167.D, App. A, Table 19.II 

Feynman 146 

first (of a completely integrable system) 428.D 

Fourier 160.A 

Fresnel 167.D, App. A, Tables 9.V 19.II 

of a function with respect to a volume element 
105.W 

Gauss 338J 

Gelfand 443.F 

Gel’fand-Pettis 443.F 

harmonic 194.А 

Hilbert’s invariant 46.С 

hyperelliptic 11.С 

hypergeometric 253.B 

improper (in Riemann integral) 216.D,E 

incomplete elliptic (of the first kind) 134.B 

indefinite (in Lebesgue integral) 221.D 

indefinite (in Riemann integral) 198.В 216.C 

indefinite D- 100.D 

intermediate App. A, Table 15.Ш 

intermediate (of a Monge-Ampére equation) 
278.B 

iterated (in Lebesgue integral) 221.E 

iterated (in Riemann integral) 216.G 

Jacobi 420.F 

L- 221.B 

with respect to А (of a distribution) 125.H 

Lebesgue 221.B 

Lebesgue-Radon 94.C 

Lebesgue-Stieltjes 94.С 166.C 

logarithmic 167.D, App. A, Table 19.II 

Lommel 39.C 

multiple (in Lebesgue integral) 221.E 

multiple (in Riemann integral) 216.F 

n-tuple (in Riemann integral) 216.F 

over an oriented manifold 105.T 

Pettis 443.F 

Poisson 168.B 193.G 

probability App. A, Table 19.II 

regular first 126.H 

repeated (in Lebesgue integral) 221.E 

repeated (in Riemann integral) 216.G 

Riemann 37.K 216A 

Riemann lower 216.A 

Riemann-Stieltjes 94.В 166.C 

Riemann upper 216.A 

scalar 443.F,I 

sine 167.D, App. A, Table 19.II 

singular 217J 

over a singular chain 105.T 

spectral 390.D 

Stieltjes 94.В 

stochastic 261.Е 406.B 

stochastic, of Stratonovich type 406.C 

surface 94.A,E 

surface (with respect to a surface element) 
94.Е 

trigonometric 160.А 
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vector 443.А 
of a vector field App. A, Table 3.1 
vector-valued 443.А 
integral bilinear functional 424.R 
integral calculus 216 
integral character (of the homology group of 
a Riemann surface) 11.E 
integral closure (of a ring) 671 
integral cohomology group 201.H 
integral constant 216.С 
integral cosine 167.D 
integral current 275.G 
integral curvature (of a surface) 111.H 
integral curve 
(of a Monge equation) 324.F 
(of ordinary differential equations) 316.A 
integral direct sum 308.G 
integral divisor 
(of an algebraic curve) 9.C 
(of an algebraic number field) 14.F 
(on a Riemann surface) 11.D 
integral domain 368.B 
Noetherian 284.А 
integral element 428.E 
k-dimensional 1911 
ordinary 428.E 
regular 428.E 
integral equation(s) 217 
Abel 217.L 
associated 217.F 
Fredholm 217.A 
of Fredholm type 217.A 
Hammerstein 217.M 
homogeneous 217.F 
linear 217.A 
nonlinear 217.M 
numerical solution of 217.N 
singular 217.J 
transposed 217.F 
Volterra 217.A 
of Volterra type 217.A 
integral exponent 167.0 
integral form 248.W 
integral formula 
Cauchy 198.B 
Poisson 198.В 
Villat App. A, Table 15.VI 
Weyl 2251 
integral function 429.A 
integral g-lattice 27.A 
integral geometry 218 
principal formula of 218.С 
integral homology group 
ofa polyhedron 201.D 
of a simplicial complex 201.C 
integral hypersurface (of a partial differential 
equation) 320.A 
integral ideal (of an algebraic number field) 14.C 
integral inequality, Holder 211.С 
integralinvariant(s) 219 
absolute 219.A 
Cartan's relative 219.B 
relative 219.A 
integral kernel 217.A 251.0 
integral left ideal 27.А 
integral logarithm 167.D 
integrally closed 
(inaring) 67.1 
completely (ring) 67.1 


2021 


integrally closed ring 67.1 
integrally dependent element (of a ring) 67.1 
integral manifold 428.A,B,D 
k-dimensional 1911 
ordinary (of a differential ideal) 428.E 
regular (of a differential ideal) 428.Е 
singular (of a differential ideal) 428.E 
integral method, summable by Borel's 379.0 
integral operator 68.N 100.E 250.0 
Calderón-Zygmund singular 217.) 251.0 
Fourier 274.C 345.B 
of Hilbert-Schmidt type 68.С 
integral point 428.E,F 
integral quotient (in the division algorithm of 
polynomials) 337.С 
integral representation 362.G,K 
Cauchy 21.С 
Herglotz 431 
Laplace-Mehler App. A, Table 18.II 
Schläfli 393.B 
integral right ideal 27.A 
integra] sine 167.D 
integral singular homology group 201.Е 
integral test, Cauchy (for convergence) 379.B 
integral theorem 
Cauchy 198.А,В 
Fourier double 160.B 
Fourier single 160.B 
stronger form of Cauchy 198.B 
integral transforms 220.А 
integral two-sided o-ideal 27.А 
integral vector 428.E 
integrand 216.A 
integrate 216.A 
(an ordinary differential equation) 313.A 
integrating factor App. A, Table 14.1 
integration 
along a fiber (of a hyperfunction) 274.Е 
automatic, scheme 299.С 
contour of (of curvilinear integral) 94.D 
domain of 216.F 
graphical 19.B 
Jacobi's second method of 324.D 
numerical 299 
path of (of curvilinear integral) 94.D 
Romberg 299.C 
integration by parts 216.C 
(on D-integral) 100.G 
(in the Stieltjes integral) 94.C 
integration constant (in a general solution of 
a differential equation) 313.A 
integration formula 
based on variable transformation 299.B 
Gauss (in the narrow sense) 299.A 
Poisson App. A, Table 15.VI 
Villat App. A, Table 15.VI 
integrodifferential equation(s) 163.А 222 
of Fredholm type 222.А 
Prandtl’s 222.C 
of Volterra type 222.A 
Wiener-Hopf 222.C 
intensity, traffic 260.H 
intensive (thermodynamical quantity) 419.A 
interaction 102.H 
interest, assumed rate of 214.A 
interference (of waves) 446 
interior 
{ofan angle) 139.D 155.B 
(of a manifold) 105.B 
(ofa polygon) 155.F 


Subject Index 
Intersect 


(ofa segment) 155.В 
(ofa set) 425.B 
(ofa simplex) 70.С 
interior capacity, Newtonian 48.F 
interior cluster set 62.A 
interior field equation 359.р 
interior operator 425.B 
interior point 425.B 
interior problem (in Dirichlet problems) 120.A 


interior product (of a differential form with a vector 


field) 105.0 
intermediate convergent (of an irrational number) 
83.B 


intermediate field 149.D 
intermediate integrals App. A, Table 15.1 
of Monge-Ampére equation 278.B 
intermediate-value theorem 84.C 
intermittent structure 433.C 
internal (in nonstandard analysis) 293.B 
internal energy 419.A 
internal irregular point 338.1, 
internal law of composition (of a set) 409.A 
internally stable set 186.1 
internally thin set 338.G 
internal product 200.К 
internal space in catastrophe theory (in static 
model) 51.B 
internal state 31.B 
internal symmetry 150.В 
international notation (for crystal classes) 92.B 
international system of units 414.A 
interpolating (for a function algebra) 164.р 
interpolating sequence 43.F 
interpolation 
(of a function) 223, App. A, Table 21 
(of a stationary process) 176.K 395.E 
Chebyshev 223.А 336.J 
inverse 223.A 
Lagrange 223.A 
of operators 224 
spline 223.F 
interpolation coefficient, Lagrange's 223.A 
interpolation formula 223.А 
Bessel App. A, Table 21 
Everett App. A, Table 21 
Gauss App. A, Table 21 
Gauss's backward 223.С 
Gauss’s forward 223.C 
Newton App. A, Table 21 
Newton's backward 223.С 
Newton's forward 223.C 
Stirling App. A, Table 21 
interpolation function 223.A 
interpolation method 224.A 
interpolation polynomial 223.А 
Hermite 223.E 
Lagrange 336.G, App. A, Table 21 
Newton 336.G 
trigonometric 336.Е 
interpolation problem 43.F 
interpolation scheme, Aitken 223.В 
interpolation space 224.A 
complex 224.B 
real 224.C 
interpolation theorem 224.В,С 
interpolatory formula 299.A 
interquartile range 397.С 
intersect 155.В 
properly (on a variety) 16.G 
transversally 1051. 


Subject Index 
Intersection 


intersection 
(of events) 342.B 
(of projective subspaces) 343.В 
(of sets) 381.B 
(of subspaces of an affine space) 7.A 
complete 16.A 
intersection chart 19.D 
intersection multiplicity (of two subvarieties) 16.Q 
intersection number 
(of divisors) 15.C 
(of homology classes) 65.В 201.0 
(of sheaves) 16.E 
self- 15.C 
intersection product 
(in algebraic varieties) 16.Q 
(in homology theory) 201.0 
intersection property, finite 425.S 
intersection theorem 
(of affine geometry) 7.A 
(of projective geometry) 343.В 
Cantors 273.Е 
Krull 284A 
interval 
(in a Boolean algebra) 42.B 
(їп а lattice) 243.C 
(in a vector lattice) 310.B 
(in an ordered set) 311.B 
(in real number space) 355.C 
of absolute stability 303.6 
basic 4B 
closed 140 355.C 
confidence 399.0 
of continuity (for a probability distribution) 
341.C 
fiducial 401.F 
finite 355.C 
infinite 355.C 
open 140355.C 
principle of nested 87.С 
of relative stability 303.G 
supplementary 4.B 
tolerance 399.R 
interval estimation 399.0 401.C 
interval function 380.A 
additive 380.В 
continuous additive 380.B 
in the large (in differential geometry) 109 
in the small (in differential geometry) 109 
intrablock analysis 102.D 
intransitive (permutation group) 151.H 
intrinsic angular momentum 415.6 
intrinsic homology 114.H 
intuitionisn 156.А 
semi- 156.C 
intuitionistic logic 4111, 
invariance 
ofa confidence region 399.0 
of dimension, theorem on (of Euclidean spaces) 
117.D 
of domain, Brouwer theorem оп 117.D 
homotopy 201.D 
isospin 351.J 
Lorentz 150.B 
of speed of light, principle of 359.B 
topological (homology groups) 201.A 
invariance principle 
(of hypothesis testing) 400.E 
(of wave operators) 375.B 
Donskers 250.E 
Strassen’s 250.E 
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invariance theorem of analytic relations 198.К 
invariant(s) App. A, Table 14.III 

(of an Abelian group) 2.B 

(of a cohomology class of a Galois group) 
59.H 257.E 

(decision problem) 398.Е 

(element under a group action) 226.A 

(of an elliptic curve) 73.A 

(in the Erlangen program) 137 

(under flow) 126.D 

(function algebra) 164.Н 

(hypothesis) 400.E 

(measure) 136.B 225 270.L 

(S-matrices) 386.B 

(of a normal simple algebra) 257.G 

(subspace of a Banach space) 2511. 

absolute 12.A 226.A 

absolute integral 219.A 

almost G- 396.1 

Arf-Kervaire 114J 

basic 226.B 

birational 12.A 

Browder-Livesay 114.L 

Cartan (of a finite group) 362.1 

Cartan relative integral 219.B 

conformal 77.E 

covering linkage 235.E 

differential (on an m-dimensional surface) 
110.A 

Eilenberg-Postnikov (of a CW-complex) 70.G 

fundamental (of a space with a Lie transforma- 
tion group) 110.A 

fundamental differential (of a surface) 110.B 

G- (element) 226.A 

G- (measure) 225.А 

G- (statistics) 396.1 

generalized Hopf 202.Q 

Hasse (of a central simple algebra) 29.G 

homotopy 202.B 

homotopy type 202.F 

Hopf 202.8,U 

Hopf, modulo p 202.S 

integral 219 

isomorphism (on a measure space) 136.E 

Iwasawa 14.L 

k- (ofa CW-complex) 70.G 

left (metric in a topological group) 423.I 

left, Haar measure 225.C 

left, tensor field 249.A 

metric (on a measure space) 136.E 

Milnor 235.D 

of n-ary form of degree d. 226.D 

negatively 126.D 

normal 114J 

oforderp 110.A 

p- (of a central simple algebra) 29.6 

PCT 386.B 

Poincaré's differential 74.G 

positively 126.D 

rearrangement 168.B 

relative 12.А 226.A 

relative integral 219.A 

right, Haar measure 225.C 

right, tensor field 249.A 

sampling procedure 373.C 


semi- 226.A 
semi- (of a probability distribution) 341.С 
shape 382.С 


spectral 136.E 
TCP- 386.B 
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topological 425.G 
U- (subspace of a representation space of 
a unitary representation) 437.C 
uniformly most powerful 399.0 
vector 226.C 
of weight w |. 226.D 
invariant decision function 398.Е 
invariant derivation (on an Abelian variety) 3.F 
invariant differential form (on an Abelian variety) 
3.F 
invariant distribution(s) 
(of a Markov chain) 260.A 
(of second quantization) 377.C 
invariant estimator 399.1 
best 399.1 
invariant field 172.B 
invariant integral, Hilberts 46.С 
invariant level « test, uniformly most powerful 
(UMP) 400.E 
invariant Markov process 5.Н 
invariant measure(s) 225 
(of a Markov chain) 260.A 
(of a Markov process) 261.F 
(under a transformation) 136.B 
G- 225.В 
quasi- 225J 
relatively 225.H 
smooth 126.1 
sub- 261.F 
transverse 154.H 
invariant measure problem 136.C 
invariants and covariants 226 
invariant statistic 396.1 
maximal 3961 
invariant subgroup (of a group) 190.C 
invariant subspace (of a linear operator) 164.H 
doubly 164.H 
invariant tensor field 
left 249.A 
right 249.A 
invariant test 400.E 
almost 400.E 
invariant torus 126.1. 
inventory control 227 
inventory model 307.С 
inverse 
(ina group) 190.A 
(ofa mapping) 381.C 
homotopy (for an H-space) 203.D 
quasi- (on a Banach algebra) 36.C 
right (in nonlinear functional analysis) 286.G 
inverse analytic function 198.1. 
inverse assumption 304.D 
inverse correspondence 358.B 
inverse domination principle 338.L 
inverse element 
(ina group) 190.A 
(inaring) 368.B 
left (ina ring) 368.B 
quasi- (ima ring) 368.B 
right (іп а ring) 368.В 
inverse Fourier transform (of a distribution) 
125.0 
inverse function 198.1. 381.C 
inverse function element 198.L 
inverse image 
(ofaset) 381.C 
(ofa sheaf} 383.G 
(of a uniformity) 436.E 
perfect 425.CC 


Subject Index 
Involutory (involutive) system 


inverse interpolation 223.A 
inverse iteration 298.C 
inverse limit (of an inverse system of sets) 210.B 
inverse mapping 381.C 
inverse mapping theorem 208.В 
inverse matrix 269.В 
inverse morphism 52.D 
inverse operator 37.С 251.B 
inverse path 170 
inverse problem 
(in potential scattering) 375.G 
Jacobi 3.L 
inverse relation 358.А 
inverse system (of sets) 210.B 
inverse transform (of an integral transform) 220.A 
inverse trigonometric function 131.E 
inversion 
(with respect to a circle) 74.E 
(of a domain in R^) 193.B 
(with respect to a hypersphere) 76.А 
Laguerre 76.B 
space 258.A 
space-time 258.A 
inversion formula 
(for a characteristic function) 341.C 
(of a cosine transform) 160.C 
(of a Fourier transform) 160.C 
(of a Fourier transform of distributions) 160.H 
(of a Fourier transform on a locally compact 
Abelian group) 192.K 
(of a generalized Fourier transform) 220.B 
(of a Hilbert transform)  220.E 
(of an integral transform)  220.A 
(of a Laplace-Stieltjes transform) 240.D 
(on a locally compact group) 437.L 
(of a Mellin transform) 220.C 
(for a semigroup of operators) 2401 
(of a Stieltjes transform) 220.D 
Fourier 160.C 
Móbius (in combinatorics) 66.С 
Mobius (in number theory) 295.C 
inverted filing scheme 96.F 
invertible element 
quasi- 368.B 
ofaring 368.B 
invertible jet 105.X 
invertible knot 235.A 
invertible matrix 269.В 
invertible sheaf 16.E 
involute (of a curve) 111.E 
involution 
(of an algebraic correspondence) 9.H 
(ina Banach algebra) 36.F 
(of a division ring) 348.F 
(of a homotopy sphere) 114.L 
Cartan 427.X 
involutive 
(cross section) 286.H 
(differential ideal) 428.E 
(differential system) 191.1 
(distribution) 154.B 428.D 
(Lie group) 191.H 
involutive automorphism (of a Lie group) 412.B 
involutive correlation 343.D 
involutive distribution (on a differentiable manifold) 
428.D 
involutive subspace 428.F 
involutory (involutive) system 
(of differential forms) 428.F 
(of nonlinear equations) 428.C 


Subject Index 
Irrational function, elliptic 


(of partial differential equations) 428.F 
(of partial differential equations of first order) 
324.D 
irrational function, elliptic 134.Е 
irrational number(s) 294.Е 355.A 
space of 22.A 
irrational real number 294.Е 
irreducibility theorem, Hilbert’s (on polynomials) 
337.F 
irreducible 
(algebraic curve) 9.B 
(algebraic equation) 10.В 
(algebraic variety) 16.A 
(coalgebra) 203.F 
(complemented modular lattice) 243.F 
(continuous geometry) 85.A 
(continuum) 79.D 
(Coxeter complex) 13.R 
(discrete subgroup of a semisimple Lie group) 
122.F 
(germ of an analytic set) 23.B 
(linear representation) 362.C 
(linear system) 16.N 
(linear system in control theory) 86.C 
(3-manifold) 65.E 
(Markov chain) 260.B 
(polynomial) 337.F 
(positive matrix) 269.N 310.H 
(projective representation) 362.J 
(representation of a compact group) 69.B 
(Riemannian manifold) 364.E 
(root system) 13.L 
(scheme) 16.D 
(Siegel domain) 384.E 
(transition matrix) 126.J 
(unitary representation) 437.A 
absolutely (representation) 362.F 
at 0 (for an algebraic set) 23.B 
irreducible character 
(of an irreducible representation) 362.E 
absolutely 362.Е 
irreducible component 
(of an algebraic variety) 16.А 
(of an analytic space) 23.C 
(of a linear representation) 362.D 
irreducible element (of a ring) 67.Н 
irreducible representation(s) 
(of a Banach algebra) 36.D 
fundamental system of (of a complex semisimple 
Lie algebra) 248.W 
irreducible symmetric bounded domain 412.F 
irreducible symmetric Hermitian space 412.E 
irreducible symmetric Riemannian space 412.C, 
App. A, Table 5.III 
irreducible tensor of rankk 353.С 
irredundant (intersection of primary ideals) 67.F 
irregular 
(boundary point) 120.D 
(prime number) 14.L 
irregularity 
(of an algebraic surface) 15.E 
number of (of an algebraic variety) 16.0 
irregular point 
(of Brownian motion) 45.D 
(of a Markov process) 261.D 
(in potential theory) 338.L 
external 338.1. 
internal 338], 
irregular singular point 
(ofa solution) 254.B 
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(of a system of linear ordinary differential 
equations) 254.B 
irreversible processes, statistical mechanics of 
402.А 
irrotational 
(fluid) 205В 
(vector field) 442.D 
Irwin's embedding theorem 65.D 
Ising model 340.В 402.G 
stochastic 340.C 
island (in a Riemann surface) 272.J 
isobaric polynomial 32.C 
isogenous 
(Abelian varieties) 3.C 
(algebraic groups) 13.A 
isogeny 13.A 
isolated fixed point 126.G 
isolated ordinal number 312.B 
isolated point 
(ofacurve) 93.G 
(in a topological space) 425.0 
isolated primary component (of an ideal) 67.F 
isolated prime divisor (of an ideal) 67.Е 
isolated singularity (of an analytic function) 
198.D,M 
isolated singular point 198.D 418.D 
isolated vertex 186.B 
isometrically isomorphic (normed spaces) 37.C 
isometric immersion 365.A 
isometric mapping  111.H 273.B 
isometric operator 251.E 
partially 251.E 
isometric Riemannian manifolds 364.А 
isometric spaces 273.B 
isometry 
(=isometric operator) 251.E 
(between Riemannian manifold) 364.A 
isomonodromic deformation 253.E 
isomorphic 
(algebraic systems) 409.С 
(block bundles) 147.0 
(cohomology theories) 201.Q 
(complex manifolds) 72.A 
(fiber bundles) 147.B 
(groups) 190.D 
(Lie algebras) 248.A 
(Lie groups) 249.N 
(measure spaces) 398.D 
(normed spaces) 37.C 
(objects) 52.D 
(PL-embeddings) 65.D 
(representations) 362.С 
(simplicial complexes) 70.C 
(s.s. complexes) 70.E 
(structures) 276.E 
(topological groups) 423.A 
(unitary representations) 437.A 
anti- (lattices) 243.C 
Borel 270.C 
dually (lattices) 243.C 
isometrically (normed spaces) 37.C 
locally 423.0 
metrically (automorphisms on a measure space) 
136.E 
order 311.E 
similarly (ordered fields) 149.N 
spatially (automorphisms on a measure space) 
136.E 
spectrally 136.E 
weakly 136.E 
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isomorphic mapping, Borel 270.С 
isomorphic relations among classical Lie algebras 
App. A, Table 5.IV 

isomorphism 

(of Abelian varieties) З.С 

(of algebraic systems) 409.C 

(of block bundles) 147.0 

(of fields) 149.В 

(of functors) 52.J 

(of groups) 190.D 

(oflattices) 243.C 

(of Lie algebras) 248.A 

(of linear spaces) 256.B 

(of objects) 52.D 

(of prealgebraic varieties) 16.C 

(ofrings) 368.D 

(of topological groups) 423.A 

(of unfoldings) 51.D 

admissible (of Q-groups) 190.E 

algebra 29.A 

analytic 21.1 

analytic (of Lie groups) 249.N 

anti- (of groups) 190.D 

anti- (of lattices) 243.C 

anti- (of ordered sets) 311.E 

anti- (of rings) 368.0 

birational (of Abelian varieties) 3.C 

birational (of algebraic groups) 13.A 

Bott 237.D 

C?- (of Lie groups) 249.N 

dual (of lattices) 243.C 

dual (of ordered sets) 311.E 

excision (on homology groups) 201.F,L 

functorial 52J 

G- 191.А 

k- (of algebraic groups) 13.A 

k- (of extension fields of k) 149.D 

lattice- 243.C 

local (of topological groups) 423.0 

mod p (in a class of Abelian groups) 202.N 

Q- (of O-groups) 190.Е 

operator (of Q-groups) 190.Е 

order 311.E 

ring 368.D 

suspension (for homology) 201.E 

Thom-Gysin 114.6 

Thom-Gysin (of a fiber space) 148.E 

uniform 436.E 
isomorphism invariant (on a measure space) 136.E 
isomorphism problem 

(in ergodic theory) 136.E 

(for graphs) 186J 

(for integral group algebras) 362.K 
isomorphism theorem 

(in class field theory) 59.С 

(on groups) 190.D 

(onrings) 368.F 

(on topological groups) 423.J 

Ax-Kochen (on ultraproduct) 276.E 

first (on topological groups) 423.J 

Hurewicz 202.N 

Hurewicz-Steenorod (on homotopy groups of 

fiber spaces) 148.D 

Keisler-Shelah (in model theory) 276.E 

second (on topological groups) 423.J 

third (on topological groups) 423.J 
isoparametric (hypersurface) 365.I 
isoparametric method 304.C 
isoperimetric (curves) 228.A 
isoperimetric constant 391.0 
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Iwasawa decomposition 


isoperimetric inequality 228.В 
isoperimetric problem(s) 111.E 228.A 
generalized 46.A 228.A 
special 228.A 
isospectral 391.B 
isospectral deformation 387.C 
isospin 351.J 
isospin invariance 351.J 
isothermal compressibility 419.B 
isothermal coordinates 90.С 
isothermal curvilinear coordinate system App. A, 
Table 3.V 
isothermal parameter 334.В 
(for an analytic surface) 111.1 
isothermal process 419.B 
isotopic 65.D 202.B 
(braids) 235.F 
(embeddings) 114.D 
(latin square) 241.A 
ambient 65.D 
isotopy 65.D 202.B 
ambient 65.D 
isotopy lemma, Thom’s first 418.G 
isotopy type (of knots) 235.A 
isotropic 
(with respect to a quadratic form) 348.E 
k- (algebraic group) 13.G 
totally (subspace) 60.0 348.E 
isotropic point 365.D 
isotropic submanifold 365.0 
isotropic turbulence 433.С 


isotropy, index of total (of a quadratic form) 348.E 


isotropy group 362.B 
linear 199.А 
principal 431.C 
isotropy representation 431.С 
isotropy subgroup (of a topological group) 431.A 
isotropy type (of a transformation group) 431.A 
iterated integral 
(in Lebesgue integral) 221.Е 
(in Riemann integral) 216.G 
iterated kernel (for a Fredholm integral equation) 
217.D 
iterated logarithm 
Khinchin’s law of 250.C 
law of 45.F 
iterated series 
by columns (of a double series) 379.E 
by rows (of a double series) 379.Е 
iteration 
(in a Banach space) 286.B 
inverse 298.C 
method of successive (for Fredholm integral 
equations) 217.D 
two-body 271.C 
iteration matrix 302.C 
iterative improvement 302.C 
iterative method 302.C 
iterative process, linear stationary 302.С 
Itó circle operation 406.C 
Itó decomposition, Wiener- 176.1 
Itó formula 45.G 406.B 
Itó process 406.B 
Itô theorem, Lévy- (on Lévy processes) 5.Е 
Пб type, stochastic integral of 406.C 
ITPFI 3081 
Iversen-Beurling-Kunugi theorem 62В 
Iversen theorem 272.1 
Iwahori subgroup 13.R 
Iwasawa decomposition 


Subject Index 
Iwasawa group 


(ofa Lie group) 249.T 
(of a real semisimple Lie algebra) 248.V 
Iwasawa group 384.С 
Iwasawa invariant 14.1. 
Iwasawa main conjecture 450.J 
Iwasawa theorem, Cartan-Mal'tsev- (on maximal 
compact subgroups) 249.5 


J-group 2371 
equivariant 431.F 
J-homomorphism 202.У 237.1 
equivariant 431.F 
J-method 224.C 
Jackson’s theorem (on the degree of approximation) 
336.C 
Jacobi, C. G. J. 229 
Jacobian 208.В 
Jacobian, generalized (of a set function) 246.H 
Jacobian criterion (on regularity of local rings) 
370.B 
Jacobian determinant 208.B 
Jacobian matrix 208.B 
Jacobian variety 9.E 11.C 16.P 
canonically polarized 3.G 9.E 
generalized 9.F 11.C 
Jacobi-Biehler equality 328 
Jacobi condition 46.С 
Jacobi differential equation App. A, Tables 14.11 
20.V 
Hamilton- 271.F 324.E 
Jacobi elliptic functions App. A, Table 16.III 
Jacobi equation, Hamilton- 108.В 
Jacobi field 178.A 
Jacobi identity 
(on the bracket of two vector fields) 105.M 
(in a Lie algebra) 248.А 
(with respect to Whitehead product) 202.P 
Jacobi imaginary transformation 1341 
Jacobi integral 420.F 
Jacobi inverse problem 3.1. 
Jacobi last multiplier App. A, Table 14.T 
Jacobi matrix 390.6 
Jacobi method 
(in numerical computation of eigenvalues) 
298.B 
(in numerical solution of linear equations) 
302.C 
cyclic 298.В 
threshold 298.В 
Jacobi polynomial 317.D, App. A, Table 20.V 
Jacobi second method of integration 324.D 
Jacobi symbol 2971 
complementary law of 297.I 
law of quadratic reciprocity of 297.1 
Jacobi standard form, Legendre- 134.A, App. A, 
Table 16.1 
Jacobi transformation App. A, Table 16.III 
Jacobson radical (of a ring) 67.D 
Jacobson topology 36.D 
James theorem 37.G 
Janko-Ree type, group of 151.J 
Janzen area (of a Borel set) 246.G 
Japanese mathematics (wasan) 230 
Japanese ring, universally 284.F 
Jarrat-Mack method, Garside- 301.N 
Jeffreys method 112.B 
Jensen formula 198.F 
Jensen measure 164.K 
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jet 
invertible 105.Х 
of orderr 105.Х 
job 281.D 
job-shop scheduling 307.С 
job-shop scheduling problem 376 
John-Nirenberg space(=BMO) 168.B 
join 
(in a Boolean algebra) 42.A 
(in a lattice) 243.A 
(of points) 155.B 
(of projective spaces) 343.B 
(of sets) 381.B 
(of simplicial complexes) 70.C 
(of subgroups of a group) 190.G 
reduced (of homotopy classes) 202.Q 
reduced (of mappings) 202.F 
reduced (of topological spaces) 202.F 
joined by ап агс 79.B 
joint cumulant 397. 
joint density 397.I 
joint distribution 342.C 
joint moment generating function 397.1,J 
joint random variable 342.С 
joint sensity function 397.J 
joint spectrum 36.М 
Jordan algebras 231 
exceptional 231.A 
free special 231.A 
semisimple 231.В 
special 231.А 
Jordan arc 93.В 
Jordan canonical form (of a matrix) 269.G 
Jordan content 270.G 
Jordan curve 93.B 
Jordan curve theorem 93.К 
Jordan decomposition 
(of an additive set function) 380.C 
(of a function of bounded variation) 166.B 
(of a linear mapping) 269.L 
(in an ordered linear space) 310.B 
multiplicative 269.1. 
Jordan domain 333.A 
Jordan elimination, Gauss- 302.B 
Jordan factorial 330 
Jordan-Hólder sequence (in a group) 190.G 
Jordan-Hólder theorem (in group theory) 
190.G 
Jordan-Hoólder theorem (on representations of 
algebras) 362.D 
Jordan homomorphism (between Jordan alge- 
bras) 231.A 
Jordan inequality App. A, Table 8 
Jordan measurable set (of В”) 270.G 
Jordan measure 270.D,G 
Jordan module 231.C 
Jordan normal form 269.6 
Jordan test (on the convergence of Fourier series) 
159.B 
Jordan-Zassenhaus theorem (on integral represen- 
tation of a group) 362.K 
Joule heat 130.В 
Joule’s law 130.B 
Julia’s direction (of a transcendental entire function) 
272.F 429.C 
Julia's exceptional function 272.F 
jump (ata point) 84.B 
jump function 306.C 
jumping of the structures 72.G 
just identified (equation) 128.С 


2027 


K 


K-recursiveness 356.6 
k-almost simple algebraic group 13.O 
k-anisotropic algebraic group 13.G 
k-array 330 
k-Borel subgroup (of an algebraic group) 13.6 
k-closed algebraic set 13.А 
k-combination 330 
k-compact algebraic group 13.G 
k-connect (graph) 186.F 
k-dimensional integral element 191.1 
k-dimensional integral manifold 1911 
k-dimensional normal distribution 341.D 
k-equivalent C^-manifolds 114.F 
k-Erlang distribution 260.H 
k-fold mixing automorphism 136.Е 
k-fold screw glide with pitch 92.E 
k-form 
(of an algebraic group) 13.M 
holomorphic 72.A 
k-frame 199.В 
orthogonal 199.B 
k-group 13.А 
k-invariants (of a CW-complex) 70.G 
k-isomorphism (between algebraic groups) 13.A 
k-isotropic algebraic group 13.6 
k-morphism (between algebraic groups) 13.А 
k-movable 382.C 
k-permutation 330 
k-ply transitive G-set 362.В 
k-ply transitive permutation group 151.H 
k-quasisplit algebraic group 13.0 
k-rank (of a connected reductive algebraic group) 
13.Q 
k-rational divisor (on an algebraic curve) 9.C 
k-rational point (of an algebraic variety) 16.A 
k-root 13.Q 
k-sample problem 371.р 
k-simple algebraic group 13.0 
k-solvable algebraic group 13.F 
k-space 425.CC 
k-split algebraic group 13.N 
k-split torus 13.0 
maximal 13.Q 
k-step method, linear 303.E 
k-subgroup 
minimal parabolic 13.Q 
standard parabolic 13.0 
k-subset 330 
k-transitive permutation group 151.Н 
k-trivial torus 13.D 
k-valued algebroidal function 17.A 
k-vector bundle, normal 114J 
k-way contingency table 397.K 
k-Weylgroup 13.0 
k’-space 425.CC 
kth prolongation 
(of G structure)  191.E 
(of a linear Lie algebra) 191.0 
(of a linear Lie group) 191.D 
kth saturated model 293.В 
kth transform 160.F 
K-complete analytic space 23.F 
K-complete scheme 16.D 
K-flow 136.E 
K-group 237.B 
equivariant 237.H 
K-method 224.C 
K-pseudoanalytic function 352.B 


Subject Index 
Kernel 


K-quasiregular function 352.B 
K-rational (=algebraic over К) 369.C 
K-regular measure 270.F 
K-theory 237 
algebraic 237.J 
higher algebraic 237.J 
КЗ surface 15.Н 72.K 
marked 72.K 
Кас formula, Feynman- 351.F 
Kac- Nelson formula, Feynman- 150.F 
Kadomtsev-Petvyashvili equation 387.F 
Kahler existence theorem, Cartan- 1911 
428.E 
Kahler homogeneous space 199.A 
Kähler immersion 365.L 
Kàhler manifold 232 
Kahler metric 232.A 
standard (of a complex projective space) 
232.D 
Kahler metric, Einstein- 232.C 
Kahler submanifold 365.1. 
Kakeya-Enestróm theorem (on an algebraic 
equation) 10.E 
Katutani equivalence 136.F 
Kakutani fixed point theorem 153.D 
Kakutani theorem 
(on complemented subspace problems of 
Banach spaces) 37.N 
(on statistical decision problems) 398.G 
Kakutani ипи 310.G 
Kallén-Lehmann representation 150.D 
Kállén-Lehmann weight 150.D 
Kalman-Bucy filter 86.E 405.G 
Kalman filter 86.E 
Kaluza’s 5-dimensional theory 434.С 
Kametani theorem, Hállstróm- 124.С 
Kan complex 70.Е 
Kaplansky's density theorem 308.С 
Kapteyn series 39.D, App. A, Table 19.III 
Karlin’s theorem 399.6 
Kastler axioms, Haag- 150.E 
Kato perturbation 351.D 
Kato theorem, Rellich- 331.В 
Kawaguchi space 152.C 
KdV equation 387.B 
two-dimensional 387.F 
Keisler-Shelah isomorphism theorem  276.E 
Keller-Maslov index 274С 
Kelly theorem, Nachbin-Goodner- 37.M 
Kelvin function 39.6, App. A, Table 19.1V 
Kelvin transformation 193.В 
Kendall notation 260.Н 
Kendall's rank correlation 371.K 
Kepler’s equation 309.B 
Kepler’s first law 271.В 
Kepler’s orbital elements 309.В 
Kepler’s second law 271.В 
Kepler’s third law 271.B 
Kerékjártó-Stoilow compactification 207.С 
kernel 
(of a bargaining set) 173.D 
(distribution) 125.L 
(of a group homomorphism) 190.0 
(of an integral equation) 217.A 
(of an integral operator) 251.0 
(of an integral transform) 220.A 
(of a linear mapping) 256.F 
(of a morphism) 52.N 
(of an operator homomorphism)  277.E 
(ofa potential) 338.B 


Subject Index 
Kernel differential 


(ofaset) 425.O 
(of a sheaf homomorphism) 383.C 
(of a system of Suslin) 22.B 
adjoint 338.B 
of Calderón-Zygmund type 217J 
of Carleman type 217J 
consistent 338.Е 
degenerate 217.F 
diffusion 338.N 
Dirichlet 159.B 
distribution 338.Р 
domain (of a sequence of domains) 333.C 
elementary 320.H 
Fejér 159.C 
Fourier 220.B 
fundamental 320.H 
Hermitian 217.H 
of Hilbert-Schmidt type 217.I 
Hunt 338.0 
integral 217.А 251.0 
iterated 217.D 
Kuramochi 207.C 
Martin 207.C 
perfect (in potential theory) 338.Е 
Pincherle-Goursat 217.Е 
Poisson 159.C 
positive 217.H 
positive definite 217.H 338.D 
positive semidefinite 217.Н 
reproducing 188.G 
semidefinite 217.H 
separated 217.F 
singular 217.J 
symmetric 217.G 
symmetric, of positive type 338.D 
weak potential 260.0 
Wiener 95 
kernel differential 188.G 
kernel form 348.E 
kernel function 188.G 
Bergman 188.G 
harmonic 188.Н 
Szegó 188.H 
kernel representation (of a Green's operator) 
189.B 
kernel theorem (of Schwartz) 125.1. 424.5 
Kerner-Aberth (DK A) method, Durand- 301.Е 
Kerner (DK) method, Durand- 301.F 
Kerr metric 359.Е 
Kervaire invariant, Arf- 114J 
Khachiyan’s method 255.С 
Khinchin canonical form (of an infinitely divisible 
probability distribution) 341.G 
Khinchin decomposition (of a covariance function) 
395.B 
Khinchin’s law of the iterated logarithm 250.С 
Kiefer inequality, Chapman-Robbins- 399.р 
killing 261.F 
Killing curvature, Lipschitz- 279.С 
Killing differential equation 364.Е 
Kilingform 248.В 
killing measure 115.B 
killing method (of obtaining a homotopy group) 
202.N 
killing time 260.А 
Killing vector field 364.F 
kind 
Abelian differential of the first, second, third 
П.С 
Abelian integral of the first, second, third 11.C 
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associated Legendre function of the first, second 
393.C 
Beltrami differential operator of the first, second 
App. A, Table 4.II 
Bessel function of the first, second, third 39.B 
complete elliptic integral of the first, second 
134.B,C 
differential form of the first (on an algebraic 
variety) 16.0 
canonical coordinates of the first, second 
249.Q 
dfferential form of the first, second, third (on a 
nonsingular curve) 9.E 
discontinuity of the first, second 84.В 
discontinuous group of the first 122.B 
elliptic function of the first, second, third 
134.G,H 
elliptic integral of the first, second, third 134.А 
error of the first, second 400.A 
Euler integral of the first, second 174.A,C 
exceptional curve of the first, second. 15.G 
Fredholm integral equation of the first, second, 
third 217.A 
Fuchsian group of the first, second 122.C 
Hankel function of the first, second 39.B 
incomplete elliptic integral of the first 134.В 
Lamé function of the first, second. 133.C 
Legendre function of the first, second 393.В 
Mathieu function of the first, second 268.B 
modified Mathieu function of the first, second, 
third 268.D 
perfect members of the second 297.D 
Stirling number of the second 66.D 
kinetic density 218.A 
kinetic energy 271.C 351.D 
kinetic measure 218.A 
kinetic theory of gases 402.B 
Kirby calculus 114.L 
Kirchhoff laws 282.B 
Kirchhoff solution 325.D 
Kleene’s normal form theorem 356.С 
Klein, F. 233 
Klein bottle 410.B 
Klein combination theorem 234.D 
Klein four-group 151.6 
Klein-Gordon equation 351.G 377.C 
Kleinian group 122.C 234.A 
Klein inequality 212.B 
Klein line coordinates 90.B 
Klein model (of non-Euclidean geometry) 285.C 
Klein-Nishina formula 351.6 
Klein transform  150.D 
K-L (= Kullback-Leibler) information number 
398.G 
Kloosterman sum 32.C 
KMS condition 308.H 402.G 
Kneser-Nagumo theorem 316.E 
Kneser-Sommerfeld formula — App. A, Table 19.III 
Knopp-Schmidt theorem 208.C 
Knopp-Schnee theorem (on method of summation) 
379.M 
knot 235.A 
alternating 235.A, App. A, Table 7 
amphicheiral 235.A 
clover leaf 235.C 
equivalent 235.A 
hyperbolic 235.Е 
invertible 235.A 
(pq- 235.G 
(p,q-ball 235.G 
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slice 235.G 
trefoil 235.C 
knot cobordism 235.6 
knot complement conjecture 235.B 
knot conjecture, general 235.B 
knot group (of a knot) 235.B 
knot projection, regular 235.A 
knotted 235.A 
knot theory 235, App. A, Table 7 
knot types 235.А 
Kobayashi pseudodistance 21.0 
Kochen isomorphism theorem, Ах- 276.Е 
Kodaira dimension (of a compact complex manifold) 
72.1 
Kodaira-Spencer mapping (map) 72.G 
Kodaira theorem 
(on Hodge manifolds) 232.D 
Chow- 72.F 
Kodaira theory, Weyl-Stone-Titchmarsh- 
Kodaira vanishing theorem 232.D 
Koebe extremal function 438.C 
Koebe theorem 193.E 
Kojima-Schur theorem (on linear transformations 
ofsequences) 379.L 
Kolchin theorem, Lie- (on solvable algebraic groups) 
13.F 
Kollektiv 342.A 
Kolmogorov automorphism 136.Е 
Kolmogorov axiom Ty 425.0 
Kolmogorov backward equation 115.А 260.F 
Kolmogorov canonical form 341.G 
Kolmogorov-Chaitin complexity 354.D 
Kolmogorov equality, Chapman- 261.A 
Kolmogorov equation, Chapman- 260.A 
Kolmogorov extension theorem 341.1 407.D 
Kolmogorov flow 136.E 
Kolmogorov forward equation 115.A 260.F 
Kolmogorov-Smirnov test 371.F 
Kolmogorov-Smirnov test statistic 374.E 
Kolmogorov space 425.Q 
Kolmogorov-Spanier cohomology theory, Alex- 
ander- 201.M 
Kolmogorov spectrum | 433.C 
Kolmogorov test 45.F 
Kolmogorov theorem 250.F 
Kolmogorov zero-one law | 342.G 
Kond6 uniformization theorem 22.F 
Kónig-Egerváry theorem 281.E 
Kónigs-Schróder equation 44.B 
Korteweg-de Vries (KdV) equation 387.A 
Kostant’s formula (on representations of compact 
Lie groups) 2487 
Kovalevskaya existence theorem, Cauchy- 321.А 
Kovalevskaya theorem, abstract Cauchy- 286.Z 
Krein-Mil’man property 443.H 
Krein-Mil’man theorem 424.0 
Krein-Schmul’yan theorem 37.Е 424.0 
Krein theorem 424.У 
Krieger’s factor 308.1 
Kronecker, L. 236 
Kronecker approximation theorem 422.K 
Kronecker delta 269.A, App. A, Table 4.II 
Kronecker flow 136.G 
Kronecker index 
(in homology theory) 201.H 
(of divisors on a surface) 15.C 
Kronecker limit formula 450.В 
Kronecker product (of matrices) 269.C 
Kronecker set 192.R 
Kronecker symbol (for a quadratic field) 347.D 


112.0 


Subject Index 
L-space 


Kronecker theorem 

(on an Abelian extension of Q) 14.L 

(оп an algebraic equation) 10.B 
Krull-Akizuki theorem 284.Е 
Krull altitude theorem 28.A 
Krull-Azumaya lemma 67.D 
Krull dimension 

(of a commutative ring) 67.E 

(of an ideal) 67.E 
Krull intersection theorem 284.А 
Krull-Remak-Schmidt theorem (in group theory) 

190.L 

Krull ring 67.J 
Krull topology (for an infinite Galois group) 172.1 
Kruskal coordinates 359.Е 
Kruskal-Wallis test 371.D 
Kubo formula 402.K 
Kuhn-Tucker theorem 292.B 
Kullback discrimination information 213.D 
Kullback-Leibler (K-L) information number 398.G 
Kummer criterion 145, App. A, Table 10.II 
Kummer differential equation App. A, Table 19.T 
Kummer extension 172.F 
Kummer function 167.A, App. A, Table 19.1 
Kummer surface 15.H 
Künneth formula 

(in Abelian category) 200.H 

(in Weil cohomology) 450.Q 
Künneth theorem 200.Е 201.J 
Kunugi theorem, Iversen-Beurling- 62.B 
Kuo (PLK) method, Poincaré-Lighthill- 25.B 
Kuramochi compactification 207.C 
Kuramochi kernel 207.C 
Kuranishi prolongation theorem 428.G 
Kuranishi space 72.6 
Kuratowski space 425.0 
kurtosis 396.С 397.C 

population 396.C 
Kutta-Gill method, Runge- 303.D 
Kutta methods, Runge- 303.р 


L 


A‘ (Lipschitz spaces) 168.B 

A-function 32.C 

(Ij) or l, (a sequence space) 168.B 

L, (Q) (the space of measurable functions f(x) on Q 
such that | f(x)|?, 1 < p < ©, is integrable) 
168.B 

Lo (©) 168.B 

L(54) (Q) (the Lorentz spaces) 168.B 

l-adic cohomology 450.0 

l-adic coordinate system  3.E 

l-adic representation 3.E 

L-distribution 341.G 

L-estimator 371.H 

L-function 
Artin 450.G,R 
of automorphic representation 450.N 
Dirichlet 450.C 
of elliptic curves 450.5 
Hecke 450.E 
Hecke (with Gróssencharakter) 450.F 
p-adic 450 
Weil 450.H 

L-group 450.N 

L-integral 221.В 

L-space 87.K 
abstract 310.G 
Fréchet 87.K 
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L,-algebra (of a locally compact Hausdorff group) 
36.L 
L,-space, abstract 310.G 
I#-space 87.K 
(LF)space 424.W 
labeled graph  186.B 
lacunas for hyperbolic operators 325.) 
lacunary structure (of a power series) 339.E 
ladder 
down- 206.B 
up- 206.B 
ladder method 206.B 
lag 163.A 
lagged variables 128.C 274.C 
Lagrange, J.L. 238 
Lagrange bracket 82.A 324.D 
Lagrange-Charpit method 322.В, App. A, Table 


15.1 
Lagrange differential equation 320.А, App. A, 
Table 14I 


Lagrange differential equation, Euler- 46.B 
Lagrange equations of motion 271.F 
Lagrange formula (for vector triple product) 
442.C 
Lagrange identity 252 К 
Lagrange interpolation 223.A 
Lagrange interpolation coefficients 223.А 
Lagrange interpolation polynomial 223.A 336.G, 
App. A, Table 21 
Lagrange manifold, conic 345.B 
Lagrange method 
(of describing the motion of a fluid) 205.A 
of indeterminate coefficients 106.1. 
of variation of constants 252.D 
Lagrange multiplier 46.B 
method of 106.L 
Lagrange partial differential equation App. A, 
Table 15.1] 
Lagrange problem (in calculus of variations) 46.A 
Lagrange remainder App. A, Tabie 9.1V 
Lagrange resolvent 172.F 
Lagrange stable 126.E 
negatively 126.E 
positively 126.Е 
Lagrange-stable motion 420.D 
Lagrangian density 150.В 
free 150.B 
Lagrangian derivative 205.А 
Lagrangian function 271.F 292.A 
Lagrangian manifold, conic 274.C 
Lagrangian vector field 126.1. 
Laguerre differential equation App. A, Tables 
14.11 20.VI 
Laguerre formula, Gauss- (in numerical integration) 
299.A 
Laguerre function App. A, Table 20.VI 
Laguerre geometry 76.В 
Laguerre inversion 76.B 
Laguerre polynomials | 317.D, App. A, Table 20.VI 
associated 317.D 
Laguerre transformation 76.В 
Lambert series 339.С 
Гате differential equation 133.В 
generalized 167.E 
Lamé function 
of the first кіпа 133.B 
of the first species 133.С 
of the fourth species 133.С 
of the second kind 133.C 
of the second species 133.C 
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of the third species 133.C 
lamellar vector field 442.р 
laminar flow 205.Е 433.A 
Lanczos method 298.D,E 301.N 
Landau constant 77.F 
Landau equation 146.C 
Landau-Nakanishi equation 146.C 
Landau-Nakanishi variety 146.С 386.C 
Landau symbols (О, о) 87.G 
Landau theorem  43J 
Wiener-Ikehara 123.В 
Landau variety 146.C 
Landen transformation 134.B, App. A, Table 
16.11 
Гапе-Етаеп function 291.Е 
Langevin equation 45.1 402К 
language 31.D 276.А 
accepted by 31.0 
external 75.С 
machine 75.С 
Laplace, P. S. 239 
Laplace-Beltrami operator 194.B 
Laplace differential equation 323.A, App. A, 
Table 15.Ш 
2-dimensional case App. A, Table 15.VI 
3-dimensionalcase App. A, Table 15.VI 
Laplace expansion theorem (on determinants) 
103.D 
Laplace-Mehler integral representation App. A, 
Table 18.11 
Laplace method 30.В 
Laplace operator 323.А 442.D 
Laplace spherical functions 393.А 
Laplace-Stieltjes transform 240.A 
Laplace theorem, de Moivre- 250.В 
Laplace transform 240, App. A, Table 12.I 
Fourier- 192.F 
Laplace transform and operational calculus App. 
A, Table 12 
Laplacian 323.А 442.D, App. A, Table 3.11 
inthelarge 109 
large deviation 250.B 
large inductive dimension (Ind) 117.В 
large numbers 
law of 250.B 
strong law of 250.C 
weak law of 395.B 
larger, stochastically 371.С 
larger topology 425.H 
large sample theory 401.E 
large semigroup algebra | 29.C 
large sieve method 123.E 
largest nilpotent ideal (of a Lie algebra) 248.D 
Lashnev space 425.CC 
last multiplier, Jacobi App. A, Table 14.1 
last-out memory, first-in 96.E 
last theorem of Fermat 145 
last theorem of Poincaré 153.B 
latin rectangle 241.Е 
Latin square(s) 102.K 241 
lattice(s) 
(of a crystallographic group) 92.A 
(lattice ordered set) 243 
(ofa Lie group) 122.G 
(in R”) 182.B 
A- 92E 
anti-isomorphic 243.C 
Archimedean vector 310.C 
B- 92E 
Banach 310.F 
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black and white 92.D 
Boolean 42.A 243.E 
Boolean, of sets 243.E 
Bravais 92.B 
C- 92E 
color 92.D 
complemented 243.E 
complete 243.0 
complete vector 310.С 
conditionally complete 243.D 
conditionally o-complete 243.D 
critical, in M with respect to 5 182.B 
distributive 243.Е 
dual 243.С 310.E 450.K 
dually isomorphic 243.C 
F- 92E 
g- (of a separable algebra) 27.A 
homogeneous (in R”) 182.В 
integral g- 27.A 
l- 92E 
inhomogeneous (in R” 182.B 
modular 243.F 
normal g- 27.А 
normal vector 310.F 
one-dimensional 287.A 
P- 92E 
primitive 92.E 
quotient 243.C 
of sets 243.E 
o-complete 243.р 
o-complete vector 310.C 
Toda 287.А 387.A 
vector 310.В 
weight 92С 
lattice constants (of a lattice group) 92.C 
lattice distribution 341.0 
lattice equivalent 92.D 
lattice gauge theory 150.G 
lattice group(s) 182.B 
(of a crystallographic group) 92.A 
lattice-homomorphism | 243.C 
lattice-isomorphism 243.С 
lattice-ordered group 243.6 
Archimedean 243.G 
lattice-ordered linear space 310.В 
lattice-ordered set 243.А 
lattice-point formula 220.В 
lattice-point problems 242 
lattice-spin systems 402.G 
latus rectum 78.D,E 
Laurent expansion 198.0 
Laurent series 339.A 
law(s) 
(of a solution of a stochastic differential 
equation) 406.D 
absorption (in algebra of sets) 381.B 
absorption (in а lattice) 243.А 
of action and reaction 271.A 
adiabatic 205.B 
alternating (in a Lie algebra) 248.А 
antisymmetric (for ordering) 311.A 
arcsine (for Brownian motion) 45.E 
arcsine (for distribution function} 250.D 
arcsine (for random walk) 260.E 
associative (for addition) 294.B 
associative (in algebra of sets) 381.B 
associative (of correspondences) 358.B 
associative (of group composition) 190.A 
associative (in a lattice) 243.A 
associative (for multiplication) 294.B 
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Law(s) 


associative (in a ring) 368.A 

Blumenthal zero-one 261.B 

Brandts 241.C 

cancellation (for addition) 294.B 

cancellation (in a commutative semigroup) 
190.P 

cancellation (for multiplication) 294.B 

commutative (for addition) 294.В 368.A 

commutative (in algebra of sets) 381.B 

commutative (of group composition) 190.A 

commutative (in a lattice) 243.A 

commutative (for multiplication) 294.B 368.A 

complementary, of quadratic reciprocity of 
Jacobi symbol 297.1 

complementary, of reciprocity 14.0 

of complementation (in a Boolean algebra) 
42.А 

complete distributive (іп а lattice-ordered 
group) 243.G 

of composition 409.A 

of composition, external 409.A 

of composition, internal 409.A 

of cosines (on spherical triangles} 432.B, App. 
A, Table 2.111 

of cosines, first 432.А, App. A, Table 2.II 

of cosines, second 432.A, App. A, Table 2.II 

of cotangents App. A, Table 2.HI 

de Morgan’s (in algebra of sets) 381.B 

de Morgan’s (in a Boolean algebra) 42.A 

differentia) 107.А 

distributive (in algebra of sets) 381.B 

distributive (in a lattice) 243.E 

distributive (of natural numbers) 294.B 

distributive (in a ring) 368.A 

even-oddness conservation 150.D 

of excluded middle 156.С 411.L 

explicit reciprocity (of norm-residue symbol) 
14.R 257.H 

first complementary, of quadratic reciprocity of 
Legendre symbol 2971 

Gel'fand-Pyatetskii-Shapiro reciprocity (on 
unitary representations) 437.DD 

general associative (for group composition) 
190.C 

Hewitt-Savage zero-one 342.G 

Hookes 271.6 

idempotent (in a lattice) 243.A 

of inertia 271.A 

of inertia, Sylvester (for a quadratic form) 
348.C 

initial (for stochastic differential equation} 
406.D 

of iterated logarithm 45.F. 

of iterated logarithm, Khinchin 250.C 

Joules 130.B 

Kepler’s first 271.В 

Kepler's second 271.B 

Kepler's third 271.B 

Kirchhoff 282.B 

Kolmogorov zero-one 342.6 

oflarge numbers 250.В 395.B 

of large numbers, strong 250.C 

Maxwell-Boltzmann distribution 402.B 

modular (in a lattice) 243.Е 

of motion 271.A 

of motion, Newton’s three 271.A 

Newton (on frictional stresses) 205.C 

Newton’s first 271.A 

Newton’s second 271.A 

Newton's third 271.A 


Subject Index 
Lax equivalence theorem 


Ohm 130.B 259 
of quadratic reciprocity of Jacobi symbol 
297.1 
of quadratic reciprocity of Legendre symbol 
297.1 
of reaction 271.A 
of reciprocity 14.0 297.1 
of reciprocity, Artin general 59.C 
of reciprocity, general 14.0 
reciprocity, of Shafarevich 257.Н 
reflexive (for an equivalence relation) 135.A 
reflexive (for ordering) 311.A 
second complementary, of quadratic reciprocity 
of Legendre symbol 297.1 
of similarity, Prandtl-Glauert 205.D 
of similarity, Reynolds 205.С 
of similitude 116 
of sines 432.А, App. A, Table 2.II 
of sines (for spherical triangles) 432.B, App. 
A, Table 2.111 
of sines and cosines App. A, Table 2.1 
of small numbers 250.В 
symmetric (for an equivalence relation) 135.A 
of symmetry (for the Hilbert norm-residue 
symbol) 14.R 
of tangents App. A, Table 2.III 
transitive (for an equivalence relation) 135.A 
transitive (for ordering) 311.A 
of universal gravitation 271.B 
zero-one 342.G 
Lax equivalence theorem 304.Е 
Lax representation 287.В 387.C 
Lax-Wendroff scheme 304.Е 
layout, two-way 155.H 
layer 
boundary 205.C 
potential of double 338.A 
potential of single 338.А 
LBA problem 31.F 
L.B. (loosely Bernoulli) 136.F 
LCL (lower control limit) 404.B 
L.C.M. (least common multiple) 67.Н 297.A 
leaf (leaves) 
(of a foliation) 154.B 
compact 154.D 
growth of. 154.H 
leaftopology 154.D 
learning model 346.6 
least action, principle of 441.B 
least common multiple 67.H 297.A 
least element (in an ordered set) 311.B 
least favorable distribution 400.B 
least favorable a priori distribution 398.Н 
least square approximation 336.D 
least squares, method of 
(for estimation) 403.E 
(for higher-dimensional data) 397.J 
(for numerical solution) 3031 
least squares estimator 403.E 
generalized 403.E 
least squares method 
indirect (in econometrics) 128.C 
three-stage 128.C 
two-stage 128.C 
least squares problem, linear 302.Е 
least upper bound (ordered sets) 310.C 311.B 
Lebesgue, Н. L. 244 
Lebesgue area (of a surface) 246.C 
Lebesgue convergence theorem 221.C 
Lebesgue decomposition theorem 270.1. 380.C 
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Lebesgue density theorem 100.B 
Lebesgue dimension 117.B 
Lebesgue extension 270.D 
Lebesgue integrable 221.В 
Lebesgue integral 221.B 
Lebesgue measurability and the Baire property 
33.F 
Lebesgue measurable (set) 270.G 
Lebesgue measurable function 270.7 
Lebesgue measure 270.G 
generalized 270.E 
Lebesgue measure space (with a finite c-finite 
measure) 136.A 
Lebesgue method of summation 379.S 
Lebesgue number 273.F 
Lebesgue outer measure 270.G 
Lebesgue-Radon integral 94.C 
Lebesgue spectrum, countable 136.Е 
Lebesgue-Stieltjes integral 94.С 166.C 
Lebesgue-Stieltjes measure 166.С 270.L 
Lebesgue test (on the convergence of Fourier series) 
159.B 
Lebesgue theorem 
(on the dimension of R") 117.D 
Borel- 273.H 
Cantor- 159J 
Riemann- 159.A 160.A 
Le Cam theorem 399.К 
Lefschetz duality theorem, Poincaré- 201.0 
Lefschetz fixed-point formula 450.Q 
Lefschetz fixed-point theorem 153.В 
Lefschetz formula, Picard- 418.F 
Lefschetz number 
(of a continuous mapping) 153.B 
(ofa variety) 16.P 
Lefschetz pencil 16.0 
Lefschetz theorem 
strong 16.0 
weak 16.0 
Lefschetz transformation, Picard- 16.0 
left, limit on the 87.F 
left A-module 277.D 
left adjoint functor 52.K 
left adjoint linear mapping 256.0 
left annihilator 29.H 
left Artinian ring 368.Е 
left balanced functor 2001 
left continuous 84.B 
left coset 190.C 
left coset space 423.E 
left decomposition, Peirce (in a unitary ring) 368.F 
left derivative 106.A 
left derived functor 2001,0 
left differentiable 106.A 
left distributive law |. 312.C 
left endpoint (of an interval) 355.C 
left exact functor 2001 
left G-set 362.В 
left global dimension (of a ring) 200.K 
left hereditary ring 200.К 
left ideal 368.F 
integral 27.А 
left invariant Haar measure 225.C 
left invariant metric (of a topological group) 4231 
left invariant tensor field (on a Lie group) 249.A 
left inverse element (in a ring) 368.B 
left linear space 256.A 
left Noetherian ring 368.F 
left D,-ideal 27.А 
left operation 409.A 
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left order (of a g-lattice) 27.А 
left parametrix 345.A 
left projective resolution (of an A-module) 200.C 
left projective space 343.Е 
left quotient space (of a topological group) 423.E 
left regular representation 
(ofan algebra) 362.C 
(ofa group) 362.B 
left resolution (of an A-module) 200.С 
left satellite 200.1 
left semihereditary ring 200.K 
left semi-integral 68.N 
left shunt 115.B 
left singular point (of a diffusion process) 115.B 
left translation 249.А 362.B 
left uniformity (of a topological group) 423.G 
Legendre associated differential equation 393.A 
Legendre coefficient 393.В 
Legendre differential equation 393.В, App. A, 
Table 14.II 
Legendre function 393.В, App. A, Table 18.11 
associated App. A, Table 18.III 
associated (of the first kind) 393.C, App. A, 
Table 18.III 
associated (of the second kind) 393.C, App. 
A, Table 18.III 
of the first kind 393.В, App. A, Table 18.11 
of the second kind 393.В, App. A, Table 18.II 
Legendre-Jacobi standard form 134.А, App. A, 
Table 16.1 
Legendre polynomial 393.B, App. A, Table 18.II 
Legendre relation 134.F, App. A, Table 16.I 
Legendre symbol 297.H 
first complementary law of reciprocity of 297.1 
law of quadratic reciprocity of 2971 
second complementary law of reciprocity of 
2971 
Legendre transform 419.С 
Legendre transformation (contact transform) 82.А, 
App. A, Table 15.IV 
Lehmann representation, Källén- 150.0 
Lehmann-Scheffé theorem 399.С 
Lehmann-Stein theorem 400.В 
Lehmann theorem 371.С 
Hodges- 399.EH 
Lehmann weight, Källén- 150.D 
Lehmer method 301.K 
Leibler (K-L) information number, Kullback- 
398.G 
Leibniz, G. W. 245 
Leibniz formula (in differentiation) 106.D, App. 
A, Table 9.111 
Leibniz test (for convergence) 379.С 
femniscate 93.H 
Bernoulli 93.H 
length 246 
(ofa brokenline) 139.F 
(ofa curve) 93.F 246.A 
(of a descending chain in a lattice) 243.F 
(of a module) 2771 
(of a multi-index) 112.A 
(of a normal chain ina group) 190.G 
(ofa path) 186.F 
(ofa segment) 139.C 
(of a Witt vector) 449.B 
affine 110.C 
affine arc 110.С 
extremal (of a family of curves) 143.A 
extremal, defined by Hersch-Pfluger 143.A 
extremal, with weight 143.В 
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Lie algebra(s) 


of finite (module) 2771 
focal 180.B 
л-(ої а group) 151.F 
queue 260.H 
wave 446 
lens, Luneburg's 180.A 
lensspace 91.C 
infinite 91.C 
Leopoldt's conjecture 450.J 
leptons 132.В 
Leray-Hirsch theorem 201.J 
Leray-Schauder degree 286.D 
Leray-Schauder fixed-point theorem 286.D 323.D 
letter 
(in information theory) 63.A 213.B 
(=variable) 369.A 
level 
(ofa factor) 102.H 
(of a modular form) 32.C 
(of a modular function) 32.C 
(of an orthogonal array) 102.L 
(of a principal congruence subgroup) 122.D 
(ofa test) 400.A 
(ofa tolerance region) 399.R 
average outgoing quality 404.C 
confidence 399.Q 
level a test 400.A 
minimax 400.F 
most stringent 400.F 
unbiased 400.С 
uniformly most powerful (UMP) invariant 
400.E 
uniformly most powerful (UMP) unbiased 
400.C 
level n structure (on an Abelian variety) 3.N 
level set (of a C”-function) 279.D 
level surface 193.J 
Levi-Civita, parallel in the sense of 111.H 
Levi-Civita connection 364.B 
Levi condition 321.6 325.H 
Levi decomposition 
(on algebraic groups) 13.Q 
(on Lie algebras) 248.F 
Levi form 344A 
generalized 274.G 
Levi problem 21.LF 
Levi pseudoconvex domain 211 
locally 21.1 
Levi subgroup 13.Q 
Levitan-Marchenko equation, Gel'fand- 
(for KdV equations} 387.D 
(for a nonlinear lattice) 287.C 
Lévy canonical form 341.G 
Lévy continuity theorem 341.F 
Lévy distance 341.F 
Lévy-Itó theorem (on Lévy processes) 5.E 
Lévy measure 5.E 
Lévy process 5.B 
Lévy theorem, Wiener- 159.1 
Lewy-Mizohata equation 274.G 
lexicographic linear ordering 248.М 
lexicographic ordering 311.G 
liability reserve 214.B 
Lie, M.S. 247 
Lie algebra(s) 248, App. A, Table 5.1 
(of an algebraic group) 13.C 
(ofa Lie group) 249.B 
Abelian 248.С 
adjoint 248.В 
algebraic 13.C 
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Lie derivative 


classical compact real simple 248.T 
classical complex simple 248.S 
compact real 248.Р 
compact real simple App. A, Table 51 
complex 248.А 
complex (of a complex Lie group) 249.M 
complex simple App. A, Table 5.I 
ofderivations 248.Н 
exceptional compact real simple 248.T 
exceptional complex simple 248.5 
general linear 248.A 
isomorphic 248.A 
nilpotent 248.С 
noncompact real simple App. A, Table 5.II 
quotient 248.A 
real 248.A 
reductive 248.G 
restricted 248.V 
semisimple 248.E 
simple 248.Е 
solvable 248.C 
Lie derivative 105.0,Q 
Lie fundamental theorem (on a local Lie group of 
local transformations) 431.G 
Lie group(s) 249 423.M 
Abelian 249.D 
Banach 286.K 
classical compact simple 249.1. 
classical complex simple 249.М 
commutative 249.D 
complex 249.A 
direct product of 249.H 
exceptional compact simple 249.L 
exceptional complex simple 249.M 
isomorphic 249.3 
local 423.1. 
local (of local transformations) 431.G 
nilpotent 249.D 
quotient 249.G 
semisimple 249.D 
simple 249.D 
simply connected covering 249.C 
solvable 249.D 
topology of, and homogeneous spaces 427 
Lie-Kolchin theorem (on solvable algebraic groups) 
13.F 
Lie line-sphere transformation 76.C 
Lie minimal projection 76.B 
Liénard differential equation 290.C 
lies over (of a compactification) 207.B 
Lie subalgebra 248.A 
associated with a Lie subgroup 249.D 
Lie subgroup 
(ofa Lic group) 249.D 
connected 249.D 
Lie theorem (on Lie algebras) 248.F 
Lie transformation (in circle geometry) 76.С 
Lie transformation group (of a differentiable mani- 
fold) 431.C 
lifetime 260.А 261.B 
(of a particle by a scattering) 132.A 
lift 
(along a curve іп a covering surface) 367.В 
(of a differentiable curve) 80.C 
(of a vector field) 80.С 
inflation 200.M 
lifting (in nonstandard analysis) 293.D 
lifting theorem 251.M 
light cone 258.A 
Lighthill-Kuo (P.L.K.) method, Poincaré- 25.В 
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Lighthill method 25.В 
lightlike 258.А 359.B 
likelihood 374.7 
likelihood equation 399.M 
likelihood estimating function 399.М 
likelihood estimator, maximum 399.M 
likelihood function 374.7 399.M 
likelihood method, maximum 399.М 
likelihood ratio 4001 
monotone 374J 
likelihood ratio test 4001 
limagon of Pascal 93.H 
limina] C*-algebra 36.Н 
limit 
(ofa function) 87.F 
(of an indeterminate form) 106.Е 
(ofa mapping) 87.F 
(ofa net) 87.H 
(of a sequence of lattices) 182.B 
(of a sequence of points) 87.E 273.D 
(of a sequence of real numbers) 87.B 355.B 
(of a sequence of sets) 270.C 
(of a spectral sequence) 200.J 
Banach 37.F 
confidence 399.Q 
direct (of a direct system) 210.B 
elastic 271.G 
generalized 37.Е 
inductive (in a category) 210.D 
inductive (group) 210.C 
inductive (of an inductive system) 210.B 
inductive (of sheaves) 383.1 
inductive (space) 210.C 
inductive (of topological spaces) 425.M 
inferior (event) 342.B 
inferior (of a sequence of real numbers) 87.С 
inferior (of a sequence of sets) 270.C 
inverse (of an inverse system) 210.B 
on the left (of a real-valued function) 87.F 
lower (function) 84.C 
lower (of a Riemann integral) 216.A 
lower (of a sequence of real numbers) 87.C 
lower control 404.B 
inthe mean 168.B 
order (of an order convergent sequence) 310.C 
projective (in a category) 210.D 
projective (of a family of continuous homomor- 
phisms) 423.K 
projective (group) 210.C 
projective (of a projective system) 210.B 
projective (space) 210.C 
on the right (of a real-valued function) 87.F 
Strictly inductive (of a sequence of locally 
convex spaces) 424.W 
superior (event) 342.B 
superior (of a sequence of real numbers) 87.C 
superior (of a sequence of sets) 270.C 
thermodynamic 402.G 
tolerance 399.R 
upper (function) 84.C 
upper (of a Riemann integral 216.A 
upper (of a sequence of real numbers) 87.C 
upper control 404.B 
limit circle type (boundary point) 1121 
limit cycle 1261 
limit distribution 250.А 
limit formula, Kronecker’s 450.B 
limited information maximum likelihoad method 
128.C 
limit inferior 
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(of a sequence of real numbers) 87.C 
(of a sequence of sets) 270.C 
limiting absorption principle 375.С 
limiting hypersphere (in hyperbolic geometry) 
285.C 
limit ordinal number 312.В 
limit point 
(of a discontinuous group) 122.C 
(of asequence) 87.B,E 


a- 126.D 
negative 126.D 
w- 126.D 


positive 126.D 
limit point type (boundary point) 1121 
limit set 234.A 
x- 126.D 
first negative prolongational 126.D 
first positive prolongational 126.D 
w- 126D 
residual 234.E 
limit superior 
(of a sequence of real numbers) 87.C 
(of a sequence of sets) 270.C 
limit theorem(s) 250.A 


basic 260.C 
central 250.B 
local 250.B 


in probability theory 250 
limit value (of a mapping) 87.F 
Lindeberg condition 250.B 
Lindelöf asymptotic value theorem 43.C 
Lindelöf hypothesis 123.С 
Lindel6f space 425.5 
Lindelöf theorem 43.Е 
Phragmén- 43.C 
Lindemann-Weierstrass theorem 430.0 
Lindstedt-Poincaré method 290.Е 
line(s) 7.A 93.A 155.B 
(ofa graph) 186.B 
broken 155.F 
complexes, linear 343.E 
complex of 110.В 
concurrent (in projective geometry) 343.В 
congruence of 110.B 
congruences, linear 343.E 
of curvature (on a surface) 111.H 
offorce 193 
generating (of a circular cone) 78.A 
generating (of a quadric hypersurface) 343.E 
generating (of a quadric surface) 350.В 
generating (of a ruled surface) 111.1 
geodesic 178.H 
Green 193J 
Green, regular 193J 
half- 155.B 
long 105.B 
normal (to a curve) 93.G 
Pascal 78.K 
pencil of (in a projective plane) 343.B 
projective 343.В 
real 355.Е 
regression 403.D 
of regression 111.F,] 
straight 93.A 155.B 
stream 205.В 
supporting (function) 89.C 
supporting (of an oval) 89.C 
of swiftest descent 93.H 
tangent 93.G 111.C,F 


Subject Index 
Linearly dependent 


tangent, oriented 76.B 
vector (of a vector field) 442.D 
vortex 205.B 
linear algebra 8 
linear algebraic group 13.A 
linear boundary operators, 315.B 
linear bounded automation 
deterministic 31.D 
nondeterministic 31.D 
linear code 63.C 
linear combination 256.C 
of ovals 89.D 
linear connection 80.Н 
linear difference equation 104.C 
linear differential equations, system of (of the first 
order) 252.G 
linear discriminant function 280.1 
linear dynamical system 86.В 
linear equation(s) 10.D 16.M 269.M 
linear equivalence class (of divisors) 16.M 
linear extension (of a rational mapping to an 
Abelian variety) 9.E 
linear fiber mapping (map) 114.D 
linear filter 405.Е 
linear form 256.В 277.E 
linear fractional function 74.E 
linear fractional group 60.В 
linear fractional programming 264.D 
linear fractional transformation 74.E 
linear function 74.E 
linear functional 37.С 197.Е 424.B 
algebraic 424.В 
linear fundamental figure (of a projective space) 
343.B 
lincar genus 15.6 
linear graph 282.А 
linear group p 
Abelian (over К) 60.1. 
full 60.B 
general 60.В 256.0 
general (of degree n over К) 60.В 226. В 
general (over a noncommutative field) 60.0 
projective general 60.В 
projective general (of degree n over K) 60.B 
projective special 60.B 


projective special (over a noncommutative field) 


60.0 

special 60.B 

special (of degree п over K) 60.B 

special (over a noncommutative field) 60.0 
linear holonomy 154.С 
linear homogeneous equations, system of 269.M 
linear homotopy 114.D 
linear hypothesis, general 400.H 
linear integral equation 217.A 
linear isotropy group (at a point) 199.A 
linearized operator 183 286.E 
linearized stability, principle of 286.S 
linear k-step method 303.Е 
linear least squares problem 302.Е 
linear Lie algebra, general 248.A 
linear line complex 343.Е 
linear line congruence 343.E 
linear logistic model 403.C 
linearly compact 4221. 

locally 4221, 
linearly connected homogeneous space 199.А 
linearly dependent (with respect to a difference 

equation) 104.D 


Subject Index 
Linearly dependent elements 


linearly dependent elements 
(in an additive group) 2.E 
(inalinear space) 256.C 
linearly disjoint (fields) 149.K 
linearly equivalent (divisors) 16.M 172.F 
v- (оп an algebraic curve) 9.F 
linearly estimable parameter 403.Е 
linearly independent elements 
(in an A-module) 277.G 
(in an additive group) 2.E 
(ina linear space) 256.C 
linearly independent family (of elements in a linear 
space) 256.E И 
linearly ordered set 311.А 
linearly reductive 226.В 
linearly representable 66.H 
linear mapping 70.С 256.B 
A- (of an A-module) 277.E 
piecewise 70.C 
linear model 403.D 
log 403.C 
multivariate 280.B 
normal 403.C 
linear multistep method 303.Е 
linear network 282.C 
linear operator(s) 37.C 251 
(between linear spaces) 256.B 
bounded 37.C 
linear ordering 311.A 
lexicographic 248.M 
theorem of 155.B 
linear ordinary differential equation(s) 252 253 254 
313.A 
with constant coefficients App. A, Table 14.I 
of the first order App. A, Table 14.1 
of higher order App. A, Table 14.1 
linear parameter 102.А 
linear partial differential equation 320.A 
linear pencil 16.N 
linear prediction theory 395.D 
linear predictor 395.р 
optimal 395.D 
linear programming 255 264.C 
linear programming problem 255.A 
linear recurrent sequence 295.А 
linear regression 397.J 
linear regression function 397.J 403.D 
linear representation 
(of an algebra) 362.C 
(ofa group) 362.C 
(ofa Lie algebra) 248.B 
associated with representation module 362.C 
completely reducible 362.С 
direct sum of 362.С 
equivalent 362.C 
faithful 362.C 
homomorphism of 362.C 
indecomposable 362.С 
irreducible 362.С 
isomorphic 362.С 
reciprocal (of an algebra) 362.C 
reducible 362.C 
semisimple 362.С 
similar 362.С 
simple 362.С 
tensor product of 362.С 
linear simple group 1511 
linear space(s) 256 
category of (over а ring) 52.В 
complex 256.A 


2036 


dual 256.G 
over afield 256.A 
finite-dimensional 256.C 
Hermitian 256.0 
infinite-dimensional 256.C 
lattice-ordered 310.B 
left 256.A 
normed 37.B 
ordered 310.B 
quasinormed 37.0 
quotient 256.F 
real 256.A 
right 256.A 
self-dual 256.H 
linear stationary iterative process 302.С 
linear structural equation system 128.С 
linear structure 96.C 
linear subspace 
closed 197.E 
of a linear space 256.F 
linear system 
(of divisors) 15.C 16.N 
(of functional-differential equations) 163.E 
ample 16.N 
characteristic (of an algebraic family) 15.F 
complete 9.C 16.N 
complete (defined by a divisor) 16.N 
irreducible 16.N 
reducible 16.N 
very ample 16.N 
linear time-invariant (dynamical system) 86.B 
linear time-varying system 86.В 
linear topological space 424.A 
linear topology 4221, 
linear transformation 
(on a Banach space) 251.A 
(on a linear space) 256.B 
(on a Riemann sphere) 74.E 
(of series) 379.L 
entire 74.E 
semisimple 256.P 
triangular 379.1, 
linear unbiased estimator, best 403.E 
linear variety 4221. 
linearly compact 422.L 
line bundle 147.F 
complex 72.F 
complex (determined by a divisor) 72.F 
tautological 16.P 
line coordinates (of a line) 343.C 
line element 111.C 
characteristic 82.С 
of higher order, space of 152.C 
projective 110.B 
line-sphere transformation, Lie 76.C 
linguistics, mathematical 75.Е 
link 235.D 
framed 1141. 
linkage invariant, covering 235.E 
link group 235.D 
linking number 99.C 
link polynomial 235.D 
reduced 235.D 
link type 235.D 
Linnik’s constant 123.D 
Liouville formula 252.С 
Liouville number 430.В 
Liouville operator, Sturm- 1121 
Liouville problem, Sturm- 315.В 
Liouville theorem 


2037 


on bounded entire functions 272.А 
first 134.E 
fourth 134.E 
on integral invariants 219.A 
second 134.E 
third 134.E 
Lip « (Lipschitz) 84А 
of ordera 84А 
Lippman-Schwinger equation 375.С 
Lipschitz condition 84.A 163.D 286.B 316.D 
ofordera 84A 
Lipschitz-Killing curvature 279.С 
Lipschitz space 168.B 
Lipschitz test, Dini- (on the convergence of Fourier 
series) 159.B 
list (representation) 96.D 186.D 
little group 258.C 
Littlewood-Paley theory 168.В 
Littlewood-Sobolev inequality, Hardy- 224.Е 
Littlewood supremum theorem, Hardy- App. A, 
Table 8 
Littlewood theorem, Hardy- 
(on bounded functions) 43.E 
(on trigonometric systems) 317.B 
lituus 93.H 
Livesay invariant, Browder- 114.L 
loading 214.А 
factor 280.G 346.F 
Lobachevskiii non-Euclidean geometry 285.А 
local base (in a topological space) 425.E 
local canonical parameter (for power series) 339.A 
local class field theory 59.6 
local cohomology group 125.W 
local concept (in differential geometry) 109 
local continuity 45.F 
local control 102.A 
local coordinates 
(on an algebraic variety) 16.0 
(on a differentiable manifold) 105.C 
transformation of 90.D 
local coordinate system 90.D 105.C 
holomorphic 72.A 
local cross section (in a topological group) 147.E 
local degree ofa mapping 99.B 
local dimension (of an analytic set at a point) 
23.B 
local equation 
(of a divisor) 16.M 
regular (at an integral point) 428.E 
local ergodic theorem 136.В 
local field 257.A 
local Gaussian sum 450.F 
local homology group 201.N 
local homomorphism (of a topological group) 
423.0 
local isomorphism (of topological groups) 423.0 
localization 
of a linear representation relative to a prime 
ideal 362.F 
principle of (on convergence tests of Fourier 
series) 159.B 
strict 16.АА 
local Lie group 423.L 
(oflocal transformations) 431.G 
local limit theorem 250.B 
locally (on a topological space) 425.) 
locally absolutely p-valent (function)  438.E 
locally arcwise connected (space) 79.В 
locally Cartan pseudoconvex (domain) 21.I 
locally closed (set) 425.7 


Subject Index 
Local property 


locally compact space 425.V 
uniformly 425.V 
locally connected (space) 79.A 
locally constructible (constant sheaf) 16.AA 
locally contractible 
(ata point) 79.C 
(space) 79.C 202.D 
locally convex (topological linear space) 424.Е 
locally convex Fréchet space 4241 
locally countable cell complex 70.D 
locally countable simplicial complex 70.С 
locally dense 154.D 
locally equicontinuous semigroup 378.F 
locally equivalent (G-structure) 191.H 
locally Euclidean group 423.M 
locally Euclidean space 425.V 
locally finite 
(algebra) 29J 
(cell complex) 70.D 
(covering) 425.R 
(simplicial complex) 70.C 
c- (covering) 425.R 
locally flat 
(connection) 80.E 
(injection between topological manifolds) 
65.D 
(PLembedding) 65.D 
(Riemannian manifold) 364.E 
locally integrable function 168.B 
locally isomorphic (topological groups) 423.0 
locally Levi pseudoconvex (domain) 21.1 
locally linearly compact (Q-module) 4221, 
locally Macaulay ring 284.0 
locally n-connected 
(ata point) 79.C 
(space) 79.C 
locally Noetherian (scheme) 16.D 
locally Noetherian formal scheme 16.X 
locally of finite type (for a morphism) 16.D 
locally w-connected (space) 79.C 
locally p-valent 438.E 
locally quadratic transformation 
(of an algebraic surface) 15.G 
(of an algebraic variety 16.K 
(of a complex manifold) 72.H 
locally rectifiable (curve) 143.А 246.A 
locally symmetric Riemannian space 412.A, App. 
A, Table 4.11 
locally symmetric space 364.D 
affine 80.J 
locally symmetrizable (diffusion processes) 115.D 
locally totally bounded (uniform space) 436.H 
locally trivial fiber space 148.B 
locally uniformized 367.С 
local martingale 262.E 
local maximum modulus principle 164.С 
local moduli space (of a compact complex manifold) 
72.G 
local one-parameter group of local transformations 
105.N 
local operator 125.DD 
local orientation (in an oriented manifold) 201.N 
local parameter 
(around a cusp of a Fuchsian group) 32.B 
(of a nonsingular algebraic curve) 9.C 
(of a Riemann surface) 367.A 


‘local problem (on the solutions of differential 


equations) 289.A 
local property 
(in differential geometry) 109 


Subject Index 
Local regime 


(of a pseudodifferential operator) 345.A 
micro-pseudo- 345.А 
pseudo- (of a pseudodifferential operator) 
345.A 
local regime (in static model in catastrophe theory) 
51.B 
local ring 284.D 
(of a prime ideal) 67.G 
(ofa subvariety) 16.B 
analytically normal 284.D 
analytically unramified 284.D 
complete 284.0 
Macaulay 284.D 
Noetherian 284.D 
Noetherian semi- 
quasi- 284D 
quasisemi- 284.D 
regular 284.D 
semi- 284.D 
structure theorem of complete 284.D 
local-ringed space 383.Н 
local section 126.Е 
local strategy 173.В 
local system of groups (over a topological space) 
201.R 
local time 45.6 
local transformations, local Lie group of 431.G 
local truncation error 303.E 
local uniformizing parameter 367.А 
location parameter 396.1 400.E 
locus 
cut 178.A 
singular (ofa variety) 16.Е 
Loeb measure 293.D 
Loeb space 293.D 
loggx 131D 
log,x 131.B 
Logz (logarithm) 
logarithm 131.B 
common 131.C 
integral 167.D 
Khinchin law of the iterated 250.С 
law of iterated 45.Е 
Маріегіап 131.0 
natural 131.р 
logarithmically convex 21.В 
logarithmic branch point (of a Riemann surface) 
367.B 
logarithmic capacity 48.B 
logarithmic criterion App. A, Table 10.II 
logarithmic curve 93.H 
logarithmic decrement (of a damped oscillation) 
318.B 
logarithmic differentiation App. A, Table 9.1 
logarithmic distribution App. A, Table 22 
logarithmic function to the base a 131.B 
logarithmic integral 167.D, App. A, Table 19.II 
logarithmic normal distribution App. A, Table 
22 
logarithmic paper 19.F 
semi- 19.F 
logarithmic potential 338.A 
logarithmic series 131.D 
logarithmic singularity 
(of an analytic function) 198.M 
(of an analytic function in the wider sense) 
198.P 
logarithmic spiral 93.H 
logic 
algebra of 411.A 


284.D 


131.G 


classical 411.L 
intuitionistic 4111, 
many-valued 411.L 
mathematical 411.A 
modal 411.1. 
predicate 411.G 
predicate, with equality 411.) 
propositional 411.Е 
quantum 351.1. 
symbolic 411.A 
three-valued 4111. 
two-valued 411.L 
logical axiom 4111 
logical choice function, transfinite 411.7] 
logical operator 411.E 
logical product (of propositions) 411.B 
logical sum (of propositions) 411.B 
logical symbol 411.B 
logicism 156.А,В 
logistic equation 263.A 
logistic model, linear 403.C 
log linear model 403.C 
logmodular algebra 164.B 
Lommel integral 39.C 
Lommel polynomials App. A, Table 19.IV 
long gravity wave 205.F 
longitude (ofa knot) 235.B 
longitudinal wave 446 
longline 105.B 
long water wave 205.F 
look-up, table 96.C 
Looman-Men’shov theorem 
loop 170 190.Р 
self- 186. В 
loop space 202.С 
loop theorem (on 3-manifolds) 65.E 
loosely Bernoulli 136.F 
Lopatinskii condition, Shapiro- 
Lopatinskiï dterminant 325.К 
Lorentz condition 130.A 
Lorentz force 130.A 
Lorentz group 60.J 258.A 359.B 
full homogeneous 258.A 
full inhomogeneous 258.A 
homogeneous 359.B 
inhomogeneous 359.B 
proper 60.3 359.B 
proper complex 258.A 
Lorentz invariance 150.B 
Lorentz space 168.B a 
Lorentz transformation 359.B 
Lorenz curve 397.E 
loss 
heat 419.A 
of information 
loss function 398.A 
quadratic 398.А 399.E 
simple 398.A 
lot tolerance percent defective 404.C 
Lówenheim theorem, Skolem- 156.Е 
lower bound 311.B 
greatest 310.C 311.B 
lower central series (of a group) 190.J 
lower class 
with respect to local continuity 45.Е 
with respect to uniform continuity 45.F 
lower control limit 404.B 
lower derivative 
general (of a set function) 380.D 
ordinary (of a set function) 380.D 


198.А 


323.H 


138.B 
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lower end (of a curvilinear integral) 94.D 
lower envelope principle 338.М 
lowering the superscripts 417.0 
lower integral, Riemann 216.A 
lower limit 

(of a Riemann integral) 216.A 

(of a sequence of real numbers) 87.C 
lower limit function 84.C 
lower order 

(for infinity) 87.G 

(of a meromorphic function) 272.C 
lower semicontinuity (of length) 264.А 
lower semicontinuous (at a point) 84.C 
lower semicontinuous function 84.C 
lower semilattice 243.А 
lower triangular matrix 269.B 
lower variation (of a set function) 380.B 
Lówner differential equation 438.B 
loxodromic transformation 74.F 
LP (linear programming) 255 
LSZ asymptotic condition 150.0 
l.u.b. (least upper bound) 311.B 
Lubanski vector, Pauli- 258.D 
Luenberger observer 86.Е 
lumping, mass 304.0 
Luneburg lens 180.A 
Lüroth theorem 16J 
Lutz-Mattuck theorem 118.E 
Luzin first principle (in analytic set theory) 22.C 
Luzin second principle (in analytic set theory) 22.C 
Luzin space 22.1 425.CC 
Luzin theorem  270.J 

Denjoy- 1591 
Luzin unicity theorem (in analytic set theory) 22.С 
Lyapunov characteristic number 314.A 
Lyapunov condition 250.B 
Lyapunov convexity theorem 443.6 
Lyapunov function 126.F 163.G 394.C 
Lyapunov-Schmidt procedure 286.V 
Lyapunov stable 126.F 

in both directions 394.A 

in the negative direction 394.А 

in the positive direction 394.A 

uniformly 126.F 
Lyapunov theorem 398.С 
Lyusternik- Shnirel'man theory 286.0 


M 


M(Q) (the set of all essentially bounded measurable 
fuctions on О) 168.B 

{Mp} ultradistribution of class 125.0 

(M,), ultradistribution of class 125.0 

u-absolutely continuous (additive set function) 
380.C 

u-completion 270.0 

u-conformal function 352.В 

u-constant stratum 418.Е 

p-integrable 221.B 

u-measurable 270.0 

-null set 370.D 

u-operator, bounded 356.В 

u-singular (additive set function) 380.C 

m-dissipative 251.J 

mxnmatrix 269.A 

mth root 10.C 

M-estimator 371.H 

M-port network 282.С 

M-set 159.J 

M-space 425.Y 


Subject Index 
Manifold(s) 


(Myspace (= Montel space) 424.0 
M space, abstract 310.G 
M waves 130.B 
Macaulay local ring 284.0 
Macaulay ring 284.D 
locally 284.D 
Machcone 205.B 
machine 
Turing 31.B 
universal Turing 31.C 
machine-language program  75.C 
machine scheduling problem 376 
machine sequencing problem 376 
Machin formula 322 
Mach number 116.В 205.B 
Mach wave 205.B 
Mackey-Arens theorem 424.N 
Mackey space 424.N 
Mackey theorem 424.M 
Mackey topology 424.N 
Mack method, Garside-Jarratt- 301.3 
MacLane complexes, Eilenberg- 70.Е 
MacLane space, Eilenberg- 70.Е 
MacLane spectrum, Eilenberg- 2021 
Maclaurin formula, Euler- 379.J 
macroeconomic data 128.A 
macroscopic causality (of S-matrix) 386.C 
magnetic field 130.A 
magnetic flux density 130.A 
magnetic group 92.D 
magnetic induction 130.A 
magnetic quantum number, orbital 351.E 
magnetic permeability 130.B 
magnetic polarization 130.А 
magnetic Reynolds number 259 
magnetic susceptibility 130.B 
magentic viscosity 259 
magnetic wave 130.B 
transverse 130.B 
magnetofluid dynamics 259 
magnetohydrodynamics 259 
magnetostatics 130.B 
magnitude (of a vector) 442.B 
Mahalanobis generalized distance 280.Е 
Mainardi equations, Codazzi- 111.Н, App. A, 
Table 41 
main classes 241.A 
main effect 102.Н 
main theorem 
(in class field theory) 59.C 
Zariski’s 16.1 
majorant 
(of a sequence of functions) 435.A 
harmonic (of a subharmonic function) 193.5 
method of 316.G 
majorant series 316.6 435.A 
majorarc 4.B 
major axis (of an ellipse) 78.C 
major function 100.F 
majorizing function, right 316.Е 
Malfatti problem (in geometric construction) 179.A 
Malgrange theorem, Ehrenpreis- 112.В 
Mal'tsev-Iwasawa theorem, Cartan- (on maximal 
compact subgroups) 249.5 
Mal'tsev theorem, Wedderburn- (on algebras) 29.F 
Malus theorem 180.A 
Mandelstam representation 132.C 
Mangoldt function 123.B 
manifold(s) 
almost complex 72.B 


Subject Index 
Manin connection, Gauss- (of a variety) 


almost contact 110.Е 

almost parallelizable 1141 

analytic — analytic manifold 

Banach 105.Z 286.K 

Blaschke manifold 178.G 

with boundary 105.В 

without boundary 105.В 

C- 105.D 

C'-, with boundary 105.E 

Cr-, without boundary 105.Е 

center,theorem 286.V 

characteristic (of a partial differential equation) 
320.B 

characteristic classes of 56.F 

closed 105.B 

coherently oriented pseudo- 

combinatorial 65.C 

compact C'- 105.D 

complex — complex manifold(s) 

complex analytic 72А 

conic Lagrange 345.B 

conic Lagrangian 274.C 

contact 110.Е 

covering 91.А 

covering differentiable 91.A 

differentiable, with boundary of class Cr 

differentiable, of class C" 105.р 

with Euclidean connection 109 

fibered 428.F 

Finsler 286.1. 

flag 199.B 

Fréchet 286.K 

G- 431.C 

Grassmann —> Grassmann manifold 

group (of a Lie transformation) 110.A 

with a handle attached by / 114.F 

h-cobordant oriented 1141 

Hilbert 105.Z 286.K 

Hodge 232.D 

homology 65.В 

Hopf 232.E 

hyperbolic 21.0 235.E 

integral 428.A,B,D 

irreducible 3- 65.Е 

Kahler 232 

k-dimensional integral 

nontrivial 3- 65.E 

ordinary integral (of a differential ideal) 428.E 

orientable (C'-manifold) 105.F 

orientation 201.N 

oriented 105.F 201.N 

oriented G- 431.E 

paracompact C’- 105.р 

parallelizable 114.1 

m- 1141 

PL- 65.C 

Poincaré 

at a point 

prime 3- 65.Е 

proper flag 199.B 

pseudo- 65.B 

pseudo-Hermitian 344.F 

Q- 382D 

real analytic 105.D 

regular integral (of a differential ideal) 

Riemannian — Riemannian manifold 

singular integral (of a differential ideal) 428.E 

SC^- 178.6 

smooth 105.D 114.B 

space-time 359.D 


65.B 


105.E 


191.I 


105.A 
178.G 


428.E 


s-parallelizable 1141 
stable 126.GJ 
stably almost complex 
stably parallelizable 
Stein 21.L 
Stiefel — Stiefel manifold 
symplectic 219.C 
topological 105.B 
triangulated 65.B 
unstable 126.G,J 
visibility 178.F 
weakly almost complex 
weakly l-complete 21.1, 

Manin connection, Gauss- (of a variety) 

Mannheim curve 111.F 

Mann-Whitney U-test 371.C 

MANOVA (multivariate analysis of variance) 
280.B 

mantissa (of the common logarithm) 

many body problem  402.F 420.A 

many-valued (analytic function) 198.J 

many-valued function 165.B 

many-valued logic 411.L 

map 381.С (also — mapping) 
bundle 147.B 
covering 91.A 
cubic 157.B 
equivariant 
first-return 
G- 431.А 
Gauss 111.6 
Kodaira-Spencer 
linear fiber 114.D 
normal 114J 
PL 65.A 
Poincaré 
time-one 126.C 
trivalent 157.B 

mapping 381.C 
A-balanced 277.J 
affine 7.E 
alternating multilinear 
analytic 21J 
antiholomorphic 195.B 
antisymmetric multilinear 
biadditive 277.J 
biholomorphic 21.J 
bijective 381.С 
bilinear 256.Н 277.J 
birational 16.1 
biregular (between prealgebraic varieties) 
16.C 
Borel isomorphic 270.C 
of bounded variation 246.H 
bundle 147.B 
œŒ- 105J 
c,- 237.G 
CE 382D 
cellular (between cell complexes) 
chain 200.C 
chain (between chain complexes) 


114.H 
114I 


114.H 


16.V 


131.C 


431.A 
126.C 


72.G 


126.C 


256H 


256.H 


70.D 


201.B 
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characteristic (in the classification theorem of 


fiber bundles) 
class 202.B 
of class C" 208.В 
classifying 147.G 
closed 425.6 
cochain 200.Е 201.H 
complete 241.C 
conformal 198.A 


147.G 


2041 


conjugation (of a Hopf algebra) 203.E 
constant 381.C 

continuous 425.G 

covering 91.A 

degenerate 208.B 

degree 99.A 

degree of 99.A 

diagonal (of a graded coalgebra) 203.B,F 
differentiable, of class C” 105] 

dual (ofa linear mapping) 256.G 
duality 251. 

equivariant 431.A 

essential 202.B 

exponential 178.A 249.Q 364.C 
extremal horizontal slit 367.6 
extremal quasiconformal 352.C 
extremal vertical slit 367.6 
first-return 126.C 

Fredholm 286.E 

G- 362.B 431.A 

Gauss (in geometric optics) 180.B 
generalized conformal 246.1 

of group algebra 192.0 

harmonic 195.B 

hereditarily quotient 425.6 
holomorphic 21. 72.A 

homological 200.С 
homotopy-associative 203.D 

Hopf 147.E 

identity 381.C 

inclusion 381.C 

inverse 381.C 

inverse, theorem 208.В 

isometric 111.Н 273.B 
Kodaira-Spencer 72.G 

linear (between linear spaces) 256.B 
linear (between polyhedrons) 70.C 
linear fiber 114.D 

local degree of 99.B 

meromorphic 23.D 

monotone 311.E 

multilinear 256.H 

nondegenerate holomorphic (between analytic 
spaces) 23.C 

nonexpansive 286.B 

nonsingular, of class C! 208.B 

normal 114J 

normal coordinate 364.C 
one-to-one 381.C 

onto 381.C 

open 425.G 

order-preserving 311.Е 
orientation-preserving 99.А 
orientation-reversing 99.A 

partial (of a mapping) 381.C 

perfect 425 W 

perspective (in projective geometry) 343.B 
piecewise affine 192.0 

piecewise linear (between polyhedra) 70.C 
PL 65.A 

Poincaré 126.C,G 

product 425.K 

projective (in projective geometry) 343.B 
proper 425.W 

purely inseparable rational 161 
quasiconformal 352.В 

quasiperfect 425.CC 

quotient 425.G 

rational 161 

regular (between prealgebraic varieties) 16.C 


Subject Index 
Markov subshift 


regular, of class C! 208.B 

semicontinuous (in a topological linear space) 
153.D 

semilinear 256.Р 2771. 

separable (rational) 16.1 

simplicial 70.C 

simplicial (between polyhedra) 70.C 

simplicial (relative to triangulations) 70.C 

skew-symmetric multilinear 256.H 


space 202.C 

space of continuous 435.D 

spin 237.6 

s.s. (semisimplicial ) (between s.s. complexes) 
70.E 


s.s., realization of 70.E 
surjective 381.C 
symmetric multilinear 256.Н 
Teichmüller 352.С 
time-one 126.C 
topological 425.G 
topology induced bya 4251 
transposed (of a diffusion kernel) 338.3 
transposed (of a linear mapping) 256.6 
uniformly continuous 273.[ 436.E 
unit 203.F 
mapping chain 201.B 
mapping class 202.B 
mapping cone 202.E 
reduced 202.F 
mapping cylinder 202.Е 
mapping space 435.D 
mapping theorem 
Brouwer 99.A 
open 37.1 424.Х 
Riemann 77.В 
spectral 251.6 
mapping truck 202.6 
Marchenko equation, Gel'fand-Levitan- 
(for KdV equations) 387.D 
(for a nonlinear lattice) 287.C 
Marcinkiewicz theorem 224.E 
marginal density functions 397.1 
marginal distribution 342.С 397.H 
marked K3 surface 72.K 
Markov branching process 44.D 
multitype 44.Е 
Markov chains 260.А 342.A 
embedded 260.Н 
general 260. 
imbedded 260.Н 
(non) recurrent 260.B 
Markov field theory, Euclidean 150.F 
Markovian decision process 127.E 
Markovian policy 405.C 
Markovian type (stochastic differential equation) 
406.D 
Markov inequality (for polynomials) 336.С 
Markov measure 136.D 
Markov operators 136.B 
Markov partition (for an automorphism) 136.G 
Markov process(es) 261 342.A 
branching 44.E 
homogeneous 5.H 
invariant 5.H 
strong 261.B 
Markov property 261.В 
strong 261.B 
Markov shift 136.D 
Markov statistical mechanics 340.С 
Markov subshift 126.7 


Subject Index 
Markov theorem, Gauss- 


Markov theorem, Gauss- 403.Е 
Markov time 261.B 407.B 
Martin axiom (in set theory) 33.F 
Martin bound, Froissart- 386.В 
Martin boundary 207.C 260.I 

dual 260.1 
Martin compactification 207.C 
Martineau-Harvey duality 125.Y 
martingale 262 342.A 

{F,}-Wiener 406.B 

local 262.E 
martingale additive functional 261.E 
martingale part 406.B 
martingale problem 115.C 261.C 406.A 
Martin kernel 207.C 
Maslov bundle 274.C 
Maslov index, Keller- 274.C 
mass 132.A 258.C 271.E 

(ofa current) 275.G 

center of 271.E 

integrals of the center of 420.A 
mass distribution 

capacitary 338.K 

equilibrium 338.К 
Massey theorem, Blakers- 202.M 
mass lumping 304.D 
mass matrix 304.р 
master equation 4021 


matched asymptotic expansions, method of 25.B 


mathematical axiom 4111 


mathematical expectation (of a probability distribu- 


tion) 341.B 
mathematical induction 294.B 

axiom of 294.B 

definition by 294.B 

doulbe 294.B 

multiple 294.B 
mathematical linguistics 75.Е 
mathematical logic 411.А 
mathematical modeling 40.G 300 
mathematical models in biology 263 
mathematical object 52.A 
mathematical programming 264.A 


mathematical programming problem 264.B 


mathematical structure 409.B 


mathematical system (for a structure) 409.B 


mathematics 
actuarial 214.A 
combinatorial 66.A 
discrete 66.A 
mathematics in the 18th century 266 
mathematics in the 19th century 267 
mathematics in the 17th century 265 
Mathicu differential equation 268.A 
modified 268.А 
Mathieu functions 268 
modified 268.A 
modified, of the first kind 268.D 
modified, of the second kind 268.D 
modified, of the third kind 268.D 
of the second kind 268.D 
Mathieu group 151.H 
Mathieu method 268.С 
matric group 226.B 
matrix (matrices) 269 
adjacement 186.G 
adjoint 2691 
Alexander (of a knot) 235.C 
alternating 269.B 


amplification 304.F 
anti-Hermitian 269.] 
antisymmetric 269.B 
association 102.J 
asymptotic covariance 399.K 
of a bilinear form 256.Н 
bounded 269.K 

circuit 254.B 

column finite 269.K 
companion 301.1 
complex orthogonal 269.J 
correlation 397.J 
covariance 341.В 397.J 
density 351.B 

design 102.A 403.D 
diagonal 269.A 

Dirac 377.C 

Diracsy 351.6 

error 405.G 

Fisher information 399.р 
fundamental cutset 186.G 
fundamental tieset 186.G 
group 226.B 
Hasse-Witt 9.E 
Hermitian 2691 
identity 269.А 

incidence (of a block design) 102.В 
incidence (of a graph) 186.G 
infinite 269.K 
information 1021 
inverse 269.B 

invertible 269.B 
iteration 302.C 

Jacobi 390.G 

Jacobian 208.B 

lower triangular 269.B. 
mass 304.р 

mbyn 269A 

of (m,n)-type 269.A 
mxn 269. 

moment 341.В 
monodromy 254.B 
nilpotent 269.F 
noncentrality 374.C 
nonsingular 269.В 
normal 2691 
orthogonal 269J 

parity check 63.C 

Pauli spin 258.А 351.G 
period (of a closed Riemann surface) 
period (of a complex torus) 3.H 
port-admittance 282.C 
port-impedance 282.C 
positive definite 2691 
positive semidefinite 269.I 
principal 3 

projection 269.1 

proper orthogonal 269.J 
Q- 260.F 

of quadratic form 348.А 
rational function 86.D 
rectangular 269.A 
regular 269.B 

Riemann 3.] 

row finite 269.K 

S- 150.D 386 

sample correlation 280.E 
scalar 269.A 

scale 374.C 
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Seifert 235.C 
semisimple 269.G 
of sesquilinear form 256.0 
similar square 269.6 
skew h- 269.1 
skew-Hermitian 269.1 
skew-symmetric 269.В 
Square 269.A 
stiffness 304.С 
stochastic 260.A 
of the sum of squares between classes 280.В 
of the sum of squares within classes 280.B 
symmetric 269.B 
symplectic 60.L 
transfer function 86.B 
transition 126. 260.A 
transposed 269.В 
triangular 269.B 
tridiagonal 298.D 
unipotent 269.F 
unit 269.A 
unitary 2691 
upper triangular 269.B 
variance 341.В 
variance-covariance 341.В 397.J 
weighting 86.B 
zero 269.В 
matrix algebra 
full 269.B 
total 269.B 
matrix convex of order m 212.C 
matrix element 351.B 
matrix game 173.C 
matrix group 226.B 
matrix monotone decreasing of order п 212.C 
matrix montone increasing of order m 212.C 
matrix representation 362.р 
matrix Riccati differential equation 86.E 
matrix Riccati equation 405.6 
matrix unit 269.B 
matroid 66.G 
p-ary 66.H 
poly- 66.F 
Operations for 66.H 
Mattuck theorem, Lutz- 118.E 
Maupertuis principle 180.A 
Maurer-Cartan 
differential form of 249.R 
system of differential equations of 249.R 
maximal 
(hypersurface in Minkowski space) 275.H 
(ideal) 368.F 
(in prediction theory) 395.D 
(Riemann surface) 367.F 
maximal concentration function 341.E 
maximal condition 311.C 
maximal deficiency (of an algebraic surface) 15.E 
maximal dilatation 352.В 
maximal dissipative operator 251.J 
maximal element (in an ordered set) 311.B 
maximalentropy 136.C,H 
maximal ergodic lemma 136.В 
maximal filter 87.1 
maximal function 
nontangential 168.B 
radial 168.B 
maximalideal 67.C 368.F 
with respect to S 67.C 
maximal ideal space (of a Banach algebra) 36.E 


Subject Index 
Mean 


maximal independent system (of an additive group) 
2.Е 
maximal inequality (= maximal ergodic lemma) 
136.B 
maximal invariant statistic 3961 
maximal k-split torus 13.0 
maximally almost periodic group 181 
maximally overdetermined (=holonomic) 274.H 
maximal operator 112.E 
maximal order 27.A 
maximal prime divisor (of an ideal) 67.F 
maximal separable extension (of a field) 149.H 
maximal toroidal subgroup (of a compact Lie group) 
248.X 
maximal torsion subgroup (of an Abelian group) 
2.A 
maximal torus (of a compact Lie group) 248.X 
maximum, relative (of a function) 106.L 
maximum element (in an ordered set) 311.B 
maximum-flow minimum-cut theorem 281.С 
maximum-flow problem 281.С 
maximum likelihood estimator 399.M 
maximum likelihood method 399.М 
limited information 128.С 
maximum modulus principle (for a holomorphic 
function) 43.B 
local 164.С 
Cartan 338.L 
complete 338.М 
maximum principle 
(for analytic functions) 43.B 
(in control theory) 86.Е 
(for harmonic functions) 193.E 
(for minimal surface) 275.B 
(for parabolic operators) 327.D 
dilated (in potential theory) 338.С 
entropy 419.A 
first (in potential theory) 338.С 
Frostman's 338.C 
Hopf (for equations of elliptic type) 323.C 
strong (for equations of elliptic type) 323.C 
Ugaheri’s 338.C 
maximum return 127.B 
maximum-separation minimum-distance theorem 
281.C 
maximum solution (of a scalar equation) 316.E 
maximum spectral measure 390.G 
Maxwell-Boltzmann distribution law 402.В 
Maxwell convention 51.F 
Maxwell equations 130.А 
Maxwell fisheye 180.A 
Maxwell relations 419.B 
Maxwell stress tensor 130.A 
Maxwell theorem (on spherical functions) 393.D 
Mayer-Vietoris exact sequence (for a proper triple) 
201.C 
relative 201.L 
Mazur theorem 37.F 
Gelfand- 36.E 
meager set 425.N 
non- 425.N 
mean 
(of an almost periodic function) 18.B,E 
(of numbers or a function) 211.C 
(of a probability distribution) 341.B 
(of a random variable) 342.C 
(of a statistical data) 397.С 
(of a weakly stationary process) 395.A 
a-trimmed 371.H 


Subject Index 
Mean absolute deviation 


arithmetic 211.C 397.C 
arithmetico-geometric 134.B 
bounded, oscillation 168.B 


conditional (of a random variable) 342.Е 397.1 


continuous in the 217.M 407.A 
convergence in the, of order p 168.B 342.D 
407.A 
convergence іп the, of power р 168.B 
of degree r (of a function with respect to a 
weight function) 211.C 
Fejér 159.C 
geometric 211.C 
geometrical 397.C 
harmonic 211.C 397.C 
limit in the 168.В 
moment about the (kth) 341.B 
population 396.C 
sample 396.C 
mean absolute deviation 397.С 
mean anomaly 309.B 
mean concentration function 341.E 
mean content (of a tolerance region) 399.R 
mean curvature 111.H 364.D 365.D, App. A, Table 
4I 
tota] 365.0 
mean curvature vector 365.0 
mean energy 402.G 
meanentropy 402.G 
mean ergodic theorem 136.В 
mean free energy 340.В 402.G 
mean motion 309.B 
mean number of sheets (of a covering surface of 
a Riemann sphere) 272J 
mean oval (of two ovals) 89.D 
mean p-valent, areally 438.E 
mean p-valued, circumferentially 438.Е 
mean recurrence time 260.C 
mean square error 399.E 403.E 
mean unbiased, asymptotically 399.К 
mean unbiased estimator 399.C 
mean value 
(of a continuous function on a compact group) 
69.A 
(of a weakly stationary process) 395.C 
mean value theorem 
(in differential calculus) 106.E 
(on harmonic functions) 193.E 
first (in the Riemann integral) 216.B 
second (in the D-integral) 100.G 
second (in the Riemann integral) 216.B 
second (for the Stieltjes integral) 94.C 
Siegel 182.E 
Vinogradov 4.E 
mean vector 341.B 
measurability 443.1 
strong 443.1 
measurability theorem, Péttis 443.B 
measurable 
(flow) 136.D 
(multivalued vector function) 443.1 
(operator function) 308.G 
(set) 270.D,G 
(in set theory) 33.F 
(stochastic process) 407.A 
(transformation) 136.B 
(vector valued function) 443.B 
absolutely 270.L 
B- 270.C 
Baire 270,1, 
Jordan 270.D,G 
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Lebesgue 270.G 
u- 270 D 
nearly Borel 261.D 
progressively (stochastic process) 407.A 
real-valued (in set theory) 33.Е 
with respect to a family of random variables 
342.C 
with respect to u* 270.Е 
scalarly 4431 
strongly 443.B,I 
universally 270.1. 
weakly 443.BI 
measurable cardinal number 33.Е 
measurable event 342.B 
measurable function 270J 
B- 270J 
Baire 270.L 
Borel 270.J 
Lebesgue 270J 
universally 270.1. 
measurable space(s) 270.C 
analytic 270.C 
complete 270.0 
isomorphic 398.D 
standard 270.C 
measurable vector function 308.G 
measure 270.D,G 
ofanangle 139.D 
of association 397.K 
atomless probability 398.С 
B-regular 270.F 
Borel 270.G 
bounded 270.D 
canonical 115.B 260.G 
characteristic 407.D 
Carathéodory 270.E 
Carathéodory outer 270.E 
complete 270.D 
completely additive 270.D 
complex spectral 390.D 
convergence in 168.В 
ó- 270.D 
distortion 213.E 
excessive 261.F 
finitely additive 270.D 
G-invariant 225.B 
Gaussian random 407.D 
generalized Lebesgue 270.E 
of genus (of a positive definite symmetric 
matrix) 348.K 
Gibbs 136.C 
Green 193J 
Haar 225.C 
harmonic 120.С 169.B 207.B 260.1 
Hausdorff 169.D 
idempotent 192.Р 
image 270.K 
inner harmonic 169.B 
invariant 136.B 255.B 260.A,I 261.F 
Jensen 164.K 
Jordan 270.D,G 
kiling 115.B 
kinetic 228.A 
К-тершаг 270.F 
Lebesgue 270.G 
Lebesgue outer 270.G 
Lebesgue-Stieltjes 166.С 270.L 
left invariant Haar 225.C 
oflength 139.C 
Lévy 5.E 
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oflocation 397.C 
Loeb 293.D 
Markov 136.0 
orthogonal 164.C 
outer 270.E,G 

outer harmonic 169.B 


Plancherel (of a locally compact group) 437.1, 


Poisson random  407.D 
positive Radon 2701 
probability 341 342.B 
product 270.H 
quasi-invariant 225J 
quotient 225.H 
Radon 270.G 
real spectral 390.0 
regular 270.F 
relatively invariant 225.H 
representing 164.C 
right invariant Haar 225.C 
c-additive 270.0 
o-finite 270.D 
signed 380.С 
smooth (for a Riemannian metric) 136.G 
smooth invariant 126.1] 
spectra] 390.D,K 395.B,C 
speed 115.B 
subinvariant 261.F 
superharmonic 260.1 
of variability 397.C 
vector 443.G 
Weil 225.G 
Wiener 45.B 250.Е 
measure algebra 192.0 
measure-preserving (transformation) 136.B 
measure problem, invariant 136.C 
measure space 270.D 
bounded 270.D 
complete 270.D 
complete product 270.H 
Lebesgue, with a finite (or o-finite) measure 
136A 
product 270.H 
o-finite 270.D 
measure theory 270 
mechanics 
celestial 55.А 
classical 271.A 
classical statistical 402.A 
equilibrium statistical 402.A 
graphical 19.C 
Markov statistical 340.C 
Newtonian 271.A 
nonlinear 290.A 
quantum 351 
quantum statistical 402.A 
statistical 342.А 402 
mechanism, Higgs 132.0 
median 341.H 396.C 397.C 
sample 396.С 
mediant (of two fractions in Farey sequence) 4.B 
median unbiased estimator 399.C 
medieval mathematics 372 
meet 
(in a Boolean algebra) 42.A 
(in an ordered set) 243.A 
(of sets) 381.B 
Mehler formula App. A, Table 19.III 


Mehler integral representation, Laplace- App. A, 


Table 1811 
Mellin transform 220.C 


Subject Index 
Method(s) 


member (of a set) 381.A 
membrane 
equation of a vibrating 325.А 
permeable 419.A 
memory 
fading 163.1 
first-in first-out 96.E 
first-in last-out 96.E 
memory channel 
almost finite 213.F 
finite 213.F 
memoryless channel 213.C 
discrete 213.F 
memory unit 75.B 
Menelaus theorem (in affine geometry) 7.А 
Menger-Nóbeling embedding theorem 117.D 
Men'shov theorem, Looman- 198.A 
Rademacher- 317.B 
Mercer theorem 217.H 
merging 96.C 
meridian 
(ofa knot) 235.B 
(of a surface of revolution) 111.H 
meromorphic (in a domain) 272.A 
meromorphic curve 2721, 
meromorphic differential (on a Riemann surface) 
367.H 
meromorphic function(s) 21.7 272.А 
(on an analytic set) 23.D 
(on a complex manifold) 72.A 
transcendental 272.А 
meromorphic mapping, proper (between analytic 
spaces) 23.D 
meromorphy 
circle of (of a power series) 339.D 
radius of (of a power series) 339.D 
Mersenne number 297.E, App. B, Table 1 
Mersenne prime 297.E 
Mertens theorem (on the Cauchy product of two 
series) 379.F 
mesh of a covering (in а metric space) 273.B 
mesons 132.B 
meta-Abelian group 190.H 
metabolic model (in catastrophe theory) 51.F 
metamathematics 156.D 
metastable range (of embeddings) 114.D 
method(s) 
Abel, of summation 379.N 
Adams-Bashforth 303.Е 
Adams-Moulton 303.Е 
ADI 304.F 
alternating direction implicit (ADI) 304.Е 
Arrow-Hurwicz-Uzawa gradient 292.E 
of averaging 290.D 
Bairstow 301.E 
Bernoulli 301.J 
Borel, of summation 379.0 
branch and bound 215.D * 
Cesàro, of summation of order х 379.M 
Cholesky 302.В 
circle 4.B 
collocation 3031 
congruence 354.B 
conjugate gradient (С.С.) 302.D 
constructive 156.D 
continuation 301.M 
Crout 302.B 
cyclic Jacobi 298.B 
d’Alembert, of reduction of order 252.F 
Danilevskii 298.0 


Subject Index 
Method(s) 


Davidenko, of differentiation with respect to a 
parameter 301.M 

Dejon-Nickel 301.G 

difference 303.А 

direct (in the calculus of variations) 46.E 

discrete variable 303.A 

distribution-free 371.A 

Doolittle 302.B 

downhill 301.1, 

Duhamel 322.D 

Durand-Kerner (DK) 301.Е 

Durand-Kerner-Aberth (DKA)  301.F 

Enskog 217.N 

Euclidean 150.Е 

Euler (of describing the motion of a fluid) 
205.A 

Euler (of numerical solution of ordinary differ- 
ential equations) 303.E 

Euler (of summation) 379.Р 

expansion 205.B 

extrapolation 303.F 

factorization 206.B 

of false position 301.С 

of feasible directions (in nonlinear program- 
ming) 292.E 

finite element 223.6 304.C 

fixed point 138.B 

floating point 138.B 

Frobenius App. A, Table 14.I 

Galerkin 303.1 304.B 

Garside-Jarratt-Mack 301.N 

Gauss-Seidel 302.С 

Givens 298.D 

gradient 292.E 

Graeffe 301.N 

graphical, of statistical inference 19.B 

Green function 402.J 

of harmonic balance 290.D,E 

Hessenberg 298.D 

Hill, of solution 268.В 

Hitchcock 301.Е 

hodograph 205.В 

Horner 301.C 

Householder 298.D 

implicit 303.E 

implicit enumeration 215.D 

Ince-Goldstein 268.С 

indirect least squares 128.С 

interpolation 224.A 

isoparametric 304.С 

Jacobi (of numerical computation of eigen- 
values) 298.B 

Jacobi (in numerical solution of linear 
equations) 302.C 

Jacobi second, of integration 324.р 

Jeffreys 25.В 

killing (of obtaining a homotopy group) 202.N 

ladder 206.B 

Lagrange (of describing the motion of a fluid) 
205.A 

Lagrange (of indeterminate coefficients) 106.L 

Lagrange, of variation of constants 252.D 

Lagrange, of variation of parameters 252.D 

Lagrange-Charpit 322.В, App. A, Table 15.II 

of Lagrange multipliers 106.1, 

Lanczos 298.D 301.N 

Laplace 30.B 

of least squares (for estimation) 403.E 

of least squares (for numerical solution of linear 
equations) 397.J 
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of least squares (for numerical solution of 
ordinary differential equations) 303.1 
Lebesgue, of summation 379.S 

Lehmer 301.K 

Lighthill 25.B 

limited information maximum likelihood 
128.C 

of linearization 290.D 

linear k-step 303.Е 

linear multistep 303.Е 

of тајогапіѕ 316.G 

of matched asymptotic expansions 25.B 
Mathieu 268.С 

maximum likelihood 399.М 
middle-square 354.B 

Milne 303.E 

modified minimum chi-square 400.K 
moment 399.L 

Monte Carlo 385.C 

of moving frames 110.А 

of multiple scales 290.Е 

multistep 303.E 

multivalue 303.Е 

Newton-Raphson 301.D 
nonparametric 371.А 

Nórlund, of summation 379.Q 

of orthogonal projection 323.G 

(p + lstage 303.D 

penalty 292.E 

Perron (in Dirichlet problem) 120.C 
perturbation 25.B 

Poincaré 25.B 
Poincaré-Lighthill-Kuo (P.L.K.) 25.B 
polynomial extrapolation 303.Е 

power 298.C 

predictor-corrector (PC) 303.E 
projective approximation 304.В 

QR 298.Е 

of quadrature 313.D 

QZ 298.G 

rational extrapolation 303.F 
Rayleigh-Ritz 46.Е 271.G 
renormalization 361.A 

Richardson 302.С 

Riemann, of summation 379.5 

Riesz, of summation of the kth order 379.R 
Ritz 46.Е 303.1 304.B 

robust 371.А 

Rosen gradient projection 292.E 
Runge-Kutta 303.D 
Runge-Kutta-Gill 303.р 

saddle point 25.C 

scaling 346.Е 

scoring 397.M 

simplex 255.C 

spectral 304.B 

stationary phase 30.B 

of steepest descent 25.C 

step by step 163.D 

Strum 301.C 

of successive approximation (for an elliptic par- 
tial differential equation) 323.D 

of successive approximation (for Fredholm 
integral equations of the second kind) 217.D 
of successive approximation (for ordinary 
differential equations) 316.D 

of successive iteration (for Fredholm integral 
equations of the second kind) 217.D 
summable by Abes 379.N 

summable by Borel’s exponential 379.0 
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summable by Borel’s integral 379.О 
summable by Cesáro's, of order a 379.M 
summable by Euler’s 379.P 
summable by Hólder's, of order р 379.M 
summable by Nórlund's 379.Q 
summable by M. Riesz's, of order k 379.R 
of summation 379.L 
Sylvester elimination 369.E 
three-stage least squares 128.C 
threshold Jacobi 298.B 
two-phase simplex 255.С 
two-stage least squares 128.С 
variational 438.B 
of variation of constants 55.B 252.I 
of variation of parameters App. A, Table 14.I 
WKB 25.B 
WKBJ 25.В 
metric 273.В 
Bergman 188.G 
Einstein 364.I 
Einstein-Kähler 232.С 
f- 136.F 
fy- 136.F 
Finsler 152.A 
Hermitian 232.A 
Hodge 232.D 
Kähler 232.A 
Kerr 359.E 
left invariant (in a topological group) 423.1 
Petersson 32.B 
Poincaré 74.G 
pseudo- 273.B 
pseudo-Riemannian 105.Р 
Riemannian 105.P 
Robertson-Walker 359.Е 
standard Kahler (of a complex projective space) 
232.P 
Teichmiiller 416 
metrically isomorphic automorphisms (on a measure 
space) 136.E 
metric comparison theorem 178.A 
metric connection 80.K 
metric invariant (on a measure space) 136.E 
metric multidimensional scaling 346.Е 
metric space(s) 273 
compact 273.F 
complete 273.J 
discrete 273.B 
indiscrete pseudo- 273.В 
induced by a mapping 273.B 
precompact 273.B 
product 273.B 
pseudo- 273.B 
separable 273.E 
totally bounded 273.В 
metric structure 
almost contact 110.E 
contact 110.E 
metric subspace 273.B 
metric topology 425.C 
metric vector space 256.H 
metrizable topological group 423.1 
metrizable topological space 273.K 
metrizable uniform space 436.F 
pseudo- 436.F 
Meusnier theorem (on surfaces) 111.H 
Meyer decomposition theorem, Doob- 262.D 
Michael theorem 425.X 
micro-analytic 125.CC 274.E 
microboundle 147.P 


Subject Index 
Minimal operator 


normal PL 147.P 
PL 147.P 
tangent PL 147.P 
microcanonical ensemble 402.D 
microdifferential equation 274.G 
microdifferential operator 274.F 
of finite order 274.F 
of infinite order 274.F 
microfunction 274.E 
holomorphic 274.F 
microlocal analysis 274 345.A 
microlocally elliptic (operator) 345.A 
microlocal operator 274.F 
micro-pseudolocal property 345.A 
middle point 7.C 
middle-square method 354.B 
midpoint 7.C 
midpoint rule 303.E 
midrange 374.G 
Mikusinski operator 306.B 
Mills equation, Yang-  80.G 
Mills field, Yang- 150.G 
Mills functional, Yang- 80.0 
Mills G-connection, Yang- 80.0 
Milman property, Krein- 443.Н 
Mil'man theorem 37.G 
Krein- 4241] 
Milne corrector 303.F 
Milne method 303.E 
Milne predictor 303.Е 
Milne-Simpson formula 303.Е 
Milnor fibering theorem 418.D 
Milnor fibration 418.D 
Milnor invariant 235.D 
Milnor monodromy 418.D 
Milnor number (in Milnor fibering theorem) 418.D 
Minakshisundaram-Pleijel asymptotic expansion 
391.B 
minimal 
(algebraic surface) 15.G 
(algebraic variety) 16.1 
(ideal) 368.F 
(immersion) 275.A 
(superharmonic function) 2601 
(transformation) 136.H 
relatively 15.G 161 
minimal basis (of a principal order or an algebraic 
number field) 14.B 
minimal chain (for a transition probability) 260.F 
minimal complete class 398.В 
minimal complex 70.E 
minimal condition 
(in an ordered set) 311.C 
restricted (in a commutative ring) 284.A 
minimal diffeomorphism 126.N 
minimal element (in an ordered set) 311.B 
minimal flow 126.N 
minimal function, X- 367.Е 
minimal immersion 275.A 
branched 275.B 
generalized 275.B 
minimality 161 
absolute 161 
minimally almost periodic group 181 
minimally elliptic singularity 418.C 
minimal model 15.G 
(for the algebra of differential forms) 1141, 
Néron (of an Abelian variety) 3.N 
relatively 15.G 
minimal operator 112.E 


Subject Index 
Minimal parabolic k-subgroup 


minimal parabolic k-subgroup 13.0 
minimal polynomial 
(of an algebraic element) 149.E 
(of a linear transformation) 269.L 
(of a matrix) 269.F 
minimal prime divisor (of an ideal) 67.F 
minimal projection, Lie 76.B 
minimal realization 86.D 
minimal resolution 418.С 
minimal set 126.E 
minimal splitting field (of a polynomial) 149.G 
minimal submanifold 275.A 365.D 
minimal sufficient o-field 396.Е 
minimal surface 111.1 334.B 
affine ПОС 
branched 275.В 
minimal surface equation 275.A 
minimal variety 275.6 
minimax (estimator) 399.H 
minimax decision function 398.B 
minimax level х test 400.F 
minimax principle 
(for eigenvalues of a compact operator) 68.H 
(for statistical decision problem) 398.B 
ford, 391.G 
minimax solution 398.В 
minimax theorem  173.C 
minimization problem, group 215.С 
minimizing sequence 46.E 
minimum (minima) 
ofafunction 106.L 
relative (at a point) 106.L 
successive (in a lattice) 182.C 
weak 46.C 
minimum chi-square method, modified 400.К 
minimum-cost flow problem 281.С 
minimum curvature property 223.F 
minimum element (in an ordered set) 311.B 
minimum immersion 365.0 
minimum norm property 223.F 
minimum principle 
energy 419.C 
enthalpy 419.C 
Gibbs free energy 419.C 
Helmholtz free energy 419.C 
ford, 391.6 
of 2 391.0 
minimum solution (of a scalar equation) 316.E 
minimum variance unbiased estimator, uniformly 
399.C 
Minkowski-Farkas theorem 255.В 
Minkowski-Hasse character (of a nondegenerate 
quadratic form) 348.D 
Minkowski-Hasse theorem (on quadratic forms 
over algebraic number fields) 348.G 
Minkowski-Hlawka theorem 182.D 
Minkowski inequality 211.C, App. A, Table 8 
Minkowski reduction theory (on fundamental 
regions) 122. E 
Minkowski space 258.A 
Minkowski space-time 359.В 
Minkowski theorem 182.C 
ondiscriminants 14.B 
on units 14.D 
Minlos theorem 424.T 
minor 
(ofa matrix) 103.D 
(ofa matroid) 66.H 
Fredholm's first 203.E 
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Fredholm’s rth 203.Е 
principal (of a matrix) 103.D 
minorarc АВ 
minor axis (of an ellipse) 78.C 
minor function 100.Е 
minus infinity 87.D 
minute (an angle) 139.D 
Mittag-Leffler theorem 272.A 
mixed Abelian group 2.A 
mixed area (of two ovals) 89.D 
mixed group  190.P 
mixed Hodge structure 16.V 
mixed ideal 284.D 
mixed initial-boundary value problem (for hyper- 
bolic operator) 325.K 
mixed insurance 214.B 
mixed integer programming problem 215.А 
mixed model 102.A 
mixed periodic continued fraction 83.С 
mixed problem 322.D 
mixed spinor rank (k,n) 258.В 
mixed strategy 173.С 
mixed tensor 256.J 
mixed type, partial differential equation of 304.C 
326.A 
mixing (automorphism) 
k-fold 136.E 
strongly 136.E 
weakly 136.E 
mixture 351.B 
Mizohata equation, Lewy- 274.6 
ML estimator 399.М 
mobility, axiom of free (in Euclidean geometry) 
139.B 
Möbius band 410.B 
Möbius function 66.С 295.C 
Móbius geometry 76.A 
Mobius strip 410.B 
Móbius transformation 74.Е 76.A 
Möbius transformation group 76.А 
mod 1, real number 355.D 
mod p (modulo p) 
Hopfinvariant 202.5 
isomorphism (in a class of Abelian groups) 
202.N 
modal logic 411.L 
modal proposition 411.L 
modal unbiased estimator 399.C 
mode 396.С 397.C 
sample 396.C 
model 
(of an algebraic function field) 9.0 
(of a mathematical structure) 409.B 
(of a symbolic logic) 276.D 411.G 
Bayesian 403.G 
Bradley-Terry 346.C 
Bush-Mosteller 346.6 
canonical 251.N 
component 403.F 
components-of-variance 403.C 
countable (of axiomatic set theory) 156.E 
derived normal (of a variety) 16.F 
dual resonance 132.C 
Estes stimulus-sampling 346.G 
factor analysis 403.С 
fixed effect 102.A 
functional 251.N 
game theoretic 307.С 
Glashow-Weinberg-Salam 132.0 
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of human death and survival 214.А 
Ising 340.В 402.G 
Klein (of non-Euclidean geometry) 285.С 
learning 346.G 
linear 403.D 
linear logistic 403.С 
log linear 403.C 
Luce B- 346.G 
mathematical, in biology 263 
metabolic (in catastrophe theory) 51.F 
minimal 15.G 
minimal (for the algebra of differential forms) 
114.L 
mixed 102.A 
multiple 403.Е 
multivariate linear 280.B 
natural (in axiomatic set theory) 33.C 
normal linear 403.С 
Poincaré (of geometry) 285.D 
queuing 260.H 
random-effects 102.А 403.C 
relatively minimal 15.G 
Sakata 132.D 
Scheffé 346.С 
simple 403.F 
spin-flip 340.C 
static (in catastrophe theory) 51.B 
stochastic Ising 340.С 
stochastic programming 307.С 
string 132.C 
Sz-Nagy-Foiag 251.N 
Thurstone-Mosteller 346.С 
Veneziano 132.C 386.C 
Whittaker 450.0 
model experimentation 385.A 
modeling, mathematical 300 
model scheduling 307.С 
model selection 401.D 
model theory 276 
modification 
(of a stochastic process) 407.A 
holomorphic (of an analytic space) 23.D 
proper (of an analytic space) 23.D 
spherical 114.F 
modified Bessel functions App. A, Table 19.IV 
modified Fourier hyperfunction 125.ВВ 
modified indicator function 341.C 
modified Mathieu differential equation 268.A 
modified Mathieu function 268.A 
of the first kind 268.D 
of the second kind 268.р 
of the third kind 268.) 
modified minimum chi-square method 400.K 
modified wave operator 375.B 
modular, weakly (in quantum mechanics) 351.L 
modular automorphism 308.Н 
modular character (of a modular representation) 
362.1 
modular form 
Hilbert, of dimension —k 32.6 
Hilbert, of weight k 32.6 
of level М  32.C 
Siegel, of dimension —k 32.Е 
Siegel, of weight k 32.F 
modular function 
(of a locally compact group) 225.D 
Hilbert 32.G 
oflevel N 32.C 
Siegel, of degreen 32.F 


Subject Index 
Modulus (moduli) 


modular group 122.D 
elliptic 122.D 
Hilbert 32.6 
Siegel, of degreen 32.F 
modular lattice 243.F 
modular law (in a lattice) 243.F 
modular operator 308.H 
modular represenation (of a finite group) 362.G 
modular surface, Hilbert 15.H 
module(s) 277 
(of a family of curves) 143.A 
A- 277.C 
over А 277.C 
of A-homomorphisms (between A-modules) 
277.E 
Artinian 277.1 
of boundaries 200.С 
category of left (right) R- 52.B 
character (of an algebraic group) 13.D 
of coboundaries 200.Е 
of cocycles 200.F 
coefficient 200.L 
cohomology 200.F 
connected graded 203.B 
of cycles 200.C 
defining (of a linear system) 16.N 
degenerate 118.р 
divisible A- 277.D 
dual 277.K 
dualgraded 203.B 
duality theorem for Q- 4221, 
factor А- 277.C 
faithfully flat A- 277.K 
of finite length 2771 
flat A- 277.K 
free 277.G 
generalized 143.B 
graded А- 200В 
homology 200.C 
of homomorphisms (between two modules) 
277.B 
induced 277.L 
injective A- 277.K 
Jordan 231.C 
left A- 277.D 
Noetherian 277.1 
0-, 3831 
with operator domain A 277.C 
projective 4- 277.K 
of quotients of an R-module with respect to 5 
67.G 
(R, S)-injective 200.K 
(R, S)-projective 200.K 
representation (of a linear representation) 
362.C 
of representations (of a compact group) 69.D 
right A- 277.D 
torsion A- 277.D 
moduli functor 16.W 
moduli scheme 16.W 
coarse 16.W 
fine 16.W 
moduli space 16.W 72.G 
of curves of genus g 9.J 
local 72.G 
modulus (moduli) 
(of a complex number) 74.B 
(of a complex torus of dimension 1) 32.C 
(=a conformal] invariant) 11.B 77.E 


Subject Index 
Modulus number 


(ofa congruence) 297.G 
(of an elliptic integral) 134.А, App. A, Table 
16.1 
(in Jacobi elliptic functions) 134.J, App. А, 
Table 16.III 
(of a locally multivalent function) 438.Е 
(ofa ring) 77.E 
complementary (of an elliptic integral) App. A, 
Table 16.I 
complementary (in Jacobi elliptic functions) 
134, App. A, Table 16.III 
of continuity (of a function) 84А 
of continuity of kth order (of a continuous 
function) 336.C 
of elasticity in shear 271.G 
of elasticity in tension 271.G 
field of 73.B 
local maximum, principle 164.С 
maximum, principle (for a holomorphic func- 
tion) 43.B 
periodicity (of an elliptic integral) 134.A 
of rigidity 271.G 
Youngs 271.G 
modulus number 418.Е 
modus ponens 4111 
Moishezon criterion, Nakai- (of ampleness) 16.E 
Moishezon space 16.W 
mole numbers 419.А 
moment 397.C 
absolute (kth) 341.B 
bivariate 397.Н 
central 397.C 
conditonal 397.I 
factorial 397.G 
of inertia 271.E 
(kth) 341.В 
about the mean (kth) 341.B 
population (of order К) 396.С 
principal, of inertia 271.E 
sample (of order k) 396.C 
moment generating function 177.A 341.C 397.G,J 
moment matrix 341.B 
moment method 3991. 
moment method estimator 399.L 
moment problem 
Hamburger 240.K 
Hausdorff 240.К 
Stieltjes 240.K 
momentum 271.A,E 
angular 271.E 
generalized 271.F 
integrals of angular 420.A 
intrinsic angular 351.G 
orbital angular 351.E 
theorem of 271.E 
theorem of angular 271.E 
momentum density, angular 150.В 
momentum 4-vector, energy- 258.C 
momentum operator 
angular 258.D 
energy- 258.D 
momentum phase space 126.L 
momentum representation 351.C 
momentum tensor 
angular 258.D 
energy- 150.D 359.D 
monad 
(in homology theory) 200.Q 
(in nonstandard analysis) 293.D 
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Monge-Ampére equations 278, App. A, Table 
15.Ш 
Monge differential equation 324.F 
monic polynomial 337.А 
monoclinic system 92.E 
monodromy group 
(of an n-fold covering) 91.A 
(of a system of linear ordinary differential equa- 
tions) 253.B 
Milnor 418.D 
total 418.F 
monodromy matrix 254.В 
monodromy theorem (on analytic continuation) 
198J 
monogenic function 
in the sense of E. Borel 198.0 
in the sense of Cauchy 198.0 
monoid, unitary 409.C 
monoidal transformation 
(of an analytic space) 23.D 
(of a complex manifold) 172.H 
(by an ideal sheaf) 16.K 
with center W 16.K 
real 274E 
monomial 337.B 
(module) 277.D 
admissible (in Steenrod algebra) 64.B 
monomial representation (of a finite group) 362.G 
monomorphism (in a category) 52.D 
monothetic group 136.D 
monotone 
(curve) 281.B 
operator 212.C 
monotone class 270.B 
monotone class theorem 270.B 
monotone decreasing 
(set function) 380.B 
matrix, of order m 212.C 
monotone decreasing function 166.A 
strictly 166.A 
monotone function 166.A 
strictly 166.A 
strictly (of ordinal numbers) 312.C 
monotone increasing 
(set function) 380.B 
matrix, of order m 212.С 
monotone increasing function 166.А 
strictly 166.A 
monotone likelihood ratio 374.7 
monotonely very weak Bernoulli 136.F 
monotone mapping 311.E 
monotone operator (in a Hilbert space) 286.C 
monotone sequence (of real numbers) 87.B 
monotonically decreasing (sequence of real numbers) 
87.B 
monotonically increasing (sequence of real numbers) 
87.B 
monotonic function, completely 240.E,K 
Monte Carlo method 385.С 
Montel space 424.0 
Montel theorem 435.E 
moon argument, behind-the- 351.К 
Moore-Smith convergence 87.H 
Moore space 273.K 425.AA 
Moore space problem, normal 425.AA 
Mordell conjecture 118.E 
Mordell-Weil theorem  118.E 
weak 118.E 


more informative (experiment) 398.G 
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Morera theorem 198.A 
Morgenstern solution, von Neumann- 173.р 
morphism 

(ina category) 52А 

(of chain complexes) 200.Н 

(of complexes) 13.R 

(of filtered modules) 200.J 

(of inductive systems) 210.D 

(of unfoldings) 51.D 

affine 16.D 

connecting 200.H 

diagonal (in a category) 52.E 


étale 16.F 
finite 16D 
flat 16.D 


faithfully flat 16.D 
Frobenius 450.P 
functorial 52J 
inverse 52.D 
k- (between algebraic groups) 13.A 
projective 16.E 
proper (between schemes) 16.D 
quasiprojective 16.E 
5- 52.8 
ofschemes 16.D 
separated 16.D 
shape 382.А 
smooth 16.Е 
strict (between topological groups) 423.J 
structure 52.6 
Morse function 279.B 
Morse index theorem 279.F 
Morse inequalities 279.D 
Morse lemma 279.В 
Morse-Smale diffeomorphism 126.J 
Morse-Smale flow 126.J 
Morse-Smale vector field 126.J 
Morse theory 279 
fundamental theorems of 279.D 
Morsification 418.F 
Moser implicit function theorem, Nash- 286.J 
Mosteller model 
Bush- 346.G 
Thurstone- 346.С 
most powerful (test) 400.A 
most probable cause 401.E 
most probable value 401.E 
most stringent level æ test 400.F 
motion(s) 
(in dynamical system) 126.B 
(Euclidean) 139.B 
Brownian 5.D 45 342.A 
Brownian (d-dimensional) 45.C 
Brownian, on Lie groups 406.G 
Brownian, with an N-dimensional time para- 
meter 45.1 
central 126.Е 
elliptic 55.A 
equation of (of a fluid) 205.A 
equation of (of a particle in a gravitation field) 
359.D 
equations of (in Newtonian mechanics) 271.A 
Euler equation of (of a perfect fluid) 205.В 
{F}-Brownian 45.В 406.B 
group of (in Euclidean geometry) 139.B 
group of, in the wider sense 139.B 
Heisenberg equation of 351.D 
hyperbolic 420.D 
hyperbolic-elliptic 420.D 


Subject Index 
Multiple 


hyperbolic-parabolic 420.D 
infinitesimal (of a Riemannian manifold) 364.F 
Lagrange equation of 271.F 
Lagrange-stable 420.D 
law of 271A 
mean 309.В 
Newton three laws of 271.A 
Ornstein-Uhlenbeck Brownian 451 
oscillating 420.D 
parabolic 420.D 
parabolic-elliptic 420.0 
perpetual 402.G 
proper (in Euclidean geometry) 139.B 
proper (ofa star) 392 
quasiperiodic 136.G 
right-invariant Brownian 406.G 
simple harmonic 318.B 
space-time Brownian 45.F 
Moulton method, Adams- 303.E 
movability 382.С 
movable 382.C 
k- 382.C 
movable branch point (of an algebraic differential 
equation) 288.A | 
movable singularity (of an algebraic differential 
equation) 288.A 
move 173.B 
chance 173.В 
moving average 397.N 
weighted 397.N 
moving average process 421.D 
autoregressive 421.D 
autoregressive integrated 421.G 
moving average representation 
backward 395.D 
canonical backward 395.D 
moving coordinates App. A, Table 3.[V 
moving coordinate system 90.В 
moving frame(s) 90 111.C 417.B 
method of 110.A 
natural 417.B 
orthonormal 417.D 
stochastic 406.G 
multicollinearity 128.В 
multicommodity flow problem 281.F 
multidiagonal type 304.C 
multidimensional diffusion process 115.A,C 
multidimensional gamma function 374.C 
multidimensional hypergeometric distribution 
App. A, Table 22 
multidimensional normal distribution App. A, 
Table 22 
multidimensional scaling 346.E 
nonmetric 346.E 
multi-index 112.А 168.B 
multilinear form 256.Н 
multilinear mapping 256.H 
alternating 256.H 
antisymmetric 256.H 
skew-symmetric 256.Н 
symmetric 256.H 
multinomial distribution 341.D 
negative 341.D 
multinomial theorem 330 
multi-objective model 307.C 
multiobjective programming 264.С 
multiplanar coordinates 90.C 
multiple 297.A 
(of an element of a ring) 67.H 


Subject Index 
Multiple complex 


(of a fractional ideal) 14.Е 
common (of elements of a ring) 67.H 
least common 297.A 
least common (of elements of a ring) 67.H 
scalar (of an element of a module) 277.D 
scalar (of a linear operator) 37.C 
scalar (in a linear space) 256.A 
scalar (of a vector) 442.A 
multiple complex 200.H 
multiple correlation coefficient 397.J 
sample 280.E 
multiple covariant 226.E 
absolute 226.E 
multiple hypergeometric distribution 341.D 
multiple integral 
(in Lebesgue integral) 227.E 
(in Riemann integral) 216.F 
multiple mathematical inductions 294.B 
multiple model 403.F 
multiple point 
(onanarc) 93.B 
(of a plane algebraic curve) 9.B 
(ona variety) 16.F 
multiple root (of an algebraic equation) 10.B 
multiple sampling inspection 404.C 
multiple-valued (analytic function) 198.J 
multiple Wiener integral 176.1 
multiplication 
(of an algebra) 203.F 
(of a graded algebra) 203.B 
(ina group) 190.A 
(ofan H-space) 203.D 
(of local Lie groups) 423.1, 
(by a natural number) 294.B 
(inaring) 368.A 
associative (of a graded algebra) 203.B 
commutative (of a graded algebra) 203.B 
commutative law for (ina ring) 368.A 
complex 73.А 
homotopy associative 203.D 
homotopy commutative 203.D 
Pontryagin 203.D 
scalar (in a module) 277.D 
scalar (on vectors) 442.A 
symmetric 406.C 
multiplication theorem, Hadamard 339.D 
multiplicative (arithmetic function) 295.B 
multiplicative automorphic function 32.А 
multiplicative class 270.В 
multiplicative congruence 14.H 
multiplicative ergodic theorem 136.В 
multiplicative function 32.А 295.B 
multiplicative functional 
(of a Markov process) 261.E 
transformation by 261.F 
multiplicative group 149.A 190.A 
of afield 190.B 
multiplicative Jordan decomposition (of a linear 
transformation) 269.L 
multiplicatively closed subset (of a ring) 67.C 
multiplicative valuation 439.С 
multiplicator (of a relative invariant measure) 
225.H 
multiplicity 
(of a covering surface) 367.B 
(of an eigenvalue for an integral equation) 
217.F 
(of an eigenvalue of a matrix) 390.B 
(of a Gaussian process) 176.E 
(of a local ring) 284.D 
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(of a representation) 362.D 
(of a root of an algebraic equation) 10.B 
(of a weight) 248.W 
algebraic (of an eigenvalue) 390.B 
geometric (of an eigenvalue) 390.A 
intersection (of two subvarieties) 16.Q 
representation without 437.G 
setof 159.J 
multiplicity function (of a mapping) 246.G 
multiplier 
(ofa group) 362J 
(of a semi-invariant) 226.A 
characteristic (of a closed orbit) 126.G 
characteristic (of a periodic linear system) 
163.F 
Jacobi'slast App. A, Table 14.I 
Lagrange 46.B 
method of Lagrange 106.L 
Stokes 254.0 
multiplier algebra 36.К 
multiply connected domain 333.A 
multiply transitive (permutation group) 151.H 
multipolar coordinates 90.C 
multiprocessor scheduling problem 376 
multistage allocation process 127.A 
multistage choice process 127.A 
multistage game 173.C 
multistage programming 264.C 
multistage sampling 373.E 
multistep method 303.Е 
linear 303.E 
multitype Galton-Watson process 44.С 
multitype Markov branching process 44.Е 
multivalent function 438.Е 
multivalued function 165.B 
multivalue method 303.Е 
multivariate (data) 397.A 
multivariate analysis 280 
of variance 280.B 
multivariate linear model 280.B 
multivariate normal distribution | 397.J 
Muntz theorem (on polynomial approximation) 
336.A 
mutual energy 338.В 
mutual information 213.E 
mutually associated diagrams (for O(n) diagrams) 
60.J 
mutually disjoint family (of sets) 381.D 
mutually noncomparable (summations) 379.L 
mutually orthogonal (latin squares) 241.B 
M.V.W.B. (2 monotonely very weak Bernoulli) 
136.F 


N 


N (natural numbers) 294.A,B 
NP ҺЕ 
n-ary predicate 411.G 
n-ary relation 411.G 
n-ball 140 
open 140 
n-body problem  420.A 
n-cell 70.D 140 
open 70.D 
topological 140 
n-classifying space (of a topological group) 
147.G 
n-cochain (for an associative algebra) 200.L 
n-connected 
(pair of topological spaces) 202.L 
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(space) 79.C 202.L 
locally 79.C 
n-connective fiber space 148.D 
n-cube, unit 140 
n-cylinder set 270.H 
n-decision problem 398.А 
n degrees of freedom (sampling distribution) 
374.B,C 
n-dimensional (normal space) 117.B 
n-dimensional] distribution 342.С 
n-dimensional distibution function 342.C 
n-dimensional Euclidean geometry 139.B 181 
n-dimensional probability distribution 342.C 
n-dimensional random variable 342.C 
n-dimensional sample space 396.В 
n-dimensional statistic 396.B 
n-disk 140 
open 140 
n-element 140 
n-fold covering 91.A 
n-fold reduced suspension (of a topological space) 
202.F 
n-gon, regular 357.А 
n-gonal number 296.A 
n-particle subspace 377.А 
п-регѕоп game 173.B~D 
n-ply connected (plane domain) 333.A 
n-section (in a cell complex) 70.D 
n-sheeted (covering surface) 367.В 
n-simple 
(pair of topological spaces) 202.L 
(space) 202.L 
n-simplex 
(in a Euclidean simplicial complex) 70.B 
(in a semisimplicial complex) 70.E 
(in a simplicial complex) 70.C 
n-sphere 140 
open 140 
solid 140 
n-sphere bundle 147.K 
n-times continuously differentiable (function) 
106.K 
n-times differentiable (function) 106.D 
n-torus 422.E 
n-tuple 256.А 381.B 
n-universal bundle 147.6 
n-valued (analytic function) 198.J 
(n + 2-hyperspherical coordinates 79.А 90.B 
N-ple Markov Gaussian process 176.E 
in the restricted sense 176.F 
nth approximation (of an n-times differentiable 
function) 106.E 
nth convergent (of an infinite continued fraction) 
83.A 
nth derivative (of a differentiable function) 
106.D 
nth derived function 106.D 
nth differential (of a differentiable function) 
106.D 
nth partial quotient 83.A 
nth order, differential of 106.D 
nth order partial derivatives 106.Н 
nth term 165.D 
nabla 442.D, App. A, Table 3.II 
Nachbin-Goodner-Kelley theorem 37.M 
Nagumo theorem, Кпеѕег- 316.E 
Naimark theorem, Gel’fand- 36.G 
Nakai-Moishezon criterion (of ampleness) 16.E 
Nakanishi equation, Landau- 146.С 
Nakanishi variety, Landau- 146.С 386.C 


Subject Index 
Negative resistance 


Nakano-Nishijima—Gell-Mann formula 132.A 
Nakayama lemma 67.D 
Nambu-Goldstone boson 132.С 
Napier analogies App. A, Table 2.III 
Napierian logarithm 131.D 
Napier number 131.D 
Napier rule App. A, Table 2.1 
Nash bargaining solution 173.C 
Nash equilibrium 173.C 
Nash-Moser implicit function theorem 286.7 
nat 213.B 
natural additive functional 261.Е 
natural boundary 
(of an analytic function) 198.N 
(of a diffusion process) 115.B 
natural equation 
(ofacurve) 111.D 
(of a surface) 110.A 
natural equivalence 52.J 
natural extension (of anendomorphism) 136.Е 
natural geometry 110.A 
natural injection (from a subgroup) 190.D 
naturality (of a homotopy operation) 202.0 
naturallogarithm 131.D 
natural model (in axiomatic set theory) 33.C 
natural moving frame 417.B 
natural number 294.А,В 
nonstandard 276.E 
Skolem theorem on impossibility of 156.Е 
natural positive cone 308.К 
natural scale 260.G 
natural spline 223.F 
natural surjection (to a factor group) 190.D 
natural transformation 52.J 
Navier-Stokes equation(s) 204.В 205.C 
general 204.F 
Navier-Stokes initial value problem 204.В 
nearly Borel measurable set 261.0 
nearly everywhere (in potential theory) 338.F 
necessary (statistic) 396.E 
necessity 411.1, 
necklace, Antoine’s 65.G 
negation (of a proposition) 411.B 
negative 
(complex) 200.H 
(element of a lattice-ordered group) 243.G 
(element of an ordered field) 149.N 
(rational number) 294.D 
negative binomial distribution 341.D 397.F, App. 
A, Table 22 
negative curvature 178.H 
negative definite (function) 394.C 
negative definite Hermitian form 348.Е 
negative definite quadratic form 348.В 
negative half-trajectory 126.D 
negative infinity 87.0 355.C 
negative limit point 126.D 
negatively invariant 126.D 
negatively Lagrange stable 126.E 
negatively Poisson stable 126.E 
negative multinomial distribution 341.D 
negative number 355.A 
negative orientation (of an oriented C’-manifold) 


105.F 

negative part (of an element of a vector lattice) 
310.B 

negative polynominal distribution App. A, Table 
22 


negative prolongational limit set, first 126.р 
negative resistance 318.В 


Subject Index 
Negative root 


negative root (of a semisimple Lie algebra) 248.M 
negative semidefinite quadratic form 348.С 
negative semiorbit 126.D 
negative variation 
(ofa mapping) 246H 
(of a real bounded function) 166.B 
neighborhood 425.В 
analytic (of a function element in the wider 
sense) 198.0 
analytic (ina Riemann surface) 367.A 
conoidal 274.D 
convex 364.C 
coordinate (in a fiber bundle) 147.B 
coordinate (in a topological manifold) 105.C 
coordinate, of class С" 105.D 
derived 65.С 
g- (of a point) 273.C 
étale 16.АА 
fundamental system of  425.E 
open 425.E 
open tubular 114.B 
regular 65.C 
regular, theorem 65.С 
relative 425 
tubular 105.L 114.B 364.C 
neighborhood deformation retract 202.D 
neighborhood retract 202.D 
absolute 202.D 
fundamental absolute (FANR) 382.С 
neighborhood system 425.B 
base for 425.E 
uniform 436.р 
uniform family of 436.D 
Nelson formula, Feynman-Kac- 150.F 
Nelson symmetry 150.F 
Nernst postulate 419.A 
Néron minimal model (of an Abelian variety) 
3.N 
Néron-Severi group 
(ofasurface) 15.D 
(ofa variety) 16.P 
nerve (of a covering) 70.C 
nested intervals, principle of (for real numbers) 
87.C 355.B 
net (in a set) 87.H 
Cauchy (in a uniform space) 436.G 
square 304.E 
universal (in a set) 87.H 
net premium 214.A 
network(s) 282 425.F 
bilateral 282.C 
capacitated 281.C 
contact 282.B 
electric 282.В 
linear 282.C 
М-рогі 282.C 
passive 282.C 
reciprocal 282.C 
time-invariant 282.С 
two-terminal 281.C 
network flow model 307.С 
network flow problem 281 282.B 
network programming 264.С 
network scheduling 307.C 
Neumann function 39.B 188.H, App. A, Table 
19.HI 
Neumann polynomial App. A, Table 19.IV 
Neumann problem 193.Е 323.F 
Neumann series 217.0 
neutral element (in a lattice) 243.E 
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neutral type (of functional differential equation) 
163.B 
Nevanlinna exceptional value 272.E 
Nevanlinna first fundamental theorem 272.B 
Navanlinna second fundamental theorem 272.Е 
Nevanlinna theory 
(of meromorphic functions) 124.B 272.B 
(for several complex variables) 21.N 
Newton, I. 329 
Newton backward interpolation formula 223.С 
Newton boundary 418.D 
nondegenerate 418.D 
Newton-Cotes formula (in numerical integration) 
299.A 
Newton diagram 254.D 
Newton first law 271.А 
Newton formula (on interpolation) App. A, Table 
21 
Newton formula (on symmetric functions) 337.1 
Newton forward interpolation formula 223.С 
Newtonian capacity 48.B 
Newtonian exterior capacity 48.H 
Newtonian fluid 205.С 
Newtonian inner capacity 48.F 
Newtonian interior capacity 48.F 
Newtonian mechanics 271.A 
Newtonian outer capacity 48.H 
Newtonian potential 271.C 338.A 
Newton interpolation formula App. A, Table 21 
Newton interpolation polynomial 336.G 
Newton iterative process 301.D 
Newton law (on frictional stresses) 205.C 
Newton law of universal gravitation 271.B 
Newton-Raphson method 301.D 
Newton second law 271.A 
Newton third law 271A 
Newton three laws of motion 271.A 
Neyman factorization theorem 396.Е 
Neyman-Pearson lemma 400.B 
Neyman structure 400.D 
nice function (on a C?-manifold) 114.F 
Nicholson formula App. A, Table 19.IV 
Nicholson formula, Watson- App. A, Table 19.III 
Nickel method, Dejon- 301.G 
Nicomedes conchoid 93.H 
Nijenhuis tensor 72.B 
Nikodym derivative, Radon- 270.L 380.C 
Nikodym property, Radon- 443.H 
Nikodym theorem, Radon- 270.1, 380.C 
Nikodym theorem for vector measures, Radon- 
443.H 
nilalgebra 231.А 
nilmanifold 178.D 
nilpotent 
(Liealgebra) 248.C 
(Liegroup) 249.D 
(subset of a ring) 368.B 
(zero-divisor) 284.A 
generalized (linear operator) 251.F 
nilpotent algebraic group 13.F 
nilpotent component (of a linear transformation) 
269.L 
nilpotent element 
(ofaring) 368.B 
generalized (in a Banach algebra) 36.E 
nilpotent group 190.J 
finite 151.C 
generalized 190.K 
nilpotent ideal 
(ofa Lie algebra) 248.С 
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largest (of a Lie algebra) 248.D 
nilpotent matrix 269.F 
nilpotcnt radical (of a Lie algebra) 248.D 
nilradical 
(of a commutative ring) 67.В 
(ofa ring) 368.H 
9jsymbol 353.C 
Nirenberg space, John- (= ВМО) 168.В 
Nishijima-Gell-Mann formula, Nakano- 132.А 
Nishina formula, Klein- 351.G 
Nitsche formula, Gauss-Bonnet-Sasaki- 275.C 
niveau surface 193.J 
Nóbeling embedding theorem, Menger- 117.D 
по cycle condition 126.J 
nodalcurve 391.Н 
nodal domain 391.Н 
nodal point 304.C 
nodal set 391.H 
node 
(ofacurve) 93.G 
(ofa graph) 186.B 282.A 
(of a plane algebraic curve) 9.B 
completion 281.0 
start 281.D 
Noetherian domain 284.A 
Noetherian integral domain 284.А 
Noetherian local ring 284.D 
Noetherian module 277.1 
Noetherian ring(s) 284.4 
left 368.F 
right 368.F 
Noetherian scheme 16.р 
locally 16.D 
Noetherian semilocal ring 284.D 
Noether number, Brill- 9.Е 
Noether theorem  150.B 


noise 
thermal 402.K 
white 176.D 


noisy channel 213.A 
nomograms 19.A,D 
non-Abelian cohomology 200.M 
nonadaptive scheme 299.С 
nonanticipative 406.D 
non-Archimedean geometry 155.D 
non-Archimedean valuation 14.Е 439.C 
nonassociative algebra 231.А 
nonatomic 168.С 443.G 
non-Bayesian approach 401.B 
noncentral (quadric hypersurface) 7.F 350.G 
noncentral chi-square distribution 374.B 
noncentral F-distribution 374.B 
noncentral Hotelling T? statistic 374.С 
noncentrality (sampling distribution) 374.B,C 
noncentrality matrix 374.C 
noncentral t-distribution 374.B 
noncentral Wishart distribution 374.C 
p-dimensional 374.C 
noncommutative field 149.A 
noncompact real simple Lie algebra App. A, 
Table 5.П 
noncompact type (symmetric Riemannian homoge- 
neous space) 412.D 
noncomparable, mutually 379,1, 
nonconforming type 304.С 
nonconvex quadratic programming | 264.D 
noncooperative (game) 173.A 
nondecreasing function 166.A 
nondegenerate 
(analytic mapping) 23.C 


Subject Index 
Nonstandard 


(bilinear form) 256.H 

(critical point) 106.L 279.B 286.N 

(function on a Hilbert manifold) 279.E 

(quadratic form) 348.A 

(representation) 437.N 

(sesquilinear form) 256.Q 

(theta-function) 3.1 
nondegenerate critical manifold 279.D,E 
nondegenerate divisor 3.D 16.N 
nondegenerate hypersurface 344.A 
nondegenerate Newton boundary 418.D 
non-Desarguesian geometry 155.Е 343.C 
nondeterministic 

(Turing machine) 31.В 

purely (weakly stationary process) 395.D 


nondeterministic linear bounded automaton 31!.D 


nonelementary (Kleinian group) 234.A 
non-Euclidean angle (in a Klein model) 285.C 
non-Euclidean distance 285.C 
non-Euclidean geometry 285 
non-Euclidean hypersphere 285.С 
non-Euclidean space 285.A 
nonexpansive mapping 286.В 
nonexpansive operator 37.C 
nonhomogeneous difference equation 104.C 
nonhomogeneous n-chain (for a group) 200.M 
nonincreasing function 166.A 
nonlinear differential equation 291.р 
nonlinear filter 405.F,H 
nonlinear functional analysis 286 
nonlinear integral equation 217.M 
nonlinear lattice dynamics 287 
nonlinear mechanics 290.A 
nonlinear ordinary differential equations 313.А 
(global theory) 288 
(local theory) 289 
nonlinear oscillation 290 
nonlinear partial differential equations 320.А 


` nonlinear problems 291 


nonlinear programming 264.С 
nonlinear semigroup 88.Е 378.F 
of operators 286.Х 
nonmeager set 425.N 
nonmetric MDS 346.Е 
nonnegative (matrix) 269.N 
nonnegative terms, series of 379.B 
non-Newtonian fluid 205.С 
nonparametric method 371 
nonparametric test 371.A 
nonpositive curvature 178.H 
G-space with 178.Н 
nonprimitive character 450.C,E 
nonrandomized (decision function) 398.A 
nonrandomized estimate 399.В 
nonrandomized test 400.A 
nonrecurrent (chain) 260.B 
nonrecurrent (transient) 260.B 
nonresidue, quadratic 297.Н 
nonsaddle set 126.E 
nonsingular (flow) 126.G 
(point for a flow) 126.D 
(point of a variety) 16.F 
nonsingular mapping of class C! 208.В 
nonsingular matrix 269.B 
nonsingular transformation 
(of a linear space) 256.B 
(on a measure space) 136.B 
nonsingular variety 16.Е 
nonstandard 33.B 
(element) 293.B 


Subject Index 
Nonstandard analysis 


nonstandard analysis 293 
nonstandard naturalnumber 276.E 
nonstandard real number 276.E 
nonstandard set theory 293.E 
nonstationary oscillations 290.F 
nonsymmetric unified field theory 343.С 
nontangential maximal function 168.B 
nontangentialpath 333.B 
nontrivial (3-manifold) 65.E 
nontrivially (to act on a G-space) 431.A 
nonwandering 126.E 
set 126.E 
Norlund method of summation 379.Q 
norm 
(of an algebraic element) 149.J 
(of an element of a general Cayley algebra) 54 
(of an element of a quaternion algebra) 29.D 
(of an operator) 37.C 
(of a separable algebraic clement) 149.J 
(ofa vector) 37.B 
absolute (of an integral ideal) 14.C 
C*-cross 36.H 
C- 126H 
graph 251.D 
Hilbert-Schmidt 68.1 
minimum, property 223.F 
nuclear 68.K 
pseudo- (оп a topological linear space) 424.F 
reduced (of an algebra) 362.E 
relative (of a fractional ideal) 14.1 
semi- (on a topological linear space) 424.F 
spinorial 61.0 
supremum  168.B 
trace | 68.1 
uniform 168.В 
normal 62.C 110.Е 354.F 
(almost contact structure) 110.E 
(analytic space) 23.D 
(current) 275.G 
(fundamental region) 122.B 
(*-isomorphism)  308.C 
(state) 351.B 
(for a valuation) 439.H 
(weight on a von Neumann algebra) 308.D 
affine 110.C 
affine principal 110.С 
analytically 284.D 
principal 111.F 
normal algebraic variety 16.F 
normal analytic structure 386.С 
normal basis 172.Е 
normal block bundle 147.Q 
normal bundle 
(ofa foliation) 154.В,Е 
(of an immersion) 114.B 
(of a submanifold) 105.1, 274.E 364.C 
normal Cartan connection 80.3 
normal chain 
(inagroup) 190.G 
(in a Markov chain) 260.D 
normal commutation relation 150.D 
normal connection 365.C 
normal contact Riemannian manifold 110.E 
normal continued fraction 83.E 
normal coordinate(s) 90.C 
mapping 364.С 
normal covering 425.R 
normal crossings 161, 
only 16.L 
normal curvature (of a surface) 111.H 
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normal density function 397.D 
normal derivative 106.G 
normal distribution 341.D 397.D, App. A, Table 22 
k-dimensional 341.D, App. A, Table 22 
logarithmic App. A, Table 22 
multidimensional App. A, Table 22 
standard 341.D 
normal duration 28.1 
normal equation 
(in the method of least squares) 302.E 403.E 
(in statistical data analysis) 397.J 
normal estimator, best asymptotically 399.K 
normal estimator, consistent and asymptotically 
399.K 
normal extension 149.G 251.K 
normal extension field, strongly 113 
normal family 435.E 
normal fiber space, Spivak 144.J 
normal form 
(of differential equations) 313.В 324.E 
(of a surface) 410.B 
Cantor (for an ordinal number) 312.C 
Hesse (of a hyperplane) 139.H 
Jordan (for a matrix) 269.G 
n-adic (for an ordinal number) 312.C 
prenex (in predicate logic) 411.J 
normal form theorem, Kleene 356.С 
normal frame 110.B 
normal function (of ordinal numbers) 312.C 
normal g-lattice 27.А 
normal invariant 114J 
normality, asymptotic 399.K 
normalization 
(of an analytic space) 23.D 
(ofa variety) 16.F 
normalization theorem 
for finitely generated rings 369.D 
for polynomial rings 369.D 
normalized 
(function) 317.A 
(into an orthonormal set) 197.C 
(vector) 139.G 
normalized contrast 102.C 
normalized valuation 439.E 
normalizer 136.Е 190.C 
normalj-algebra 384.С 
normal k-vector bundle 114J 
normalline 93.G, App. A, Table 4I 
normal linear model | 403.C 
normally cobordant 114J 
normally distributed, asymptotically 399.K 
normally flat along a subscheme (a scheme) 16.L 
normal mapping (тар) 114J 
normal matrix 2691 
normal model, derived (of a variety) 16.Е 
normal Moore space problem 425.AA 
normal number 354.F 
normal operator 390.E 
(of Sario) 367.G 
normal PL microbundle 147.P 
normal plane 111.F 
normal point 16.Е 23.D 
normal polygon 234.C 
normal process 176.C 
normal real form (of a complex semisimple Lie 
algebra) 248.Q 
normal representation 308.C 
normal ring 671 
normal score test, Fisher-Yates-Terry 371.С 
normal section 410.B 
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normal sequence (of coverings) 425.R 
normal simple algebra 29.E 
normal space 425.Q 
collectionwise 425.АА 
completely 425.Q 
fully 425.X 
hereditarily 425.0 
perfectly 425.0 
normal sphere bundle 274.E 
normal stress 271.6 
normal structure 276.D 
normal subgroup 190.С 
admissible 190.Е 
normal system (of E-functions) 430.D 
normal transformation (of a sequence) 379.1, 
normal valuation 439.E,H 
normal variety 16.F 
normal vector 105.L 111.H 364.A 
normal vector bundle 1051. 
normal vibration 318.B 
normed linear space 37.B 
normed ring 36.А 
normed space, countably 424.W 
normed vector lattice 310.F 
norm form 118.D 
normicform 118.Е 
norm-residue 14.P 
norm-residue symbol 14.Q 
(in local class field theory) 257.F 
Hilbert 14.8 
Hilbert-Hasse 14.R 
norm resolvent convergence 331.C 
northern hemisphere 140 
north pole 74.D 140 
notation 
full international 92.E 
Kendall 260.H 
Schoenflies (for crystal classes) 92.Е, App. В, 
Table 6.IV 
short international 92.E 
system of (for ordinal numbers) 81 
notion, common 35А 
Novikov closed leaf theorem 154.D 
nowhere dense set 425.N 
NP ЛЕ 
co- 7LE 
NP-complete 71.E 
NP-completeness 71.Е 
NP-hard 71.E 
МР-ѕрасе 71.E 
NP-time 7LE 
NR (neighborhood retract) 202.D 
nuclear (C*-algebra) 36.Н 
nuclear class 68.1 
nuclear norm 68.K 
nuclear operator 68.1,K 
nuclear space 424.5 
nucleolus 173.D 
null (vector in the Minkowski space-time) 359.В 
null-bicharacteristic 320.В 
null boundary, open Riemann surface of 367.E 
null cobordant 235.6 
null function 3101 
null geodesic 399.D 
null homotopic (continuous mapping) 202.B 
null hypothesis 400.A 
nullity 
(of a critical point) 279.B 
(ofa graph) 186.G 
(ofa linear mapping) 256.F 


Subject Index 
Number(s) 


(of a linear operator) 251.D 
(of a matrix) 269.D 
column (of a matrix) 269.D 
of relative 365.D 
row (of a matrix) 269.D 
null recurrent (point) 260.D 
null sequence (іп a-adic topology) 284.В 
null set 270.0 310.1 381.A 
of class Ns 169.E 
function-theoretic 169 
null space 251.D 
null system 343.Е 
number(s) 294 
A- 430.C 
abundant 297.D 
algebraic 14А 
amicable 297.D 
average sample 404.C 
azimuthal quantum 315.Е 
Bell 177.D 
Bernoulli 177.B 
Betti 200.K 201.B 
Brill-Noether 9.Е 
calculable 22.6 
Cantor's theory of real 294E 
cardinal 49.A 312.D 
Cayley 54 
characteristic (of a compact operator) 681 
characteristic (of a manifold) 56.Е 
Chern 56.F 
chromatic 157.Е 186.1 
class (of an algebraic number field) 14.Е 
class (of a Dedekind domain) 67.K 
class (of a simple algebra) 27.D 
Clifford 61.A 
coincidence (of a mapping) 153.B 
of colors 92.D 
completeness of real 294.E 
complex 74.A 294.F 
composite 297.В 
condition 302.A 
connectedness of real 294.Е 355.B 
continuity of real 294.E 
cyclomatic 186.G 
decomposition (of a finite group) 3621 
Dedekind’s theory of real 294.E 
deficient 297.D 
of denominator 186.1 
Euler 177.С 201.B, App. B, Table 4 
Fermat 297.F 
Froude 116.B 
generalized decomposition (of a finite group) 
362.I 
geometry of 182 
Gödel 185 356.C,E 
Grashoff 116.B 
imaginary 74.A 
incidence 146.В 201.B 
of independence 186.1 
initial 312.D 
intersection (of divisors) 15.C 
intersection (of homology classes) 65.B 201.0 
intersection (of sheaves) 16.Е 
irrational 294.Е 355.A 
irrational real 294.E 
of irregularity (of an algebraic variety) 16.P 
Kullback-Leibler information 398.G 
Lebesgue 273.F 
Lefschetz 153.B 
Lefschetz (of a variety) 16.P 
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Number field 


linking 99.C p-adic 439.F 
Liouville 430.В p-adic 257.A 439.F 
Lyapunov characteristic 314.А relative algebraic 14.I 
Mach 116.В 205.B numbering, Gödel 185.A 
magnetic Reynolds 259 number operator 377.A 
mean (of sheets) 272.J number system, point range of 343.C 
Mersenne 297.Е, App. B, Table 1 number-theoretic function(s) 295.А 356.А 
Milnor 418.D additive 295.B 
modulus 418.E completely additive 295.B 
mole 419.A completely multiplicative 295.В 
n-gonal 296.A multiplicative 295.В 
Napier 131.D number theory 296 
natural 294.A,B analytic 296.B 
negative 355.А consistency proof for pure 156.Е 
negative rational 294.D elementary 297 
normal 354.F fundamental theorem of elementary 297.С 
Nusselt 116.B geometric 296.B 
orbital magnetic quantum 315.Е pure 156.E 
ordinal 312.B numerals, Arabic 26 
p-adic 439.F numerator, partial (of an infinite continued 
of partitions 177.D 328 fraction) 83.A 
Péclet 116.B numerical analysis 300 
pentagonal 4.D numerical differentiation 299.Е 
perfect 297.D numerical integration 299 
perfect, of the second kind 297.D numerically connected (divisor) 232.D 
Picard (of a variety) 15.D 16.P numerically equivalent (cycles) 16.Q 
Poison 271.G numerically semipositive 15.D 
polygonal, of orderk 45 numerical method 300 
Pontryagin 56.Е numerical range (of a linear operator) 251.E 
positive 355.А numerical solution 
positive rational 294.р of algebraic equations 301 
Prandtl 116.B of integral equations 217.N 
prime 297.B of linear equations 302 
principal quantum 315.E of ordinary differential equations 303 
pseudorandom 354.В of partial differential equations 304 
Pythagorean 145 numerical tensor App. A, Table 4.II 
ramification 14.K Nusselt number 116.В 
random 354 nutation 392 
rational 294.р,Е Nyquist criterion 86.A 
rational real 294.E Nyquist theorem 402.К 
real 294.E 355.A,D 
real, mod 1 355.0 о 
relatively prime 297.А 
of replications 102.B @(О) (space of holomorphic functions їп О) 168.B 
Reynolds 116.В 205.C €,(Q) 168.B 
rotation 99.D 111.E 126.I O(n) (orthogonal group) 60.1 
5- 430.C «-connected space 79.C 
S*- 430.C locally 79.C 
self-intersection 15.С c-consistent (system) 156.Е 
of sheets (of an analytic covering space) w-limit point 126.D 
23.E w-limit set 126.D 
of sheets (of covering surface) 367.B Q-conjugate 126.Н 
Stiefel-Whitney 56.F Q-equivalent 126.H 
Stirling, of the second kind 66.D Q-explosion 126J 
T- 430.C Q-group 190.E 
T*- 430.C Q-homomorphism (between Q-groups) 190.E 
Tamagawa 13.Р Q-isomorphism (between Q-groups) 190.E 
transcendental 430.A Q-modules, duality theorem for 422.L 
translation 18.B,D Q-stability theorem 126.7 
of treatment combinations 102.L O-stablce, C'- 126.H 
type 314A Q-subgroup (of an Q-group) 190.E 
U- 430.C 0-ideal 
U*- 430.C integrated two-sided 27.A 
wave (of a sine wave) 446 two-sided 27.А 
wave, vector (ofa sine wave) 205.F o,-ideal, left 27.A 
weakly compact cardinal 33.E o,-ideal, right 27.А 
weakly inaccessible cardinal 33.Е -differential (on an algebraic curve) 9.F 
Weil 1C -genus (of an algebraic curve) 9.F 
number field 149.С O-linearly equivalent divisors (on an algebraic 


algebraic 14.B curve) 9.F 
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£-specialty index (of a divisor of an algebraic 
curve) 9.F 
O-module 383.1 
(o)-convergent 87.L 
(o)-star convergent 87.1, 
OA (orthogonal array) 102.L 
Ob (object) 52А 
object 52.A 411.G 
cofinal 52.D 
final 52.D 
graded 200.B 
group (in a category) 52.M 
initial 52.0 
injective 200.1 
isomorphic 52.р 
mathematical 52.A 
in predicate logic 411.G 
projective 200.1 
quotient 52.D 
S-, category of 52.G 
oftypej+1 356.F 
oftypeO 356.F 
zero 52.N 
object domain 411.G 
objective function 264.В 307.C 
objective probability 401.B 
object variable 411.G 
oblate App. A, Table 3.V 
oblique circular cone 350.В 
oblique coordinates (in a Euclidean space) 90.B 
observability 86.С 
observables 351.В 
observation 
complete 405.С 
cost of 398.F 
partial 405.C 
observation process 405.F 
observation vector 102.A 
observer, Luenburger 86.Е 
obstacle, Dirichlet problem with 440.B 
obstruction(s) 305 
to an n-dimensional homotopy 305.В 
to an (n + 1)-dimensional extension 305.В 
primary 147.1. 305.C 
secondary 305.D 
surgery 114J 
tertiary 305.D 
obstruction class 56.Е 
obstruction cocycle 147.L 305.B 
obtuse angle (in Euclidean geometry) 139.D 
OC-curve (operative characteristic curve) 404.C 
octahedral group 151.6 
octahedron 357.В 
odd element (of a Clifford algebra) 61.B 
odd function 165.B 
odd half-spinor 61.E 
odd half-spin representation 61.E 
odd permutation (in a symmetric group) 151.G 
odd ratio 397.K 
odd state 315.H 
of bounded variation 443.G 
Ohm's law (for a moving medium) 130.В 259 
Oka’s principle 147.0 
Oka's theorem 72.E | 
1-complete manifold, weakly 21.1. 
onecycle 16.R 
one-dimensional diffusion processes 115.A 
one-dimensional lattice 287.А 
one-dimensional probability distribution (of random 
variables) 342.C 


Subject Index 
Operation(s) 


one-dimensional statistic 396.B 
1000%-роіпі 396.C 
1-1 (mapping) 381.C 
one-parameter group 
local (of local transformations) 105.N 
of transformations 105.N 126.B 
one-parameter semigroup of class(C°) 378.B 
one-parameter subgroup (of a Lie group) 249.Q 
one-parameter variation 178.A 
one-point compactification 425.T 
one-point union 202.F 
one-sided (surface) 410.B 
one-sided stable for exponent 1/2 App. A, Table 22 
one-sided stable process (of the exponent «) 5.F 
one-step-two-half-steps errors estimate 303.D 
one-to-one correspondence 358.B 
one-to-one mapping 381.C 
only normal crossings 16.1. 
Onsager reciprocity relation 402.K 
onto mapping 381.C 
open 
(Riemann surface) 367.A 
(system) 419.A 
(topological manifold) 105.В 
finely 261.D 
Zariski 16.А 
openarc 93.B 
open ball 140 
open base 425.F 
open circle 140 
open continuous homomorphism 423.] 
open covering (of aset) 425.R 
open disk 140 
open formulas 199.A 
opening 186.E 
open interval 140 355.C 
open mapping 425.G 
open mapping theorem 
(in Banach space) 37.1 
(in topological linear spaces) 424.X 
open n-ball 140 
open n-cell 140 
open n-disk 140 
open n-sphere 140 
open neighborhood 425.E 
open parallelotope (in an affine space) 7.D 
openset 425.B 
basic 425.F 
relative 425.J 
system of 425.B 
opensimplex 7.D 70.C 
opensphere 140 
open star (in a complex) 70.B,C 
open subgroup (of a topological group) 423.D 
open surface 410.B 
open system entropy 402.G 
open tubular neighborhood 105.L 114.B 
operate 
(in a function algebra) 192.N 
from the left (on a set) 362.B 
from the right (on aset) 362.B 
operating characteristic 404.C 
operating function 192.N 
operating systems 75.C 
operation(s) 
(of an operator domain on a module) 277.C 
(оп a set) 409.A 
Adams 237.E 
Bokshtein 64В 
Boolean 42.A 


Subject Index 
Operation А (in set theory) 


cohomology 64 
compatible with 277.C 

four arithmetic 294.A 
functional cohomology 202.S 
functional Ф- 2025 

glide 92.E 

homotopy 202.0 

left 409.4 

primary cohomology 64.B 
Pontryagin (pth) power 64.B 
primitive (of a group) 362.B 
rational 294.A 

reduced square 64.B 

right 409.A 

rng 368.А 

stable cohomology 64.B 
stable primary cohomology 64.B 
stable secondary cohomology 64.C 
Steenrod (pth) power 64.B 
Steenrod square 64.B 
transitive (of a group) 362.B 


operation A (in set theory) 22.B 
operational calculus 251.6 306, App. A, Table 12.1 
operator 


(in functional analysis) 162 251.A 

(оп азе) 409.A 

Abelian 308.E 

accretive (im a Hilbert space) 286.С 

additive 251.A 

adjoint (in Banach spaces) 37.D 251.D 

adjoint (in Hilbert spaces) 251.E 

adjoint (of a linear partial differential operator) 
322.E 

adjoint (of a microdifferential operator) 274.F 

adjoint (of a microlocal operator) 274.F 

amplification (of the scheme) 304.Е 

angular momentum 258.0 

annihilation 377.A 

Beltrami differential, of the first kind App. A, 
Table 4.IT 

Beltrami differential, of the second kind App. 
A, Table 4.II 

boundary 200.С 201.B 

with a boundary condition 112.F 

bounded linear 37.С 

Calderón-Zygmund singular integral 217.J 
251.O 

Cartier 9.E 

channel wave 375.F 

closable 251.D 

closed 39.1 251.D 

closure 425.В 

coboundary 200.F 

compact 68 

completely continuous 68.В 

conjugate (in Banach spaces) 37.D 

conjugate (of a differential operator) 125.F 

conjugate (of a linear operator) 251.D 

conjugation (in function algebras) 164.К 

creation 377.A 

decomposable (on a Hilbert space) 308.G 

degeneracy (in a semisimplicia! complex) 70.E 

diagonalizable (in an Abelian von Neumann 
algebra) 308.6 

differential 112 223.C 306.B 

differential, of the kth order 237.H 

differentiation 223.C 

dissipative 286.C 

domain (of an Q-group) 190.E 

domain of 409.A 


down-ladder 206.B 

dual(in Banach spaces) 37.D 

dual (of a differential operator) 125.Е 
dual (of a linear operator) 251.D 
elliptic 112.A 

energy-momentum 258.D 
evolution 378.G 

exponential function of 306.C 

face (in a semisimplicial complex) 70.E 
formal adjoint 322.E 

4-momentum 258.D 

Fourier integral 274.C 

Fredholm 68.Е 251.D 

fundamental 163.E 

generalized wave 375.В 

Green's 189.А,В 194.C 
Hamiltonian 351.D 

Hecke 32.D 

Hermitian 251.Е 

Hilbert’s e- 411.) 

holomorphic evolution 378.1 
identity (on a Banach space) 37.C 
incoming wave 375.В 

with index 68.F 

integral 68.N 100.E 251.0 306.B 
integral, of Hilbert-Schmidt type 68.С 
interior 425.В 

inverse 37.C 251.B 

isometric 251.Е 

Laplace 323.А 442.D 
Laplace-Beltrami 194.В 

linear 251 

linear (in Banach spaces) 37.C 

linear (in linear spaces) 256.B 

linear boundary 315.B 

linearized 286.Е 

local 125.DD 

logical 41LE 

Markov 136.B 

maximal (of a differential operator) 112.E 
maximal dissipative 251.J 
microdifferential 274.F 

microlocal 274.Е 

microlocally elliptic 345.А 
Mikusinski’s 306.В 

minimal (of a differential operator) 112.E 
modified wave 375.B 

modular 308.H 

monotone (in a Hilbert space) 286.C 
nonlinear semigroups of 286.X 
nonnegative 251.E 

normal 390.E 

normal (of Sario) 367.G 

normal linear 251.E 

nuclear 68.LK 

number 377.A 

ordinary differential 112.A 

outgoing wave 375.В 

partial differential 112.А 

positive (in vector lattices) 310.E 
positive semidefinite 251.Е 
projection (in a Hilbert space) 197.E 
pseudodifferential 251.0 345 
pseudodifferential (in microlocal analysis) 
274.F 

resolvent (of a Markov process) 261.D 
ring of 308.С 

S- 150.D 

scalar 390.К 

scattering 375.F,H 
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Schródinger 351.D 
self-adjoint 251.Е 390.E 
shift 223.С 251.0 306.C 
spectral] 390.K 
Steenrod App. A, Table 6.II 
step-down 206.В 
step-up 206.В 
strongly elliptic 112.6 323.H 
Sturm-Liouville 112.1 
of summable pth power 68.K 
symmetric 251.Е 
system of differential 112.R 
T- 375.С 
TCP 150.D 
Toeplitz operator 251.0 
total boundary 200.E 
trace 168.B 
translation 306.С 
transposed 112.E 189.C 322.E 
unilateral shift 390.I 
unitary 390.E 
up-ladder 206.B 
Volterra 68.J 
wave 375.B,H 
operator algebra 308.А 
operator convex 212.C 
operator domain 277.C 
module with 277.С 
operator homomorphism 
(of A-modules) 277.E 
(of Q-groups) 190.E 
operator isomorphism 190.Е 
operator monotone 212.C 
operator topology 
strong 251.C 
uniform 251.C 
weak 251.C 
operator-valued distribution 150.D 
opposite 
(simplex) 201.C 
orientation 105.F 
root 13.R 
optical axis 180.B 
optical direction cosines 180.А 
optical distance 180.А 
optical theorem 386.В 
optics, geometric 180 
optimal 
(design) 102.E 
asymptotically 354.0 
optimal control 46.D 86.B,C 405.A 
optimal control problem, time 86.Е 


optimality 
A- 102.E 
D- 102.E 
E- 102.E 


principle of 127.A 
optimal policy 127.A 
optimal regular problem  86.F 
optimal solution 255.А 264.B 292.A 
basic 255.A 
optimal stopping 405.Е 
optimization model 307.С 
optimum allocation 373.E 
optimum predictor, linear 395.D 
optional (stochastic process) 407.B 
optional o-algebra 407.B 
optional sampling 262.C 
optional sampling theorem 262.A 
orbit 


Subject Index 
Order 


(of a dynamical system) 126.B 
(of a permutation group) 151.H 
(=system of transitivity) 362.B 


(of a topological transformation group) 110.A 


431.A 
closed 126.D 
exceptional 431.C 
principal 431.C 
pseudo-,x- 126.J 
pseudo-, tracing property 126.J 
singular 431.C 
orbital angular momentum 351.E 
orbital elements, Kepler's 309.В 
orbitally stable 126.F 
orbital stability (of a solution of a differential 
equation) 394.D 
orbit determination 309.A 
orbit space (of a topological group) 431.A 
orbit type 431.A 
principal 431.C 
order 
(of an algebraic number field) 14.В 
(ofa covering) 425.R 
(of a differential equation) 313.A 320.A 
(of a differential operator) 112.A 
(of an element of a group) 190.C 
(of an elliptic function) 134.E 
(of a function defined by a Dirichlet series) 
121.C 
(of a function on an algebraic curve) 9.C 
(of a generating point of a simple maximally 
overdetermined system) 274.H 
(ofa group) 190.C 


(of a homomorphism of Abelian varieties) 3.C 


(of an infinitesimal) 87.G 

(of an infinity) 87.G 

(of a Lie algebra) 191.D 

(of a meromorphic function) 272.C 

(of a microdifferential operator) 274.F 
(of a multistep method) 303.Е 

(=order relation) 311.A 

(of a plane algebraic curve) 9.B 

(of a point in an ordinary curve) 93.C 
(of a point with respect to a cycle) 99.D 
(of a pole of a complex function) 198.D 


(of the precision of numerical solution) 303.B 


(=a subring) 27.A 

(of a system of differential equations) 313.B 

(of a transcendental entire function) 429.B 

(of a zero point of a complex function) 198.C 

d'Alembert's method of reduction of 252.F 

derivatives of higher App. A, Table 9.III 

difference of the nth 104.А 

finite (distribution) 125.) 

y-point of the kth (of a holomorphic function) 
198.C 

ofhigher 87.G 

infinite (element in a group) 190.C 

left (of a g-lattice) 27.A 

oflower 87.G 

maximal (of a g-lattice) 27.A 

at most (a function) 87.G 

ofthe nth 87.G 

principal (of an algebraic number field) 14.B 

principal (fundamental theorem of) 14.C 

right (of a g-lattice) 27.A 

ofthe same 87.G 

small set of 436.G 

space of line elements of higher 152.C 

surface of the second 350.A 


Subject Index 
Order « 


zero point of the kth (of a holomorphic func- 
tion) 198.C 


zero point of the —kth (of a complex function) 


198.D 
order x 
capacityof 169.C 
Cesàro method of summation of 379.M 
Holder condition of 84.A 
Lipschitz condition of 84А 
potentialof 338.B 
summable by Cesáro's method of 379.M 
order k 
coefficient of 110.A 
converge in the mean of 173.B 342.D 
invariants of 110.A 
population moment of 396.C 
principal components of 110.A 
quantile of 341.H 
Riesz method of summation 379.R 
summable by Hólder's method of 379.M 
summable by M. Riesz's method of 379.R 


order p 
contravariant tensor field of 105.0 
Jetof 105.X 


order s, covariant tensor field of 105.0 
order 0, frame of 110.C 
order 1 
family of frames of 110.B 
frame of 110.C 
order 2, frame of 110.B,C 
order 3, frame of 110.B,C 
order 4, frame of 110.B 
order bounded 310.В 
order convergent sequence (in a vector lattice) 
310.C 
order-disorder transition 402.Е 
ordered additive group 439.В 
totally 439.B 
ordered complex (of a semisimplicial complex) 
70.E 
ordered field 149.N 
Archimedean 149.N 
Pythagorean 60.0 
ordered group 243.G 
lattice- 243.6 
totally 243.G 
ordered linear spaces 310.B 
lattice- 310.B 
ordered pair 33.B 381.B 
ordered set 311.A 
inductively 34.С 
lattice- 243.A 
linearly 311A 
partially 311.А 
semi- 311.A 
totally 311A 
ordered simplex (in a simplicial complex) 70.E 
ordered simplicial complex 70.С 
order function (meromorphic function) 272.B 
order homomorphic (ordered sets) 311.E 
order homomorphism 311.Е 
order ideal (of a vector lattice) 310.B 
ordering 96.C 311.A 
dual 311A 
duality principle for 311.A 
lexicographic 311.G 
lexicographic linear 248.M 
linear 311.A 
partial 311.A 
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pre- 311.H 
total 311.A 
well- 311.C 


order isomorphic (ordered sets) 311.E 
order isomorphism 311.Е 
order limit (in a vector lattice) 310.C 
order-preserving mapping 311.E 
order-preserving semigroup 286.Ү 
order relation 311.A 
order statistic 396.С 
order topology 425.C 
order type 312.A 
ordinal numbers 312.B 
admissible 356.G 
cardinality of 49.E 
constructive 81.B 
countable 49.E 
finite 312.B 
of the first, second, or third number class 
312.D 
of a higher number class 312.D 
hyperconstructive 81.E 
initial 49.E 
isolated 312.B 
limit 312.B 
strongly inaccessible 312.E 
transfinite 312.B 
transfinite initial 49.E 
weakly inaccessible 312.Е 
ordinal product (of a family of ordered sets) 311.G 
ordinal scale 397.M 
ordinal sum (of a family of ordered sets) 311.G 
ordinary curve 93.C 
ordinary derivative (of a set function) 380.D 
ordinary differential equation(s) 313, App. A, Table 
14 
(asymptotic behavior of solutions) 314 
(boundary value problems) 315 
(initial value problems) 316 
Euler linear App. A, Table 14.1 
higher-order App. A, Table 141 
homogeneous App. A, Table 14.1 
homogeneous (of higher order) App. A, Table 
141 
linear 252 313.А 
linear (with constant coefficients) App. А, 
Table 14.I 
linear (of the first order) App. A. Table 141 
linear (global theory) 253 
linear (of higher order) App. A, Table 141 
linear (local theory) 254 
nonlinear 313.A 
nonlinear (global theory) 288 
nonlinear (local theory) 289 
system of 313.B 
ordinary differential operator 112.A 
ordinary Dirichlet series 121.A 
ordinary double point (of a plane algebraic curve) 
9.B 
ordinary element 191.1 
ordinary helicoid 111.1 
ordinary helix 111.F 114.F 
ordinary integral element 428.E 
ordinary integral manifold (of a differential ideal) 
428.E 
ordinary lower derivative (of a set function) 380.D 
ordinary point 
(of an analytic set) 23.B 
(ofacurve) 93.G 
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(in hyperbolic geometry) 285.C 
(of an ordinary curve) 93.C 
(on a Riemann surface) 11.D 
ordinary representation (of a finite group) 362.G 
ordinary sense, derivable in the 380.D 
ordinary singularity 
(of an analytic function) 198.P 
in the wider sense 198.P 
ordinary solution (of a differential ideal) 428.E 


ordinary upper derivative (of a set function) 380.D 


ordinate set 221.E 
orientable 
(manifold) 105.Е 201.N 
(pseudomanifold) 65.B 
transversely 154.B 
orientable fiber bundle 147.L 
orientation 
(of an affine space) 139.B 
(of a contact element) 110.A 
(of a manifold) 105.Е 201.N 
local (in an oriented manifold) 201.N 
negative (of an oriented manifold) 105.F 
opposite (of oriented atlases) 105.F 
positive (of an oriented manifold) 105.F 
same (of oriented atlases) 105.F 
orientation cohomology class 201.3 
orientation manifold 201.N 
orientation sheaf 201.R 
orientation-preserving mapping 99.A 
orientation-reversing mapping 99.A 
oriented atlas (of an orientable differentiable mani- 
fold) 105.F 
oriented cobordism 
class 114.H 
group 114.H 
oriented differentiable structures, group of (on the 
combinatorial sphere) 1141 
oriented element (in a covering manifold) 110.A 
oriented G-manifold 431.Е 
oriented graph 186.В 
oriented manifold 105.Е 201.N 
integrals over 105.T 
oriented pseudomanifold 65.В 
coherently 65.B 
oriented q-simplex 201.С 
oriented real hypershpere 76.А 
Oriented segment 442.A 
oriented simplicial chain complex 201.С 
oriented singular r-simplex of class C?  105.T 
oriented tangent line 76.B 
origin 
(of an affine space) 7.C 
(of a Euclidean space) 140 
(of a projective frame) 343.С 
Orlicz-Pettis theorem 443.D 
Orlicz space 168.B 
Ornstein-Uhlenbeck Brownian motion 45.1 
orthant, positive 89.G 
orthochronous 258.A 
orthocomplement (of a subspace of a linear space) 
139.G 
orthogonal 
(block design) 102.J 
(elements of a ring) 368.B 
(in Euclidean geometry) 139.E,G 
(functions) 317.A 
(in a Hilbert space) 197.C 
(linear subspaces) 256.G 
mutually (latin squares) 241.B 
orthogonal array 1021, 


Subject Index 
Orthonomic system, passive 


orthogonal complement (of a subset of a Hilbert 
space) 197.E 
orthogonal component (of an element of a linear 
. Space) 139.G 
orthogonal coordinate system adapted to (a flag) 
139.E 
orthogonal curvilinear coordinates 90.С 
orthogonal curvilinear coordinate system App. A, 
Table 3.V 
orthogonal expansion 317.A 
orthogonal for a finite sum 19.6 
orthogonal fractional factorial design 1021 
orthogonalframe 111.B 139.E 
orthogonal frame bundle 364.A 
tangent 364.A 
orthogonal function(s) 317, App. A, Table 20 
Haar system оѓ 317.C 
Rademacher system of 317.C 
Walsh's system of 317.C 
orthogonal group 601 139.B 1511 
(over a noncommutative group) 60.0 
complex 601 
complex special 601 
infinite 202.V 
over K with respect to Q 60.K 
pair 422.1 
proper 60.1 258.A 
reduced 61.D 
special 601 
orthogonality for a finitesum 317.D, App. A, Table 
20.VII 
orthogonality relation 
(on irreducible characters) 362.G 
(for square integrable unitary representations) 
437.M 
orthogonalization 
Gram-Schmidt 317.А 
Schmidt 317.A 
orthogonal k-frame (in R”) 199.B 
orthogonal matrix 269.J 
complex 269 
proper 269.7 
orthogonal measure 164.C 
orthogonal polynomial(s) 19.G, App. A, Table 
20.VII 
Chebyshev 19.G 
simplest 19.G 
system of 317.D 
orthogonal projection 
(in Euclidean geometry) 139.E,G 
(in a Hilbert space) 197.E 
method of 323.G 
orthogonal series (of functions) 317.А 
orthogonal set 
(of functions) 317.A 
(of a Hilbert space) 197.C 
(ofa ring) 368.В 
orthogonal system 
(of functions) 317.A 
(of a Hilbert space) 197.C 
complete 217.G 
orthogonal trajectory 193.J 
orthogonal transformation 139.B 348.B 
(over a noncommutative field) 60.0 
(with respect to a quadratic form) 60.K 
orthogonal transformation group 601 
over K with respect їо О 60.К 
orthomodular 351.L 
orthonomic system, passive (of partial differential 
equations) 428.B 


Subject Index 
Orthonormal basis 


orthonormal basis 197.C 
orthonormalization 139.G 
orthonormal moving frame 417.D 
orthonormal set 
(of functions) 317.A 
(ofa Hilbert space) 197.С 
complete (of a Hilbert space) 197.С 
orthonormal system 
complete 217.6 
complete (of fundamental functions) 217.G 
orthorhombic system 92.Е 
oscillate (for a sequence) 87.D 
oscillating (series) 379.A 
oscillating motion 420.D 
oscillation(s) 318 
(ofa function) 216.A 
bounded mean 168.В 
damped 318.B 
equation of App. A, Table 15.VI 
forced 318.B 
harmonic 318.В 
nonlinear 290.A 
relaxation 318.С 
nonstationary 290.F 
oscillator process 351.F 
oscillatory 314.F 
osculating circle 111.F 
osculating elements 309.D 
osculating plane 111.F 
osculating process 77.В 
Oseen approximation 205.C 
Osgood theorem, Hartogs- 21.H 
O-S positivity 150.Е 
Osterwalder-Schrader axioms 150.Е 
Ostrogradskii formula 94.Е 
outdegree 186.B 
outer area 216.F 270.G 
outer automorphisms 
group of (ofa group) 190.0 
group of (of a Lie algebra) 248.Н 
outer capacity, Newtonian 48.H 
outer function 43.F 
outer harmonic measure 169.В 
outer measure 270.E,G 
Carathéodory 270.E 
Lebesgue 270.G 
outer solution 25.B 
outer variable 25.B 
outer volume 270.G 
outgoing subspace 375.H 
outgoing wave operator 375.B 
outlier test 397.0 
out-state 150.D 386.A 
oval 89.C 111.E 
Cassini 93.H 
mean (of two ovals) 89. 
width of the 111.E 
ovaloid 89.C 1111 
overall approximation formula 303.С 
overconvergence 339.E 
overcrossing point 235.A 
overdetermined system 
(of differential operators) 112.1 
(of partial differential equations) 320.F 
maximally (=holonomic) 274.H 
overfield 149.B 
overidentified 128.C 
overrelaxation 
successive (SOR) 302.С 
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P 


PSL(n, k) (projective special linear group) 60.В 
PS,(n, k) (projective symplectic group over К) 60.1, 
PU (n) (projective unitary group) 60.F 
P"(K) (projective space) 343.Н 
g-subsequence 354.Е 
n-group 151.F 
z-length (ofa group) 151.F 
n-manifold 114.1 
T-series (of a group) 151.F 
n-solvable group 151.Е 
n theorem 116 
n topology 424.R 
TT} set 22А 
П! set 22D 
p-adic exponential valuation 439.F 
p-adic extension (of the field of quotients of a 
Dedekind domain) 439.F 
p-index (of a central simple algebra over a finite 
algebraic number field) 29.G 
p-invariant (of a central simple algebra over a finite 
algebraic number field) 29.G 
p-primary ideal 67.Е 
33-function, Weierstrass 134.Е, App. A, Table 
16IV 
P-acyclic 200.Q 
p-adic integer(s) 439.F 
ring of 439.F 
p-adic L-function 450.J 
p-adic number 439.F 
p-adic number field 257.А 439.F 
p-adic regulator 450.J 
p-adic valuation 439.Е 
p-ary matroid 66.H 
p-atom 168.B 
p-covector 256.0 
p-dimensional noncentral Wishart distribution 
374.C 
p-extension (of a field) 59.F 
p-factor (of an element of a group) 362.I 
p-fold exterior power 
(of a linear space) 256.0 
(of a vector bundle) 147.F 
p-form 
tensorial 417.C 
vectorial 417.C 
p-group 151.В 
Abelian 2.A 
complete (Abelian) 2.D 
divisible (Abelian) 2.D 
p-parabolic type 327.Н 
p-rank (of a torsion-free additive group) 2.E 
p-regular (element of a finite group) 362.1 
p-Sylow subgroup 151.В 
pth power, operator of summable 68.К 
pth power operation 
Pontryagin 64.B 
Steenrod 64.B 
p-torsion group of an exceptional group App. A, 
Table 6.IV 
p-valent (function) 438.Е 
absolutely 438.Е 
circumferentially mean 438.Е 
locally 438.E 
locally absolute 438.E 
mean 438.E 
quasi- 438.E 
p-vector 256.0 
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bundleof 147.F 
(p,q)-ball knot 235.G 
(p,q)knot 235.G 
(p + D-stage method 303.D 
P-convex (for a differential operator) 112.C 
strongly 112.C 
P-function, Riemann 253.B, App. A, Tables 
14.II 18.1 
P-projective resolution 200.0 
P-wave 351.E 
P,set 22.D 
P’-figure 343.В 
p-space 425.Ү 
P-space 425.Y 
Padé approximation 142.E 
Padé table 142.E 
Painlevé equation 288.С 
Painlevé theorem 198.6 
Painlevé transcendental function 288.C 
pair 381.B 
(in axiomatic set theory) 33.B 
ball 235.G 
BN- 13.R 
contact (in circle geometry) 76.С 
group (of topological Abelian groups) 4221 
order 381.B 
ordered (in axiomatic set theory) 33.B 
orthogonal group 4221 
Poincaré, of formal dimensionn 114.J 
simplicial 2011. 
sphere 65.D 235.G 
topological 201.L 
unordered 381.В 
unordered (in axiomatic set theory) 33.B 
paired comparison 346.C 
pairing 
(of linear spaces) 424.G 
axiom of 381.G 
pair test 346.D 
pairwise sufficient (statistic) 396.F 
Palais-Smale condition (C) 279.E 286.Q 
Paley theorem 317.B 
Paley theory, Littlewood- 168.В 
Paley-Wiener theorem 125.0,BB 
pantograph 19.E 
paper 
binomial probability 19.В 
functonal 19.D 
logarithmic 19.F 
probability 19.F 
semilogarithmic 19.F 
stochastic 19.B 
Pappus theorem 
(on conic sections) 78.K 
(in projective geometry) 343.C 
parabola(s) 78.A 
family of confocal 78.H 
parabolic 
(differential operator) 112.A 
(Riemann surface) 367.D,E 
(simply connected domain) 77.B 
(visibility manifold) 178.F 
parabolic coordinates 90.C, App. A, Table 3.V 
parabolic cusp (of a Fuchsian group) 122.C 
parabolic cylinder 350.В 
parabolic cylinder function 167.C 
parabolic cylindrical coordinates 167.С, App. A, 
Table 3.V 


parabolic cylindrical equation App. A, Table 14.11 


Subject Index 
Parameter(s) 


parabolic cylindrical surface 350.В 
parabolic-elliptic motion 420.0 
parabolic geometry 285.А 
parabolic motion 420.D 
parabolic point (on a surface) 110.B 111.H 
parabolic quadric hypersurface 3501 
parabolic subalgebra (of a semisimple Lie algebra) 
248.0 

parabolic subgroup 

(of an algebraic group) 13.G 

(of the BN-pair) 13.R 

(of a Lie group) 249.J 

cuspidal 437.X 

minimal k- 13.0 

standard k- 13.0 
parabolic transformation 74.F 
parabolic type 

(equation of evolution) 378.1 

partial differential equation of 327 
paraboloid 

elliptic 350.В 

elliptic, of revolution 350.B 

hyperbolic 350.В 
paracompact (space) 425.S 

countably 425.Y 

strongly 425.5 
paracompact C'-manifold 105.D 
paradox(es) 319 

Burali-Forti 319.B 

d'Alembert 205.C 

Richard 319.B 

Russel 319.B 

Skolem 156.E 

Zeno 319.C 
parallax 

annual 392 

geocentric 392 
parallel(s) 

(affine subspaces) 7.B 

(lines) 139.A 155.B 

(lines in hyperbolic geometry) 285.В 

(tensor field) 364.B 

axioms of 139.А 

in the narrow sense (in an affine space) 7.B 

in the sense of Levi-Civita 111.H 

in the wider sense (in an affine geometry) 7.B 
parallel coordinates (in an affine space) 7.C 
parallel displacement 

(in an affine connection) 80.H 

(ina connection) 80.C 

(in the Riemannian connection) 364.B 
parallelepiped, rectangular 14.0 
parallelism, absolute 191.B 
parallelizable 

(flow) 126.E 

(manifold) 1141 

almost 1141 

s- 1141 

stably 1141 
parallelogram, period 134.E 
parallelotope 425.T 

(in an affine space) 7.D 

open (in an affine space) 7.D 
parallel projection (in an affine space) 7.C 
parallel translation 80.C 364.B 
parameter(s) 165.C 

(of an elliptic integral) 134.A 

(in a population distribution) 401.F 

(of a probability distribution) 396.B 


Subject Index 
Parameter space 


acceleration 302.C 
canonical (of an arc) 111.D 
design for estimating 102.М 
distinct system of 284.D 
estimable 403.E 
isothermal 334.B 
isothermal (for an analytic surface) 1111 334.B 
Lagrange’s method of variation of 252.D 
linear 102.A 
linearly estimable 403.Е 
local (Fuchsian groups) 32.B 
local (of a nonsingular algebraic curve) 9.C 
local (of a Riemann surface) 367.A 
local canonical (for power series) 339.A 
local uniformizing (of a Riemann surface) 
367.A 
location 396.1 400.E 
one- (group of transformations) 105.N 
one- (subgroup of a Lie group) 249.0 
one-, semigroup of class (C°) 378.B 
of regularity (of a Lebesgue measurable set) 
380.D 
regular system of 284.D 
scale 396.1 400.E 
secondary 110.A 
selection 396.Е 
system of 284.D 
time (of a stochastic process) 407.A 
transformation 396.1 
transformation of 111.D 
true value of 398.A 
parameter space 
(of a family of compact complex manifolds) 
72.G 
(of a family of probability measures) 398.A 
(of a probability distribution) 396.B 
parametrically sustained vibration 318.В 
parametric function 102.А 399.4 
parametric programming 264.С 
parametric representation 165.С 
(of Feynman integrals) 146.B 
(of a subspace of an affine space) 7.C 
parametrix 189.C 
left 345.A 
right 345.A 
parametrized, effectively (at0) 72.G 
paraxial ray 180.B 
parity check matrix 63.С 
parity check polynomial 63.D 
parity transformation 359.B 
Parreau-Widom type 164.K 
Parseval equality 18.В 197.C 
Parseval identity 18.В 159.A 160.С 192.K 


220.B,C,E 
parsing 31.E 
part(s) 


(for a function algebra) 164.F 
connected 150.D 
cyclic (of an ergodic class) 260.B 

_ dissipative (of a state space) 260.B 
essential 2601 
finite (of an integral) 125.C 
Gleason (for a function algebra) 164.Е 
holomorphic (in a Laurent expansion) 198.D 
homogeneous (of a formal power series) 370.A 
imaginary 74А 
integration by (for the D-integral) 100.G 
integration by (for the Stieltjes integral) 94.C 
integration by (for the Riemann integral) 

216.C 
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negative (of an element of a vector lattice) 
310.B 
positive (of an element of a vector lattice) 
310.B 
principal (of a differential operator) 112.A 
principal (of a Laurent expansion) 198.D 
principal (of a partial differential operator) 
320.B 
purely contractive 251.N 
real 74А 
semisimple (of an algebraic group) 13.E 
semisimple (of a nonsingular matrix) 13.E 
singular (of a Laurent expansion) 198.D 
unipotent (of an algebraic group) 13.E 
unipotent (of a nonsingular matrix) 13.E 
partial boundary operator 200.E 
partial capture 420.D 
partial correlation coefficient 397.J 
sample 280.Е 
partial denominator (of an infinite continued frac- 
tion) 83.A 
partial de Rham system 274.6 
partial derivative 106.F,K 
nth-order 106.Н 
partial derived functor 2001 
partial differential 200.H 
partial differential coefficient 106.Е 
partial differential equation(s) 313.А 320 
(initial value problems) 321 
(method of integration) 322 
of elliptic type 323, App. A, Table 15.VI 
of the first order 324 
Fokker-Planck 115.A 
hyperbolic 325 
of hyperbolic type 325 
of mixed type 326 
of parabolic type 327 
solution, of the first order App. A, Table 15.1 
solution, of the second order App. A, Table 
15.11 
system of, of order 1 (on a differentiable mani- 
fold) 428.F 
partial differential operator 112.A 
partial differentiation 106.F 
partial fraction App. A, Table 10.V 
partial function 356.E 
partial graph 186.С 
partially balanced incomplete block design 102.J 
406.J 
partially confounded (with blocks) 102.7 
partially conserved axial-vector currents 
partially differentiable (function) 106.F 
partially isometric (operator) 251.E 
partially ordered set 311.А 
partial mapping (of a mapping) 381.С 
partial numerator (of an infinite continued fraction) 
83.A 
partial observation 405.С 
partial ordering 311.A 
partial pivoting 302.B 
partial product 379.G 
partial quotient, nth 83.А 
partial recursive (in a partial recursive function) 
356.E,F 
partial sum (of a series) 379.A 
diagonal (of a double series) 379.E 
partial summation, Abel 379.D 
partial wave 386.В 
partial wave expansion 375.E 386.B 
partial wave scattering amplitude 375.E 


132.G 
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particle(s) 
Bose 132A 
composite 132.A 
elementary 132 
Fermi 132.А 
particular solution 
(of a differential equation) 313.A 
(of partial differential equations) 320.C 
(for a system of differential equations) 313.C 
particular transformation (of h) 248.R 
partition(s) 
(in ergodic theory) 136.E 
(of an interval) 216.A 
(ofa set) 381.D 
(ofa space) 425.L 
entropy of 136.E 
-independent 136.Е 
independent sequence of 136.E 
Markov (for an automorphism) 136.C,G 
number of 177.D 328 
of numbers 328 
Pinsker 136.E 
principal 66.H 
of unity 425.R 
of unity of class C^ 105.5 
of unity subordinate to a covering 425.R 
upper semicontinuous 425.L 
partition function 402.D 
grand 402.р 
partitioning algorithm 215.E 
Pascal, B. 329 
limaçon of 93.H 
Pascal configuration 78.K 
Pascal line 78.K 
Pascal theorem 
(on conic sections) 78.K 
(in geometry) 155.E 
(in projective geometry) 343.Е 
Pascal triangle 330 
Pasch’s axiom (in geometry) 155.B 
passive 
(state) 402.G 
completely 402.G 
passive boundary point 260.1 
dual 260.1 
passive network 282.С 
passive orthonomic system (of partial differential 
equations) 428.B 
pastcone 258.А 
past history, independent ofthe 406.D 
pasting together the boundaries 114.F 
path 
(in a Finsler space) 152.C 
(ina graph) 186.F 
(of a Markov process) 261.B 
(of a stochastic process) 407.A 
(іп a topological space) 148.С 170 
asymptotic (for a meromorphic function) 
272.H 
closed (ina graph) 186.F 
closed (in a topological space) 170 
closed, space of 202.C 
critical 376 
direct 186.F 
direct closed 186.F 
Euler (іп а graph) 186.F 
general geometry of 152.C 
Hamilton 186.F 
of an integration (curvilinear integral) 94.D 
inverse 170 


Subject Index 
Percolation process 


nontangential 333.B 
projective geometry of 109 
quasi-independent of (response probability) 
346.G 
sample 407.A 
simple 186.F 
Stolz (in a plane domain) 333.B 
path-component 79.B 
path-connected 79.B 
path-dependent, d-trial 346.G 
path-independent (response probability) 346.G 
path integral 351.F 
pathological(space) 65.F 
pathspace 148.C 261.B 
pathwise uniqueness of solution 406.D 
pattern formation 263.D 
Pauli approximation 351.6 
Pauli-Lubanski vector 258.D 
Pauli principle 351.G 
Pauli spin matrix 258.А 351.G 
payoff 108.B,C 173.B 
payoff function 173.C 
PBIBD (partially balanced incomplete block 
design) 102J 
PC (predictor-corrector) method 303.Е 
PCT invariance 386.B 
PCT theorem 386.В 
peak point 164.D 
generalized 164.D 
peak set 164.D 
generalized 164.D 
Peano area (of a surface) 246.F 
Peano continuum 93.D 
Peanocurves 93.J 
Peano postulates 294.В 
Pearson distribution 397.D 
Pearson lemma, Neyman- 400.B 
Péclet number 116.B 
pedal curve 93.H 
Peierls-Bogolyubov inequality 212.B 
Peirce decomposition (of a Jordon algebra) 231.B 
Peirce left decomposition (in a unitary ring) 368.F 
Peirce right decomposition (in a unitary ring) 
368.F 
Peirce space 231.B 
Petczynski theorem, Bessaga- 443.D 
Pell equation 118.A 
penalized problems 440.B 
penalty method 292.E 
penalty term 440.B 
pencil 
algebraic 15.C 
of conics 343.E 
of hyperplanes (in a projective space) 343.B 
Lefschetz 16.0 
linear 16.N 
of lines (in a projective plane) 343.B 
of planes (in a 3-dimensional projective space) 
343.B 
of quadric hypersurfaces 343.Е 
of quadrics 343.E 
peninsula (in a Riemann surface) 272.J 
pentagamma function 174.B 
pentagon 155.F 
pentagonal number 4.D 
pentagonal number theorem 328 
pentaspherical coordinates 90.B 
percolation process 340.D 
bond 340.D 
site 340.D 


Subject Index 
Perfect 


perfect 
(image) 180.A 
a-(graph) 186.K 
y- (graph) 186.K 
perfect additive functional 261.E 
perfect code 63.B 
perfect delay convention 51.Е 
perfect field 149.H 
perfect fluid 205.B 
perfect image 425.CC 
perfect inverse image 425.CC 
perfect kernel (in potential theory) 338.Е 
perfectly normal space 425.Q 
perfectly separable space 425.P 
perfect mapping 425.W 
quasi- 425.CC 
perfectness theorem 186.К 
perfect number 297.D 
of the second kind 297.D 
perfect set 425.0 
perigon, straight 139.D 
perihelion distance 309.В 
period 
(of an Abelian differential form) 11.C 
(of an ergodic class) 260.B 
(of a marked K3 surface) 72.K 
(of an orbit) 126.D 
(of an oscillation) 318.A 
(of a periodic continued fraction) 83.C 
(of a periodic function) 134.B 
(ofa wave) 446 
fundamental 134.E 
periodgram  421.C 
periodic (trajectory) 126.D 
almost 126.F 
periodic continued fraction 83.С 
periodic endomorphism (at a point) 136.E 
periodic function 134.Е 
almost (ona graph) 18.E 
almost (with respect to р) 18.C 
almost (in the sense of Bohr) 18.B 
analytic almost 18.D 
doubly 134.E 
simply 134.E 
uniformly almost 18.В 
periodic group 2.A 
maximally almost 18.I 
minimally almost 18.1 
periodic inequality, Riemann 3.L 
periodicity 390.J 
periodicity modulus (of an elliptic integral) 134.A 
periodicity theorem, Bott 202.У 237.D, App. A, 
Table 6.VII 
periodic solution (of Hill’s equation) 268.E 
period matrix 
(of a closed Riemann surface) 11.C 
(of a complex torus) 3.H 
period parallelogram 134.Е 
fundamental 134.E 
period relation, Riemann’s 3.L 11.C 
peripheral devices 75.В 
peripheral system 235.В 
permeability, magnetic 130.В 
permeable membrane 419.A 
permutation 190.B 
(in a symmetric group) 151.G 


even 151.G 
k- 330 
odd 151.G 


permutation group 190.B 
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ofdegreen 151.G 
imprimitive 151.6 
intransitive 151.H 
K-transitive 151.H 
K-ply transitive 151.H 
multiply transitive 151.Н 
primitive 151.H 
regular 151.H 
transitive 151.H 
permutation representation (of a group) 362.B 
degree of 362.B 
faithful 362.B 
primitive 362.B 
reciprocal 362.В 
similar 362.В 
perpendicular 
(to a hyperplane) 139.E 
foot of the 139.E 
perpetual motion 402.G 
Perron-Brelot solution (of Dirichlet problem) 
120.C 
Perron-Frobenius theorem 310.H 
Perron integrable (function) 100.Е 
Perron method (in Dirichlet problem) 120.C 
Perron theorem 
(on linear transformations of sequences) 379.L 
(on ordinary differential equations) 316.E 
(on positive matrices) 269.N 
Perron-Wiener-Brelot solution (of Dirichlet 
problem) 120.C 
persistent 260.J 
perspective 343.В 
perspective mapping (in projective geometry) 343.B 


‘PERT 307.С 376 


perturbation(s) 

analytic 331.D 

asymptotic 331.D 

generaltheoryof 420.E 

Kato 351.D 

oflinear operators 331 

method 25.A 

regular 331.D 

secular 55.В 

singular 289.E 

special theory of 420.E 
Petersson conjecture, Ramanujan- 32.D 
Petersson metric 32.В 
Peter-Wey] theory 

(on compact groups) 69.B 

(on compact Lie groups) 249.U 
Petrovskii, hyperbolic in the sense of 325.F 
Petrovskii theorem 112.D 
Pettis completely additivity theorem 443.G 
Pettis integrable 443.F 

Gelfand- 443.F 
Pettis integral 443.F 

Gelfand- 443.F 
Pettis measurability theorem 443.B 
Pettis theorem 

Dunford- 68.M 

Orlicz- 443.D 
Petvyashvili equation, Kadomtsev- 387.Е 
Pfaffian 103.G 
Pfaffian equation(s) 428.A 

system of 428.A 
Pfaffian form 428.А 
Pfaff problem 428.А 

generalized 428.В 
Pfluger extremal length, Hersch- 143.A 
phase 
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initial (of a simple harmonic motion) 318.B 
рше 402.6 
phase average 402.С 
phase constant (of a sine wave) 446 
phase function (of a Fourier integral operator) 
274.C 345.B 
phase portrait 126.В 
phase shift 375.E 386.B 
phase space 
(of a dynamical system) 126.C 290.C 
(for functional-differential equation) 163.C 
(in statistical mechanics) 402.C 
momentum 1261, 
velocity 126.1, 
phase transition 340.B 
phase velocity (of a sine wave) 446 
phenomenon 
Gibbs 159.D 
Runge 223.A 
Stokes 254.D 
photon 132.B 377.B 
Phragmén-Lindelóf theorem 43.C 
physical Hilbert space 150.G 
physically contains 351.K 
PI-algebra (algebra with polynomial identities) 
29.J 
Picard exceptional value 272.E 
Picard group (of a commutative ring) 237.J 
Picard-Lefschetz formula 418.F 
Picard-Lefschetz transformation 16.U 
Picard number (of a variety) 16.P 
Picard scheme 16.Р 
Picard theorem 
(on transcendental entire functions)  429.B 
(on transcendental meromorphic functions) 
272.E 
Picard variety 16.P 
(of a compact Kahler manifold) 232.C 
Picard-Vessiot extension field 113 
Picard-Vessiot theory 113 
picture 
Heisenberg 351.D 
Schrödinger 351.D 
piecewise affine mapping 192.0 
piecewise continuous function 84.B 
piecewise linear mapping 65.A 70.C 
piecewise smooth curve 364.A 
Pincherle-Goursat kernel 217.F 
Pinching problem (differentiable) 178.E 
Pinsker partition 136.Е 
Pitman estimator 399.G 
pivot 302.B 
pivoting 
complete 302.В 
partial 302.B 
PL category 65.A 
PL embedding 65.D 
PL homeomorphism 65.А 
PL isomorphism 65.A 
PL k-ball 65.C 
PL (k —1)-sphere 65.C 
PL mapping(map) 65.A 
PL microbundle 147.Р 
PL (n, m)-ball knot 65.р 
PL (n,m)-knot 65.D 
PL normal 147.Р 
PL structure 65.C 
PLtangent 147.P 
PLtopology 65.A 
place (of a field) 439.7 


Subject Index 
Plücker relations (on Plücker coordinates) 


placement problem 235.A 
planar 367.G 
planar character 367.G 
planar curvilinear coordinates App. А, Table 3.V 
planar graph 186.Н 
planarity (of a graph) 186.H 
Plancherel formula (on a unimodular locally com- 
pact group) 437.L 
Plancherel measure (of a locally compact group) 
437.1. 
Planchereltheorem 160.Н 192.A,K 
(with respect to the Radon transform) 218.G 
Planck constant 351.А 
Planck (partial differential) equation, Fokker- 
115.A 4021 
plane(s) 155.B 
(as an affine space) 7.A 
(in a projective space) 343.B 
Cayley projective 54 
complex 74.C 
conjugate (with respect to a quadric surface) 
350.C 
coordinates (of a plane) 343.C 
finite projective 241.B 
Gauss-Argand 74.C 
Gaussian 74.C 
half- 155.B 333.A 
hodograph 205.В 
hyperbolic 122.C 
normal 111.F 
osculating 111.F 
pencil of (in a 3-dimensional projective space) 
343.B 
polar (with respect to a quadric surface) 350.C 
principal (of a quadric surface) 350.B 
projective 343.В 
rectifying 111.F 
tangent 111.H, App. A, Table 4.I 
w- 74D 
Zz- 74.D 
plane algebraic curve 9.B 
plane coordinates (of a plane) 343.C 
plane curve App. A, Table 41 
continuous 93.В 
plane domains 333 
closed 333.А 
multiply connected 333.А 
n-ply connected 333.A 
plane geometry 181 
plane polygon 155.Е 
plane triangle App. A, Table 2.II 
plane trigonometry 432.A 
plane wave 446 
plane wave decomposition 125.CC 
planimeter 19.A 
planning 
production 376 
statistical 102.A 
plasticity, theory of 271.G 
Plateau problem 334 
playable 108.B 
Pleijel asymptotic expansion, Minakshisundaram- 
391.B 
PLK (Poincaré-Lighthill-Kuo) method 25.В 
Plotkin bound 63.В 
plots 102.B 
Pliicker coordinates (in a Grassman manifold) 
90.B 
Plicker formulas (on plane algebraic curves) 9.B 
Pliicker relations (on Pliicker coordinates) 90.B 


Subject Index 
Plurigenera 


plurigenera 15.E 
pluriharmonic distribution 21.C 
plurisubharmonic function 21.G 
plus infinity 87.D 
Pochhammer differential equation, Tissot- 206.С 
Poincaré, Н. 335 
last theorem of 153.B 
theta-Fuchsian series of 32.B 
Poincaré-Birkhoff fixed-point theorem 153.В 
Poincaré-Birkhoff-Witt theorem (on Lie algebras) 
248.J 
Poincaré-Bruns theorem 420.А 
Poincaré characteristic, Euler- 16.Е 201.B 
Poincaré class 
Euler- 56.B,F 
universal Euler- 56.В 
Poincaré complete reducibility theorem 3.C 
Poincaré complex 114 
Poincaré condition (in Dirichlet problem) 120.A 
Poincaré conjecture 65.C 
generalized 65.С 
Poincaré differential invariant 74.G 
Poincaré duality 201.0 450.Q 
Poincaré formula (in integral geometry) 218.C 
Poincaré formula, Euler- 201.B,F 
Poincaré group 170 258.A 
Poincaré-Lefschetz duality theorem 201.0 
Poincaré-Lighthill-Kuo (PLK) method 25.B 
Poincaré manifold 105.A 
Poincaré mapping (map) 126.C,G 
Poincaré method 25.B 
Poincaré method, Lindstedt- 290.Е 
Poincaré metric 74.G 
Poincaré model (of geometry) 285.D 
Poincaré pair (of formal dimension п) 114J 
Poincaré polynomial (of a finite simplicial complex) 
201.B 
Poincaré series 32.B 
Poincaré series, Eisenstein- 32.F 
Poincaré theorem 383.E 
(on Abelian varieties) 3.D 
Poincaré-Volterra theorem 198.J 
Poinsot representation 271.E 
point(s) 
(of an affine space) 7.A 
(in the foundations of geometry) 155.B 
(ofa graph) 186.B 
(in projective geometry) 343.B 
accessible boundary (of a plane domain) 333.B 
accumulation 425.0 
accumulation (of a sequence of real numbers) 
87.C 
adherent 425.B 
algebraic (over а field) 369.С 
algebraic branch (of a Riemann surface) 367.B 
almost all, of a variety 16.А 
a- (of a meromorphic function) 272.B 
a-limit 126.D 
ambiguous 62.D 
antipodal (on a sphere) 140 
apparent singular 254.C 
base (of a linear system) 16.N 
base (ofa loop) 170 
base (of a topological space) 202.B 
bifurcation 126.М 217.M 286.R 
boundary (of a subset) 425.N 
branch (of a covering surface) 367.B 
branch (of a harmonic mapping) 275.B 
branch (of an ordinary curve) 93.C 
catastrophe 51.F 
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cluster 425.O 

coincidence (of maps) 153.B 

collinear (in projective geometry) 343.B 

complete accumulation 425.0 

condensation 425.0 

conjugate 46.C 364.C 

conjugate (in a projective space) 343.E 

corresponding (with respect to confocal qua- 
drics) 350.E 

critical (of a C?^-function) 279.B 

critical (of a function) 106.L 

critical (of a mapping) 105.J 193.J 208.B 

critical (of a trajectory) 126.D 

cut (on a geodesic) 178.A 

degenerate critical 106.1 279.B 

degree of 99.D 

of density (of a measurable set of the real line) 
100.B 

dependent (in an affine space) 7.A 

dependent (in a projective space) 343.B 

deviation 336.В 

discontinuity 84.B 

discontinuity, of the first kind 84.В 

discontinuity, of the second kind 84.B 

dual passive boundary 2601 

elliptic (of a Fuchsian group) 122.C 

elliptic (on a surface) 111.H 

end (of an ordinary curve) 93.C 

entrance boundary 2601 

equianharmonic range of 343.D 

equilibrium 108.C 

equilibrium (in the theory of games) 173.C 

equilibrium (of a trajectory) 126.D 

equivariant (of a mapping) 153.B 

equivariant, index (of a mapping) 153.B 

essentially singular (with respect to an analytic 
set) 21.M 

estimation 399.В 401.C 

exit boundary 2601 

exterior (of a subset) 425.N 

externally irregular 3381, 

extreme (of a convex set) 89.A 

extreme (of a subset of a linear space) 424 T 

fixed (of a discontinuous transformation group) 
122.A | 

fixed (of a flow) 126.D 

fixed (of a mapping) 153.A 

fixed (of a mapping in a topological linear 
space) 153.D 

fixed (method of roundoff) 138.В 

fixed (of a topological transformation group) 
431.A 

fixed, of discontinuity 5.В 407.A 

fixed, index (ofa mapping) 153.В 

fixed branch (of an algebraic differential equa- 
tion) 288.A 

fixed, theorem 153 

flat (of a surface) 111.H 

focal (of a submanifold of a Riemannian mani- 
fold) 364.C 

frontier (of a subset) 425.N 

functions 380.A 

fundamental (of a projective space) 343.C 

fundamental (with respect to a birational 
mapping) 16.1 

y-, of the kth order (of a holomorphic function) 
198.C 

generalized peak 164.D 

generic 16.А 

geodesic 111.Н 365.D 
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geometric (of a scheme) 16.D 

harmonic range of 343.D 

homoclinic 126.) 

hyperbolic (on a surface) 111.H 

hyperbolic fixed 126.G 

hyperbolic singular 126.G 

ideal (in hyperbolic geometry) 285.С 

independent (in an affine space) 7.A 

independent (in a projective space) 343.B 

at infinity (in affine geometry) 7.B 

at infinity (of a Gaussian plane) 74.D 

at infinity (in hyperbolic geometry) 285.C 

at infinity (of a Riemann manifold) 178.F 

of inflection (of a curve of class С?) 93.G 

of inflection (of a plane algebraic curve) 9.В 

initial (of a curvilinear integral) 94.D 

initial (of a path) 170 

initial (of a position vector) 7.A 

initial (of a vector) 442.А 

integral 428.E,F 

interior 425.B 

internally irregular 338.1], 

irregular (of an analytic set) 45.D 

irregular (of a Markov process) 261.D 

irregular boundary 120.D 

irregular singular 254.B 

isolated 425.0 

isolated (of a curve) 93.G 

isolated fixed 126.G 

isotropic 365.D 

k-rational (of an algebraic variety) 16.А 369.C 

left singular (of a diffusion process) 115.B 

limit (of a discontinuous group) 122.C 

limit (of a sequence of points) 87.E 

limit (of a sequence of real numbers) 87.B 

limit, type 1121 

logarithmic branch (of a Riemann surface) 
367.B 

middle (of two points of an affine space) 7.C 

movable branch (of an algebraic differential 
equation) 288.A 

multiple (on an arc) 93.B 

multiple (of a plane algebraic curve) 9.B 

multiple (on a variety) 16.F 

negative limit 126.D 

nodal 304.C 

nondegenerate critical 106.1. 279.В 

nondegenerate critical (of a function on a 
Hilbert manifold) 286.N 

nonrecurrent 260.В 

nonsingular (of an algebraic variety) 16.Е 

normal (of an analytic space) 23.D 

normal (ofa variety) 16.F 

null recurrent 260.B 

w-limit 126.р 

1000%- 396.C 

order of (with respect to a cycle) 99.D 

order of (in an ordinary curve) 93.C 

ordinary (of an analytic set) 23.B 

ordinary (of a curve of class Ск) 93.6 

ordinary (in hyperbolic geometry) 285.C 

ordinary (of an ordinary curve) 93.С 

ordinary (of a plane algebraic curve) 9.B 

ordinary (on a Riemann surface) 11.D 

overcrossing 235.A 

parabolic (on a surface) 110.B 111.H 

passive boundary 2601 

peak 164.D 

positive limit 126.D 

positive recurrent 260.B 


Subject Index 
Points(s) 


principal 180.B 

r-ple (of a plane algebraic curve) 9.B 

ramification (of an analytic covering space) 
23.E 

rational 118.E 

rational double 418.C 

recurrent (of a Markov process) 261.B 

reflection (with respect to a circle) 74.Е 

regular (of an analytic set) 23.B 45.D 

regular (with respect to an analytic set) 21.M 

regular (in catastrophe theory) 51.F 

regular (of a differentiable mapping) 105.J 

regular (of a diffusion process) 115.B 

regular (with respect to the Dirichlet problem) 
207.B 

regular (ofa flow) 126.D 

regular (of a Hunt process) 261.D 

regular (of a polyhedron or cell complex) 65.В 

regular (of a surface in ЕЗ) 111.7 

regular boundary 120.D 

regular singular 254.B 

rest (of a trajectory) 126.D 

right singular (of a diffusion process) 115.B 

saddle (of a function) 255.В 292.A 

saddle (оп a surface) 111.Н 

saddle (of a system of ordinary differential 
equations) 126.G 

saddle (of two-person games) 108.B 

saddle, method 25.C 

sample 342.В 396.B 398.A 

Schwinger 150.F 

semiregular (of a surface in E?) 111.J 

simple (of an analytic set) 23.B 418.A 

simple (on a variety) 16.F 

singular (of an analytic set) 23.B 418.A 

singular (of a continuous vector field) 153.B 

singular (of a curve of class C*) 93.G 

singular (of a linear difference equation) 104.D 

singular (of a plane algebraic curve) 9.B 

singular (of a polyhedron or cell complex) 
65.B 

singular (of a quadric hypersurface) 343.E 

singular (of a surface in E?) 111.7 

singular (of a system of linear ordinary dif- 
ferential equations) 254.A 

singular (of a system of ordinary differential 
equations) 289.A 

singular (of a trajectory) 126.D,G 

singular (on a variety) 16.F 

smooth (of variety) 16.F 

stable 16.W 

stationary (of an arc of class С") 111.D 

successive minimum 182.С 

supporting (of a convex set) 89.G 

supporting (of a projective frame) 343.C 

symmetric (with respect to a circle) 74.E 

terminal (of a curvilinear integral) 94.D 

terminal (of a Markov process) 261.B 

terminal (of a path) 176 

terminal (of a vector) 442.A 

transient 260.B 

transition 254.F 

transversal homoclinic 126.7 

turning 25.B 254.F 

ultrainfinite (in hyperbolic geometry) 285.C 

umbilical (of a surface) 111.H 365.D 

undercrossing 235.А 

unit (of an affine frame) 7.C 

unit (of a projective frame) 343.C 

unit (of a projective space) 343.C 


Subject Index 
Point(s) at infinity 


w- (of an entire function) 429.B 
wandering (of a trajectory) 126.E 
Weierstrass 11.D 
zero (of a holomorphic function) 198.C 
zero (of a polynomial) 337.B 369.C 
zero (of a subset of a polynomialring) 369.C 
zero, of the — kth order (of a complex function) 
198.D 
zero, of the kth order (of a holomorphic func- 
tion) 198.C 
point(s) at infinity 74.0 285.C 
regular at the 193.B 
pointed coalgebra 203.Е 
pointed set 172.J 
morphism of 172J 
pointed shape category 382.A 
pointed topological spaces, category of 202.B 
pointer 96.B 
point estimation 399.B 401.C, App. A, Table 23 
point-finite covering (of a set) 425.R 
point function 380.А 407.D 
point group (of a crystallographic group) 92.A 
point hypersphere 76.A 
point process 407.0 
point range (in projective geometry) 343.В 
of the number system (in projective geometry) 
343.C 
point set 381.B 
points of indeterminacy, set of 23.D 
point spectrum 390.А 
рше 136.E 
pointwise convergent sequence 435.B 
pointwise ergodic theorem 136.B 
Poisson bracket 82.B 271.F 324.C.D 
(of two vector fields) 105.M 
Poisson differential equation 323.A, App. A, Table 
15.Ш 
Poisson distribution 341.D 397.F, App. A, Table 
22 
Poisson equation 338.A 
Poisson formula App. A, Table 19.TIT 
of T” = Е"/Г 391J 
Poisson input 260.H 
Poisson integral 168.В 193.G 
Poisson integral formula 198.B 
Poisson integration formula App. A, Table 15.VI 
Poisson kernel 159.C 
Poisson number 271.G 
Poisson point process, stationary 407.D 
Poisson process S.D 
compound S.F 
Poisson random measure 407.D 
Poisson ratio 271.G 
Poisson solution 325.D 
Poisson stable 126.E 
negatively 126.E 
positively 126.E 
Poisson summation formula 192.C 
(of Fourier transforms) 192.C 
(on a locally compact Abelian group) 1921. 
polar 
(with respect to a conic) 78.J 
(in projective geometry) 343.E 
(relative to pairing) 424.H 
polar coordinates 90.C 
geodesic 90.C 
tangential 90.C 
polar decomposition 251.Е 
polar element 
(a function element in the wider sense) 198.0 
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(of an integral element) 428.E 
polar form (of a complex number) 74.C 
polarity (with respect to a quadric hypersurface) 
343.E 
polarization (on an Abelian variety) 3.G 
electric 130.А 
inhomogeneous 3.G 
magnetic 130.A 
principal 3.G 
polarized 
(Hodge structure) 16.V 
(wave) 446 
polarized Abelian variety 3.G 
polarized Jacobian variety, canonically 3.G 9.E 
polar plane (with respect to a quadric surface) 
350.C 
polar set (in potential theory) 261.D 338.H 
polar space 1911 
polar system (in projective geometry) 343.D 
polar tetrahedron 350.С 


self- 350.C 
polar triangle 78.J 
self- 78J 

pole 


(of a complex function) 198.D 
(of a function on an algebraic curve) 9.C 
(of a function on an algebraic variety) 16.M 
of a polar with respect to a сопіс) 78.J 
ofa polar plane) 350.C 
of a polar of a quadric hypersurface) 158.E 
ofa roulette) 93.H 
“north (of a complex sphere) 74.D 
north (of a sphere) 140 
order of 198.D 
Regge 132.C 386.C 
resonance 331.F 
south (of a complex sphere) 74.D 
south (ofa sphere) 140 
pole divisor (of a function on an algebraic variety) 
16.M 
policy 127.А 405.C 
Markovian 405.C 
optimal 127.A 
Polish space 22.1 273.J 
Pólya's enumeration theorem  66.E 
Pólya type 374J 
strictly of 374.J 
polychromatic group 92.D 
polydisk 21.В 
polygamma functions 174.B, App. A, Table 17.1 
polygon(s) 155.F 
Cauchy 316.C 
decomposition-equal 155.F 


( 
( 
( 
( 


force 19.C 
normal 234.C 
plane 155.F 


regular 357.A 

simple 155.Е 

supplementation-equal 155.F 
polygonal number of orderr 4.D 
polyharmonic 193.0 
polyhedral, convex rational 16.7 
polyhedral angle, regular 357.В 
polyhedral cone, convex 89.Е 
polyhedral group, regular 151.G 


-polyhedron (polyhedra) 


(in an affine space) 7.D 

(of a simplicial complex) 65.A 70.C 
analytic 21.G 

convex 89.A 
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corner 215.C 
Euclidean 70.B 

Euler theorem on 201.F 
integer 215.C 

regular 357.B 
topological 65.А 


polymatroid 66.F 
polynomial(s) 337 


Alexander (of a knot) 235.C,D 

alternating 3371 

associated Laguerre 317.D 

Bernoulli 177.B 

Bernshteín 336.A 

Bernshtein (generalized) 418.Н 

characteristic (of a differential operator) 112.A 
321.А 

characteristic (of a linear mapping) 269.1, 

characteristic (of a matrix) 269.F 

Chebyshev 317.D 336.H, App. A, Table 2011 

Chebyshev orthogonal 19.G 

cyclotomic 14.L 

differential 113 

Euler 177.C 

Fourier-Hermite 176.I 

Galois group ofthe 172.6 

Gegenbauer 317.D 393.E, App. A, Table 20.I 

generalized trigonometric 18.B 

Hermite 317.D 

Hermite interpolation 223.Е 

Hilbert (of an algebraic curve) 9.F 

Hilbert (of a graded R-module) 369.F 

Hilbert (of a sheaf) 16.E 

homogeneous of degree n 337.В 

Hosokawa 235.D 

inseparable 337.G 

irreducible 337.F 

isobaric 32.C 

Jacobi 317.D, App. A, Table 20.V 

Lagrange interpolation 223.А 336.G, App. A, 
Table 21 

Laguerre 317.D, App. A, Table 20.VI 

Legendre 393.В, App. A, Table 18.1 

link 235.D 

Lommel App. A, Table 19.IV 

іп т variables 337.В 

minimal (of an algebraic element) 149.Е 

minimal (of a linear mapping) 269.1. 

minimal (of a matrix) 269.F 

monic 337.A 

Neumann App. A, Table 19.IV 

Newton interpolation 336.G 

orthogonal 19.G, App. A, Table 20.VII 

parity check 63.E 

Poincaré 201.B 

primitive 337.0 

reduced link 235.D 

reducible 337.F 

ring of 337.А 369 

ring of differential 113 

Sato-Bernshteín 125.ЕЕ 

Schlafli App. A, Table 19.IV 

separable 337.6 

simplest orthogonal 19.G 

Snapper 16.E 

Sonine 317.D, App. A, Table 20.VI 

symmetric 337.1 

system of orthogonal 317.D 

trigonometric interpolation 336.E 

ultraspherical 317.D 

zonal 374.С 


Subject Index 
Positive cycle (on an algebraic variety) 


polynomial approximation 336 

best (in the sense of Chebyshev) 336.H 
polynomial approximation thcorem (for C^- 

functions) 58.E 

polynomial distribution App. A, Table 22 

negative App. A, Table 22 
polynomial extrapolation method 303.Е 
polynomial identity (on an algebra) 29.) 
polynomially transformable 71.E 
polynomial representation (of GL(V)) 60.0 
polynomial ring 337.А 369 

of m variables 337.В 
polynomial time 71.B 
polytropic differential equation 291.Е 
Pomeranchuk theorem 386.В 
Pontryagin class(es) 

(of an R"-bundle) 56.D 

combinatorial 56.H 

ofa manifold 56.F 

rational 56.Е 

total 56.D 

universal 56.D 


Pontryagin duality theorem (on topological Abelian 


groups) 192.K 422.C 
Pontryagin multiplication 203.D 
Pontryagin number 56.F 
Pontryagin pth power operation 64.B 
Pontryagin product 203.D 
Popov ghost, Faddeev- 132.С 150.G 
population (in statistics) 397.B 401.E 

finite 373.A 
infinite 401.E 
population characteristic 396.C 
population correlation coefficient 396.D 
population covariance 396.D 
population distribution 396.B 401.F 
hypothetical infinite 397.Р 
population kurtosis 396.C 
population mean 396.C 
population moment of order k 396.C 
population standard deviation | 396.C 
population variance 396.С 
port-admittance matrix 282.С 
porter 168.C 
port-impedance matrix 282.C 
port network, M- 282.C 
portrait, phase 126.В 
position 
general (complexes) 70.B 
general (of a PL mapping) 65.D 
general (in a projective space) 343.B 
general, theorem 65.0 
hyperboloid 350.D 
method of false 301.С 
position representation 351.С 
position vector 442.A 
(of a point of an affine space) 7.A 
positive 
(chain complex) 200.C 
(class of vector bundles) 114.D 
(complex) 200.H 
(functional on a C*-algebra) 36.G 
(function on a C*-algebra) 308.D 
(Hermitian operation) 308.A 
(square matrix) 310.H 
completely (linear mapping between C*- 
algebras) 36.H 


positive boundary, open Riemann surface of 367.E 


positive cone, natural 308.K 
positive cycle (оп an algebraic variety) 16.M 


Subject Index 
Positive definite 


positive definite 

(function) 192.B,J 394.C 

(Hermitian form) 348.Е 

(matrix) 269.] 

(potential) 338.D 

(sequence) 192.B 

(on a topological group) 36.L 437.B 
positive definite kernel 217.H 
positive definite quadratic form 348.С 
positive direction (in a curvilinear integral) 198.В 
positive distribution 125.C 
positive divisor 

(of an algebraic curve) 9.C 

(on a Riemann surface) 11.D 
positive element 

(in a lattice-ordered group) 243.G 

(of an ordered field) 149.N 

strictly 310.H 

totally 14.G 
positive entropy, completely 136.Е 
positive half-trajectory 126.0 
positive infinity 87.D 355.C 
positive kernel 217.H 
positive limit point 126.D 
positively invariant 126.D 
positively Lagrange stable 126.E 
positively Poisson stable 126.Е 
positively regular process 44.C 
positive matrix 269.N 
positive number 355.A 
positive operator (in vector lattices) 310.E 
positive orientation (of an oriented C’-manifold) 

105.F 
positive orthant 89.G 
positive part (of an element of a vector lattice) 
310.B 

positive prolongational limit set, first 126.р 
positive Radon measure 270.1 
positive real function 282.C 
positive recurrent ergodic class 260.B 
positive recurrent point 260.B 
positive root (of a semisimple Lie algebra) 248.М 
positive semidefinite (operator) 251.E 
positive semidefinite kernel 217.H 
positive semidefinite matrix 269.1 
positive semidefinite quadratic form 348.С 
positive semiorbit 126.D 
positive system, symmetric 112.8 326.D 
positive terms, series of 379.B 
positive type 

(function of) 192.B,J 

(sequence of) 192.B 

(symmetric kernel of) 338.D 
positive variation 

(ofa mapping) 246.H 

(of a real bounded function) 166.B 
positive Weyl chamber 248.R 
positivity 

O-S 150.F 

reflection 150.F 

T- 150.F 
possibility 4111, 
possible construction problem 179.A 
posterior density 401.B 
posterior distribution 398.В 401.B 403.G 
posterior risk 399.F 
postliminal C*-algebra 36.Н 
Postnikov complex 70.G 
Postnikov system (of a CW complex) 148.D 
Post problem 356.р 
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Post theorem 356.Н 
postulate(s) 35.А 
fifth (in Euclidean geometry) 139.A 
Nernst 419.A 
Peano 294.B 
potency ofaset 49.A 
potential 338.A 
(ofa force) 271.C 
(of a Hamiltonian) 375.В 
(for a lattice spin system) 402.G 
(ina Markovchain) 260.D 
(ona network) 281.B 
central 351.Е 
chemical 402.D 419.B 
of a double distribution 338.A 
ofa doublelayer 338.A 
equilibrium | 260.D 
finite-band 387.E 
finite-gap 387.Е 
logarithmic 338.A 
Newtonian 271.С 338.A 
of ordera 338.В 
reflectionless 387.р 
Riesz 338.В 
scalar 130.A 442.D 
of a simple distribution 338.А 
of a single layer 338.A 
vector 130.A 442.D 
velocity 205.B 
Yukawa 338.M 
potentialenergy 271.G 
potential good reduction (of an Abelian variety) 
3.N 
potential kernel, weak 260.0 
potential stable reduction (of an Abelian variety) 
3.N 
potential theory 338 
power 
(of a cardinal number) 49.C 
(of an ordinal number) 312.C 
(ofa test) 400.A 
ofa with exponent x 131.B,G 
fractional 378.0 
p-fold exterior (of a linear space) 256.0 
p-fold exterior (of a vector bundle) 147.F 
Pontryagin (pth) operation 64.B 
residue of the nth 14.М 
ofaset 49.A 
Steenrod (pth) operation 64.B 
power associative algebra 231.A 
power dilation 251.M 
powerful invariant, uniformly most 399.0 
powerful unbiased, uniformly most 399.0 
power function 400.A 
envelope 400.Е 
power method 298.C 
power-residue symbol 14.N 
power series 21.В 339 370 
with center at the point of infinity 339.A 
convergent 370.B 
field of, in one variable 370.A 
formal 370.A 
formal, field in one variable 370.A 
ring of 370.A 
ring of convergent 370.В 
ring of formal 370.А 
power series space 
finitetype 168.B 
infinite type 168.B 
power set 
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(ofaset) 381.B 
axiom of 33.В 381.G 
power sum theorem 123.D 
Powers factor 3081 
Powers-Stermer inequality 212.В 
Poynting vector 130.A 
Prandtl boundary layer equation 205.С 
Prandtl-Glauert approximation 250.B 
Prandtl-Glauert law of similarity 205.D 
Prandtl integrodifferential equation 222.C 
Prandtl number 116.B 
prealgebraic variety 16.C 
precession 392 
precompact 
(metric space) 273.B 
(set in a metric space) 273.B 
precompact uniform space 436.H 
preconditioned (in numerical solution of linear 
equations) 302.D 
predator relation, prey- 263.B 
predecessor (of an element in an ordered set) 311.B 
predetermined variables 128.C 
predicate 411.G 
analytic 356.H 
arithmetical 356.Н 
complete 356.Н 
decidable (number-theoretic) 356.C 
enumerating 356.H 
first-order 411.K 
general recursive 356.С 
hyperarithmetical 356.H 
of n-argument 411.G 
n-ary 41.6 
primitive recursive 356.В 
second-order 411.K 
predicate (object) 156.В 
predicate calculus 411.J 
with equality 411.7 
predicate logic 411.) 
with equality 411.J 
first-order 411.K 
higher-order 411.K 
second-order 411.K 
third-order 411.K 
predicate symbol 411.H 
predicate variable 411.G,H 
predictable (c-algebra) 407.В 
prediction sufficiency 396.J 
prediction theory 395.D 
linear 395.D 
predictive distribution 403.G 
predictor 303.E 
(in a multistep method) 303.E 
linear 395.D 
Milnes 303.E 
optimal linear 395.D 
predictor-corrector (PC) method 303.Е 
predual 308.D 
prefix condition code 213.D 
pre-Hilbert space 197.B 
prehomogeneous vector space 450.V 
zeta function associated with 450.V 
premium 214.A 
net 214A 
risk 214.В 
savings 214.B 
prenex normal form (in predicate logic) 411.J 
preordering 311.H 
preparation theorem 


Subject Index 
Prime formula 


for C?-functions 58.C 
Weierstrass 21.Е 370.B 
Weierstrass type (for microdifferential opera- 
tors) 274.F 
presentation 235.B 
of finite (©-Modules) 16.Е 
Wirtinger (of a knot group) 235.B,D 
presheaf 383.A 
sheaf associated 383.С 
presheaf оп а site 16.АА 
pressure 402.6 419.A 
pressure, topological 136.Н 
pressure equation 205.B 
prestratification, Whitney 418.G 
preventive maintenance model 307.С 
prey-predator relation 263.B 
price 
imputed 292.C 
shadow 255.B 
primal problem 255.B 
primary Abelian group 2.A 
primary cohomology operation 64.B 
stable 64.B 
primary component 
(of an ideal) 67.F 
embedded (of an ideal) 67.F 
isolated (of an ideal) 67.F 
primary difference 305.C 
primary ideal 67.F 
p 67F 
primary obstruction 147.L 305.C 
primary problem 255.В 
primary ring 368.H 
completely 368.Н 
semi- 368.H 
primary solution (of a homogeneous partial dif- 
ferential equation) 320.E 
primary submodule 284.А 
prime(s) 
(3-manifold) 65.E 
over an element (in a lattice) 243.F 
under an element (in a lattice) 243.F 
Mersenne 297.Е 
relatively (fractional ideals) 14.E 
relatively (numbers) 297.A 
twin 123.C 
prime differential ideal (of a differential ring) 113 
prime divisor 
(of an algebraic function field of dimension 1) 
9.D 
(of an algebraic number field or an algebraic 
function field of one variable) 439.H 
(of ап ideal) 67.F 
(on a Riemann surface) 11.D 
embedded (of an ideal) 67.Е 
finite 439.H 
imaginary infinite 439.H 
infinite 439.H 
isolated (of an ideal) 67.Е 
maximal (of an ideal) 67.F 
minimal (of an ideal) 67.F 
real 439.H 
real (infinite) 439.H 
prime element 
(ofaring) 67.H 
(for a valuation) 439.E 
prime field 149.B 
primeformula 411.D 
(оГ a language) 276.A 


Subject Index 
Prime ideal 


prime ideal 67.C 
(of a maximal order) 27.A 
associated (of an ideal) 67.Е 
ramified 14.I 
unramified 141 
prime ideal theorem 123.Е 
prime knot 235.A 
prime number(s) 297.B 
regular 14.L 
relatively 297.A 
prime number theorem  123.B 
for arithmetic progression 123.D 
prime quotient (in a lattice) 243.F 
prime rational divisor over a field (on an algebraic 
curve) 9.C 
prime spot (of an algebraic number field or an 
algebraic function field) 439.H 
primitive 427.B 
(differential form) 232.B 
(element of coalgebra) 203.1 
(element of an extension of a field) 149.р 
(generator of the cohomology algebra of a 
compact Lie group) 427.B 
primitive binary quadratic form 348.М 
primitive character 295.D 450.C,E 
non- 450.C,E 
primitive equation 172.G 
primitive form 232.В 
primitive function(s) 216.C 
derivatives and App. A, Table 9.1 
primitive hyperbolic type (reduced basis of) 92.C 
primitive hypercubic type (reduced basis of) 92.С 
primitive ideal (of a Banach algebra) 36.D 
primitive idempotent element (of a ring) 368.B 
primitive lattice 92.E 
primitive operation (of a group) 362.B 
primitive permutation group 151.H 
primitive permutation representation (of a group) 
362.B 
primitive polynomial 337.D 
primitive recursive 356.B 
primitive recursive function 356.A,B,F 
uniformly 356.B 
primitive recursive in ,,...,V; 356.В 
primitive recursive predicate 356.В 
primitive root of unity 141, 
modulom 297.G 
primitive solution (of a partial differential equation) 
320.E 
principal adele (of an algebraic number field) 6.C 
principal analytic set 23.В 
principal antiautomorphism (of a Clifford algebra) 
61.B 
principal automorphism (Clifford algebras) 61.B 
principal axis (axes) 
(of a central сопіс) 78.C 
(of inertia) 271.Е 
(of a parabola) 78.C 
(of a quadric surface) 350.B 
transformation to 390.В 
principal bundle 147.С 
associated 147.0 
reduced 147J 
reducible 147.7 
principal character 295.D 
(of an Abelian group) 2.G 
principal component(s) 
(in principal component analysis) 280.F 
oforderp 110.A 
principal component analysis 280.F 
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principal congruence subgroup of level N 122.р 
principal convergent (of an irrational number) 83.В 
principal curvature 
(ofa surface) 111.H 365.C 
radius of (of a surface) 111.Н 
principal directions (of a surface) 111.H 
principal discrete series 258.С 
principal divisor 
(on an algebraic curve) 9.C 
(on a Riemann surface) 11.D 
principal fiber bundle 147.C 
principal formula of integral geometry 218.С 
principal fractional ideal 67.K 
principal genus 
(for an ideal group) 59.E 
of a quadratic field 347.F 
principal half-space (of a flag) 139.В 
principal H-series 437.Х 
principal ideal 67.K 
of an algebraic number field 14.E 
principal ideal domain 67.К 
principal ideal ring 67.K 
principal ideal theorem (in class field theory) 59.D 
principal idele (of an algebraic number field) 6.С 
principal isotropy group(s) 431.C 
principal matrix (belonging to a Riemann matrix) 
3I 
principal minor (of a matrix) 103.D 
principal moment of inertia 271.E 
principal normal 111.F 
principal orbit(s) 431.C 
type 431.C 
principal order (of an algebraic number field) 14.B 
fundamental theorem of 14.C 
principal part 
(of a differential operator) 112.A 
(ofa Laurent expansion) 198.D 
(of a partial differential operator) 320.B 
principal partition 66.H 
principal plane (of a quadric surface) 350.B 
principal point(s) 
(fora Gauss mapping) 180.B 
principal polarization (of an Abelian variety) 3.G 
principal quantum number 315.E 
principal series 258.С 
(їп ап Q-group) 190.G 
(of unitary representations of a complex semi- 
simple Lie group) 437.W 
(of unitary representations of a real semisimple 
Lie group) 437.X 
principal solution 104.B 
principal space (of a flag) 139.B 
principal subspace (of a linear operator) 390.В 
principal symbol 237.H 
(of a microdifferential operator) 274.F 
(of a simple holonomic system) 274.H 
principal theorem, Ahlfors 367.В 
principal value 
(of inverse trigonometric functions) 131.E 
Cauchy (of an improper integral) 216.D 
Cauchy (of the integral on infinite intervals) 
216.E 
oflogZ 131.G 
principle(s) 
argument 198.F 
balayage 338.L 
Bellman  405.B 
Cartan maximum 338.1. 
complete maximum 338.M 
of condensation of singularities 37.H 
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of conditionality 401.С 

continuity 21.H 

continuity (in potential theory) 338.С 

contraction 286.B 

correspondence 351.D 

of counting constants 16.5 

Dedekind (in a modular lattice) 243.Е 

of depending choice (DC) 33.F 

dilated maximum (in potential theory) 338.С 

Dirichlet 120.A 323.E 

Dirichlet drawer 182.Е 

domination 338.L 

Donsker invariance 250.E 

duality (for closed convex cones) 89.F 

duality, for ordering 311.A 

of duality (in projective geometry) 343.В 

embedding (in dynamic programming) 127.B 

energy 338.D 

energy minimum 419.A 

enthalpy minimum  419.C 

entropy maximum  419.A 

of equal weight 402.E 

equilibrium 338.K 

of equivalence (in insurance mathematics) 
214.A 359.D 

Fermat 180.A 441.C 

first maximum (in potential theory) 338.C 

Fisher three 102.A 

Frostman maximum 338.С 

general, of relativity 359.0 

Gibbs free energy minimum  419.C 

Hamilton 441.B 

Hasse 348.G 

Helmholtz free energy minimum 419.С 

Huygens 325.В 446 

Huygens, in the wider sense 325.D 

invariance 375.B 400.E 

of invariance of speed of light 359.В 

inverse domination 338.L 

of least action 441.B 

limiting absorption 375.С 

of linearized stability 286.5 

of localization (on convergence tests of Fourier 
series) 159.B 

local maximum modulus 164.C 

lower envelope 338.М 

Maupertuis 180.A 

maximal 193.E ` 

maximum (for control theory) 86.F 

maximum (for a holomorphic function) 43.B 

maximum (for minimal surfaces) 275.B 

maximum modulus (for a holomorphic func- 
tion) 43.B 

minimax (for eigenvalues of a compact opera- 
tor) 68.H 

minimax (for 4,) 391.G 

minimax (for statistical decision problem) 
398.B 

minimum (for 4) 391.D 

minimum (for 4,) 391.G 

of nested intervals (for real numbers) 87.C 
355.B 

Oka 21.K 147.0 

of optimality 127.А 

Paul 351.H 

quasicontinuity (in potential theory) 3381 

Rayleigh 68.H 

reflection 45.E 

of reflection 74.E 

Schwarz, of reflection 198.G 


Subject Index 
Problem(s) 


separation 405.C 
special, of relativity 359 
stochastic maximum 405.р 
stored program 75.B 
Strassen invariance 250.E 
of sufficiency 401.C 
of superposition 252.B 322.C 
ѕмееріпр-ош 338.L 
Ugaheri maximum 338.С 
uniqueness (in potential theory) 338.M 
upper boundedness (in potential theory) 338.С 
variational 441 
variational (in statistical mechanics) 340.B 
402.G 
variational (in the theory of elasticity) 271.6 
variational, with relaxed continuity requirement 
271.G 
variational, for topological pressure 136.H 
Pringsheim theorem 58.Е 
prior density 401.B 
prior distribution 401.В 403.G 
probabilistic model 397.Р 
probability 342 
additivity of 342.B 
a posteriori 342.F 
а priori 342.F 
binomial, paper 19.В 
conditional 342.E 
continuous іп 407.A 
convergein 342. D 
converge with, 1 342.D 
critical percolation 340.D 
error 213.D 
ofanevent 342.B 
that event € occurs 342.В 
event with, 1 342.B 
extinction 44.B 
geometric 218.А 
hitting, for single points 5.6 
objective 401.B 
regular conditional 342.E 
run 214.C 
standard transition 260.F 
subjective 401.B 
theory of 342.A 
transition 260.A 261.A 351.B 
probability amplitude 351.D 
probability density 341.0 
probability distribution(s) 342.B, App. A, Table 22 
(one-dimensional, of random variable) 342.C 
(of random variables) 342.C 
conditional 342.Е 
n-dimensional 342.C 
probability generating function 341.F 397.G 
probability integral App. A, Table 19.II 
probability measure 341 342.B 
probability of loss 307.С 
probability paper 19.F 
binomial 19.B 
probability ratio test, sequential 4001. 
probability space 342.В 
probable cause, most 401.E 
probable value, most 401.E 
problem(s) 
Abel 2171, 
abstract Cauchy 286.Х 
acoustic 3251, 
adjoint boundary value 315.B 
all-integer programming 215.A 
Appolonius (in geometric construction) 179.A 


Subject Index 
Problem(s) 


Behrens-Fisher 400.G 

Bernshtein, generalized 275.Е 

boundary value (of ordinary differential equa- 
tions) 303.H 315.A 

Burnside (in group theory) 161.C 

Cauchy (for ordinary differential equations) 
316.A 

Cauchy (for partial differential equations) 
320.B 321.A 325.B 

class field tower 59.F 

combinatorial App. A, Table 17.II 

combinatorial triangulation 65.C 

concave programming 292.A 

conditional, in the calculus of variations 46.A 

connection 253.A 

construction 59.F 

convex programming 292.A 

corona 43.G 

correctly posed (for partial differential equa- 
tions) 322.A 

Cousin, first 21.K 

Cousin, second 21.K 

Cramer-Castillon (in geometric construction) 
179.A 

critical inclination 55.С 

decision 71.B 97 186.J 

Delos (in geometric construction) 179.A 

Dido 228.A 

differentiable pinching 178.E 

Dirichlet 120 193.Е 323.C 

Dirichlet, with obstracle 440.B 

Dirichlet divisor 242.A 

dual 255.В 349.B 

du Bois Reymond 159.H 

eigenvalue 390.A 

exterior (Dirichlet problem) 120.A 

first boundary value 193.F 323.C 

flow-shop scheduling 376 

four-color 157 

Gauss circle 242.A 

Gauss variational 338.J 

general boundary value 323.Н 

generalized eigenvalue 298.G 

generalized isoperimetric 46.A 228.A 

generalized Pfaff 428.B 

Geócze 246.D 

geometric construction 179.A 

Goldbach 4С 

group-minimization 215.С 

Hamburger moment 240.K 

Hausdorff moment 240.K 

Hersch 391.E 

Hilbert (in calculus of variations) 46.A 

Hilbert fifth 423.N 

homeomorphism 425.G 

homogeneous boundary value (of ordinary 
differential equations) 315.B 

Hukuhara 315.C 

of identification (in econometrics) 128.C 

impossible construction 179.A 

inconsistent (of geometric construction) 179.A 

inhomogeneous boundary value (of ordinary 
differential equations) 315.B 

initial value (for functional differential equa- 
tions) 163.0 

initial value (of ordinary differential equations) 
313.C 316.A 

initial value (for partial differential equations) 
321.A 
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initial value, for a hyperbolic partial differential 
equation App. A, Table 15.III 

interior (Dirichlet problem) 120.A 

interpolation 43.F 

invariant measure 136.C 

inverse (in potential scattering) 375.6 

isomorphism (for graphs) 186.J 

isomorphism (for integral group algebra) 
362.K 

isoperimetric 111.E 228.А 

Jacobi inverse 3.L 

job-shop scheduling problem 376 

k-sample 371.D 

Lagrange (in calculus of variations) 46.A 

LBA 31D 

Levi 211 

linear least squares 302.Е 

linear programming 255.A 

local (on the solutions of differential equations} 
289.A 

machine scheduling 376 

machine sequencing 376 

Malfatti (in geometric construction) 179.A 

many-body 402.F 420.A 

martingale 115.C 261.C 406.A 

maximum flow 281.C 

minimum-cost flow 281.C 

mixed integer programming 215.A 

multicommodity flow 281.С 

multiprocessor scheduling 376 

n-body 420.A 

n-decision 398.A 

network-flow 281 282.B 

Neumann (for harmonic functions) 193.F 

Neumann (for partial differential equations of 
elliptic type) 323.Е 

nonlinear 291 

normal Moore space 425.AA 

optimal regulator 86.F 

penalized 440.B 

Pfaff 428.A 

placement 235.A 

Plateau 334.A 

possible construction 179.A 

primal 255.B 

primary 255.B 

properly posed 322.A 

pure integer programming 215.A 

quadratic programming 292.А 349.A 

random walk 260.А 

representation (on surface) 246.1 

restricted Burnside (in group theory) 161.C 

restricted three-body 420.Е 

Riemann 253.D 

Riemann-Hilbert (for integral equations) 217.J 

Riemann-Hilbert (for ordinary differential 
equations) 253.D 

Robin 323.F 

of satisfiability (of a proposition) 97 

Schéenflies 65.G 

second boundary value (for harmonic functions) 
193.F 

second boundary value (for partial differential 
equations of elliptic type) 323.F 

second Cousin 21.K 

self-adjoint boundary value 315.B 

sequential decision 398.Е 

shortest path 281.C 

single- commodity flow 281 
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singular initial value (for partial differential 
equations of mixed type) 326.C 
smoothing 114.C 

special isoperimetric 228.A 

of specification 397.Р 

statistical decision 398.А 

Steiner (in geometric construction) 179.A 
Stieltjes moment 240.K 

Sturm-Liouville 315.В 


third boundary value (for harmonic functions) 


193.F 

third boundary value (for partial differential 
equations of elliptic type) 323.F 

three big 187 

three-body 420.А 

Thues (general) 31.B 

time optimal control 86.F 


transformation (in a finitely presented group) 


161.B 
transient 322.D 
transportation 255.C 
transportation, on a network 255.С 
Tricomi 326.С 
two-body 55.A 
two-point boundary value (of ordinary dif- 
ferential equations) 315.A 
two-terminal 281 
type (for Riemann surfaces) 367.D 
of universal validity of a proposition 97 
Waring 4E 
weak form of the boundary value 304.B 
well-posed (in general case) 322.A 
word (in a finitely presented group) 161.B 
0-1 integer programming 215.A 


procedure 


classification 2801 
exploratory 397.Q 
Lyapunov-Schmidt 286.V 
random sampling 373.A 
sampling 373.A 
shortest-path 281.C 
Statistical decision 398.А 


process 


(in catastrophe theory) 51.Е 

(on a measure space) 136.E 

(=stochastic process) 407.A 

additive 5 342.А 

age-dependent branching 44.Е 

asymmetric Cauchy 5.F 

autoregressive 421.D 

autoregressive integrated moving average 
421.G 

autoregressive moving average 421.D 
Bernoulli 136.E 

Bernoulli, very weak 136.Е 
Bernoulli, weak 136.Е 

birth 260.6 

birth and death 260.G 

bond percolation 340.0 

branching 44 342.A 

branching Markov 44Е‹ 

Cauchy 5.F 

centered 5.В 

compound Poisson 5.Е 

contact 340.С 

continuous-state branching 44.E 

death 260.G 

diffusion 115 

dual 261.F 


Subject Index 
Process 


exponent of the stable 5.F 
Feller 261.B 

finitely determined (F.D) 136.E 
Galton-Watson branching 44.B 
Gaussian 176 342.А 
Gaussian, complex 176.С 
generalized stochastic 407.С 
homogeneous Markov 5.H 
Hunt 261.B 

increasing 262.D 

independent 136.E 

with independent increments 5.B 
integrable, of bounded variation 406.В 
integrable increasing 406.B 
invariant Markov 5.H 
irreversible 402.A 

isothermal 419.B 

Hó 406.B 

Lévy 5.B 

linear stationary iterative 302.C 
Markov 261 342.A 

Markov branching 44.D 
Markovian decision 127.Е 
moving average 421.D 
multistage allocation 127.A 
multistage choice 127.А 
multitype Galton-Watson 44.С 
multitype Markov branching 44.E 
Newton iterative 301.0 
normal 176.C 

observation 405.F 

one-sided stable, of the exponent a  5.F 
oscillator 315.F 

osculating 77.B 

percolation 340.D 

point 407.D 

Poisson 5.D 

positive regular 44.C 
progressive 407.B 

quadratic variation 406.B 
quasistatic adiabatic 419.В 
recurrent 261.B 

reversed 261.F 

sample 407.A 


shift associated with the stationary 136.D 


c- (of a complex manifold) 72.H 
signal 405.F 

site percolation 340.D 
spatially homogeneous 261.A 
stable 5.F 

stationary 342.A 395.A 
stationary Gaussian 176.C 
strictly stable 5.F 

strictly stationary 395.А 
stochastic 342.A 407 


stochastic, with stationary increments of order n 


395.I 

strongly stationary |. 395.A,F 

strong Markov 261.B 
subadditive 136.B 

sweeping-out 338.L 

symmetric Cauchy S.F 
symmetric stable 5.F 

system 405.F 

temporally homogeneous 261.A 
temporally homogeneous additive 5.В 
transient 261.B 

very weak Bernoulli (V. W.B.) 136.E 
weak Bernoulli (W.B.) 136.Е 


Subject Index 
Processing, data 


weakly stationary 395.A 
weakly stationary, of degree k 395.1 
Wiener 5.D 45.B 
processing, data 96 
processor, central 75.B 
producer’s risk 404.C 
product(s) 
(of algebraic varieties) 16.A 
(of cardinal numbers) 49.С 
(of completely additive classes) 270.H 
(of elements of a graded algebra) 203.B 
(of elements of a group) 190.A 
(of hyperfunctions) 125.X 274.E 
(of ideals) 67.B 
(of knots) 235.A 
(of linear operators) 37.C 251.B 
(of matrices} 269.B 
(of objects) 52.Е 
(of ordinal numbers) 312.C 
(of paths) 170 
(in quadrangular set of six points) 343.C 
(of real numbers) 355.B 
(of sets) 381.B 
(of tensors) 256.K 
amalgamated (of a family of groups) 190.M 
Blaschke 43.F 
bracket (in a Lie algebra) 248.А 
cap (in (co)homology groups of a space) 201.К 
cap (in homological algebra) 200.K 201.K 
cardinal (of a family of ordered sets) 311.F 
Cartesian (of a family of sets) 381.E 
Cartesian (of mappings) 381.C 
Cartesian (of ordered simplicial complexes) 
70.C 
Cartesian (of s.s. complexes) 70.E 
Cartesian (of sets) 381.B 
Cauchy (of series) 379.F 
complex (of cell complexes) 70.0 
cross- (in cohomology groups of a space) 201.J 
cross- (in homology groups of a space) 201.J 
cross- (of vector bundles) 237.C 
crossed (of a C*-algebra) 36.1 
crossed (of a commutative ring and a group) 
29.D 
crossed (in von Neumann algebra theory) 
308.1 
cup (of cohomology classes) 2011 
cup (in K-theory) 237.C 
cup, reduction theorem 200.M 
cup of derived functors 200.К 
difference 3371 
direct — direct product 
divergent infinite 374.F 
exterior (of differential forms) 105.Q 
exterior (of elements of a linear space) 256.0 
exterior (of a p-vector and g-vector) 256.0 
exterior (of two vectors) 442.C 
external (of derived functors) 200.K 
Euler 450.V 
fiber, over 5 52.G 
free (of groups) 190.M 
Hermitian inner 256Q 
of ideals of a commutative ring 67.В 
of inertia 271.Е 
infinite 379.6 
infinite App. A, Table 10.УІ 
inner (in a Hermitian linear space) 256.Q 
inner (in a Hilbert space) 197.B 
inner (in a metric vector space) 256.H 
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inner (for a pairing) 424.G 
inner (with respect to a linear space and its dual 
space) 256.6 
inner (of two hyperspheres) 76.4 
inner (of two n-tuples) 256.A 
inner (of two vectors) 442.B 
inner, space 442.B 
internal (of derived functors) 200.K 
interior (of a differential form with a vector 
field) 105.Q 
intersection (of homology classes) 201.0 
intersection (of two subvarieties} 16.Q 
Kronecker (of matrices) 269.C 
logical(of propositions) 411.B 
ordinal (of a family of ordered sets) 311.G 
partial 379.6 
Pontryagin 203.D 
projective C*-tensor 36.H 
proper (of two normal g-lattices) 27.A 
restricted direct 6.B 
Riemannian (of Riemannian manifolds) 364.A 
scalar (of linear operators} 37.C 
scalar (of two vectors) App. A, Table 3.I 
scalar triple (of three vectors) 442.C 
skew (of measurable transformations) 136.D 
slant 201.K 
smash 202.F 
spatial tensor 36.H 
sum of. 216.A 
symmetric (of a topological space)  70.F 
tensor (of A-homomorphisms) 277.) 
tensor (of algebras) 29.A 
tensor (of 4-modules) 277.1 
tensor (of chain complexes) 201.3 
tensor (of cochain complexes) 201.J 
tensor (of distributions) 125.K 
tensor (of Hilbert spaces) 308.C 
tensor (of linear mappings) 256.1 
tensor (of linear representations) 362.C 
tensor (of linear spaces) 256.1 
tensor (of locally convex spaces) 424.R 
tensor (of sheaves) 383.1 
tensor (of vector bundles) 147.Е 
tensor (of von Neumann algebras) 308.С 
torsion (in a category) 200.K 
torsion (of two A-modules) 200.D,K 
vector 442.C, App. A, Table 3.1 
vector triple 442.C, App. A, Table 3.T 
wedge (of derived functors) 200.K 
Weierstrass canonical 429.B 
Whitehead 202.P 
product algebraic variety 16А 
product bundle 147.E 
product category 52.B 
product complex 200.Н 350.D 
product decomposition, dual direct 422.H 
product double chain complex 200.Е 
product event 342.В 
product formula 
(for the Hilbert norm-residue symbol) 14.R 
(on invariant Haar measures) 225.E 
(for the norm-residue symbol) 14.0 
(on valuations) 439.H 
Trotter 315.F 
production planning 376 
production rule 31.B 
product mapping 425.K 
product measure 270.H 
product measure space 270.H 
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complete 270.H 
product metric space 273.В 
product of inertia 271.E 
product rule 299.D 
product space 4251. 

reduced 202.Q 
product theorem for dimension 117.C 
product topological space 425.L 
product topology 425.L 
product uniformity 436.E 
product uniform space 436.E 
profinite groups 210.С 
program 75.C 

machine-language 75.C 
program evaluation and review technique 376 
programming 75.C 385.B 

bilinear 364.D 

chance-constrained 408.A 

convex 264.C 

disjunctive 264.C 

dynamic 127.А 264.C 

fractional 264.C 

geometric 264.D 

integer 264.C 

linear 264.C 

linear mathematical 264.D 

mathematical 264.A 

multiobjective 264.C 

multistage 264.С 

network 264.C 

nonconvex 264.D 

parametric 264.C 

stochastic 264.C 408.A 

stochastic, model 307.С 

two-stage linear, under uncertainty 255.F 

two-stage stochastic 408.A 
programming problem 

all-integer 215.A 

concave 292.A 

convex 292.A 

linear 255.A 

mathematical 264.В 

mixed integer 215.A 

nonlinear 264.C 

pure-integer 215.А 

quadratic 292.A 349.A 

0—1 integer 215.A 
progression 

arithmetic 3791, App. A, Table 10.1 

geometric 3791, App. A, Table 10.1 
progressive (set) 407.B 


progressively measurable (stochastic process) 407.B 


progressive process 407.В 
projecting (in a projective space) 343.B 
projection 
(of a covering space) 367.B 
(from a direct product set) 381.E 
(of a fiber bundle) 147.B 
(ofa fiber space) 148.B 
(of a Hilbert space) 197.E 
(onto a homogeneous space) 199.A 
(in a projective space) 343.B 
(to a quotient set defined by an equivalence 
relation) 135.B 
(on a tangent bundle of a Banach manifold) 
286.K 
canonical (on modules) 277.F 
canonical (onto a quotient set) 135.B 
center of (in projective geometry) 343.B 
Lie minimal 76.B 


Subject Index 
Projective set of class n 


method of orthogonal (of Н. Weyl) 323.G 
orthogonal 139.E,G 
orthogonal (on a Hilbert space) 197.E 
parallel (in an affine space) 7.C 
regular knot 235.A 
relaxation with 440.E 
stereographic 74.D 
unramified (of a covering surface) 367.B 
projection matrix 2691 
projection method, Rosen’s gradient 292.E 
projection operator (in a Hilbert space) 197.Е 
projective 
(Banach space) 37.M 
(object in an Abelian category) 200.1 
projective (object) 200.1 
projective algebraic variety 16.А 
fundamental theorems of 72.F 
quasi- 16.C 
projective A-module 277.K 
projective approximation method 304.B 
projective C*-tensor product 36.H 
projective class 200.0 
projective class group 200.К. 
projective collineation 343.D 
in the wider sense 343.D 
projective connection 80.0 
projective coordinates 343.С 
projective coordinate system 343.С 
projective curvature tensor App. A, Table 4.II 
projective deformation (between surfaces) 110.B 
projective determinacy 22.Н 
projective differential geometry 110.В 
projective dimension (of a module) 200.K 
projective frame (in projective geometry) 343.C 
projective general linear group 60.В 
of degree n over К 60.B 
projective geometry 343 
finite-dimensional 343.B 
fundamental theorem of 343.D 
general 343.B 
of paths 109 
projective limit 
(їп а category) 210.D 
(of a projective system of sets) 210.B 
(of a projective system of topological groups) 
423.K 
projective limit group 210.C 
projective limit space 210.C 
projective line 343.В 
projective line element 110.B 
projectively flat space App. A, Table 4.II 
projectively related (fundamental figures) 343.B 
projective mapping (in projective geometry) 343.B 
projective module, (К, 5)- 200.К 
projective morphism 16.Е 
quasi- 16.E 
projective plane 343.B 
Cayley 54 
finite 241.B 
projective representation 
(ofa group) 362J 
irreducible 362.7 
similar 362.) 
projective resolution 
(in an Abelian category) 2001 
left (of an A-module) 200.С 
P- 200Q 
projective scheme 16.E 
quasi- 16.Е 
projective set of classn 22.р 


Subject Index 
Projective space 


projective space 343.B 
complex 343.D 
infinite-dimensional complex 56.C 
infinite-dimensional rea] 56.В 
overA 147.Е 
left 343F 
real 343.D 
right 343.F 
projective special linear group 60.В 
(over a noncommutative field) 60.0 
projective special unitary group over К 60.Н 
projective symplectic group over К 60.1. 
projective system 
(ina category) 210.D 
(of groups) 210.C 
(of sets) 210.В 
(of topological groups) 423.K 
(of toplogical spaces) 210.C 
projective topology 424.R 
projective transformation 343.D 364.F 
group of 343.D 
regular 343.D 
singular 343.D 
singular, of the kth species 343.D 
projective transformation group 343.D 
projective unitary group 60.F 
projective variety 16.A 
prolate App. A, Table 3.V 
proliferation (of errors) 138.D 
prolongable (Riemann surface) 367.F 
prolongation 
(along a curve in a covering surface) 367.B 
(of a Riemann surface) 367.F 
(of a solution of an ordinary differential equa- 
tion) 316.C 
(of a system of partial differential equations) 
428.B,F 
(ofa valuation) 439.B 
analytic 198.G 
first (of Р) 191.E 
kth (of G) 191.D 
kth (ofa Lie subalgebra) 191.D 
kth (of P) 191.E 
prolongational limit set 
first negative 126.D 
first positive 126.D 
proof, consistency 156.D 
for pure number theory 156.E 
proof theory 156.D 
propagation 
of chaos 340.F 
equation of sound 325.A 
oferrors 138.С 
of singularities 325.M 
wave 446 
proper 
(continuous mapping) 425.W 
(equivalence relation in an analytic space) 
23.E 
(leaf) 154.D 
(Lorentz group) 258.A 
(morphism of scheme) 16.D 
(PL embedding) 65.D 
proper affine transformation 7.E 
proper class (in set theory) 381.G 
proper complex Lorentz group 258.А 
proper component (of an intersection of subvarieties) 
16.G 
proper convex function 88.D 
proper factor (of an element of aring) 67.H 
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proper flag manifold 199.B 
proper function (of a boundary value problem) 
315.B 
proper hypersphere (in hyperbolic geometry) 
285.C 
proper Lorentz group 60.7 
properly convex (subset of a sphere) 274.E 
properly discontinuous transformation group 
122.A 
properly divergent 379.А 
properly equivalent (binary quadratic forms) 
348.M 
properly infinite 308.E 
properly intersect (on a variety) 16.G 
properly (n — 1)-dimensional quadric hypersurface 
350.G 
properly posed 
(initial value problem) 321.E 
(problems for partial differential equations) 
322.A 
proper mapping(s) 425.W 
fundamental theorem of 16.X 
proper meromorphic mapping (between analytic 
spaces) 23.D 
proper modification (of an analytic space) 23.D 
proper motion 
in Euclidean geometry 139.В 
ofastar 392 
proper orthogonal group 60.1 258.A 
proper orthogonal matrix 269.3 
proper product (of two normal g-lattices) 27.A 
proper quadric surface 350.B 
proper rotation group 258.A 
proper subset 381.A 
proper time 258.A 
proper transform (of a subvariety) 16.1 
property (properties) 411.G 
approximation 37.1. 
asymptotic (of solutions of a system of linear 
ordinary differential equations) 314.A 
Baire 425.N 
basic (of a structure) 409.B 
bounded approximation 37.L 
clustering 402.G 
combinatorial 65.А 
continuity, for Cech theory 201.M 
of continuity (in a continuous geometry) 85.A 
countably productive 425.Y 
covering homotopy 148.В 
duality (of linear spaces) 256.G 
equivalence 135.A 
finite intersection 425.5 
finite subset 396.F 
global (in differential geometry) 109 
homotopy extension 202.E 
in the large (in differential geometry) 109 
local (in differential geometry) 109 
local (of a pseudodifferential operator) 345.A 
Markov 261.B 
micro-pseudolocal (of a pseudodifferential 
operator) 345.A 
minimum curvature 223.F 
minimum norm 223.F 
Р conjecture 235.B 
pseudolocal (of a pseudodifferential operator) 
345.A 
pseudo-orbit tracing 126.J 
reproducing (of a probability distribution) 
341.E, App. A, Table 22 
in the small (in differential geometry) 109 
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spectral 136.E 
star-finite 425.5 
strong Markov 261.B 
topological 425.6 
uniformity 399.3 
universal mapping 52.L 
proper value 
(of a boundary value problem) 315.B 
(ofa linear mapping) 269.1, 
(of a linear operator) 390.А 
(of a matrix) 269.F 
proper variation 279.F 
proper vector 
(belonging to an eigenvalue) 269.F 
(ofa linear operator) 390.A 
(of a linear transformation) 269.L 


proposition(s) 
existential 411.B 
modal 411.L 


universa] 411.B 
variables 411.E 
propositional calculus 411.F 
propositional connectives 411.Е 
propositional function 411.C 
propositional logic 411.Е 
provable (formula) 411.1 
proximity function (of a meromorphic function) 
272.B 
Prüfer ring 200.K 
pseudoanalytic function, K- 352.В 
pseudo-arc 79.D 
pseudocompact (space) 425.S 
pseudoconformal geometry 344.A 
pseudoconformally equivalent 344.A 
pseudoconformal transformation 344.A 
pseudoconvex (domain) 21.G 
Cartan 211 
d- 21.G 
Levi 211 
locally Cartan 21.1 
locally Levi 211 
strictly 344A 
strongly 21.G 
pseudodifferential operator 251.0 274.F 345 
pseudodistance 
Carathéodory 21.0 
Kobayashi 21.0 
pseudodistance function 273.B 
pseudofunction 125.C 
pseudogeometric ring 284.Е 
pseudogroup (of topological transformations) 
105.Y 
of transformations (on a topological space) 
90.D 
pseudogroup structure 105.Y 
pseudo-Hermitian manifold 344.Е 
pseudointerior 382.В 
pseudo-isotopic 65.D 
pseudo-isotopy 65.D 
pseudolocal property (of a pseudodifferential opera- 
tor) 345.A 
micro- 345.A 
pseudomanifold 65.B 
pseudometric 273.В 
pseudometric space 273.B 
indiscrete 273.B 
pseudometric uniformity 436.F 
pseudometrizable 436.F 
pseudonorm (on a topological linear space) 37.0 
424.F 


Subject Index 
q-expansion formula 


pseudo-orbit 126.7 
a- 126.) 
tracing property 126J 
pseudo-ordering 311.Н 
pseudopolynomial, distinguished 21.Е 
pseudorandom numbers 354.В 
pseudo-Riemannian metric 105.P 
pseudo-Runge-Kutta method 303.0 
pseudosphere 111.7 285.E 
pseudotensorial form 80.G 
pseudovaluation 439.K 
w-collective 354.E 
psifunction 174.B 
psychometrics 346 
Puiseux series 339.A 
pullback 
(of a differential form) 105.Q 
(ofa distribution) 125.Q 
(of a divisor) 16.M 
Puppe exact sequence 202.G 
pure 
(continued fraction) 83.C 
(differential form) 367.Н 
(state) 351.B 
pure geometry 181 
pure ideal 284.D 
pure integer programming problem 215.A 
purely contractive 251.N 
purely contractive part 251.N 
purely d-dimensional analytic set 23.B 
(ata point) 23.B 
purely discontinuous distribution 341.р 
purely imaginary number 74А 
purely infinite (von Neumann algebra) 308.Е 
purely inseparable 
(extension of a field) 149.H 
(rational mapping) 161 
purely inseparable element (of a field) 149.H 
purely n-codimensional 125.W 
purely nondeterministic 395.D 
purely transcendental extension 149.K 
pure number theory 156.E 
pure periodic continued fraction 83.С 
pure phase 402.G 
pure point spectrum 136.E 
pure strategy 173.B 
pursuit, curve of 93.H 
push-down automaton 31.D 
push-down storage 96.Е 
Putnam’s theorem 251.K 
Pyatetskii-Shapiro reciprocity law, Gel'fand- 
437.DD 
Pythagorean closure (of a field) 155.C 
Pythagorean extension (of a field) 155.C 
Pythagorean field 139.В 155.C 
Pythagorean number 145 
Pythagorean ordered field 60.0 
Pythagorean theorem 139.D 


Q 


Q (rational numbers) 294.A,D 

g-block bundle 147.0 

q-block structure 147.0 

q-boundary 201.B 

q-chains 201.В 

q-cochains, singular 201.H 

q-cycle 201.В 

q-dimensional homology classes 201.B 
q-expansion formula 134.1 


Subject Index 


q-face 
q-face 70.В 
q-function 
Chebyshev 19.G, App. A, Table 20.VII 
simplest Chebyshev 19.G 
q-numbers 130.А 
q-representation 351.С 
q-simplex 
oriented 201.C 
singular 201.E 


standard 201.E 
qth homology group 201.B 
Q-manifold 382.D 
Q-matrix 260.Е 
Q-spaces 425.BB 
QR method 298.E 
QZ method 298.C 


QCD (= quantum chromodynamics) 132.0 
а.е. (=quasi-everywhere) 338.Е 
QFD (=quantum flavor dynamics) 132.0 


quadrangles 155.F 

complete 343.C 
quadrangular set of six points 343.С 
quadrant, first (of a spectral sequence) 200.7 
quadratic differential (on a Riemann surface) 
quadratic equation 10.D, App. A, Table 1 
quadratic field(s) 347 

complex 347.А 

imaginary 347.A 

real 347.A 
quadratic form(s) 348 

(оп а linear space) 256.H 

bilinear form associated with 256.H 

binary 348.M 

complex 348.A,B 

definite 348.С 

equivalent 348.A 

indefinite 348.C 

matrix of 348.А 

negative definite 348.C 

negative semidefinite 348.C 

nondegenerate 348.А 

positive definite 348.С 

positive semidefinite 348.С 

primitive binary 348.M 

properly equivalent binary 348.М 

real 348.A,C 

reduced 3481 

Siegel zeta function of indefinite 450.K 
quadratic irrational number, irreducible 83.С 
quadratic loss function 398.A 399. E 
quadratic nonresidue 297.Н 
quadratic programming 349 

nonconvex 264.D 
quadratic programming problem 292.A 349.A 
quadratic reciprocity of Jacobi symbol, law of 

297. 
quadratic reciprocity of Legendre symbol, law of 
297.1 

quadratic residue 297.Н 
quadratic transformation 16.1 

locally 16.K 

locally (of an algebraic surface) 15.G 

locally (of a complex manifold) 72.H 
quadratrix 187 
quadrature 107.A, App. A, Table 15.III 

ofa circle 179.А 

method of 313.D 

solution by App. A, Table 141 

spectral density 397.3 
quadric(s) 350.A 


Ir. D 


confocal, family of 350.E 
Darboux 110.B 
pencil of 343.E 
quadric cone 350.B,G 
quadric conical hypersurface 
quadric conical surface 350.В 
quadric cylindrical hypersurface 350.G 
quadric hypersurface 350.G,I 
(in a projective space) 343.D 350.1 
central 350.G 
elliptic 350.G 
of the Ath species, singular (in a projective 
space) 343.E 
hyperbolic 350.G 
noncentral 350.G 
parabolic 350.G 
pencil of 343.E 
properly (n — 1)-dimensional 
regular (in a projective space) 
quadric surface(s) 350 
canonical form of the equation of 350.B 
central 350.В 
degenerate 350.B 
proper 350.B 
quadrivium 187 
qualification 
Gauignard’s constraint 292.B 
Slater’s constraint 292.B 
qualitative (data) 397.A 
quality 404.А 
quality characteristic 404.A 


350.G 


350.G 
343.Е 


quality control 404.А 
statistical 404.А 

quantifier 411.C 
bounded 356.B 
existentia] 411.C 
Hilbertse- 411.J 
universal 411.C 

quantile 
a- 396.C 


oforderp 341.Н 
restricted 33.В 
quantitative (data) 
quantity (quantities) 
analog 138.В 
digital 138.В 
first fundamental (of a surface) 
second fundamental (of a surface) 
thermodynamical 419.A 
quantization 351.D 
second 377.B 
quantized contact transformation 274.F 


397.A 


111.H 
]11.H 


quantum chromodynamics (QCD) 132.C,D 
quantum electrodynamics 132.С 
quantum field theory 132.C 150.C 
quantum flavor dynamics (QFD) 132D 
quantum logic 351.1, 
quantum mechanics 351 
quantum number 

azimuthal 351.E 

orbital magnetic 351.E 

principal 351.Е 
quantum statistical mechanics 402.A 


quartic equation 
quartile(s) 396.C 


10.D, App. A, Table 1 


first 396.C 

third 396.C 
quasi-affine (algebraic variety) 16.С 
quasi-algebraically closed field 118.Е 


quasi-analytic function 58.F 
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family of 58.А 
in the generalized sense 58.F 
setof 58.F 
quasi-Banach space 37.0 
quasibarreled (locally convex space) 424.1 
quasibounded harmonic function 193.G 
quasicomplete (locally convex space) 424.F 
quasiconformal mappings 352 
extremal 352.С 
quasiconformal reflection, theorem of 352.C 
quasicontinuity principle (in potential theory) 338.1 
quasicontinuous function 338.1 
quasidiscrete spectrum 136.Е 
quasidual space (of a locally compact group) 4371 
quasi-equivalent unitary representation 437.С 
quasi-everywhere (in potential theory) 338.Е 
quasi-Frobenius algebra 29.H 
quasi-Fuchsian group 234.B 
quasigroup 190.P 241.C 
quasi-independent of path (a response probability) 
346.G 
quasi-invariant measure 225.J 
quasi-inverse (іп a Banach algebra) 36.C 
quasi-inverse element (of an element of a ring) 
368.B 
quasi-invertible element (ofaring) 368.B 
quasilinear 
(operator) 224.E 
(partial differential equation) 320.A 323.D 
326.A 
quasilocal ring 284.D 
quasinilpotent (operator) 251.F 
quasinorm (of a vector) 37.0 
quasinorma] family (of analytic functions) 435.E 
quasinormed linear space 37.0 
quasi-perfect mapping | 425.CC 
quasiperiodic (translational flow) 126.L 
quasiperiodic тойоп 136.G 404.F 
quasiperiodic solution (of Hill’s differential equation) 
268.B 
quasiprojective algebraic variety 16.С 
quasiprojective morphism 16.Е 
quasiprojective scheme  16.E 
quasi-p-valent 438.E 
quasiregular element (of a ring) 368.В 
quasiregular function, K- 352.В 
quasisemilocal ring 284.D 
quasisimple ring 368.Е 
quasisplit algebraic group, k- 13.0 
quasistable distribution 341.G 
quasistatic adiabatic process 419.B 
quasistationary electric circuit 130.B 
quasisymmetric 384.E 
quasivariational inequalities 440.D 
quaternion 29.B 
quaternion algebra 29.D 
generalized 29.D 
Hamilton 29.B 
total definite 27.D 
quaternion field 29.В 
quaternion group 151.B 
generalized 151.В 
quaternion hyperbolic space 412.G 
quaternion unimodular group 412.G 
quaternion vector bundle 147.F 
query 96.F 
questions 351.L 
queue 96.E 
length 260.Н 
queuing model 260.Н 307.C 


Subject Index 
r-section 


queuing theory 260.H 307.C 
quotient(s) 
(of an ideal and a subset of a commutative ring) 
67.B 
(in a lattice) 243.F 
(of numbers) 297.A 
(of an ordered set) 311.B 
difference 104.A 
differential (at a point) 106.A 
field of 67.G 
geometric 16.W 
group of (of a commutative semigroup) 190.P 
Herbrand 200.N 
integral (in the division algorithm of poly- 
nomials) 337.C 
module of, of an R-module with respect to S 
67.G 
prime (іп a lattice) 243.F 
Rayleigh 68.H 304.B 
ting of, of a ring with respect to a prime ideal 
67.G 
ring of, of a ring with respect to 5 67.G 
ring of total 67.G 
quotient bialgebra 203.G 
quotient bundle 147.F 
(of a vector bundle on an algebraic variety) 
16.Y 
quotient category 52.3 
quotient chain complex 200.С 
quotient coalgebra 203.Е 
quotient complex 201]. 
quotient group 
(ofa group) 190.C 
(of a topological group) 423.E 
quotient G-set 362.В 
quotient lattice 243.C 
quotient Lie algebra 248.A 
quotient Lie group 249.6 
quotient (linear) space 
(by a linear subspace) 256.F 
(with respect to an equivalence relation) 256.F 
quotient mapping 425.G 
hereditarily 425.G 
quotient measure 225.H 
quotient object 52.D 
quotient representation (of a linear representation) 
362.C 
quotient set (with respect to an equivalence relation) 
135.B 
quotient singularity 418.С 
quotient space 
(by a discontinuous transformation group) 
122.A 
(ofa linear space) 256.F 
(of a topological space) 425.L 
left (of a topological group) 423.E 
right (of a topological group) 423.E 
quotient system (of an algebraic system) 409.C 
quotient topological space 425.1. 
quotient topology 425.L 


R 


R (real numbers) 294.A 355.A 
p-set 308.1 
r-closed space 425.U 
r-frame, tangent 105.H 
r-ple point (of a plane algebraic curve) 9.B 
r-section 
(of a Euclidean (simplicial) complex) 70.В 


Subject Index 
r-skeleton (of a Euclidean complex) 


(of a simplicial complex) 70.C 
r-skeleton (of a Euclidean complex) 70.B 
rth differential 286.Е 
rth syzygy 369.F 
R-estimator 371.H 
R-progenerator 29.K 
(R,k)-summable 379.5 
(К, S)-exact sequence (of modules) 200.K 
(К, S)-injective module 200.K 
(R, S)-projective module 200.K 
R-action (continuous) 126.B 
R"-valued random variable 342.С 
Raabe criterion App. A, Table 10.II 
Racah algebra 353.А 
Racah coefficient 353.B 
Rademacher-Men'shov theorem 317.В 


Rademacher system of orthogonal functions 317.С 


radial equation 351.E 
radial maximal function 168.B 
radian 139.D 
radiation condition, Sommerfeld 188.р 
radical(s) 
(of an algebraic group) 131 
(ofa Banach algebra) 36.D 
(of a commutative Banach algebra) 36.Е 
(of a commutative ring) 67.B 
(ofanideal) 67.B 
(ofa Jordan algebra) 231.B 
(ofa Lie algebra) 248.D 
(ofa ring) 368.Н 
Jacobson (ofa ring) 67.D 
nilpotent (of a Lie algebra) 248.D 
solution by (of an algebraic equation) 10.D 
solvable by 172.H 
unipotent 131 
radius (radii) 
(ofa solid sphere) 140 
(ofa sphere) 139.1 
associated convergence 21.B 
of convergence (of a power series) 339.A 
of curvature (of a plane curve) 111.E 
of curvature (of a space curve) 111.F 
injectivity 178.C 
of meromorphy (of a power series) 339.D 
of principal curvature (of a surface) 111.H 
spectral 126.К 251.F 390.A 
of torsion (ofa space curve) 111.F 
Rado solution, Douglas- (to Plateau problem) 
275.C 
Radon, decomposition formula of 125.CC 
Radon integral, Lebesgue- 94.C 
Radon measure 270.1 
positive 270.1 
Radon-Nikodym derivative 270.1 380.C 
Radon-Nikodym property 443.H 
Radon-Nikodym theorem 270.1. 380.C 
for vector measures 443.Н 
Radon transform 218.F 
conjugate 218.F 
raising the subscripts (for tensor fields) 417.D 
Ramanujan conjecture 32.D 
Ramanujan-Petersson conjecture 32.D 
Ramanujansum 295.D 
ramification, degree of (of a branch point) 367.B 
ramification field (of a prime ideal) 14.К 
mth 14.K 
ramification group 
(of a finite Galois extension) 257.D 
(of a prime ideal 14К 
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mth 14K 
ramification index 
(of an algebroidal function) 17.C 
(of a finiteextension) 257.D 
(of a prime ideal over a field) 14.1 
(ofa valuation) 4391 
relative (of a prime ideal over a field) 141 
ramification numbers (of a prime ideal) 14.K 
ramification point (of an analytic covering space) 
23.E 
ramification theorem (in the theory of algebroidal 
functions) 17.C 
conductor- (in class field theory) 59.С 
ramified (prime ideal) 141 
ramified covering space 23.B 
ramified element 198.0 
ramified type theory 411.K 
random, at 401.F 
random current 395.1 
random distribution 395.Н 407.C 
with independent values at every point 407.С 
strictly stationary 395.Н 
strongly stationary 395.H 
weakly stationary 395.С 
in the wider sense 395.С 
in the wide sense 407.C 
random effect 102.A 
random-effects model 102.А 403.C 
random event 342.B 
random field 407.B 
randomization 102.A 
randomized (decision function) 398.А 
randomized block design 102.B 
randomized design, completely 102.A 
randomized estimator 399.B 
randomized test 400.A 
random measure 
Gaussian 407.D 
Poisson 407.D 
random numbers 354 
pseudo- 354.B 
random sample 374.A 396.B 401.F 
random sampling procedure 373.A 
random Schrödinger equations 340.E 
random sequence 354.E 
random tensor field 395.1 
random variable(s) 342.C 
distribution of 342.C 
independent 342.C 
joint 342.C 
measurable with respect to a family of 342.C 
n-dimensional 342.C 
one-dimensional probability distribution of 
342.C 
probability distribution of 342.C 
R"-valued 342.С 
(S,&)-valued 342.C 
random walk 260.А 
general 260.А 
standard 260.A 
range 
(of a correspondence) 358.В 
(of a linear operator) 37.C 
(ofa mapping) 381.C 
(of a population characteristic) 396.C 
(of statistical data) 397.C 
closed, theorem |. 37J 
equianharmonic (of points) 343.D 
harmonic (of points) 343.D 
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rank 


rank 


rank 


interquartile 397.C 

long 375.B 

metastable (of embeddings) 114.D 

numerical (of a linear operator) 251.E 

point (in projective geometry) 343.B 

point, of the number system (in projective 
geometry) 343.C 

sample 396.С 

short 375.В 

stable (of embeddings) 114.D 

of values (of a meromorphic function) 62.A 


(of an analytic mapping) 23.C 

(of a bilinear mapping) 256.H 

(ofa complex) 13.R 

(of a connected compact Lie group) 248.X 

(of an element of a complex) 13.R 

(of an elliptic curve over Q) 118.D 

(of first-order predicates) 411.K 

(of a free Abelian group) 2.C 

(ofa free group) 161.A 

(of a free module) 277.G 

(ofa graph) 186.G 

(ofa Lie algebra) 248.K 

(of a linear mapping) 256.F 

(ofa matrix) 269.D 

(ofa module) 2E 

(of a normal j-algebra) 384.C 

(of a prime ideal) 67.Е 

(of a quadratic form) 348.A 

(of a sesquilinear form) 256.Q 

(of a symmetric Riemannian homogeneous 
space) 412.D 

(ofa Tits system) 151.J 

(ofa valuation) 439.B 

bispinor 258.B 

of finite (operator) 68.C 

k- 13.0 

p- (of a torsion-free additive group) 2.E 

at a point (of an analytic mapping) 23.C 

rational (of a valuation) 439.B 
correlation 

Kendall 371.K 

Spearman 371.K 

function 66.F 


Rankine-Hugoniot relation 204.G 205.B 


rank 
rank 


Rao 


Raphson method, Newton- 
rapidly decreasing C*-function 
rapidly decreasing distribution 
rapidly decreasing sequence 


k, irreducible tensor of 353.C 
test 
signed 371.B 


Wilcoxon signed 371.B 
inequality, Crarher- 399.р 
301.D 
168.B 
125.0 
168.B 


rarefied gas, equation of 41.A 


rate 


coding 213.D 

hazard 397.0 
infinitesimal birth 260.G 
infinitesimal death 260.G 
of interest, assumed 214.A 
transmission 213.A 


ratio 


anharmonic 343.D 

of the circumference of a circle to its diameter 
332 

cross 343.D 

damping (of a damped oscillation) 318.B 

direction (of a line in an affine space) 7.F 


Subject Index 
Reaction, law of 


double 343.D 
likelihood 4001 
likelihood, test 400.1 
monotone likelihood 374.J 
odds 397.K 
Poisson 271.6 
sequential probability, test 
stiffness 303.G 
ratio ergodic theorem 
ratio estimator 373.C 
rational action 226.B 
rational cohomology group 200.0 
rational curve 9.C 93.H 
rational differential equation 288.A 
rational divisor 
k- (on an algebraic curve) 9.C 
prime 9.C 
rational double point 418.C 
rational element 198.0 
rational entire function 429.А 
rational expression 337.H 
field of 337.H 
rational extrapolation method 303.Е 
rational function(s) 
field of 337.H 
generalized 142.В 
ona variety 16.А 
rational function field in n variables 
rational function matrix 86.р 
rational homomorphism 3.С 13.A 
rational injectivity 200.0 
rational integer 294.C 
rationally equivalent cycles 
rational mapping 16.1 
defined along a subvariety 16.1 
purely inseparable 161 
separable 16.1 
rational number(s) 294.0 
denseness of 355.B 
rational operation 294.A 
rational point 118.E 
over a field 369.С 
k’- (of an algebraic variety) 16.А 
rational polyhedral, convex 16.Z 
rational Pontryagin class 56.Е 
rational rank (of a valuation) 439.B 
rational real number 294.Е 
rational representation 
(of GL(V)) 60.р 
(of a matrix group) 226.B 
rational singularity 418.С 
rational surface 15.E 
rational variety 16J 
uni- 16J 
ratio set 136.F 
asymptotic 308.1 
ray 
(in affine geometry) 7.D 
(in foundation of geometry) 
(modulo m*) 14.Н 
(in a Riemannian manifold) 
asymptotic 178.F 
grazing 325.L 
paraxial 180.B 
unit 351.B 
Rayleigh principle 68.Н 
Rayleigh quotient 68.Н 298.C 304.B 
Rayleigh-Ritz method 46.Е 271.6 
Rayleigh-Schródinger series 331.D 
reaction, law of 271.A 


400.L 


136.B 


149K 


16.R 


155.B 


178.F 


Subject Index 
Real analytic (at a point) 


real analytic (at a point) 106.K 
real analytic fiber bundle 147.0 
real analytic foliation 154.Н 
real analytic function 106.K 198.H 
exponentially decreasing 125.BB 
real analytic manifold 105.р 
real analytic structure 105.р 
геа] ахіѕ 74.C 
real closed field 149.3 
real-compact space 425.BB 
real field 149.N 
formally 149.N 
totally 14.F 
realform 412 
(of a complex algebraic group) 60.0 
(of a complex Lie algebra) 248.P 
normal (of a complex semisimple Lie algebra) 
248.Q 
real function 165.B 
real Grassmann manifold 199.B 
real Hilbert space 197.B 
real hyperbolic space 412.G 
real hypersphere 76.A 
oriented 76.A 
real hypersurface, spherical 344.С 
real immersion, totally 365.М 
real infinite prime divisor 439.Н 
real interpolation space 224.C 
realizable 
(for a linear representation) 362.F 
(by a submanifold) 114.G 
realization 
(of a linear time-varying system) 86.D 
(of an s.s. complex) 70.E 
(ofan s.s. mapping) 70.E 
minimal 86.D 
realization theorem (of a homotopy group) 202.N 
realization theory 86.D 
real Lie algebra 248.А 
compact 248.P 
real line 355.E 
real linear space 256.A 
rea] monoidal transform 274.E 
real number(s) 294.Е 355 
Cantor’s theory of 294.E 
completeness of 294.Е 355.B 
connectedness of 294.Е 
continuity of 294.E 
Dedekind's theory of 294.E 
extended 87.E 
infinitesimal 276.E 
irrational 294.Е 
mod! 355.D 
nonstandard 276.E 
rational 294.Е 
real part 74А 
real prime divisor 439.H 
real projective space 343.D 
infinite-dimensional 56.В 
real quadratic field 347.А 
real quadratic form 348.А,С 
real representation (of a Lie group) 249.0 
real root (of an algebraic equation) 10.Е 
real simple Lie algebra 
classical compact 248.T 
exceptional compact | 248. T 
real spectral measure 390.D 
real Stiefel manifold 
of k-frames 199.B 
of orthogonal k-frame 199.В 
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real submanifold, totally 365.M 

real-time (computation) 19.E 

real topological vector space 424.A 

real-valued functions 165.B 

real-valued measurable (cardinal) 33.F 

real variable 165.С 

rearrangement 168.B 

rearrangement invariant 168.B 

reciprocal equation 10.C 

reciprocal linear representation (of an algebra) 
362.C 

reciprocal network 282.С 

reciprocal permutation representation (of a group) 


362.B 
reciprocal spiral 93.H 
reciprocity 
of annihilators {in topological Abelian groups) 
422.E 


Artin’s general law of 59.C 
complementary law of 14.0 
Fourier 160.C 
general law of 14.0 
law of quadratic, of Jacobi symbol 297.1 
law of quadratic, of Legendre symbol 297.1 
relations, Onsagers 402.K 
reciprocity law 297. 
for Dedekind sums 328 
explicit (for Hilbert norm-residue symbol) 
14.R 
Gel'fand- Pyatetskii-Shapiro (on unitary repre- 
sentation) 437.DD 
Shafarevich 257.Н 
record 96.B 
rectangle 140 
latin 24LE 
rectangular coordinates (in a Euclidean space) 
90.B 
rectangular distribution App. A, Table 22 
rectangular hyperbola 78.E 
rectangular hyperbolic coordinates 90.C 
rectangular matrix 269.A 
rectangular parallelepiped 140 
rectifiable 
(current) 275.G 
(curve) 93.F 246.A 
locally 143.А 246.A 
rectifying plane 111.F 
rectifying surface 111.F 
rectilinear complex 70.В 
recurrence formulas for indefinite integrals App. 
A, Table 9.II 
recurrence theorem 136.А,С 
recurrence time 260.С 
mean 260.C 
recurrent 
(Lévy process) 5G ` 
(Markov chain) 260.B 
(Markov process) 261.B 
(nonsingular measurable transformation) 
136.C 
(point of a dynamical system) 126.Е 
chain 126.E 
infinitely (measurable transformation) 136.C 
linear (sequence) 295.A 
non- (Markov chain) 260.B 
null (point) 260.B 
positive (ergodic class) 260.B 
positive (point) 260.B 
regionally (flow) 126.E 
strongly (measurable transformation) 136.С 
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recurrent chain 260.B 
recurrent event 250.D 260.C 
delayed 260.C 
recurrent point 
(ofa Markov chain) 260.B 
(of a Markov process) 261.B 
recurrent sequence of orderr 295.A 
recurrent set 260.Е 
chain 126.Е 
recursive function(s) 356 
general 356.C,F 
partial 356.E,F 
primitive 356.A,B,F 
uniformly primitive 356.B 
recursively 
(define a partial recursive function) 356.E 
uniformly in V 356.Е 
recursively enumerable predicate 356.D 
recursively enumerable set 356.D 
recursive predicate 
general 356.C 
primitive 356.B 
recursive set 97 356.D 
general 97 
reduced 
(a closed linear subspace) 251.L 
(latin square) 241.A 
(scheme) 16.D 
reduced Abelian group 2.D 
reduced algebra 231.В 
reduced basis (of a lattice) 92.C 
reduced bundle (of a principal G-bundle) 147.7 
reduced character (of an algebra) 362.Е 
reduced Clifford group 61.D 
reduced cone (of a topological space) 202.F 
reduced dual 437.L 
reduced extremal distance 143.B 
reduced form (of a linear structural equation 
system) 128.C 
reduced homology exact sequence 201.F 
reduced homology group 201.E 
reduced join 
(of homotopy classes) 202.Q 
(of mappings) 202.F 
(of topological spaces) 202.F 
reduced link polynomial 235.D 
reduced mapping cone 202.F 
reduced norm (of an algebra)  362.E 
reduced orthogonal group 61.0 
reduced product space 202.Q 
reduced quadratic form 348.I 
reduced representation (of an algebra) 362.Е 
reduced residue system modulo т 297.6 
reduced square, Steenrod 64.B 
reduced square operation, Steenrod 64.B 
reduced suspension 
(of a topological space) 202.F 
n-fold 202.F 
reduced trace (of an algebra) 362.Е 
reduced von Neumann algebra 308.C 
reducibility, axiom of 156.B 411.K 
reducible 
(algebraic equation) 10.B 
(algebraic variety) 16.A 
(continuous geometry) 85.A 
(fiber bundle) 147.J 
(in four color problem) 157.D 
(germ of an analytic set) 23.B 
(linear system) 16.N 
(linear system in control theory) 86.C 


Subject Index 
Reflexive law 


(polynomial) 337.F 
(positive matrix) 269.N 
(representation) 362.C 
(Riemannian manifold) 364.Е 
completely (A-module) 277.H 
completely (group) 190.1. 
completely (representation) 362.C 
reductio ad absurdum 156.С 4111 
reduction 
d'Alembert method of, of order 252.F 
good (of an Abelian variety) 3.N 
modulo 9I (of a representation) 277.L 
modulo m (of a linear representation) 362.F 
potential good (of an Abelian variety) 3.N 
potential stable (of an Abelian variety) 3.N 
stable (of an Abelian variety) 3.N 
stable (of a curve) 9.K 
reduction formula (of a surface) 110.A 
reduction theorem, cup product (on cohomology or 
homology of groups) 200.M 
reduction theory, Minkowski (on fundamental 
regions) 122.E 
reductive 
(algebraic group) 13.1 
(homogeneous space) 199.A 
(Lie algebra) 248.G 
reductive action 226.B 
defined by a rational representation 226.B 
geometrically 226.В 
linearly 226.B 
semi- 226.B 
reductive stabilizer 199.A 
Reeb component 154.B 
Reeb foliation 154.B 
Reeb stability theorems 154.D 
Ree group 1511 
Reeh-Schlieder theorem 150.Е 
Rees lemma, Artin- 284.A 
Ree type 
group of 151.) 
group of Јапко- 151J 
reference edge 281.С 
refinement 
(of a covering) 425.R 
(of a descending chain іп а lattice) 243.F 
(of a normal chain in a group) 190.G 
barycentric 425.R 
cushioned 425.X 
A- (ofa covering) 425.R 
star (of a covering) 425.R 
reflected wave 325.L 
reflecting barrier 115.B,C 
reflection 
(associated with Ф) 13.R 
(ofa principal space) 139.B 
glide 92.E 
Schwartz's principle of 74.E 198.G 
space 359 
theorem of quasiconformal 352.C 
reflection coefficient 387.D 
reflectionless potential 387.р 
reflection points (with respect to a circle) 74.E 
reflection positivity 150.Е 
reflection principle 45.E 
reflexive 
(locally convex space) 424.0 
(relation) 358.A 
Banachspace 37.G 
reflexive law 
(for an equivalence relation) 135.A 


Subject Index 
Refraction, atmospheric 


(on ordering) 311.A 
refraction, atmospheric 392 
Regge behavior 386.С 
Regge poles 132.C 386.C 
regime, local 51.В 
region 79.A 
acceptance 400.A 
confidence 399.0 
confidence, uniformly most powerful 399.0 
confidence, uniformly most powerful unbiased 
399.Q 
critical 400.A 
Dirichlet 234.С 
of discontinuity 234.4 
estimation 399.Q 
feasible 264.В 292.A 
Ford fundamental 234.C 
fundamental (of a discrete transformation 
group) 122.B 
invariance of a confidence 399.0 
of relative stability 303.G 
star 339.D 
tolerance 399.R 
unbiased confidence 399.0 
regionally recurrent (flow) 126.E 
regionally recurrent on an invariant set 126.Е 
region of absolute stability (of the Runge-Kutta (P, p) 
method) 303.G 
regression, line of 111.FI 
regression analysis 403.0 
regression coefficient 397.H,J 403.D 
regression function 397.1 
linear 397.H 403.D 
regression hyperplane 403.D 
regression line 403.0 
regula falsi 301.С 
regular 
(almost contact manifold) 110.E 
(almost periodic system) 290.В 
(boundary point) 120.D 
(cell complex) 70.D 
(closed set) 125.J 
(coherent £-module) 274.G 
(differential form on an algebraic variety) 16.0 
(Dirichlet form) 261.C 
(element of a connected Lie group) 249.P 
(element of a real Lie algebra) 248.B 
(estimator) 399.N 
(Green line) 193J 
(kernel) 125.L 
(left ideal of a Banach algebra) 36.D 
(ordinal number) 312.E 
(permutation group) 151.H 
(point for an additive process) 5.G 
(point of an analytic set) 23.B 45.D 
(point with respect to an analytic set) 21.M 
(point with respect to the Dirichlet problem) 
207.B 
(point of a flow) 126.D 
(prime number) 14.L 
(sampling procedure) 373.A 
(spectral sequence) 200.J 
(submartingale) 262.D 
(ata subvariety) 16.В 
homogeneously 275.С 
of the hth species 343.Е 
at the point at infinity (for a harmonic function) 
193.B 
along a subvariety (for a rational mapping) 
161 
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regular affine transformation 7.Е 
regular Banach space 37.G 
regular boundary 
(of a diffusion process) 115.B 
domain with (in а C?-manifold) 105.U 
regular chain (of integral elements) 428.E 
regular conditional probability 342.E 
regular cone 384.A 
self-dual 384.E 
regular covering (space) 91.A 
regular element 
(ofaring) 368.B 
р- (of a finite group) 3621 
regular embedding 105.K 
regular extension (of a field) 149.K 
regular factorization 251.N 
regular first integral 126.H 
regular form 16.0 
regular function(s) 198.A 
on an open set (of a variety) 16.В 
sheaf of germs of 16.B 
atasubvariety 16.B 
regular grammar 31.D 
regular graph 186.С 
regular integral element 191.1 428.E 
regular integral manifold (of a differential ideal) 
428.E 
regularity 
abscissa of (of a Dirichlet series) 121.B 
axiom of (in axiomatic set theory) 33.B 
uptoaboundary 112.F 
parameter of (of a Lebesgue measurable set) 
380.D 
regularization (of a distribution) 125.M 
regularizing (kernel) 125.L 
regular knot projection 235.А 
regular local equation (at an integral point) 428.E 
regular local ring 284.D 
regularly convex set 89.G 
regularly homotopic (immersion) 114.D 
regularly hyperbolic (partial differential equation) 
325.A,F 
regular mapping 
(between prealgebraic varieties) 16.С 
of class C! 208.В 
regular matrix 269.B 
regular measure 270.F 
B- 270.F 
K- 270.F 
regular n-gon 357.А 
regular neighborhood 65.С 
regular neighborhood system 65.С 
regular outer measure 270.E 
regular perturbation 331.D 
regular point 
(in catastrophe theory) 51.F 
(of a differentiable mapping) 105.J 
(of a diffusion process) 115.B 
(for a Hunt process) 261.D 
(of a polyhedron or cell complex) 65.B 
(of a surface in Е?) 111.J 
semi- (of a surface in E?) 1117 
regular polygon 357.А 
regular polyhedra 357.В 
regular polyhedral angle 357.B 
regular polyhedral group  151.G 
regular positive Radon measure 270.H 
regular process, positively 44.C 
regular projective transformation 343.D 
regular representation 
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(ofa group) 362.B 
(of a locally compact group) 69.B 
(of a topological transformation group) 437.A 
left (of an algebra) 362.C 
left (ofa group) 362.C 
right (of an.algebra) 362.Е 
right (of a group) 362.E 
regular ring 284.D 
regular ring (continuous geometry) 85.B 
regular sequence (of Lebesgue measurable sets) 
380.D 
regular singularity (of a coherent 4-module) 274.H 
regular singular point 254.B 
regular solution (of a differential ideal) 428.E 
regular space 425.0 
completely 425.0 
regular submanifold (of a C?^-manifold) 105.1. 
regular system 
of algebraic equations 10.A 
of parameters (of a local ring) 284.D 
regular transformation 
(of a linear space) 256.B 
(of a sequence) 379.L 
totally (of a sequence) 379.L 
regular tube 193.K 
regular value 105.J 
regulator (of an algebraic number field) 14.D 
p-adic 450.J 
regulator problem, optimal 80.Е 
Reinhardt domain 21.B 
complete 21.В 
reiteration theorem 224.D 
rejection 400.A 
related differential equation 254.Е 
relation(s) 358 
(among elements ofa group) 190.C 
(among the generators ofa group) 161.A 
Adem (for Steenrod pth power operations) 
64.B 
Adem (for Steenrod square operations) 64.B 
analytic, invariance theorem of 198.K 
antisymmetric 358.A 
binary 358.A 411.G 
canonical anticommutation 377.A 
canonical commutation 351.С 377.A,C 
coarser 135.C 
defining (among the generators of a group) 
161.A 
dispersion. 132.C 
equivalence 135.A 358.A 
Euler 419.B 
finer 135.C 
Fuchsian 253.A 
functional (among components of a mapping) 
208.C 
functional, of class С^ 208.C 
fundamental (among the generators of a group) 
161.А 419.A 
Gibbs-Duhem 419.В 
Heisenberg uncertainty 351.C 
Hurwitz (on homomorphisms of Abelian varie- 
ties) 3.K 
identity 1021 
incidence 282.A 
inverse 358.A 
Legendre 134.F, App. A, Table 16.1 
Maxwell 419.B 
n-ary 411.6 
normal commutation 150.D 
order 311.A 


Subject Index 
Relative nullity, index of 


orthogonality (on irreducible characters) 
362.G 
orthogonality (for square integrable unitary 
representations) 437.M 
period 11.C 
Pliicker (on Pliicker coordinates) 90.B 
prey-predator 263.B 
proper equivalence (in an analytic space) 23.E 
Rankine-Hugoniot 204.G 205.B 
reciprocity, Onsagers 402.K 
reflexive 358.А 
Riemann-Hurwitz 367.В 
Riemann period 3.L 11.C 
stronger 135.C 
symmetric 358.A 
transitive 358.A 
weaker 135.C 
relationship algebra 102.7 
relative Alexander cohomology group 201.M 
relative algebraic number field 141 
relative boundary 367.В 
relative Bruhat decomposition 13.Q 
relative Cech cohomology group 201.М 
relative Cech homology group 201.М 
relative chain complex 200.С 
relative cochain complex 200.F 
relative cohomology group 215.W 
relative complement (at two sets) 381.B 
relative components (of a Lie transformation group) 
110.A 
relative consistency 156.D 
relative degree 
(of a finite extension) 257.D 
(of a prime ideal over a field) 141 
relative derived functor 200.K 
relative different 14.J 
relative discriminant 14J 
relative entropy 212.B 
relative extremum, conditional 106.L 
relative frequency (of samples) 396.C 
relative homological algebra 200.К 
relative homotopy group 202.K 
relative integral invariant 219.A 
Cartan’s 219.B 
relative invariant 12.А 226.A 
relative invariant measure 225.H 
relatively ample sheaf 16.E 
relatively bounded (with respect to a linear operator) 
331.B 
relatively closed set 425.) 
relatively compact 
(with respect to a linear operator) 331.B 
(maximum likelihood method) 399.M 
(set) 425.5 
(subset) 273.F 
relatively dense 126.E 
relatively invariant measure 225.H 
relatively minimal 15.G 161 
relatively minimal model 15.G 
relatively open set 425J 
relatively prime 
(fractional ideals) 14.E 
(numbers) 297.A 
relatively stable 303.G 
relative maximum (of a function) 106.L 
relative Mayer-Vietoris exact sequence 201.1, 
relative minimum (of a function) 106.L 
relative neighborhood 425.J 
relative norm (of a fractional ideal) 14.1 
relative nullity, index of 365.D 


Subject Index 
Relative open set 


relative open set 425.J 
relative ramification index (of a prime ideal over a 
field) 14.1 

relative singular homology group 2011. 
relative stability 303.G 

interval of 303.G 

region of 303.G 
relative topology 425.J 
relative uniformity 436.E 
relative uniform star convergence 310.F 
relativistically covariant 150.D 
relativity 

general principle of 359 

general theory of 359.A 

special principle of 359 

special theory of 359.A 
relativization 


(of a definition of primitive recursive functions) 


356.B 
(of a topology) 425.J 
(ofa uniformity) 436.E 
relativized 356.Е 
relaxation 215.A 
with projection 440.E 
relaxation oscillation 318.С 
relaxed continuity requirements, variational prin- 
ciples with 271.G 
Rellich-Dixmier theorem 351.С 
Rellich-Kato theorem 331.B 
Rellich lemma 68.С 
Rellich theorem 323.6 
Rellich uniqueness theorem 188.D 
remainder 297.A 337.C 
(in Taylor's formula) 106.E 
Cauchy App. A, Table 9.IV 
Lagrange App. A, Table 91У 
Roche-Schlómilch App. A, Table 9.IV 
remainder theorem 337.Е 
Chinese 297.G 
Remak-Schmidt theorem, Krull- (in group theory) 
190.L 
Remmert-Stein continuation theorem 23.В 
Remmert theorem 23.C 
removable (set for a family of functions) 169.C 
removable singularity 
(ofa complex function) 198.D 
(of a harmonic function) 193.L 
Renaissance mathematics 360 
renewal 
equation 260.C 
theorem 260.C 
renormalizable 111.В 132.C 150.C 
super 150.C 
renormalization 
constant 150.C 
equation 111.B 
group 111A 
method 111.A 
Rényi theorem 123.E 
reoriented graph 186.В 
repeated integral 
(for the Lebesgue integral) 221.E 
(for the Riemann integral) 216.G 
repeated series 
by columns 379.E 
by rows 379.E 
replacement, axiom of 33.В 381.G 
replacement, model 307.C 
replica 13.C 
replication 102.A 
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number of 102.B 


represent 


(afunctor) 52.L 
(an ordinal number) 81.B 


representable 


(functor) 52.1, 
linearly (matroid) 66.H 


representation(s) 362.A 


(of an algebraic system) 409.C 

(of a Banach algebra) 36.D 

(ofa Jordan algebra) 231.C 

(ofa knot group) 235.E 

(ofa lattice) 243.E 

(ofa Lie algebra) 248.B 

(of a mathematical system) 362.A 

(of a vector lattice) 310.D 

absolutely irreducible 362.Е 

adjoint (of a Lie algebra) 248.В 

adjoint (of a Lie group) 249.P 

adjoint (of a representation) 362.E 

analytic (of GL(V)) 60.B 

in terms of arc length (of a continuous arc) 
246.A 

canonical (of Gaussian processes) 176.E 

completely reducible 362.С 

complex (of a Lie group) 249.0 

complex conjugate 362.F 

conjugate 362.F 

contragredient 362.Е 

coregular (of an algebra) 362.E 

cyclic (of a C*-algebra) 36.6 

cyclic (of a topological group) 437.A 

differential (of a unitary representation of a Lie 
group) 437.5 

direct sum of 362.С 

double-valued 258.В 

dual 362.Е 

equivalent 362.C 

factor (of a topological group) 437.E 

factor, of type I, П, or Ш 308.M 437.E 

faithful 362.В 

Fock 150.C 

Gel'fand (of a commutative Banach algebra) 
36.E 

generalized canonical (of Gaussian processes) 
176.E 

generating (of a compact Lie group) 249.U 

half-spin (even, odd) 61.Е 

Herglotz’s integral 431 

induced 362.6 

induced (of a finite group) 362.G 

induced (of a unitary representation of a sub- 
group) 437.0 

integral (of a group) 362.G,K 

integral, Cauchys 21.C 

irreducible (of an algebra or a group) 362.C 

irreducible (of a Banach algebra) 36.D 

irreducible projective 362.J 

isomorphic 362.С 

isotropy 431.C 

Kàllén-Lehmann 150.D 

kernel (of a Green's operator) 189.B 

l-adic 3.E 

Lax 287.В,С 387.C 

left regular (of a group) 362.B 

linear — linear representation 

list 186.D 

Mandelstam 132.С 

matrix 362.D 

modular (of a finite group) 362.6 
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module of 69.D 
momentum 351.C 
without multiplicity 437.G 
normal (of a von Neumann algebra) 308.С 
ordinary (of a finite group) 362.G 
parametric 165.С 
parametric (of Feynman integrals) 146.B 
parametric (of a subspace of an affine space) 
7.C 
permutation (ofa group) 362.B 
permutation, reciprocal (of a group) 362.B 
polynomial (of GL(V)) 60.D 
position 351.C 
projective (of a group) 362.7 
projective, irreducible 362.J 
quotient (of a linear representation) 362.С 
rational (of GL(V)) 60.D 
rational (of a matrix group) 226.B 
real (of a Lie group) 349.0 
reciprocal linear (of an algebra) 362.С 
reciprocal permutation (of a group)  362.B 
reduced (of an algebra) 362.F 
reducible 362.C 
regular (of a locally compact group) 69.B 
regular (of a topological transformation group) 
437.A 
regular, left (of an algebra) 362.С 
regular, left (of a group) 362.B 
regular, right (of an algebra) 362.Е 
regular, right (of a group) 362.B 
Schródinger 351.С 
semisimple 362.С 
similar 362.C 
similar matrix (semilinear mapping) 256.D 
similar projective 362.7 
simple 362.С 
slice 431.C 
special (of a Jordan algebra) 231.C 
spectral 390.E 
spherical (of a differentiable manifold) 111.G 
spherical (of a space curve) 111.F 
spherical (of a unimodular locally compact 
group) 4377 
spin 61.Е 
spin (of SO(n)) 60.5 
spinor, of rank 258.B 
strongly continuous (of a topological group) 
69.B 
‘sub- 362.C 
sub- (of a projective representation) 362.J 
tensor (of a general linear group) 256.M 
tensor product of 362.C 
translation, theorem 375.H 
transposed 362.Е 
tree 96.0 
unit (ofa group) 362.C 
unitary — unitary representation 
vector (of a Clifford group) 61.D 
weakly continuous (of a topological group) 
69.B 
zero (of an algebra) 362.C 
representation module 
(of a linear representation) 362.С 
faithful 362.C 
representation problem (on surfaces) 246.1 
representation ring 237.H 
representation space 
(ofa Banach algebra) 36.D 
(ofa Lie algebra) 248.B 
(ofa Lie group) 249.0 


Subject Index 
Resolvent set (of a linear operator) 


(of a unitary representation) 437.А 
representative (of an equivalence class) 135.B 
representative function (of a compact Lie group) 
249.U 

representative ring (of a compact Lie group) 
249.U 

representing function (of a predicate) 356.B 

representing function (of a subset) 381.C 

representing measure 164.C 

reproducing kernel 188.6 

reproducing property (of a probability distribution) 
341.Е, App. A, Table 22 

reproduction function 263.A 

requirements, variational principles with relaxed 
continuity 271.G 

reserve, liability 214.B 

residual (subset of a directed set) 311.D 

residual limit set 234.E 

residual set 126.Н 425.3 

residual spectrum 390.А 

residue(s) 

(of a complex function) 198.Е 

calculus of 198.F 

of the nth power (modulo р) 14.M 

norm- (modulo p) 14.P 

norm- (symbol) 14.0 257.F 

power- (symbol) 14.N 

quadratic 297.H 
residue character 295.D 
residue class (modulo an ideal in a ring) 368.Е 
residue (class) algebra 29.A 
residue (class) field 149.С 368.F 439.B 
residue (class) ring (modulo an ideal) 368.Е 
residue system modulo m 

complete 297.G 

reduced 297.G 
residue theorem 198.E 

(on a nonsingular curve) 9.E 
resistance, negative 318.B 
resistance, specific 130.В 
resolution 200.H 

complete free (of Z) 200.N 

complex spectral 390.Е 

flabby 125.W 

of the identity 390.D 

injective (in an Abelian category) 200.1 

21 1021 

21-1 1021 

minimal 418.C 

projective (in an Abelian category) 2001 

right (of an A-module) 200.F 

right injective (of an A-module) 200.F 

of singularities 16.1. 

of singularities (of an analytic space) 23.D 

418.B 

spectral 390.E 

standard (of Z) 200.M 
resolutive 207.В 
resolutive compactification 207.B 
resolvent 

(ofakernel) 217.D 

(of a linear operator) 251.F 

(operator of a Markov process) 261.D 

cubic App. A, Table 1 
resolvent (operator of a Markov process) 261.D 
resolvent convergence 

norm 331.C 

strong 331.C 
resolvent equation 251.F 
resolvent set (of a linear operator) 251.F 390.A 


Subject Index 
Resonance model, dual 


resonance model, dual 132.C 
resonance pole 331.F 
resonance theorem 37.H 
response 405.A 
response surface 102.M 
designs for exploring 102.M 
rest energy 359.C 
restitutive force 318.B 
rest point (of a trajectory) 126.р 
restricted (Lorentz group) 258.A 
restricted Burnside problem (in group theory) 
161.C 
restricted differential system 191.1 
restricted direct product 6.B 
(of an infinite number of groups) 190.1. 
(of locally compact groups) 6.B 
restricted holonomy group 80.D 364.E 
restricted homogeneous holonomy group 364.E 
restricted homotopy 202.B 
restricted Lie algebra 248.V 
restricted minimal condition (in a commutative ring) 
284.A 
restricted quantifier 33.B 
restricted three-body problem 420.Е 
restriction 
(ofa connection) 80.F 
(of a continuous flow) 126.D 
(of a distribution) 125.D 
(ofa mapping) 381.C 
(in a presheaf) 383.A 
crystallographic 92.A 
scalar (of a B-module) 277.1. 
unitary (of a semisimple Lie algebra) 248.P 
resultant(s) 369.E 
system of 369.E 
retardation 163.A 
retarded differential equation 163.A 
retarded type (functional differential equation) 
163.A 
retract 202.D 
absolute 202.D 
absolute neighborhood 202.D 
deformation 202.D 
fundamental 382.C 
fundamental absolute (FAR) 382.C 
fundamental absolute neighborhood (FANR) 
382.C 
neighborhood 202.D 
neighborhood deformation 202.D 
strong deformation 202.D 
retraction 202.D 
retrieval, information (system) 96.F 
retrospective study 40.E 
return 127.C 
first- (mapping, map) 126.С 
maximum 127.В 
Reuleaux triangle 89.E 111.E 
reversal, time 258.A 
reversed process 261.F 
review technique, program evaluation and 376 
revolution 
ellipsoid of 350.B 
elliptic paraboloid of 350.В 
hyperboloid of, of one sheet 350.B 
hyperboloid of, of two sheets 350.В 
surface of 111.1 
Reynolds law of similarity 205.C 
Reynolds number 116.В 205.C 
Reynolds number, magnetic 259 


2094 


Riccati differential equation App. A, Table 141 
generalized App. A, Table 14.1 
matrix 86.E 
Riccati equation, matrix 405.G 
Ricci curvature 364.D 
Ricci equation 365.С 
Ricci formula  417.B, App. A, Table 4П 
Ricci tensor 364.р 417.B, App. A, Table 4.1 
Richard paradox 319.В 
Richardson method 302.С 
Riemann, G. Е. В. 363 
P-function of 253.B 
Riemann bilinear relations, Hodge- 16.У 
Riemann continuation theorem 21.F 
Riemann differential equation App. A. Table 18.I 
Riemann (differential) equation, Cauchy- 198.А 
274.G 
(for a holomorphic function of several complex 
variables) 21.C 
(for a holomorphic function of two complex 
variables) 320.F 
Riemann function (of a Cauchy problem) 325.D 
Riemann-Hilbert problem 
(for integral equations) 217.J 
(for linear ordinary differential equations) 
253.D 
Riemann-Hurwitz formula (on coverings of a non- 
singular curve) 9.1 
Riemann-Hurwitz relation 367.B 
Riemann hypothesis 450.A,I,P,Q 
Riemannian connection 80.K 364.B 
coefficients of 80.L 
Riemannian curvature 364.D 
Riemannian foliation 154.Н 
Riemannian geometry 137, App. A, Table 4.II 
Riemannian homogeneous space 199.4 
symmetric 412.B 
Riemannian manifold(s) 105.Р 286.K 364 
flat 364E 
irreducible 364.Е 
isometric 364.A 
locally flat 364.E 
normal contact 110.E 
reducible 364.E 
Riemannian metric 105.P 
pseudo- 105.P 
volume element associated with 105.W 
Riemannian product (of Riemannian manifolds) 
364.A 
Riemannian space 364.A 
irreducible symmetric App. A, Table 5.1 
locally symmetric App. A, Table 4.II 
symmetric — symmetric Riemannian space 
Riemannian submanifold 365 
Riemann integrable (function) 216.A 
Riemann integral 37.К 216.A 
Riemann-Lebesgue theorem 159.А 160.A 
Riemann lower integral 216.A 
Riemann mapping theorem 77.B 
Riemann matrix 3.1 
Riemann method of summation 379.5 
Riemann non-Euclidean geometry 285.A 
Riemann period inequality 3.1. 
Riemann period relation 3.L 
Riemann P-function App. A, Tables 14.II 18.1 
Riemann problem 253.D 
Riemann-Roch group 366.D 
Riemann-Roch inequality (on algebraic surfaces) 
15.D 
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Riemann-Roch theorem(s) 366 
(on algebraic surfaces) 15.D 
(for compact complex surface) 366.С 
(on nonsingular algebraic curves) 9.C 
(on Riemann surfaces) 11.D 
for an adjoint system 15.D 
for differentiable manifolds 237.G 
generalized (on algebraic curves) 9.F 
foraline bundle 366.С 
Riemann-Roch type 
Grothendieck theorem of 366.D 
Hirzebruch theorem of 366.B 
Riemann sphere 74.0 
Riemann-Stieltjes integral 94.В 166.C 
Riemann structure, Cauchy- 344.A 
Riemann sum 216.А 
Riemann surface(s) 367 
abstract 367.А 
classification theory of 367.E 
closed 367.А 
elliptic 367.D 
hyperbolic 367.D 
maximal 367.Е 
open 367.A 
open, of null boundary 367.Е 
open, of positive boundary 367.E 
parabolic 367.D 
prolongable 367.F 
Riemann theorem 
(on removable singularities) 198.D 
(on series with real terms) 379.C 
Riemann © function 3.L 
Riemann upper integral 216.A 
Riemann £ function 450.V 
Riesz convexity theorem 88.C 
Riesz decomposition 
(in a Markov chain) 260.D 
of a superharmonic or subharmonic function 
193.S 
Riesz-Fischer theorem 168.В 317.A 
Rieszgroup 36.H 
Riesz method of order k, summable by 379.R 
Riesz method of summation of the kth order 379.R 
Riesz potential 338.B 
Riesz-Schauder theorem 68.Е 
Riesz space 310.B 
Riesz (F.) theorem 
(on L, functions) 317.B 
(representation) 197.F 
Riesz (F. and M.) theorem 168.C 
(on bounded holomorphic functions on a disk) 
43.D 
Riesz-Thorin theorem 224.A 
Riesz transform 251.0 
right, limit on the 87.F 
right-adjoint (linear mapping) 256.Q 
right adjoint functor 52.K 
right A-module 277.D 
right angle 151.D 
right annihilator (of a subset of an algebra) 29.H 
right Artinian ring 368.Е 
right balanced (functor) 2001 
right circular cone 350.В 
right conoid 1111 
right continuous (function) 84.B 
right coset (of a subgroup of a group) 190.C 
right coset space (of a topological group) 423.E 
right decomposition, Peirce (in a unitary ring) 
368.F 


Subject Index 
Ring(s) 


right derivative 106.A 
right derived functor 2001 
right differentiable 106.A 
right endpoint (of an interval) 355.C 
right equivalent 51.C 
right exact (functor) 2001 
right global dimension (of a ring) 200.К 
right G-set 362.В 
right helicoid 111.1 
right ideal 
(ofa ring) 368.F 
integral 27.A 
right injective resolution (of an A-module) 200.F 
right invariant Haar measure 225.C 
right invariant tensor field (on a Lie group) 
249.A 
right inverse (of df,(0)) 286.G 
right inverse element (of an element of a ring) 
368.B 
right linear space 256.A 
right majorizing function 316.E 
right Noetherian ring 368.Е 
right o, ideal 27.A 
right operation (of a set to another set) 409.A 
right order (of a g-lattice) 27.A 
right parametrix 345.А 
right projective space 343.H 
right quotient space (of a topological group) 
423. E 
right regular representation 
(ofan algebra) 362.E 
(ofa group) 362.B 
right resolution (of an A-module) 200.F 
right satellite 2001 
right semihereditary ring 200.K. 
right semi-integral 68.N 
right shunt 115.B 
right singular point (of a diffusion process) 115.B 
right superior function 316.E 
right translation 249.A 362.B 
right uniformity (of a topological group) 423.G 
rigid 
(characteristic class of a foliation) 154.G 
(isometric immersion) 365.E 
rigid body 271.E 
rigidity 
(ofa sphere) 111.1 
modulus of 271.G 
rigidity theorem 178.C 
strong 122.G 
ring(s) 368 
adele (of an algebraic number field) 6.C 
affine 16.A 
anchor 410.B 
Artinian 284A 
associated graded 284.D 
basic (of a module) 277.D 
Boolean 42.C 
Burnside 431.F 
category of 52.B 
category of commutative 52.B 
Chow (of a projective variety) 16.R 
cobordism 114.Н 
coefficient (of an algebra) 29.А 
coefficient (of a semilocal ring) 284.D 
coherent sheaf of 16.E 
cohomology 2011 
cohomology, of compact connected Lie groups 
App. A, Table 61У 


Subject Index 
Ringed space 


cohomology, of an Eilenberg-MacLane com- 
plex App. A, Table 6.П1 

commutative 67 368.A 

complete local 284.D 

completely integrally closed 67.1 

completely primary 368.H 

complete Zariski 284.C 

completion, with respect to an ideal 16.Х 

complex cobordism 114.H 

of convergent power series 370.В 

coordinate (of an affine variety) 16.A 

correspondence (of a nonsingular curve) 9.H 

de Rham cohomology (of a differentiable mani- 
fold) 105.R 201.1 

differential 113 

differential extension 113 

of differential polynomials 113 

discrete valuation 439.E 

division 368.В 

endomorphism (of an Abelian variety) З.С 

endomorphism (of a module) 277.В 368.C 

of endomorphisms (of an Abelian variety) 3.C 

factor, modulo an ideal 368.F 

form 284.D 

of formal power series 370.А 

of fractions 67.G 

generalized Boolean 42.C 

Gorenstein 200.K 

graded 369.B 

ground (of an algebra) 29.A 

ground (of a module) 277.D 

group (of a compact group) 69.A 

Hecke 32.D 

Hensel 370.C 

Henselian 370.C 

hereditary 200.К 

homogeneous 369.B 

homogeneous coordinate 16.A 

integrally closed 671 

Krull 67J 

left Artinian 368.Е 

left hereditary 200.K 

left Noetherian 368.Е 

left semihereditary 200.К 

local 284.D 

local (of a subvariety) 16.B 

locally Macaulay 284.D 

Macaulay 284.D 

Macaulay local 284.D 

Noetherian 284.A 

Noetherian local 284.D 

Noetherian semilocal 284.D 

normal 67.1 

normed 36.А 

of operators 308.C 

of p-adic integers 439.F 

polynomial 337.А 369.A 

polynomial, in m variables 337.В 

of polynomials 337.A 369 

power series 370.A 

of power series 370 

primary 368.H 

primitive 368.H 

principal ideal 67.K 

Prüfer 200.K 

pseudogeometric 284.F 

quasilocal 284.D 

quasisemilocal 284.D 

quasisimple 368.E 

quotient 368.E 
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of quotients of a ring with respect to a prime 
ideal 67.G 
of quotients of a ring with respect to a subset of 
the ring 67.G 
regular 85.B 284.D 
regular local 284.D 
representation 237.H 
representative (of a compact Lie group) 249.U 
residue class, modulo an ideal 368.F 
right Artinian 368.F 
right hereditary 200.K 
right Noetherian 368.Е 
right semihereditary 200.K 
of scalars (of a module) 277.0 
semihereditary 200.К 
semilocal 284.D 
semiprimary 368.H 
semiprimitive 368.H 
semisimple 368.G 
simple 368.G 
splitting 29.K 
topological 423.P 
of total quotients 67.6 
unitary 368.А 409.C 
universally Japanese 284.F 
ofa valuation 439.B 
of valuation vectors 6.С 
Zariski 284.C 
zero 368.А 
ringed space 383.H 
local 383.H 
ring homomorphism 368.0 
ring isomorphism 368.D 
ring operations 368.А 
ripple 205.F 
risk 
Bayes 398.B 
consumer’s 404.C 
posterior 399.F 
producer’s 404.C 
risk function 398.A 
risk premium  214.B 
risk theory 214.C 
classical 214.C 
collective 214.С 
individual 214.C 
Ritt basis theorem (on differential polynomials) 
113 
Ritz method 46.Е 3031 304.B 
Rayleigh- 46.Е 271.G 
Robbins-Kiefer inequality, Chapman- 399.D 
Robertson-Walker metrics 359.Е 
Robin constant 48.B 
Robin problem 323.F 
robust and nonparametric method 371 
robust estimation 371.A 
robust method 371.A 
Roch — Rieman-Roch 
Roche-Schlómilch remainder App. A, Table 9.IV 
Rodrigues formula 393.В 
Roepstorff-Araki-Sewell inequality 402.G 
Roepstorff-Fannes-Verbeure inequality 402.G 
Rogers theorem, Dvoretzky- 443.D 
Rokhlin theorem 114.K 
Rolle theorem 106.E 
rolling curve (of a roulette) 93.H 
Roman and medieval mathematics 372 
Romberg integration 299.C 
Room square 241.D 
root ; 
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(of a chamber complex) 13.R 
(ofa polynomial) 337.B 
characteristic (of an autonomous linear system) 
163.F 
characteristic (of a linear mapping) 269.L 
characteristic (for a linear partial differential 
equation with variable coefficients) 325.F 
characteristic (of a matrix) . 269.F 
co- 13J 
imaginary (of an algebraic equation) 10.E 
k- 13.Q 
mth 10.C 
multiple (of an algebraic equation) 10.B 
negative (of a semisimple Lie algebra) 248.M 
of a polynomial 337.B 
positive (of a semisimple Lie algebra) 248.M 
primitive, modulo т 297.G 
primitive, of unity 14.L 
real (of an algebraic equation) 10.E 
of a semisimple algebraic group  13J 
of a semisimple Lie algebra 248.K 
simple (of an algebraic equation) 10.B 
simple (in a root system) 13J 
simple (of a semisimple Lie algebra) 248.M 
root extraction 10.C 
root subspace (of a linear operator) 390.B 
root subspace (of a semisimple Lie algebra) 248.K 
root system 
(of a semisimple algebraic group) 13.J 
(of a semisimple Lie algebra) 248.K 
(of a symmetric Riemannian space) 413.F 
(in a vector space over Q) 13J 
fundamental (of a semisimple Lie algebra) 
248.N 
irreducible 13.L 
root vector 390.B 
Rosen gradient projection method 292.E 
rot (rotation) 136.D 442.D, App. A, Table 3.II 
rotatable 102.M 
rotation App. A, Table 3.II 
(of a differentiable vector field) 442.D 
(on a locally compact Abelian group) 136.D 
axis of (of a surface of revolution) 111.1 
rotational 205.B 
rotational coordinates App. A, Table 3.V 
rotation group 601 
rotation number 99.D 111.Е 1261 
rotation theorem 438.В 
Roth theorem 118.D 182.G 
Rouché theorem 10.Е 99.D 198.F 
roulette 93.H 
roundofferror 138.В 
global 303.B 
row (of a matrix) 269.A 
iterated series by (of a double series) 379.E 
repeated series by (of a double series) 379.E 
row finite matrix 269.K 
row nullity (of a matrix) 269.D 
row vector 269.A 
Royden compactification 207.С 
Royden theorem, Arens- 36.M 
Rückert zero-point theorem 23.B 
Ruelle scattering theorey, Haag- 150.р 
ruin probability 214.C 
rule 
Adler-Weisberger sum 132.C 
chain (on the differentiation of composite 
functions) 106.C 
Cramer 269.M 
Feynman 146.A,B 
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o-discrete (covering of a set) 


formation 411.D 
ofinference 4111 
midpoint 303.E 
Napier App. A, Table 2.II 
product 299.D 
projection 31.B 
selection 351.H 
sequential decision 398.F 
Simpson’s 1/3 299.A 
Simpson’s 3/8 299.A 
slide 19.А 
stopping 398.Е 
terminal decision 398.F 
trapezoidal (of numerical integration) 299.A 
trapezoidal (of numerical solution of ordinary 
differential equations) 303.E 
univalence superselection 351.К 
ruled surface 
(algebraic surface) 15.E 
(in differential geometry) 1111 
criterion of 15.E 
ruler 155.G 179.A 
run (in a sequence of Bernoulli trials) 396.C 
Runge-Kutta-Gill method 303.D 
Runge-Kutta method 303.D 
explicit 303.D 
general 303.р 
implicit 303.D 
pseudo- 303.D 
semi-explicit 303.D 
semi-implicit 303.D 
Runge-Kutta (P, p) method, region of absolute 
stability of 303.G 
Runge phenomenon 223.A 
Runge theorem (on polynomial approximation) 
336.F 
Russell paradox 319.B 
Ryser-Chowla theorem, Bruck- 102.Е 


S 


fF (the totality of rapidly decreasing C*-functions) 
168.B 
F (the totality of tempered distributions) 125.N 
S, space of type 125.T 
SL(n, K) (special linear group) 60.B 
Sp(A) (Spur of a matrix А) 269.F 
SP(n, К) (symplectic group) 60.L 
SU(n) (special unitary group) 60.F 
S(Q) (totality of measurable functions on Q that 
take finite value almost everywhere) 168.B 
ж -—-also star 
*-automorphism group 36.K 
*-derivation 36.K 
*-homomorphism 36.F 
*-representation (of a Banach »-algebra) 36.F 
*-subalgebra 443.C 
c-additive measure 270.D 
c-additivity 270.D 
c-algebra 270.B 
optional 407.B 
predictable 407.B 
tail 342.G 
topological 270.C 
well-measurable 407.B 
о-сотрасі space 425.V 
c-complete (vector lattice) 310.C 
o-complete lattice 243.D 
conditionally 243.D 
c-discrete (covering of a set) 425.R 


Subject Index 
o-field 


o-field 
Bayer sufficient 396.J 
boundedly complete 396.E 
complete 396.E 
D-sufficient 396.J 
decision theoretically sufficient 396.J 
minimal sufficient 396.F 
pairwise sufficient 396.F 
test sufficient 396.J 
o-finite (measure space) 270.D 
o-function, of Weierstrass 134.Е, App. A, 
Table 16.1V 
o-locally finite covering (of a set) 425.R 
o-process (of a complex manifold) 72.H 
c-space 425. Y 
c-subfield 
necessary 396.E 
sufficient 396.Е 
o-weak topology 308.B 
Xi set 22.A 
X} set 22.D 
2-space 425.Y 
s-cobordism 65.С 
s-cobordism theorem 65.C 
s-field 149.А 
s-handle 114.F 
s"-factorial experiment 102.Н 
S-admissible (lattice in R”) 182.В 
S-flow 136.D 
S-levels 102.K 
S-matrix 150.р 
S-matrix theory 386.C 
S-morphism 52.G 
S-number 430.C 
S-object 52.G 
S-operator 150.D 386.B 
S-scheme 16.D 
S-set 3081 
S-topology (on a linear space) 424.K 
S-wave 351.Е 
(S)space 4245 
S*-number 430.С 
(S, &)-valued random variable 342.C 
s-parallelizable (manifold) 1141 
Sacks bound, Varshamov-Gilbert- 63.B 
saddle point 
(differential game) 108.B 
(of a dynamical system) 126.G 
(of a function) 255.B 
(in nonlinear programming) 292.A 
(on a surface) 111.H 
saddle-point method 25.C 
saddle set 126.Е 
Sakata model 132.D 
Salam model, Glashow-Weinberg- 132.D 
same kind (of mathematical systems) 409.B 
same orientation (for oriented atlases) 105.Е 
same shape 382.A 
sample(s) 373.A 401.E 
Bernoulli 396.B 
random 374.А 396.B 401.F 
small 401.F 
sample autocovariance 421.B 
sample characteristic 396.C 
sample characteristic value 396.С 
sample correlation coefficient 396.D 
sample covariance 396.D 
sample covariance function 395.G 
sample function 407.A 
sample generalized variance 280.E 
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sample mean 396.С 
sample median 396.C 
sample mode 396.С 
sample moment of order k 396.С 
sample multiple correlation 280.Е 
sample number, average 404.C 
sample partial correlation coefficient 280.Е 
sample path 407.А 
sample point 342.В 396.B 398.A 
sample problem, k- 371.0 
sample process 407.A 
sample range 396.C 
sample size 373.А 
sample space 342.В 396.B 398.A 
sample standard deviation 396.С 
sample survey 373 
sample theory, large 401.E 
sample value 396.B 
sample variance 396.С 
sampling 

exact, theory 401.F 

multistage 373.E 

optional 262.C 

optional, theorem 262.А 

stratified 373.Е 

two-stage 373.E 
sampling distribution 374.А 
sampling inspection 404.C 

with adjustment 404.C 

by attributes 404.C 

double 404.C 

multiple 404.C 

with screening 404.C 

sequential 404.C 

single 404.C 

by variables 404.C 
sampling inspection plan 404.С 
sampling inspection tables 404.С 
sampling procedure 373.А 

invariant 373.С 

random 373.A 

regular 373.A 

uniform 373.А 
Sard theorem 105.) 208.B 
Sard-Smale theorem 286.Р 
Sasakian manifold 110.Е 
Sasaki-Nitsche formula, Gauss-Bonnet- 275.C 
Satake diagram App. A, Table 5.II 

(of a compact symmetric Riemannian space) 

437.АА 

(of a real semisimple Lie algebra) 248.0 
satellite 

left 2001 

right 2001 
satisfiability, problem of (of a proposition) 97 
satisfiable (formula) 276.C 
Sato-Bernshtein polynomial 125.EE 
Sato conjecture 450.S 
saturated 

((B, N)-pair) 151.J 

(fractional factorial design) 1021 
saturated model, к- 293.В 
Savage theorem, Girshick- 399.F 
Savage zero-one law, Hewitt- 342.G 
savings premium 214.B 
Sazonov topology 341J 
SC?-manifold 178.6 
scalar(s) 

(in a linear space) 256.A,J 

(of a module over a ring) 277.D 
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field of (of a linear space) 256.A 
ring of (of a module) 277.D 
scalar change (of a B-module) 277.L 
scalar curvature 364.D, App. A, Table АП 
scalar extension 
(ofan algebra) 29.A 
(of an A-module) 277.1, 
(of a linear representation) 362.F 
scalar field 105.0 
(in a 3-dimensional Euclidean space) 442.D 
тее 377.C 
scalar integral 443.F,I 
scalarly integrable | 443.F,I 
scalarly measurable 443.B,] 
scalar matrix 269.А 
scalar multiple 
(of an element of a module) 277.D 
(of a linear operator) 37.C 
(in a linear space) 256.A 
(ofa vector) 442.A 
scalar multiplication 
(in a module) 277.D 
(on vectors) 442.A 
scalar operator 390.К 
scalar potential 130.A 442.D 
scalar product 442.В, App. A, Table 3.1 
scalar restriction (of a B-module) 277.1, 
scalar sum (of linear operators) 37.C 
scalar triple product 442.C 
scale 
of Banach space 286.7 
canonical 115.B 
natural 260.G 
ordinal 397.M 
two-sided 19.D 
scaled, u- 19.0 
scale matrix 374.C 
scale parameter 396.1 400.E 
scaling, metric multidimensional 346.E 
scaling, multidimensional 346.Е 
scaling method 346.Е 
scatter diagram 397.H 
scattered (sheaf) 383.E 
scattered set 425.0 
scattered zeros, function with 208.С 
scattering 375.A 
data 387.D 
elastic 375.A 
inelastic 375.А 
scattering amplitude 375.С 386.B 
partial wave 375.E 
scattering cross section 375.А 
scattering data 387.р 
scattering operator 375.B,F,H 
scattering state 375.B 
completeness of the 150.D 
scattering theory, Haag-Ruelle 150.D 
Schafheitlin formula, Sonine- App. A, Table 19.III 
Schauder basis 37.1. 
Schauder degree, Leray-  286.D 
Schauder estimate 323.С 
Schauder fixed-point theorem 153.D 286.D 
Leray- 286.0 323.D 
Schauder theorem, Riesz- 68.Е 
Scheduling 376 
job-shop 307.C 
model 307.C 
network 307.C 
scheduling and production planning 376 
scheduling problem 


Subject Index 
Schmidt theorem, Knopp- 


flow-shop 376 
job-shop 376 
machine 376 
multiprocessor 376 
Scheffé model 346.C 
Scheffé theorem, Lehmann- 399.C 
Scheja theorem 21.M 
schema of Souslin 22.B 
scheme 16.D 
adaptive 299.C 
affine 16D 
Aitken’s interpolation 223.B 
algebraic 16.D 
automatic integration 299.C 
coarse moduli 16.W 
complete 16.D 
consistent-mass 304.D 
deformation of X over a connected 16.W 
difference 304.Е 
difference, of backward type 304.F 
difference, of forward type 304.F 
explicit 304.F 
fine moduli 16.W 


formal 16.X 
Friedrichs 304.Е 
group 16H 


Hilbert 16.5 
implicit 304.F 
integral 16.D 
inverted filing 96.F 
irreducible 16.D 
K-complete 16.0 
Lax-Wendroff 304.F 
locally Noetherian formal 16.Х 
moduli 16.W 
morphism of 16.D 
Noetherian 16.D 
nonadaptive 299.C 
Picard 16.P 
projective 16.E 
quasiprojective 16.Е 
$- 16D 
over S 16.D 
separated 16.D 
separated formal 16.Х 
Scherk's surface 275.A 
Schláfli diagram (of a complex semisimple Lie 
algebra) 248.5 
Schlafli formula App. A, Table 19.III 
Schláfli integral representation 393.B 
Schláfli polynomial App. A, Table 19.IV 
Schlesinger equations 253.E 
schlicht 438.A 
schlicht Bloch constant 77.F 
schlichtartig 367.G 
Schlieder theorem, Reeh- 150.E 
Schlómilch criterion App. A, Table 10.II 
Schlómilch remainder, Roche- App. A, Table 
9.N 
Schlómilch series 39.D, App. A, Table 19.11 
generalized 39.D 
Schmidt class, Hilbert- 68.1 
Schmidt condition 379.M 
Schmidt expansion theorem, Hilbert- 217.H 
Schmidt norm, Hilbert- 681 
Schmidt orthogonalization 317.A 
Gram- 317.A 
Schmidt procedure, Lyapunov- 286.У 
Schmidt theorem 118.D 
Schmidt theorem, Knopp- 208.С 


Subject Index 
Schmidt theorem, Krull-Remak- 


Schmidt theorem, Krull-Remak- (in group theory) 
190.L. 
Schmidt type, integral operator of Hilbert- 68.C 
Schmidt type, kernel of Hilbert- 2171 
Schnee theorem, Knopp- (on method of summation) 
379.M 
Schoenflies notation (for crystal classes) 92.Е, 
App. B, Table 6.IV 
Schoenflies problem 65.G 
Schoenflies theorem 65.G 
Schottky group 234.B 
Schottky theorem 43.J 
Schottky uniformization 367.С 
Schrader axioms, Osterwalder- 150.F 
Schreier conjecture (on simple groups) 1511 
Schreier extension, Artin- (of a field) 172.F 
Schröder equation, Königs- 44.В 
Schróder functional equation 388.р 
Schrödinger equation 351.D 
l-body 351.Е 
random 340.E 
time-dependent 351.D 
time-independent 351.D 
Schródinger operator 351.D 
Schrödinger picture 351.D 
Schródinger representation 351.С 
Schródinger series, Rayleigh- 331.D 
Schubert cycle 56.E 
Schubert variety 56.E 
Schur index 
(of a central simple algebra) 29.Е 
(of an irreducible representation) 362.Е 
Schur lemma 
(on linear representations) 362.C 
(on simple modules) 277.Н 368.G 
(on unitary representations) 437.D 
Schur subgroup 362.F 
Schur theorem (on linear transformations of 
sequences) 379.L 
Schur theorem, Kojima- (on linear transformations 
of sequences) 379.L 
Schur-Zassenhaus theorem (on Hall subgroups) 
151.E 
Schwartz-Christoffel transformation 77.D, 
App. A, Table 13 
Schwartz-Christoffel transformation formula 77.D 
Schwartz integral, Bartle-Dunford- 443.G 
Schwartz space 4245 
Schwarzian derivative App. A, Table 9.11 
Schwarz inequality 211.С 
Cauchy- 211.C, App. A, Table 8 
Schwarz lemma  43.B 
Schwarz principle of reflection 198.G 
Schwinger equation, Lippmann- 375.C 
Schwinger function 150.F 
Schwinger points 150.F 
sciences, information 75.F 
scores 
canonical 397.M 
factor 280.G 346.F 
score test, Fisher-Yates-Terry normal 371.C 
scoring method 397.M 
screening, sampling inspection with 404.C 
seasonal adjustment 397.N 
sec (secant) 131.E 
secant 432.A 
hyperbolic 131.F 
sech (hyperbolic secant) 131.Е 
second (unit of an angle) 139.D 
secondary cohomology operation, stable 64.С 
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secondary components (of a homogeneous space) 
110.A 
secondary composition 202.R 
secondary obstruction 305.D 
secondary parameters 110.A 
second axiom, Tietzes 425.0 
second barycentric derived neighborhood 65.C 
second boundary value problem 
(for harmonic functions) 193.F 
(of partial differential equations of elliptic type) 
323.F 
second category, set of 425.N 
second classification theorem (in the theory of 
obstructions) 305.C 
second complementary law (of Legendre symbols) 
297.1 
second countability axiom 425.P 
second Cousin problem 21.K 
second definition (of an algebraic K-group) 237J 
second difference 104.A 
second extension theorem (in the theory of 
obstructions) 305.C 
second factor (of a class number) 14.L 
second fundamental form (of an immersion of 
a manifold) 111.G 365.C, App. A, Table 41 
second fundamental quantities (of a surface) 111.H 
second fundamental tensor 417.F 
second fundamental theorem (in Morse theory) 
279.D 
second homotopy theorem 305.C 
second incompleteness theorem 185.С 
second isomorphism theorem (on topological 
groups) 423.J 
second kind 
(Abelian differential of) 11.C 
(Abelian integral of) 11.C 
(Fuchsian group of) 122.C 
(integral equations of Fredholm type of) 
217.A 
perfect number of 297.D 
Stirling number of 66.D 
second law of cosines 432.А, App. A, Table 2.II 
second law of thermodynamics 419.A 
second mean value theorem 
(for the D-integral) 100.G 
(for the Riemann integral) 216.B 
(for the Stieltjes integral) 94.C 
second-order asymptotic efficiency 399.0 
second-order design 102.М 
second-order efficiency 399.0 
second-order predicate 411.К 
second-order predicate logic 411.K 
second quantization 377 
second separation axiom 425.Q 
second variation formula 178.A 
section 
(ofa finite group) 362.I 
(of a sheaf space) 383.C 
circular 350.F 
conic 78 
cross- 126.C 286.H 
cross (of a fiber bundle) 147.1. 
cross (ofa fiber space) 148.D 
cross-, for a closed orbit 126.G 
differential cross 375.А 386.B 
local 126.E 
local cross (of a fiber bundle) 147.E 
n- (in а cell complex) 70.D 
normal (of a surface) 410.B 
r- (of a Euclidean complex) 70.В 
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r- (of a simplicial complex) 70.C 
scattering cross 375.А 
set of (of a sheaf) 383.С 
total (elastic) cross 386.В 
zero- (of a block bundle) 147.0 
sectional curvature 364.D 
holomorphic 364.D 
section graph 186.С 
Sectors, superselection 150.Е 351.K 
secular equation 55.В 269.F 
secular perturbation 55.В 
sedenion 29.D 
segment 155.В 178.H 
(in affine geometry) 7.D 
(їп an ordered set) 311.B 
oriented 442.А 
Seidel method, Gauss- 302.С 
Seifert conjecture 126.N 154.D 
Seifert matrix 235.C 
Seifert surface 235.А 
Selberg sieve 123.E 
Selberg theorem, Evans- 48.Е 338.H 
Selberg zeta function 450.T 
selection, measurable 443.1 
selection, model 401.D 
selection function 354.E 
selection parameter 396.F 
selection rule 351.H 
selection statistic 396.Е 
self-adjoint 
(linear homogeneous ordinary differential 
equation) 315.B 
essentially 251.Е 390.1 
self-adjoint differential equation 252.K 
self-adjoint differential operator, formally 112.1 
self-adjoint operator 251.Е 390.F 
self-adjoint system of differential equations 252.K 
self-commutator 251.K 
self-dual (linear space) 256.H 
self-dual (regular сопе) 384.E 
self-dual, anti- (G-connection) 80.Q 
self-excited vibration 318.B 
self-information 213.B 
self-intersection number 15.C 
self-loop 186.B 
self-polar tetrahedron 350.С 
self-polar triangle 78J 
self-reciprocal function 220.B 
semicontinuity, lower (of length) 246.A 
semicontinuous 84.C 
(mapping in a topological linear space) 153.D 
lower 84.C 
upper 84.C 
semicontinuous function 84.C 
semicontinuous partition, upper 425.L 
semidefinite Hermitian form 348.Е 
semidefinite kernel, positive 217.H 
semidefinite matrix, positive 2691 
semidefinite operator, positive 251.Е 
semidefinite quadratic form, positive or negative 
348.C 
semidirect product (of two groups) 190.N 
semidiscrete approximation 304.B 
semiexact (differential on an open Riemann surface) 
367.1 
semi-explicit 303.D 
semifinite (von Neumann algebra) 308.Е 
semifinite (weight on a von Neumann algebra) 
308.D 
semiflow 126.B 
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Semisimple 


of class С" 126.B 
continuous 126.B 
discrete 126.B 
discrete, of class C” 126.B 
semigroup 88.Е 190.Р 409.A 
(ofa Markov process) 261.B 
of class(C°) 378.B 
differentiable 378.F 
distribution 378.Е 
dual 378.F 
equicontinuous, of class (C) 378.В 
free 161.A 
holomorphic 378.D 
locally equicontinuous 378.F 
nonlinear 378.F 
nonlinear, of operators 286.X 
of operators 378 
order-preserving 286.Y 
unitary 409.C 
semigroup algebra 29.С 
large 29.C 
semigroup bialgebra 203.G 
semihereditary ring 200.K 
left 200.K 
right 200.K 
semi-implicit 303.D 
semi-integral,left 68.3 
semi-integral, right 68.3 
semi-intuitionism 156.С 
semi-invariant 226.A 
G- 226A 
of a probability distribution 341.С 
semilattice 243.A 
lower 243.A 
upper 243.A 
semilinear (partial differential equations of elliptic 
type) 323.D 
semilinear mapping 256.Р 277.1, 
semilinear transformation 256.P 
semilocal ring 284.D 
analytically unramified 284.р 
Noetherian 284.D 
quasi- 284.D 
semilogarithmic paper 19.F 
semimartingale 262.E 406.B 
continuous 406.B 
semimartingale decomposition 406.B 
seminorm (on a topological linear space) 424.F 
semiorbit 126.D 
negative 126.D 
positive 126.D 
semiordered set 311.A 
semiordering 311.A 
semipolar set 261.D 
semiprimary ring 368.H 
semiprime differential ideal (of a differential ring) 
113 
semiprime ideal (of a differential ring) 113 
semiprimitive ring 368.Н 
semireductive (action defined by a rational 
representation) 226.B 
semireflexive (locally convex space) 424.0 
semiregular point (of a surface in E?) 111.J 
semiregular transformation (of a sequence) 379.L 
semisimple 
(algebraic group) 13.1 
(Banach algebra) 36.D 
(Jordan algebra) 231.B 
(Lie algebra) 248.E 
(Lie group) 249.D 


Subject Index 
Semisimple algebra 


(matrix) 269.G 
semisimple algebra 29.А 
semisimple A-module 277.H 
semisimple component (of a linear transformation) 
269.L 
semisimple linear representation 362.C 
semisimple linear transformation 269.L 
semisimple part 
of an algebraic group 13.E 
of a nonsingular matrix 13.E 
semisimple ring 368.G 
semisimplicial complex 70.Е 
semisimplicity, Cartan’s criterion of 248.Е 
semistable (coherent sheaf) 16.Y 
semistable distribution 341.G 
semistable reduction theorem 16.7 
semistable vector bundle (algebraic) 16.Y 
semivariation 443.G 
sensitive grammar, context- 31.р 
sensory test 346.B 
separable 
(function in nomograms) 19.D 
(polynomial) 337.G 
(rational mapping) 16.1 
(stochastic process) 407.A 
(topological space) 425.P 
perfectly 425.P 
separable algebra |. 29.F,K 200.L 
central 29.К 
separable element (of a field) 149.Н 
separable extension 
(of a field) 149.H,K 
maximal (of a field) 149.H 
separable metric space 273.E 
separably generated extension (of a field) 149.K 
separated 
(formal scheme) 16.X 
(morphism) 16.D 
separated convex sets, strongly 89.А 
separated kernel 217.Е 
separated scheme 16.D 
separated space 425.0 
separated S-scheme 16.D 
separated topological group  423.B 
separated type App. A, Table 141 
separated uniform space 436.C 
separated variable type App. A, Table 15.1 
separately continuous (bilinear mapping) 424.0 
separating family 207.С 
separating transcendence basis (of a field extension) 
149.K 
separation 
axioms of (in set theory) 33.B 
of variables 322.C 
separation axioms 425.Q 
the first 425.0 
the fourth 425.Q 
the second 425.Q 
the third 425.0 
Tikhonov 425.0 
separation cochain 305.В 
separation cocycle 305.B 
separation principle 405.C 
separation theorem (on convex sets) 89.A 
separator 186.F 
sequence(s) 165.D 
admissible (in Steenrod algebra) 64.B, App. A, 
Table 6.ITI 
asymptotic 30.A 
of Bernoulli trials 396.B 
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Blaschke 43.F 

Cauchy (in a-adic topology) 284.B 

Cauchy (in a metric space) 273J 

Cauchy (of rational numbers) 294.E 

Cauchy (of real numbers) 355.B 

Cauchy (in a uniform space) 436.G 

cohomology exact 201.L 

cohomology spectral 200.J 

connected, of functors 200.1 

convergent (of real numbers) 87.B 355.B 

divergent (of real numbers) 87.B 

double 379.Е 

exact (of A-homomorphisms of A-modules) 
277.E 

exact, of cohomology 200.F 

exact, of Ext 200.G 

exact, of homology 200.С 

exact, of Tor 200.D 

of factor groups (of a normal chain) 190.G 

Farey 4B 

Fibonacci 295.A 

finite 165.0 

offunctions 165.B,D 

fundamental (in a metric space) 273.J 

fundamental (of rational numbers) 294.E 

fundamental (of real numbers) 355.B 

fundamental (in a uniform space) 436.G 

fundamental, of cross cuts (in a simply 
connected domain) 333.B 

fundamental exact (on cohomology of groups) 
200.M 

Gysin exact (of a fiber space) 148.E 

Hodge spectral 16.0 

homology exact (of a fiber space) 148.Е 

homology exact (for simplicial complexes) 
201.L 

homotopy exact 202.L 

homotopy exact (of a fiber space) 148.D 

homotopy exact (of a triad) 202.M 

homotopy exact (of a triple) 2021. 

independent, of partitions 136.Е 

infinite 165.D 

interpolating 43.F 

Jordan-Hólder (іп a group) 190.G 

linear recurrent 295.A 

Mayer-Vietoris exact 201.C 

minimizing 46.E 

monotone (of real numbers) 87.B 

monotonically decreasing (of real numbers) 
87.B 

monotonically increasing (of real numbers) 
87.B 

normal (of open coverings) 425.R 

null (in a-adic topology) 284.B 

ofnumbers 165.D 

(o)-convergent 87.1. 

(0)-star convergent 87.1. 

order-convergent (in a vector lattice) 310.C 

oscillating (of real numbers) 87.D 

of points 165.D 

pointwise convergent 435.B 

positive definite 192.В 

of positive type 192.B 

Puppe exact 2026 

random 354.E 

rapidly decreasing 168.В 

recurrent, of orderr 295.A 

reduced homology exact 201.F 

regular (of Lebesgue measurable sets) 380.D 

regular spectral 200.J 
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relative Mayer-Vietoris exact 201.L 
(R, S)-exact (of modules) 200.K 
ofsets 165.D 
short exact 2001 
simply convergent 435.B 
slowly increasing 168.В 
spectral 200.J 
spectral (of singular cohomology of a fiber 
space) 148.E 
standard 400.K 
symbol (in the theory of microdifferential 
operators) 274.F 
of Ulm factors (of an Abelian p-group) 2.D 
uniformly convergent 435.A 
Wang exact (of a fiber space) 148.E 
sequencing problem, machine 376 
sequential decision function 398.F 
sequential decision problem 398.F 
sequential decision rule 398.F 
sequentially compact (space) 425.5 
sequential probability ratio test 400.L 
sequential sampling inspection 404.C 
sequential space 425.CC 
sequential test 400.L 
serial correlation coefficient 397.N 421.B 
serial cross correlation coefficient 397.N 
series 379, App. A, Table 10 
absolutely convergent 379.C 
absolutely convergent double 379.E 
allied (of a trigonometric series) 159.A 
alternating 379.C 
ascending central (of a Lie algebra) 248.С 
asymptotic 30 
asymptotic power 30.A 
binomial App. A, Table 10.1V 
binomial coefficient 121.Е 
characteristic (in a group) 190.G 
commutatively convergent 379.С 
complementary (of unitary representations of 
a complex semisimple Lie group) 437.W 
complementary degenerate (of unitary represen- 
tations of a complex semisimple Lie group) 
437.W 
composition (in a group) 190.G 
composition (in a lattice) 243.F 
composition factor (of a composition series in 
agroup) 190.G 
conditionally convergent 379.С 
conditionally convergent double 379.Е 
conjugate (of a trigonometric series) 159.A 
convergent 379.A 
convergent double 379.Е 
convergent power 370.B 
convergent power, ring 370.В 
degenerate (of unitary representations of 
а complex semisimple Lie group) 437.W 
derived (of Lie algebra) 248.С 
descending central (of a Lie algebra) 248.С 
Dini 39.D 
Dirichlet 121 
Dirichlet, of the type (4,) 121.А 
discrete (of unitary representations of a semi- 
simple Lie group) 437.X 
divergent 379.A 
divergent double 379.Е 
double 379.E 
Eisenstein 32.C 
Eisenstein-Poincaré 32.Е 
exponential 131.D 
factorial 104.F 121.E 
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field of formal power, in one variable 370.A 

finite 379.А, App. A, Table 10.1 

formal power 370.A 

formal power, field in one variable 370.A 

formal power, ring 370.A 

Fourier 159 197.C, App. A, Table 11.1 

Fourier (of an almost periodic function) 18.B 

Fourier (of a distribution) 125.P 

Fourier-Bessel 39.D 

Fourier cosine App. A, Table 11.1 

Fourier sine App. A, Table 11.1 

Gauss 206.A 

generalized Eisenstein 450.T 

generalized Schlómilch 39.D 

generalized trigonometric 18.В 

geometric 379.В, App. A, Table 101 

Heine 206.C 

hypergeometric 206.A 

infinite 379.А, App. A, Table 10.III 

iterated, by columns (of a double series) 379.E 

iterated, by rows (of a double series) 379.E 

Kapteyn 39.D, App. A, Table 19.III 

Lambert 339.С 

Laurent 339.A 

logarithmic 131.D 

lower central (of a group) 190.J 

majorant 316.G 

majorant (of a sequence of functions) 435.A 

Neumann 217.D 

of nonnegative terms 379.B 

ordinary Dirichlet 121.А 

orthogonal (of functions) 317.А 

oscillating 379.А 

n- (ofa group) 151.F 

Poincaré 32В 

of positive terms 379.В 

power 21.В 339 370.A, App. A, Table 10.IV 

power (їп a complete ring) 370.А 

power, with center at the point at infinity 
339.A 

power, ring 370.А 

principal (in an Q-group) 190.G 

principal (of unitary representations of a com- 
plex semisimple Lie group) 258.C 437.W 

principal (of unitary representations of a real 
semisimple Lie group) 258.C 437.X 

principal H- 437.X 

properly divergent 379.А 

Puiseux 339.A 

repeated, by columns (of a double series) 
379.E 

repeated, by rows (of a double series) 379.E 

ring of convergent power 370.B 

ring of formal power 370.A 

ring of power 370.A 

Schlómilch 39.D, App. A, Table 19.III 

simple 379.Е 

singular 4.D 

supplementary 258.C 

Taylor 339.А 

termwise integrable 216.B 

theta 348.1, 

theta-Fuchsian, of Poincaré 32.B 

time 397.А 421.A 

trigonometric 159.A 

unconditionally convergent 379.С 

uniformly absolutely convergent 435.A 

upper central (of a group) 190.J 


Serre conjecture 369.F 
Serre @-theory 202.N 
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Serre duality theorem 


Serre duality theorem 
(on complex manifolds) 72.E 
(on projective varieties) 16.E 
Serre formulas, Frenet- (on curves) 111.D, 
App. A, Table 4.I 
Serre theorem (for ample line bundles) 16.E 
sesquilinear form 
(оп а linear space) 256.0 
(оп a product of two linear spaces) 256.0 
matrix of 256.0 
nondegenerate 256.Q 
set(s) 381 
A- 22A 409.A 
absolutely convex {in a linear topological space) 
424.E 
a-limit 126.0 
analytic 22.A,I 
analytic (in the theory of analytic spaces) 23.B 
analytically thin (in an analytic space) 23.D 
of analyticity 192.N 
analytic wave топі 274.D 
ofantisymmetry 164.E 
arbitrary 381.G 
asymptotic 62.A 
asymptotic ratio 308.1 
axiom of power 33.В 381.G 
B, 22.D 
$8-measurable 270.C 
Baire 126.H 270.C 
bargaining 173.D 
basic (for an Axiom A flow) 126.7 
basic (of a structure) 409.B 
basic open 425.F 
bifurcation 51.F 418.F 
border 425.N 
Borel (in a Euclidean space) 270.C 
Borel (in a topological space) 270.C 
Borel in the strict sense 270.C 
boundary 425.N 
boundary cluster 62.A 
bounded (in an affine space) 7.D 
bounded (in a locally convex space) 424.F 
bounded (in a metric space) 273.B 
С, 22D 
CA 22A 
Cantor 79.D 
capacity of 260.D 
catastrophe 51.F 
category of 52.B 
chain recurrent 126.E 
characteristic (of an algebraic family on 
a generic component) 15.F 
characteristic (of a partial differential operator) 
320.B 
choice 34А 
closed 425.B 
cluster 62.A 
coanalytic 22.A 
compact (in a metric space) 273.F 
compact (in a topological space) 425.8 
complementary 381.B 
complementary analytic 22.A 
complete 241.В 
complete orthonormal (of a Hilbert space) 
197.C 
connected 79.A 
constraint (of a minimization problem) 292.A 
convex 7.0 89 
countably equivalent (under a nonsingular 
bimeasurable transformation) 136.С 
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curvilinear cluster 62.C 

cylinder 270.H 

of degeneracy (of a holomorphic mapping 
between analytic spaces) 23.C 

A} 22D 

dense 425.3 

dependent 66.G 

derived 425.0 

determining (of a domain in С") 21.C 

difference (of blocks) 102.Е 

directed 311.D 

discrete 425.0 

disjoint 381.B 

dominating 186.1 

empty (D) 381.A 

externally stable 186.I 

equipollent 49.A 

equipotent 49.A 

F, 270.C 

factor (of a crossed product) 29.D 

factor (of an extension of groups) 190.N 

factor (of a projective representation) 362.3 

family of 165.D 381.B,D 

family of (indexed by A) 381.D 

final (of a correspondence) 358.В 

final (of a linear operator) 251.E 

finite 49.F 381.A 

finitely equivalent (under a nonsingular 
bimeasurable transformation) 136.С 

of the first category 425.N 

of the first kind 319.B 

first negative prolongational limit 126.D 

first positive prolongationallimit 126.D 

function 380.A 

function-theoretic null 169.A 

fundamental (of a transformation group) 
122.B 

fundamental open (of a transformation group) 
122.B 

G, 270.C 

general Cantor 79.D 

generalized peak 164.D 

(general) recursive 97 

germ of an analytic 23.B 

homotopy 202.B 

idempotent (of a ring) 368.B 

increasing directed 308.А 

Independent 66.G 186.I 

index 102.L 

index (of a family) 165.D 

index (of a family of elements) 381.D 

indexing (of a family of elements) 381.D 

infinite 49.F 381.A 

information 173.B 

initial (of a correspondence) 358.B 

initial (of a linear operator) 251.E 

interior cluster 62.A 

internally stable 186.1 

interpolating (for a function algebra) 164.D 

Kronecker 192.R 

lattice of 243.E 

lattice-ordered 243.A 

Lebesgue measurable 270.G 

Lebesgue measurable (of В”) 270.6 

level 279.D 

limit 234.A 

locally closed 425.J 

M- 1597 

meager 425.N 

minimal 126.E 
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-measurable 270.D 

и-ий 270.D 

of multiplicity 159.J 

n-cylinder 270.H 

nilpotent (of a ring) 368.B 

nodal 391.H 

nonmeager 425.N 

nonsaddle 120.Е 

nonwandering 126.E 

nowhere dense 425.3 

null (in a measure space) 270.D 310.1 

null, of class Nç 169.Е 

null (Z) 381.А 

w-limit 126.р 

ореп 425.В 

ordered — ordered set 

ordinate 221.Е 

orthogonal (of functions) 317.A 

orthogonal (of a Hilbert space) 197.С 

orthogonal (ofa ring) 368.В 

orthonormal (of functions) 317.A 

orthonormal (of a Hilbert space) 197.C 

P, 22D 

P-convex (for a differential operator) 112.C 

peak 164.D 

perfect 425.0 

ПІ 22A 

H! 22D 

point 381.B 

of points of indeterminacy (of a proper 
meromorphic mapping) 23.D 

polar (in potential theory) 261.D 338.H 

power 381.B 

precompact (in a metric space) 273.B 

principal analytic 23.B 

projective, of classn 22.D 

purely d-dimensional analytic 23.В 

of quasi-analytic functions 58.Е 

quotient (with respect to an equivalence 
relation) 135.B 

ratio 136.Е 

recurrent 260.E 

recursive 356.D 

recursively enumerable 356.D 

regularly convex 89.6 

relative closed 425.J 

relatively compact 425.8 

relatively compact (in a metric space) 273.F 

relatively open 425.J 

removable (for a family of functions) 169.C 

residual 126.Н 425.N 

resolvent (of a closed operator) 251.F 

resolvent (of a linear operator) 390.A 


p- 3081 
S- 3081 
saddle 126.E 


scattered 425.0 

of the second category 425.N 
of the second kind 319.B 
semipolar 261.D 

Sidon 192.R 194.R 


sieved 22.B 
ХІ 22A 
Z! 22D 


singularity (of a proper meromorphic mapping) 
23.D 

stable 173.D 

stable, externally 186.1 

stable, internally 186.1 
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standard 221 

strongly P-convex 112.C 

strongly separated convex 89.A 

system of closed 425.B 

system of open 425.B 

ternary 79.D 

thin (in potential theory) 261.D 

totally bounded (in a metric space) 273.B 

totally bounded (in a uniform space) 436.H 

U- 159] 

of uniqueness 159J 

universal (for the projective sets of class n) 
22.E 

universal (of set theory) 381.B 


wandering (under a measurable transformation) 


136.C 
wave front 274.B 345.A 
wave front, analytic 274.D 
weakly wandering 136.C 
weakly wandering (under a group) 136.F 
well-ordered 311.C 
Z- 382.B 
Zariskiclosed 16.А 
Zariski dense 16.A 
Zariski open 16.A 
set function(s) 380 
additive 380.C 
of bounded variation 380.B 
completely additive 380.C 
finitely additive 380.В 
monotone decreasing 380.B 
monotone increasing 380.B 
-absolutely continuous additive 380.C 
-singular additive 380.C 
set-theoretic formula 33.В 
set-theoretic topology 426 
set theory 381.F 
axiomatic 33 156.E 
Bernays-Gódel 33.A,C 
Boolean-valued 33.E 
classical descriptive 356.H 
effective descriptive 356.H 
general 33.B 
Gódel 33.C 
Zermelo 33.В 
Zermelo-Fraenkel 33.A,B 
Severi group, Néron- 
(ofa surface) 15.D 
(ofa variety) 16.P 
Sewell inequality, Roepstorff-Araki- 402.G 
sgn Р (sign) 103.A 
shadow costs 292.С 
shadow price 255.В 
Shafarevich group, Tate- 118.D 
Shafarevich reciprocity law 257.H 
shallow water wave 205.F 
shape 
pointed 382.A 
same 382.A 
shape category 382.A 
shape dominate 382.A 
shape function 223.G 
shape group 382.C 
shape invariant(s) 382.C 
shape morphism 382.A 
shape theory 382 
Shapiro-Lopatinskii condition 323.H 
Shapley value 173.D 
sheaf (sheaves) 383 


Subject Index 
Sheaf space 


(in étale (Grothendieck) topology) 16.АА 
of Abelian groups 383.В 
analytic 72.E 
associated with a presheaf 383.C 
Cech cohomology group with coefficient 
383.F 
coherent, of rings 16.E 
coherent algebraic 16.Е 72.F 
coherent analytic 72.E 
constructible 16.AA 
cohomology group with coefficient 383.Е 
constant 383.D 
derived 125.W 
flabby 383.Е 
of germs of analytic functions 383.0 
of germs of analytic mapping 383.D 
of germs of continuous functions 383.0 
of germs of differentiable sections of a vector 
bundle 383.D 
of germs of differential forms of degree of r 
383.D 
of germs of functions of class С" 383.D 
of germs of holomorphic functions (on an 
analytic manifold) 383.D 
of germs of holomorphic functions (on an 
analytic set) 23.C 
of germs of holomorphic functions (on an 
analytic space) 23.C 
of germs of regular functions 16.B 
of germs of sections of a vector bundle 383.D 
ofgroups 383.C 
of ideals of a divisor (of a complex manifold) 
72.F 
invertible 16.E 
locally constructible (constant) 16.AA 
of @-modules 3831 
orientation 201.R 
pre- 383.A 
pre-,onasite 16.АА 
of rings 383.C 
scattered 383.E 
structure (of a prealgebraic variety) 16.C 
structure (of a ringed space) 383.H 
structure (of a variety) 16.B 
trivial 383.D 
sheafspace 383.C 
shear, modules of elasticity іп 271.G 
shearing strain 271.G 
shearing stress 271.G 
shear viscosity, coefficient of 205.C 
sheet(s) 
hyperboloid of one 350.В 
hyperboloid of revolution of one 350.В 
hyperboloid of revolution of two 350.В 
hyperboloid of two 350.В 
mean number of (of a covering surface of 
a Riemann sphere) 272J 
number of (of an analytic covering space) 
23.E 
number of (of a covering surface) 367.B 
sheeted, n- 367.В 
Shelah isomorphism theorem, Keisler- 276.E 
Shields-Zeller theorem, Brown- 43.C 
shift 251.0 
associated with the stationary process 136.D 
automorphism 126.J 
Bernoulli 136.D 
generalized Bernoulli 136.D 
Markov 136.D 
phase 375.E 386.B 
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shift operator 223.C 251.0 306.C 
unilateral 3901 
shift transformation 136.D 
Shilov boundary 
(ofadomain) 21.D 
(for a function algebra) 164.C 
(of a Siegel domain) 384.D 
Shilov generalized function, Gel'fand- 125.5 
Shmul'yan theorem 424.V 
Eberlein- 37.6 
Krein- 37.E 424.0 
Shnirel’man theory, Lyusternik- 286.0 
shock wave 205.B 446 
shortening 186.E 
shortest-path problem  281.C 
shortest representation (of an ideal) 67.F 
short exact sequence 2001 
short international notation 92.E 
short range 375.B 
Shrikhande square 102.K 
shrinking (a space to a point) 202.E 


shunt 
left 115.B 
right 115.B 


SI (international system of units) 414.4 
side 155.В,Е 
(ofan angle) 139.D 155.B 
(of a complete quadrangle) 343.C 
(onaline) 155.B 
(оп а plane) 155.B 
(of a point with respect to a hyperplane) 7.D 
(ofa polygon) 155.F 
(of a spherical triangle) 432.B 
side cone 258.A 
Sidon set 192.R 
Siegel domain(s) 384 
of the first kind 384.A 
generated 384.F 
irreducible 384.E 
of the second kind 384.А 
of the third kind 384.A 
Siegel mean value theorem 182.E 
Siegel modular form of weight k (or of dimension 
—k) 32F 
Siegel modular function of degree n 32.F 
Siegel modular group of degreen 32.Е 
Siegel space of degreen 32.Е 
Siegel theorem 
(on Diophantine equations) 118.D 
(on positive definite forms) 348.K 
Siegel upper half-space of degree п 32.F 
Siegel zero 123.D 
Siegel zeta function of indefinite quadratic forms 
450.K 
sieve 16.AA 22.B 
Eratosthenes 297.B 
large 123.Е 
large, method 123.D 
Selberg 123.Е 
sieved sei 22.B 
sieve method 4А 
large 123.D 
sign (of a permutation) 103.A 
signal process 405.F 
signature 
(of a Hermitian form) 348.F 
(of an irreducible representation of GL(V)) 
60.D 
(ofa knot) 235.C 
(of a manifold) 56.G 
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(of a quadratic form) 348.С 
Hirzebruch, theorem 72.K 
signed Lebesgue-Stieltjes measure 166.C 
signed measure 380.С 
signed rank test 371.В 
signed rank test, Wilcoxon 371.В 
sign test 371.B 
similar 
(central simple algebra) 29.E 
(linear representation) 362.C 
(matrix representation of a semilinear mapping) 
256.P | 
(permutation representation) 362.B 
(projective representation) 362.J 
(square matrices) 269.G 
similar central simple algebras 29.Е 
similar correspondence (between surfaces) 111.1 
similarity 
(of an affine space) 7.E 
Prandtl-Glauert law of 205.D 
Reynolds law of 205.С 
von Karman transonic 205.D 
similarly isomorphic (ordered fields) 149.3 
similar mathematical systems 409.B 
similar test 400.D 
similar unitary representations 437.A 
simple 
(A-module) 277.H 
(Abelian variety) 3.B 
(algebraic group) 13.L 
(eigenvalue) 390.A,B 
(function) 438.A 
(Lie algebra) 248.E 
(Lie group) 249.D 
(linear representation) 362.C 
(polygon) 155.F 
(subcoalgebra) 203.F 
absolutely (algebraic group) 13.L 
algebraically (eigenvalue) 390.В 
almost (algebraic group) 13.1. 
geometrically (eigenvalue) 390.A 
k- (algebraic group) 13.0 
k-almost (algebraic group) 13.0 
simple algebra 29.A 
central 29.E 
normal 29.E 
zeta function of 27.F 
simple arc 93.B 
simple Bravais lattice 92.E 
simple character (of an irreducible representation) 
362.E 
simple closed curve 93.B 
simple component (of a semisimple ring) 368.G 
simple continued fraction 85.A 
simple convergence, abscissa of (of a Dirichlet series) 
121.B 
simple distribution, potential of 338.A 
simple extension (of a field) 149.D 
simple function 221.B 443.B 
simple group 190.C 
linear 1511 
Tits 151.1 
simple harmonic motion 318.B 
simple holonomic system 274.Н 
simple homotopy equivalence 65.С 
simple homotopy equivalent 65.C 
simple homotopy theorem 65.С 
simple hypothesis 400.A 
simple Lie algebra 248.E 
classical compact real 248.T 
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Simplicial homology group 


classical complex 248.S 
exceptional compact геа! 248.T 
exceptional complex 248.5 
simple Lie group 249.D 
classical compact 249.1. 
classical complex 249.M 
exceptional compact 249.L 
exceptional complex 249.M 
simple loss function 398.A 
simple model 403.F 
simple pair (of an H-space and an H-subspace) 
202.L 
n- (of topological spaces) 202.L 
simple path 186.F 
simple point 
(on an algebraic variety) 16.F 
(of an analytic set) 23.B 418.A 
simple ring 368.G 
quasi- 368.E 
simple root 
(of an algebraic equation) 10.B 
(in a root system) 13.J 
(of а semisimple Lie algebra) 248.M 
simple series 379.E 
simple spectrum 390.G 
simplest alternating polynomial 337.1 
simplest Chebyshev q-function 19.G 
simplest orthogonal polynomial 19.G 
simple type theory 411.K 
simplex 
(in an affine space) 7.D 
(ofacomplex) 13.R 
(in a locally convex space) 424.U 
(in a polyhedron of a simplicial complex) 
70.C 
(in a simplicial complex) 70.С 
(of a triangulation) 70.C 
degenerate (in a semisimplicial complex) 
70.D 
n- (in a Euclidean simplicial complex) 70.B 
n- (in a semisimplicial complex) 70.E 
n- (in a simplicial complex) 70.C 
open (in an affine space) 7.D 
open (in the polyhedron of a simplicial 
complex) 70.C 
ordered (in a semisimplicial complex) 70.Е 
ordered (in a simplicial complex) 70.C 
oriented q- 201.C 
oriented singular r-, of class C^  105.T 
singular n- (in a topological space) 70.E 
simplex method 255.С 
two-phase 255.С 
simplex tableau 255.C 
simplicial approximation (to a continuous mapping) 
70.C 
simplicial approximation theorem 70.С 
simplicial chain complex, oriented 201.С 
simplicial complex(es) 65.А 70.C 
abstract 70.C 
countable 70.C 
Euclidean 70.В 
finite 70.C 
isomorphic 70.C 
locally countable 70.C 
locally finite 70.C 
ordered 70.С 
simplicial decomposition (of a topological space) 
70.C 
simplicial division 65.A 
simplicial homology group 201.р 
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Simplicial mapping 


simplicial mapping (тар) 70.С 
(between polyhedra) 70.C 
(relative to triangulations) 70.C 
simplicial pair 201.L 
simply connected (space) 79.C 170 
simply connected covering Lie group (of a Lie 
algebra) 249.C 
simply connected group (isogenous to an algebraic 
group) 13.N 
simply convergent sequence 435.B 
simply elliptic (singularity) 418.C 
simply invariant (subspace) 164.Н 
simply periodic function 134.E 
simply transitive (G-set) 362.B 
Simpson formula, Milne- 303.Е 
Simpson 4 rule 299.A 
Simpson ё rule 299.A 
simulation 307.С 385 
analog 385.А 
in the narrow sense 385.А 
system 385.A 
simultaneous distribution 342.С 
simultaneous equations 10.A 
sin(sine) 131.E 
sin! 13LE 
sine(s) 432.A 
hyperbolic 131.F 
integral 167.D 
laws of 432.A, App. A, Tables 2.П 2.III 
laws of (on spherical trigonometry) 432.B 
sine curve 93.H 
Sine-Gordon equation 387.А 
sine integral 167.D, App. A, Table 19.11 
sines and cosines, law of App. A, Table 2.III 
sine transform 160.С, App. A, Table 11.11 
sine wave 446 
Singer fixed point theorem, Atiyah- 153.С 
Singer index theorem 
Atiyah- 237.H 
equivariant Atiyah- 237.H 
single-address instruction 75.C 
single-commodity flow problem 281.F 
single integral theorem, Fourier 160.B 
single layer, potential ofa 338.А 
single-objective model 307.C 
single sampling inspection 404.C 
single-valued function 165.B 
singular 
(distribution) 374.C 
(element of a connected Lie group) 249.P 
(element of a real Lie algebra) 248.B 
(element with respect to a quadratic form) 
348.E 
(Galton-Watson process) 44.C 
(harmonic function) 193.G 
(mapping) 208.B 
(ordinal number) 270.I 
(set function) 380.C 
essentially (with respect to an analytic set) 
21.M 
of the hth species 343.D,E 
u- 380.C 
relative, homology group 2011. 
singular cardinal problem 33.F 
singular chain complex (of a topological space) 
201.E 
singular cochain complex 201.H 
singular cohomology group 201.H 
singular cohomology ring 2011 
singular complex (of a topological space) 70.E 
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singular fiber 72.K 
singular homology group 201.E,G,L,R 
integral 201.E 
singular initial value problem (of a partial differen- 
tial equation of mixed type) 326.C 
singular inner function 43.F 
singular integral 217J 
singular integral equation 217.J 
singular integral manifold (of a differential ideal) 
428.E 
singular integral operator, Calderón-Zygmund 
217J 251.0 
singularity (singularities) 51.C 198.M 
algebraic 198.M 
of an analytic function 198.M 
cusp 418.C 
direct transcendental (of an analytic function in 
the widersense) 198.P 
elliptic 418.C 
essential (of a complex function) 198.D 
fixed (of an algebraic differential equation) 
288.A 
indirect transcendental (of an analytic function 
in the wider sense) 198.Р 
isolated (of an analytic function) 198.D 
isolated (of a complex function) 198.M 
logarithmic (of an analytic function) 198.M 
logarithmic (of an analytic function in the wider 
sense) 198.P 
movable (of an algebraic differential equation) 
288.A 
ordinary (of an analytic function in the wider 
sense) 198.P 
principle of condensation of 37.H 
propagation of 325.M 
quotient 418.C 
rational 418.C 
regular (of a coherent &-module) 274.Н 
removable (of a complex function) 198.D 
removable (of a harmonic function) 193.L 
resolution of 16.L 23.D 418.B 
space of 390.E 
theory of 418 
transcendental (of an analytic function in the 
wider sense) 198.P 
two-dimensional 418.C 
singularity set (of a proper meromorphic mapping) 
23D 
singularity spectrum (of a hyperfunction) 125.CC 
274.E 
singularity theorem (in physics) 359.F 
singular kernel 217.3 
singular locus (of a variety) 16.F 
singular n-simplex (in a topological space) 70.E 
singular orbit 431.С 
singular part (of a Laurent expansion) 198.D 
singular perturbation 289.E 
singular point 
(of an algebraic variety) 16.F 
(of an analytic set) 23.B 418.A 
(of a continuous vector field) 153.В 
(of a curve of class C) 93.6 
ofaflow) 126.D 
of a linear difference equation) 104.D 
of a plane algebraic curve) 9.B 
of a polyhedron) 65.B 
(of a quadratic hypersurface) 343.E 
(of a surface in E?) 111J 
(of a system of linear ordinary differential 
equations) 254.A 
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(of a system of ordinary differential equations) 
126.G 289.A 
apparent (of a system of linear ordinary dif- 
ferential equations) 254.C 
hyperbolic 126.G 
irregular (of a solution) 254.B 
irregular (of a system of linear ordinary dif- 
ferential equations) 254.B 
isolated 198.D 
left (of a diffusion process) 115.B 
regular (of a solution) 254.B 
regular (of a system of linear ordinary dif- 
ferential equations) 254.B 
right (of a diffusion process) 115.B 
singular projective transformation 343.D 
ofthe hth species 343.D 
q-cochain 201.H 
q-simplex 201.E 
singular quadric hypersurface of the hth species (in a 
projective space) 343.E 
singular r-chain of class C^  105.T 
singular r-cochain of class Се 105Т 
singular r-simplex of class С°, oriented 105.T 
singular series 4.D 
singular solution 
(of a differential ideal) 428.E 
(of a general partial differential equation) 
320.C 
(of an ordinary differential equation) 313.A 
App. A, Table 14.I 
(of a partial differential equation) 320.C 
totally (with respect to a quadratic form) 
348.E 
singular spectrum 345.А 390.E 
(ofa hyperfunction) 125.CC 274.E 
singular subspace 343.D 
singular subspace, totally 348.Е 
singular support 
(of a distribution) 112.C 
(ofa hyperfunction) 125.W 
singular value 302.A 
singular value decomposition (SVD) 302.Е 
sinh (hyperbolic sine) 131.F 
sink 126.G 281.C 
sinusoid 93.D 
sinusoidal wave 446 
site 16.AA 
étale 16.АА 
flat 16.AA 
presheafon 16.AA 
Zariski 16.AA 
site percolation process 340.0 
6j-symbol 353.В 
size 
(ofa balanced array) 1021. 
(complexity of computation) 71.A 
(ofa population) 397.B 
(of a random sample) 396.B 
(ofasample) 401.E 
(ofa test) 400.A 
block 102.B 
sample 373.А 
step 303.B 
skeleton 
(of a domain in C?) 21.C 
r- (of a Euclidean complex) 70.B 
skew field 149.А 368.B 
skew-Hermitian form 256.Q 
skew-Hermitian matrix | 269.F^ 
skew h-matrix 269.1 


э 


Subject Index 
Smooth boundary, domain with 


skewness 396.C 397.C 
coefficient of 341.H 
skew product (of measure-preserving transforma- 
tions) 136.D 
skew surface 111.1 
skew-symmetric (multilinear mapping) 256.H 
skew-symmetric matrix 269.B 
skew-symmetric tensor 256.N 
Skitovich-Darmois theorem 374.Н 
Skolem-Lówenheim theorem 156.E 
Skolem paradox 156.E 
Skolem theorem on the impossibility of characteriz- 
ing the system of natural numbers by axioms 
156.E 
slackness, Tucker theorem on complementary 
255.В . 
slack variable 255.А 
slant product 
(ofa cochain and a chain) 201.K 
(of a cohomology class and a homology class) 
201.K 
Slater constraint qualification 292.B 
slender body theorem 205.B 
slice knot 235.G 
slice representation 431.С 
slice theorem, differentiable 431.C 
slicing theorem, watermelon- 125.DD 
slide rule 19.A 
sliding block code 213.E 
slit (ofa plane domain) 333.A 
slit domain 333.A 
slit mapping 
extremal horizontal 367.G 
extremal vertical 367.G 
slope function 46.C 
slowly increasing C”-function 125.0 
slowly increasing distribution 125.N 
slowly increasing function in the sense of Deny 
338.P 
slowly increasing sequences 168.В 
slow wave 259 
Smale condition C, Palais- 279.Е 286.0 
Smale diffeomorphism, Morse- 126.) 
Smale flow, Morse- 126.7 
Smale theorem, Sard- 286.P 
Smale vector field, Morse- 126.7] 
small-displacement theory of elasticity 271.G 
smaller topology 425.H 
small inductive dimension (ind) 117.B 
small numbers, law of 250.B 
small sample 401.F 
small set of order С 436.6 
smashing (a space to a point) 202.E 
smash product 202.F 
Smirnov test, Kolmogorov- 317.Е 
Smirnov test statistic, Kolmogorov- 374.Е 
Smirnov theorem 250.F 
Smith conjecture 235.Е 
Smith convergence, Мооге- 87.H 
Smith theorem 431.B 
smooth 
(function) 106.K 
(measure for a Riemann metric) 136.G 
(morphism of schemes) 16.F 
(point of a variety) 16.F 
piecewise (curve) 364.A 
in the sense of А. Zygmund 168.В 
uniformly (normed linear space) 37.G 
smooth boundary, domain with (in a C?-manifold) 
105.U 


Subject Index 
Smooth characteristic class of foliations 


smooth characteristic class of foliations 154.G 
smoothing (of a combinatorial manifold) 114.C 
smoothing problem  114.C 
smooth invariant measure 126.J 
smooth manifold 105.р 114.B 
smooth structure 114.B 
smooth variety 16.F 
sn 134J, App. A, Table 16.III 
Snapper polynomial 16.Е 
Sobolev-Besov embedding theorem 168.В 
Sobolev inequality, Hardy-Littlewood- 224.E 
Sobolev space 168.В 
software 75.С 
sojourn time density 45.6 
solenoidal (vector field) 442.0 
solid geometry 181 
solid harmonics 393.А 
solid n-sphere 140 
solid sphere 140 
topological 140 
solitary wave 387.B 
soliton 387.B 
solution 
(of equations of neutral type) 163.Н 
(of a functional-differential equation) 163.С 
(of an inequality) 211.A 
(of an ordinary differential equation) 313.A 
(of a partial differential equation) 320.A 
(of partial differential equations of first order) 
App. A, Table 15.II 
(of partial differential equations of second 
order) App. A, Table 15.III 
(of a system of differential equations) 313.B 
(of a system of linear equations) 269.M 
(of a system of partial differential equations) 
428.B 
algebraic (of an algebraic equation) 10.D 
asymptotic 325.L 
basic 255.А 
basic feasible 255.A 
basic optimal 255.A 
Bayes 398.B 
Bayes, in the wider sense 398.В 
of boundary value problems App. A, Table 
15.VI 
of the Cauchy problem 325.р 
classical (to Plateau’s problem) 275.C 
complete (of partial differential equations) 
320.C 
d'Alembert 325.D 
Douglas-Radó (to Plateau’s problem) 275.C 
elementary (of a differential operator) 112.B 
elementary (of a linear partial differential 
operator) 320.H 
elementary (of partial differential equations 
of elliptic type) 323.В 
elementary (of a partial differential operator) 
App. A, Table 15.V 
equilateral triangle 420.B 
feasible (of a linear equation in linear program- 
ming) 264.A 
formal (for a system of ordinary differential 
equations) 289.C 
fundamental (of a Cauchy problem) 325.D 
fundamental (of a differential operator) 112.B 
fundamental (of an evolution equation) 189.C 
fundamental (of a linear parabolic equation 
with boundary conditions) 327.F 
fundamental (of a linear partial differential 
operator) 320.H 
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fundamental (of a partial differential equation 
of parabolic type) 327.D 

fundamental (of partial differential equations 
of elliptic type) 323.В 

fundamental (of a partia] differential operator 
with C”-coefficients) 189.C 

fundamental system of (of a homogeneous 
linear ordinary differential equation) 252.B 

fundamental system of (of a homogeneous 
system of linear differential equations of first 
order) 252.H | 

general (of a differential equation) 313.A 

general (of a general partial differential equa- 
tion) 320.C 

general (of a nonhomogeneous linear difference 
equation) 104.D 

general (of partial differential equations) 
320.C 

general (of a system of differential equations) 
313.C 

general (of a system of partial differential 
equations) 428.B 

generalized Bayes 398.В 

genuine 323.G 

half-periodic (of the Hill equation) 268.E 

Hill’s method of 268.B 

Hopf’s weak 204.С 

inner 25.B 

Kirchhoff 325.D 

to the martingale problem 115.C 

maximum 316.E 

minimax 398.B 

minimum 316.E 

Nash bargaining 173.C 

numerical (of algebraic equations) 301 

numerical (of integral equations) 217.N 

numerical (of linear equations) 302 

numerical (of ordinary differential equations) 
303 

numerical (of partial differential equations) 
304 

optimal (of a linear programming problem) 
255.A 

optimal (of a nonlinear programming problem) 
292.A 

ordinary (of a differential ideal) 428.E 

outer 25.B 

particular (of a differential equation) 313.A 

particular (of partial differential equations) 
320.C 

particular (for a system of differential equations) 
313.C 

pathwise uniqueness of 406.D 

periodic (of the Hill equation) 268.E 

Perron-Brelot (of the Dirichlet problem) 
120.C 

Perron-Wiener-Brelot (of the Dirichlet problem) 
120.C 

Poisson 325.D 

primary (of a homogeneous partial differential 
equation) 320.E 

primitive (of a partial differential equation) 
320.E 

principal 104.B 

by quadrature App. A, Table 14.1 

quasiperiodic (of the Hill equation) 268.B 

by radicals (of an algebraic equation) 10.D 

regular (of a differential ideal) 428.Е 

singular App. A, Table 141 

singular (df a differential ideal) 428.E 
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singular (of a general partial differentia] equa- 
tion) 320.C 
singular (of an ordinary differential equation) 
313.A, App. A, Table 14.I 
singular (of partial differential equations) 
320.C 
stable (of the Hill equation) 268.E 
straight line 420.B 
strong (of Navier-Stokes equation) 204.C 
strong (of stochastic differential equations) 
406.D 
system of fundamental (of a system of linear 
homogeneous equations) 269.M 
trivial (of a system of linear homogeneous 
equations) 269.M 
unique strong 406.D 
uniqueness theorem of (of systems of linear 
differential equations of the first order) 
316.D,G 
unstable (of the Hill equation) 268.E 
von Neumann-Morgenstern 173.D 
weak 204.С 323.G 378.1 
solution curve (of ordinary differential equations) 
316.A 
solution operator 163.E 
solvability, Cartan’s criterion of 248.F 
solvable 
(ideal of a Lie algebra) 248.C 
(Lie algebra) 248.C 
(Lie group) 249.D 
(by a Turing machine) 71.B 
by radicals 172.H 
solvable algebra 231.A 
solvable algebraic group  13.F 
k- 13.F 
solvable group 1901 
finite 151.D 
generalized 190.K 
n- 151.Е 
solve 
(a conditional inequality) 211.4 
(by means of a Turing machine) 71.E 
(an ordinary differential equation) 313.A 
(a partial differential equation) 320.A 
(a system of algebraic equations) 10.A 
(a triangle) 432.A 
Sommerfeld formula App. A, Table 19.III 
Kneser- App. A, Table 19.11 
Sommerfeld radiation condition 188.0 
Sonine formula, Weber- App. A, Table 19.III 
Sonine polynomials 317.D, App. A, Table 20.VI 
Sonine-Schafheitlin formula App. A, Table 19.111 
SOR (successive overrelaxation) 302.C 
sorting 96.C 
soudure 80.3 
sound propagation, equation of 325.А 
source 126.6 281.C 
(ofajet) 105.X 
autoregressive Gaussian 213.E 
ergodic information 213.С 
information 213.A 
stationary 213.C 
without (vector field) 442.D 
source branch 282.С 
source coding theorem 213.D 
with a fidelity criterion 213.E 
noiseless 213.D 
source coding theory 213.A 
southern hemisphere 140 


Subject Index 
Space(s) 


south pole 74.D 140 
space(s) 381.B 


of absolute continuity 390.Е 
absolutely closed 425.U 

abstract 381.B 

abstract L 310.G 

abstract L, 310.G 

abstract М 310.G 

action 398.A 

adjoint (of a topological linear space) 424.D 
affine 7.A 

affine locally symmetric 80.J 

affine symmetric 80.7 

No- 425.Y 

algebraic 16.W 

algebraic fiber 72.1 

analytic 23.C 

analytic, in the sense of Behnke and Stein 23.E 
analytically uniform 125.5 
analytic covering 23.Е 

analytic measurable 270.С 
arcwise connected 79.В 
attaching 202.E 

Baire 425.N 

Baire zero-dimensional 273.В 
Banach 37.А,В 

Banach analytic 23.G 

base (of a fiber bundle) 147.B 

base (of a fiber space) 148.B 

base (of a Riemann surface) 367.А 
base for 425.F 

basic (of a probability space) 342.B 
Besov 168.B 

bicompact 408.5 

biprojective 343.H 

Boolean 42.D 

Borel 270.C 

boundary 112.E 

bundle (of a fiber bundle) 147.B 
C-analytic 23.E 

C-covering 23.E 

Cartan 152.C 

Cartesian 140 

Cech-complete 436.1 

classifying (of a topological group) 147.G,H 
closed half- 7.D 

of closed paths 202.С 

co-echelon 168.B 

collectionwise Hausdorff 425.AA 
collectionwise normal 425.AA 
comb 79.A 

compact 425.5 

compact metric 273.F 

complete 436.G 

completely normal 425.Q 
completely regular 425.0 
complete measure 270.D 
complete product measure 270.H 
complete uniform 436.G 
complex, form 365.L 

complex Hilbert 197.В 

complex interpolation 224.B 
complexity 71.A 

complex projective 343.D 
concircularly flat App. A, Table 4.II 
configuration 126.1 402.G 
conformal 76.A 

conformally flat App. A, Table 4.1 
conjugate (of a normed linear space) 37.D 


Subject Index 
Space(s) 


conjugate (of a topological linear space) 424.D 
connected 79.A 

of constant curvature 364.D, App. A, Table 
4П 

of continuous mapping 435.D 
contractible 79.C 

control (in catastrophe theory) 51.B 
countable paracompact 425.Y 
countably compact 425.5 

countably Hilbertian 424.W 
countably normed 424.W 

covering 91.A 

crystallographic, group 92.A 

decision 398.A 

of decision functions 398.A 

de Sitter 359.D 

developable 425.AA 

(DF) 424.P 

Dieudonné complete topological 435.1 
Dirichlet 338.0 

discrete metric 273.B 

discrete topological 425.C 

Douady 23.G 

dual(ofa C*-algebra) 36.G 

dual (of a linear space) 256.G 

dual (of a locally compact group) 437.J 
dual (of a normed linear space) 37.D 
dual (of a projective space) 343.B 

dual (of a topologicallinear space) 424.D 
é- 193.N 

echelon 168.В 

еівеп- 269.1, 390.A 
Eilenberg-Maclane 70.Е 

Einstein 364.D, App. A, Table 4.II 

of elementary events 342.В 

elliptic 285.С 

error 403.E 

estimation 403.E 

Euclidean 140 

external (in static model in catastrophe theory) 
51.B 

(F) 4241 

fiber 72.1 148.B 

finite type power series 168.B 

Finsler 152.A 

Fock (antisymmetric) 377.A 

Fock (symmetric) 377.A 

Fréchet 37.0 424.1 425.CC 

Fréchet, in the sense of Bourbaki 37.0 424.1 
Fréchet L- 87.K 

Fréchet-Uryson 425.CC 

fully normal 425.X 

function 168.А 435.D 

fundamental 125.8 

G- 178. H 431.A 

general analytic 23.6 

generalized topological 425.D 
generating (of a quadric hypersurface) 343.E 
globally symmetric Riemannian 412.A 
Green 193.N 

group 92.A 

H- 203.D 

Haar 142.B 

half- (of an affine space) 7.D 

Hardy 168.B 

Hausdorff 425.Q 

Hausdorff uniform 436.C 

H-closed 425.0 

hereditarily normal 425.Q 

Hermitian hyperbolic 412.G 
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Hilbert 173.В 197.B 

Hilbert, adjoint 251.E 

Hilbert, exponential 377.D 

Holder 168.B 

holomorphically complete 23.Е 

homogeneous — homogeneous space 

hyperbolic 285.C 412.H 

identification (by a partition) 425.L 

indiscrete pseudometric 273.В 

inductive limit 210.C 

infinite-dimensional 117.B 

infinite lens 91.C 

infinite type power series 168.В 

at infinity (in affine geometry) 7.B 

inner product 442.B 

internal (in static model in catastrophe 
theory) 51.B 

interpolation 224.A 

of irrational numbers 22.A 

irreducible symmetric Hermitian 412.A 

isometric 273.B 

John-Nirenberg(=BMO) 168.B 

k- 425.CC 

k- 425.CC 

K-complete analytic 23.F 

Kawaguchi 152.C 

Kolmogorov 425.0 

Kóthe 168.B 

Kuranishi 72.G 

Kuratowski 425.Q 

L- 87K 

L*- 87K 

Lashnev 425.CC 

lattice ordered linear 310.B 

Lebesgue (= L,(Q)) 168.В 

Lebesgue measure, with (c-) finite measure 
136.A 

left coset (of a topological group) 423.E 

left projective 343.H 

left quotient (of a topological group) 423.E 

lens 91.C 

(LF) 424.W 

of line elements of higher order 152.C 

linear — linear space 

linear topological 424.A 

Lindelöf 425.5 

Lipschitz 168.B 

locally arcwise connected 79.В 

locally compact 425.V 

locally connected 79.A 

locally contractible 79.С 204.C 

locally convex Fréchet 4241 

locally Euclidean 425.У 

locally n-connected 79.С 

locally o-connected 79.C 

locally symmetric 364.D 

locally symmetric Riemannian 412.A 

locally totally bounded uniform 436.Н 

locally trivial fiber 148.B 

local moduli, of a compact complex manifold 
72.G 

local ringed 383.Н 

Loeb 293.D 

loop 202.C 

Lorentz 168.B 

Luzin 22.1 422.CC 

M- 425.Y 

(M)- 424.0 

Mackey 424.N 

mapping 202.С 435.D 
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maximal ideal (of a commutative Banach space) 
36.E 

measurable 270.C 

measure 270.D 

metric — metric space 
metric vector 256.H 
metrizable topological 273.K 
metrizable uniform 436.Е 
Minkowski 258.A 

moduli 16.W 72.G 
Moishezon 16.W 
momentum phase 126.L 
Montel 424.0 

Moor 273.К 425.AA 
n-classifying (of a topological group) 147.G 
n-connected 79.С 202.L 
n-connective fiber 148.D 
n-dimensional 117.B 
n-simple 202.L 
non-Euclidean 285.А 
normal 425.Q 

normal analytic 23.D 
normed linear 37.B 


NP- ЛЕ 
nuclear 4245 
null 251.D 


c-connected 79.C 
orbit (of a G-space) 431.A 
ordered linear 310.B 


Orlicz 168.B 
P- 425 Y 
p- 425Y 


paracompact 425.8 

parameter (of a family of compact complex 
manifolds) 72.G 

parameter (for a family of probability measures) 
398.A 

parameter (of a probability distribution) 396.B 

partition ofa 4251. 

path 148.C 

path (of a Markov process) 261.B 

path-connected 79.B 

pathological 65.F 

Peirce 231.B 

perfectly normal 425.0 

perfectly separable 425.P 

phase 126.В 163.C 402.C 

physical Hilbert 150.G 

pinching а set to a point 202.E 

polar 1911 

Polish 22.1 273.J 

precompact metric 273.B 

precompact uniform 436.Н 

pre-Hilbert 197.B 

principal (of a flag) 139.B 

principal half- 139.В 

probability 342.В 

product 425.K 

product measure 270.H 

product metric 273.В 

product topological 425.K 

product uniform 436.E 

projective, over А 147.E 

projective limit 210.С 

projectively flat App. A, Table 4.II 

pseudocompact 425.5 
pseudometric 273.B 

pseudometrizable uniform 436.F 
Q- 425.BB 

quasi-Banach 37.0 


Subject Index 
Space(s) 


quasicompact 408.S 

quasidual (of a locally compact group) 437.1 

quasinormed linear 37.0 

quaternion hyperbolic 412.6 

quotient 425.L 

quotient (by a discrete transformation group) 
122.A 

quotient (of a linear space with respect to an 
equivalence relation) 256.F 

quotient (by a transformation group) 122.A 

quotient topological 425.L 

r-closed 425.0 

ramified covering 23.B 

real-compact 425.BB 

real Hilbert 197.B 

real hyperbolic 412.6 

real interpolation 224.C 

real linear 256.A 

real projective 343.D 

reduced product 202.0 

reflexive Banach 37.G 

regular 425.Q 

regular Banach 37.G 

representation (for a Banach algebra) 36.D 

representation (of a representation of a Lie 
algebra) 248.B 

representation (of a representation of a Lie 
group) 249.0 А 

representation (of a unitary representation) 
437.А 

Riemannian 364.А 

Riesz 310.В 

right coset (of a topological group) 423.Е 

right projective 343.Н 

right quotient (of a topological group) 423.E 

ringed 383H 


(S- 424S 


sample 342.В 396.B 398.A 

scale of Banach 286.7 

Schwartz 4245 

separable 425.P 

separable metric 273.E 

separated 425.Q 

separated uniform 436.C 

sequential 425.CC 

sequentially compact 425.5 

sheaf 383.C 

shrinking, to a point 202.E 

Siegel, of degree n. 32.F 

Siegel upper half-, of degreen 32.F 

S- 425. Y 

o- 425. Y 

с-сотрасі 425.V 

o-finite measure 270.D 

simply connected 79.C 170 

of singularity 390.E 

smashing, to a point 202.E 

Sobolev 168.B 

Spanier cohomology theory, Alexander- 
Kolmogorov- 201.M 

spherical 285.D 

Spivak normal fiber 114.J 

standard Borel 270.C 

standard measurable 270.C 

standard vector (of an affine space) 7.A 

state (of a dynamical system) 126.B 

state (of a Markov process) 261.B 

state (in static model in catastrophe theory) 
51.B 

state (of a stochastic proccess) 407.B 


Subject Index 
Space complexity 


Stein 23.F 

Stratifiable 425.Y 

strongly paracompact 425.5 

structure (of a Banach algebra) 36.D 
subbase for 425.F 

Suslin 22.1 425.CC 

symmetric Hermitian 412.E 

symmetric homogeneous 412.B 

symmetric Riemannian 412 

symmetric Riemannian homogeneous 412.B 


T- 425.Q 
T, 425.0 
T,-uniform 436.С 
Т,- 425.0 
T. 425.0 
T, 425.0 
T; 425.0 
T; 425.0 


tangent 105.H 
tangent vector 105.H 
Teichmüller 416 
tensor, of degreek |. 256 
tensor, oftype(p,q) 256J 
test function 125.5 
Thom 114.G 
Tikhonov 425.Q 
time parameter 260.A 
topological — topological space 
topological complete 4361 
topologicallinear 424.A 
topological vector 424.A 
total (of a fiber bundle) 147.B 
total (of a fiber space) 148.В 
totally bounded metric 273.B 
totally bounded uniform 436.H 
totally disconnected 79.D 
transformation (of an algebraic group) 13.G 
oftypeS 125.T 
underlying topological (of a complex manifold) 
72.A 
underlying topological (of a topological group) 
423.4 
uniform — uniform space 
uniformizable topological 436.H 
uniformly locally compact | 425.V 
uniform topological 436.C 
unisolvent 142.B 
universal covering 91.В 
universal Teichmüller 416 
vector, over К 256.A 
velocity phase 126.L 
weakly symmetric Riemannian 412.J 
well-chained metric 79.0 
wild 65.F 
space complexity 71.A 
spaceform 285.Е 412.H 
Euclidean 412.H 
hyperbolic 412.H 
spherical 412.H 
space geometry 181 
space group 92.A 
crystallographic 92.A 
equivalent 92.A 
spacelike 258.А 359.B 
space reflection 359.B 
space-time, Minkowski 359.B 
space-time Brownian motion 45.F 
space-time inversion 258.A 
space-time manifold 359.D 
span 
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(ofa domain) 77.E 
(a linear subspace by a set) 256.F 
(of a Riemann surface) 367.G 
spanning tree 186.G 
sparse 302.C 
Spáth type division theorem (for microdifferential 
operators) 274.F 
spatial (*-isomorphism on von Neumann algebras) 
308.C 
spatially homogeneous (process) 261.A 
spatially isomorphic (automorphisms on a measure 
space) 136.E 
spatial tensor product 36.Н 
Spearman rank correlation 371.K 
Spec (spectrum) 16.D 
special Clifford group 61.D 
special divisor 9.C 
special flow 136.D 
special function(s) 389, App. A, Table 14.II 
of confluent type 389.А 
of ellipsoidal type 389.A 
of hypergeometric type 389.А 
special functional equations 388 
special isoperimetric problem 228.А 
speciality index 
(of a divisor of an algebraic curve) 9.C 
(of a divisor on an algebraic surface) 15.D 
o- (of a divisor of an algebraic curve) 9.F 
specialization 16.А 
(in étale topology) 16.AA 
special Jordan algebra 231.А 
special linear group 60.В 
(over a noncommutative field) 60.0 
of degree n over К 60.В 
projective 60.B 
projective (over a noncommutative field) 60.0 
special orthogonal group 601 
complex 60.1 
over K with respect to Q 60.K 
special principle of relativity 359.В 
special relativity 359.В 
special representation (of a Jordan algebra) 231.C 
special surface 110.A 
special theory of perturbations 420.E 
special theory of relativity 359.А 
special unitary group 60.F 
(relative to an e-Hermitian form) 60.0 
over К 60.Н 
projective, over К 60.H 
special universal enveloping algebra (of a Jordan 
algebra) 231.C 
special valuation 439.B 
species 
ellipsoidal harmonics of the first, second, third 
or fourth 133.C 
Lamé functions of the first, second, third or 
fourth 133.C 
singular projective transformation of the hth 
343.D 
singular quadric hypersurface of the hth (in a 
projective space) 343.E 
specification 401.A 
problem of 397.Р 
specific heat 
atconstant pressure 419.B 
at constant volume 419.В 
specificity 346.F 
specific resistance 130.В 
spectral analysis 390.A 
spectral concentration 331.F 
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spectral decomposition 126.) 395.B 
spectral density, quadrature 397.N 
spectral functor 200.J 
spectral geometry 391.A 
spectral integral 390.D 
spectral invariant 136.E 
spectrally isomorphic (automorphisms on a measure 
space) 136.E 
spectral mapping theorem 251.G 
spectral measure 390.В,К 395.B,C 
complex 390.0 
maximum 390.G 
real 390.D 
spectral method 304.В 
spectral operator 390.K 
spectral property 136.E 
spectral radius 126.К 251.F 390.A 
spectral representation 390.E 
complex 390.Е 
spectral resolution 390.Е 
complex 390.Е 
spectral sequence 200.7 
(of a fiber space) 148.E 
cohomology 200.7 
Hodge 16.U 
spectral synthesis 36.L 
spectral theorem 390.Е 
spectrum 390.А 
(of a commutative ring) 16.D 
(of a domain in a Riemannian manifold) 391.A 
(of an element of a Banach algebra) 36.C 
(in homotopy theory) 202.T 
(ofa hyperfunction) 274.E 
(of an integral equation) 217.) 
(of a linear operator) 251.F 390.A 
(of a spectral measure) 390.C 
absolutely continuous 390.E 
continuous (of a linear operator) 390.A 
continuous (of an integral equation) 217.J 
countable Lebesgue 136.E 
discrete 136.E 390.E 
Eilenberg-MacLane 202.T 
essential 390.E,I 
formal (of a Noetherian ring) 16.X 
intermittent 433.С 
joint 36.M 
Kolmogorov 433.C 
for p-forms 391.B 
point 390.A 
pure point 136.E 
quasidiscrete 136.E 
residual 390.A 
simple 390.G 
singular 125.CC 345.A 390.A 
singular (of a hyperfunction) 274.E 
singularity (of a hyperfunction) 125.СС 274.E 
sphere 202.T 
stable homotopy group of the Thom  114.G 
Thom 114.G 202.T 
spectrum condition 150.D 
speed measure 115.B 
Speiser theorem, Hilbert- 172.J 
Spencer mapping (map), Kodaira- 72.G 
sphere(s) 1391 150 
circumscribing (of a simplex) 139.I 
combinatorial, group of oriented differentiable 
structures onthe 1141 
complex 74.D 
é-(of a point) 273.C 
exotic 114.B 


Subject Index 
Spinor(s) 


homotopy n- 65.C 
homotopy n-, h-cobordism group of 114.1 
horned, Alexander's 65.G 
openn- 140 

open 140 

PL(k—1) 65.C 
pseudo- 1111 

Riemann 74.D 

solid 140 

solid n- 140 
topological 140 
topological solid 140 


unit 140 
w- 74.D 
z- 74D 


sphere bundle n- 147.K 
cotangential 274.E 
normal 274.E 
tangential 274.E 
unit tangent 126,1, 
sphere geometry 76.C 
sphere pair 235.6 65.D 
sphere spectrum 202.T 
sphere theorem 
(characterization of a sphere) 178.C 
(embedding in а 3-manifold) 65.Е 
spherical 
(real hypersurface) 344.С 
(space form) 412.H 
spherical astronomy 392 
spherical Bessel function 39.B 
spherical coordinates 90.С, App. A, Table 3.V 
spherical derivative (for an analytic or meromorphic 
function) 435.E 
spherical excess 432.B 
spherical Fourier transform 437.Z 
spherical function(s) 393 
(on a homogeneous space) 437.X 
Laplace 393.А 
zonal (on a homogeneous space) 437.Y 
spherical G-fiber homotopy type  431.F 
spherical geometry 285.D 
spherical harmonic function 193.C 
spherical harmonics, biaxial 393.D 
spherical indicatrix (of a space curve) 111.F 
spherical modification 114.F 
spherical representation 
of a differentiable manifold 111.6 
of a space curve 111.F 
of a unimodular locally compact group 437.Z 
spherical space 285.D 
spherical triangle 432.В, App. A, Table 2.III 
spherical trigonometry 432.B 
spherical type 13.R 
spherical wave 446 
spheroidal coordinates 133.D, App. A, Table 3.V 
spheroidal wave function 133.Е 
spin 132.A 258.A 415.G 
continuous 258.A 
spin and statistics, connection of 132.А 150.D 
spin ball 351.L 
spin bundle 237.F 
Spin? bundle 237.Е 
spin-flip model 340.С 
spin mapping (map) 237.G 
spin matrix, Pauli 258.А 415.G 
ѕріпог(ѕ) 61.E 
contravariant 258.А 
covariant 258.A 
dotted 258.В 


Subject Index 
Spinor group 


even half- 61.E 
mixed, of rank (k,n) 258.A 
odd half- 61.Е 
undotted 258.В 
spinor group 60.1 61.D 
complex 61.Е 
spinorial norm 61.D 
spinor representation (of rank k) 258.А 
spin representation 
(of SO(n) 60.5 
(of Spin(n, С)) 61.E 
even half- 61.E 
half- 61.E 
odd half- 61.Е 
spin-structure 237.Е 431.D 
spin systems, lattice 402.G 
spiral 93.H 
Archimedes 93.H 
Bernoulli 93.Н 
Cornu 93.H 
equiangular 93.H 
hyperbolic 93.H 
logarithmic 93.H 
reciprocal 93.H 
Spivak normalfiberspace 114J 
spline 223.F 
natural 223.F 
spline interpolation 223.F 
split 
((B, №)-раіг) 151J 
(cocycle in an extension) 257.E 
(exact sequence) 277.K 
k- (algebraic group) 13.N 
K- (algebraic torus) 13.D 
k-quasi- (algebraic group) 13.0 
maximal k-, torus 13.Q 
split extension (of a group) 190.N 
splitting, Heegaard 65.С 
splitting field 
for an algebra 362.F 
for an algebraic torus 13.D 
minimal (of a polynomial) 149.G 
ofa polynomial 149.G 
splitting ring 29.K 
split torus, maximal k- 13.0 
spot prime 439.H 
Spur 269.F 
square(s) 
Euler 241.B 
latin 241 
Latin 102.K 
least, approximation 336.D 


matrix of the sum of, between classes 280.B 


matrix of the sum of, within classes 280.B 
method of least 303.1 
middle-, method 354.В 
Room 241.D 
Shrikhande 102.K 
Youden 102.K 
Youden, design 102.K 
square-free integer 347.H 
square integrable 168.В 


square integrable unitary representation 437.M 


square matrix 269.А 

square net 304.Е 

square numbers 4.D 

s.s. complex(es) (semisimplicial complex) 70.Е 
geometric realization of 70.E 
isomorphic 70.E 
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s.s. mapping (semisimplicial mapping) 70.Е 
realization of 70.E 
stability 286.5 303.E 394 


А- 303.6 
Ao- 303.6 
А(а)- 303.0 


absolute 303.G 
conjecture 126.7 
exchange of 286.T 
interval of absolute 303.G 
interval of relative 303.G 
orbital (of a solution of a differential equation) 
394.D 
principle of linearized 286.5 
region of absolute (of the Runge-K utta (P, p) 
method) 303.G 
region of relative 303.G 
relative 303.G 
stiff- 303.G 
structural 290.A 
structural, theorem  126J 
stability group 362.В 
stability subgroup (of a topological group) 431.A 
stability theorem 
Q- 1267 
structural 126.J 
stabilizer 
(in an operation of a group) 362.B 
(in a permutation group) 151.H 
(in a topological transformation group) 431.A 
reductive 199.A 
stable 394.A 
(coherent sheaf on a projective variety) 241.Y 
(compact leaf) 154.D 
(discretization, initial value problems) 304.D 
(equilibrium solution) 286.5 
(initial value problem) 304.F 
(invariant set) 126.F 
(linear function) 163.H 
(manifold) 126.G 
(minimal submanifold) 275.B 
(static model in catastrophe theory) 51.Е 
absolutely 303.G 
asymptotically 126.Е 286.5 394.B 
in both directions (Lyapunov stable) 394.А 
C-Q- 126.H 
C’-structurally 126.Н 
conditionally 394.р 
exponentially 163.С 394.B 
externally, set 186.1 
globally asymptotically 126.Е 
internally, set 186.1 
Lagrange 126.E 
Lyapunov 126.Е 
Lyapunov, in the positive or negative direction 
394.A 
negatively Lagrange 126.E 
negatively Poisson 126.E 
one-side, for exponent 1 App. A, Table 22 
orbitally 126.F 
Poisson 126.E 
positively Lagrange 126.E 
positively Poisson 126.E 
relatively 303.G 
uniformly 394.В 
uniformly asymptotically 163.G 394.B 
uniformly Lyapunov 126.F 
stable cohomology operation 64.B 
stable curve 9.K 
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stable distribution 341.G 
quasi- 341.G 
ѕеті- 341.G 
stable homotopy group 202.T, App. A, Table 6.VII 
(of Thom spectrum) 114.G 
of classical groups 202.У 
ofk-stem 202.0 
stable manifold 126.G,J 
stable point 16.W 
stable primary cohomology operation 64.С 
stable process 5.F 
exponent of S.F 
one-sided, of the exponent a 5.F 
strictly 5.F 
symmetric 5.Е 
stable range (of embeddings) 114.D 
stable reduction 
(of an Abelian variety) 3.N 
(ofacurve) 9.K 
potential (of an Abelian variety) 3.N 
stable reduction theorem 3.N 9.K 
stable secondary cohomology operation 64.C 
stable set 173.D 
externally 186.1 
internally 1861 
stable solution (of the Hill equation) 268.E 
stable state 260.Е 394.A 404.A 
stable vector bundle 
(algebraic) 16.Y 
(topological) 237.B 
stably almost complex manifold 114.Н 
stably equivalent (vector bundles) 237.B 
stably fiber homotopy equivalent 237.1 
stably parallelizable (manifold) 114.1 
stack 96.E 
stage method, (Р + 1)- 303.D 
stalk (of a sheaf over a point) 16.АА 383.B 
standard 
(in nonstandard analysis) 293.B 
(transition probability) 260.F 
standard Borel space 270.C 
standard complex (of a Lie algebra) 200.0 
standard defining function 125.7. 
standard deviation 
(characteristics of the distribution) 397.C 
(of a probability distribution) 341.B 
(of a random variable) 342.С 
population 396.C 
sample 396.C 
standard form 241.A 
(of a difference equation) 104.C 
of the equation (of a conic section) 78.C 
Legendre-Jacobi (of an elliptic integral) 134.A, 
App. A, Table 16.I 
standard Gaussian distribution 176.A 
standard Káhler metric (of a complex projective 
space) 232.D 
standard measurable space 270.D 
standard normal distribution 341.р 
standard parabolic k-subgroup 13.0 
standard part (in nonstandard analysis) 293.D 
standard q-simplex 201.Е 
standard random walk 260.A 
standard resolution (of Z) 200.M 
standard sequence 400.K 
standard set 221 
standard vector space (of an affine space) 7.A 
star — also x 
(ina complex) 13.R 
(in a Euclidean complex) 70.B 


Subject Index 
Stationary random distribution 


(in a projective space) 343.B 
(in a simplicial complex) 70.С 
(of a subset defined by a covering) 425.R 
open 70.B,C 
star body, bounded 182.С 
star convergence 87.K 
(o) 87.L 
relative uniform 310.F 
star-finite (covering of aset) 425.R 
star-finite property 425.5 
star refinement (of a covering) 425.R 
star region 339.D 
starting values (in a multistep method) 303.E 
start node 281.D 
star topology, weak (of a normed linear space) 
37.E 424.H 
state(s) 
(of a C*-algebra) 308.D 
(in Ising model) 340.B 
(in quantum mechanics) 351.B 
bound 351.D 
ceiling 402.G 
completeness of the scattering 150.D 
equation of 419.A 
equilibrium 136.Н 340.B 419.A 
even 415.H 
fictitious 260.F 
final 31.B 
Gibbs 340.B 
ground 402.G 
in- 150.D 386.A 
initial 31.B 
instantaneous 260.F 261.B 
internal 31.B 
odd 415.H 
out- 150.D 386.A 
scattering 395.B 
stable 260.Е 394.A 404.A 
stationary 340.C 351.D 
of statistical control 404.А 
sum over 402.D 
unstable 394.A 
state estimator 86.Е 
state space 126.B 
(in catastrophe theory) 51.B 
(of a dynamical system) 126.B 
(of a Markov process) 261.B 
(of a stochastic process) 407.B 
state-space approach 86.A 
state variable 127.A 
static model (in catastrophe theory) 51.B 
stable 51.B 
stationary capacity 213.F 
stationary curve 
(of the Euler-Lagrange differential equation) 
324.E 
(of a variation problem) 46.B 
stationary function 46.B 
stationary iterative process, linear 302.C 
stationary phase method 30.В 
stationary point (of an arc of class С") 111.D 
stationary Poisson point process 407.D 
stationary process(es) 342.A 395 
shift associated with 136.D 
strictly 395.A 
strongly 395.A 
weakly 395.А 
weakly, of degree К 3951 
in the wider sense 395.А 
stationary random distribution 


Subject Index 
Stationary source 


strictly 395.H 
strongly 395.F,H 
weakly 395.C 
stationary source 213.C 
stationary state 340.C 351.D 
stationary value (of a function) 106.L 
stationary variational inequality 440.B 
stationary wave 446 
statistic 396 
ancillary 396.Н 401.C 
Hotellings T? 280.B 
invariant 396.H 
Kolmogorov-Smirnov test 374.Е 
maximal invariant 396.1 
minimal sufficient 396.1 
n-dimensional 396.В 
necessary and sufficient 396.E 
1-dimensional 396.В 
order 396.C 
selection 396.F 
t- 374.B 
U- 3741 
statistical control, state of 404.A 
statistical data analysis 397.А 
statistical decision function 398 
statistical decision problem 398.A 
statistical decision procedure 398.A 
statistical estimation 399, App. A, Table 23 
statistical experiment 398.G 
statistical genetics 40.B 
statistical hypothesis 400.А 
statistical hypothesis testing 400, App. A, Table 23 
statistical inference 401 
statistical model 403 
statistical mechanics 342.А 402 
classical 402.A 
equilibrium 402.А 
of irreversible processes 402.A 
Markov 340.C 
quantum 402.A 
statistical planning 102.A 
statistical quality control 404 
statistical structure 396.Е 
dominated 396.Е 
statistical thermodynamics 402.A 
statistics 397.C 
Bose 377.B 402.E 
Fermi 377.B 402.E 
statistics and spin, connection of 150.D 
Staudt algebra 343.С 
Steenrod algebra 64.В 
Steenrod axioms, Eilenberg- 201.0 
Steenrod isomorphism theorem, Hurewicz- 148.D 
Steenrod operator App. A, Table 6.П 
Steenrod pth power operation 64.B 
Steenrod square operation 64.B 
steepest descent, curve of 46.A 
steepness, wave 205.F 
Stein, analytic space in the sense of Behnke and 
23.E 
Steinberg formula (on representation of compact Lie 
groups) 2487 
Steinberg group 237.J 
Steinberg symbol 237.J 
Steinberg type 13.0 
Stein continuation theorem, Remmert- 23.В 
Stein decomposition, Fefferman- 168.В 
Steiner problem 179.А 
Steiner symmetrization 228.В 
Steinhaus theorem, Banach- 
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(in a Banach space) 37.H 
(іп a topological linear space) 424J 
Stein lemma, Hunt- 400.F 
Stein manifold 21.L 
fundamental theorems of 21.L 72.E 
Stein space 23.F 
Stein theorem, Behnke- 21.H 
Stein theorem, Lehmann- 400.B 
step, fractional 304.F 
step-by-step method 163.D 
step-down operator 206.B 
step size (in numerical solution) 303.B 
step-up operator 206.B 
stereographic projection 74.D 
Stiefel manifold 199.В 
complex 199.B 
infinite 1471 
of k-frames 199.В 
of orthogonal k-frames 199.B 
real, of k-frames 199.В 
real, of orthogonal k-frames 199.B 
Stiefel- Whitney class 
(of a differentiable manifold) 56.F 147.M 
(of an O(n)-bundle) 147.M 
(of an R"-bundie) 56.В 
(of a topological manifold) 56.Е 
total 56.B 
universal 56.B 
Stiefel-Whitney number 56.F 
Stieltjes integral 94.E 
Lebesgue- 94.C 166.C 
Riemann- 94.B 166.C 
Stieltjes measure, Lebesgue- 166.С 270.L 
Stieltjes moment problem  240.K 
Stieltjes theorem  133.C 
Stieltjes transform 220.р 
Fourier- 192.B,0 
Laplace- 240.A 
Stiemke theorem 255.В 
stiff 303.G 
іп an interval 303.G 
stiffness matrix 304.С 
stiffness ratio 303.G 
stiff-stability 303.G 
stimulus-sampling model, Estes 342.Н 346.G 
Stirling formula 174.A 212.C, App. A, Table 17.1 
Stirling interpolation formula App. A, Table 21 
Stirling number of the second kind 66.D 
stochastically larger (random variable) 371.C 
stochastic calculus 406.A 
stochastic control 342.А 405 
stochastic differential 406.C 
stochastic differential equation 342.A 
linear (LSDE) 405.G 
of Markovian type 406.D 
stochastic differential of Stratonovich type 406.C 
stochastic filtering 324.А 405.F 
stochastic inference, graphical method of 19.B 
stochastic integral 261.Е 406.B 
of Itô type 406.C 
of Stratonovich type 406.С 
stochastic Ising model 340.C 
stochastic matrix 260.A 
stochastic maximum principle 405.D 
stochastic model 264 
stochastic moving frame 406.G 
stochastic paper 19.B 
stochastic process(es) 342.А 407 
generalized 407.С 
with stationary increments of ordern 3951 
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stochastic programming 264.С 307.C 408 
two-stage 408.A 
Stoilow compactification, Kerékjártó- 207.C 
Stoilow type (compactification) 207.B 
Stokes approximation 205.С 
Stokes assumption 205.С 
Stokes differential equation 167.Е 188.E 
Stokes equation, general Navier- 204.F 
Stokes equation, Navier- 204.B 205.C 
Stokes formula 94.Е 105.O, App. A, Table 3.1I 
Green- 94.Е 
Stokes initial value problem, Navier- 204.B 
Stokes multiplier 254.C 
Stokes phenomenon 254.С 
Stokes theorem App. A, Table 3.1 
Stokes wave 205.F 
Stolz, differentiable in the sense of 106.G 
Stolz path (in a plane domain) 333.B 
Stone-Cech compactification 207.С 425.T 
Stone-Gel'fand theorem 168.В 
Stone integrable function, Daniell- 3101 
Stone integral, Daniell- 3101 
Stone theorem 378.С 425.Х 437.R 
Stone theorem, Weierstrass- 168.В 
Stone-Titchmarsh-K odaira theory, Weyl- 112.0 
stopping, optimal 405.E 
stopping rule 398.F 
stopping time 261.В 407.B 
storage, push-down 96.E 
stored program principle 75.B 
Stormer inequality, Powers- 212.B 
straight angle 139.D 
straightening of the angle 114.F 
straight, G-space is 178.Н 
straight line(s) 93.A 155.B 
straight line solution 420.B 
strain 271.G 
strain, shearing 271.G 
strain tensor 271.G 
strange attractor 126.N 
Strassen invariance principle 250.E 
strategic variable 264 
strategy (strategies) 33.F 108.B,C 173.C 
behavior 173.B 
local 173.B 
mixed 173.C 
pair 108.B 
pure 173 
winning 33.F 
stratifiable space 425.Y 
stratification, Whitney 418.G 
stratified sampling 373.Е 
Stratonovich type 
stochastic differential of 406.C 
stochastic integral of 406.C 
stratum (strata) 373.Е 418.G 
и-соп{ап{ 418.E 
stream function 205.B 
streamlined (body) 205.С 
stream lines 205.B 
strength 102.L 
stress 271.G 
normal 271.G 
shearing 271.G 
tangential 271.G 
stress tensor 150.B 271.G 
Maxwell 130.A 
strict Albanese variety 16.Р 
strict implication 4111. 
strict localization 16.AA 


Subject Index 
Strongly inaccessible 


strictly concave function 88.A 
strictly convex function 88.A 
strictly decreasing function 166.A 
strictly ergodic (homeomorphism on a compact 
metric space) 136.H 
strictly G-stationary (system of random variables) 
395.1 
strictly increasing function 166.A 
strictly inductive limit (of a sequence of locally 
convex spaces) 424.W 
strictly monotone function 166.A 
(of ordinal numbers) 312.C 
strictly of Polya type (a family of probability 
densities) 374J 
strictly positive (element in Е") 310.H 
strictly pseudoconvex 344.А 
strictly stable process 5.F 
strictly stationary process 395.A 
strictly stationary random distribution 395.Н 
strict morphism (between topological groups) 423.J 
string 
a- 248.1 
equation ofa vibrating 325.A 
string model 132.С 
strip 
bicharacteristic 320.В 
characteristic 320.D 324.B 
Mobius 410.B 
strip condition 320.D 
strong (boundary component) 77.E 
strong convergence (of operators) 251.C 
strong convergence theorem (on distributions) 
125.G 
strong deformation retract 202.D 
strong dilation 251.M 
strong dual (space) 424.K 
stronger 
(equivalence relation) 135.C 
(method of summation) 379.L 
(topology) 425.H 
(uniformity) 436.E 
stronger form of Cauchy's integral theorem 198.B 
strong extension 
(of a differential operator) 112.E 
(of a differential operator with boundary condi- 
tion) 112.F 
strong infinity, axiom of 33.E 
strong integrability 443.1 
strong lacuna 325.J 
strong law of large numbers 250.С 
strong Lefschetz theorem 16.17 
strongly, converge (in a Banach space) 37.B 
strongly acute type 304.С 
strongly closed subgroup 151.J 
strongly compact cardinal number 33.E 
strongly connected (graph) 186.F 
strongly connected components 186.F 
strongly continuous 
(Banach space-valued function) 37.K 
(in unitary representations) 437.A 
strongly continuous representation (of a topological 
space) 69.B 
strongly continuous semigroup 378.В 
strongly distinguished basis 418.F 
strongly elliptic (differential operator) 112.G 
strongly elliptic operator 323.H 
strongly embedded subgroup  151.J 
strongly exposed (of a convex set) 443.H 
strongly hyperbolic differential operator 325.H 
strongly inaccessible 33.Е 312.E 


Subject Index 
Strongly inaccessible cardinal number 


strongly inaccessible cardinal number 33.E 
strongly measurable 443.B,I 
strongly mixing automorphism  136.E 
strongly nonlinear differential equation 290.D 
strongly normal extension field 113 
strongly P-convex set 112.C 
strongly paracompact space 425.S 
strongly pseudoconvex domain 21.G 
strongly recurrent (measurable transformation) 
136.C 
strongly separated (convex sets) 89.A 
strongly stationary process 395.А 
strongly stationary random distribution 395.H 
strong Markov process 261.В 
strong Markov property 261.B 
strong maximum principle 323.С 
strong measurability 443.1 
strong operator topology 251.С 
strong rigidity theorem  122.G 
strong solution 
(of Navier-Stokes equation) 204.C 
(of a stochastic differential equation) 406.D 
unique 406.D 
strong topology 
(on a direct product space) 425.K 
(on a family of measures) 338.E 
(оп a normed space) 37.E 
(on a topological linear space) 424.К 
strong transversality condition 126.J 
structural constants (of a Lie algebra) 248.C 
structural equation system, linear 128.С 
structurally stable, C"- 126.Н 
structural stability 290.A 
structural stability theorem  126J 
structure(s) 409 
(ofalanguage) 276.B 
almost complex 72.B 
almost contact 110.E 
almost contact metric 110.E 
almost symplectic 191.В 
analytic (in function algebras) 164.Е 
analytic (on a Riemann surface) 367.A 
arithmetically equivalent 276.D 
Cauchy Riemann 344.А 
CR 344A 
C’- (of a differentiable manifold) 105.р 114.А 
C’-, Haefliger 154.F 
classifying space for I7 154.E 
coalition 173.D 
compatible with C'-  114.B 
complex 105.Y 
complex (in a complex manifold) 72.A 
complex (on R) З.Н 
complex (on a Riemann surface) 367.A 
complex analytic (in a complex manifold) 72.A 
conformal 191.B 
conformal (on a Riemann surface) 367.A 
contact 105.Y 
contact metric 110.E 
data 96.В 
deformation of complex 72.G 
differentiable 114.B 
differentiable, of class С" 105.0 
elementarily equivalent 276.D 
equations (of a Euclidean space) 111.B 
equations of (for relative components) 110.A 
foliated 105.Y 
G- 191 
T- (on a differentiable manifold) 105.Y 


2120 


T- (on a topological space) 90.D 
I7- 154E 
T,- 154H 
group of oriented differentiable (on a com- 
binatorialsphere) 1141 
Hodge (of a vector space) 16.V 
isomorphic 276.Е 
jumping of 72.G 
lacunary (of a power series) 339.E 
level n (on an Abelian variety) 3.N 
linear 96.C 
mathematical 409.B 
mixed 16.V 
Neyman 400.D 
normal 276.D 
normal analytic 386.С 
PL 65.С 
pseudogroup 105.Y 
real analytic 105.D 
smooth 114B 
spin- 237.Е 431.D 
statistical 396.Е 
symplectic 219.C 
tensor field of almost complex (induced by a 
complex structure) 72.B 
topological 425.A,B 
tree 96.D 
twinning 92.D 
uniform 436.B 
structure equation 
(of an affine connection) 417.B 
(for a curvature form) 80.G 
(for a torsion form) 80.H 
linear, system 128.C 
structure function 191.C 
structure group (of a fiber bundle) 147.B 
structure morphism 52.G 
structure sheaf 
(of a prealgebraic variety) 16.C 
(of a ringed space) 383.H 
(ofa variety)  16.B 
structure space (of a Banach algebra) 36.D 
structure theorem 
(on topological Abelian groups) 422.E 
of complete local rings 284.D 
for von Neumann algebras of type HI 308.1 
Sturm-Liouville operator 1121 
Sturm-Liouville problem  315.B 
Sturm method  301.C 
Sturm theorem (on real roots of an algebraic equa- 
tion) 10.E 
Struve function App. A, Table 19.1V 
Student test 400.G 
subadditive cuts 215.C 
subadditive ergodic theorem 136.В 
subadditive functional 88.B 
subadditive process 136.B 
subalgebra 29.А 
Borel (of a semisimple Lie algebra) 248.0 
Cartan (of a Lie algebra) 2481 
Cartan (symmetric Riemann space) 413.F 
closed (of a Banach algebra) 36.B 


Lie 248.A 
of a Lie algebra associated with a Lie subgroup 
249.D 
parabolic (of a semisimple Lie algebra) 248.0 
*- 308.С 
subbase 


foraspace 425.F 
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for a topology 425.F 
subbialgebra 203.G 
subbundle 
(of an algebraic vector bundle) 16.Y 
(of a vector bundle) 147.F 
subcategory 52.A 
full 52А 
subcoalgebra 203.Е 
subcomplex 
(of a cell complex) 70.D 
(of a chain complex) 200.H 201.B 
(of a cochain complex) 201.H 
(ofa complex) 13.R 
‘(of a Euclidean complex) 70.B 
(of a simplicial complex) 70.C 
(of ап s.s. complex) 70.E 
chain 200.C 
cochain 200.F 
subcontraction 186.E 
subcritical (Galton-Watson process) 44.B 
subdifferential 88.D 
subdivision 
(of a Euclidean complex) 70.B 
(of a simplicial complex) 70.C 
(of a triangulation)  70.C 
barycentric (of a Euclidean complex) 70.B 
barycentric (of a simplicial complex) 70.C 
dual (of a triangulation of a homology mani- 
fold) 65.B 
subelliptic 112.D 
subfamily 165.D 
subfield 149.B 
valuation overa 439.В,С 
subgraph 186.E 
subgroup 
(ofa group) 190.C 
(of a topological group) 423.D 
admissible 190.E 
admissible normal 190.E 
algebraic 13.A 
arithmetic 13.P 122.F,G 
Borel 13.G 249.J 
Cartan 13.H 249.1 
Carter 151.D 
closed 423.р 
commutator 190.H 
congruence 122.D 
connected Lie 249.D 
cyclic 190.C 
divisible 422.G 
Hall 151.E 
invariant 190.C 
irreducible discrete 122.F 
isotropy 431.A 
Iwahor 13.R 
k-Borel 13.G 
Levi- 13.Q 
Lie 249.D 
maximal torsion 2А 
minimal parabolic k- 13.0 
normal 190.G 
Q- 190Е 
one-parameter 249.Q 
open 423.D 
parabolic 13.6 249.J 
parabolic 13.R 
principal congruence, of level N 122.D 
p-Sylow 151.B 
tational 404.B 
Schur 362.F 


Subject Index 
Subset(s) 


sequences of 190.F 
stability 431.A 
standard parabolic k- 13.0 
strongly closed 151.7 
strongly embedded 151.7 
subnormal 190.G 
Sylow 151.B 
toroidal 248.X 
torsion 2.A,C 
subharmonic functions 193 
almost 193.T 
subinvariant measure 261.Е 
subjective probability 401.В 
sublattice 243.С 
submanifold 
(of a Banach manifold) 286.N 
(of a combinatorial manifold) 65.D 
(of a C?-manifold) 105.1, 
closed 105.1, 
complex analytic 72.A 
immersed (of a Euclidean space) 111.A 
isotropic 365.0 
Kahler 365.1, 
minimal 275 365.D 
regular 105.L 
Riemannian 365.A 
totally geodesic 365.D 
totally real 365.M 
totally umbilical 365.D 
submartingale 262.A 
submedian 193.T 
submersion 105.L 
submodular 66.F 
submodule 
A- 277.C 
allowed 277.С 
complementary 277.H 
homogeneous A- (of a graded A-module) 
200.B 
primary 284A 
subnet 87.Н 
cofinal 87.H 
subnormal (operator in a Hilbert space) 251.K 
subnormalsubgroup 190.G 
subobject 52.0 
subordinate 105.р 437. T 
subordination 5 261.F 
of the ath order 261.F 
subordinator of the exponent « 5.F 
subproblems 215.D 
subrepresentation 
(of a linear representation) 362.C 
(of a projective representation) 362.J 
(of a unitary representation) 437.C 
subring 368.Е 
differential 113 
subroutine 75.C 
subscripts, raising 417.D 
subsequence 165.D 
ф- 354.D 
subset(s) 381.А 
(in axiomatic set theory) 33.B 
analytic (of a complex manifold) 72.E 
axiom of 33.B 381.G 
Borel 270.С 
circled (of a linear topological space) 424.E 
cofinal 311.D 
G- 362.В 
k- 330 
proper 381.A 


Subject Index 
Subshift 


residual 311.D 
subshift 126J 
of finite type 126.1 
Markov 126.J 
subsidiary equation, Charpit 82.C 320.D 
subsonic (Mach number) 205.B 
subsonic flow 326.A 
subspace 
(of an affine space) 7.A 
(of a linear space) 256.F 
(of a projective space) 343.В 
(of a topological space) 425.) 
analytic 23.C,G 
closed linear (of a Hilbert space) 197.Е 
complementary (of a linear subspace) 256.F 
horizontal 191.C 
ingoing 375.H 
invariant (of a linear operator) 251.L 
involutive 428.F 
linear (of a linear space) 256.F 
metric 273.B 
n-particle 377.A 
orthogonal (determined by a linear subspace) 
256.G 
orthogonal (of a linear space) 139.G 
outgoing 375.H 
precompact (metric) 273.B 
parallel (in an affine space) 7.B 
parallel, in the narrower sense (in an affine 
space) 7.B 
parallel, in the wider sense (in an affine space) 
7.B 
principal (of a linear operator) 390.B 
root (of a linear operator) 390.В 
root (of a semisimple Lie algebra) 248.К 
singular (of a singular projective transforma- 
tion 343.D 
totally bounded (metric) 273.B 
totally isotropic (relative to an e-Hermitian 
form) 60.0 
totally isotropic (with respect to a quadratic 
form) 348.Е 
totally singular (with respect to a quadratic 
form) 348.E 
U-invariant (of a representation space of a 
unitary representation 437.C 
uniform 436.E 
substituted distribution 125.Q 
substitution 
(of a hyperfunction) 125.X 274.E 
axiom of 381.G 
back 302.В 
Frobenius (of a prime ideal) 14.K 
subsystem 
(of an algebraic system) 409.C 
closed (of a root system) 13.1, 
subtraction 361.В 
subtraction terms 361.В 
subvariety, Abelian 3.B 
successive approximation 
method of (for an elliptic partial differential 
equation) 323.D 
method of (for Fredholm integral equations of 
the second kind) 217.D 
method of (for ordinary differential equations) 
316.D 
successive minima (in a lattice) 182.C 
successive minimum points 182.С 
successive overrelaxation (SOR)  302.C 
successor 
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(of an element in an ordered set) 311.B 
(of a natural number) 294.B 
sufficiency 
prediction 396.7 
principle of 401.C 
sufficient (a-field, statistic) 
Bayes 396J 
D- 396.7] 
decision theoretically 396.J 
minimal 396.E 
pairwise 396.F 
test 396.J 
sufficiently many irreducible representations 
437.B 
sum 
(of convergent double series) 379.Е 
(of a divergent series by a summation) 379.L 
(of elements of a group) 190.A 
(of elements of a linear space) 256.A 
(a function) 104.B 
(of ideals) 67.B 
(of linear operators) 251.B 
(of linear subspaces) 256.F 
(of matrices) 269.B 
(of ordinal numbers) 312.C 
(of potencies) 49.C 
(of real numbers) 355.A 
(of a quadrangular set of six points) 343.C 
(ofa series) 379.A 
(of submodules) 277.B 
(=union of sets) 33.B 381.B 
(of vectors) 442.A 
amalgamated 52.G 
Baer (of extensions) 200.K 
cardinal (of a family of ordered sets) 311.F 
Cauchy (of a series) 379.A 
connected (of oriented compact C*-manifolds) 
114.F 
connected (of 3-manifolds) 65.Е 
constant- (вате) 173.A 
Darboux 216.4 
Dedekind 328.A 
diagonal (of a matrix) 269.F 
diagonal partial (of a double series) 379.E 
direct — direct sum 
disjoint 381.B 
fiber 52.G 
Gaussian 295.D 450.C 
general- (game) 173.A 
indefinite (of a function) 104.B 
Kloosterman 32.С 
local Gaussian 450.F 
logical (of propositions) 411.B 
ordinal (of a family of ordered sets) 311.G 
orthogonality for a finite 19.G 317.D 
partial (of a series) 379.A 
of products 216.А 
Ramanujan 295.D. 
Riemann 216.A 
scalar (of linear operators) 37.C 
over states 402.р 
topological 425.M 
trigonometric 4.C 
Whitney (of vector bundles) 147.F 
zero(game) 173.A 
zero-, two-person game 108.B 


sumevent 342.B 
summable 


A- 379.N 
by Abel's method 379.N 
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absolute Borel 379.0 

B- 379.0 

|Bl- 379.0 

by Borel’s exponential method 379.0 

by Borel’s integral method 379.0 

by Cesàro's method of ordera 379.М 

by Euler’s method 379.P 

by Hólder's method of order р 379.М 

(Н, р)- 379.M 

by Nórlund's method 379.0 

(R,k)- 379.8 

by Riesz’s method of order К 379.R 

T- 379.1. 
summable pth power, operator of 68.K 
summand, direct (of a direct sum of sets) 381.E 
summation 

Abel’s method of 379.N 

Abel’s partial 379.D 

Borel’s method of 379.N 

(C,x) 379.M 

Cesaro’s method of, of ordera 379.М 

Euler’s method of 379.P 

ofafunction 104.B 

Lebesgue’s method of 379.5 

methods of 379.1. 

Nórlund's method of 379.Q 

Riemann’s method of 379.5 

Riesz’s method of, of the kth order 379.R 
summation convention, Einstein’s 417.B 
summation formula 

Euler 295.E 

Poisson (on Fourier transforms} 192.C 

Poisson (on a locally compact Abelian group) 

192.L 
summing, absolutely (operator) 68.N 
sum theorem for dimension 117.C 
Sundman theorem 420.С 
sup (supremum) 311.В 
superabundance (of a divisor on an algebraic 
surface) 15.D 

superadditive  173.D 
superconductivity 130.В 
supercritical (Galton-Watson process) 44.B 
superefficient estimator 399.N 
superharmonic (function) 193.P 260.D 
superharmonic measure 260.1 
superharmonic transformation 261.F 
superior function, right 316.E 
superior limit 

(of a sequence of real numbers) 87.C 

(of a sequence of subsets of a set) 270.C 
superior limit event 342.B 
supermartingale 262.А 
supermultiplet theory 351.Ј 
superposition, principle of 252.B 322.C 
superregular function 260.D 
superrenormalizable 150.С 
superscripts, lowering 417.D 
superselection rule, univalence 351.К 
superselection sector 150.E 351.K 
supersolvable group 151.D 
supersonic 205.В 326.A 
supplementary angles 139.0 
supplementary interval 4.B 
supplementary series 258.C 
supplementation-equal polygons 155.F 
supplemented algebra 200.М 
support 

(of a coherent sheaf) 16.E 

(of a differential form) 105.0 


Subject Index 
Surface(s) 


(of a distribution) 125.D 

(ofa function) 125.В 168.B 425.R 

(of a section of a sheaf) 383.С 

(of a spectral measure) 390.D 

compact (of a singular q-cochain) 201.P 

essential (of a distribution) 274.D 

singular (of a distribution) 112.C 

singular (of a hyperfunction) 125.W 
supporting function 125.0 
supporting functional (of a convex set) 89.G 
supporting half-space (of a convex set) 89.A 
supporting hyperplane (of a convex set) 89.A 
supporting line (of an oval) 89.C 
supporting line function (of an oval) 89.C 
supporting point 

(ofa convex set) 89.G 

(of a projective frame) 343.С 
supremum 

(of an ordered set) 168.B 

(of a set of Hermitian operators) 308.А 

(of a subset of a vector lattice) 310.C 

essential (of a measurable function) 168.B 
supremum norm 168.В 
supremum theorem, Hardy-Littlewood App. А 

Table 8 

sure event 342.B 
surely, almost 342.В,р 
surface(s) 111.A 410, App. A, Table 4.I 

Abelian 15.H 

abstract Riemann 367.A 

affine minimal 110.C 

algebraic 15 

basic (of a covering surface) 367.B 

with boundary 410.В 

branched minimal 275.B 

center 1111 

characteristic 320.B 

circular cylindrical 350.В 

closed 410.B 

closed (in a 3-dimensional Euclidean space) 

111.1 

closed convex 111.1 

conical 1111 

of constant curvature 1111 

covering 367.В 

covering, Ahlfors theory of 367.B 

covering, with relative boundary 367.B 

cylindrical 1111 

deformation of 110.A 

degenerate quadric 350.B 

developable 1111, App. A, Table 41 

Dini 111.1 

elliptic 72.K 

elliptic cylindrical 350.В 

energy 126.L 402.C,G 

Enneper 275.B 

Enriques 72.K 

enveloping 111.1 

equipotential 193.J 

Fréchet 246.1 

fundamental theorem of the theory of 111.G 

fundamental theorem of the topology of 410.B 

G- 178.Н 

of general type 72.K 

geometry ona 111.6 

helicoidal 1111 

Hilbert modular 15.H 

Hirzebruch 15.6 

Hopf 72K 

hyperbolic cylindrical 350.В 


, 


Subject Index 
Surface area of unit hypersphere 


hyperelliptic 72.К 
initial 321.A 
КЗ 15H72K 
Kummer 15.H 
level 193J 
marked K3 72.K 
minimal 111.1 334.B 
niveau 193J 
one-sided 410.B 
open 410.B 
parabolic cylindrical 350.B 
proper quadric 350.В 
quadric 350.A 
quadric conical 350.B 
rational 15.E 
rectifying 1111 
response 102.L 
response, design for exploring 102.M 
of revolution 111.1 
Riemann — Riemann surface 
ruled 15.E 
ruled (in differential geometry) 1111 
ofthesecond class 350.D 
of the second order 350.A 
Scherk's 275.A 
Seifert 235.A 
skew 111.1 
special 110.A 
tangent 111.F 
two-sided 410.B 
unbounded covering 367.В 
unirational 15.Н 
universal covering 367.В 
unramified covering 367.В 
Veronese 275.F 
W- 1111 
Weingarten (W) 111.1 
surface arca of unit hypersphere App. A, Table 9.V 
surface element 324.B 
surface harmonics 393.A 
surface integral 94.A,E 
(with respect to a surface element) 94.E 
surface wave 446 
surgery 114.F,J 
surgery obstruction 114.J 
surjection 381.C 
(in a category) 52.D 
canonical (on direct products of groups) 190.L 
canonical (to a factor group) 190.D 
canonical (onto a quotient set) 135.B 
natural (to a factor group) 190.D 
surjective mapping 381.C 
survival insurance 214.B 
susceptibility 
electric 130.B 
magnetic 130.B 
suspension 
(of a discrete dynamical system) 126.C 
(ofa homotopy class) 202.Q 
(ofa map) 202.F 
(ofa space) 202.E,F 
n-fold reduced 202.F 
reduced (of a topological space) 202.F 
Suslin 
к- 22H 
schema of 22.B 
system of 22.B 
Suslin hypothesis 33.F 
Suslin space 22.1 425.CC 
Suslin theorem 22.C 
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suspension isomorphism (on singular (co)homology 
groups) 201.E 
suspension theorem, generalized 202.T 
Suzukigroup 1511 
SVD (singular value decomposition) 302.E 
sweep (a bounded domain) 384.F 
sweepable (bounded domain) 384.F 
sweeping-out principle 338.L 
sweeping-out process 338.L 
sweep out (a measure to a compact set) 338.L 
Swinnerton-Dyer conjecture, Birch- 118.D 450.5 
Sylow subgroup 151.В 
р- 151.В 
Sylow theorem 151.В 
Sylvester elimination method 369.E 
Sylvester law of inertia (on a quadratic form) 348.B 
Sylvester theorem (on determinants) 103.F 
Symanzik equation, Callan- 361.В 
symbol 369.A 
(of a Fourier integral operator) 274.C 
(of a pseudodifferential operator) 251.0 345.B 
(=Steinberg symbol) 237.J 
(of a vector field) 105.M 
Artin 14.K 
Christoffel 80.L 111.H 417.D, App. A, Table 
41 
function 411.H 
Gauss 83.А 
Hilbert s- 411.) 
Hilbert-Hasse norm-residue 14.R 
Hilbert norm-residue 14.R 
individual 411.H 
Jacobi 297I 
Jacobi, complementary law of 297.1 
Jacobi, law of quadratic reciprocity of 297.1 
Kronecker 347.D 
Landau (0,0) 87.G 
Legendre 297.Н 
Legendre, first complementary law of 297.1 
Legendre, law of quadratic reciprocity of 297.1 
Legendre, second complementary law of 297.1 
logical 411.B 
9j 353.C 
norm-residue 14.0 257.F 
power-residue 14.N 
predicate 411.H 
principal (of a differential operator) 237.H 
principal (of a microdifferential operator) 
274.F 
principal (of a simple holonomic system) 
274.H 
6j- 353.В 
Steinberg (in algebraic K-theory) 237.J 
3ј- 353.B 
symbolic logic 411 
symbol sequence (in microlocal analysis) 274.F 
symmetric 
(block design) 102.E 
(factorial experiment) 102.H 
(Fock space) 377.A 
(member of a uniformity) 436.B 
(multilinear mapping) 256.H 
(relation) 358.A 
(tensor) 256N 
symmetric algebra 29.H 
symmetric bilinear form (associated with a quadratic 
form) 348.А 
symmetric bounded domain 412.F 
irreducible 412.F 
symmetric Cauchy process 5.Е 
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symmetric difference 304.E 
symmetric distribution function 341.H 
symmetric event 342.G 
symmetric function 337.1 
elementary 3371 
symmetric group 190.B 
ofdegreen 151.G 
symmetric Hermitian space 412.E 
irreducible 412.E 
symmetric homogeneous space 412.B 
symmetric hyperbolic system (of partial differential 
equations) 325.G 
symmetric kernel 217.G 335.D 
symmetric law (in an equivalence relation) 135.A 
symmetric Markov process 261.C 
symmetric matrix 269.B 
anti- 269.B 
skew- 269.B 
symmetric multilinear form 256.H 
anti- 256.H 
skew- 256.H 
symmetric multilinear mapping 256.H 
anti- 256.H 
skew- 256.H 
symmetric multiplication 406.C 
symmetric operator 251.E 
symmetric points (with respect to a circle) 74.E 
symmetric polynomial 337.I 
elementary 337.1 
fundamental theorem on 337.1 
symmetric positive system 
(of differential operators) 112.5 
(of first-order linear partial differential equa- 
tions) 326.D 
symmetric product (of a topological space) 70.F 
symmetric Riemannian homogeneous space 412.B 
symmetric Riemannian space(s) 412 
globally 412A 
irreducible 412.C, App. A, Table 5.III 
locally 412.A, App. A, Table 4.11 
weakly 412J 
symmetric space 412.A 
affine 80J 
affinelocally 80.J 
locally 80.7 364.D 
symmetric stable process 5.F 
symmetric tensor 256.N 
anti- 256.N 
contravariant 256.N 
covariant 256.N 
skew- 256.N 
symmetric tensor field 105.0 
symmetrization 
(in isoperimetric problem) 228.В 
Steiner (in isoperimetric problem) 228.В 
symmetrizer 256.3 
Young 362.H 
symmetry 
(at a point of a Riemannian space) 412.A 
‘(of a principal space) 139.B 
(in quantum mechanics) 415.H 
broken 132.C 
central (of an affine space) 139.B 
charge 415J 
crossing 132.С 386.B 
degree of 431.D 
hyperplanar (of an affine space) 139.B 
internal 150.B 
law of (for the Hilbert norm-residue symbol) 
14.R 


Subject Index 
System 


Nelson 150.Е 
TCP 386.B 
symmetry group, color 92.D 
symmorphic space group 92.B 
symmorphous space group 92В 
symplectic form 1261. 
symplectic group 60.L 151.1 
complex 60.L 
infinite 202.V 
over afield 60.L 
over a noncommutative field 60.0 
projective (over a field) 60.L 
unitary 60.L 
symplectic manifold 219.С 
symplectic matrix 60.1, 
symplectic structure 219.C 
symplectic transformation 60.L 
(over a noncommutative field) 60.0 
symplectic transformation group (over a field) 
60.L 
synchronous (system of circuits) 75.B 
syndrome 63.C 
synthesis (in the theory of networks) 282.C 
spectral 36.1. 
synthetic geometry 181 
system 
adjoint (of a complete linear system on an 
algebraic surface) 15.0 
adjoint, of differential equations 252.K 
algebraic 409.B 
algebraic, in the wider sense 409.B 
ample linear 16.N 
asynchronous (of circuits) 75.B 
axiom 35 
axiom (of a structure) 409.B 
axiom (of a theory) 4111 
ofaxioms 35.B 
base for the neighborhood 425.E 
categorical (of axioms) 35.B 
C*-dynamical 36.K 
character (of a genus of a quadratic field) 
347.F 
characteristic linear (of an algebraic family) 
15.F 
Chebyshev (of functions) 336.B 
classical dynamical 126.L 136.G 
of closed sets 425.B 
complete (of axioms) 35.B 
complete (of independent linear partial differen- 
tial equations) 324.C 
complete (of inhomogeneous partial differential 
equations) 428.C 
complete (of nonlinear partial differential 
equations) 428.C 
complete linear (on an algebraic curve) 9.C 
complete linear (on an algebraic variety) 16.N 
complete linear, defined by a divisor 16.N 
completely integrable (of independent 1-forms) 
428.D 
complete orthogonal 217.6 
complete orthonormal 217.G 
complete orthonormal, of fundamental func- 
tions 217.G 
complete residue, modulo т 297.G 
continuous dynamical 126.B 
coordinate 90.A 
coordinate (of a line in a projective space) 
343.C 
crystal 92.B 
determined (of differential operators) 112.R 


Subject Index 
System 


determined (of partial differential equations) 
320.F 

differentiable dynamical 126.B 

differential 1911 

of differential equations of Maurer-Cartan 
249.R 

of differential operators 112.R 

direct (of sets) 210.B 

discrete dynamical 126.В 

distinct, of parameters 284.р 

dynamical 126 

ofequations 10.A 

equilibrium, transformation to 82.D 

formal 156.D 411.1 

of functional differential equations 163.Е 

fundamental (of eigenfunctions to an eigenvalue 
for an integral equation) 217.F 

fundamental (for a linear difference equation) 
104.D 

fundamental (of a root system) 13.J 

fundamental, of irreducible representations (of a 
complex semisimple Lic algebra) 248.W 

fundamental, of neighborhoods 425.E 

fundamental, of solutions (of a homogeneous 
linear ordinary differential equation) 252.B 

fundamental, of solutions (of a homogeneous 
system of first-order linear differential equa- 
tions) 252.H 

fundamental root (of a semisimple Lie algebra) 
248.N 

of fundamental solutions (of a system of linear 
homogeneous equations) 269.M 

Garnier 253.Е 

of generators (of a A-module) 277.D 

of gravitational units 414.В 

group 235.B 

Haar, of orthogonal functions 317.C 

Hamiltonian 126.L 

holonomic 274.H 

holonomic, with regular singularities 274.Н 

homotopy equivalent (of topological spaces) 
202.F 

of hyperbolic differential equations (in the sense 
of Petrovskii) 325.G 

incompatible (of partial differential equations) 
428.B 

inconsistent (of algebraic equations) 10.A 

indeterminate (of algebraic equations) 10.A 

inductive (in a category) 210.D 

inductive (of sets) 210.B 

inductive, of groups 210.C 

inductive, of topological spaces 210.С 

inertial 271.0 359 

information retrieval 96.F 

integrable 287.А 

international, of units 414.A 

inverse (of sets) 210.B 

involutive — involutory 

involutory (of differential forms) 428.F 

involutory (of nonlinear equations) 428.C 

involutory (of partial differential equations) 
428.F 

involutory (of partial differential equations of 
first order) 324.D 

irreducible linear 16.N 

lattice spin 402.G 

linear (on an algebraic variety) 16.N 

of linear differential equations of first order 
252.G 

linear dynamical 86.B 
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of linear equations 269.M 

of linear homogeneous equations 269.M 

linear structural equation 128.C 

linear time-varying 86.B 

local, of groups (over a topological space) 
201.R 

local coordinate (of a manifold) 105.С 

local coordinate (of a topological space) 90.D 

local coordinate, holomorphic 72.A 

mathematical (for a structure) 409.B 

maximal independent (of an additive group) 
2.E 

neighborhood 425.В 

of notations (for ordinal numbers) 81.B 

null (in projective geometry) 343.0 

number, point range of (in projective geometry) 
343.C 

of open sets 425.B 

operating 75.C 

of ordinary differential equations 313.В 

orthogonal (of functions) 317.A 

orthogonal (of a Hilbert space) 197.C 

of orthogonal functions App. A, Table 20 

of orthogonal polynomials 317.0 

overdetermined (of differential operators) 
112.R 

overdetermined (of partial differential equa- 
tions) 320.F 

of parameters 284.D 

partial de Rham 274.6 

of partial differential equations of order | (on a 
differentiable manifold) 428.F 

passive orthonomic (of partial differential 
equations) 428.B 

peripheral 235.B 

of Pfaffian equations 428.A 

polar (in projective geometry) 343.D 

Postnikov (of a CW complex) 148.D 

projective (in a category) 210.D 

projective (of sets) 210.B 

projective, of groups 210.C 

projective, of topological groups 423.K 

projective, of topological spaces 210.С 

quotient (of an algebraic system)  409.C 

Rademacher, of orthogonal functions 317.С 

reduced residue 297.G 

reducible linear 16.N 

regular, of parameters 284.D 

of resultants 369.E 

root (of a symmetric Riemann space) 413.F 

root (in a vector space over Q) 13J 

self-adjoint, of differential equations 252.К 

simple holonomic 274.H 

of simultaneous differential equations App. A, 
Table 14.1 

of Suslin 22.B 

symmetric positive (of differential operators) 
112.8 

symmetric positive (of first-order linear partial 
differential equations) 326.D 

Tits 13.R 151J 343.1 

of total differential equations | 428.A 

of transitivity (of a G-set) 362.В 

trigonometric 159.A 

two-bin 227 

underdetermined (of differential operators) 
112.R 

underdetermined (of partial differential equa- 
tions) 320.F 

uniform covering 436.D 
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uniform family of neighborhoods 436.D 
uniform neighborhood 436.D 
unisolvent (of functions) 336.B 
ofunits 414.A 
very ample linear 16.N 
Walsh, of orthogonal functions 317.С 
system process 405.F 
system simulation 385.A 
syzygy 369.F 
first 369.F 
rth 369.F 
Syzygy theorem, Hilbert 369.F 
syzygy theory 200.K 369.F 
Szegó kernel function 188.H 
Szemerédi theorem, ergodic 136.С 
Sz.-Nagy-Foias model 251.N 


T 


t-function 150.D 
t-distribution 341.D 374.B, App. A, Table 22 
noncentral 374.B 
t-statistic 374.B 
t-test 400.G 
T-bound 331.B 
T-bounded 331.B 
T-compact 68.F 331.B 
T-operator 375.C 
T?-statistic 
Hotellings 280.В 
noncentral Hotelling 374.C 
T-number (transcendental number) 430.C 
T*-number (transcendental number) 430.С 
Ty-space 425.0 
T,-space 425.Q 
T,-space 425.Q 
T,-space 425.Q 
Ty-space 425.Q 
T;-space 425.0 
T,-space 425.0 
T-positivity 150.F 
T-set 308.1 
T-summable (series) 379.L 
T,-uniformity  436.C 
T,-uniform space 436.С 
T,-topological group 423.B 
table 
analysis-of-variance 400.H 
contingency 397.K 400.K 
difference 223.C 
k-way contingency 397.K 
Padé 142.E 
tableau, simplex 255.C 
table look-up 96.C 
tail event 342.G 
tail o-algebra 342.6 
Tait algorithm 157.С 
Tait coloring 157.C 
Takagi, Teiji 415 
Takesaki, duality theorem of 308.J 
Takesaki theory, Tomita- 308.Н 
Tamagawa number (of an algebraic group) 13.P 
Tamagawa zeta function 4501. 
Tamano product theorem 425.Х 
tame (knot) 235.A 
tan(—tangent) 131.E 
tan! 131.Е 
Tanaka embedding 384.D 
tangent 432.A 
(of pressure) 402.G 


Subject Index 
Teichmiiller space 


asymptotic 110.B 
Darboux 110.B 
hyperbolic 131.F 
law of App. A, Table 2.1 
tangent bundle 
(of a Banach manifold) 286.K 
(of a differentiable manifold) 105.Н 147.F 
(of a foliation) 154.B 
tangent hyperplane (of a quadric hypersurface) 
343.E 
tangential polar coordinates 90.C 
tangential sphere bundle 274.E 
tangential stress 271.6 
tangent line 93.G 111.C,F, App. A, Table 4I 
oriented 76.B 
tangent orthogonal n-frame bundle 364.А 
tangent plane 111.H, App. A, Table 41 
tangent PL microbundle 147.Р 
tangent r-frame(s) 105.H 
bundle of 105.H 
tangent r-frame bundle 147.F 
tangentspace 105.H 
tangent sphere bundle, unit 126.L 
tangent surface 111.F 
tangent vector 105.H 
holomorphic 72.A 
of type (0,1) 72.C 
of type (1,0) 72.C 
tangent vector bundle 105.H 147.F 
tangent vector space 105.H 
tanh (hyperbolic tangent) 131.F 
Taniyama-Weil conjecture 450.5 
Tannaka duality theorem 69.D 249.U 
target (of a jet) 105.Х 
target variable 264 
Tate cohomology 200.N 
Tate conjecture 450.5 
Tate-Shafarevich group 118.D 
Tate theorem 59.H 
Tauberian theorem 121.D 339.B 
generalized 36.L 160.G 
generalized, of Wiener 192.D 
Tauberian type, theorem of 339.B 
Tauber theorem 339.B 
tautochrone 93.H 
tautological line bundle 16.Е 
tautology 411.E 
Taylor expansion 
(of an analytic function of many variables) 
21.B 
(of a holomorphic function of one variable) 
339.A 
formal 58.C 
Taylor expansion and remainder App. A, Table 
9.IV 
Taylor formula App. A, Table 9.IV 
(for a function of many variables) 106.J 
(for a function of one variable) 106.E 
Taylor series 339.A 
Taylor theorem (in a Banach space) 286.F 
TCP invariance 386.В 
TCP operator 150.D 
TCP symmetry 386.В 
TCP theorem 386.В 
technique, program evaluation and review 376 
TE wave 130.B 
Teichmüller mapping 352.С 
Teichmüller metric 416 
Teichmüller space 416 
universal 416 


Subject Index 
Telegraph equation 


telegraph equation 325.А, App. A, Table 15.III 
temperature (of states) 419.A 
absolute 419.A 
tempered distribution 125.N 
temporally homogeneous 
(additive process) 5.B 
(Markov process) 261.A 
TEM wave 130.B 
tension 281.B 
modulus of elasticity in 271.6 
tension field 195.B 
tensor 
alternating 256.N 
angular momentum 258.D 
antisymmetric 256.N 
conformal curvature App. A, Table 4.II 
contracted 256.L 
contravariant, of degree р 256J 
correlation 433.C 
covariant, of degree q 256.J 
curvature 80.J,L 364.D 417.B 
energy-momentum 150.В 359.D 
energy spectrum 433.С 
fundamental (of a Finsler space) 152.C 
fundamental (of a Riemannian manifold) 
364.A 
Green 188.E 
irreducible, of rank k 353.C 
Maxwell stress 130.A 
mixed 256J 
Nijenhuis 72.B 
numerical App. A, Table 4.II 
projective curvature App. A, Table 4.II 
Ricci 364.D, App. A, Table 4.II 
second fundamental 417.F 
skew-symmetric 256.3 
strain 271.G 
stress 150.B 271.G 
symmetric 256.N 
torsion App. A, Table 4.II 
torsion (of an affine connection) 80.J 417.B 
torsion (of an almost contact structure) 110.E 
torsion (of a Fréchet manifold) 286.L 
torsion (of a Riemannian connection) 80.L 
oftype(p,q) 256J 
Weyl’s conformal curvature 80.P 
tensor algebra 
(onalinear space) 256.K 
contravariant 256.K 
tensor bundle (of a differentiable manifold) 147.F 
tensor calculus 417, App. A, Table 4.II 
tensor field 105.0 
of almost complex structure (induced by a 
complex structure) 72.B 
alternating 105.0 
of class C' 105.0 
contravariant, of orderr 105.0 
covariant, of orders 105.0 
covariant derivative of (in the direction of a 
tangent vector) 801 
left invariant (on a Lie group) 249.A 
parallel 364.B 
random 3951 
right invariant (on a Lie group) 249.A 
symmetric 105.0 
of type (r,s) 105.0 
of type (r,s) with value in E 417.E 
tensorial form 80.6 
tensorial p-form 417.С 
tensor product 
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(of A-homomorphisms) 277.J 
(of algebras) 29.A 
(of A-modules) 277.J 
(of chain complexes) 201.J 
(of cochain complexes) 201.J 
(of distributions) 125.K 
(of Hilbert spaces) 308.C 
(of linear mappings) 256.1 
(of linear representations) 362.С 
(of linear spaces) 256.1 
(of locally convex spaces) 424.R 
(of sheaves) 383.1 
(of vector bundles) 147.F 
(of von Neumann algebras) 308.C 
continuous 377.D 
€ 424R 
projective C*- 36H 
spatial 36.H 
tensor representation (of a general linear group) 
256.M 
tensor space 
of degreek 256.) 
of type (p,q) 256. 
term 
(ofa language) 276.A 
(of a polynomial) 337.B 
(in predicate logic) 411.H 
(of asequence) 165.D 
(of a series) 379.A 
base (of a spectral sequence) 200.J 
closed (of a language) 276.A 
constant (of a formal power series) 370.A 
constant (of a polynomial) 337.B 
error 403.D 
fiber (of a spectral sequence) 200.J 
initial (of an infinite continued fraction) 83.A 
nth (of sequence) 165.D 
penalty 440.B 
subtraction 111.B 
undefined 35.В 
terminal decision rule 398.F 
terminal point 
(of a curvilinear integral) 94.D 
(in a Markov process) 261.B 
(ofa path) 170 
(of a vector) 442.A 
terminal time 261.B 
terminal vertex 186.B 
termwise differentiable (infinite series with function 
terms) 379.H 
termwise differentiation, theorem of (on distribu- 
tions) 125.G 
termwise integrable (series) 216.B 
ternary set 79.D 
Terry model, Bradley- 346.C 
Terry normal score test, Fisher-Yates- 371.C 
tertiary obstruction 305.D 
tertium non datur 156.C 
tesseral harmonics 393.р 
test 400.A 
Abel 379.D 
almost invariant 400.E 
Cauchy condensation 379.B 
Cauchy integral 379.В 
chi-square 400.G 
chi-square, of goodness of fit 400.K 
comparison 379.B 
consistent 400.K 
Dini (on the convergence of Fourier series) 
159.B 
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Dini-Lipschitz (on the convergence of Fourier 
series) 159.B 

Dirichlet (on Abel's partial summation) 379.D 

Dirichlet (on the convergence of Fourier series) 
159.B 

of du Bois-Reymond and Dedekind 379.D 

duo-trio 346.D 

F- 400.G 

Fisher-Yates-Terry normal score 371.С 

goodness-of-fit 397.0 401.E 

invariant 400.Е 

Jordan (on the convergence of Fourier series) 
159.B 

Kolmogorov 45.F 

Kolmogorov-Smirnov 371.F 

Kruskal-Wallis 371.D 

Lebesgue (on the convergence of Fourier series) 
159.B 

Leibniz (for convergence) 379.C 

level х 400.A 

likelihood ratio 4001 

Mann-Whitney U- 371.С 

minimax level х 400.Е 

most powerful 400.A 

most stringent level х 400.Е 

nonparametric 371.A 

nonrandomized 400.А 

outlier 397.0 

pair 346.D 

randomized 400.А 

sensory 346.B 

sequential 400.L 

sequential probability ratio 400.L 

sign 371.B 

signed rank 371.B 

similar 400.D 

Student 400.G 

t- 400.6 

triangle 346.D 

UMP unbiased level х 400.C 

UMP in variant level х 400.Е 

unbiased level х 400.С 

uniformly consistent 400.K 

uniformly most powerful (UMP) 400.A 

uniformly most powerful invariant level « 
400.E 

uniformly most powerful unbiased level « 
400.C 

van der Waerden, 371.С 

Welch 400.G 

Wiener (for Brownian motion) 45.D 

Wiener (for Dirichlet problem) 338.G 

Wiener (for random walk) 260.Е 

Wilcoxon 371.C 

Wilcoxon signed rank 371.B 


test channel 213.E 
test function 400.A 
test function space 125.5 


Subject Index 
Theory 


TE waves 130.B 
Theodorsen function 39.Е 
theorem(s) — also specific theorems 
of angular momentum  271.E 
Brouwer's, on the invariance of domain 117.D 
of coding 273.D-F 
on complete form 356.Н 
of completeness (in geometry) 155.B 
cup product reduction 200.M 
fundamental —- fundamental theorem(s) 
of identity 21.C 
invariance, of analytic relations 198.К 
on invariance of dimension of Euclidean spaces 
117.D 
kernel 125.L 424.8 
of linear ordering (in geometry) 155.В 
local limit 250.B 
of momentum 271.E 
product, for dimension 117.C 
of quasiconformal reflection 352.С 
structure, for von Neumann algebras of type III 
308.1 
of Tauberian type 339.B 
of termwise differentiation (of distributions) 
125.G 
translation (in class field theory) 59.C 
translation representation 375.H 
transversality 105,1, 
triangle comparison 178.A 
Tucker's, on complementary slackness 255.B 
unicursal graph (Euler’s) 186.F 
Weierstrass's, of double series 379.H 
Theorem A 21.L 72.E,F 
Theorem В 21.L 72.E,F 
theoretical formula 19.F 
theory 
Ahlfors's, of covering surfaces 272.J 367.B 
of buildings 3431 
of calculus of variations, classica] 46.С 
Cantor's, of real numbers | 294. E 
class field 59 
classification, of Riemann surfaces 367.Е 
combinatorial 66.A 
complete cohomology 200.N 
constructive field 150.F 
Dedekind's, of real numbers 294.Е 
de Rham homotopy 1141, 
dimension 117 
ofelasticity 271.G 
of electromagnetic waves 130.B 
oferrors 138.A 
Euclidean field 150.Е 
Euclidean Markov field 150.Е 
exact sampling 401.F 
finite-displacement (of elasticity) 271.G 
of functions 198.Q 
of functions of a complex variable 198.0 
Galois 172 


testing Galois, of differential fields 113 
hypothesis 401.C game 173 
statistical hypothesis 400 of gases, kinetic 402.B 

test statistics, Kolmogorov-Smirnov 374.Е graph 186 


test sufficient (c-field) 396.J 
tetracyclic coordinates 90.В 


Haag-Ruelle scattering 150.D 
hidden variables 351.L 


tetragamma function 174.B hydromagnetic dynamo 259 
tetragonal (system) 92.E information 213 
tetrahedral group 151.G Kaluza’s 5-dimensional 434.C 
tetrahedron  7.D 357.B large sample 401.E 

polar 350.C lattice gauge 150.6 


self-polar 350.С Littlewood-Paley 168.В 


Subject Index 
Thermal contact 


local class field 59.6 
Lyusternik-Shnirel'man 286.0 
Minkowski reduction (on fundamental regions) 
122.E 
Morse 279 
Morse, fundamental theorems of 279.D 
Nevanlinna (of meromorphic functions) 124.B 
272.B 
nonsymmetric unified field 434.С 
number, analytic 296.В 
number, elementary 297 
number, geometric 296.В 
of perturbations, general 420.Е 
of perturbations, special 420.E 
Peter-Weyl (on compact groups) 69.B 
Peter-Weyl (on compact Lie groups) 249.U 
Picard-Vessiot 113 
of plasticity 271.6 
prediction 395.D 
prediction, linear 395.0 
of probability 342.A 
proof 156.D 
quantum field 150.C 
ramified type 411.K 
realization 86.D 
of relativity, general 359.A 
of relativity, special 359.А 
risk 214.C 
risk, classical 214.C 
risk, collective 214.С 
risk, individual 214.C 
Serre €- 202.N 
set 381.F (— also set theory) 
of singularities 418 
slender body 205.B 
small-displacement, of elasticity 271.6 
S-matrix 386.С 
supermultiplet, Wigner’s 351.J 
syzygy 200.K 
thin wing 205.В 
Tomita-Takesaki 308.Н 
type 411.K 
unified field 434.A 
unitary field 434.С 
thermal contact 419.A 
thermal expansion, coefficient of 419.A 
thermal noise 402.K 
thermodynamical quantity 419.A 
extensive 419.A 
intensive 419.A 
thermodynamic limit 402.6 
thermodynamics 419 
first law of 419.A 
second law of 419.A 
statistical 402.A 
third law of 419.A 
Oth law of 419.A 
theta formula (on ideles) 6.F 
theta-Fuchsian series of Poincaré 32.B 
theta function 134.1 
(on a complex torus) 3I 
elliptic 134.1, App. A, Table 16.1 
graded ring of 3.N 
Jacobian 134.C 
nondegenerate 31 
Riemann 3.L 
theta series 348.1, 
thick (chamber complex) 13.R 
thickness (of an oval) 89.C 
thin (chamber complex) 13.R 
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thin set 
(in Markov processes) 261.D 
(in potential theory) 338.G 
analytically (in an analytic space) 23.D 
internally 338.G 
thin wing theory 205.B 
third boundary value problem 193.Е 323.F 
third classification theorem (in the theory of obstruc- 
tions) 305.C 
third extension theorem (in the theory of obstruc- 
tions) 305.C 
third fundamental form App. A, Table 41 
third homotopy theorem (in the theory of obstruc- 
tions) 305.C 
third isomorphism theorem (on topological groups) 
423.J 
third kind 
Abelian differential of 11.C 
Abelian integral of 11.C 
third law of thermodynamics | 419.A 
third-order predicate logic 411.K 
third quartiles 396.C 
third separation axiom 425.0 
Thom algebra 114.H 
Thom complex 114.G 
associated with (G,n) 114.G 
Thom first isotropy theorem 418.G 
Thom fundamental theorem 114.H 
Thom-Gysin isomorphism  114.G 
(on a fiber space) 148.E 
Thompson inequality, Golden- 212.B 
Thompson theorem, Feit- (on finite groups) 151.D 
Thom space 114.G 
Thom spectrum, stable homotopy group of 114.G 
202.T 
Thorin theorem, Riesz- 224.А 
thorn (of a convergence domain) 21.B 
three big problems 187 
three-body problem 420.А 
restricted 420.Е 
three-circle theorem, Hadamard 43.E 
3j-symbol 353.B 
three laws of motion, Newton's 271.A 
three-line theorem, Doetsch 43.E 
three-stage least squares method 128.С 
three-valued logic 4111. 
three principles, Fishers 102.A 
three-series theorem 342.р 
threshold Jacobi method 298.В 
Thue problem 31.B 
Thue theorem 118.0 
Thullen theorem, Cartan- 21.H 
Thurstone-Mosteller model 346.C 
ticsct 186.G 
tieset matrix, fundamental 186.G 
Tietze extension theorem 425.0 
Tietze first axiom 425.0 
Tietze second axiom 425.0 
tight family (of probability measures) 341.F 
tight immersion 365.0 
tightness 399.M 
Tikhonov embedding theorem 425.T 
Tikhonov fixed-point theorem 153.D 
Tikhonov product theorem 425.5 
Tikhonov separation axiom 425.Q 
Tikhonov space 425.Q 
Tikhonov theorem 425.Q 
Uryson- (on metrizability 273.K 
Tikhonov-Uryson theorem 425.0 
time 
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exit 261.B 

explosion 406.D 

first splitting 44.E 
hitting 260.B 261.B 407.B 
killing 260.A 

life 260.A 261.B 


local 45.G 
Markov 261.B 407.B 
NP- 7LE 


polynomial 71.E 
proper 258.A 
real- 19.Е 
recurrence 260.C 
sojourn, density 45.G 
stopping 261.В 407.B 
terminal 261.B 
waiting 260.H 
waiting, distribution 307.C 
time change 
(of a Markov process) 261.B 
(of a semimartingale) 406.B 
(of a submartingale) 262.C 
time complexity 71.A 
time-dependent Schrédinger equation 351.D 
time-homogeneous Markovian type 406.D 
time-independent Markovian type 406.D 
time-independent Schrédinger equation 351.р 
time-invariant, linear (dynamical systems) 86.B 
time-invariant network 282.С 
timelike 
(curve) 325.A 
(vector of a Minkowski space) 258.A 359.B 
time-one mapping (map) 126.С 
time optimal control problem 86.F 
time ordered function 150.D 
time parameter (of a stochastic process) 407.A 
time parameter space 260.А 
time reversal 258.А 359.B 
time series 397.А 421.A 
time series analysis 421 
time series data 397.№ 
time-varying system, linear 86.B 
Tissot-Pochhammer differential equation 206.С 
Titchmarsh-Kodaira theory, Weyl- Stone- 112.0 
Titchmarsh theorem 306.В 
Brun- 123.D 
Tits simple group 1511 
Tits system 13.R 151.J 343.1 
TM waves 130.В 
Toda bracket 202.R 
Toda lattice 287.А 387.A 
Todd characteristic 366.В 
Todd class (of a complex vector bundle) 237.F 
Toeplitz operator 251.0 
Toeplitz theorem 379.L 
tolerance interval 399.R 
tolerance limits 399.R 
tolerance percent defective, lot 404.C 
tolerance region 399.R 
Tomita-Takesaki theory 308.H 
Tonelli 
absolutely continuous in the sense of 246.C 
bounded variation in the sense of 246.C 
topological Abelian group(s) 422 
dual 422.C 
elementary 422.E 
topological conjugacy 126.В 
topological entropy 126.K 136.H 
topological equivalence 126.B 
topological field 423.Р 


Subject Index 
Topology 


topological generator (of a compact Abelian group) 
136.D 
topological group(s) 423 
completable 423.H 
complete 423.H 
Hausdorff 423.B 
homomorphic 423.J 
isomorphic 423.A 
locally isomorphic 423.0 
metrizable 423.1 
separated 423.B 
T,- 423B 
topological groupoid 154.С 
topological index (of an elliptic complex) 237.H 
topological invariance (of homology groups) 201.A 
topological invariant 425.6 
topologicallinear spaces 424 
topologically complete space 4361 
topologically conjugate 126.B 
topologically equivalent 126.B,H 
topological manifold 105.В 
with boundary 105.B 
without boundary . 105.B 
topological mapping 425.G 
topological n-cell 140 
topological pair 201.1, 
topological polyhedron 65.A 
topological pressure 136.H 
topological property 425.G 
topological ring 423.P 
topological o-algebra 270.С 
topological solid sphere 140 
topological space(s) 425 
category of 52.B 
category of pointed 202.В 
complex linear 424.A 
discrete 425.C 
generalized 425.D 
homotopy category of 52.B 
inductive system of 210.C 
linear 424.A 
metrizable 273.K 
product 425.K 
projective system of 210.C 
quotient 425.L 
reallinear 424.А 
underlying (of a complex manifold) 72.A 
underlying (of a differentiable manifold) 105.D 
underlying (of a topological group) 423.A 
uniform 436.C 
uniformizable 436.H 
topological sphere 140 
topological structure 425.A,B 
topological sum 425.М 
topological transformation group | 431.A 
topological vector space 424.А 
topology 425.В 426 
a-adic (of an R-module) 284.В 
algebraic 426 
basefora 425.F 
of biequicontinuous convergence 424.R 
box 425.K 
coarser 425.H 
combinatorial 426 
compact-open 279.С 435.D 
compact-open C^ 279.С 
differential 114 
discrete 425.C 
étale 16AA 
fine (on a class of measures) 261.D 338.E 


Subject Index 


Topology є 
finer 425.H 
Gel'and 36.Е 


general 426 
Grothendieck 16.AA 
hereditarily weak 425.M 
hull-kernel 36.D 
I-adic(ofa ring) 16.X 
indiscrete 425.С 
induced 425.1 
induced by a mapping 425.1 
inner (of a Lie subgroup) 249.E 
Jacobson 36.D 
Krull (for an infinite Galois group) 172.I 
larger 425.H 
leaf 154.D 
of Lic groups and homogeneous spaces 427 
linear 4221. 
Mackey 424.N 
metric 425.C 
order 425.C 
PL 65A 
product 425.K 
projective 424.R 
quotient 425.L 
relative 425J 
S- (on a linear space) 424.K 
Sazonov 341.J 
set-theoretic 426 
o-weak 308.B 
smaller 425.H 
strong (on a class of measures) 338.E 
strong (on a direct product space) 425.K 
strong (on a normed space) 37.E 
strong (on a topological linear space) 424.K 
stronger 425.H 
strong operator 251.C 
subbase fora 425.F 
of surfaces, fundamental theorem of 410.B 
trivial 425.C 
uniform 436.С 
of uniform convergence 424.K 
of the uniformity 436.С 
uniformizable 436.H 
uniform operator 251.C 
vague (on a class of measures) 338.E 
weak (in a cell complex) 70.D 
weak (on a class of measures) 338.Е 
weak (on a direct product space) 425.K 
weak (on a direct sum) 425.M 
weak (on a locally convex space) 424.H 
weak (on a normed linear space) 37.E 
weak, relative to the pairing <E, Fẹ 424.H 
weak C? 279.C 
weaker 425.H 
weak operator 251.С 
weak* (on a locally convex space) 424.H 
weak* (on a normed space) 37.E 
Zariski (of a spectrum) 16.D 
Zariski (of a variety) 16.A 
topology e (on the tensor product of locally convex 
spaces) 424.R 
topology z (on the tensor product of locally convex 
spaces) 424.R 
Tor 200.D 
exact sequence of 200.D 
Tor®(A, В) 200.K 
Tor4(M,N) 200.0 
Torelli theorem 9.EJJ 11.C 
Torgroups 200.D 
toric variety 16.7 


toroidal coordinates App. A, Table 3.V 

toroidal embedding 16.Z 

toroidal subgroup, maximal (of a compact Lie 
group) 248.X 


torsion 
(ofa curve of class С") 111.D 
affine 110.C 


analytic 391.M 
conformal 110.D 
radius of (of a space curve) 111.F 
Whitehead 65.С 
torsion A-module 277.D 
torsion Abelian group 2.A 
bounded 2.F 
torsion coefficients (of a complex) 201.B 
torsion element (of an A-module) 277.D 
torsion form 80.Н 
torsion-free A-module 277.D 
torsion-free Abelian group 2А 
torsion group 2А 
(ofa complex) 201.B 
torsion product 
(ina category) 200.К 
(of A-modules) 200.D 
torsion subgroup 
(of an Abelian group) 2.C 
maximal 2.A 
torsion tensor App. A, Table 4.II 
(of an affine connection) 80.1 417.B 
(of an almost contact structure) 110.E 
(of a Fréchet manifold) 286.L 
torus 
(algebraic group) 13.D 
(compact group) 422.E 
(surface) 111.1 410.B 
algebraic 13.0 
Clifford 275.F 
complex 3.H 
generalized Clifford 275.F 
invariant 126.L 
K-spht 13.D 
K-trivial 13.D 
maximal (of a compact Lie group) 248.X 
maximal K-split 13.0 
n- 422E 
torus embedding 16.2, 
torus function App. A, Table 18.III 
torus group 422E 
total (set of functions) 317.A 
total boundary operator 200.Е 
total Chern class 56.C 
total cross section 386.B 
total curvature 
(of an immersion) 365.0 
(ofaspacecurve) 111.F 
(ofa surface) 111.H, App. A, Table 41 
Gaussian 111.H 
total degree 200.7 
total differential 
(ofa complex) 200.H 
(ofa function) 106.G 
(on a Riemann surface) 367.H 
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total differential equation(s) 428, App. A, Table 15.I 


system of 428.A 
total elastic cross section 386.B 
totalenergy 271.C 
totalexcess 178.H 
total Gaussian curvature (of a surface) 111.H 


total isotropy, index of (with respect to a quadratic 


form) 348.E 
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totally bounded 
(metric space) 273.B 
(subset of a metric space) 273.B 
(subset of a uniform space) 436.H 
(uniform space) 436.Н 
locally 436.H 
totally definite quaternion algebra 27.D 
totally degenerate (group) 234.B 
totally differentiable 
(complex function) 21.C 
(real function) 106.G 
totally disconnected (topological space) 79.D 
totally geodesic submanifold 365.0 
totally imaginary field 14.F 
totally isotropic (subspace) 60.0 348.E 
totally ordered additive group  439.B 
totally ordered group 243.G 
totally ordered set 311.A 
totally positive (element) 14.G 
totally real field 14.F 
totally real immersion 365.М 
totally real submanifold 365.М 
totally regular transformation (of a sequence) 
379.L 
totally singular (subspace) (with respect to a 
quadratic form) 348.E 
totally umbilical submanifold 365.р 
totally unimodular 186.G 
total matrix algebra 269.B 
total mean curvature 365.0 
total monodromy group 418.F 
total ordering 311.А 
total Pontryagin class 56.D 
total quotients, ring of 67.G 
total space 
(of a fiber bundle) 147.B 
(of a fiber space) 148.B 
total Stiefel-Whitney class 56.В 
total transform (of a subvariety) 16.1 
total variation 
(ofafunction) 166.B 
(of a mapping from a plane into a plane) 
246.H 
(of a set function) 380.B 
(of a vector measure) 443.G 
tower, class field (problem) 59.F 
trace 
(of an algebraic element) 149.) 
(of an element of a general Cayley algebra) 
54 
(of a linear system of an algebraic surface) 
15.C 
(ofa matrix) 269.F 
(of a nuclear operator) 68.L 
(in a von Neumann algebra) 308.D 
reduced (of an algebra) 362.E 
trace class 68.1 
traced, B- 126.J 
trace form, é- 60.0 
trace formula (on unitary representations) 437.DD 
trace norm 681 
trace operator 168.B 
tracing property, pseudo-orbit 126.J 
tractrix 93.H 
traffic intensity 260.H 
trajectory 126.B,C 
negative half- 126.D 
orthogonal 193.J 
positive half- 126.D 
transcendence basis (of a ficld extension) 149.K 


Subject Index 
Transformation(s) 


transcendence basis, separating (of field extension) 
149.K 
transcendence degree (of a field extension) 149.K 
transcendency, degree of (of a field extension) 
149.K 
transcendental curve 93.H 
transcendental element (ofa field) 149.E 
transcendental entire functions 429 
transcendental extension 149.E 
purely 149.K 
transcendental function 
higher 389.A 
of Painlevé 288.C 
transcendental meromorphic function 272.A 
transcendental numbers 430 
transcendental singularity (of an analytic function 
in the wider sense), direct, indirect 198 P 
transfer (in group theory) 190.0 
transfer function 86.D 
transfer function matrix 86.В 
transferrer of constant lengths 155.G 
transfinite cardinal number 49.A 
transfinite diameter 48.D 
transfinite induction 
(in a well-ordered set) 311.C 
definition by 311.C 
transfinite initial ordinal number 49.Е 
transfinite logical choice function 411.J 
transfinite ordinal number 312.В 
transform 
(of a sequence by a linear transformation) 
379.L 
Cauchy (of a measure) 164.J 
Cayley (of a closed symmetric operator) 2511 
discrete Fourier 142.D 
fast Fourier 142.D 
Fourier 160, App. A, Table 11.H 
Fourier (of a distribution) 125.0 
Fourier (in topological Abelian groups) 36.L 
192.1 
Fourier, generalized 220.В 
Fourier, inverse (of a distribution) 125.0 
Fourier, spherical 437.7, 
Fourier-Bessel 39.р 
Fourier cosine 160.С, App. A, Table 11.II 
Fourier-Laplace 192.Е 
Fourier sine 160.С, App. A, Table 11.II 
Fourier-Stieltjes 192.В,О 
Gelfand 36.E 
Hankel 220.B 
Hilbert 160.D 220.E 
integral 220 
inverse (of an integral transform) 220.А 
Klein 150.D 
kth 160.Е 
Laplace 240, App. A, Table 12.I 
Laplace-Stieltjes 240.A 
Legendre 419.C 
Mellin 220.C 
proper (of a subvariety) 161 
Radon 218.F 
Radon, conjugate 218.F 
real monoidal 274.E 
Riesz 251.0 
Stieltjes 220.р 
total (of a subvariety) 16.1 
Watson 160.С 220.B 
transformable, polynomially 71.Е 
transformation(s) 381.С 
(on a measure space) 136.D 


Subject Index 
Transformation formula 


affine 7.E 

affine (of a manifold with an affine connection) 
80.J 

affine (of a Riemannian manifold) 364.F 

affine, group of 7.E 

affine, proper 7.E 

affine, regular 7.E 

Ampère 82А 

angular 374.D 

arc sine 374.D 

bimeasurable (on a measure space) 136.B 

birational 161 

BRS 150.G 

canonical 82.B 271.F 

canonical, group of 271.F 

Cayley (of a matrix) 269.J 

chain (between complexes) 200.H 

conformal 80.P 364.F 

congruent (in Euclidean geometry) 139.B 

congruent, group of 285.C 

contact 82, App. A, Table 15.IV 

coordinate (of a fiber bundle) 147.B 

coordinate (of a locally free 6,-Module) 16.E 

covering 91.A 367.B 

Cremona 16.1 

by drift 261.F 

of drift 406.В 

elliptic 74.F 

entire linear 74.E 

to an equilibrium system 82.D 

equilong 76.В 

ergodic (on a measure space) 136.B 

Euler (of infinite series) 379.I 

factor (of a measure preserving transformation) 
136.D 

Fisher z- 374.D 

Galilei 359.C 

gauge (in electromagnetism) 130.A 

gauge (in a lattice spin system) 402.G 

gauge (of a principal fiber bundle) 80.0 

gauge (in unified field theory) 343.B 

gauge, of the first kind 150.В 

Gauss App. A, Table 16.III 

Givens 302.E 

Householder 302.Е 

hyperbolic 74.F 

infinitesimal (of a Lie transformation group) 
431.G 

infinitesimal (of a one-parameter group of 
transformations) 105.N 

inner (in the sense of Stoilow) 367.В 

Jacobi imaginary 1341, App. A, Table 16.1 

Кеуіп 193.B 

Laguerre 76.B 

Landen 134.В, App. A, Table 16.III 

Legendre 82.A, App. A, Table 15.IV 

Lie (in circle geomtry) 76.С 

Lie line-sphere 76.C 

linear (= linear fractional) 74.E 

linear (of a linear space) 251.A 256.B 

linear (of a sequence) 379.L 

linear fractional 74.Е 

local, local Lie group of 431.G 

local, local one-parameter group of 105.N 

of local coordinates 90.D 

locally quadratic (of an algebraic surface) 
15.G 

locally quadratic (of an algebraic variety) 16.K 

locally quadratic (of a complex manifold) 72.Н 

Lorentz 359.B 
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loxodromic 74.F 

measurable (on a measure space) 136.B 

measure-preserving 136.В 

Mobius 74.Е 76.A 

monoidal (of an analytic space) 23.D 

monoidal (of a complex manifold) 72.Н 

monoidal (by an ideal sheaf) 16.К 

monoidal, with center W 16.K 

by a multiplicative functional (in a Markov 
process) 261.F 

natural 52J 

nonsingular (of a linear space) 256.B 

nonsingular (on a measure space) 136.B 

normal (of a sequence) 379.L 

one-parameter group of 105.N 

one-parameter group of class С” 126.B 

orthogonal 139.B 348.B 

orthogonal (over a noncommutative field) 
60.0 

orthogonal (with respect to a quadratic form) 
60.K 

orthogonal, around the subspace A* 139.B 

parabolic 74.Е 

ofthe parameter 111.D 

parity 359.B 

particular (of b) 248.R 

Picard-Lefschetz 1617 

to principal axes 390.В 

projective 343.D 

projective (of a Riemannian manifold) 367.F 

projective, group of 343.0 

pseudoconformal 344.A 

pseudogroup of (on a topological space) 90.D 

quadratic 16.LK 

quantized contact 274.F 

regular (of a linear space) 256.B 

regular (ofa sequence) 379.L 

regular projective 343.0 

Schwarz-Christoffel 77.D 

semilinear 256.P 

semiregular (of a sequence) 379.L 

shift 136.D 

singular projective 343.D 

singular projective, of the hth species 343.D 

superharmonic 261.F 

symplectic 60.L 

symplectic (over a noncummutative field) 
60.0 

totally regular (of a sequence)  379.L 

triangular (linear) 379.1, 

unitary 348.F 

unitary (relative to an -Hermitian form) 60.0 

weakly equilvalent 136.Е 


transformation tormula 


(for the generating function of the number of 
partitions) 328 

(of a theta function) 3.1 

(for theta series) 348.L 

Schwarz-Christoffel 77.D 


transformation group(s) 431, App. A, Table 14.III 


(ofa set) 431.4 

covering 91.A 

differentiable 431.C 

discontinuous 122.A 

free discontinuous 122.A 

Lie 431.C 

Möbius 76.A 

orthogonal 60.I 

orthogonal (over a field with respect to a 
quadratic form) 60.K 
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properly discontinuous 122.А 
symplectic 60.L 
topological 431.A 
unitary 60.F 
transformation parameter 396.1 
transformation problem (in a finitely presented 
group) 161.B 
transformation space (of an algebraic group) 13.6 
transgression 
(homomorphism of cohomology groups) 
200.M 
(in the spectral sequence of a fiber space) 
148.E 
transgressive (element in the spectral sequence of 
afiberspace) 148.E 
transient 
(Lévy process) 5.G 
(Markov chain) 260.B 
(Markov process) 261.B 
transient problem 322.D 


transition 
order-disorder 402.F 
phase 340.B 


transition function 
(of a fiber bundle) 147.B 
(of а Markov chain) 260.A 
(of a Markov process) 261.B 
Feller 261.B 
transition matrix 126.J 260.A 
transition point 254.F 
transition probability 
(of a diffusion process) 115.B 
(of a Markov chain) 260.A 
(of a Markov process) 261.A 
(in quantum mechanics) 351.B 
standard 260.F 
transitive 
(dynamical system) 12617 
(operation of a group) 362.B 
(permutation representation) 362.B 
(relation) 358.A 
fully (subgroup of an orthogonal group) 92.C 
k- (permutation group) 151.H 
k-ply (G-set) 362.B 
k-ply (permutation group) 151.H 
multiply (permutation group) 151.H 
simply (G-set) 362.В 
transitive extension (of a permutation group) 
151.H 
transitive law 
(in an equivalence relation) 135.A 
(on ordering) 311.A 
transitively (act on G-space) 431.A 
transitive permutation group 151.Н 
transitivity, system of (of a G-set) 362.B 
translation(s) 
(in an affine space) 7.Е 
group of (of an affine space) 7.E 
left 249.A 362.B 
parallel 80.С 364.B 
right 249.A 362.B 
translational flow 126.L 136.G 
frequencies of 126.1 136.G 
translation group (of a Lorentz group) 258.A 
translation number 18.B,D 
translation operator 306.С 
translation representation theorem 375.H 
translation theorem (in class field theory) 59.С 
transmission coefficient 387.D 
transmission rate 213.A 


Subject Index 
Triangle 


transonic flow 205.В 
transonic similarity, von Karman 205.D 
transportation problem 255.C 
transport coefficient 402.K 
transport equations 325.1, 
transpose 
(of a linear mapping) 256.G 
(of a rational homomorphism) 3.E 
transposed integral equation 217.F 
transposed mapping 
(of a diffusion kernel) 338.N 
(of a linear mapping) 256.G 
transposed matrix 269.B 
transposed operator 112.E 189.C 322.E 
transposed representation 362.E 
transposition (in a symmetric group) 151.G 
transvection 60.0 
transversal (matroid) 66.H 
transversal field 136.G 
transversal flow 136.G 
transversal homoclinic point 126.) 
transversality, condition of (in calculus of variations) 
46.B 
transversality condition 108.B 
strong 126J 
transversality theorem 105.1. 
transverse 
(foliations) 154.H 
(to a submanifold of a differentiable manifold) 
105.L 
to a foliation 154.B 
transverse axis (of a hyperbola) 78.C 
transverse electric waves 130.В 
transverse electromagnetic waves 130.В 
transverse invariant measure 154.H 
transversely (intersect) 105.L 
transversely orientable 154.B 
transverse magnetic waves 130.B 
transverse structure 154.H 
transverse wave 446 
trap 
(of a diffusion process) 115.B 
(of a Markov process) 261.B 
trapezoidal rule 
(of numerical integration) 299.A 
(of numerical solution of ordinary differential 
equations) 303.E 
treatment 102.B 
connected 102.B 
treatment combinations, number of 102.L 
treatment contrast 102.C 
treatment effect 102.В 
tree 93.С 186.G 
co- 186.G 
derivation 31.E 
spanning 186.G 
treecode 213.E 
tree representation 96.D 
tree structure 96.D 
trefoil knot 235.С 
trellis code 213.E 
trend 397.N 
triad 202.M 
homotopy exact sequence of 202.M 
homotopy group of 202.M 
trial path dependent, d- (response probability) 
346.G 
triangle 7.D 155.F 178.H 
geodesic 178.А 
Pascal 330 


Subject Index 
Triangle comparison theorem 


plane App. A, Table 2.II 
polar 78.J 
Reuleaux 89.E 111.E 
self-polar 78.J 
solvinga 432.A 
spherical 432.B, App. A, Table 2.III 
triangle comparison theorem 178.A 
triangle inequality 273.A 
triangle test 346.E 
triangulable 65.A 
triangular (linear transformation) 379.L 
triangular element 304.C 
triangular factorization 302.B 
triangular matrix 269.B 
lower 269.B 
upper 269.B 
triangular number 4.D 
triangulated manifold 65.В 
triangulation 65.A 70.C 
C- 114C 
combinatorial 65.C 
combinatorial, problem 65.С 
compatible with 114.С 
finite 70.C 
trick, Alexander’s 65.D 
triclinic (system) 92.E 
Tricomi differential equation 326.С 
Tricomi problem 326.C 
tridiagonal matrix 298.р 
trigamma function 174.B 
trigonal (system) 92.E 
trigonometric function 131.Е 432.A, App. A, 
Table 2 
inverse 131.E 
trigonometric integral 160.A 
trigonometric interpolation polynomial 336.E 
trigonometric polynomial, generalized 18.В 
trigonometric series 159.A 
generalized 18.B 
trigonometric sum 4С 
trigonometric system 159.A 
trigonometry 432, App. A, Table 2 
plane 432.A 
spherical 432.B 
trilinear coordinates 90.С 
trimmed mean, a- 371.Н 
triple 200.01. 
homotopy exact sequence of 202.L 


triple product, scalar, vector 442.C, App. A, Table 


3.1 

triplet, Gelfand 424.T 
tripolar coordinates 90.С 
trisection of an angle 179.A 
trivalent тар 157.B 
trivial 

(extension) 390.7 

(knot) 65.D 235.A 

K-(torus) 13.D 
trivial bundle 147.E 
trivial fiber space, locally 148.B 
trivialization (of a block bundle) 147.Q 
trivially (act on a G-space) 431.A 
trivial sheaf 383.D 
trivial solution (of a system of linear homogeneous 

equations) 269.M 

trivial topology 425.С 
trivial valuation 439.C,F 
trochoid 93.H 
Trotter product formula 351.F 
true 411.E 
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true anomaly 309.B 
true value of a parameter 398.А 
truncated Wightman function 150.D 
truncation error 138.B 303.B 
local 303.E 
truth definition 185.D 
truth function 411.E 
truth value (of a formula) 411.Е 
Теп theorem 27.E 118.F 
tube 126.E 
regular 193.K 
vector 442.D 
tuboid 125.V 
tubular neighborhood 105.L 114.B 364.C 
open 105.L 114.B 
tubular neighborhood system, controlled 418.G 
Tucker theorem on complementary slackness 
255.B 
Tucker theorem, Kuhn- 292.В 
tuple, n- 256.A 381.B 
turbulence 433 
homogeneous 433.C 
isotropic 433.C 
turbulent flow 205.Е 433 
Turing machine 31.B 
universal 31.C 
turning point 25.B 254.F 
twinable 92.D 
twinning structure 92.D 
twin primes 123.C 
twisted type, group of 151.1 
two-bin system 227 
two-body interaction 271.C 
two-body problem 55.A 
two-dimensional KdV equation 387.Е 
2-isomorphic 186.H 
two-person game, zero-sum 108.В 
two-phase simplex method 255.C 
two-point boundary value problem (of ordinary 
differential equations) 315.A 
two sheets 
hyperboloid of 350.В 
hyperboloid of revolution of 350.B 
two-sided exponential distribution App. A, Table 
22 
two-sided generator (for an automorphism of a 
measure space) 136.E 
two-sided ideal 368.Е 
two-sided o-ideal 27.A 
integral 27.A 
two-sided scale 19.D 
two-sided surface 410.B 
two-stage least squares method 128.C 
two-stage sampling 373.Е 
two-stage stochastic programming | 408.A 
two-terminal characteristic 281.C 
two-terminal network 281.C 
two-terminal problem  281.C 
two-valuedlogic 411.L 
two-way elimination of heterogeneity, design for 
102.K 
two-way layout 102.H 
type 
(of an Abelian group) 2.B,D 
(of an object) 356.F 
(of a quadratic form) 348.Е 
(of astructure) 409.B 
(of a transcendental number) 430.C 
acute 304.C 
backward 304.D 
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Bravais (of lattices) 92.B 

Bravais, of the class of (T, K) 92.B 
compact 412.D 

dimension 117.H 

of finite (graded module) 203.B 

of finite (module) 277.D 

of finite (morphism of schemes) 16.D 
of finite (€-module) 16.Е 

of finite, subshift 126.5 

forward 304.D 

Fredholm, integral equation of 217.4 
Fredholm, integrodifferential equation of 


222.A 

Fuchsian (linear ordinary differential equations) 
253.A 

Fuchsian (visibility manifold) 178.F 

general 72.I 


general, surface of 72.K 
homotopy 202.F 
homotopy (ofa link) 235.0 
homotopy, invariant 202.F 
isotopy (of knots) 235.A 
isotopy (of a transformation group) 431.A 
k-, Markov branching process 44.E 
knot 235.A 
link 235.D 
locally of finite (morphism of schemes) 16.D 
mixed 304.C 326.A 
multi-, Markov branching process 44.E 
multidiagonal 304.C 
noncompact 412.D 
nonconforming 304.С 
orbit (of a G-space) 431.A 
Parreau-Widom 164.K 
positive (symmetric kernel) 338.D 
principal orbit | 431.C 
spherical G-fiber homotopy  431.F 
Stoilow 207.B 
twisted, group of 151.I 
Volterra, integral equation of 217.A 
Volterra, integrodifferential equation of 222.A 
Weierstrass-, preparation theorem (for micro- 
differential operators) 274.F 
type p”, Abelian group of 2.D 
type (р, 4) 
(of an operator) 224.Е 
tensor of 256.7 
tensor space of 256.5 
weak (of an operator) 224.E 
type (r,s), differential form of 72.C 
type S (harmonic boundary) 207.B 
type S, spaceof 125.T 
type number (of a solution of a system of linear 
ordinary differential equations) 314.A 
type problem (for Riemann surfaces) 367.D 
type theory 411.K 
ramified 411.K 
simple 411.K 
type (0, 1), tangent vector of 72.C 
type (1,0), tangent vector of 72.C 
type I 
(von Neumann algebra) 308.E 
C*-algebra of 3081, 
groupof 437.E 
typeI group 437.E 
type Imm (irreducible symmetric bounded domain) 
412.I 
type I, (von Neumann algebra) 308.Е 
type П (von Neumann algebra) 308.Е 
type П, 


Subject Index 
Unbiased estimator 


(ergodic countable group) 136.F 
(von Neumann algebra) 308.E,F 
type II, (irreducible symmetric bounded domain) 
412.1 
type H. 
(ergodic countable group) 136.F 
(von Neumann algebra) 308.E,F 
type III 
(ergodic countable group) 136.F 
(von Neumann algebra) 308.Е 
structure theorem for von Neumann algebras of 
308.I 
type III, (factor) 3081 
type III, (factor) 308] 
type III; (factor) 3081 
type III, (irreducible symmetric bounded domain) 
4121 
type IV m (irreducible symmetric bounded domain) 
4121 
type AI, АП, АШ, AIV (irreducible symmetric 
Riemannian space) 412.G 
type BDI, BDII (irreducible symmetric Riemannian 
space) 412.G 
type CI, СП (irreducible symmetric Riemannian 
space) 412.G 
type DIII (irreducible symmetric Riemannian space) 
412.G 


U 


U(n) (unitary group) 60.F 
u-chain 260.1 
u-curve 111.H 
u,-scale 19.D 
U-invariant (subspace) 437.С 
U-set 1597 
U-statistic 274.1 
U test, Mann-Whitney 371.С 
U-number 430.C 
U*-number 430.C 
UCL (upper control limit) 404.B 
Ugaheri maximum priciple 338.С 
Uhlenbeck Brownian motion, Ornstein- 45.1 
Ulam theorem, Borsuk- 153.В 
Ulm factor(s) 2.D 
sequence of 2.D 
ultrabornological (locally convex space) 424.W 
ultradifferentiable function 168.В 
ultradistribution 125.U,BB 
of class {M,} 125.0 
of class {М} 1250 
ultrafilter 871 
ultrainfinite point 285.C 
ultrapower 276.Е 
ultraproduct(s) 276.Е 
fundamental theorem of 276.E 
ultraspherical polynomials 317.р 
ultraviolet divergence 132.С 146.B 
umbilical point (of a surface) 111.H 365.D 
umbilical submanifold, totally 365.D 
Umkehr homomorphism 201.0 
UMP (uniformly most powerful) (test) 400.A 
UMP invariant level а test 400.E 
UMP unbiased level х test 400.C 
ОМУ unbiased estimator 399.С 
unavoidable set 157.р 
unbiased confidence region 399.0 
uniformly most powerful 399.0 
unbiased estimator 399.C 
asymptotically (mean) 399.К 


Subject Index 
Unbiased level « test 


best linear 403.E 
kth order asymptotically median 399.0 
mean 399.C 
median 399.C 
modal 399.C 
ОМУ 399.C 
uniformly minimum variance 399.С 
unbiased level x test 400.C 
uniformly most powerful 400.C 
unbiasedness 399.С 
unbounded (covering surface) 367.B 
uncertainty (in observations) 351.C 
uncertainty relation, Heisenberg 351.С 
unconditonally convergent 
(series) 379.C 
(series in a Banach space) 443.D 
undecidable proposition, formally 185.С 
undefined concept 35.В 
undefined term 35.B 
undercrossing point 235.A 
underdetermined system 
of differential operators 112.R 
of partial differential operators 320.Е 
underflow 138.B 
underlying group (of a topological group) 423.A 
underlying topological space 
(of a complex manifold) 72.A 
(of a differentiable manifold) 105.D 
(of a topological group) 423.A 
undirected graph 186.B 
undotted index 258.B 
undotted spinor (of rank к) 258.B 
unfolding 
(of a germ of an analytic function) 418.Е 
constant 51.D 
r- 51.D 
universal 418.E 
unicity theorem, Luzin's 22.C 
unicursal (ordinary curve) 93.C 
unicursal curve 9.C 93.H 
unicursal graph theorem (Eulers) 186.F 
unified field theory 434 
nonsymmetric 434.C 
uniform 
(lattice of a Lie group) 122.K 
(sampling procedure) 373.A 
uniform algebra 164.А 
uniform boundedness theorem 37.Н 
uniform continuity 
lower class with respect to 45.F 
upper class with respect to 45.F 
uniform convergence 435 
(of an infinite product) 435.A 
(of operators) 251.C 
(of a series) 435.A 
abscissa of 121.В 240.B 
оп compact sets 435.C 
Weierstrass criterion for 435.A 
uniform covering system 436.D 
uniform distribution 182.Н 341.D, App. A, Table 
22 
uniform family of neighborhoods system 436.D 
uniform isomorphism 436.Е 
uniformity 436.B 
base for the 436.B 
discrete 436.D 
generated by a family of pseudometrics 436.F 
generated by a pseudometric 436.Е 
left (of a topological group) 423.G 
product 436.E 
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pseudometric 436.F 
relative 436.E 
right (of a topological group) 423.G 
Stronger 436.E 
T,- 436C 
topology ofthe 436.C 
weaker 436.E 
uniformizable (topological space) 436.H 
uniformization 367.С 
(of a set in a product space) 22.F 
Schottky 367.С 
uniformization theorem 
general 367.G 
Kondó 22.F 
uniformized 367.С 
locally 367.C 
uniformizing parameter, local (of a Riemann surface) 
367.A 
uniformly 
(partial recursive function) 356.E 
(primitive recursive function) 356.B 
uniformly absolutely convergent (series) 435.A 
uniformly almost periodic function 18.В 
uniformly asymptotically stable 
(solution of a differential equation) 394.В 
(solution of a functional differential equation) 
163.G 
uniformly best (estimator) 399.С 
uniformly better (decision function) 398.B 
uniformly consistent test 400.K. 
uniformly continuous 
(function) 84А 
(mapping) 2731 436.E 
onasubset 436.G 
uniformly convergent 
(sequence) 435.A 
on a family of sets 435.C 
in the wider sense 435.С 
uniformly convex (normed linear space} 37.G 
uniformly equivalent (uniform spaces) 436.E 
uniformly integrable (family of random variables) 
262.A 
uniformly locally compact (space) 425.V 
uniformly Lyapunov stable 126.F 
uniformly minimum variance unbiased estimator 
399.C 
uniformly most powerful 
(confidence region) 399.Q 
(test) 400.A 
invariant 399.0 
invariant level х 400.E 
unbiased 399.0 
unbiased level a 400.E 
uniformly recursive in V (define a partial recursive 
function) 356.E 
uniformly smooth (normed linear space) 37.G 
uniformly stable 394.В 
uniform neighborhood system 436.р 
uniform norm 168.B 
uniform operator topology 251.С 
uniform space(s) 436 
analytically 125.8 
complete 436.G 
Hausdorff 436.C 
locally totally bounded 436.Н 
metrizable 436.F 
precompact 436.H 
product 436.E 
pseudometrizable 436.Е 
separated 436.C 


2139 


T,- 436.C 
totally bounded 436.Н 
uniform star convergence, relative 310.F 
uniform structure 436.B 
uniform subspace 436.E 
uniform topological space 436.B 
uniform topology 436.B 
unilateral constraints 440.A 
unilateral shift operator 3901 
unimodal (distribution function) 341.H 
unimodular 
(germ of an analytic function) 418.E 
(locally compact group) 225.D 
totally 186.G 
unimodular group 60.В 
quaternion 412.G 
union 
(in axiomatic set theory) 33.В 
(of matroids) 66.H 
(of sets) 381.B 
axiom of 381.G 
disjoint 381.B,D 
of hypersurface elements 82.A 
of surface elements 324.B 
unipotent 
(algebraic group) 13.E 
(linear transformation) 269.L 
unipotent component 269.L 
unipotent matrix 269.F 
unipotent part 
(of an algebraic group) 13.E 
(of a nonsingular matrix) 13.E 
unipotent radical 13.1 
unique continuation theorem 323.J 
unique decomposition theorem (for a 3-manifold) 
65.E 
unique factorization domain 67.Н 
unique factorization theorem (in an integral domain) 
67.H 
uniquely ergodic (homeomorphism (on a compact 
metric space) 136.H 
uniqueness 
in the sense of law of solutions 406.0 
setof 159.7 
of solution, pathwise 406.D 
uniqueness condition (for solutions of ordinary 
differential equations) 316.D 
uniqueness principle (in potential theory) 338.M 
uniqueness theorem 
(for analytic functions) 198.C 
(for class field theory) 59.B 
(for differential equations in a complex domain) 
316.G 
(for Fourier transform) 192.1 
(for harmonic functions) 193.E 
(for an initial value problem of ordinary differ- 
ential equations) 316.D 
of the analytic continuation 198.C,I 
Holmgren 321.Е 
of homology theory 201.R 
Rellich 188.D 
von Neumann 351.С 
unique strong solution 406.D 
unirational surface 15.Н 
unirational variety 16.J 
uniserial algebra 291 
absolutely 291 
generalized 291 
unisolvent space 142.B 
unisolvent system (of functions) 336.B 
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Unit circle 


unit(s) 
(of an algebraic number field) 14Р 
(for measure of length) 139.С 
(in a ring) 368.B 
(of a symmetric matrix with rational coordi- 
nates) 348.J 
(of a vector lattice) 310.B 
Archimedean (of a vector lattice) 310.B 
arithmetic 75.B 
auxiliary 414.A 
base 414A 
circular 14.L 
control 75.B 
derived 414.D 
fundamental 414.A 
fundamental (of an algebraic number field) 
14.D 
gravitational, system of 414.B 
imaginary 74.A 294.F 
international system of 414.A 
Kakutani 310.G 
matrix 269.B 
memory 75.B 
system of 414 
unital 36.А 
unitarily equivalent (self-adjoint operators) 390.G 
unitary 
(homomorphism between rings) 368.D 
(module) 277.D 
essentially 390.1 
unitary algebra 29.A 
unitary dilation 251.M 
unitary field theory 434.С 
unitary group 60.Е 1511 
(relative to an e-Hermitian form) 60.0 
infinite 202.V 
over К 60.H 
over K, projective special 60.Н 
over К, special 60.Н 
projective 60.Е 
special 60.F 
special (relative to an e-Hermitian form) 60.0 
unitary matrix 2691 
unitary monoid 409.C 
unitary operator 251.E 390.E 
unitary representation(s) 437 
disjoint 437.C 
equivalent 437.A 
induced by a representation of a subgroup 
437.0 
integrable 437.X 
irreducible 437.А 
isomorphic 437.A 
quasi-equivalent 437.C 
similar 437.A 
square integrable  437.M 
sufficiently many irreducible 437.B 
unitary restriction (of a semisimple Lie algebra) 
248.P 
unitary ring 368.А 409.C 
unitary semigroup 409.С 
unitary symplectic group 60.1. 
unitary transformation 348.F 
(relative to an e-Hermitian form) 60.0 
unitary transformation group 60.F 
unit ball 
(of a Banach space) 37.B 
(of a Euclidean space) 140 
unit cell 140 
unit circle 74.С 140 


Subject Index 
Unit cost 


unit cost 281.D 
unit cube 139.F 140 
unit disk 140 
unit distribution 341.D 
unit element 
(ofa field) 149.A 
(ofa group) 190.A 
(ofaring) 368.A 
unit function 306.B, App. A, Table 12.II 
unit group (of an algebraic number field) 14.D 
unit impulsive function App. A, Table 12.1] 
unit mapping 203.Е 
unit matrix 269.A 
unit n-cube 140 
unit point 
(of an affine frame) 7.С 
(of a projective frame) 343.С 
unit ray 351.B 
unit representation (of a group) 362.C 
unit sphere 140 
unit tangent sphere bundle 126.1, 
unit theorem, Dirichlet 14Р 
unit vector 7.C 442.B 
unity 
(in the axioms for the real numbers) 355.A 
partition of 425.R 
partition of, of class С° 105.S 
partition of, subordinate to acovering 425.R 
primitive root of 14.L 
unity element 
(ofa field) 149.A 
(ofaring) 368.A 
univalence superselection rule 351.K 
univalent (analytic function) 438.A 
univalent correspondence 358.В 
univalent function 438 
univariate (statistical data) 397.А 
universal 
(6-functor) 200.1 
(*-representation of a Banach »-algebra) 36.G 
(unfolding) 51.D 
universal bundle 147.G,H 
n- 147.8 
universal Chern class 56.С 
universal coefficient theorem 
(in Abelian categories) 200.H 
(for cohomology) 200.G 201.H 
for homology 200.D 201.G 
universal constants (in the theory of conformal 
mapping) 77.F 
universal covering group 91.B 423.0 
universal covering space 91.B 
universal covering surface 367.В 
universal curve 93.H 
universal domain 16.A 
universal enveloping algebra 
(ofa Lie algebra) 248J 
special (of a Jordan algebra) 231.С 
universal enveloping bialgebra |.203.G 
universal Euler-Poincaré class 56.В 
universal gravitation, law of 271.B 
universally Japanese ring 16.Y 284.F 
universally measurable 270.1, 
universal mapping property 521, 
universal net (in a set) 87.H 
universal Pontryagin class 56.0 
universal proposition 411.В 
universal quantifier 411.C 
universal set 
(for the projective sets of classn) 22.E 
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(in set theory) 381.B 
universal Stiefel-Whitney class 56.В 
universal Teichmiiller space 416 
universal Turing machine 31.С 
universal unfolding 418.E 
universal validity of a proposition, problem of 97 
universe 
(in nonstandard analysis) 293.B 
(of a structure) 276.B 
unknotted 
(ball pair) 65.D 235.G 
(knot) 235.A 
(sphere pair) 65.D 235.G 
unknotting conjecture 235.6 
unknotting theorem, Zeeman 65.D 
unlabeled graph 186.В 
unmixed ideal 284.D 
unmixedness theorem 284.р 
unordered pair 381.В 
(in axiomatic set theory) 33.B 
axiom of 33.B 
unoriented cobordism class 114.H 
unoriented cobordism group 114.H 
unoriented graph 186.Н 
unramified 
(covering surface) 367.B 
(prime ideal) 141 
(projection of a covering surface) 367.B 
analytically (semilocal ring) 284.0 
unramified covering (of a nonsingular curve) 9.1 
unramified extension 14.1 257.D 
unrenormalizable 132.С 361.B 
unsolvability 
degree of 97 
recursive, arithmetical hierarchy of degrees of 
356.H 
recursive, degree of 97 
recursive, hyperarithmetical hierarchy of de- 
grees of 356.H 
unstable 
(boundary component) 77.E 
(state) 394.А 
completely (flow) 126.Е 
unstable manifold 126.G,J 
unstable solution (of Hill’s equation) 264.Е 
up-ladder 206.В 
upper bound 
(of a subset in an ordered set) 311.B 
least (of an ordered set) 311.B 
least (of a subset of a vector lattice) 310.C 
upper boundedness principle (in potential theory) 
338.C 
upper central series (of a group) 190.7 
upper class 
with respect to local continuity 45.F 
with respect to uniform continuity 45.Е 
upper control limit 404.B 
upper derivative 
general (of a set function) 380.D 
ordinary (of a set function) 380.D 
upper end (of a curvilinear integral) 94.D 
upper envelope (of a family of subharmonic func- 
tions) 193.R 
upper half-space of degree n, Siegel 32.F 
upper integral, Riemann 216.A 
upper limit (of a Riemann integral) 216.A 
upper limit function 84.C 
upper semicontinuous 
(ata point) 84.C 
(partition) 4251, 
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їп азе 84С 
upper semilattice 243.А 
upper triangular matrix 269.В 
upper variation (of a set function) 380.B 
Urysonlemma 425.0 
Uryson space, Fréchet- 425.CC 
Uryson theorem, Tikhonov- 425.Q 
Uryson-Tikhonov theorem (on metrizability) 
273.K 
Uzawa gradient method, Arrow-Hurwicz- 292.Е 


V 


v-curve ПЕН 
vacuum vector 377.A 
free 150.C 
vague topology (on a class of measures) 338.Е 
valid formula 411.G 
valuation(s) 439 
additive 439.B 
Archimedean 14.Е 439.C 
complete 439.D 
completion of 439.D 
discrete 439.E 
equivalent 439.B 
exponential 439.B 
generalized 439.В 
multiplicative 439.С 
non-Archimedean 14.Е 439.C 
normal 439.E,H 
normalized 439.E 
p-adic 439.F 
p-adic exponential 439.Е 
prolongation of 439.B 
pseudo- 439.K 
special 439.B 
over a subfield 439.В,С 
trivial 439.C,F 
valuation ideal (of a valuation) 439.B 
valuation ring 439.B 
completion of 439.D 
discrete 439.E 
valuation vector(s) 6.C 
ringof 6.C 
value(s) 
(of an infinite continued fraction) 83.A 
(of an infinite product) 379.G 
(ofa variable) 165.C 
absolute (of a complex number) 74.B 
absolute (of an element of an ordered field) 
149.N 
absolute (of an element of a vector lattice) 
310.B 
absolute (of a real number) 355.A 
absolute (of a vector) 442.B 
asymptotic (of a meromorphic function) 62.A 
272H 
boundary (of a conformal mapping) 77.B 
boundary (hyperfunction) 125.V 
boundary (relative to a differential operator) 
112.E 
boundary, problem — boundary value problem 
characteristic (of a linear operator) 390.A 
cluster 62.A 
cluster, theorem 43.G 
critical (in bifurcation theory) 286.R 
critical (of a C?-function on a manifold) 279.B 
critical (of a contact process) 340.C 
critical (of an external magnetic field)  340.B 
critical (of a mapping и: К” > R”) 208.B 


Subject Index 
Variable(s) 


critical (of a C?-mapping o: M > M’) 105J 
exceptional (ofa transcendental entire function) 
429.B 
exceptional, Borel 272.E 
exceptional, Nevanlinna 272.E 
exceptional, Picard 272.E 
expectation (of an observable) 351.B 
expected (of a random variable) 342.С 
gap (of a point on a Riemann surface) 11.D 
initial (for ordinary differential equations) 
316.A 
initial (for partial differential equatons) 321.A 
initial (for stochastic differential equations) 
406.D 
initial, problem — initial value problem 
limit (of a mapping) 87.F 
mean (of a function on a compact group) 69.A 
mean (of a weakly stationary process) 395.C 
mean, theorem — mean value theorem 
most probable 401.E 
principal (of inverse trigonometric functions) 
131.E 
principal (of log z) 131.G 
principal, Cauchy (of an improper integral) 
216.D 
principal, Cauchy (of the integral of a function 
іп (— оо, оо)) 216.E 
proper (of a boundary value problem) 315.В 
proper (of a linear mapping) 269.L 
proper (of a linear operator) 390.A 
proper (of a matrix) 269.F 
range of (of a meromorphic function) 62.A 
regular 105.J | 
sample 396.B 
sample characteristic 396.C 
Shapley 173.D 
singular 302.A 
singular, decomposition (SVD) 302.E 
starting 303.E 
stationary (of a function) 106.L 
true, of parameter 398.A 
truth (ofa formula) 411.E 
value distribution 124.A 
value function 108.В 405.A 
value group 
(of an additive valuation) 439.B 
(of a multiplicative valuation) 439.C 
Vandermonde determinant 103.G 
van der Pol differential equation 290.C 
van der Waerden-Bortolotti covariant derivative 
417.E 
van der Waerden test 371.С 
Vandiver conjecture 14.L 
van Hove sense, limitin 402.G 
vanishing cocycle 16.U 
vanishing cycle 418.F 
vanishing theorem 
(on compact complex manifolds) 194.G 
Kodaira 232.D 
van Kampen theorem (on fundamental groups) 
170 
variability, measure of 397.C 
variable(s) 165.C 
(ofa polynomial) 369.A 
artificial 255.C 
auxiliary 373.C 
basic 255.A 
bound 411.C 
canonical (in analytical dynamics) 271.F 
change of (in integral calculus) 216.C 


Subject Index 
Variable component (of a linear system) 


complex 165.C 
complex, theory of functions of 198.Q 
dependent 165.C 
differential (of a differential polynomial) 113 
endogenous 128.C 
exogenous 128.C 
explanatory 403.D 
hidden, theories 351.L 
independent 165.C 
individual 411.H 
inner 25.B 
lagged 128.С 
object 411.6 
outer 25.B 
predetermined 128.С 
predicate 411.G,H 
proposition 411.E 
random 342.C 
random, independent 342.C 
random, joint 342.C 
random, n-dimensional 342.С 
random, R"-valued 342.C 
random, (S, &)-valued 342.С 
real 165.C 
sampling inspection by 404.C 
separation of 322.C 
slack 255.А 
state 127.A 
variable component (of a linear system) 15.C 16.N 
variable method, discrete 303.A 
variable-step variable-order (VSVO) algorithms 
303.E 
variance 
(of a probability distribution) 341.B 
(of a random variable) 342.C 
(of univariate quantitative data) 397.С 
analysis of 400.H 403.D 
between-group 397.1. 
generalized 280.Е 397.J 
multivariate analysis of 280.B 
population 396.C 
sample 396.С 
sample generalized 280.Е 
uniformly minimum unbiased estimator 399.С 
within-group 397.L 
variance-covariance matrix 341.В 397.J 
variance matrix 341.B 
variate 
canonical 280.E 
fixed 403.D 
variation(s) 
(of an integral) 100.Е 
bounded — of bounded variation 
calculus of 46 
calculus of, classical theory of 46.C 
calculus of, conditional problems in 46.А 
calculus of, fundamental lemma іп 46.B 
coefficient of 397.С 
of constants, Lagrange’s method of 252.D 
of constants, method of 55.B 2521 
first 46.B 
first, formula 178.A 
geodesic 178.A 
lower (of a set function) 380.B 
negative (ofa mapping) 246.H 
negative (of a real bounded function) 166.B 
one-parameter 178.A 
of parameters, Lagrange method of 252.0 
of parameters, method of App. A, Table 14.1 
positive (of a mapping) 246.H 
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positive (of a real bounded function) 166.B 
proper 279.F 
quadratic, process 406.B 
second formula 178.A 
total (of a finitely additive vector measure) 
443.G 
total (ofa mapping) 246.H 
total (of a real bounded function) 166.B 
total (of a set function) 380.B 
upper 380.В 
variational derivative 46.B 
variational equation 316.F 394.C 
variational formula, constant 163.E 
variational inequality 440 
ofevolution 440.C 
stationary 440.B 
variational method 438.В 
variational principles(s) 441 
(in ergodic theory) 136.G 
(in statistical mechanics) 340.B 402.G 
(in the theory of elasticity) 271.G 
with relaxed continuity requirements 271.G 
for the topological pressure 136.Н 
variational problem, Gauss 338.J 
variation curve 178.A 
variation vector field 178.А 
variety 
(algebraic variety) 16.А 
(of block design) 102.B 
Abelian 3 
Abelian, isogeneous З.С 
Abelian, polarized 3.G 
Abelian, simple 3.В 
abstract 16.С 
abstract algebraic 16.C 
affine 16.А 
affine algebraic 16.А 
Albanese 16.P 
Albanese (of a compact Kahler manifold) 
232.C 
algebraic 16 
algebraic group 13.B 
almost all points ofa 16.А 
Brieskorn 418.D 
characteristic (of a microdifferential equation) 
274.G 
Chow 16.W 
complex algebraic 16.T 
function ona 16.А 
generalized Jacobian 9.F 11.C 
group 13.B 16.H 
irreducible 16.A 
Jacobian 9.E 11.C 16.P 
Landau 146.C 
Landau-Nakanishi 146.C 386.C 
linear (in an Q-module) 422.L 
linear, lincarly compact 422]. 
minimal 275.G 
nonsingular 16.Е 
normal 16.F 
normalalgebraic 16.F 
Picard 16.P 
Picard (of a compact Kahler manifold) 232.C 
prealgebraic 16.C 
product algebraic 16.A 
projective 16.А 
projective algebraic 16.А 
quasi-affine algebraic 16.C 
quasiprojective algebraic 16.С 
rational 16J 
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rationalfunctionona 16.А vector analysis and coordinate systems App. A, 
reducible 16.A Table 3 
Schubert 56.E vector bundle 147.Е 
smooth 16.F (algebraic) 16.Y 
strict Albanese 16.P ample 16.Y 
toric 167 complex 147.Е 
unirational 16.J cotangent 147.F 
Zariski topology ofa 16.A dual 147.F 
varifold 275.6 indecomposable 16.Y 
Varshamov-Gilbert-Sacks bound 63.B normal 105.L 
vector(s) normal k- 114) 
(in a Euclidean space) 442 quaternion 147.F 
(in a linear space) 256.A semistable 16.Y 
analytic 437.8 stable 16.Y 237.B 
characteristic (of a linear mapping) 269.1, stably equivalent 237.B 
characteristic (of a linear operator) 390.A tangent 105.H 147.F 
characteristic (of a matrix) 269.F vector field 
coherent 377.0 (on a differentiable manifold) 105.М 
collinear 442.A (in a 3-dimensional Euclidean space) 442.D 
column 269.A Anosov 126.) 
contravariant 256.7 Axiom А 126J 
coplanar 442.A basic 80.H 
covariant 256.J of class С" 105.M 
cyclic (of a representation space of a unitary contravariant 105.0 
representation) 437.A covariant 105.0 
effect 102.A differentiation of App. A, Table 3.II 
eigen- (of a linear mapping) 2691. formal 105.AA 
eigen- (of a linear operator) 390.А fundamental 191.A 
eigen- (of a matrix) 269.F G- 237H 
eigen-, generalized 390.B Hamiltonian 126.L 219.C 
error 102.A holomorphic 72А 
fixed 442.A integral of App. A, Table 3.III 
four- 359.C irrotational 442.D 
four-, energy-momentum 258.С Killing 364.F 
free 442.A Lagrangian 126.L 
free vacuum 150.С lamellar 442.D 
fundamental (in a vector space) 442.A Morse-Smale 126J 
horizontal 80.C solenoidal 442.D 
independent 66.F variation 178.A 
integral 428.E without source 442.D 
mean 341.B without vortex 442.D 
mean curvature 365.D vector flux (through a surface) 442.D 
normal 105.L I1 1.H 364.A vector function, measurable 308.G 
normalized 409.G vector group 422.E 
observation 102.A vectorial form, canonical 417.C 
orthogonal 139.G vectorial p-form 417.С 
p- 256.0 vector integral 443.A 
p-, bundle of 147.F vector invariant 226.C 
positive 7.A 442.A vector lattice 310.B 
Poynting 130.A Archimedean 310.C 
proper (of a linear mapping) 269.L complete 310.С 
proper (of a linear operator) 390.A normed 310.F 
proper (of a matrix) 269.F a-complete 310.C 
root 390.B vector line (of a vector field) 442.D 
row 269.A vector measure 443.G 
tangent 105.H absolutely continuous 443.G 
tangent, holomorphic 72.А bounded 443.G 
tangent, of type (0,1) 72.C completely additive 443.G 
tangent, of type (1,0) 72.C finitely additive 443.G 
unit 442.В vector potential 130.А 442.D 
unit (of an affine frame) 7.C vector product 442.C, App. A, Table 3.1 
vacuum 377.A vector representation (of a Clifford group) 61.D 
valuation 6.С vector space 442.A 
valuation, ring of 6.C over afield 256.H 
vertical 80.В metric 256.H 
wave number (of a sine wave) 446 prehomogeneous 450.V 
Witt 449 standard (of an affine space) 7.A 
Witt, oflengthn 449.B tangent 105.H 
zero 442.A topological 424.A 


vector algebra App. A, Table 3.1 vector triple product 442.C, App. A, Table 3.1 


Subject Index 
Vector tube 


vectortube 442.D 
vector-valued integral 443 
velocity 
group 446 
phase (of a sine wave) 446 
velocity phase space 126.L 
velocity potential 205.B 
Veneziano model 132.С 386.C 
Verbeure inequality, Roepstorff- Fannes- 402.G 
Veronese surface 275.Е 
versal (unfolding) 51.D 
version (of a stochastic process) 407.A 
vertex (vertices) 
(ofan angle) 139.D 155.B 
(in a cell complex) 70.D 
(of a circular cone) 78.A 
(of a complete quadrangle) 343.С 
(of a convex cell in an affine space) 7.D 
(of a convex polyhedron) 89.A 
(in a Euclidean (simplicial) complex) 70.B 
(of a geodesic triangle) 178.A 
(ofa graph) 186.B 
(ofa linear graph) 282.A 
(ofa parabola) 78.C 
(ofa polygon) 155.F 
(in the polyhedron of a simplicial complex) 
70.C 
(of a simplex in an affine space) 7.D 
(in a simplicial complex) 70.С 
(of a spherical triangle) 432.B 
(of a star region) 339.D 
adjacent 186.B 
end 186.B 
initial 186.B 
isolated 186.В 
terminal 186.B 
vertical angles 139.D 
vertical component (of a vector field) 80.С 
vertical slit mapping, extremal 367.G 
vertical vector 80.B 
very ample 
(divisor) 16.N 
(linear system) 16.N 
(sheaf) 16.E 
very weak Bernoulli process 136.E 
Vessiot extension field, Picard- 113 
Vessiot theory, Picard- 113 
Vey classes, Godbillon- 154.G 
vibrating membrane, equation ofa 325.А 
vibrating string, equation ofa 325.А 
vibration 318 
normal 318.B 
parametrically sustained 318.B 
self-excited 318.В 
Viéte, F. 444 
Vietoris axiom 425.0 
Vietoris exact sequence, Mayer- (for a proper triple) 
201.C 
Villat integration formula App. A, Table 15.VI 
Vinogradov mean value theorem 4.E 
virtual arithmetic genus (of a divisor) 16.E 
viscosity 205.B 
coefficient of 205.C 
coefficient of bulk 205.C 
coefficient of shear 205.С 
magnetic 259 
visibility manifold 178.F 
Vitali covering theorem 380.0 
Vivanti theorem 339.A 
Volterra integral equation 217.A 
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Volterra operator 68J 
Volterra theorem, Poincaré- 198.J 
Volterra type 
integral equation of 217.A 
integrodifferential equation of 222.A 
volume 
(of an idele) 6.D 
(of a lattice in a Euclidean space) 92.D 
(ofa polyhedron) 139.F 
(of a simplex in an affine space) 7.E 
inner 270.G 
outer 270.G 
volume element 
(of an oriented C?-manifold) 105.W 
associated with a Riemannian metric 105.W 
integral of a function with respect to a (ona 
C*?-manifold) 105.W 
von Karman transonic similarity 205.0 
von Mises theorem |. 399.K 
von Neumann, J. 445 
von Neumann algebra 308.С 
discrete 308.E 
finite 308.Е 
induced 308.C 
purely infinite 308.E 
reduced 308.C 
semifinite 308.E 
structure theorem for, of type ПІ 308.1 
of typeI 308.Е 
of type II 308.E 
of type II, 308.E 
of type IL, 308.E 
of type HI 308.E 
von Neumann condition 304.F 
von Neumann density theorem 308.C 
von Neumann-Halmos theorem 136.5 
von Neumann inequality 251.M 
von Neumann- Morgenstern solution 173.D 
von Neumann reduction theory 308.G 
von Neumann selection theorem 22.F 
von Neumann theorem, Weyl- 3901 
von Neumann uniqueness theorem 351.С 
vortex, vector field without 442.D 
vortex line 205.B 
vorticity 205.В 
vorticity theorem, Helmholtz 205.В 
Vossen theorem, Cohn- 111.1 
VSVO algorithm 303.Е 
V.W.B. process 136.E 


w 


W/(Q) (Sobolev space) 168.B 
w-plane 74.D 
w-point (of an entire function) 429.B 
w-sphere 74Р 
W-construction (of an Eilenberg-MacLane complex) 
70.F 

W-surface 1111 
W*-algebra 308.С 
Wagner function 39.F 
waiting time 260.H 
waiting time distribution 307.С 
Wald theorem 399.H,M 
Walker equation, Yule- 421.D 
Walker metrics, Robertson- 359.E 
wall 

adiabatic 419.A 

diathermal 419.A 
Wall group 114J 
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Wallis formula App. A, Table 10.VI 
Wallis test, Kruskal- 371.D 
Walsh system of orthogonal functions 317.С 
wandering 126.E 

weakly, under а group 136.E 
wandering point 126.E 
wandering set 136.C 

weakly 136.C 
Wang exact sequence (of a fiber space) 148.E 
Waring problem 4.E 
Warning second theorem 118.В 
Warning theorem 118.B 
wasan 230 
water wave(s) 205.F 

deep 205.F 

long 205.F 

shallow 205.F 
Watson formula 39.E, App. A, Table 19.IV 
Watson-Nicholson formula App. A, Table 19 III 
Watson process 

Galton- 44.B 

multi (k)-type Galton- 44.С 
Watson transform 160.С 220.B 
wave(s) 446 

Alfven 259 

capillary 205.F 

dispersive 446 

electromagnetic 446 

electromagnetic, theory of 130.B 

fast 259 

gravity 205.F 

gravity, long 205.Е 

longitudinal 446 

Mach 205.B 

partial 386.B 

partial, expansion 375.Е 386.B 

plane 446 

polarized 446 

shock 205.B 446 

sine 446 

sinusoidal 446 

slow 259 

spherical 446 

stationary 446 

Stokes 205.F 

surface 446 

transverse 446 

water 205.F 

water, deep 205.Е 

water, long 205.F 

water, shallow 205.F 
wave equation 325.А 446, App. A, Table 15.III 
wave expansion, partial 375.Е 386.B 
wave front set 274.B 345.A 

analytic 274.D 
wave function 351.D 

spheroidal 133.Е 
waveguide 130.B 
wavelength (of a sine wave) 446 
wave number (of a sine wave) 446 
wave operator 375.B,H 

generalized 375.B 

incoming 375.В 

modified 375.В 

outgoing 375.B 
wave propagation 446 
wave scattering amplitude, partial 375.E 
wave steepness 205.F 
W.B. process 136.Е 
WC group 118.D 


Subject Index 
Weak topology 


weak (boundary component) 77.E 
weak Bernoulli process 136.E 
very 136.E 
weak convergence 
(of operators) 251.C 
(of probability measures) 341.Е 
(of a sequence of submodules) 200.) 
weak C? topology 279.C 
weak derivative 125.E 
weak dimension (of a module) 200.K 
weaker 
(equivalence relation) 135.C 
(method of summation) 379.1, 
(topology) 425.H 
(uniformity) 436.E 
weak extension (of a differential operator) 112.E,F 
weak form of the boundary value problem (of partial 
differential equations) 304.B 
weak global dimension (of a ring) 200.K 
weak homotopy equivalence 202.F 
weak lacuna 325J 
weak law of large numbers 395.B 
weak Lefschetz theorem 16.0 
weakly, converge 
(in a normal linear space) 37.E 
(in a topological linear space) 424.Н 
weakly almost complex manifold 114.Н 
weakly compact (linear operator) 68.M 
weakly compact cardinal number 33.E 
weakly continuous (function with values in a Banach 
space) 37.K 
weakly continuous representation (of a topological 
group) 69.B 
weakly dominated (statistical structure) 396.Е 
weakly equivalent (transformations) 136.F 
weakly G-stationary (system of random variables) 
395.1 i 
weakly hyperbolic linear (differential operator) 
325.H 
weakly inaccessible (ordinal number) 312.E 
weakly inaccessible (cardinal number) 33.E 
weakly integrable 443.F 
weakly isomorphic (automorphisms) 136.E 
weakly measurable 443.B,I 
weakly mixing (automorphism) 136.E 
weakly modular 351.L 
weakly nonlinear differential equations 290.D 
weakly 1-complete manifold 114.H 
weakly stationary process 395.A 
weakly stationary process of degree К 3951 
weakly stationary random distribution 395.C 
weakly symmetric Riemannian space 412.J 
weakly wandering set 136.С 
weakly wandering under a group 136.F 
weak minimum | 46.C 
weak Mordell-Weil theorem  118.E 
weak operator topology 251.C 
weak potential kernel 260.D 
weak solution 204.С 323.G 378.1 
weak solution, Hopf's 204.С 
weak* Dirichlet algebra 164.G 
weak star topology 37.Е 424.H 
weak topology 
(in a cell complex) 70.D 
(оп a class of measures) 338.E 
(on a direct product space) 425.K 
(on a direct sum) 425.M 
(on a locally convex space) 424.H 
(on a normed linear space) 37.E 
(relative to the pairing (E, F>) 424.H 


Subject Index 
Weak type (p, а), quasi-linear operator of 


hereditarily 425.M 
weak type (р, д), quasi-linear operator of 224.Е 
Weber differential equation 167.С, App. A, Table 
20.01 
Weber formula App. A, Table 19.1V 
Weber function 167.С, App. A, Table 19.IV 20.III 
Weber-Hermite differential equation 167.C 
Weber-Sonine formula App. A, Table 19.III 
web group 234.В 
Wedderburn-Mal'tsev theorem (on algebras) 29.F 
Wedderburn theorem 
(on commutativity of finite fields) 149.M 
(on simple algebras on a field)  29.E 
(on simple rings) 368.G 
wedge 125.V 
infinitesimal 125.V 
wedge product (of derived functors) 200.K 
wedge theorem, edge of the 125.W 
Weierstrass, K. 447 
analytic function in the sense of 198.1 
Weierstrass approximation theorem 336.А 
Weierstrass canonical form 
(of elliptic curves) 9.D 
(of the gamma function) 174.А 
Weierstrass canonical product 429.B 
Weierstrass criterion for uniform convergence 
435.A 
Weierstrass elliptic functions 134.Е, App. A, Table 
16.1V 
Weierstrass-Enneper formula 275.A 
Weierstrass (2-function 134.Е, App. A, Table 16.IV 
Weierstrass point 11.D 
Weierstrass preparation theorem 21.Е 370.B 
Weierstrass sigma function 134.F 
Weierstrass-Stone theorem 168.В 
Weierstrass theorem 
(on compactness of subsets of R) 355.D 
(on continuous functions on a compact set) 
84.C 
(on essential singularities) 198.D 
(on expansion of meromorphic functions) 
272. 
(on transcendental entire functions) 124.B 
Bolzano- 140 273.F 
Casorati- (on essential singularities) 198.D 
of double series 379.H 
Lindemann- 430.D 
Weierstrass-type preparation theorem (for micro- 
differential operators) 274.F 
Weierstrass zeta function 134.F 
weight(s) 
(of an automorphic form) 32.C 
(in a barycenter) 7.C 
(ofa covariant) 226.D 
(of a multiple covariant) 226.E 
(of a representation of a complex semisimple 
Lie algebra) 248.W 
(on a von Neumann algebra) 308.D 
(of a weighted homogeneous analytic function) 
418.D 
equal, principle of 402.E 
extremal length with 143.B 
highest (of a representation of a complex semi- 
simple Lie algebra) 248.W 
Kallen-Lehmann 150.0 
weighted homogeneous (analytic function) 418.D 
weighted moving average 397.N 
weight function 
(for the mean of a function) 211.C 
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(in numerical integration) 299.A 
(in orthogonality) 317.A 
weight group (of a pair (T, K)) 92.C 
weighting matrix 86.В 
weight К, automorphic form of 32.B 
weight k, Fuchsian form of 32.B 
weight k, Hilbert modular form of 32.B 
weight k, Siegel modular form of 32.Е 
weight lattice (of a pair (T, К)) 92.C 
weight m, automorphic form of 32.A 
weight w, invariant of 226.D 
Weil-Chátelet group 118.D 
Weilcohomology 450.Q 
Weil conjecture 450.0 
Тапіуата- 450.S 
Weil domain 21.G 
Weil group 6.E 450.H 
Weil L-function 450.Н 
Weil measure 225.6 
Weil number З.С 
Weil theorem 
Borel- 437.0 
Mordell- 118.Е 
weak Mordell- 118.E 
Weinberg-Salam model, Glashow- 132.0 
Weingarten formula 
(for an isometric immersion) 365.C 
(in the theory of surface) 111.H, App. A, Table 
4I 
Weingarten surface 1111 
Weirich formula App. A, Table 19.III 
Weisberger sum rule, Adler- 132.С 
Welch test 400.G 
well-behaved 36.К 
well-chained (metric space) 79.D 
well-measurable 407.B 
well-measurable c-algebra 407.В 
well-ordered set З.С 
well-ordering 311.С 
well-ordering theorem 34.В 
well-posed 
(initial value problem) 321.E 
(martingale problem) 115.C 
(problems for partial differential equations) 
322.A 
Wendroff scheme, Lax- 304.Е 
Weyl, Н. 448 
Weyl canonical basis 248.Р 
Weyl chamber 13.J 248.R 
positive 248.R 
Weyl character formula (on representation of com- 
pact Lie groups) 248.7 
Weyl conformal curvature tensor 80.Р 
Weyl criterion 182.H 
Weyl form 351.С 
Weyl form of the CCRs (canonical commutation 
relations) 337.A 
Weyl formula 323.M 
Weyl group 
(ofa BN pair) 13.R 
(of a complex semisimple Lie algebra) 248.R 
(of a connected algebraic group) 13.H 
(of a Coxeter complex) 13.R 
(ofa root system) 13.J 
(of a symmetric Riemannian space) 413.F 
affine (of a symmetric Riemannian space) 
4131 
k- 13.0 
Weyl integral formula 225.1 
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Weyl lemma 112.D 
Weyl-Stone-Titchmarsh-Kodaira theory 112.0 
Weyl theorem 
(on Lie algebras) 248.F 
Cartan- 248.W 
Weyl theory 
Peter- (on compact groups) 69.B 
Peter- (on compact Lie groups) 249.U 
Weyl-von Neumann theorem 390.I 
white group 92.D 
Whitehead group (of a ring) 237.J 
Whitehead product 202.P 
Whitehead theorem 202.N 
generalized 202.3 
Whitehead torsion 65.C 
white noise 176.D 
Gaussian 407.C 
Whitney class, Stiefel- 56.В,Е 147.M 
Whitney class, total Stiefel- 56.В 
Whitney class, universal Stiefel- 56.В 
Whitney condition (b) 418.G 
ata point 418.G 
Whitney extension theorem 168.В 
Whitney mapping (map) 201.J 
Whitney number, Stiefel- 56.Ғ 
Whitney prestratification 418.G 
Whitney stratification 418.G 
Whitney sum (of vector bundles) 147.Е 
Whitney theorem 105.K 
Whitney U-test, Mann- 371.C 
Whittaker differential equation 167.B, App. A, 
Tables 14.II 19.1 
Whittaker function 167.B, App. A, Table 19.II 
Whittaker model 450.0 
wider sense, Bayes solution in the 398.B 
Widom type, Parreau- 164.K 
width, curve of constant 111.E 
width of an oval 111.Е 
Wiener, generalized Tauberian theorems of 192.D 
Wiener-Brelot solution, Perron- (of Dirichlet prob- 
lem) 120.C 
Wiener compactification 207.С 
Wiener filter 86.E 
Wiener formula 160.В 
Wiener-Hopf integrodifferential equation 222.C 
Wiener-Ikehara-Landau theorem  123.B 
Wiener integral, multiple 1761 
Wiener-Itó decomposition 176.1 
Wiener kernel 95 
Wiener-Lévy theorem 159.1 
Wiener martingales, {F,}- 406.B 
Wiener measure 250.E 
Wiener measure with the initial distribution и  45.B 
Wiener process 5.D 45.В 98.B 
Wiener test 
(for Brownian motion) 45.D 
(for Dirichlet problem) 338.G 
(for random walk) 260.Е 
Wiener theorem, Paley- 125.0,BB 
Wightman axiom 150.D 
Wightman field 150.D 
Wightman function 150.D 
truncated 150.0 
Wigner coefficients 353.B 
Wigner rotation 258.C 
Wigner supermultiplet 351.7 
Wigner theorem 258.С 351.H 
Wilcoxon signed rank test 371.B 
Wilcoxon test 371.C 


Subject Index 
Yourden square design 


Wilczynski, directrix of 110.B 
wild 
(knot) 235.A 
(space) 65.F 
Wilson-Hilferty approximations 374.F 
Wilson theorem 297.G 
Wiman theorem 429.В 
winding number 198.В 
window 421.C 
winning strategy 33.Е 
Wirtinger inequality App. A, Table 8 
Wirtinger presentation (of a knot group) 235.B,D 
Wishart distribution 374.C 
p-dimensional noncentral 374.C 
witch of Agnesi 93.H 
within-group variance 397.1, 
without source (vector field) 442.D 
without vortex (vector field) 442.D 
Witt decomposition (of a quadratic (orm)  348.E 
Witt group (of nondegenerate quadratic forms) 
348.E 
Witt matrix, Hasse- 9.E 
Witt theorem 
(on e-trace forms) 60.0 
(on quadratic forms) 348.E 
Poincaré-Birkhoff- (on Lie algebras) 248.J 
Witt vector 449 
oflength n 449.B 
WKB method 25.B 
WKBJ method 25.B 
Wold decomposition 395.D 
Wolfowitz inequality 399.J 
word 31.B 190.M 
cord 63.A 
equivalent 31.B 
word problem (in a finitely presented group) 
161.B 
worst-case complexity 71.A 
Wright differential equation, Cherwell- 291.F 
Wronskian (determinant) 208.E 
Wu class (of a topological manifold) 56.F 
Wu formula App. A, Table 6.V 


x 


х? (distribution) 125.ЕЕ 
X-minimal function 367.Е 
x;-axis (of a Euclidean space) 140 


Y 


Y-diffeomorphism 136.G 

Y-flow 136.G 

Yamabe problem 183 364.H 

Yang-Mills equation 80.0 

Yang-Mills field 150.G 

Yang-Mills functional 80.0 

Yang-Mills G-connection 80.0 

Yates-Terry normal score test, Fisher- 371.С 

Yosida approximation 286.Х 

Yosida theorem, Hille- 378.B 

Young diagram 362.Н 

Young inequality 224.Е, App. A, Table 8 
Hausdorff- 224.E 

Young modulus 271.G 

Young symmetrizer 362.H 

Young theorem, Hausdorff- 317.В 

Yourden square 102.K 

Yourden square design 102.K 


Subject Index 
Yukawa potential 


Yukawa potential 338.M 
Yule-Walker equation 421.D 


7. 


Z (integers) 294.A,C 
Z (Zermelo set theory)  33.B 
ZF (Zermelo-Fraenkel set theory) 33.B 
z-distribution 374.B, App. A, Table 22 
z-plane 74.D 
z-sphere 74.D 
z-transformation, Fisher 374.D 
Z-distribution 341.D 
Z-set 382.В 
Z-action (continuous) 126.B 
Z-action of class C” 126.B 
Z,-extension 141, 

basic 14.L 

cyclotomic 14.L 
Zariski closed (set) 16.A 
Zariski connectedness theorem 16.Х 
Zariski decomposition 15.D 
Zariski dense (set) 16.A 
Zariski main theorem 16.1 
Zariski open (set) 16.A 
Zariski ring 284.С 

complete 284.С 
Zariski site 16.АА 
Zariski topology 

{of a spectrum) 16.D 

(ofa variety) 16.A 
Zassenhaus group 151.H 
Zassenhaus theorem 


Jordan- (on integral representation of a group) 


362.K 
Schur- (on Hall subgroups) 151.E 
Zeeman unknotting theorem 65.D 
Zeller theorem, Brown-Shields- 43.С 
zenith angle App. A, Table 3.V 
Zeno, paradoxes of 319.C 
Zermelo-Fraenkel set theory 33.А,В 
Zermelo set theory 33.B 
zero(s 355.А 
(of a function on an algebraic curve) 9.C 
(of a function on an algebraic variety) 16.M 
homologous to 198.В 
homotopic to 202.В 
scattered, function with 208.С 
zero algebra 29.А 
zero cycles 16.R 
zero-dimensional space, Baire 273.B 
zero divisor 
(of a function on an algebraic variety) 16.M 
(with respect to M/P) 284.4 
(ofa ring) 368.В 
zero element 
(of an additive group) 2.E 190.A 
(of afield) 149.A 
(of a linear space) 256.А 
(ofa ring) 368.А 
zero homomorphism (between two A-modules) 
277.H 
zero matrix 269.B 
zero object | 52.N 
zero-onelaw 342.6 
Blumenthal 261.B 
Hewitt-Savage 342.G 
Kolmogorov 342.G 
zero point 
(of a holomorphic function) 198.C 
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(of a polynomial) 337.B 369.C 
(of a subset of a polynomial ring) 369.C 
of the kth order (of a holomorphic function) 
198.C 
of the — kth order (of a complex function) 
198.D 
order of (of a homomorphic function) 198.C 
zero-point theorem 
Hilbert 369.р 
Rückert 23.B 
zero representation (of an algebra) 362.C 
zero ring 368.A 
zero-section (of a block bundle) 147.Q 
zero-sum (game) 173.A 
zero-sum two-person game 108.B 
zeroth law of thermodynamics 419.A 
zero vector 442.A 
zeta function(s) 450 
(associated with a prehomogeneaus space) 
450.V 
(of a homeomorphism of a compact metric 
space) 126.K 
of an algebraic function field 450.P 
of an algebraic variety over a finite field 450.0 
congruence 450.P 
Dedekind 14.С 450.D 
defined by Hecke operators 450.M 
Epstein 450.K 
Hasse 450.5 
Hey 27.F 
Hurwitz 450.B 
Шага 450.U 
Riemann 450.B 
ofascheme 450.R 
Selberg 450.T 
Siegel, of indefinite quadratic forms 450.K 
ofa simple algebra 27.F 
Tamagawa 450.L 
Weierstrass 134.Е, App. A, Table 16.IV 
ZFC 33.B 
Zilber theorem, Eilenberg- 201.J 
zonal harmonics 393.D 
zonal polynomial 374.C 
zonal spherical function (on a homogeneous space) 
437.Y 
Zorn lemma 34.С 
Zygmund, smooth in the sense of 168.B 
Zygmund class 159.Е 
Zygmund singular integral operator, Calderón- 
251.0 
Zygmund type, kernal of Calderón | 217.J 


